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Abstract

Chain-of-thought (CoT) supervision has be-
come a default assumption in fine-tuning large
language models for reasoning tasks, with the
intuition being that exposing models to interme-
diate reasoning steps leads to deeper learning
than training on answers alone. We challenge
this assumption. We introduce answer back-
trackability, a measurable quantity capturing
the degree to which a question can be recon-
structed from its answer, and argue it is a key
determinant of whether CoT supervision helps
or hurts during fine-tuning. To test this, we con-
struct two novel benchmarks derived from au-
tomata theory (NFA and DFA), where answers
are transition tables from which the question is
largely recoverable, and fine-tune three LLMs
using LoRA on CoT and No-CoT versions of
five datasets: GSM8K, MathInstruct, MATH,
and our two formal-language benchmarks. On
mathematical datasets, CoT consistently outper-
forms No-CoT. Within MathInstruct, Program-
of-Thought (PoT) problems, where executable
code answers are high-backtrackability, favour
No-CoT, while CoT-format problems favour
CoT. On our benchmarks, the pattern reverses:
No-CoT outperforms CoT across all models
and difficulty tiers. When the answer en-
codes sufficient structure to reconstruct the
reasoning process, intermediate supervision
adds noise rather than signal.

1 Introduction

Large language models (LLMs) have demonstrated
remarkable reasoning capabilities across many
tasks, from mathematical problem solving (Wei
et al., 2022; Kojima et al., 2022) to logical deduc-
tion (Saparov and He, 2023) and code generation
(Chen et al., 2021). A central technique driving
these gains is CoT prompting and supervision, pro-
viding models with intermediate reasoning steps
rather than final answers alone. The intuition is
straightforward and accepted: exposing a model
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to the step-by-step process of reaching a solution
encourages deeper learning and more generalizable
reasoning, rather than pattern matching over input-
output pairs (Wei et al., 2022; Ho et al., 2023).

Yet this intuition has limits that remain poorly
understood. Several works have shown that LLMs
can behave as sophisticated pattern matchers rather
than genuine reasoners, succeeding on benchmarks
through surface-level heuristics rather than the rea-
soning processes their outputs appear to demon-
strate (McCoy et al., 2019; Bhattamishra et al.,
2020; Dziri et al., 2023). This raises a natural ques-
tion: if a model is not truly reasoning but rather
learning statistical associations between inputs and
outputs, does the presence of intermediate reason-
ing traces always help — or does it depend on
the structure of the task itself? Even if models
are genuinely reasoning, does explicit reasoning
supervision improve performance?

We argue that the answer depends on a property
we introduce called answer backtrackability, the
degree to which a question can be reconstructed
from its answer alone. Consider two contrasting
cases, shown in Figure 1. In a grade school arith-
metic problem such as “Janet earns $320/hr and
works 52 hrs/week. What is her pay?”, the answer
is a bare integer: $1,040. Given only this num-
ber, one cannot recover the original question, as
infinitely many problems yield the same answer.
The answer carries no trace of the reasoning steps
that produced it: the multiplication, the unit conver-
sion, the intermediate products. This is a low back-
trackability setting, and it is precisely where CoT
supervision is most valuable: the explicit reasoning
trace preserved in the training signal compensates
for what the answer alone cannot convey. Now
consider the contrasting case. When a model is
asked to “construct a minimal Deterministic Finite
Automata (DFA) over {a, b} that accepts all strings
ending in ‘ab’ ”, the answer is a state transition ta-
ble listing every transition from every state under
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every input symbol, together with the designated
start and accept states. This table is not merely
correct; it is, in a precise sense, the reasoning itself.
The answer encodes the structure of the solution
so completely that the original question is largely
recoverable from it. This is a high backtrackabil-
ity setting, where No-CoT supervision is sufficient:
the answer already contains the information that
a CoT would have made explicit, so forcing the
model to generate an additional reasoning trace
adds redundancy rather than signal. We claim that
this structural difference, and not task difficulty,
domain, or answer length, is the primary de-
terminant of whether CoT supervision helps or
hurts during fine-tuning in the regimes we study.

To test this hypothesis, we construct two novel
benchmarks derived from automata theory: a Non-
Deterministic Finite Automata (NFA) construc-
tion dataset and a DFA construction dataset, both
with controlled difficulty tiers. We fine-tune three
open-source LL.Ms, Qwen-2.5-7B-Instruct, Qwen-
2.5-1.5B-Instruct, and LLaMA-3.1-8B-Instruct, us-
ing LoRA on CoT and No-CoT versions of five
datasets: GSMS8K (Cobbe et al., 2021), Mathln-
struct (Yue et al., 2024), MATH (Hendrycks et al.,
2021), and our two formal-language benchmarks.
On all three mathematical datasets, CoT fine-tuning
consistently outperforms No-CoT fine-tuning, con-
firming established intuition. On both formal-
language benchmarks, the pattern reverses sharply:
No-CoT fine-tuning outperforms CoT across all
models and all difficulty tiers, with the gap widen-
ing as problem complexity increases.

Our contributions are fourfold: (1) we introduce
answer backtrackability as a principled criterion for
predicting when CoT supervision is beneficial; (2)
we give it a formal information-theoretic definition
together with an estimator that measures it for any
dataset from (question, answer) pairs alone; (3)
we release two novel formal-language benchmarks
with five difficulty tiers and paired CoT/No-CoT
splits; and (4) we provide empirical evidence across
three model families and five datasets that answer
backtrackability reliably predicts the relative utility
of CoT versus No-CoT fine-tuning. We release
datasets, code, and checkpoints at our repository.

2 Related Work

CoT reasoning has become a central paradigm for

improving LLM reasoning performance. Wei et al.

(2022) showed that step-by-step reasoning traces

Math task (low backtrackability)

NFA/DFA task (high backtrackability)

Construct a minimal DFA over {a, b}
that accepts all strings ending in “ab”.

Answer (transition table)
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Figure 1: Backtrackability predicts CoT effectiveness.

substantially improve performance on arithmetic
and symbolic tasks, with subsequent work extend-
ing these gains through zero-shot prompting (Ko-
jima et al., 2022), self-consistency decoding (Wang
etal.,2023), and CoT distillation during fine-tuning
(Ho et al., 2023). Together, these works estab-
lished CoT supervision as a widely adopted default
for reasoning-oriented training. At the same time,
several studies have questioned the universality of
these benefits. Sprague et al. (2025) showed that
CoT improvements are concentrated primarily in
mathematical domains, while Turpin et al. (2023)
demonstrated that generated reasoning traces can
be systematically unfaithful. Similarly, McCoy
et al. (2019) found that transformers often rely on
shallow heuristics despite appearing to reason cor-
rectly. However, despite these observations, prior
work does not provide a principled criterion for
predicting when CoT supervision helps or hurts.
We propose answer backtrackability as such a crite-
rion. Separately, formal language tasks have been
widely used to probe the reasoning limits of trans-
formers (Bhattamishra et al., 2020; Shelat et al.,
2026). Building on this line of work, we show that
supervision format critically affects generalization.

3 Answer Backtrackability

Definition. Answer backtrackability captures a sin-
gle question: given only the answer, how much
can be inferred about the question? As illustrated
in Figure 1, a bare numerical answer such as
1,040 provides little information about its ques-
tion, whereas a full DFA transition table exposes
substantial structure from which the question can
largely be reconstructed. Writing () for the ques-
tion and A for the answer over a task’s instance
distribution,
p—1_ H@4)
H(Q)
H(Q) is the uncertainty about the question when
nothing else is known. H(Q | A) is the uncertainty

Bel0,1. (1)
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that remains about the question after the answer is
revealed. Their ratio is the fraction of the question’s
uncertainty that survives seeing the answer, so B,
which is one minus that ratio, is the fraction of the
question’s information that the answer supplies. B
is near 1 when the answer nearly pins down the
question, and near 0 when the answer leaves the
question almost as uncertain as before. Because
B is a ratio, it reflects the fraction of information
the answer carries, not the answer’s length; a long
but uninformative answer does not raise B. This
is what distinguishes backtrackability from answer
length and from task difficulty.

Making the definition measurable: the idea
of surprise. H(Q) and H(Q | A) cannot be com-
puted exactly over natural language, so we estimate
them through a quantity that a language model pro-
vides directly, namely how surprised the model is
by a piece of text. The surprise of a token is the
negative logarithm of the probability the model
assigned to it given what came before, and the av-
erage surprise over all tokens of a passage is its
cross-entropy. High average surprise means the
model finds the text hard to predict, which corre-
sponds to high uncertainty; low average surprise
corresponds to low uncertainty. Cross-entropy is
thus the operational stand-in for entropy that lets us
turn the definition of B into something computable.

The measurement procedure. We use a frozen
language model M, meaning a model we only read
surprise values from and never fine-tune, so that the
measurement reflects the task and not our training.
For each example we run two passes over the same
question tokens. In the first pass we show the model
only the question and record its average per-token
surprise on the question; this estimates H(Q) and
we write it CE(Q). In the second pass we place
the answer in front of the same question and again
record the model’s average surprise on the identical
question tokens; this estimates H(Q | A) and we
write it CE(Q | A). The only thing that changes
between the two passes is whether the answer is
present, so any drop in surprise is attributable to
the answer. We then form

_CE(@[4)
CE(Q)

the fractional reduction in the model’s surprise
about the question caused by revealing the answer.
The procedure needs only two forward passes per
example, with no text generation and no training,
and it consumes only (question, answer) pairs, so

B=1 2

Dataset B No-CoT — CoT

GSM8K 0.03 —47.3
MathlInstruct (CoT) 0.11 —6.3
MATH 0.12 —17.3
MathlInstruct (PoT) 0.19 +2.0
DFA 0.28 +3.7
NFA 0.36 +3.6

Table 1: Measured backtrackability.

it applies unchanged to any task, including code
generation, parsing, and translation (Appendix G).

Measured values. We computed B on 300
stratified test examples per dataset, using three
frozen models from different families: Qwen-2.5-
7B, LLaMA-3.1-8B, and Mistral-7B (Jiang et al.,
2023). We include Mistral, since that family
appears nowhere in our fine-tuning experiments,
so the measurement cannot be an artefact of the
models we study. Table 1 gives the result: the
information-sparse mathematical answers cluster
at the low end and the structurally rich automata
answers at the high end, with NFA the highest
and GSMSK the lowest for every one of the three
models. The measurement also predicts which su-
pervision format wins, since B orders the datasets
exactly as the No-CoT-minus-CoT accuracy gap of
Table 2 orders them. Backtrackability is therefore
not a label assigned after seeing the results; it is a
quantity that can be measured in advance and that
anticipates the effect the paper reports.

4 Datasets and Experimental Setup

We study five datasets spanning the backtrackabil-
ity range of Table 1: three mathematical bench-
marks at the low end and two formal-language
benchmarks we introduce at the high end. For each,
we construct paired CoT and No-CoT versions with
identical questions.

Mathematical reasoning datasets. We use
three established benchmarks. GSMS8K (Cobbe
et al., 2021) contains 8,500 grade school arith-
metic word problems with integer answers. Math-
Instruct (Yue et al., 2024) is a curated collection
of 262,039 problems from 13 mathematical rea-
soning datasets, with hybrid chain-of-thought and
program-of-thought (PoT) rationales, where rea-
soning is expressed as executable code rather than
natural language steps. MATH (Hendrycks et al.,
2021) contains 12,500 competition-level mathe-
matics problems spanning five difficulty levels. For
all three, the CoT version uses the full reason-
ing trace as the target response and the No-CoT
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version uses only the final answer. In all three
cases, answers are bare numbers or expressions
from which the original question is not recoverable,
a low-backtrackability setting.

Formal-language benchmarks. We introduce
two datasets derived from automata theory, both
designed so that the answer is an object from which
the question is recoverable, a high-backtrackability
setting. In both datasets the CoT trace is the veri-
fied execution trace of the construction algorithm
itself rather than a hand-written or model-generated
rationale, and the CoT and No-CoT targets share
a byte-for-byte identical answer (Appendix C). (i)
NFA dataset. Each instance consists of a regular
expression (RE) and an alphabet; the target answer
is the NFA produced by Thompson’s construction,
presented as a transition table with states, symbol
transitions, and e-transitions. The CoT version
includes five intermediate steps: regex parse tree
analysis, Thompson’s construction rules, NFA state
listing, e-closure computation, and the transition
table. The No-CoT version contains only the tran-
sition table. We generate 25, 000 instances across
five difficulty tiers defined by NFA state count: Tier
1 (4-8 states), Tier 2 (8-14 states), Tier 3 (14-22
states), Tier 4 (22-32 states), and Tier 5 (32-50
states). The test set is stratified with 200 examples
per tier. We also construct an out-of-distribution
(OOD) test set using paraphrased question tem-
plates that do not mention Thompson’s construc-
tion, to test generalization beyond surface phrasing
(Appendices C.3). (ii) DFA dataset. Each instance
presents a RE and alphabet; the target answer is the
minimised DFA produced by Thompson’s construc-
tion, subset construction, and Hopcroft’s minimisa-
tion algorithm, represented as a complete transition
table. We generate 22, 500 training and 1, 000 test
examples across four difficulty tiers defined by min-
imised DFA state count: Tier 1 (2 states), Tier 2
(2—4 states), Tier 3 (3—6 states), and Tier 4 (4-18
states). The CoT version includes the full con-
struction trace covering every Thompson, subset
construction, and Hopcroft refinement step. The
No-CoT version contains only the final minimised
DFA transition table. Tier 4 is the hardest tier as
a error propogates through all downstream states
(see Appendix B.2).

Experimental Setup. (i) Models. We fine-
tune three open-source instruction-tuned LLMs:
Qwen-2.5-7B-Instruct, Qwen-2.5-1.5B-Instruct,
and LLaMA-3.1-8B-Instruct. We select these mod-
els specifically to span two model families and two

scales, enabling us to assess whether findings gen-
eralize across architectures and parameter counts
rather than being artifacts of a single model fam-
ily. (ii) Fine-tuning. All models are fine-tuned
using Low-Rank Adaptation (LoRA) (Hu et al.,
2022) with rank r = 32, « = 64, and dropout
0.05, applied to all attention and feed-forward pro-
jection layers. We train for 2 epochs with batch
size 8, learning rate 2 x 10~* with cosine de-
cay, and warmup over the first 50 steps. All ex-
periments use a single NVIDIA H100 GPU with
bfloat16 precision (see Appendix E.1). (iii) Eval-
uation. For mathematical datasets, we evaluate
exact-match accuracy on the final numeric answer
with tolerance 10~° for floating-point outputs. For
formal-language benchmarks, correctness is eval-
uated via structural equivalence of minimised au-
tomata: both the prediction and ground truth are
minimised using Hopcroft’s algorithm, and a pre-
diction is correct if the resulting automata are iso-
morphic up to state relabelling. This gives an ex-
act decision over the full infinite language without
dependence on string-length bounds. We report
accuracy on held-out test sets for all five datasets
under both CoT and No-CoT fine-tuning, alongside
zero-shot baselines (see Appendix E.2).

S5 Results and Analysis

Table 2 reports accuracy across all models, datasets,
and training conditions; see Appendix B.

(i) Mathematical datasets: CoT wins. On all
mathematical benchmarks, CoT fine-tuning outper-
forms No-CoT across all model sizes. On GSMSK,
No-CoT collapses well below the untuned base-
line across all models, while CoT yields consistent
gains. The collapse is not a formatting artefact: out-
puts are numerically plausible but fail on multi-step
problems requiring intermediate computation, pre-
cisely because the answer alone carries no trace of
the chained operations that produced it. On MATH-
500, the same pattern holds at every difficulty level,
with No-CoT degrading most severely at the hard-
est levels where problems require the longest rea-
soning chains. Notably, CoT SFT itself degrades all
models from their zero-shot baselines on MATH-
500, suggesting that the rigid CoT template im-
posed by SFT interferes with reasoning patterns
already present in the pre-trained model, yet CoT
SFT still outperforms No-CoT, which degrades fur-
ther (per-level breakdown in Table 8). On Math-
Instruct, CoT leads consistently across all models.
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The pattern is consistent: when answers are bare
numbers from which no reasoning can be recov-
ered, CoT supervision is essential. (ii) Formal-
language benchmarks: No-CoT wins. On both
NFA and DFA datasets, No-CoT outperforms CoT
across all models and difficulty tiers. All mod-
els score 0.0% at baseline, confirming that these
constructions are genuinely out-of-distribution and
that fine-tuning gains cannot be attributed to mem-
orisation. The No-CoT advantage grows sharply
with tier difficulty: at lower tiers both conditions
perform similarly, but at the hardest tiers, where
automata have the most states and the reasoning
trace is longest, CoT models degrade substantially
while No-CoT models remain competitive. This is
consistent with the backtrackability hypothesis: at
higher complexity the answer table encodes more
structure, making the explicit reasoning trace in-
creasingly redundant. The No-CoT advantage also
scales with model size, suggesting that larger mod-
els better exploit answer structure directly with-
out intermediate traces (Tables 3-6). (iii) Math-
Instruct PoT/CoT split.! MathInstruct contains
both CoT-format and PoT-format problems, whose
rationales are externally authored rather than ours.
On the PoT subset, No-CoT wins across all mod-
els; on the CoT subset, CoT wins across all models.
Thus, the same model trained on the same mixture
favours different supervision depending on whether
the answer structure is recoverable, providing the
cleanest within-dataset evidence for the backtracka-
bility hypothesis. (iv) OOD generalisation. On the
NFA OOD set, Qwen models maintain the No-CoT
advantage. LLaMA-3.1-8B No-CoT drops sharply
due to parse failures on unseen templates, a format
sensitivity failure rather than a reasoning failure.
CoT’s explicit reasoning structure acts as a format
scaffold robust to phrasing variation. On the DFA
OOD set, No-CoT maintains its advantage with
zero parse failures across all models, consistent
with the simpler DFA format being more robust
than NFA tables with e-transitions.

Analysis. (i) Backtrackability predicts the
winner without exception. Across all 18 model-
task pairs, No-CoT wins on high-backtrackability
settings while CoT wins on low-backtrackability
settings. The MathInstruct PoT/CoT split provides
the strongest evidence: the same model trained on
the same data mixture switches winner depending

"Program-of-Thought (PoT) problems require generating
executable code whose execution yields the answer, making
PoT traces highly backtrackable.

Dataset Model  Base CoT No-CoT  Winner
1.5B 50.5 47.0 12.0 CoT
GSM8K 7B 71.0 77.0 17.5 CoT
8B 85.0 70.0 22.5 CoT
1.5B 38.0 24.0 10.5 CoT
MATH 7B 50.5 47.0 24.0 CoT
8B 43.5 31.5 16.0 CoT
1.5B 15.2 49.2 45.8 CoT
MathInstruct 7B 16.6 63.2 58.9 CoT
8B 24.7 59.3 54.8 CoT

Overall IID / Hardest tier [ID

1.5B 0.0/0.0 83.5/25.0 86.5/47.5 No-CoT
NFA 7B 0.0/0.0 83.4/27.0 88.6/52.0 No-CoT
8B 0.0/0.0 90.3/54.5 93.0/69.0 No-CoT

1.5B 0.0/0.0 79.9/53.0 82.2/57.5 No-CoT
DFA 7B 0.0/0.0 88.5/71.0 91.6/80.5 No-CoT
8B 0.0/0.0 90.2/74.0 95.8/89.5 No-CoT

Table 2: Accuracy (%). 1.5B/7B: Qwen-2.5-Instruct;
8B: LLaMA-3.1-Instruct.

on whether the answer encodes the reasoning. (ii)
The gap grows with difficulty and model size. On
formal-language benchmarks, higher tiers require
constructing automata with more states, demanding
longer and more precise reasoning traces. As com-
plexity increases, CoT models suffer from template
rigidity and sequence length pressure while No-
CoT models benefit from the richer answer struc-
ture at higher tiers. The advantage also scales with
model size, suggesting larger models better exploit
structured answers directly (Tier 5 failure modes
in Appendix D.3). (iii) CoT SFT can hurt models
with strong baselines. On GSM8K and MATH-
500, CoT SFT degrades several models from their
zero-shot baselines. The imposed reasoning tem-
plate conflicts with reasoning strategies already
present in the pre-trained model, narrowing the
range of approaches available, particularly at the
hardest difficulty levels where diverse strategies are
most needed. However, even when CoT SFT hurts
relative to the baseline, it still outperforms No-CoT
SFT, confirming that the issue is format rigidity
rather than CoT reasoning itself being harmful.

6 Conclusion

We introduced answer backtrackability, defined as
the degree to which a question can be reconstructed
from its answer, as a criterion for predicting when
CoT supervision helps or hurts during fine-tuning.
Across five datasets and three model families, CoT
outperforms No-CoT on mathematical tasks with
information-sparse answers, while No-CoT outper-
forms CoT on formal-language tasks with struc-
turally rich answers. This challenges the universal
benefit of intermediate reasoning supervision.
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Limitations

While our results consistently support the an-
swer backtrackability hypothesis, several limita-
tions warrant discussion. First, although B places
datasets on a continuous scale and orders them
as the observed supervision gap orders them, our
fine-tuning experiments sample that scale at only
six points, of which the program-of-thought subset
of MathlInstruct is the only genuinely intermedi-
ate one. Establishing the shape of the relationship
between backtrackability and the utility of CoT su-
pervision, rather than its direction, remains an open
question for future work.

Second, our formal-language evaluation is lim-
ited to two benchmarks from the same domain (au-
tomata theory). It is unclear whether the finding
generalizes to other structured prediction tasks with
high answer backtrackability, such as code gener-
ation, semantic parsing, or knowledge graph com-
pletion. Broader validation across domains is an
important direction for future work.

Third, although we observe that No-CoT fine-
tuning outperforms CoT on formal-language bench-
marks, we do not provide a mechanistic account
of this difference at the level of model internals.
Our interpretation, that CoT training encourages
template mimicry rather than genuine structural
learning, is consistent with the results but not di-
rectly verified through probing or interpretability
analysis, which we leave for future work.

Fourth, the dimensions separating our two
regimes are not fully orthogonalized: answer for-
mat and output length co-vary with backtrackability
by construction. Our two formal-language bench-
marks use materially different CoT formats, a step-
by-step natural-language derivation for NFA and
a JSON trace for DFA (Appendix A), yet No-CoT
wins on both. This is not a systematic ablation,
and matched-length answers at differing backtrack-
ability levels remain the clean way to isolate these
factors. Both traces are also algorithmically gener-
ated; we do not test free-form traces produced by
a model, which trade verified correctness for fit to
the model’s own distribution.

Finally, all experiments in this work are con-
ducted on open-source instruction-tuned models.
Whether the same pattern holds for closed-source
models such as GPT-5.1 or Claude remains un-
known, as their training data and fine-tuning proce-
dures are not publicly disclosed, making controlled
comparison difficult.

Ethical Considerations

Data. This work introduces two synthetic bench-
marks generated programmatically from regular
expressions using a verified algorithmic pipeline.
No human subjects are involved, no personally
identifiable information is collected or processed,
and no crowdsourced annotation is used. The
three mathematical datasets used for evaluation —
GSMSK, MathInstruct, and MATH — are publicly
available benchmarks with established usage in the
research community, accessed through their official
HuggingFace repositories under their respective li-
censes. All dataset usage is consistent with the
terms of use of the original sources.

Use of AI Assistance. Portions of the writing
in this paper were drafted or refined with the assis-
tance of large language model (LLM) tools. All
Al-generated or Al-assisted content was reviewed,
verified, and edited by the authors, who take full
responsibility for the accuracy, integrity, and origi-
nality of the work. Al assistance was not used for
any experimental design, data generation, model
training, or evaluation; all scientific contributions
reported in this paper are the product of the authors’
own research. The use of Al writing assistance is
consistent with the policies of the venue.

Models. All experiments are conducted on
publicly released open-source instruction-tuned
models: Qwen-2.5-1.5B-Instruct, Qwen-2.5-7B-
Instruct, and LLaMA-3.1-8B-Instruct. Backtrack-
ability measurement additionally uses Mistral-7B
(Jiang et al., 2023) as a frozen scoring model, from
which we read token probabilities only. We do not
use any proprietary or closed-source models. All
model weights are accessed through their official
HuggingFace repositories under their respective
licenses.

Environmental Impact. Fine-tuning experi-
ments were conducted on NVIDIA H100 NVL
GPUs. Each LoRA fine-tuning run required ap-
proximately 1-5 hours of single-GPU compute de-
pending on dataset size, with evaluation runs requir-
ing an additional 1-4 hours per model per dataset.
Across all five datasets, three models, and two train-
ing conditions (CoT and No-CoT), the total com-
pute budget is estimated at approximately 150-200
GPU hours on H100 hardware. We mitigated envi-
ronmental impact by using parameter-efficient fine-
tuning (LoRA) rather than full model fine-tuning,
significantly reducing both memory and compute
requirements relative to full fine-tuning at equiva-
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lent model scales.

Intended Use and Potential Misuse. The pri-
mary contribution of this work is a scientific finding
about the conditions under which chain-of-thought
supervision is beneficial during fine-tuning. We
do not foresee direct harmful applications of this
research. However, we acknowledge that insights
about when reasoning traces can be omitted from
training data could potentially be misused to reduce
the transparency of model outputs in high-stakes
settings where interpretable step-by-step reasoning
is important for accountability or safety.

Reproducibility. All datasets, fine-tuning code,
evaluation scripts, and model checkpoints are re-
leased publicly to ensure full reproducibility and to
support the broader research community.
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A Dataset Examples

This appendix provides examples from all four
dataset formats used in our experiments. Each ex-
ample shows the exact system prompt, user ques-
tion, and assistant response seen by the model dur-
ing fine-tuning.

A.1 NFA CoT Example

The following is a complete CoT training example
for the regular expression (alb)*abb over alphabet
Y = {a,b}. The assistant response contains five
explicit reasoning steps followed by the final NFA
transition table.

System prompt:

You are an expert in formal language the-
ory and automata. When given a reg-
ular expression, you construct a Non-
deterministic Finite Automaton (NFA)
using Thompson’s construction. You
present the NFA as a clear transition ta-
ble showing all states, symbol transitions,
and epsilon transitions.

User:

Convert the regular expression (alb)*abb
over the alphabet ¥ = {a, b} to an NFA
using Thompson’s construction. Show
the resulting NFA transition table.

Assistant (CoT response):

## Step 1: Analyse the Regular Expression

Given regex: (al|b)*abb
Alphabet Sigma = {a, b}

Parse tree structure:
Concatenation
Kleene Star (x)
Union ()
Literal ’'a’
Literal ’'b’
Concatenation
Literal 'a’
Concatenation
Literal b’
Literal ’'b’

The regex matches any string over {a,b} that
— ends with ’abb’.

The (alb)x prefix matches zero or more
< arbitrary characters,

and ’abb’ is the required suffix.

## Step 2: Thompson’s Construction Rules
— Applied

We apply the following Thompson construction
— rules:

- Symbol rule for 'a’: two states s, a with s

— ——'a'--> a
- Symbol rule for ’'b’: two states s, a with s
— —-—'b’'--> a

— Union rule: new start g_s with eps-
— transitions to N(rl).start
and N(r2).start; both N(rl).accept and N(r2
<+ ) .accept connect
via eps to new accept g_a
— Kleene Star rule: new start g_s and accept

— g_a;

g_s —-—eps—-—> N(r).start (enter loop)

g_s ——eps——> g_a (skip, accept

— empty)

N(r) .accept —-—-eps——> N(r).start (loop back)
N(r) .accept ——eps——> g_a (exit loop)

— Concatenation rule: build N(rl) and N(r2)
— independently,
then add eps-transition from N(rl).accept
— to N(r2).start

## Step 3: NFA States and Transitions

NFA states: {ql, 92, 93, 94, g5, g6, g7, 98, g9,
— qlO}

Start state : gl

Accept state: glO

Detailed transition listing:

gl --eps--> {qg2, g7} [start of (alb)* and ’
<~ a’ branch]

g2 --eps-—-> {g3, g5} [union: branch to "a’
— or 'b’]

g3 —-—"a’'--> {qg4} [symbol "a’ in union
— ]

g4 -—-—-eps—-—> {g6} [exit union via
— accept]

a5 --'b’'--> {g6} [symbol b’ in union
— ]

g6 -—--eps——> {g2, g7} [loop back or exit
— star]

q7 —--"a’'--> {98} [first char of
— suffix "abb’]

g8 —--'b’'--> {g9} [second char of
— suffix ’abb’]

q9 —-——'b’'--> {ql0} [third char of
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— suffix "abb’]
glO0: no outgoing transitions (accept sink)

## Step 4: eps-closure of Start State
eps-closure(ql) = {ql, 92, g3, g5, g7}

BFS expansion:

gl ——eps——> g2 (added g2)
ql —-—-eps—-—-> g7 (added g7)
g2 —-—-eps—--> g3 (added g3)
g2 —--eps——> g5 (added gb)

g3, 95, g7 have no eps-transitions

This set {gl,q92,93,95,97} forms the initial DFA
<~ state DO

when processing any input string from the start.
—

Step 5: NFA Transition Table. The complete NFA
produced by Thompson’s construction is shown
below. Each row gives all symbol and e-transitions
for one state. () denotes no transition on that input.

State  Role a b €

ql start ] 0 {92, q7}
q2 0 0 {93, q5}
q3 {a4} 0 0

q4 0 0 {q6}
q5 0 {q6} 0

q6 0 0 {92, q7}
q7 {q8} 0 0

q8 0 {q9} 0

q9 0 {q10} 0
ql0 accept 0 0 0

NFA: 10 states {gl, 92, 93, 94, 95, g6,

a7, a8, g9, qlo0}
Start state: gl Accept state: gloO
Transitions: 9 symbol/eps edges

A.2 NFA No-CoT Example

The following is the paired No-CoT training exam-
ple for the same regular expression (alb)*abb over
Y = {a,b}. The assistant response contains only
the final NFA transition table — no parse tree, no
construction rules, no state listing, no eps-closure
computation.
System prompt:

You are an expert in formal language theory

and automata. When given a regular expression,

you construct a Non-deterministic Finite Automa-

ton (NFA) using Thompson’s construction. You

present the NFA as a clear transition table show-

ing all states, symbol transitions, and epsilon tran-
sitions.

User:

Convert the regular expression (alb)*abb over the
alphabet ¥ = {a, b} to an NFA using Thomp-
son’s construction. Show the resulting NFA tran-
sition table.

The transition table below is identical to the
Step 5 output in Section A.1. The CoT example
provides four explicit reasoning steps before this
table; the No-CoT example provides none. The
model trained on the No-CoT condition must learn
to produce the correct transition table directly from
the question, without any intermediate scaffolding.

Assistant (No-CoT response):

State  Role a b €

ql start 0 0 {92, q7}
q2 0 0 {g3.q5}
q3 {q4} 0 0

q4 0 0 {q6}
q5 0 {q6} 0

a6 0 0 {q2, q7}
q7 {a8} 0 0

q8 0 {q9} 0

q9 0 {q10} 0
ql0 accept 0 0 0

NFA: 10 states {ql, g2, 93, g4, g5, g6,

a7, a8, g9, qlo}
Start state: gl Accept state: gloO
Transitions: 9 symbol/eps edges

A.3 DFA CoT Example

The following is a complete CoT training exam-
ple for the regular expression (0I1)*00 over ¥ =
{0,1}. The DFA dataset differs from the NFA
dataset in two ways: (1) the answer is a minimised
DFA requiring three construction phases (Thomp-
son — subset construction — Hopcroft minimisa-
tion); (2) the CoT trace is structured as a sequence
of JSON objects delimited by TRACE BEGIN and
TRACE END markers. The trace shown here is
truncated for space; the full training trace records
every individual Thompson step, every subset con-
struction state, and every Hopcroft partition refine-
ment iteration.
System prompt:

You are a DFA construction assistant.
You must output the TRACE and FINAL
DFA exactly in the same format as train-
ing data. Do not output any explanation
outside the TRACE markers.

User:

You are given a regular expression over
alphabet ¥ = {0, 1}. Construct a com-
plete minimised deterministic finite au-
tomaton (DFA) that recognizes exactly
the same language as the given regular
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expression. Show all construction steps. "accept": true,
"transitions": {"o": "D3", "1": "D2"}}
REGEX: (011)*00

### Hopcroft Initial Partition

Assistant (CoT response, truncated for  ('F": [["D3"], ["DOY,"DI%,"D2"]1,
A "note": "Accepting vs non-accepting states"}
brevity):
### Hopcroft Refinement Step 1
{"symbol": "O",
"splitter": ["D3"],
=== TRACE BEGIN === "split_block": ["DO","D1","D2"],
"inter": [VlDl","DZ"],
### Original Regex "HifE" . ["DoO"],
{"regex": " (0[|1)*00"} "new_partition": [["D3"],["D1","D2"], ["DO"]]}
### Thompson Step (Symbol) ##4# Hopcroft Refinement Step 2
{"token": "O", {"symbol™: "0",
"created_fragment": {"start": "sO", "accept": "splitter": ["DO"],
< ["s1"]}) "split_block": ["D1","D2"],
"inter": ["D1"],
### Thompson Step (Symbol) "HifE" . ["D2"],
{"token": "1", "new_partition": [["D3"], ["D1"], ["D2"], ["DO"]]}
"created_fragment": {"start": "s2", "accept": AN

< ["s3"]}}

### Final Partition

### Thompson Step (Union) —-- constructs (0]1) {"partition": [["DO"], ["D1"], ["D2"], ["D3"]],
{"fragl_start": "s0", "fragl accepts": ["sl1"], "note": "All 4 states are distinguishable --—
"frag2_start": "s2", "frag2_accepts": ["s3"], < DFA is minimal"}
"new_start": "s4", "new_accepts": ["s5"],
"eps_from_new_start": ["sO", "s2"], #4## Renamed States
"eps_to_new_accept": ["s1", "s3"]} {"DO": "gO", "D1": "gl", "D2": "g2", "D3": "g3"}
—
### Thompson Step (Star) -- constructs (0]1)*
{"frag_start": "s4", "frag_accepts": ["s5"], === TRACE END ===
"new_start": "s6", "new_accepts": ["s7"],
"eps_skip": ["s6","s7"], === FINAL DFA BEGIN ===
"eps_loop": ["s5","s4"], states: g0 gl g2 g3
"eps_exit": ["s5","s7"]} alphabet: 0 1
start: g0
### Thompson Step (Concat) -- constructs (0]1) final: g3
— *0 transitions:
{"fragl_start": "s6", "fragl_accepts": ["s7"], q0 0 gl
"frag2_start": "s8", "frag2_accepts": ["s9"], q0 1 g2
"new_start": "s6", "new_accepts": ["s9"], ql 0 g3
"eps_bridge": ["s7","s8"]} ql 1 g2
g2 0 gl
### Thompson Step (Concat) -- constructs (0[1) q2 1 q2
— %00 g3 0 g3
{"fragl_start": "s6", "fragl_accepts": ["s9"], a3 1 g2
"frag2_start": "sl1l0", "frag2_accepts": ["s1ll"], —== FINAL DFA END ===
—
"new_start": "s6", "new_accepts": ["s11"],
- A.4 DFA No-CoT Example
"eps_bridge": ["s9","s10"]}

, The following is the paired No-CoT training ex-
### Subset Construction Step

("dfa_state": "DO", ample for the same regular expression (0l1)*00
jofasabectti [MSOT ST Nedt, TS0t o2t over ¥ = {0, 1}. The assistant response contains
accep : alse, R . ..
"transitions": {"O": "D1", "I": "p2"}} only the final minimised DFA transition table —
, no Thompson steps, no subset construction, no
### Subset Construction Step
{"dfa_state": "D1", Hopcroft refinement, no JSON trace. The model
"“fajzgi‘?t" : ["s17,%sST, "s7Y, "s4t, Us0T, ts2®, must produce the correct minimised DFA directly
"accept": false, from the regular expression, bypassing the three-
CemetiEnenes {(H0¥s MW, BIEe SR phase construction pipeline that the CoT model is
### Subset Construction Step explicitly trained to execute step by step.
{"dfa_state": "D2", .
"nfa_subset": ["53","55","57","54","50"7"52"], SyStem prompt'
"accept": false,

You are a DFA construction assistant.
You must output ONLY the DFA in the

### Subset Construction Step . .

(e, momaets e, exact required format. Do not provide

"nfa_subset": ["s1","s5","s7","s4","sO", "s2", " any explanation, extra text, or commen-
. 88", "s9m, ns10m], tary,

"transitions": {"0": "D1", "1": "D2"}}
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User:

You are given a regular expression over
alphabet ¥ = {0, 1}. Construct a com-
plete minimised deterministic finite au-
tomaton (DFA) that recognizes exactly
the same language as the given regular
expression.

Output format (strict):
states: q0ql g2 ...
alphabet: 0 1

start: q0

final: ¢X qY ...
transitions:

q00ql

q01q2

Constraints: (1) DFA must be complete
— a transition must be defined for every
state-symbol pair. (2) DFA must be de-
terministic — exactly one transition per
state-symbol pair. (3) Use only q0, ql,
g2, ... naming. (4) Output the final
DFA only. No explanation.

REGEX: (011)*00

Assistant (No-CoT response):

=== FINAL DFA BEGIN ===
states: g0 gl g2 g3
alphabet: 0 1

start: g0

final: g3

transitions:

g0 0 gl

1

0

1
gz 0 gl

1

0

1
=== FINAL DFA END ===

The minimised DFA for (011)*00 has four states,
each corresponding to a distinct suffix of the input
seen so far: qq is the start state (no relevant suffix
seen); ¢q1 records that the last symbol was 0; g3 is
the accepting state (the last two symbols were 00);
and ¢o is a reset state (last symbol was 1, so any
partial suffix is lost). As with the NFA examples,
the final answer is identical in Sections A.3 and A.4
— the only difference is whether the model is trained
to produce the construction trace before it.

B Full Results

This appendix reports complete per-tier accuracy
breakdowns for all models, datasets, and evalua-
tion conditions. All results are confirmed from
experimental logs. Bold indicates the better result
between CoT SFT and No-CoT SFT for each row.
All values are accuracy percentages on held-out
test sets.

The three models evaluated are Qwen-2.5-1.5B-
Instruct (1.5B), Qwen-2.5-7B-Instruct (7B), and
LLaMA-3.1-8B-Instruct (8B), spanning two model
families and two capacity scales. The two training
conditions are CoT SFT (fine-tuned on full reason-
ing traces) and No-CoT SFT (fine-tuned on final
answers only). Baseline denotes the zero-shot per-
formance of the unmodified pre-trained model with
no fine-tuning applied.

B.1 NFA Dataset: Full Tier Breakdown

The NFA dataset has five difficulty tiers defined by
NFA state count: T1 (4-8 states), T2 (8—14), T3
(14-22), T4 (22-32), and T5 (32-50). The test set
contains 200 examples per tier (1,000 total). We
report results under two evaluation conditions:

* IID: questions use the same five templates
seen during training, all of which explic-
itly mention Thompson’s construction. This
measures how well the fine-tuned model has
learned the construction task under familiar
question phrasing.

* OOD: questions use eight paraphrased tem-
plates not seen during training, none of which
mention Thompson’s construction by name.
This tests whether fine-tuned models have
learned the underlying construction task or
have overfit to surface phrasing cues in the
training questions.

Table 3: NFA dataset — IID test accuracy (%) per tier.
Bold = better of CoT / No-CoT. All results confirmed.

Train Model Overall T1 T2 T3 T4 T5
1.5B 0.0 0.0 0.0 00 0.0 0.0
Baseline 7B 0.0 0.0 0.0 00 0.0 0.0
8B 0.0 0.0 0.0 00 0.0 0.0
1.5B 83.5 100.0 100.0 975 94.0 25.0
CoT SFT 7B 834 100.0 100.0 975 97.0 27.0
8B 903 100.0 100.0 99.5 985 54.5
1.5B 86.5 100.0 100.0 985 93.5 47.5
No-CoT SFT 7B 88.6 100.0 100.0 99.0 95.0 52.0
8B 93.0 100.0 100.0 100.0 98.5 69.0
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Table 4: NFA dataset — OOD test accuracy (%) per tier.
Bold = better of CoT / No-CoT. LLaMA-8B No-CoT
OOD includes 118 parse failures (12.5% of the test set).

Train Model Overall T1 T2 T3 T4 T5
1.5B 0.0 00 00 00 00 00
Baseline 7B 0.0 00 00 00 0.0 0.0

8B 0.0 00 00 00 00 00

1.5B 80.4 89.0 95.0 94.0 93.0 24.0
CoT SFT 7B 80.6 91.0 97.0 96.0 96.0 26.0

8B 89.3 100.0 98.0 96.5 95.5 58.0
1.5B 81.5 95.0 90.0 91.0 88.0 48.0
No-CoT SFT 7B 840 972 925 935 90.0 50.5
8B 80.5 829 80.0 83.5 825 74.0

IID observations. No-CoT SFT outperforms
CoT SFT on overall IID accuracy for all three
model sizes, with the gap largest at Tier 5 — the
hardest tier with 32-50 NFA states. The TS No-
CoT advantage is 22.5 pp for Qwen-7B (52.0% vs.
27.0%), 14.5 pp for LLaMA-8B (69.0% vs. 54.5%),
and 22.5pp for Qwen-1.5B (47.5% vs. 25.0%).
This is the strongest single result supporting the
backtrackability hypothesis: at the highest com-
plexity level, CoT supervision actively limits the
model’s ability to produce correct outputs, while
No-CoT forces the model to internalise the full
mapping directly.

At Tier 4, an interesting anomaly appears
for the two Qwen models: CoT SFT achieves
94.0% (1.5B) and 97.0% (7B) while No-CoT
achieves 93.5% and 95.0% respectively, making
CoT marginally better at T4 despite being substan-
tially worse overall. LLaMA-8B does not exhibit
this: No-CoT ties CoT at T4 (98.5% each) and wins
decisively at TS. The T4 reversal for Qwen models
likely reflects that T4 NFAs (2232 states) are struc-
turally complex enough to benefit from the CoT
reasoning scaffold but still within its scope, while
TS5 NFAs (32-50 states) exceed the template’s ca-
pacity entirely.

At Tiers 1 and 2, both conditions achieve 100%
for all three models, confirming that small NFAs
are trivially solved by any fine-tuned model regard-
less of training condition. Tier 3 shows a small No-
CoT advantage (e.g. 99.0% vs. 97.5% for Qwen-
7B).

OOD observations. The OOD results reveal an
important asymmetry between model families. For
Qwen-1.5B and Qwen-7B, No-CoT maintains its
overall advantage under OOD evaluation (Qwen-
7B: 84.0% vs. 80.6%), but CoT SFT outperforms

No-CoT SFT at mid-complexity tiers T2-T4. For
example, Qwen-7B CoT achieves 97.0% at T2 ver-
sus No-CoT’s 92.5%, and 96.0% at T4 versus No-
CoT’s 90.0%. This tier-level reversal under OOD
conditions suggests that No-CoT models at mid-
complexity levels partially rely on surface question
features to guide construction — when the ques-
tion phrasing changes, No-CoT performance drops
more than CoT performance at these tiers. No-CoT
maintains its advantage at T1 and TS5, suggesting
that at the simplest and hardest extremes, surface
phrasing matters less than the structural richness of
the answer.

LLaMA-8B presents a starkly different OOD
profile. CoT SFT achieves 89.3% overall OOD
while No-CoT SFT achieves only 80.5%, a rever-
sal from the IID result where No-CoT won (93.0%
vs. 90.3%). This reversal is driven entirely by 118
parse failures (12.5% of the OOD test set) in the
No-CoT condition — the model outputs garbled or
incorrectly formatted transition tables on unseen
question templates, not wrong answers. This is a
format sensitivity failure rather than a reasoning
failure: LLaMA No-CoT learned to rely on surface
phrasing cues in the training templates to structure
its output, and when those cues are absent (as in
OOD templates that do not mention Thompson’s
construction by name), the output format breaks
down. CoT’s explicit reasoning structure — which
begins with parse tree analysis regardless of how
the question is phrased — acts as a format scaffold
that insulates the model from this collapse. No-
tably, even under this collapse, No-CoT still wins
at T5 OOD (74.0% vs. 58.0%), where the structural
richness of the answer is most extreme.

The IID-to-OOD accuracy drop is 2.9 pp for CoT
and 4.6 pp for No-CoT overall on Qwen-7B, indi-
cating that CoT models generalise slightly better
to unseen question formats. This is consistent with
CoT’s explicit reasoning structure being invariant
to surface phrasing changes.

B.2 DFA Dataset: Full Tier Breakdown

The DFA dataset has four difficulty tiers defined
by minimised DFA state count: T1 (2 states), T2
(2-4), T3 (3-6), T4 (4-18). The test set contains
1000 examples across the four tiers. Tier 4 is the
most challenging because a single error in an early
Thompson or subset construction step propagates
through all downstream states, and Hopcroft min-
imisation then produces a structurally different au-
tomaton. We evaluate under both IID and OOD

27058



conditions using the same template split as the NFA
dataset.

Table 5: DFA dataset — IID test accuracy (%) per tier.
Bold = better of CoT / No-CoT. All results confirmed.

Train Model Overall T1 T2 T3 T4
1.5B 0.0 0.0 0.0 00 0.0
Baseline 7B 0.0 00 0.0 0.0 0.0
8B 0.0 0.0 0.0 00 0.0
1.5B 799 100.0 96.5 86.0 53.0
CoT SFT 7B 88.5 100.0 98.5 93.5 71.0
8B 90.2 100.0 99.0 95.5 74.0
1.5B 82.2 100.0 97.0 88.5 57.5
No-CoT SFT 7B 91.6 100.0 98.0 94.5 80.5
8B 958 100.0 99.5 97.5 89.5

Table 6: DFA dataset — OOD test accuracy (%) per tier.
Bold = better of CoT / No-CoT. All results confirmed.
LLaMA-8B CoT OOD had 46 parse failures (7.2%);
No-CoT had zero parse failures across all models.

Train Model Overall T1 T2 T3 T4
1.5B 0.0 0.0 0.0 00 0.0
Baseline 7B 0.0 00 0.0 0.0 0.0
8B 0.0 0.0 0.0 00 0.0
1.5B 71.0 927 825 78.0 48.0
CoT SFT 7B 87.5 100.0 96.5 94.0 69.5
8B 82.4 829 81.5 84.0 815
1.5B 76.6 90.2 87.5 83.0 56.5
No-CoT SFT 7B 90.3 100.0 96.5 93.0 79.5
8B 88.3 100.0 91.0 88.0 83.5

IID observations. No-CoT SFT outperforms
CoT SFT overall and at Tier 4 for all three mod-
els. The Tier 4 IID gaps are 4.5 pp for Qwen-1.5B
(57.5% vs. 53.0%), 9.5 pp for Qwen-7B (80.5%
vs. 71.0%), and 15.5 pp for LLaMA-8B (89.5% vs.
74.0%). This is a clean scaling pattern: the larger
the model, the more it benefits from No-CoT super-
vision on high-backtrackability tasks. LLaMA-8B
No-CoT achieves 95.8% overall 1ID, the highest
result in the entire DFA experiment, and 89.5% at
T4, which is 15.5 pp above CoT.

At Tier 1, all models reach 100% under both
conditions, confirming that two-state DFAs are triv-
ially solved. At T2, results are near-perfect for all
models. At T3, No-CoT wins for all three models
(88.5% vs. 86.0% for 1.5B; 94.5% vs. 93.5% for
7B; 97.5% vs. 95.5% for LLaMA-8B). The No-
CoT advantage is consistent in direction across all
tiers and all models, with no exceptions.

OOD observations. No-CoT maintains its over-
all OOD advantage for all three models (Qwen-
1.5B: 76.6% vs. 71.0%; Qwen-7B: 90.3% vs.
87.5%; LLaMA-8B: 88.3% vs. 82.4%). No-CoT
records zero parse failures across all models on the
DFA OQOD set; LLaMA-8B CoT suffers 46 parse
failures (7.2%), driving its OOD drop of 7.8 pp
(90.2% — 82.4%). This contrasts with the NFA
OQOD results where it is No-CoT that collapses
(118 parse failures for LLaMA-8B). The simpler,
more standardised output format of minimised DFA
transition tables (compared to NFA tables with e-
transitions) appears to be inherently more robust
to question template variation for No-CoT models,
while CoT models for LLaMA retain format sen-
sitivity regardless of dataset. LLaMA-8B No-CoT
00D (88.3%) still comfortably exceeds CoT OOD
(82.4%), confirming No-CoT’s advantage is robust
even accounting for the CoT parse failures.

At Tier 4 OOD, No-CoT wins for all three mod-
els: 56.5% vs. 48.0% (1.5B), 79.5% vs. 69.5%
(7B), 83.5% vs. 81.5% (LLaMA-8B). The hardest
tier is also the most robust to template variation
for No-CoT models, consistent with the structural
richness of the answer being the dominant learning
signal at high complexity.

B.3 Mathematical Datasets: Full Results

Table 7 reports accuracy on all three mathemati-
cal reasoning benchmarks for all models and train-
ing conditions. Unlike the formal-language bench-
marks, these datasets do not have difficulty tiers
defined by structural complexity; we report overall
accuracy. For MATH-500 we also report per-level
breakdowns in Table 8 since the dataset defines five
competition difficulty levels (L1-L5).

Table 7: Mathematical datasets — overall accuracy (%).
Bold = better of CoT / No-CoT. All results confirmed.

Train Model GSMS8K MATH-500 MathInstruct
1.5B 50.5 38.0 15.2
Baseline 7B 71.0 50.5 16.6
8B 85.0 435 24.7
1.5B 47.0 24.0 49.2
CoT SFT 7B 77.0 47.0 63.2
8B 70.0 31.5 59.3
1.5B 12.0 10.5 45.8
No-CoT SFT 7B 17.5 24.0 58.9
8B 22.5 16.0 54.8

GSMBS8K observations. The No-CoT collapse
on GSMSK is the most severe finding in the math-
ematical results. All three models fall to 12.0-
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Table 8: MATH-500 — per-level accuracy (%) for Qwen-
2.5-7B. L1 (easiest) to L5 (hardest). Bold = better of
CoT / No-CoT.

Train Model L1 L2 L3 L4 L5
Baseline 7B 81.2 487 60.5 54.7 28.6
CoT SFT 7B 81.2 64.1 58.1 47.2 12.2
No-CoT 7B 68.8 43.6 233 132 6.1

Table 9: MathInstruct PoT and CoT subtask breakdown
(%). No-CoT wins on PoT, while CoT wins on the
CoT subtask across all models. Bold indicates the better
result within each subtask.

Model PoT-C PoT-N CoT-C CoT-N

1.5B 65.5 66.2 43.1 38.2
7B 69.1 70.9 61.0 54.4
8B 67.6 710 56.2 48.8

22.5% under No-CoT SFT, well below the untuned
zero-shot baseline (50.5-85.0%). This means No-
CoT fine-tuning actively degrades the model’s arith-
metic reasoning ability compared to no fine-tuning
at all. Models produce numerically plausible out-
puts but fail on problems requiring multiple inter-
mediate steps, because No-CoT training provides
no signal about how intermediate quantities should
be computed and chained. The collapse is consis-
tent across all three model sizes, with LLaMA-8B
No-CoT (22.5%) showing the least severe drop
despite having the highest baseline (85.0%) — a
62.5 pp gap between baseline and No-CoT SFT.
CoT SFT improves over baseline for Qwen-
7B (71.0% — 77.0%) but falls below baseline
for Qwen-1.5B (50.5% — 47.0%) and LLaMA-8B
(85.0% — 70.0%). The LLaMA-8B drop of 15 pp
is particularly striking: a strong pre-trained model
is harmed by CoT SFT because the imposed reason-
ing template conflicts with its native reasoning pat-
terns. Despite this, CoT SFT still outperforms No-
CoT SFT by a massive margin (70.0% vs. 22.5%
for LLaMA-8B), confirming that the issue is format
rigidity, not CoT reasoning being ineffective.
MATH-500 observations. CoT SFT outper-
forms No-CoT SFT at every difficulty level for
Qwen-7B (Table 8). The No-CoT degradation is
most extreme at the harder levels: L3 (23.3% vs.
58.1%), L4 (13.2% vs. 47.2%), and L5 (6.1% vs.
12.2%). No-CoT completely collapses at L5 for
Qwen-1.5B (0.0%). Notably, CoT SFT itself falls
below the baseline at every level for all models
— for instance, Qwen-7B baseline achieves 81.2%
at L1 and 28.6% at L5, while CoT SFT achieves

81.2% at L1 and only 12.2% at L5. This suggests
that SFT on competition mathematics data imposes
a format constraint that narrows the model’s range
of reasoning strategies, particularly at the hardest
levels where diverse approaches are most needed.
Yet CoT SFT always dominates No-CoT SFT, con-
firming that even degraded CoT supervision is far
better than no supervision on low-backtrackability
tasks.

MathlInstruct observations. The PoT/CoT
split within MathInstruct is the most direct within-
dataset test of the backtrackability hypothesis. On
the PoT subset, where program code outputs en-
code the full reasoning trace and are therefore high-
backtrackability answers, No-CoT wins across all
three models: 66.2% vs. 65.5% (1.5B), 70.9% vs.
69.1% (7B), 71.0% vs. 67.6% (LLaMA-8B). On
the CoT-format subset, where natural language rea-
soning steps are not recoverable from the final an-
swer and the setting is low-backtrackability, CoT
SFT wins across all three models: 43.1% vs. 38.2%
(1.5B), 61.0% vs. 54.4% (7B), 56.2% vs. 48.8%
(LLaMA-8B). Both effects scale with model capac-
ity: the PoT No-CoT advantage grows from 0.7 pp
(1.5B) to 1.8 pp (7B) to 3.4 pp (LLaMA-8B), and
the CoT-subtask CoT advantage grows from 4.9 pp
(1.5B) to 6.6 pp (7B) to 7.4 pp (LLaMA-8B). This
is the cleanest evidence in the paper that the rele-
vant variable is the structure of the answer, not the
dataset or model identity.

C Dataset Construction Details

This appendix describes the full generation
pipelines for the NFA and DFA datasets, includ-
ing tier definitions, operator weight distributions,
state count bounds, verification procedures, and the
complete set of OOD question templates used for
out-of-distribution evaluation.

C.1 NFA Generation Pipeline

Each NFA dataset example is generated through
the following five-stage pipeline.

Stage 1: Alphabet selection. An alphabet
is sampled uniformly from five predefined op-
tions: binary {0, 1}, ab {a, b}, abc {a, b, c}, abcd
{a, b, c,d}, and digits {0, 1, 2, 3}.

Stage 2: Regex AST generation. A ran-
dom regular expression is sampled as an ab-
stract syntax tree (AST) using a tiered genera-
tor. The generator supports the following opera-
tors: concatenation, union (|), Kleene star (x), plus

27060



(+), optional (?7), and composite patterns includ-
ing star_union ((X|Y)*), star_concat ((XY)*),
star_star ((X™)*), union_chain (X |Y'|2), concat3
(XY Z), and concat4 (XY ZW). Sugar operators
(+, ?7) are desugared to core operators before con-
struction: 7 — 7r* and r? — r|e. The generator
is parameterised by tier, which controls the maxi-
mum recursion depth, the base leaf probability (the
probability of terminating recursion at any node),
and the operator weight distribution.

Stage 3: Thompson’s NFA construction. The
desugared AST is converted to an NFA using
Thompson’s construction, which guarantees a sin-
gle start state and a single accept state. The con-
struction is recursive over the AST structure, apply-
ing the following rules: (1) a literal ¢ produces two
states s, a with s 5 a: (2) concatenation 7179 con-
nects N (ry).accept to N (rz).start via €; (3) union
r1|r2 adds a new start with e-transitions to both
sub-NFAs and a new accept reachable via € from
both sub-NFA accepts; (4) Kleene star r* adds a
new start s and accept a, with four e-transitions:
s — N(r).start (enter), s — a (skip, accepting the
empty string), N(r).accept — N(r).start (loop
back), and N(r).accept — a (exit after one or
more iterations).

Stage 4: Verification. The produced NFA is
verified by cross-checking it against a DFA built
via subset construction on all strings up to a tier-
dependent maximum length (6-10 characters de-
pending on tier). Any example where the con-
structed NFA and a reference DFA (built via subset
construction solely for verification purposes) dis-
agree on any test string is discarded. Examples
are also deduplicated by an MDS5 hash of the regex
string and alphabet pair.

Stage 5: Formatting. Each verified example
is formatted into either a CoT trace (Steps 1-5
followed by the NFA transition table) or a No-CoT
response (the transition table only), as shown in
Appendix A.1 and A.2.

Tier definitions. The five tiers are defined by
NFA state count bounds and generator parameters.
Table 10 gives the full specification.

Operator weight distributions. Table 11 gives
the operator sampling weights for each tier. Higher
tiers assign greater weight to closure operators (star,
star_union, star_concat) and longer concatenation
chains (concat3, concat4), which produce larger
NFAs with more epsilon transitions. Dataset statis-
tics. The full NFA dataset contains 25,000 unique
examples across all five tiers. The test set is strati-

Table 10: NFA dataset tier definitions. Leaf prob de-
notes the base probability of terminating recursion at a
leaf node.

Tier State range Max depth Leaf prob Train % Description

T1 4-8 3 0.55 10 concat + union only

T2 8-14 4 0.42 20 + star, plus, optional

T3 1422 5 0.30 25 + star_union, star_concat
T4 22-32 6 0.22 25 + concat4, nested closures
T5 32-50 8 0.15 20 + star_star, union_chain

Table 11: Operator sampling weights by tier (normal-
ized to sum to 1.0). Operators not listed for a tier are
unavailable. The final column combines star_star
and union_chain, available at TS only.

star_ star_  star_star

Tier concat union star plus optional concat3 concat4 . " .
union concat union_chain

Tl 055 035 - - - 0.10 - - - -
T2 028 020 022 0.14 0.08 0.08 - - - -
T3 022 0.16 020 0.12 - 0.10 - 0.12  0.08 -
T4 018 0.14 0.20 0.10 - 0.10 0.08 012 0.08 -
TS5 0.14  0.10 0.18 0.10 - 0.08 0.08 0.10 0.08 0.14

fied with exactly 200 examples per tier (1,000 to-
tal). The remaining examples are split 90% train /
5% validation / 5% held-out, with shuffling seeded
at 42 for reproducibility. The dataset additionally
includes 26 handcrafted examples covering canoni-
cal textbook regular expressions such as (a|b)*abb,
(0]1)*00, and (ab|ba)*, ensuring coverage of well-
known patterns that random generation may under-
represent.

C.2 DFA Generation Pipeline

The DFA dataset generation pipeline shares Stages
1-2 with the NFA pipeline (alphabet selection and
regex AST generation) but replaces Stage 3 with a
three-phase construction and adds a more stringent
verification step.

Stage 3: Full DFA construction pipeline. The
regex AST is converted to a minimised DFA via
three sequential phases:

(1) Thompson’s construction: produces an NFA
with a single start and accept state, as described
in Appendix C.1.

(2) Subset (powerset) construction: converts the
NFA to a DFA by tracking sets of NFA states.
Starting from the e-closure of the NFA start
state, new DFA states are created for each
reachable e-closure under each input symbol.
A DFA state is accepting if it contains the NFA
accept state.

(3) Hopcroft’s minimisation: partitions DFA
states into equivalence classes of indistinguish-
able states. The initial partition separates ac-
cepting from non-accepting states plus a virtual
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Table 12: DFA dataset tier definitions.

Tier State range Max DFA states Train % Description

T1 2 24 15 direct symbol mapping, simple con-
cat/union

T2 24 24 25 Kleene star, plus, optional introduced

T3 3-6 24 35 combined operators, star-of-union pat-
terns

T4 4-18 24 25 deeply nested closures, full subset con-

struction

dead/trap state. The worklist algorithm itera-
tively refines the partition by splitting blocks
on each input symbol until no further splits are
possible. Dead states are removed from the
final minimised DFA.

Stage 4: Verification. The NFA, intermediate
DFA, and minimised DFA are all cross-verified by
simulating each on all strings up to length 7 and
confirming L(NFA) = L(DFA) = L(minDFA).
Any example failing any pairwise check is dis-
carded. This three-way check is more stringent
than the NFA dataset’s two-way check and catches
both construction errors and minimisation regres-
sions.

Stage 5: Formatting. Each verified example is
formatted into either a CoT trace (JSON-structured
TRACE block followed by a FINAL DFA block, as
shown in Appendix A.3) or a No-CoT response (FI-
NAL DFA block only, as shown in Appendix A.4).

Tier definitions. The four DFA tiers are defined
by minimised DFA state count and generator pa-
rameters. Unlike the NFA tiers which measure raw
NFA states, DFA tiers measure the minimised state
count, which reflects the true structural complex-
ity of the recognised language after all redundant
states are removed.

Dataset statistics. The full DFA dataset contains
22,500 training examples and 1,000 test examples,
split 90% train / 5% IID validation / 5% OOD
validation. The dataset includes 44 handcrafted
examples covering classic textbook patterns. A
maximum pre-minimisation DFA state count of 24
and a maximum minimised DFA state count of 18
are enforced; examples exceeding these bounds are
discarded to keep sequence lengths tractable.

C.3 0OD Question Templates

The NFA OOD evaluation uses eight question tem-
plates that differ structurally from the five training
templates in the following ways: (1) no template
mentions Thompson’s construction by name; (2)
templates use varied framing including informal,
homework-problem, implementation, and formal
mathematical styles; (3) regex is presented with-

out backtick formatting; (4) some templates ask
for specific components (epsilon transitions, state
names) rather than generically asking for a transi-
tion table. This tests whether fine-tuned models
have learned the underlying NFA construction task
or have overfit to the surface phrasing of training
questions.

The five training templates all follow the pat-
tern: “[verb] the regular expression ‘regex‘ over
the alphabet ¥ = {...} [to/using] Thompson’s
[NFA] construction. [Show/Give/Present] the [re-
sulting] NFA transition table.” All five explicitly
name Thompson’s construction and use backtick-
formatted regex.

The eight OOD templates are as follows. Each is
shown with a representative instantiation for regex
(alb)*abb over ¥ = {a, b}.

OOD Template 1 (informal):

I need an NFA for the pattern (a|b)*abb
using symbols {a,b}. Please show me
the full state transition table with epsilon
moves.

OOD Template 2 (homework-problem style):

Design a nondeterministic finite automa-
ton that recognizes the language defined
by (alb)*abb over {a,b}. List all states,
mark which is the start state and which
are accepting, and give the complete tran-
sition table.

OOD Template 3 (reverse framing):

What NFA would you build to recognize
strings matching (a|b)*abb where the al-
phabet is {a,b}? Show the transition
table.

OOD Template 4 (no backticks, component
focus):

For the regular expression (a|b)*abb
with input alphabet {a, b}, construct a
finite automaton with nondeterminism.
Present the states and how they transi-
tion on each symbol and on epsilon.

OOD Template 5 (textbook exercise style):

Exercise: Given r = (a|b)*abb over al-
phabet {a, b}, draw (as a table) the NFA
M such that L(M) = L(r). Clearly in-
dicate the start state and final state.
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OOD Template 6 (implementation framing):

I want to implement a regex matcher for
(alb)*abb on the alphabet {a, b}. Build
me the NFA state machine — show every
state, every transition on input symbols,
and every epsilon transition.

OOD Template 7 (verification framing):

Suppose we want to check if strings over
{a, b} match the pattern (a|b)*abb. What
NFA would do this? Give the complete
transition function as a table.

OOD Template 8 (formal mathematical nota-
tion):

Let r = (a|b)*abb be a regular expres-
sion over ¥ = {a,b}. Construct an
NFA N = (@,>,6,qo, F) such that
L(N) = L(r). Specify @, qo, F, and
J in tabular form.

The OOD templates span a wide range of phrasings,
from informal first-person requests (T1, T6) to for-
mal mathematical notation (T8). None uses back-
tick regex formatting. None names Thompson’s
construction. Templates T2, TS, and T8 use formal
academic language but frame the task differently
from the training templates (homework, exercise,
and formal specification respectively). Templates
T3 and T7 use a reverse or verification framing that
implicitly asks the model to think about what the
NFA does rather than how to construct it.

Each OOD test example uses the same regex,
alphabet, and ground-truth NFA as its paired IID
example, with only the question template changed.
This ensures that any performance difference be-
tween IID and OOD evaluation is attributable solely
to question phrasing and not to differences in task
difficulty.

D Error Analysis

This appendix presents concrete examples of the
failure modes observed in our experiments. Ex-
amples in Sections D.1 and D.3 are illustrative —
constructed to be consistent with observed failure
patterns from model output inspection. Examples
in Section D.2 are drawn directly from confirmed
evaluation logs.

D.1 CoT Fails, No-CoT Succeeds: Template
Mimicry

At Tier 5 of the NFA dataset, CoT SFT achieves
only 27.0% accuracy while No-CoT SFT achieves
52.0% — a gap of 25 percentage points. Inspection
of CoT model outputs at this tier reveals a con-
sistent failure pattern we term template mimicry:
the model produces all five reasoning steps with
correct formatting and plausible-looking content,
but the final transition table is wrong. The in-
termediate steps appear coherent in isolation but
do not correctly implement Thompson’s construc-
tion for the given regex. By contrast, the No-CoT
model, which is never trained to produce interme-
diate steps, outputs the transition table directly and
correctly.

The following illustrative example demonstrates
this failure mode for a Tier 5 regex ((alb)*ab(ba)*)+
over ¥ = {a, b} (NFA state count: 38).

Ground truth NFA (partial, key states
shown):

State Role a b €

ql start 0 0 {q2,q19}
q2 0 0 {g3.95}
q3 fad} 0 0

¢4 B0 {e}
qs5 0 {q6} 0

q6 0 0 {q2.q7}
q7 {g8 0 0

q8 0 {q9} 0

q38  accept 0 0 {q2,q19}

CoT model output (illustrative):

The CoT model correctly identifies the parse tree
structure in Step 1 and correctly lists the applicable
Thompson rules in Step 2. However, in Step 3 the
model begins to conflate states from different sub-
NFAs, incorrectly assigning epsilon transitions that
belong to the (ba)* sub-NFA to states in the (a|b)*
sub-NFA. The error propagates silently through
Steps 4 and 5, producing a transition table that
looks well-formed but represents a different lan-
guage than the input regex. The model’s Step 3
contains the following incorrect transitions:

## Step 3: NFA States and Transitions

NFA states: {qgl, 92, ...,
Start state : gl
Accept state: g38

q38}
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gl --eps--> {92, gl9} [correct]
g2 -——eps——> {93, g5} [correct]
a3 --'a’'-—> {qg4} [correct]
g4 --eps-—> {g6} [correct]
ed =VB’== {eB) [correct]
g6 --eps-—> {92, g7} [correct]
q7 --'a’'--> {g8} [correct]
e =V’==2 {E9} [correct]

q9 --eps--> {ql0, g21}
— to (ba)* sub-NFA,

[WRONG: g21 belongs

should be {glO}
— only at this point]
ql0 --eps--> {qgll, gl9} [WRONG: gl9
< incorrectly reachable here]

The No-CoT model, given the same ques-
tion, produces the correct transition table di-
rectly without any intermediate steps. Language
equivalence evaluation confirms the CoT model’s
output is incorrect (it accepts strings not in
L(((alb)*ab(ba)*)+)) while the No-CoT model’s
output is correct.

Interpretation. This failure pattern is consistent
with template mimicry: the CoT model has learned
to produce five well-structured steps that look like
Thompson’s construction, but at high complexity
it loses track of which states belong to which sub-
NFA. The template provides a false sense of correct-
ness — all steps are present and formatted properly,
masking the underlying structural error. The No-
CoT model, lacking any template to mimic, must
compress the regex-to-NFA mapping directly into
its weights, which appears to produce more reliable
structural reasoning at high complexity.

D.2 No-CoT Fails on GSMS8K: Multi-Step
Dependencies

On GSMSK, No-CoT SFT collapses to 17.5% ac-
curacy, well below even the zero-shot baseline of
71.0%. The following examples are drawn directly
from confirmed evaluation logs and illustrate the
failure mode: the No-CoT model produces numer-
ically plausible single-step answers but fails on
problems requiring intermediate results to be car-
ried forward across multiple steps.

Example 1: Partial computation (index 194).

Question: Toby is reading a book that
is 45 pages long. It averages 200 words
a page. Toby can read at a rate of 300
words per minute. He has to be at the air-
port in 60 minutes and plans to leave as
soon as he finishes. How many minutes
does Toby have left to read?

Ground truth: 20

No-CoT model output: FINAL ANSWER: 15
Analysis: The correct solution requires three
chained steps: total words = 45 x 200 = 9,000;
reading time = 9,000 <+ 300 = 30 minutes; remain-
ing time = 60 — 30 = 20 minutes. The model’s
answer of 15 suggests it computed one of the inter-
mediate quantities correctly (possibly 60—45 = 15,
treating pages as minutes) but failed to chain the op-
erations. Without a scratchpad, intermediate results
cannot be accumulated.

Example 2: Missed accumulation step (index
196).

Question: While at the dollar store,
Sloane counts 100 customers entering
the store. The next day, she counts 50
more customers than the first day. If the
total number of customers by the third
day was 500, how many customers en-
tered on the third day?

Ground truth: 250
No-CoT model output: FINAL ANSWER: 200
Analysis: The correct solution is: Day 2 = 100 +
50 = 150; Day 3 = 500 — 100 — 150 = 250. The
model outputs 200, which suggests it computed
500 — 100 — 200 = 200, treating Day 2 as 200
(possibly 100 x 2) rather than 150. The error orig-
inates in the Day 2 computation and propagates
directly to the final answer. With no intermediate
scratchpad, the model cannot verify or correct the
Day 2 result before using it.

Example 3: Correct answer (index 195).

Question: A phone tree is used to con-
tact families and relatives of Ali’s de-
ceased coworker. Ali decided to call 3
families. Then each family calls 3 other
families, and so on. How many fami-
lies will be notified after the 4th round of
calls?

Ground truth: 81
No-CoT model output: FINAL ANSWER: 81
Analysis: The No-CoT model correctly answers
this problem because it reduces to a single compu-
tation: 3* = 81. No intermediate state needs to be
carried forward — the answer is a direct function
of the inputs. This confirms the pattern: No-CoT
models can solve problems that reduce to a single
operation but fail on problems requiring sequential
accumulation of intermediate results.

Summary. The GSMSK failure examples re-
veal that No-CoT performance collapse is not a

27064



formatting issue — the model produces syntactically
valid FINAL ANSWER: responses in every case.
The failure is computational: without a scratchpad
in which to accumulate intermediate results, the
model can only perform effectively on single-step
problems. CoT training, by contrast, provides ex-
plicit intermediate steps as training targets, teach-
ing the model to break problems into sequential
sub-computations. This is precisely the regime
where answer backtrackability is zero: given only
the integer 20, there is no way to recover the three-
step chain 9,000 <+ 300, 60 — 30 that produces it.

D.3 Tier 5 Failure Analysis for CoT on NFA

At Tier 5 of the NFA dataset (32-50 states), CoT
SFT achieves only 27.0% accuracy for the 7B
model — the lowest accuracy of any model-tier com-
bination in our experiments. This section analyses
the specific failure modes at Tier 5 to understand
why CoT supervision breaks down at high com-
plexity.

Failure mode 1: State counter overflow.
Thompson’s construction for complex regexes pro-
duces NFAs with 32-50 states, each requiring a
unique label. The CoT model, despite being trained
on examples with up to 50 states at Tier 5, begins
to reuse state labels or skip states in its output at
high complexity. The following illustrative output
shows a model generating Steps 1-4 correctly but
then producing an incomplete transition table in
Step 5:

Step 5: NFA Transition Table

State Role a b eps (€)
ql start empty  empty {q2, q21}
q2 empty  empty  {q3,q5}
q27 {q28} empty  empty
q28 empty {q29} empty

NFA: 38 states ({ql, ..., q38}), start = ql, ac-
cept = q38

[output truncated — remaining 10 states miss-
ing]

The model correctly states in the summary line
that the NFA has 38 states but only outputs 28 rows
in the table. The missing states cause the transition
table to be incomplete and therefore incorrect under
structural equivalence evaluation, which requires
every state’s transitions to be specified.

Failure mode 2: Sub-NFA boundary confu-
sion. For regexes with deeply nested closures, the
CoT model correctly identifies the Thompson rules
in Step 2 but makes systematic errors in Step 3
when assigning epsilon transitions between sub-
NFAs. Specifically, the model confuses the entry
and exit epsilon transitions for nested star operators,
producing NFAs that accept a superset or subset of
the correct language. This is the template mimicry
failure described in Section D.1 but is more preva-
lent at Tier 5 due to the greater number of nested
sub-NFAs.

Failure mode 3: Correct trace, wrong table.
In a substantial fraction of Tier 5 CoT failures,
Steps 1-4 are entirely correct — the parse tree,
Thompson rules, transition listing, and eps-closure
are all accurate — but the final transition table in
Step 5 does not match the transition listing in Step 3.
The model appears to regenerate the table from
scratch rather than transcribing it from Step 3, intro-
ducing transcription errors. This suggests that the
CoT template creates a disconnect between the rea-
soning steps and the final answer: the model treats
the table as a separate generation task rather than a
direct copy of information already computed.

No-CoT at Tier 5. The No-CoT model achieves
52.0% at Tier 5 — nearly double the CoT accuracy.
No-CoT failures at Tier 5 are qualitatively different:
the model produces a complete and well-formed
transition table, but with systematic errors in ep-
silon transitions that suggest the model has learned
approximate heuristics for Thompson’s construc-
tion rather than the exact procedure. For example,
the model may correctly place all symbol transi-
tions but miss some epsilon transitions in the loop-
back structure of a Kleene star over a complex sub-
expression. These are errors of incomplete learning
rather than template mimicry, and they scale more
gracefully with complexity.

Implication. The Tier 5 analysis suggests that
CoT supervision introduces two compounding fail-
ure modes at high complexity: sequence length
pressure (the model cannot fit all 50 states into a sin-
gle forward pass without truncation or repetition)
and template rigidity (the fixed five-step structure
does not adapt to regexes that require more careful
state bookkeeping). No-CoT supervision avoids
both failure modes by not requiring any intermedi-
ate steps, at the cost of learning approximate rather
than exact procedures — but approximation errors
at Tier 5 are less damaging than template rigidity
erTors.
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E Training and Evaluation Details

E.1 Hyperparameter Table

Table 13 reports the full hyperparameter configura-
tion used for all LoORA fine-tuning experiments. All
hyperparameters are held constant across CoT and
No-CoT conditions, across all three model fami-
lies, and across all five datasets. The only variables
across runs are the training data file and the out-
put directory. This design ensures that any perfor-
mance difference between CoT and No-CoT con-
ditions is attributable solely to the presence or ab-
sence of intermediate reasoning traces in the train-
ing data, and not to any difference in optimisation
procedure, batch composition, or sequence length
budget.

Table 14 reports confirmed training times for
each dataset and model combination from SLURM
job logs. CoT runs are consistently longer than
No-CoT runs due to the longer target sequences in
CoT training examples.

E.2 System Prompts and Evaluation Prompts

NFA dataset — training system prompt (CoT and
No-CoT):

You are an expert in formal language the-
ory and automata. When given a reg-
ular expression, you construct a Non-
deterministic Finite Automaton (NFA)
using Thompson’s construction. You
present the NFA as a clear transition ta-
ble showing all states, symbol transitions,
and epsilon transitions.

NFA dataset — training user prompt (one of
five templates):

Convert the regular expression [regex]
over the alphabet ¥ = {[alpha]} to
an NFA using Thompson’s construction.
Show the resulting NFA transition table.

The remaining four training templates follow the
same pattern with varied phrasing. All five ex-
plicitly name Thompson’s construction and use
backtick-formatted regex. The full set of OOD
templates used for out-of-distribution evaluation is
given in Appendix C.3.

DFA dataset — CoT training system prompt:

You are a DFA construction assistant.
You must output the TRACE and FINAL

Table 13: LoRA fine-tuning hyperparameters. All val-
ues are identical across CoT and No-CoT conditions
and all models.

Hyperparameter Value
Model loading
Precision bfloat16
Device map auto (single GPU)

Gradient checkpointing

enabled

LoRA configuration

Rank r 32

Alpha o 64

Dropout 0.05

Bias none

Target modules q_proj, k_proj,
V_proj, 0_proj,
gate_proj, up_proj,
down_proj

DoRA disabled

Training

Epochs (all datasets) 2

Per-device batch size 1

Gradient accumulation steps 8

Effective batch size 8

Learning rate 2x 1074

LR scheduler cosine decay

Warmup steps 50 (linear)

Weight decay 0.01

Optimizer AdamW (fused)

TF32 enabled

Sequence length

Maximum sequence length (NFA CoT) 8192 tokens

Maximum sequence length (NFA No-CoT) 8192 tokens

Maximum sequence length (DFA CoT) 8192 tokens

Maximum sequence length (DFA No-CoT) 8192 tokens

Maximum sequence length (math datasets) 4096 tokens

Checkpointing
Eval strategy
Save strategy
Checkpoints retained

every 200 steps
every 200 steps
3 most recent

Hardware
GPU NVIDIA H100 NVL
GPU count 1
Training framework HuggingFace Trans-
formers + TRL
TRL version 1.3.0
Transformers version 5.8.0
PEFT version 0.18.1
Random seed 42 (all runs)

DFA exactly in the same format as train-
ing data. Do not output any explanation
outside the TRACE markers.

DFA dataset — No-CoT training system
prompt:

You are a DFA construction assistant.
You must output ONLY the DFA in the
exact required format. Do not provide
any explanation, extra text, or commen-

tary.
DFA dataset — training user prompt:

You are given a regular expression over
alphabet ¥ = {[alpha]}. Construct a
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Table 14: Training time per run on a single HI00 NVL.
CoT runs are longer due to longer target sequences.

Dataset Model CoT (hours) No-CoT (hours)
1.5B 3.0 2.0
NFA 7B 4.45 3.18
8B 4.5 32
1.5B 3.19 2.97
DFA 7B 4.17 3.02
8B 4.41 3.35
1.5B 1.0 0.5
GSMS8K 7B 2.0 0.95
8B 2.0 1.0
1.5B 1.5 0.8
MATH 7B 2.5 1.2
8B 2.5 1.2
1.5B 4.0 2.0
Mathlnstruct 7B 8.0 4.0
3B 8.0 4.0

complete minimised deterministic finite
automaton (DFA) that recognizes exactly
the same language as the given regular
expression. [Show all steps / Output the
DFA only.]

REGEX: [regex]

Mathematical datasets — training system
prompt (GSMS8K, MATH, MathInstruct):

You are a helpful math assistant. Solve
the problem step by step, then give the
final answer clearly at the end. End your
response with: FINAL ANSWER: (your
answer)

Mathematical datasets — CoT training for-
mat: The full reasoning trace from the dataset
is used as the assistant response, ending with
FINAL ANSWER: [answer]. For GSM8K, the rea-
soning steps are taken directly from the answer
field (everything before ####), with the integer
after #### used as the final answer. For MATH,
the solution field provides the reasoning and the
answer field provides the final answer. For Math-
Instruct, the existing chain-of-thought rationale in
the dataset is used directly.

Mathematical datasets — No-CoT training
format: The assistant response contains only:
FINAL ANSWER: [answer] with no reasoning
steps.

Evaluation prompt (all datasets): At evalu-
ation time, the system prompt is identical to the

training system prompt. The user prompt is drawn
from the test set. The assistant turn is left empty
and the model generates its response greedily
(do_sample=False, temperature=1.0, top_p=1.0).
Maximum new tokens: 2048 for CoT models on
formal-language datasets, 1024 for No-CoT mod-
els on formal-language datasets, and 512 for all
models on mathematical datasets.

E.3 Structural Equivalence Evaluation

Correctness of NFA and DFA predictions is eval-
uated via structural equivalence of minimised au-
tomata. Both the predicted automaton and the
ground truth are minimised using Hopcroft’s al-
gorithm, and a prediction is marked correct if and
only if the two minimised automata are isomorphic
up to state relabelling. This gives an exact decision
over the full infinite language with no dependence
on string length bounds.

Parsing predicted automata. The model
output is parsed by locating the last mark-
down table containing both a State column
and a Role column (for NFA) or the last
FINAL DFA BEGIN. . .FINAL DFA END block
(for DFA). If no valid automaton can be parsed
from the output, the example is marked as a parse
failure and counted as incorrect. Parse failure rates
are reported separately from structural equivalence
failures in all result tables.

State relabelling robustness. The structural
equivalence metric is fully robust to state rela-
belling by construction: two minimised automata
are compared by checking graph isomorphism up
to state label permutation. A predicted DFA that
uses state labels sl, s2, ... instead of ql, g2, ...
receives full credit if the minimised transition struc-
tures are identical. This is important because the
model is not explicitly constrained to use specific
state names, and penalising correct automata for
using different labels would produce misleadingly
low accuracy scores.

Why structural equivalence rather than
string simulation. An earlier version of our eval-
uation used language equivalence via string sim-
ulation up to a maximum length. We moved to
structural equivalence for two reasons. First, string
simulation up to any finite bound cannot guaran-
tee correctness over the full infinite language — a
predicted automaton could agree with the ground
truth on all strings up to length L but diverge on
longer strings. Second, structural equivalence via
minimisation is computationally cheaper for large
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automata and gives an exact decision. The Myhill-
Nerode theorem guarantees that the minimal DFA
for a regular language is unique up to isomorphism,
so structural comparison of minimised automata is
a complete correctness criterion.

F Code and Reproducibility

All code, datasets, and model checkpoints are re-
leased publicly at our repository. This appendix
describes the key components of the codebase and
provides a step-by-step reproduction guide.

F.1 Repository Structure

cot-vs-nocot/
|

|-— data_generation/

| |-— nfa_parallel_dataset_gen_v2.py # NFA
<~ dataset generator
| ‘-- dfa_parallel_dataset_gen.py # DFA

<+ dataset generator

| -— datasets/

| |-- nfa/

| | |-— nfa_v2_cot_{train,val,test,ood_test,

— full}.jsonl
‘-—— nfa_v2_nocot_{train,val, test,

— ood_test, full}. jsonl

| ‘-- dfa/

| |-— dfa_cot_{train,val,test,ood_test,
— full}.jsonl

| ‘—-— dfa_nocot_{train,val,test,ood_test,
— full}.jsonl

I

|-— training/

| |-- nfa/

| | |-— finetune_nfa_v2_cot.py

| | ‘—-— finetune_nfa_v2_nocot.py

| |-- dfa/

| | |-— finetune_dfa_cot.py

| | ‘—— finetune_dfa_nocot.py

| ‘—-— math/

| | -— finetune_gsm8k_{cot,nocot}.py
| |-— finetune_math_{cot,nocot}.py
| \

—— finetune_mathinstruct_{cot,nocot}.
— py

|

|-— evaluation/

| |-— evaluate_nfa_v2.py

| | -— evaluate_dfa.py

| |-— eval_gsm8K.py

| |-— eval_math.py

| ‘-— eval_mathinstruct.py
|

|

|

-- slurm/
|-— nfa/{submit_nfa_cot_v2.sh,
— submit_nfa_nocot_v2.sh}
| |-— dfa/{submit_dfa_cot.sh,
— submit_dfa_nocot.sh}
| |-— math/{submit_gsm8k.sh, submit_math.sh,
< run_mathinstruct.sh}
| ‘—— submit_backtrackability.sh

|-— analysis/
| | -—— compare_runs.py
< CoT vs No-CoT loss curves
| | -— compute_backtrackability.py #
< estimates B_hat from (Q, A) pairs
| ‘-— summarise_results.py #
— aggregates eval JSONs into tables

# plots

|
|-— requirements.txt
‘—— LICENSE

F.2 Dataset Generation Code

NFA dataset:
gen_v2.py

Generates parallel CoT/No-CoT NFA datasets
from the same regex instances, producing twelve
output files in a single run. The key de-
sign decision is storing all examples as 4-
tuples (cot_iid, nocot_iid, cot_ood,
nocot_ood) throughout the pipeline and split-
ting only at write time, guaranteeing that CoT and
No-CoT files are perfectly aligned at every index.
The core functions are:

nfa parallel_dataset_

* random_regex (tier, alphabet,
rng, depth): generates a random regex
AST using tier-specific operator weights and
recursion depth limits.

* thompson (node): converts a desugared
AST to an NFA via Thompson’s construction,
returning an NFA object with a single start and
accept state.

* _build_parallel_entry(...):
calls thompson, verifies  correct-
ness, draws one question template
from each of USER_TEMPLATES and
OOD_USER_TEMPLATES, builds both CoT
and No-CoT responses, and returns the

4-tuple.

e build _nfa_table(nfa,
alphabet): renders the NFA as a
markdown transition table. Called

by both build_cot_response and
build_nocot_response, guaranteeing
the answer is byte-for-byte identical in both
training conditions.

DFA dataset: dfa_parallel dataset_
gen.py

Generates parallel CoT/No-CoT DFA datasets.
The three-phase construction pipeline (Thompson
— subset construction — Hopcroft minimisation)
is implemented in pure Python with no external
automata libraries. A virtual dead state is in-
troduced during Hopcroft minimisation and then
removed from the final DFA. Verification cross-
checks all three automata (L(NFA) = L(DFA) =
L(minDFA)) on all strings up to length 7.
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F.3 Fine-Tuning Code

All training scripts share an identical structure
and hyperparameters. The only differences
across CoT and No-CoT conditions are the in-
put data file and the output directory, ensuring
that any performance difference is attributable
solely to the training data. All scripts use
SFTConfig (TRL 1.3.0), pass the tokenizer
viaprocessing_class=tokenizer,and in-
clude a MetricsLogger callback that writes
training loss, eval loss, learning rate, and gradi-
entnormto training_metrics.csv atevery
logging step.

Target modules confirmed from all training
scripts: g_proj, k_proj, v_proj, o_pro’,
gate_proij, up_proj, down_proj.

Note: Mathlnstruct scripts use
warmup_steps=100 rather than 50, as
the larger dataset size (257,000 training examples)
warrants a longer warmup.

F.4 Evaluation Code

NFA
tors:
evaluate_dfa.py

DFA evalua-
evaluate_nfa_v2.py,

and

Both evaluators accept —1ora_path to load a
LoRA adapter (merged before evaluation) or omit
it for baseline evaluation. Correctness is evaluated
via structural equivalence of minimised automata:
both the predicted automaton and the ground truth
are minimised using Hopcroft’s algorithm, and a
prediction is correct if and only if the two min-
imised automata are isomorphic up to state rela-
belling. This gives an exact decision over the full in-
finite language with no dependence on string length
bounds. Parse failures — model outputs containing
no valid automaton table — are counted separately
from structural equivalence failures and reported
in all result tables.

Math evaluators. eval_gsm8K.py covers
GSMS8K and MATH-500. eval_math.py cov-
ers Hendrycks MATH with per-subject and per-
level breakdowns. eval_mathinstruct.py
covers Mathlnstruct with per-source and CoT/PoT
type breakdowns. All three use a two-stage an-
swer extraction: first search for FINAL ANSWER:
marker, then fall back to the last number in the out-
put. Numeric answers are compared with tolerance
1076,

F.5 Step-by-Step Reproduction
Step 1. Install dependencies.

pip install -r requirements.txt

# torch>=2.1.0, transformers==5.8.0,
— trl==1.3.0,

# peft==0.18.1, datasets>=2.18.0,
— accelerate>=0.27.0

Step 2. Generate datasets. Datasets are al-
ready included in the repository under
datasets/. To regenerate from scratch:

python3 data_generation/
— nfa_parallel_dataset_gen_v2.py \
—--n 25000 --seed 42 --out_prefix
— nfa_v2 --test_per_tier 200

python3 data_generation/
< dfa_parallel_dataset_gen.py \
—--n 25000 --seed 42 —--out_prefix
— dfa --test_per_tier 200

Step 3. Fine-tune models. Edit MODEL_PATH at
the top of each script, then submit SLURM
jobs. CoT and No-CoT jobs can run in
parallel — they coordinate via a sentinel
file to avoid double dataset generation:

sbatch slurm/nfa/submit_nfa_cot_v2.sh
sbatch slurm/nfa/submit_nfa_nocot_v2.sh
sbatch slurm/dfa/submit_dfa_cot.sh
sbatch slurm/dfa/submit_dfa_nocot.sh
sbatch slurm/math/submit_gsm8k.sh
sbatch slurm/math/submit_math.sh

sbatch slurm/math/run_mathinstruct.sh

Step 4. Evaluate. Each SLURM script runs evalu-
ation automatically after training. To eval-
uate a checkpoint manually:

python3 evaluation/evaluate_nfa_v2.py \
--model_path /path/to/model \
—--lora_path lora_output_nfa_ v2_cot
— \
--data_file datasets/nfa/
<~ nfa_v2_cot_test.jsonl \
—-mode cot \
--out eval_results/
— nfa_cot_iid.Jjson

Step 5. Aggregate results.

python3 analysis/summarise_results.py
«s ——results_dir eval_results/

The
writes

Step 6. Plot loss
MetricsLogger

curves.
callback

27069



training_metrics.csv to each
output directory during training. To plot
CoT vs No-CoT curves:

python3 analysis/compare_runs.py \
——-cot_dir lora_output_nfa_v2_cot
— \
—-nocot_dir
<~ lora_output_nfa_v2_nocot \

——title "NFA Dataset (7B)" \
—--out figures/nfa_loss_curves.
— png

Step 7. Measure answer backtrackability.
Frozen-model scoring only, with no
generation and no training. Uses the
No-CoT files, since the answer must be
the answer-only target:

python3 analysis/
< compute_backtrackability.py \
—-model_path /path/to/Qwen2.5-7B-
— Instruct \
--model_tag gwen7b \
—-dataset gsm8k=data/
< gsm8k_nocot_test.jsonl \
-—dataset math=data/
— math500_nocot_test.jsonl \
-—dataset mathinstruct_pot=data/
— mathinstruct_pot_nocot_test.
— jsonl \
—--dataset mathinstruct_cot=data/
— mathinstruct_cot_nocot_test.
— jsonl \
--dataset nfa=datasets/nfa/
— nfa_v2_nocot_test.jsonl \
--dataset dfa=datasets/dfa/
< dfa_nocot_test.jsonl \
—--max_samples 300 --max_length 8192
— --seed 42 \
—--shots 3 —--instruct \
——out_dir backtrackability_results

Repeat with the remaining measuring
models; each run merges into backtrack-
ability_results/combined_summary.json.
All  measuring models can be
run in a single job with sbatch
slurm/submit_backtrackability.sh.

Hardware requirements. All experiments re-
quire a single NVIDIA H100 NVL GPU (80 GB
VRAM). Peak memory usage is approximately
35 GB for the 7B model, 18 GB for LLaMA-
8B, and 8 GB for the 1.5B model, all with LoRA
and gradient checkpointing enabled. Minimum
32 GB system RAM is recommended. Total com-
pute across all experiments is estimated at 150-200
GPU hours.

Table 15: Dataset files in repository.

Dataset Files Size

NFA (CoT + No- datasets/nfa/ 25k pairs
CoT) nfa_v2_{cot,nocot}_x.jsonl

DFA (CoT + No- datasets/dfa/ 22.5k pairs
CoT) dfa_{cot,nocot}_x.Jjsonl

F.6 Dataset Repository

Both datasets are included directly in the
repository under datasets/nfa/ and
datasets/dfa/:

G Backtrackability Measurement

This appendix gives the details of the backtrackabil-
ity estimator introduced in Section 3: the treatment
of equivalent questions, why our benchmarks sit
at the extremes of the scale independently of any
measurement, the surprise quantity the estimator
is built from, why the measured values are lower
bounds, and how the procedure classifies tasks that
fall between our two regimes. In Table 1, the B
column is the mean over the three frozen measur-
ing models and the gap column is the mean over
the three fine-tuned models of Table 2.

G.1 Equivalent Questions

When a task has a natural equivalence over ques-
tions, for example regular expressions that denote
the same language, B is taken over the question’s
equivalence class rather than its surface form. This
matters most for the DFA benchmark. Hopcroft
minimisation makes the answer canonical for the
language it recognises, so many distinct regular ex-
pressions map to the same minimised DFA, and it is
the language rather than the surface string that the
answer determines. Recovering any member of the
class counts as recovering the question, so scoring
against the surface string alone would understate B.
The NFA benchmark is less affected, since Thomp-
son’s construction is structure-preserving and the
produced automaton mirrors the parse tree of the
particular expression.

G.2 Why Our Benchmarks Lie at the
Extremes

The placement of our benchmarks does not rest
on the estimator. For the DFA task the answer is
the minimised DFA, and by the Myhill-Nerode the-
orem the minimal DFA of a regular language is
unique. The answer therefore determines exactly
which language was requested, so at the language
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level no uncertainty about the question remains
and B equals 1. For the NFA task Thompson’s
construction is structure-preserving: the shape of
the produced automaton follows the structure of the
regular expression, so the expression is recoverable
from the table to a similar degree. For GSM8K
and MATH the answer is a bare number, and the
set of problems that yield any given number is un-
bounded, so revealing the answer leaves the ques-
tion almost as uncertain as before and B is close
to 0. These are properties of the answer objects
themselves, independent of any model, and of any
estimate we compute from one.

G.3 Surprise and Cross-Entropy

When a language model reads text token by token,
it assigns a probability to each token given what
came before. A token the model expected receives
high probability and is unsurprising; a token it did
not expect receives low probability and is surpris-
ing. Cross-entropy, the average surprise over a
passage, is a standard and well understood estimate
of entropy.

Reading the estimator of Equation 2 in these
terms: if the answer carries a lot of information
about the question, seeing it makes the question
much less surprising, CE(Q | A) falls well below
CE(Q), and B is high; if the answer carries little,
the two are close and B is near 0. Concretely,
when the answer is a DFA table the model, having
seen the table, is far less surprised by the question
that produced it, whereas when the answer is the
number 20 the model is essentially as surprised by
the question as before.

G.4 Why the Measured Values Are Lower
Bounds

The measured values understate true backtracka-
bility, for a reason intrinsic to the estimator rather
than to the construct. Cross-entropy upper-bounds
entropy, so Bis by construction a lower bound on
B. The mechanism is concrete: the information
needed to recover the question from a structured an-
swer is present in the answer, as the Myhill-Nerode
argument establishes for the DFA case, but extract-
ing it requires effectively inverting the construction,
which a frozen model does not carry out while pas-
sively scoring the question in a single forward pass.
The estimator therefore captures only the readily
extractable fraction of the information.

For an information-sparse answer such as a bare
number there is nothing to extract, so the bound

is tight near 0. For a structurally rich answer such
as a transition table a large amount of informa-
tion is present but only part is recoverable in one
pass, so the measured value of about 0.3 to 0.4
for NFA and DFA sits well below the true value,
which Myhill-Nerode places at 1. This underesti-
mation grows with the richness of the answer, so it
compresses the automata values downward while
leaving the near-zero mathematical values essen-
tially unchanged. The true separation between the
two regimes is therefore wider than the measured
0.09 versus 0.32, and the ordering we report is con-
servative. Our claims rest on this ordering, which
is stable across all three measuring models and
matches the observed supervision gap, not on abso-
lute calibration, which depends on the measuring
model and is why we verify invariance across three
families rather than trusting any single value.

G.5 Classifying Intermediate Tasks

Because B is computed only from (question, an-
swer) pairs, it assigns a backtrackability value to
any task, and does so before any fine-tuning is run,
so the classification does not require seeing the
downstream result. A SQL query would score high,
since it exposes the tables, columns, and conditions
it operates over, so much of the natural-language
request that produced it is recoverable from the
query alone. A short formula that evaluates to a
bare value is low-backtrackability for the same rea-
son a GSMS8K answer is, since many questions map
to the same value. A natural-language proof falls
in between, since it reveals the theorem’s structure
but not its exact statement. In each case the label
would be obtained by computing B rather than by
inspecting the accuracy outcome; we report mea-
sured values only for the five datasets of Table 1.

Our measured ordering already spans this mid-
dle ground: Mathlnstruct’s program-of-thought
answers, which are executable code and there-
fore structurally revealing, measure as intermediate
between the information-sparse mathematical an-
swers and the fully structured automata answers,
consistent with this account.
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