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Abstract

The prevailing post-training paradigm for
Large Reasoning Models (LRMs)—Supervised
Fine-Tuning (SFT) followed by Reinforcement
Learning (RL)—suffers from an intrinsic opti-
mization mismatch: the rigid likelihood max-
imization in SFT induces distributional col-
lapse, thereby exhausting the exploration space
necessary for subsequent RL. Motivated by
the Gibbs optimum of KL-regularized RL, we
derive a token-level variational surrogate that
makes the SFT target structurally compatible
with the subsequent RL stage, and propose
Gibbs Initialization with Finite Temperature
(GIFT). Standard SFT emerges as a degener-
ate zero-temperature limit of this surrogate,
while a finite temperature preserves structural
diversity. Our experiments demonstrate that
GIFT outperforms standard SFT and surpasses
competitive baselines when utilized for RL ini-
tialization. Our code is available at https:
//github.com/zzy1127/GIFT.

1 Introduction

The training pipeline for Large Reasoning Mod-
els (LRMs) has converged into a standard two-
stage paradigm. First, Supervised Fine-Tuning
(SFT) establishes fundamental reasoning capabil-
ities by leveraging expert demonstrations (Chung
et al., 2022; Ouyang et al., 2022; Touvron et al.,
2023). Second, Reinforcement Learning (RL) en-
courages the model to explore self-generated rea-
soning paths, allowing it to optimize for correct-
ness beyond the constraints of static datasets (Shao
et al., 2024a; Yu et al., 2025; Rafailov et al., 2024;
Schulman et al., 2017). This hierarchical approach
underpins current state-of-the-art reasoning sys-
tems (DeepSeek-AI et al., 2025b; Yang et al., 2025;
Nvidia et al., 2024; Huang et al., 2026).

*Equal contribution.
†Corresponding author.

However, a fundamental theoretical discrepancy
persists between these two phases. While SFT typi-
cally minimizes cross-entropy loss to imitate expert
tokens, RL maximizes expected rewards through
environmental exploration. Standard SFT aggres-
sively suppresses the probability mass of non-target
tokens, thereby forcing the policy distribution to
collapse onto deterministic data points (Wu et al.,
2025). This phenomenon, characterized as distri-
butional collapse, erodes the structural priors in-
herited from pre-training and severely restricts the
subsequent exploration space (Li et al., 2025). Con-
sequently, as the model transitions to the RL stage,
it encounters a critical bottleneck: the stochastic
diversity required to discover high-reward trajecto-
ries has been substantially reduced by the rigid su-
pervision of the preceding SFT phase (Gudibande
et al., 2023; Kang et al., 2025).

Previous research has attempted to mitigate this
issue by heuristically tuning data mixtures and
inter-stage scheduling (Kang et al., 2025; Liu et al.,
2025b), or by modifying the SFT objective to
implicitly incorporate RL properties (Zhu et al.,
2025b; Wu et al., 2025; Du et al., 2025; Rafailov
et al., 2024). In contrast to these methods, we
do not attempt to bypass the RL stage or rely on
heuristic adjustments; instead, we aim to establish
a mathematically principled coupling between the
two phases. We posit that SFT should not be treated
as an isolated imitation task but rather as a theo-
retically motivated initialization for subsequent RL
within a coupled post-training framework.

Based on this insight, motivated by the Gibbs
optimum of KL-regularized RL, we derive a token-
level variational surrogate that makes the SFT tar-
get structurally compatible with the subsequent RL
stage, and propose Gibbs Initialization with Finite
Temperature (GIFT). GIFT ensures that while the
model prioritizes expert trajectories, it preserves
the structural diversity of the base model, offer-
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ing a finite-temperature solution to the alignment-
exploration trade-off. Within our framework, stan-
dard SFT is characterized as a degenerate zero-
temperature limit that induces a rigid distributional
collapse onto the expert data. In contrast, GIFT
maintains a finite temperature, incorporating ex-
pert supervision as a continuous energy potential
rather than a hard overwrite, thereby establishing a
principled distributional bridge to subsequent RL.

Empirically, we conduct SFT followed by RL
on a subset of the DeepMath-103k dataset (He
et al., 2025). Experimental results demonstrate
that GIFT consistently outperforms standard SFT
and matches or surpasses other robust SFT vari-
ants when utilized as an initialization policy for RL
across diverse mathematical reasoning benchmarks
and out-of-distribution (OOD) tasks. Furthermore,
our geometric and distributional analyses reveal
that GIFT maintains objective consistency through-
out the two-stage post-training process. By pre-
serving the exploration landscape, GIFT facilitates
accelerated convergence and superior final perfor-
mance during the subsequent RL stage, enhancing
the model’s reasoning capabilities.

The contributions of this work are twofold, span-
ning theoretical and practical dimensions. Theo-
retically, by leveraging the well-established Gibbs
optimal policy from KL-regularized RL, we pro-
vide a novel reinterpretation of the post-training
pipeline. Specifically, we show that standard SFT
corresponds to the degenerate zero-temperature
limit of this surrogate, which sharpens the policy
and erodes the exploration space for subsequent
RL. Practically, we propose GIFT to realize a prin-
cipled finite-temperature initialization. Extensive
experiments demonstrate that GIFT outperforms
robust SFT baselines and matches competitive uni-
fied post-training methods on reasoning and OOD
benchmarks, while maintaining superior objective
consistency throughout the two-stage post-training
pipeline.

2 Related Work

Post-training for Reasoning: SFT-then-RL
Paradigm. Post-training for reasoning LLMs
typically follows a two-stage paradigm: Supervised
Fine-Tuning (SFT) and Reinforcement Learning
with Verifiable Rewards (RLVR) (DeepSeek-AI
et al., 2025a; Team et al., 2025; Liu et al., 2025b).
SFT acts as a "cold-start" phase, establishing a
strong initial policy by training on high-quality

reasoning chains. Subsequently, RLVR enhances
problem-solving capabilities by allowing the model
to explore the solution space beyond the SFT data,
discovering novel and more robust reasoning paths.
However, this transition is impeded by an intrinsic
optimization conflict (Ouyang et al., 2022; Touvron
et al., 2023). Specifically, SFT typically compels
the model to fit deterministic one-hot labels, which
aggressively suppresses the probability mass of al-
ternative tokens. In contrast, RL necessitates a high-
entropy policy distribution to facilitate exploration
and the discovery of high-reward trajectories (Chen
et al., 2025a; Zhang et al., 2024; Kumar et al., 2022;
Niu et al., 2026). This mismatch often causes SFT
to overfit specific patterns and induce a collapse
of the probability manifold, thereby stifling the ex-
ploration capacity required for the subsequent RL
stage (Kang et al., 2025; Vattikonda et al., 2025;
Chen et al., 2025c).

Refining SFT and Bridging Post-Training
Stages. To mitigate the distributional degrada-
tion inherent in standard SFT, numerous studies
have refined its objective by modifying the training
loss (e.g., dynamic re-weighting and clipping (Li
et al., 2025; Wu et al., 2025; Zhu et al., 2025a,b)) or
isolating loss calculations to critical high-entropy
reasoning tokens (Wang et al., 2025; Jiang et al.,
2025; Ruan et al., 2025). However, treating SFT
as an isolated task often fails to address its overar-
ching optimization mismatch with subsequent RL.
To bridge this gap, alternative efforts seek to inter-
leave the two stages (Ma et al., 2025; Zhang et al.,
2025) or unify their objectives into a single frame-
work (Yan et al., 2025; Ming et al., 2025; Liu et al.,
2025a; Chen et al., 2025b). Despite their theoret-
ical potential, these unified approaches introduce
substantial computational complexity and have yet
to supersede the empirically robust SFT-then-RL
pipeline. In contrast, GIFT operates within this
standard paradigm, proposing a lightweight, single-
pass and mathematically principled initialization
method designed to reconcile optimization objec-
tives across the entire post-training process.

3 Method

We propose Gibbs Initialization with Finite
Temperature (GIFT), an SFT target designed to
mathematically bridge the gap between initial fine-
tuning and subsequent RL. Rather than treating
SFT in isolation, we derive GIFT by additively de-
composing the overarching post-training objective
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across the two stages (Section 3.2). Concretely,
GIFT is the closed-form optimizer of a per-token
variational surrogate that up-weights the demonstra-
tion token while preserving the base distribution
as a prior (Section 3.3). Parameterized by an in-
verse temperature β, it recovers standard one-hot
SFT in the β →∞ degenerate limit. The training
algorithm is summarized in Section 3.4.

3.1 Preliminaries
Supervised Fine-Tuning. Starting with a pre-
trained base model πbase and a curated dataset of
high-quality demonstrations D = {(x, y∗)}, SFT
optimizes the model parameters θ to maximize the
log-likelihood of the target sequences. The objec-
tive is typically formulated as a cross-entropy loss:

LSFT(θ) = −E(x,y∗)∼D log πθ(y
∗|x)

= −E(x,y∗)∼D

|y∗|∑

t=1

[log πθ(y
∗
t |x, y∗<t)] .

(1)

By minimizing this negative log-likelihood, the
model learns to imitate the distribution of the ex-
pert data, providing a specialized foundation for
subsequent alignment or reasoning-based stages.
Reinforcement Learning with Verifiable Re-
wards (RLVR). Following SFT, the model πsft
is further refined using RL algorithms—such as
PPO (Schulman et al., 2017) or GRPO (Shao et al.,
2024b)—to maximize a KL-regularized reward ob-
jective:

JRL(θ) = Ex∼D, y∼πθ

[
R(x, y)

− λDKL
(
πθ(·|x)

∥∥πsft(·|x)
)]
,

(2)

where λ > 0 is the KL regularization coefficient.
The KL anchor at πsft keeps the optimized policy
close to the SFT initialization. This stage is critical
for incentivizing advanced reasoning capabilities
in LLMs, aiming to achieve superior performance
that transcends the inherent limitations of static
SFT datasets.

3.2 A Variational Bridge Between SFT and
RL

A critical limitation of current post-training
pipelines (Vattikonda et al., 2025; Kang et al., 2025;
Ma et al., 2025) is the structural mismatch between
the SFT outcome and the RL prerequisite. Stan-
dard SFT optimizes maximum likelihood, which

inherently drives the policy toward a highly peaked,
degenerate distribution around the expert demon-
strations. However, the subsequent RL phase relies
on a KL divergence penalty DKL(πθ ∥πsft) to reg-
ularize exploration. If the anchor πsft is overly
collapsed, this KL penalty heavily penalizes any
exploratory deviation, severely limiting the RL op-
timization.

Consequently, the SFT objective must not be
treated as an isolated imitation task. Instead, it
should be instantiated as an initialization that is
structurally aligned with the KL-regularized form
of the subsequent RL stage. We start by analyz-
ing the target destination. In KL-regularized RL
(Eq. 2), the inverse of the KL coefficient (1/λ) acts
as an inverse temperature, dictating the strength of
reward maximization. Viewing the entire pipeline
as a unified process to reach an ultimate equilib-
rium, we govern its overarching goal with an aggre-
gate inverse temperature η̄. Following the autore-
gressive factorization with base prior πbase,t and
expert indicator rt(y) := I[y = y∗t ], we seek a
conditional distribution qt ∈ ∆(V) that balances
the expected reward against a KL penalty. This
balance is formalized by the aggregate per-token
variational free energy:

Fη̄(qt) = η̄ Ey∼qt [rt(y)]−DKL
(
qt
∥∥πbase,t

)
. (3)

We establish the mathematical bridge across this
divide by decomposing the overarching objective.
For any intermediate inverse temperature 0 ≤ β ≤
η̄, it yields an exact additive identity:

Fη̄(qt) = Fβ(π
∗
sft) + F (2)

η̄−β

(
qt; π

∗
sft
)
, (4)

where π∗
sft is the optimal target at β, and the residual

free energy is:

F (2)
η̄−β

(
qt; π

∗
sft
)
:= (η̄−β)Eqt [rt]−DKL

(
qt ∥π∗

sft
)
.

(5)
This decomposition resolves the structural dis-

connect. The residual term structurally mirrors
the RL objective anchored at π∗

sft, operating under
the remaining inverse temperature (η̄ − β). Con-
sequently, the first term Fβ(π

∗
sft) dictates that the

SFT stage should not blindly maximize likelihood,
but serve as a finite-temperature target that absorbs
a portion (β) of the alignment pressure without
triggering the prior collapse that limits RL. The
exact algebraic validity of this two-stage additive
decomposition is formally proven in Appendix C.
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3.3 Deriving the SFT Target
Guided by the decomposition above, the SFT
stage must act to maximize the stage-one objec-
tive Fβ(qt) = βEqt [rt] − DKL(qt∥πbase,t). The
variational problem maxqt∈∆(V)Fβ(qt) admits a
closed-form solution. By Donsker–Varadhan dual-
ity (Donsker and Varadhan, 1975), the supremum
equals the log partition function:

sup
qt∈∆(V)

Fβ(qt) = logZt(β),

where Zt(β) := Eπbase,t

[
eβrt

]
,

(6)

and is attained at the closed-form maximizer:

π∗
sft(yt | x, y∗<t) =

1

Zt(β)
πbase,t(yt) e

β rt(yt), (7)

which we adopt as the formal SFT target. Substi-
tuting the indicator form of rt, Eq. 7 reduces to the
explicit two-case expression:

π∗
sft(y | x, y∗<t) =





eβ πbase,t(y
∗
t )

Zt(β)
y = y∗t ,

πbase,t(y)

Zt(β)
y ̸= y∗t ,

(8)

with normalizer Zt(β) = (eβ − 1)πbase,t(y
∗
t ) + 1.

On the logits level, this simply amounts to adding
a constant bias β at the demonstration’s choice and
re-normalizing.

This formulation fundamentally clarifies the fail-
ure mode of standard SFT. Taking the limit β →∞
sends the mass at y∗t to one:

lim
β→∞

π∗
sft( · | x, y∗<t) = δy∗t , (9)

recovering standard SFT as a degenerate zero-
temperature limit. Crucially, as π∗

sft → δy∗t , the
residual penalty DKL(qt∥π∗

sft) in Eq. 5 diverges for
any qt that places mass off y∗t . The residual fea-
sible region contracts strictly to {δy∗t }, restricting
the search space available for the subsequent RL
stage to refine the policy. Finite β prevents this pre-
mature policy collapse, maintaining support across
the vocabulary and ensuring a smooth allocation
of the aggregate inverse temperature. In practice,
we treat β as a hyperparameter rather than tying it
strictly to η̄, accounting for trust-region clipping in
modern RL (examined empirically in Section 4.4).

3.4 Proposed Algorithm: GIFT
Minimizing the KL divergence to our variational
target π∗

sft (Eq. 7) is mathematically equivalent to

Algorithm 1 GIFT: Gibbs Initialization with Finite
Temperature

Require: Data D, base model πbase, inverse tem-
perature β, learning rate α

1: Initialize πθ ← πbase
2: while not converged do
3: Sample (x, y∗) ∼ D; obtain base log-probs

ℓt,k=log πbase(k|x, y∗<t)
4: Form GIFT target logits

ẑt,k=ℓt,k + β I[k=y∗t ],
then π∗

sft,t=Softmax(ẑt)
5: L ← −∑

t,k π
∗
sft,t(k) log πθ(k|x, y∗<t)

6: θ ← θ − α∇θL
7: end while
8: return πθ

optimizing the cross-entropy loss:

L(θ) =− E(x,y∗)∼D
[ |y∗|∑

t=1

∑

yt∈V

π∗
sft(yt | x, y∗<t) log πθ(yt | x, y∗<t)

]
.

(10)

The complete training procedure is outlined
in Algorithm 1. Unlike standard soft-targets,
GIFT employs an exponential tilt, q(y) ∝
πbase(y) exp(βI[y = y∗]), which preserves the rel-
ative odds among non-oracle tokens (detailed in
Appendix G).

4 Experiments

4.1 Experimental setup

Datasets. We utilize DeepMath-103k (He et al.,
2025), a large-scale mathematical dataset specif-
ically curated for high-difficulty reasoning tasks.
It undergoes a rigorous decontamination process
against multiple public benchmarks and provides
verifiable ground-truth answers to facilitate rule-
based rewards. Each problem is accompanied
by high-quality solutions generated by DeepSeek-
R1 (DeepSeek-AI et al., 2025a). From the full
DeepMath-103k corpus, we randomly sample three
disjoint subsets for our experiments: 10,000 sam-
ples for SFT, 10,000 samples for RL, and 1,000
samples as a validation set to monitor convergence
during the SFT stage.
Evaluation. To comprehensively assess the reason-
ing capabilities, we employ a suite of 6 widely
adopted benchmarks: mathematical reasoning
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benchmarks GSM8K (Cobbe et al., 2021) for
grade-school math; Math500 (Hendrycks et al.,
2021), a rigorous subset of the MATH dataset;
AIME24 & AIME25 to test performance on
high-difficulty mathematics competitions; and
HumanEval-plus, MBPP-plus (Liu et al., 2023)
for code reasoning. Furthermore, to verify gen-
eralizability, we evaluate on 4 OOD benchmarks:
GPQA (Rein et al., 2023) for graduate-level reason-
ing, MMLU-Pro (Wang et al., 2024) and MMLU-
Redux (Gema et al., 2025) for massive multitask
language understanding, ARC-Challenge (Clark
et al., 2018) for common-sense reasoning. We also
validate GIFT on open-ended generation tasks (MT-
Bench (Bai et al., 2024)), see Appendix E. All eval-
uations are conducted by VeRL (Sheng et al., 2024)
with the vLLM backend. We set the maximum
response length to 8,192 tokens and temperature
T = 0.6 to evaluate the robustness of the policy.
We report pass@1 performance for all benchmarks.
Baselines and Implementation. We evaluate
various initialization strategies on two backbone
models, Qwen2.5-7B and Llama-3.1-8B, catego-
rizing baselines into three groups: (1) Direct
SFT/RL, which includes standard SFT on the
base model and applying RL directly without
prior fine-tuning; (2) Unified Paradigms, fea-
turing recent methods like LUFFY (Yan et al.,
2025) and ReLIFT (Ma et al., 2025); and (3)
SFT-then-RL, where we compare GIFT against
Standard SFT and explicit ablations including
SFT+Entropy (entropy regularization). To rigor-
ously isolate the effect of our reward-calibrated
Gibbs re-weighting, we also evaluate structurally
similar target-softening approaches—SFT+Label
Smoothing and SFT+KD—with their hyperparam-
eters tuned to optimal capacity (see Appendix G).
We also compare with recent SFT methods in-
cluding DFT (Wu et al., 2025), ASFT (Zhu et al.,
2025a), and PSFT (Zhu et al., 2025b). Notably, we
omit the results of Unified Paradigms on Llama-
3.1-8B due to their consistently poor performance
on this weaker backbone. In the subsequent RL
stage, we uniformly employ GRPO (Shao et al.,
2024a) via the VeRL framework. Training is con-
figured with a group size of G = 8, a learning
rate of 1 × 10−6, a PPO clip ratio of 0.2, and a
maximum length of 8,192 tokens for long chain-
of-thought reasoning. SFT is trained for 6 epochs
and the subsequent RL stage runs for 1 epoch on
8×NVIDIA H200 GPUs. Detailed hyperparame-
ters and settings are provided in Appendix H.

4.2 Main Results

We demonstrate the effectiveness of GIFT initial-
ization from three aspects: significant improve-
ments in reasoning tasks, robust OOD general-
ization, and superior exploration potential as evi-
denced by pass@k scaling prior to the RL training.
Reasoning Performance. As shown in Table 1,
GIFT consistently achieves the highest average
performance across all initialization strategies on
both Qwen2.5-7B and Llama-3.1-8B. On Qwen2.5-
7B, GIFT attains an average pass@1 of 59.55%
(+4.49% over SFT), surpassing not only strong
SFT variants like PSFT (56.33%) but also com-
plex unified paradigms such as LUFFY (56.69%).
Notably, on the challenging AIME benchmark,
GIFT yields a substantial gain of 10% over Stan-
dard SFT (13.33%→ 23.33%). On Llama-3.1-8B,
GIFT similarly leads with an average of 39.07%,
outperforming Standard SFT (34.12%) and PSFT
(35.47%) by clear margins. In contrast, while sim-
ple regularization via SFT + Entropy yields mod-
erate improvements, baselines such as DFT and
ASFT exhibit severe degradation. Notably, even
with the hyperparameter sweep in Appendix G,
the best-tuned KD trails GIFT by 4.10%/4.88% on
Qwen2.5-7B/Llama-3.1-8B, while Label Smooth-
ing strictly degrades performance. This isolates the
effect of GIFT’s reward-calibrated anchor, which
explicitly boosts the oracle token while preserving
the base model’s relative probability mass.
Generalization Capabilities. Table 2 details the
OOD performance across different initialization
strategies. GIFT demonstrates robust generaliza-
tion capabilities, effectively mitigating the catas-
trophic forgetting of general knowledge typically
induced by the rigid zero-temperature collapse of
Standard SFT and other variants. On Qwen2.5-
7B, GIFT achieves an average score of 64.10%,
clearly outperforming Standard SFT (59.78%) and
on par with complex Unified Paradigms like Re-
LIFT (64.55%). On Llama-3.1-8B, GIFT secures
the highest average performance (55.24%), surpass-
ing all baselines. These results confirm that by
maintaining a finite temperature, GIFT success-
fully retains the structural priors essential for broad
generalization, whereas standard zero-temperature
SFT is prone to overfitting.
Exploration Potential. Pre-RL pass@k evaluation
(Table 3) shows that GIFT scales more favorably
with the sample budget. On Qwen2.5-7B, standard
SFT holds a minor pass@1 advantage, but GIFT
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Table 1: Average pass@1 performance of different initialization strategies for subsequent RL on six reasoning
benchmarks. The best result in each column is bold.

Method Class Strategy GSM8K AIME24 AIME25 MATH500 HE+ MBPP+ Average

Qwen2.5-7B

Direct SFT/RL Direct SFT 90.25 15.00 16.66 74.30 73.20 61.90 55.22
Direct RL 90.50 12.22 6.67 77.13 73.20 63.80 53.92

Unified Paradigms LUFFY 92.70 15.00 15.83 80.20 73.20 63.20 56.69
ReLIFT 91.84 14.06 17.50 79.72 72.60 61.90 56.27

SFT-then-RL

SFT 91.79 13.33 14.44 78.67 72.00 60.10 55.06
SFT + Entropy 90.90 18.33 11.67 79.90 73.80 61.90 56.08
SFT + Label Smoothing 90.14 13.33 10.00 73.60 72.00 59.00 53.01
SFT + KD 91.85 13.33 15.56 78.83 72.60 60.50 55.45
DFT 86.50 6.67 8.89 65.87 73.20 64.30 50.91
ASFT 90.65 12.22 7.78 74.07 73.80 63.00 53.59
PSFT 91.94 15.83 16.67 81.33 73.20 59.00 56.33
GIFT 92.06 23.33 17.78 82.00 76.20 65.90 59.55

Llama3.1-8B

Direct SFT/RL Direct SFT 75.59 6.67 0.00 39.50 39.00 43.10 33.98
Direct RL 49.18 0.00 3.33 22.27 34.10 48.70 26.26

SFT-then-RL

SFT 73.39 0.00 3.33 39.20 43.30 45.50 34.12
SFT + Entropy 70.24 6.67 3.33 36.30 40.90 48.40 34.31
SFT + Label Smoothing 67.90 0.00 0.00 33.40 36.60 47.10 30.83
SFT + KD 73.48 0.00 3.33 39.52 43.00 45.80 34.19
DFT 64.75 0.00 3.33 29.47 40.90 49.50 31.33
ASFT 60.78 3.33 0.00 24.33 39.60 47.10 29.19
PSFT 74.53 3.33 6.67 39.40 44.50 44.40 35.47
GIFT 81.33 6.67 6.67 44.45 44.50 50.80 39.07

extends the lead to +5.16% by pass@8. On Llama-
3.1-8B—which exhibits more rapid SFT overfit-
ting—GIFT closes its initial deficit and performs
on par with SFT at pass@8. While Llama’s pre-RL
pass@k saturates early, the broader output distri-
bution retained by GIFT becomes useful during
subsequent RL (Table 1), where it supports the
downstream gains. Detailed breakdowns are in
Appendix F.

4.3 Geometric and Distributional Consistency

To validate whether the finite-temperature initial-
ization fosters a more continuous and stable opti-
mization trajectory during post-training, we ana-
lyze the geometric and distributional properties of
the model updates. We evaluate the model’s rep-
resentational and distributional shifts across two
sequential stages: (1) the transition from the base
model to the initialized policy (Base→ SFT), and
(2) the subsequent evolution from the initialized
policy to the final RL model (SFT→ RL). We quan-
tify geometric consistency using cosine similarity
and L2 distance of the last transformer layer, while
measuring distributional consistency via KL diver-
gence and Top-K token overlap (estimated on the
held-out training subset). While smaller represen-
tational shifts are not unconditionally beneficial in

post-training, they serve as useful proxy metrics in
our context to indicate the preservation of structural
priors.

Geometric Consistency. As reported in Table
4, GIFT significantly enhances geometric consis-
tency throughout the post-training process. GIFT
consistently exhibits higher cosine similarity and
lower L2 distance compared to standard SFT across
stages and models. This indicates that GIFT ef-
fectively absorbs task-specific supervision while
adhering to the base model’s semantic manifold,
reducing the destructive parameter updates caused
by standard SFT, thereby providing a more efficient
exploration for the subsequent RL stage.

Distributional Consistency. As shown in Table 4,
GIFT reduces KL divergence across the entire post-
training pipeline in most cases. Complementing
this, the top-k token overlap analysis in Figure 2 re-
veals that GIFT mitigates the drastic distributional
shifts characteristic of standard SFT. Moreover, we
can observe that the preservation of base priors
during SFT stage is effectively leveraged in the
subsequent RL stage, manifesting as higher top-k
overlap that facilitates more efficient exploration.
These proxy metrics suggest that GIFT mitigates
drastic distributional shifts, maintaining optimiza-
tion coherence without forcing a rigid collapse.
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Table 2: Average pass@1 performance of different initialization strategies for subsequent RL on four out-of-
distribution benchmarks. The best result in each column is bold.

Method Class Strategy GPQA MMLU-Redux ARC-Challenge MMLU-Pro Average

Qwen2.5-7B

Direct SFT/RL Direct SFT 19.70 69.03 82.68 50.23 55.41
Direct RL 32.32 70.50 73.85 54.33 57.75

Unified Paradigms LUFFY 34.85 73.30 89.85 59.08 64.27
ReLIFT 37.88 73.67 89.85 56.82 64.55

SFT-then-RL

SFT 27.78 71.13 85.54 54.67 59.78
SFT + Entropy 33.33 72.20 87.29 55.60 62.11
DFT 17.17 57.77 84.85 39.75 49.89
ASFT 25.25 68.27 86.90 49.98 57.60
PSFT 34.34 73.79 87.77 59.05 63.74
GIFT 39.09 73.27 88.01 56.01 64.10

Llama3.1-8B

Direct SFT/RL Direct SFT 21.21 61.50 77.82 40.05 50.14
Direct RL 23.74 52.13 64.59 29.65 42.53

SFT-then-RL

SFT 23.74 55.97 74.49 33.67 46.97
SFT + Entropy 27.78 63.37 80.25 41.87 53.32
DFT 24.24 54.27 71.46 35.59 46.39
ASFT 13.13 47.23 66.42 29.40 39.05
PSFT 12.12 44.67 46.54 30.14 33.37
GIFT 30.81 63.17 82.94 44.05 55.24

Table 3: Average pass@k performance (%) on four
mathematical reasoning benchmarks in SFT stage prior
to RL.

Model Strategy k = 1 k = 2 k = 4 k = 8

Llama-3.1-8B SFT 27.83 34.35 39.67 44.25
GIFT 27.60 34.53 39.62 44.87

Qwen2.5-7B SFT 46.64 52.16 55.90 58.02
GIFT 46.06 53.92 58.48 63.18

Table 4: Consistency Metrics across Training Stages.

Stage 1 Base→ SFT Stage 2 SFT→ RL
Strategy Cos ↑ L2 ↓ KL ↓ Cos ↑ L2 ↓ KL ↓

Llama-3.1-8B
SFT 0.8112 87.33 0.5893 0.9310 53.85 0.2316
GIFT 0.8207 85.05 0.5909 0.9422 49.08 0.2010

Qwen2.5-7B
SFT 0.9201 117.18 0.3995 0.9764 62.61 0.0426
GIFT 0.9253 113.95 0.3907 0.9869 47.34 0.0327

4.4 Analysis of Inverse Temperature

The inverse temperature β regulates the trade-off
between expert imitation and prior preservation.
As shown in Figure 1, post-RL performance con-
sistently peaks at a finite β. This optimal value cor-
relates closely with a backbone’s resilience to SFT
overfitting: Llama-3.1-8B overfits early (Figure 1a)
and peaks at a lower β ≈ 10, whereas Qwen2.5-7B
maintains a stable validation loss (Figure 1b) and

Table 5: Post-RL residual drift η̂final evaluated on a
held-out training subset. All policies underwent the
same RL phase but differ in their stage-one initialization
(Standard SFT vs. GIFT at varying β).

Model SFT β=5 β=10 β=15 β=20 β=25

Qwen2.5-7B 0.030 — 0.014 0.013 0.009 0.019
Llama-3.1-8B 0.044 0.059 0.016 0.047 0.040 —

tolerates a higher β ≈ 20 before degrading toward
the standard SFT baseline (β →∞).

To understand how the alignment effort is dis-
tributed across the two stages, we estimate the total
parameter drift from the base model using η̂final(β),
defined as the within-prompt difference in length-
normalized log-likelihood ratios—relative to the
base prior—between successful and failed rollouts
on a held-out training subset. As shown in Table 5,
this cumulative drift exhibits a distinct U-shape,
reaching its minimum near the same β that maxi-
mizes downstream accuracy. This reflects the joint
optimization dynamics of the pipeline. When β
is excessively large, the SFT stage aggressively
overfits the demonstrations, introducing a large ini-
tial drift into the model. The RL stage inherits
this collapsed state, keeping the final cumulative
drift artificially inflated. Conversely, when β is
too small, the SFT stage offers insufficient guid-
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Figure 1: Correlation between SFT validation dynamics and optimal RL initialization. (a) and (b) show the SFT
validation loss per epoch for Llama-3.1-8B and Qwen2.5-7B, respectively. (c) and (d) illustrate their corresponding
post-RL pass@1 accuracy on mathematical reasoning benchmarks across different inverse temperatures β.
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Figure 2: Top-K Token Overlap Analysis. Results for Llama-3.1-8B (Left) and Qwen2.5-7B (Right). GIFT
exhibits consistently higher token overlap than the SFT baseline.

ance, forcing the RL stage to absorb the alignment
burden and independently drive up the drift. The
minimum of η̂final thus marks a state of maximum
efficiency, where the SFT target better conditions
the policy without breaking the underlying prior.

Consequently, the ideal β admits a two-step lo-
calization: the onset of SFT validation overfitting
(Figure 1a,b) provides a pre-RL upper bound that
already excludes the high-β regime, and within this
range η̂final further pinpoints the operating point
where alignment effort is most evenly absorbed
across the two stages. In our main experiments,
we fix β = 20 for Qwen2.5-7B and β = 10 for
Llama-3.1-8B based on a small pilot sweep on each
backbone (Figure 1c,d), and keep these values iden-
tical across all reported benchmarks.

5 Conclusion

In this work, we identify the zero-temperature dis-
tributional collapse induced by standard SFT and
propose GIFT as a principled initialization for sub-
sequent RL. Experiments validate its effectiveness
across reasoning and out-of-distribution tasks. By
reconciling the traditional two-stage paradigm, our
work offers a theoretically motivated pathway to-
ward constructing robust and generalizable reason-
ing systems.

6 Limitations

While our framework demonstrates strong per-
formance on models such as Llama-3.1-8B and
Qwen2.5-7B, evaluating its scaling properties
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on massive-scale LLMs is currently constrained
by substantial computational requirements. Our
current formulation is particularly well suited
to sparse, verifiable-reward post-training, where
demonstrations provide high-quality trajectories
and the subsequent RL stage benefits from retaining
base-model alternatives. Furthermore, our empiri-
cal validation primarily focuses on standard bench-
marks within specific linguistic boundaries. Ex-
tending this policy optimization approach to highly
specialized domains or comprehensive multilingual
settings remains a natural avenue for future work.
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A Closed-Form Reference for
KL-Regularized RL

We record here the standard variational closed form
of the KL-regularized RL maximizer used as a ref-
erence throughout the main text. For an arbitrary
anchor πref and KL coefficient λ > 0, the objective
J(π) = E

[
R(x, y)− λDKL

(
π(·|x)

∥∥πref(·|x)
)]

is uniquely maximized at the Gibbs distribution

π∗(y|x) ∝ πref(y|x) eR(x,y)/λ, (11)

with inverse temperature 1/λ on the reward. We in-
voke this expression at two points in the main text:
(i) Eq. 2, with πref = πsft, where it characterizes the
equilibrium of the standard RLVR stage; and (ii)
Section 3.2, where the residual term in Eq. 5 is read
as a KL-regularized RL problem anchored at π∗

sft
with λ = 1/(η̄ − β); the corresponding identifica-
tion of η̄−β as the inverse temperature contributed
by the RL stage is made formal in Appendix C.
While the above characterizes the sequence-level
RL equilibrium, the GIFT target itself is derived na-
tively at the token level from a per-token variational
free energy, as detailed next in Appendix B.

B Derivation of the GIFT Token-Level
Target

This section provides the detailed derivation of
the closed-form maximizer of the per-token varia-
tional free energy used in Section 3.3. Throughout,
we drop the conditioning on (x, y∗<t) and write
πbase(·) for πbase,t(·), r(y) := rt(y) = I[y = y∗t ]
for the per-token oracle indicator carried by the
SFT demonstration (x, y∗), and q for the candidate
token-level distribution. The variational problem is

max
q∈∆(V)

Fβ(q) = β Eq[r]−DKL
(
q
∥∥πbase

)
, (12)

with ∆(V) the simplex over the vocabulary V .

Remark on the indicator form of r. Setting
r(y) = I[y = y∗t ] is the formal encoding of the
supervision actually carried by an SFT pair (x, y∗):
at position t, only the demonstration token is iden-
tified, with no token-level credit available for any
alternative y ̸= y∗t . The derivation below applies
verbatim to an arbitrary bounded r : V → R, in
which case π∗

sft(y) ∝ πbase(y)e
βr(y) is the corre-

sponding maximizer; the indicator specialization
is a structural necessity strictly imposed by stan-
dard SFT datasets: because the data only provides
the single demonstrated sequence, we inherently

lack the explicit supervisory signal to evaluate any
alternative tokens.

Donsker–Varadhan route. The Donsker–
Varadhan variational characterization of the
log-partition function states that

logEπbase

[
eβr

]
= sup

q∈∆(V)
Fβ(q), (13)

with the supremum attained at the Gibbs distribu-
tion

π∗
sft(y) =

1

Zt(β)
πbase(y) e

β r(y),

Zt(β) = Eπbase

[
eβr

]
.

(14)

Lagrangian route. The same maximizer follows
from a direct Lagrangian argument. Introducing
a multiplier ν for the normalization constraint∑

y q(y) = 1, the Lagrangian is

L(q, ν) = β
∑

y

q(y)r(y)−
∑

y

q(y) log
q(y)

πbase(y)

− ν
(∑

y

q(y)− 1
)
.

Differentiating with respect to q(y) and setting the
result to zero yields

β r(y)− log q(y) + log πbase(y)− 1− ν = 0,

so q(y) ∝ πbase(y)e
βr(y), which after normal-

ization recovers Eq. 14. Strict concavity of
−DKL(·∥πbase) on the relative interior of ∆(V),
together with the linearity of βEq[r], ensures that
the maximizer is unique whenever πbase has full
support on V .

Specialization to the per-token oracle. Substi-
tuting r(y) = I[y = y∗t ], the partition function
simplifies to

Zt(β) = (eβ − 1)πbase(y
∗
t ) + 1,

and π∗
sft admits the explicit two-case form

π∗
sft(y) =





eβ πbase(y
∗
t )

Zt(β)
if y = y∗t ,

πbase(y)

Zt(β)
if y ̸= y∗t ,

matching Eq. 8 of the main text. At the level of
logits, this is equivalent to adding a constant β to
the base logit at y∗t and re-applying softmax, which
is exactly the target constructed in Algorithm 1.
The cross-entropy loss in Algorithm 1 therefore
fits πθ(· | x, y∗<t) to the closed-form maximizer of
Eq. 12.
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The β →∞ limit. For finite β, π∗
sft retains sup-

port on the entire vocabulary V . As β → ∞,
π∗

sft(y
∗
t ) = eβπbase(y

∗
t )/Zt(β) → 1 and π∗

sft(y) →
0 pointwise for every y ̸= y∗t , so π∗

sft → δy∗t in
distribution (Eq. 9). One-hot SFT thus appears as
the degenerate zero-temperature limit of the GIFT
target, rather than as a separate construction.

C Two-Stage Decomposition Identity

We establish the additive identity stated in Eq. 4 of
the main text. Adopting the notation of Appendix B
and writing π∗

sft for the token-level target in Eq. 14,
we show that for any 0 ≤ β ≤ η̄ and any q ∈
∆(V),

Fη̄(q) = Fβ(π
∗
sft) + F (2)

η̄−β

(
q; π∗

sft
)
, (15)

where Fβ(q) = βEq[r] − DKL(q∥πbase) and
F (2)
η̄−β(q;π

∗
sft) = (η̄ − β)Eq[r]−DKL(q∥π∗

sft).

Algebraic derivation. Using the closed form
π∗

sft(y) = πbase(y)e
βr(y)/Zt(β), we expand the

residual KL term:

DKL(q∥π∗
sft) = Eq

[
log

q(y)

π∗
sft(y)

]

= Eq[log q(y)]− Eq[log πbase(y)]

− β Eq[r(y)] + logZt(β)

= DKL(q∥πbase)− β Eq[r] + logZt(β).

Substituting into F (2)
η̄−β(q;π

∗
sft) and rearranging,

F (2)
η̄−β(q;π

∗
sft) = (η̄ − β)Eq[r]−DKL(q∥π∗

sft)

= η̄ Eq[r]−DKL(q∥πbase)− logZt(β)

= Fη̄(q)− logZt(β).

By the Donsker–Varadhan duality (Appendix B),
logZt(β) = Fβ(π

∗
sft), since the supremum of Fβ

is attained at π∗
sft. Substituting back yields Eq. 15.

Two-stage suprema match. Maximizing both
sides of Eq. 15 over q, the left side gives logZt(η̄)
by Donsker–Varadhan applied at inverse tempera-
ture η̄. On the right side, Fβ(π

∗
sft) is constant in q

and equals logZt(β), while supq F (2)
η̄−β(q;π

∗
sft) =

logEπ∗
sft
[e(η̄−β)r] by the same duality applied to

the residual problem with reference π∗
sft. A

direct computation using π∗
sft(y)e

(η̄−β)r(y) =
πbase(y)e

η̄ r(y)/Zt(β) gives

logEπ∗
sft

[
e(η̄−β)r

]
= logZt(η̄)− logZt(β),

so the two suprema agree: the SFT-then-RL
pipeline (stage one maximizing Fβ , stage two max-
imizing F (2)

η̄−β with reference π∗
sft) attains the same

value as the single-stage problem at the aggregate
inverse temperature η̄.

Structural correspondence with KL-regularized
RL. Dividing the residual term in Eq. 5 by (η̄ −
β) > 0 does not change its argmax over q, so
F (2)
η̄−β(q;π

∗
sft) shares its maximizer with the per-

token KL-regularized objective

Eq[r]− 1
η̄−β DKL

(
q
∥∥π∗

sft
)
.

Identifying this with the standard form of Ap-
pendix A gives the structural correspondence λ =
1/(η̄ − β), so η̄ − β plays the role of the inverse
temperature contributed by the RL stage.

We emphasize that this is a structural correspon-
dence in form: the decomposition does not require
the trajectory-level RL reward R(x, y) in Eq. 2 to
coincide with the per-token oracle indicator r used
here. Any token-level credit assignment of R (e.g.,
per-token GRPO advantages) realizes the residual
stage in the same form, with the empirical ana-
log of η̄ − β shaped by the actual KL coefficient
and the implicit trust-region effects of clipping and
finite-step updates. We accordingly treat η̄ as a
structural surrogate that organizes the two stages,
and select β as a hyperparameter rather than tying
it to a closed-form expression of λ (Section 4.4).

Degenerate limit β → ∞. As β → ∞, π∗
sft →

δy∗t (Appendix B). The residual term DKL(q∥π∗
sft)

in Eq. 5 then diverges for every q that places
nonzero mass off y∗t , so the residual feasible re-
gion on which F (2)

η̄−β is finite contracts strictly to
{δy∗t }. The residual stage is then unable to refine
the policy in any meaningful direction, recovering
the prior collapse mode discussed in Section 3.2.
For finite β, DKL(q∥π∗

sft) remains finite for every
q supported on V , leaving the residual stage well-
posed and providing room for the RL stage to ab-
sorb the remaining inverse temperature η̄ − β.

D Training Dynamics.

We report the accuracy on mathematical reason-
ing benchmarks during the RL training in Figure 3.
GIFT initialization demonstrates superior sample
efficiency and asymptotic performance compared
to standard SFT initialization. On Llama-3.1-8B,
GIFT maintains a consistent performance advan-
tage over the SFT baseline throughout the entire
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optimization process. Meanwhile, on Qwen2.5-
7B, we observe a crossover phenomenon: although
GIFT begins with slightly lower performance, it
rapidly overtakes the SFT baseline within the first
25% steps. This trajectory indicates that GIFT ef-
fectively avoids the premature convergence often
induced by rigid supervision, trading off negligible
initial exploitation for substantially greater explo-
ration potential and superior long-term gains.
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Figure 3: Average pass@1 accuracy across the RL
training progress.

E Generalizability on Open-ended
Generation Tasks

While our primary evaluation focuses on verifi-
able mathematics and reasoning, we extend our
experiments to the MT-Bench benchmark (Bai
et al., 2024) to verify whether the token-level GIFT
target maintains generalizability in unconstrained,
open-ended conversational settings. As shown in
Table 7, GIFT consistently achieves the highest
overall scores (Total) across both Qwen2.5-7B and
Llama-3.1-8B models. Specifically, it excels in
categories such as STEM and Extraction, while
avoiding the severe performance degradation often
observed in standard SFT variants (e.g., SFT+KD
or Label Smoothing) when faced with diverse user
prompts. These results demonstrate that GIFT suc-
cessfully preserves the generative priors of the base
model, ensuring robust open-ended dialogue capa-
bilities while simultaneously achieving peak rea-
soning potential.

F Detailed Performance Prior to RL
Stage

Table 6 details the pass@k performance across
individual mathematical reasoning benchmarks.
We observe a clear trade-off between strict mode-
seeking and exploration: while standard SFT re-
mains highly competitive at k = 1 due to its rigid
optimization of the target trajectories, it exhibits

severe exploration bottlenecks at larger k values.
In contrast, GIFT exhibits robust scaling behavior.
As the sample budget scales to k = 8, GIFT con-
sistently overtakes the baseline, confirming that a
finite-temperature initialization successfully main-
tains the diversity necessary for broader explo-
ration.

G Hyperparameter Sweep for Baselines

GIFT belongs to the broader family of base-
anchored soft-target objectives, but differs in tar-
get geometry. Knowledge distillation and la-
bel smoothing form convex mixtures q = (1 −
α)I[y = y∗t ] + αp with p a base or uniform distri-
bution, whereas GIFT applies an exponential tilt
q ∝ πbase(y) e

βI[y=y∗t ] that preserves the base rela-
tive probabilities among non-oracle tokens while
multiplying the oracle-token odds by eβ . This
form is matched to the Gibbs solution of the KL-
regularized surrogate, and the sweep below con-
firms that the gains arise from this geometry rather
than generic target softening.

To isolate the structural advantages of GIFT and
address the concern that its gains might simply
stem from generic target softening, we conduct a
comprehensive hyperparameter sweep for Knowl-
edge Distillation (KD) and Label Smoothing (LS)
on both Qwen2.5-7B and Llama-3.1-8B. Formally,
these baselines modify the standard one-hot target
into the following convex mixtures:

qKD(y) = (1− α)I[y = y∗t ] + απbase(y), (16)

qLS(y) = (1− µ)I[y = y∗t ] +
µ

|V| , (17)

where V is the vocabulary. We vary the distillation
weight α ∈ {0.01, 0.03, 0.05, 0.1} and the smooth-
ing parameter µ ∈ {0.01, 0.03, 0.05, 0.1}. The
results are summarized in Table 8.

H Implementation Details

In this section, we provide the detailed experi-
mental configuration to facilitate reproducibility.
All experiments are conducted using the VeRL
framework (Sheng et al., 2024) on a cluster of
8×NVIDIA H200 GPUs.

H.1 Supervised Fine-Tuning
Training Configuration. We optimize the base
models using the AdamW optimizer with β1 = 0.9,
β2 = 0.95, and a weight decay of 0.01. The global
batch size is set to 128. We employ a constant
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Table 6: Detailed pass@k performance (%) on individual mathematical reasoning benchmarks prior to RL.

Benchmark Strategy Llama-3.1-8B Qwen2.5-7B

k = 1 k = 2 k = 4 k = 8 k = 1 k = 2 k = 4 k = 8

GSM8K SFT 73.84 86.20 92.97 96.11 90.14 94.58 96.35 97.35
GIFT 73.36 86.65 92.60 96.35 89.94 94.71 96.73 97.80

AIME 24 SFT 0.97 1.94 3.89 7.78 11.25 17.02 21.86 23.33
GIFT 0.83 1.94 3.33 8.33 10.00 19.88 24.29 30.00

AIME 25 SFT 0.55 1.11 2.22 4.44 11.25 14.88 17.62 20.00
GIFT 0.42 1.11 2.50 5.00 10.00 18.21 24.71 33.33

MATH-500 SFT 35.94 48.15 59.58 68.67 73.92 82.14 87.77 91.40
GIFT 35.80 48.42 60.06 69.80 74.30 82.86 88.19 91.60

Table 7: Comprehensive performance on the MT-Bench benchmark across various conversational and reasoning
categories.

Strategy Total Writing Roleplay Reasoning Math Coding Extract STEM Humanities

Qwen2.5-7B

SFT 5.79 4.0 7.7 4.1 5.3 5.3 5.0 6.7 8.2
SFT + Entropy 6.12 4.4 7.7 6.7 4.7 5.0 5.7 7.0 7.8
SFT + Label Smoothing 6.00 4.7 6.6 4.0 6.4 5.2 5.6 6.8 8.7
SFT + KD 6.12 5.5 7.2 4.5 5.8 5.7 5.6 7.1 7.6
DFT 5.60 4.1 5.8 4.0 6.3 5.1 5.8 5.9 7.8
ASFT 5.85 3.7 6.9 4.3 6.1 5.6 5.6 6.5 8.1
PSFT 5.64 3.7 6.7 4.1 4.1 5.7 5.2 7.0 8.6
GIFT 6.34 5.2 6.9 4.8 6.4 5.2 6.5 7.6 8.1

Llama3.1-8B

SFT 4.46 4.9 5.4 3.5 2.5 3.4 3.8 4.7 7.5
SFT + Entropy 3.94 4.7 4.3 2.8 2.4 2.5 3.7 4.6 6.5
SFT + Label Smoothing 3.99 5.0 4.5 3.0 2.8 2.1 4.5 3.8 6.2
SFT + KD 3.30 2.8 3.3 2.2 4.0 3.3 3.0 4.1 3.7
DFT 5.05 5.0 5.9 3.5 4.2 3.6 5.5 5.6 7.1
ASFT 4.89 5.2 5.6 3.8 3.6 4.4 5.2 4.5 6.8
PSFT 4.19 5.3 4.4 3.0 3.7 2.3 2.7 5.6 6.5
GIFT 5.17 6.4 5.9 4.3 4.1 3.3 4.2 6.0 7.2

learning rate of 1 × 10−5 with no warmup steps.
To accommodate long chain-of-thought reasoning,
we set the maximum sequence length to 8,192 to-
kens. Following standard practices for generative
fine-tuning, we apply right-side truncation for input
sequences. For the explicit SFT ablation variants,
we set the regularization coefficient to µ = 0.01
for entropy regularization. For all other baseline
methods, we strictly adopt the default hyperparam-
eter settings recommended in their respective origi-
nal papers to ensure a fair comparison. To initial-
ize the subsequent RL stage, we uniformly select
the SFT checkpoint from the 6th epoch across all
backbones. As analyzed in Section 4.3 (Figure 1),
Llama-3.1-8B reaches its lowest validation loss at
this epoch before overfitting. For Qwen2.5-7B, the
performance differences after epoch 6 are marginal.
Thus, we uniformly adopt the 6th epoch to establish
a standardized setting and avoid post-hoc selection
bias based on RL downstream dynamics. Finally,

to ensure a fair comparison, the direct SFT base-
line is trained on a combined dataset comprising
both SFT and RL data to match the total data size
configuration.

H.2 Reinforcement Learning

Following SFT, we apply the Group Relative Pol-
icy Optimization (GRPO) algorithm (Shao et al.,
2024b) to refine the policy. During the explo-
ration phase, we sample G = 8 outputs per prompt
with a temperature of T = 1.0 to encourage di-
versity. The policy is optimized using a constant
learning rate of 1 × 10−6 and a global batch size
of 128 (mini-batch size of 64). We set the clip
ratio to 0.2 and disable advantage normalization
(norm_adv_by_std=False). To prevent reward
hacking, we restrict training to 1 epoch.
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Table 8: Hyperparameter sweep for Knowledge Distillation (KD) and Label Smoothing (LS) prior to RL. Standard
SFT and GIFT are included as reference bounds. The best result among the swept variants is underlined, while the
overall best is bolded.

Method Hyperparameter GSM8K AIME24 AIME25 MATH500 HE+ MBPP+ Average

Qwen2.5-7B

Standard SFT - 91.79 13.33 14.44 78.67 72.00 60.10 55.06

SFT + KD (α)

α = 0.01 91.85 13.33 15.56 78.83 72.60 60.50 55.45
α = 0.03 91.62 13.33 13.33 78.37 73.00 61.20 55.14
α = 0.05 91.55 10.00 11.11 78.14 73.20 61.80 54.30
α = 0.10 91.51 10.00 10.00 78.00 73.80 62.40 54.29

SFT + LS (µ)

µ = 0.01 90.14 13.33 10.00 73.60 72.00 59.00 53.01
µ = 0.03 88.47 10.00 8.89 71.23 71.50 58.40 51.42
µ = 0.05 86.18 6.67 8.89 68.52 70.80 57.20 49.71
µ = 0.10 82.15 3.33 6.67 62.37 69.50 55.80 46.64

GIFT (Ours) - 92.06 23.33 17.78 82.00 76.20 65.90 59.55

Llama-3.1-8B

Standard SFT - 73.39 0.00 3.33 39.20 43.30 45.50 34.12

SFT + KD (α)

α = 0.01 73.48 0.00 3.33 39.52 43.00 45.80 34.19
α = 0.03 70.12 3.33 0.00 35.18 41.50 47.10 32.87
α = 0.05 64.76 3.33 0.00 30.14 39.40 48.20 30.97
α = 0.10 59.28 3.33 0.00 25.00 37.80 49.50 29.15

SFT + LS (µ)

µ = 0.01 67.90 0.00 0.00 33.40 36.60 47.10 30.83
µ = 0.03 64.23 0.00 0.00 30.08 35.20 45.50 29.17
µ = 0.05 58.54 0.00 0.00 26.77 33.80 43.20 27.05
µ = 0.10 49.26 0.00 0.00 20.46 31.00 40.50 23.54

GIFT (Ours) – 81.33 6.67 6.67 44.45 44.50 50.80 39.07

H.3 Evaluation and Reward Mechanism
Evaluation. We report the average pass@1 ac-
curacy across four runs for all benchmarks. We
merge FSDP checkpoints and utilize vLLM for
high-throughput inference with a temperature of
T = 0.6 and a max token limit of 8,192. A single
β value is applied uniformly across all evaluated
benchmarks without per-task tuning.
Reward Function. We employ a cascaded
binary reward function that sequentially uti-
lizes OpenMathInstruct extraction rules and the
MathVerify parser. To ensure stability, the verifi-
cation process is guarded by a 10-second thread-
based timeout, assigning a reward of 1.0 if either
method validates the solution against the ground
truth.

I Use of AI Assistants

We utilized AI assistants exclusively for grammati-
cal polishing and LaTeX formatting assistance.
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