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Abstract

Post-training reasoning models is computa-
tionally expensive, and the allocation between
supervised fine-tuning (SFT) and reinforce-
ment learning (RL) substantially affects rea-
soning quality. Existing methods operate at the
training-procedure level and treat the reasoning
corpus as homogeneous, ignoring the structural
heterogeneity of individual traces. We propose
GROVE (Graph-based Routing Over Variant
Experts), an adaptive framework that routes
each example to SFT or RL based on the struc-
tural topology of its reasoning trace. GROVE
parses each trace into a Reasoning Tree, scores
its complexity via graph entropy, and partitions
the corpus through a data-driven Gaussian Mix-
ture Model with no hand-tuned threshold. Low-
complexity traces are trained with SFT and
high-complexity traces with GRPO as paral-
lel LoRA adapters from a shared frozen base,
merged into a single deployable model with
no inference-time overhead. Across two train-
ing corpora and five reasoning benchmarks,
GROVE consistently outperforms single-stage
and naive-hybrid baselines, and a reversed-
routing ablation confirms that this mapping is
intrinsic rather than arbitrary.

1 Introduction

Large language models (LLMs) have made rapid
progress on general natural language tasks, yet they
remain unreliable on problems that demand deep,
multi-step reasoning—competition mathematics,
graduate-level science, and long-chain logical in-
ference (Chen et al., 2026; Feng et al., 2025; Guo
etal.,2025b; Yi et al., 2025; Aggarwal and Welleck,
2025). To close this gap, a class of reasoning
models, exemplified by DeepSeek-R1 (Guo et al.,
2025a), Qwen3 (Yang et al., 2025) and OpenAl-
ol (OpenAl et al., 2024) has emerged: these sys-
tems are post-trained to produce extended chain-
of-thought (CoT) traces that expose intermediate
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steps, case analysis, and self-correction before any
final answer is committed. Reasoning models have
rapidly become the default choice for hard reason-
ing tasks, but their post-training is computation-
ally expensive and their accuracy remains uneven
across superficially similar problems. The practical
question is therefore how to extract more reasoning
capability from a fixed post-training budget.

Existing methods to post-train reasoning models
form three broad families. Reinforcement-learning-
based methods, including PPO and InstructGPT
(Schulman et al., 2017; Ouyang et al., 2022) and
Direct Preference Optimization (DPO) (Rafailov
et al., 2024), build more robust training pipelines
through higher-quality preference data and explicit
or implicit reward signals. Self-training methods,
exemplified by STaR (Zelikman et al., 2022),
LMSI (Huang et al., 2022), and ReSTFM (Singh
et al., 2024), let the model bootstrap its own rea-
soning capability from its correctly answered gen-
erations, removing the reliance on external human
annotation. A third family controls the difficulty
composition of the reasoning data itself, switching
between System-1 (concise) and System-2 (elabo-
rate) CoT data and re-weighting tokens by reason-
ing depth to balance training cost against reasoning
quality, as in TL;DR (Li et al., 2025), Kimi k1.5
(Team et al., 2025), and LS-Mixture SFT (Yu et al.,
2025).

Each family, however, leaves key cost or relia-
bility issues unresolved. RLHF-style methods such
as PPO and InstructGPT (Schulman et al., 2017;
Ouyang et al., 2022) depend on an explicit reward
model, while DPO (Rafailov et al., 2024) avoids
this only by requiring large-scale paired preference
data; both incur substantial annotation and com-
pute costs. Self-training methods such as STaR
(Zelikman et al., 2022) reduce annotation needs but
suffer from self-confirmation bias (Wu et al., 2025)
and require reliable answer verification, limiting
their applicability to domains with clear ground
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truth. Difficulty-control methods lack a principled
allocation rule: Kimi k1.5 (Team et al., 2025) uses
a fixed System-1/System-2 ratio, whereas TL;DR
(Li et al., 2025) requires additional SFT and RL
runs to set performance bounds.

Hard Cost: Quality Trade-off. Existing meth-
ods fail to reconcile training cost with reasoning
quality. Reward modeling, iterative self-training,
and extra SFT/RL calibration all increase the cost
of post-training long-CoT reasoning models, leav-
ing stable and efficient training under a fixed com-
pute budget unresolved. Blind to the Structure of
Reasoning Data. These methods also ignore the
intrinsic structure of reasoning data. By operating
only through policy optimization, self-distillation,
or schedule design, they treat the corpus as homoge-
neous and flatten the distinction between linear pro-
cedural traces and branched exploratory ones. They
therefore never decide which examples should be
learned by which training paradigm. A better solu-
tion should be structure-aware, require no external
verifier or reward model, and avoid extra indepen-
dent training stages.

We propose GROVE (Graph-based Routing
Over Variant Experts), a dynamic post-training
framework that routes each example to a training
paradigm according to the structural complexity of
its reasoning trace. As shown in Figure 2, GROVE
parses each trace into a Reasoning Tree, computes a
graph-entropy complexity score, and partitions the
corpus with a two-component Gaussian Mixture
Model. Low-complexity traces are trained with
SFT, whereas high-complexity traces are trained
with RL via GRPO (Shao et al., 2024); both are
implemented as independent LoRA adapters on the
same frozen base and merged into a single model,
introducing no inference-time overhead.

GROVE directly addresses the two limitations
above. Its Reasoning-Tree-based routing signal
is intrinsic to the data, making training sensitive
to the structure of reasoning traces. Meanwhile,
LoRA limits optimization to low-rank updates, and
GRPO avoids a separate reward model, reducing
post-training cost while preserving reasoning qual-
ity. The GMM partition further removes the need
for hand-tuned SFT/RL thresholds, yielding a prin-
cipled and data-driven allocation. Compared with
single-stage SFT/RL and naive-hybrid baselines,
GROVE achieves dynamic per-sample SFT/RL al-
location based on trace structure. Experiments
across five reasoning benchmarks show strong over-
all performance. Our contributions are summarized

as follows:

* A data-centric post-training framework.
GROVE reframes SFT-versus-RL selection
as per-sample routing based on intrinsic trace
structure, requiring no human preference la-
bels, reward model, or external verifier.

* A graph-entropy routing signal. We intro-
duce the Reasoning Tree and a parameter-free,
corpus-normalized complexity score, com-
bined with GMM-based partitioning and paral-
lel LoRA composition with no inference-time
overhead.

» Evidence of structure-paradigm compat-
ibility. Across two corpora and five bench-
marks, GROVE outperforms single-stage and
naive-hybrid baselines on average. Reversed
routing reduces performance by 7.11 points
on s1K and 2.66 points on Open-RS, indicat-
ing that the routing captures a genuine struc-
tural property of the data.

2 Related Work

2.1 Reasoning Data in Reasoning Model
Training

The data used to post-train reasoning models differs
in kind from the prompt—response pairs that domi-
nate general instruction tuning: each example pairs
a problem with a long-form solution trace exposing
every intermediate step, including case analysis,
hypothesis exploration, and self-correction. This
step-by-step structure is the central mechanism by
which reasoning capability is elicited, enabling the
model to learn the underlying reasoning procedure
rather than just the input—output mapping and sup-
porting generalization to problems beyond the train-
ing distribution. State-of-the-art reasoning models
accordingly rely on extended chain-of-thought su-
pervision as the core of their post-training (Muen-
nighoff et al., 2025; Dang and Ngo, 2026; Guha
et al., 2025; Ye et al., 2025; Fein-Ashley et al.,
2025).

Less appreciated, however, is that reasoning
traces are themselves structurally heterogeneous.
As Figure 1 illustrates, a problem may admit ei-
ther a linear, procedural solution or a branched, ex-
ploratory one that alternates between strategies and
backtracks from dead ends. Current post-training
pipelines flatten this heterogeneity by treating the
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corpus as homogeneous demonstration data, leav-
ing the structural signal already encoded in the
traces unused.

2.2 Supervised Fine-Tuning vs Reinforcement
Learning for Reasoning

Two paradigms dominate the post-training of rea-
soning models. Supervised fine-tuning (SFT) op-
timizes a token-level cross-entropy on reference
traces, an efficient and effective approach for trans-
ferring reasoning behaviors. However, a growing
body of work argues that maximum-likelihood im-
itation fits the trace surface rather than the under-
lying reasoning policy, leaving SFT-trained mod-
els memorization-prone and less reliable than RL-
trained counterparts under distributional shift (Chu
et al., 2025; Cai et al., 2025; Chen et al., 2025a).

Reinforcement learning (RL) takes the opposing
approach: it optimizes a trajectory-level reward—
typically the verifiable correctness of the final
answer—that is agnostic to the specific token se-
quence (Chen et al., 2025b; Lyu et al., 2025). This
signal encourages the policy to discover multiple
viable paths and recover from dead ends, and is
widely credited as the source of the generalization
advantage of recent reasoning models, at the cost
of higher compute and reliance on verifiable re-
wards (Shao et al., 2024; Qiu et al., 2025). This
question motivates our work: by recovering the
structural topology of each trace and routing it ac-
cordingly, GROVE reframes the SFT-versus-RL
allocation problem from a scheduling decision into
a data-driven one, turning structural heterogeneity
into an actionable training signal.

2.3 Parameter-Efficient Fine-Tuning

The compute cost of post-training reasoning mod-
els has driven wide adoption of parameter-efficient
fine-tuning (PEFT). Among the PEFT family—
adapter modules, prefix tuning, and prompt tuning—
LoRA has become the de facto standard for rea-
soning post-training, injecting low-rank updates
into selected projections of every transformer layer
while leaving the backbone frozen (Hu et al., 2021;
Tian et al., 2024; Mao et al., 2024).

Two properties of LoRA are essential to GROVE.
First, its small parameter footprint allows two
adapters—one per paradigm—to be trained inde-
pendently from the same frozen backbone within a
fixed compute budget. Second, the adapters can be
merged additively into the base weights, producing
a single deployable model with no inference-time

overhead. The recent Tina (Wang et al., 2025)
recipe further demonstrates that GRPO can be ap-
plied effectively to LoRA-parameterized policies,
establishing the empirical viability of GROVE’s
high-complexity RL branch.

3 Methodology

3.1 Overview

GROVE consists of three components that together
resolve the SFT-versus-RL allocation problem en-
tirely at training time. Given a training corpus
D = {x;}}¥, of reasoning traces and a frozen base
model M), the pipeline produces a single deploy-
able model Mgrove in three stages, as illustrated
in Figure 2. (C1) Each trace x; is parsed into a
Reasoning Tree T;, from which a scalar structural-
complexity score Qc(z;) € [0,1] is computed via
graph entropy (Section 3.2). (C2) The empirical
distribution {Qc¢ (z;)} N, is partitioned into a low-
and a high-complexity subset by a two-component
Gaussian Mixture Model (Section 3.3). (C3) The
low-complexity subset is fine-tuned with SFT and
the high-complexity subset with RL, both as LoRA
(Hu et al., 2021) adapters Agpr and Agy, trained in-
dependently from My, and merged in parallel into
Mgrove (Section 3.4). The pipeline requires no
human annotation, no reward model, no answer ver-
ifier, and no hand-tuned threshold; the only quanti-
ties estimated from data are the GMM parameters

Ocmm = {Tk, b, 02 }H—o-

3.2 Reasoning Tree and Structural
Complexity Score

To make the structural topology of each trace op-
erational, GROVE first recovers it as a rooted Rea-
soning Tree T; = (V;, E;) and then summarizes
the tree by a single scalar score Q¢ (;).

Reasoning Tree construction. Each trace is
parsed in three steps. (i) Hierarchical seg-
mentation. A macro layer splits the trace into
strategic blocks, each corresponding to one high-
level approach pursued by the model; a micro
layer further splits each block into finer tacti-
cal steps, yielding a segment sequence U =
(u1,...,u,) whose elements become the candi-
date nodes of T;. (ii) Functional tagging. A
deterministic rule-based parser labels each seg-
ment with one of (Action,Hypothesis,Derivation,
Conclusion,Dead_End), marking respectively a
new line of attack, a case assumption, a calculation
or logical inference, an intermediate result, and
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Q: Let f(z) = 1—acosz — bsinz — Acos 2z — Bsin 2z > 0 for all
z € R. Show that a? + b® < 2 and A% + B2 < 1.

Trace 1: Consider specific values of x

Forz=0, f(0)=1-a-A>0=a+A<1.
Forz=m, f(n) =1+a-A>0= A-a<1.
Forz=7/2, f(7/2) =1-b+A>0=b-A<1

For z=3n/2, f(3n/2) =1+b+A> 0= —b—A< 1.

Trace 2: Using integrals

ST f(z) dz = 27 > 0.

ST f(z)cosz de = —an >0 = a < 0.
S f(z)sinz dz = ~bw >0 = b < 0.
S f@)cos2zdr = —An 20 = AL0.
/7 fl@)sin2z dz = -Br >0 = B <0.

Trace 3: Amplitude / Inequality approach
Minimum of acos z +bsinz is —v/aZ + b2.
Minimum of A cos 2z + Bsin 2z is ,\/ZI.‘._bﬂ_
1-va? + 6% > VAT + B,

Trace 4: Fejér-Riesz factorization
Since f(x) > 0, there exist cp, ¢1, ¢z s.t.
f(@) = |eo + c1 €' + caei®[2.

Matching coefficients gives constraints on a, b, A, B.

Conclusion: a® + b2 <2 and A2 + B2 < 1.

[z] Complex problems @ Multi-step reasoning (‘i,‘\
>0

o

f Diverse mathematical ‘ D,
tools and techniques k Q: Let f(z) = 1—acosz

[
Rich intermediate [ |
steps and details Trace 4: ... :
|
[
( |

Final conclusion . ==

or verification

Non-linear thinking

Multiple reasoning
strategies

:‘

—bsinz — Acos 2z —
Bsin2x >0 ...

. Trace 1: ...
Long and branching

reasoning traces
Trace 2: ... |

Trace 3: ...

Conclusion: ... )

@ Long context

z Mathematical rigor

Figure 1: Characteristic of Reasoning data.

an attempt the model itself abandons. (iii) Stack-
based construction. The tagged segments are as-
sembled into a rooted tree by a single left-to-right
pass that maintains a stack of open branches: Ac-
tion or Hypothesis pushes (open a new branch),
Derivation or Conclusion continues the current
branch, and Dead_End pops. A direct conse-
quence is that an Action immediately following
a Dead_End attaches to a higher ancestor rather
than to the abandoned branch, explicitly represent-
ing the abandonment of one strategy and the start
of a fresh one as sibling subtrees. Figure 3 shows
an illustrative example.

Graph-entropy complexity score. With the rea-
soning process modeled as a tree T' = (V, E), we
quantify its structural complexity by the Shannon
entropy of the tree’s normalized node-degree distri-
bution:

Qo(T) = = p(v) logy p(v),
veV

O degl)
Pl) = 5= dea()

)

Q¢ increases with the size of the parsed tree and
decreases with the concentration of its degree dis-
tribution. Linear procedural traces parse into small

trees and therefore score low, whereas branched ex-
ploratory traces, which alternate between strategies
and backtrack from dead ends, parse into substan-
tially larger trees and score high. We note that the
size term dominates in practice; Q)¢ should there-
fore be read as a measure of the elaboration of a
trace’s parsed structure rather than of branching
alone. To make scores comparable across corpora,
we min-max normalize ()¢ within each training
dataset to obtain Q¢ (x;) € [0, 1].

3.3 Data-Driven Partitioning via Gaussian
Mixture Modeling

To partition D into the SFT and RL subsets, we fit
a two-component Gaussian Mixture Model (GMM)
on the normalized scores Q¢ rather than relying
on a hand-tuned threshold:

1
p(Qc) => mN(Qc | p,0p), (2
k=0

where ), m, = 1. The parameters are fit-
ted by EM, and we identify the high-complexity
component by the larger fitted mean, Ayign =
arg maxyg (k. For each trace x; we compute the
posterior

o 7Tkhigh N(QNC(xZ) ‘ /’Lkhigh70-l?;high)
Yoo kN (Qo(wi) | pws0)

Vi 3)
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Input Stage 1: Thinking Tree Parsin 5 Sl =
P | g 9 9 Data-Driven Routing Two-Stage LoRA Training
. Hierarchical Functional Stack-based Tree SIS ® proceduial
L . C d Two-component D reasoning
Segmentation Tagging Construction Mixture Model low
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|
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Figure 2: Overview of the GROVE framework. Each reasoning trace in the training corpus D is parsed into a
Reasoning Tree and scored by graph entropy (C1, Section 3.2); the per-sample complexity scores Qc are partitioned
into a low- and a high-complexity subset by a two-component Gaussian Mixture Model (C2, Section 3.3); the
low-complexity subset Diqy, is then trained with SFT and the high-complexity subset Dy;e with RL, both as LoRA
adapters, which are finally merged in parallel into a single deployable model Mgrovg (C3, Section 3.4).

w
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Figure 3: Reasoning Tree parsing on a worked example.

and assign the partition by the Bayes-optimal rule
¥ > 0.5:

Dhigh = {SCZ €D :v > 0.5},

4
Diow = D \ Dhigh-

3.4 Adaptive Two-Stage LoRA Training with
Parallel Merging

The two partitioned subsets are trained with com-
plementary paradigms whose inductive biases
match each data regime, and the resulting adapters

are composed without inference-time cost. SFT
minimizes a token-level negative log-likelihood
and is therefore an imitation procedure: it is most
effective when the demonstration is stable and
the conditional next-token distribution is sharply
peaked—conditions that hold for linear, procedu-
ral traces (low Q¢). RL, in contrast, optimizes a
sequence-level reward and rewards the discovery
of viable solution paths; it is most effective when
the policy must select among multiple alternatives
and recover from dead ends— conditions that hold
for branched, exploratory traces (high Q¢). The
mapping Djow — SFT and Dy, — RL there-
fore aligns each paradigm’s inductive bias with the
regime of data it is best suited to consolidate.

LoRA training of both branches. Both
branches are trained as Low-Rank Adaptation
(LoRA) adapters. Instead of updating a pre-trained
weight Wy, € R%? directly, LoRA injects a
trainable rank-r correction BA with B € R*",
A € R™9, r < d, so that the adapted forward

computation becomes
y = (Wo+ BA)z. )

At initialization A is sampled from a Kaiming-
uniform distribution and B is set to zero, so the
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adapted model is bit-identical to the base model
before any optimization step. The SFT branch is
trained on Dj,y with a token-level cross-entropy
objective, producing a trained update Agpr =
BsprAspr. The RL branch is trained on Dhign
with Group Relative Policy Optimization (GRPO)
(Shao et al., 2024), which estimates advantages
relative to a group of rollouts on the same prompt
and therefore obviates a separately trained reward
model; this produces Ary. = Brp Arr. Crucially,
both branches are trained independently from the
same frozen base model My, not sequentially.

Parallel merging. The two trained adapters are
composed into the final deployable model in a sin-
gle non-destructive step:

Mgrove = Mo @ (Aser + Are),  (6)

where @ denotes adding the summed low-rank up-
date to every LoRA-targeted weight of M. This
parallel composition introduces no inference-time
overhead beyond M, and a singular-value anal-
ysis presented in Section 4.4.1 confirms that the
SFT and RL adapters write spectrally distinct low-
rank updates—evidence that parallel composition
is principled rather than incidental. Pseudocode for
the complete pipeline is provided in Algorithm 1
(Appendix A).

4 Experiments

We evaluate GROVE along three axes. First,
we assess whether structural-complexity routing
improves average pass@1 over single-stage and
naive-hybrid baselines on a suite of five reason-
ing benchmarks across two heterogeneous train-
ing datasets (Section 4.3). Second, we examine
the structure—paradigm mapping itself by revers-
ing it, to determine whether the low-to-SFT, high-
to-RL pairing reflects an intrinsic compatibility
between data regime and training objective (Sec-
tion 4.4.2). Third, we test the parallel adapter com-
position design—first through a singular-value de-
composition (SVD) analysis of the trained adapters
(Section 4.4.1), and then quantitatively against the
conventional sequential merging schedule (Sec-
tion 4.4.3).

4.1 Experimental Setup

We instantiate all methods with DeepSeek-R1-
Distill-Qwen-1.5B (Guo et al., 2025a) as the
frozen backbone M. To test whether GROVE

is robust across different training-data distribu-
tions, we train on two reasoning corpora: s1K
(Muennighoff et al., 2025) and a randomly sam-
pled 1,000-example subset of Open-RS (Dang
and Ngo, 2026). This size-matched design keeps
the training budget comparable while preserving
differences in corpus curation and source.

The two GROVE branches are trained with
matched LoRA (Hu et al., 2021) configurations.
The SFT branch is fine-tuned with a token-level
cross-entropy objective on the provided solution
traces, whereas the RL branch is optimized with
GRPO-LoRA (Wang et al., 2025), which esti-
mates advantages from grouped rollouts and thus
requires no separately trained reward model. All
experiments are implemented in PyTorch with Hug-
gingFace Transformers and run on a single node
with 4x NVIDIA A40 GPUs; an identical config-
uration is used across GROVE and every baseline.
Full training and evaluation details, including all
hyperparameters, are provided in Appendix B.

4.2 Benchmarks and Baselines

Benchmarks. We evaluate on five reasoning
benchmarks chosen to span a wide range of dif-
ficulty and problem type, from competition math-
ematics to graduate-level science: AIME24 (Art
of Problem Solving, 2024) and AMC23 (Art of
Problem Solving, 2023) draw from premier U.S.
mathematics competitions; MATHS00 (Hendrycks
et al., 2021; Lightman et al., 2023) aggregates
competition-style problems across five difficulty
levels; GPQA (Rein et al., 2023) probes PhD-level
scientific reasoning across biology, chemistry, and
physics; and Minerva (Lewkowycz et al., 2022)
tests quantitative reasoning on advanced STEM
problems. Full dataset descriptions are provided in
Appendix B.4. For all benchmarks we report the
standard pass@1 metric.

Baselines. We compare GROVE against two fam-
ilies of baselines.

* The single-stage family The single-stage fam-
ily applies one training paradigm to the entire
corpus: SFT-only fine-tunes My with SFT-
LoRA on all of D; RL-only fine-tunes M
with GRPO-LoRA on all of D; the unmodi-
fied Base model receives no fine-tuning.

* The naive-hybrid family The naive-hybrid
family splits the corpus into SFT and RL
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Table 1: Comparative performance of different tuning schemes across multiple benchmarks.

Scheme AIME24 AMC23 MATHS00 GPQA Minerva Average
Base 23.33 70.00 84.80 31.82 30.15 48.02
sIK
SFT-only 33.33 72.50 83.40 35.35 27.57 50.43
RL-only 30.00 75.00 83.80 31.82 2941 50.01
Random Mixture  36.67 72.50 83.80 35.86 29.41 51.65
GROVE 33.33 82.50 84.80 39.39 30.51 54.11
Open-RS
SFT-only 30.00 72.50 82.60 34.34 28.68 49.62
RL-only 23.33 72.50 84.60 28.28 30.15 47.77
Random Mixture  33.33 67.50 85.00 33.33 30.51 49.93
GROVE 33.33 77.50 84.60 35.86 28.68 51.99

subsets, but without structure-aware partition-
ing. Random Mixture assigns samples to
the SFT and RL subsets uniformly at random
with a fixed proportion. Because GROVE
is itself an adaptive partitioning method, the
appropriate counterpart is a strong fixed-
proportion baseline rather than a single ar-
bitrary split, so we sweep this proportion
in 20% increments—20% /80%, 40%/60%,
60%,/40%, and 80%/20% (RL/SFT)—and re-
port the best-performing configuration in the
main table.

4.3 Main Results

4.3.1 Comparative Performance

Table 1 compares GROVE with the baselines in
Section 4.2 using pass@1 across multiple bench-
marks and training corpora. Base and GROVE
rows are shaded in gray and green, respectively;
best and second-best scores within each dataset
block are marked in bold and underline.

On s1K, GROVE reaches 54.11%, outperform-
ing the strongest baseline, Random Mixture, by
+2.46 points; on Open-RS, it reaches 51.99%, ex-
ceeding Random Mixture by +2.06 points. This
comparison directly evaluates the routing mech-
anism: Random Mixture uses the same SFT/RL
training paradigm but assigns examples without
structural information, so the remaining gap re-
flects the benefit of complexity-aware per-sample
allocation rather than a different mixture ratio.

The benchmark-level results further indicate that
the improvement is stable at the aggregate level,
although not uniform on every task. GROVE out-
performs alternative tuning schemes on nearly all
benchmarks and achieves the highest average score
under both training corpora. This pattern suggests
that the routing signal generalizes across differ-

ent training corpora and evaluation settings, while
also leaving room for task-specific variation. In
contrast, the single-stage baselines are less stable:
neither SFT-only nor RL-only dominates across
both corpora. This sensitivity supports the need for
an adaptive allocation strategy instead of assigning
the entire corpus to a single training paradigm.

4.4 Analysis and Ablation Studies

4.4.1 Adapter-Space Difference between SFT
and RL

We first examine whether SFT and RL remain dis-
tinguishable after both are constrained to the same
LoRA parameterization. For each trained adapter,
we compute the Singular Value Decomposition
(SVD) of its low-rank update matrices and aggre-
gate the normalized energy of the leading singular
modes o1—05 across transformer layers. Figure 4
reports the resulting energy distributions.

The two training paradigms induce different
adapter-space structures. The RL adapter concen-
trates its update energy more strongly in the leading
singular mode, while the SFT adapter distributes
more energy across subordinate modes. This pat-
tern suggests that SFT and RL do not become inter-
changeable once implemented as LoRA adapters;
instead, they produce different low-rank adaptation
directions under the same rank and optimization
budget. This observation is consistent with the dif-
ferent training signals of the two paradigms: GRPO
provides sequence-level reward feedback, whereas
SFT fits token-level demonstrations. It also moti-
vates the following ablations: reversed routing tests
whether each data regime should be paired with
its designated paradigm (Section 4.4.2), and the
merging study tests whether the two specialized
adapters should be composed in parallel rather than
sequentially (Section 4.4.3).
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Figure 5: Reversed-routing ablation.

4.4.2 Reversed Routing

To test whether the routing direction is essential, we
reverse the assignment while keeping the learned
partition fixed: high-complexity traces are trained
with SFT, and low-complexity traces are trained
with RL. All other components, including the Rea-
soning Tree parser, GMM partition, LoORA config-
uration, and parallel merging strategy, remain un-
changed. Figure 5 reports the results, with per-axis
normalization applied for visual comparability.

Reversing the assignment consistently reduces
average performance, from 54.11% to 47.00% on
s1K and from 51.99% to 49.33% on Open-RS. The
drops on both datasets show that disrupting the in-
trinsic paradigm—data pairing substantially harms
fine-tuning. These results support the central de-
sign of GROVE: its gain comes not only from split-
ting the corpus, but from aligning low-complexity
traces with SFT and high-complexity traces with
RL.

4.4.3 Parallel versus Sequential Merging

We further examine whether the two LoRA
adapters should be composed in parallel or sequen-
tially. In the parallel setting used by GROVE, the
SFT and RL adapters are trained independently
from the same frozen base model and merged only
after training. In the sequential setting, the SFT
adapter is first merged into the base model, and

0 Sequential merging

o M8 )
800 B [ Parallel merging (GROVE)

Aceuracy (%)

3434
2078 3051

GPQA Minerva

30
20

AIME24

AMC23 MATHS500 A\'c}age

Figure 6: Results across adapter-merging techniques.

the RL adapter is then trained on top of this SFT-
adapted model. Figure 6 compares the two strate-
gies under otherwise identical settings on s1K.

Parallel merging achieves a higher average score
than sequential merging (54.11% vs. 49.29%),
with the largest gain on AIME24 (33.33% vs.
23.33%). Together with the SVD analysis in Sec-
tion 4.4.1, this result suggests that SFT and RL
produce complementary low-rank updates that are
better preserved when trained independently and
composed at the final merge step. In contrast, se-
quential merging may introduce interference by
adapting the RL branch on top of an already SFT-
shifted parameter space.

5 Conclusion

We presented GROVE, an adaptive post-training
framework that routes reasoning traces to SFT or
RL based on their structural topology. Its data-
intrinsic routing signal requires no human annota-
tion, reward model, verifier, hand-tuned threshold,
or inference-time overhead. Experiments across di-
verse corpora and benchmarks show that GROVE
outperforms single-stage and naive-hybrid base-
lines, while reversed-routing ablations confirm that
the learned structure—paradigm mapping reflects
intrinsic compatibility rather than an arbitrary split.
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These findings highlight structural trace signals as
a promising basis for adaptive, data-centric post-
training of reasoning models.

Limitations

This work has several limitations. First, GROVE
depends on a deterministic Reasoning Tree parser
and a graph-entropy complexity score. While ef-
ficient and parameter-free, this signal may be af-
fected by noisy or stylistically diverse traces, and
it captures structural topology rather than seman-
tic difficulty or solution correctness. Second, the
current two-component GMM imposes a binary
low/high complexity split. Real reasoning data
may exhibit more fine-grained or continuous struc-
ture, suggesting future extensions such as soft rout-
ing or multi-component allocation. Finally, al-
though GROVE removes the need for a separate
reward model, its RL branch still assumes automat-
ically verifiable final-answer rewards. Extending
the method to open-ended or non-verifiable reason-
ing tasks remains an important direction for future
work.
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Algorithm 1: GROVE training pipeline.

Input: Training corpus D = {z;}}¥;
frozen base model My; LoRA rank
T.
Output: Merged model Mgrove.
// Phase 1: Reasoning Tree parsing
and scoring (§3.2)
1 for x; € Ddo
2 T; < PARSEREASONINGTREE(x;);
L Qo(Ti) + =3y, P(v) logy p(v);
+ {Qe ()} +
MINMAXNORMALIZE ({Qc(T3) Y )
// Phase 2: Data-driven
partitioning (83.3)
5 {ﬂ—ka Mk Ul%}%::O =
FITGMM ({Qc(2:)}Y,);
6 khigh < argmaxy fi;
7 Dhigh, Diow <
PARTITIONB YPOSTERIOR(7; > 0.5);
// Phase 3: Parallel LoRA training
and merging (§3.4)
8 Agpr < TRAINLORA (M), Diow, 0bj =
SFT);
9 Agr < TRAINLORA (Mg, Dhigh,0bj =
GRPO);
10 Mgrove < Mo @ (Asrr + ArL);
11 return MGRQVE;

A GROVE Training Pipeline

Algorithm 1 provides pseudocode for the full
GROVE training pipeline introduced in Section 3.
The three phases of the algorithm correspond to
the three method components: parsing each trace
into a Reasoning Tree and computing its graph-
entropy score (lines 1-4, Section 3.2); fitting the
two-component Gaussian Mixture Model to par-
tition the corpus into Digy and Dyign (lines 5-7,
Section 3.3); and training the SFT and RL LoRA
adapters independently from the same frozen base
model My before merging them in parallel (lines 8—
10, Section 3.4). Concrete hyperparameter values—
LoRA rank, learning rate, GRPO group size, op-
timizer settings, and compute configuration—are
reported separately in Appendix B.1.

B Experimental details

B.1 Training Details

LoRA configuration. Both GROVE branches
are trained as LoRA (Hu et al., 2021) adapters
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with an identical configuration: rank r = 32,
scaling factor &« = 64, and dropout 0.05. The
adapters are inserted into seven projections in every
transformer layer of My—the attention query, key,
value, and output projections (q_proj, k_proj,
v_proj, o_proj) and the MLP gate, up, and down
projections (gate_proj, up_proj, down_proj).
All non-LoRA parameters of M, remain frozen
throughout training, and the SFT and RL adapters
are optimized independently from the same frozen
backbone.

SFT branch. The SFT branch is fine-tuned on
the low-complexity partition Do, with a token-
level cross-entropy objective over the reference so-
lution traces, producing the adapter Agpr.

RL branch (GRPO-LoRA). The RL branch is
trained on the high-complexity partition Dy, With
GRPO-LoRA (Shao et al., 2024; Wang et al.,
2025), in which GRPO is applied to a LoRA-
parameterized policy and the reward signal is the
exact-match correctness of the extracted final an-
swer against the ground truth. This removes the
need for a separately trained reward model. Opti-
mization uses a peak learning rate of 1 x 10~ with
a warmup ratio of 0.1 and cosine decay, where the
minimum LR is set to 10% of the peak; training
runs for 180 optimization steps. We use a per-
device prompt batch size of 4 and gradient accumu-
lation of 4 steps, yielding an effective optimization
batch of 64 prompts per update across the four
GPUs. For each prompt, GRPO samples a group
of G = 4 rollouts with a maximum prompt length
of 512 tokens and a maximum completion length
of 3,584 tokens at sampling temperature 7' = 0.7.

Implementation and hardware. All experi-
ments use bfloat16 precision and FlashAttention-2
for attention computation. Gradient checkpoint-
ing is enabled throughout training to bound activa-
tion memory, and the GRPO rollouts are generated
through vLLM. The entire pipeline runs on a single
node with 4x NVIDIA A40 GPUs; the same back-
bone, LoRA configuration, and hardware setup are
used across GROVE and every baseline.

B.2 Datasets

s1K (Muennighoff et al., 2025) is a curated cor-
pus of 1,000 challenging reasoning problems, each
paired with a distilled reasoning trace, aggregated
from NuminaMATH (LI et al., 2024), historical
AIME problems (1983-2021), and OlympicArena

(Huang et al., 2025), which together span math-
ematics, physics, chemistry, biology, and com-
puter science. Examples are selected under three
criteria—difficulty, solution quality, and domain
diversity—yielding a compact but heterogeneous
reasoning corpus suitable for reasoning-centric
post-training.

Open-RS (Dang and Ngo, 2026) is a 7,000-
problem mathematical reasoning corpus assembled
for reward-driven learning, combining 3,000 chal-
lenging instances from Open-S1 with 4,000 prob-
lems from Deepscaler, after multi-stage filtering
with Qwen2.5-7B-Instruct and Qwen2.5-Math-7B-
Instruct to remove redundant and low-difficulty
examples. To match the size of s1K and isolate cor-
pus effects from scale effects, all our experiments
use a uniformly randomly sampled 1,000-example
subset of the original 7,000 problems.

B.3 Evaluation Details

Evaluation framework. All five benchmarks are
evaluated under a unified generative extractive-
match protocol implemented in lighteval, with
model completions sampled through vLLM. For
each problem, the model generates a free-text com-
pletion; the framework then extracts the candidate
final answer from the completion and tests its equiv-
alence with the ground truth, rather than perform-
ing character-level string match.

Mathematical benchmarks. For AIME24,
AMC23, MATHS500, and Minerva, the gold
answer is parsed as a symbolic expression in the
case of AIME24 and AMC23, and as LaTeX
in the case of MATHS500 and Minerva. In all
four cases, the candidate answer is located in
the model’s completion by first searching for the
content enclosed in \boxed{ } and falling back to
the first matched expression when no boxed form
is present; equivalence is then verified by symbolic
and numeric checking at 5-digit precision.

Multiple-choice benchmark. For GPQA, the
framework extracts the model’s choice as a letter
index in { A, B, C, D} and compares it against the
gold index of the correct option. Because the posi-
tion of the correct option is randomly permuted in
the prompt at construction time, this protocol mea-
sures content understanding rather than positional
bias.

Per-question scoring. For each question ¢ in a
benchmark, the model generates a single comple-
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tion g;, from which an answer is extracted and com-
pared against the gold answer g;. The per-question
score is binary:

z; = verify(extract(y;), g;) € {0,1}, (7)

where verify(-,-) is the equivalence check
defined for each benchmark’s answer type—
symbolic/numeric equivalence for mathematical
benchmarks and index match for the multiple-
choice benchmark. The reported pass@1 score on
a benchmark 7 is the mean of these per-question

scores:
Tl

1
pass@1 = — Y ;. (8)
=

Standard protocol. All evaluations follow the
default protocols implemented in lighteval for each
benchmark; we make no custom modifications to
the extraction logic, the equivalence checker, or
the aggregation rule. Our reported pass@1 num-
bers are therefore directly comparable to values
obtained under standard lighteval evaluation.

B.4 Evaluation Benchmarks

* AIME24 (Art of Problem Solving, 2024) con-
sists of 30 problems from the 2024 American
Invitational Mathematics Examination, requir-
ing precise multi-step solutions resistant to
shallow pattern matching.

* AMC23 (Art of Problem Solving, 2023) com-
prises 40 problems from the 2023 American
Mathematics Competition, emphasizing con-
ceptual understanding and strategic flexibility
across algebra, geometry, and number theory.

* MATHS500 (Hendrycks et al., 2021; Light-
man et al., 2023) is a 500-problem subset of
competition-style mathematics spanning five
difficulty levels, designed to evaluate step-by-
step reasoning, symbolic derivation, and pre-
cise calculation.

¢ GPQA (Rein et al., 2023) contains 198 PhD-
level multiple-choice science questions (the
Diamond subset) in biology, chemistry, and
physics, with carefully designed distractors
that require nuanced reasoning rather than sur-
face retrieval.

* Minerva (Lewkowycz et al., 2022) is a 272-
problem quantitative reasoning benchmark
drawn primarily from MIT OpenCourseWare,

covering advanced STEM topics that typically
require multi-step modeling or numerical com-
putation.

C Case Study

This appendix illustrates the Reasoning Tree parser
of Section 3.2 end to end on a single reasoning
trace, making the three parsing steps—hierarchical
segmentation, functional tagging, and stack-based
tree construction—concrete.

Input trace. For this case study we use the 1,695-
character reasoning trace shown below. It pursues
several distinct solution strategies in sequence and
includes two attempts the model itself abandons,
exercising precisely the branching and backtrack-
ing behaviors the parser is designed to recover.

Let f(x) = 1 — acosz — bsinz — Acos2z —
Bsin2x > 0 for all x € R. We want to show that
a®+b* <2and A* + B* < 1.
Consider specific values of x.
Forz =0, f(0)=1—a—A>0,s0a+ A<1.
Forx =m, f(r)=14+a—A>0,s0A—a<1.
Forz =7/2, f(7/2) =1—-b+A>0,s0b— A < 1.
Consider the integral of f(z) over a period.

2m o 9 o 9

@ f(a:) dx = 27 > 0. This doesn’t give any infor-
mation.
Multiply f(x) by cos x and integrate.

2 f(z)coszdr = —am > 0, s0 a < 0. This is not

0 !
necessarily true.

Consider f(z) > 0.
Leta =rcosa,b=rsina. Thenacosx +bsinx =
rcos(z — ).
Let A = Rcosf8, B = Rsinf. Then Acos2z +
Bsin 2z = Rcos(2z — ).
Consider the case where b = B = 0.
f(x)=1—acosz — Acos2z > 0.
Lety =cosz with -1 <y < 1.
g(y) = —2Ay* —ay + A+1>0fory € [-1,1].
Consider integrals again.

0% f@)coszdr >0 = —ar >0 = a <0.
This is not true.
Consider the vector v =
(1, cos z, sin x, cos 2z, sin 2z).
The condition is v - ¢ > 0,
c=(1,—a,—b,—A,—B).

where

Segmentation and tagging. The macro layer par-
titions the trace into nine strategic blocks corre-
sponding to distinct solution attempts: substitut-
ing specific values of x, integrating f(x) over a
period, multiplying by cos x before integrating, a
polar substitution, the special case b=B=0, and a
vector formulation. The micro layer further decom-
poses these blocks into 18 tactical segments. The
functional-tagging step then assigns each segment
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one of the five functional labels, yielding a distribu-
tion of DERIVATION (8), ACTION (5), CONCLU-
SION (2), DEAD_END (2), and HYPOTHESIS (1)—
a mix consistent with the trace’s multi-strategy and
back-tracking nature.

Tree construction. The stack-based construction
step assembles the 18 tagged segments into the
rooted tree shown in Figure 7. Segment 0 be-
comes the root; each ACTION or HYPOTHESIS
segment (1, 3,10,12, 14, 16) opens a new branch,
each DERIVATION or CONCLUSION segment con-
tinues the active branch, and each DEAD_END seg-
ment (6 and 9) closes it. Notably, segment 10—an
ACTION immediately following the DEAD_END at
segment 9—attaches directly to the root rather than
to the abandoned branch, explicitly representing
the abandonment of the integral-based strategies
and the start of a fresh one as sibling subtrees.

Structural complexity. The resulting tree con-
tains 18 nodes with maximum depth 5 and maxi-
mum width 7, with six branch points and eleven
leaves. The six exploratory nodes (ACTION or
HYPOTHESIS) yield an exploration diversity of
0.33 and a branching balance of 1.00. Apply-
ing the graph-entropy formula in Equation (1)
to the normalized node-degree distribution gives
Qc(T') = 3.86 bits, placing this trace toward the
higher-complexity end of the score range and con-
firming that the parser correctly surfaces the multi-
strategy structure that distinguishes branched, ex-
ploratory traces from linear, procedural ones.

D LoRA Rank Sensitivity

To assess how the LoRA rank r affects the
two branches of GROVE, we sweep r &
{4,8,16,32,64} independently for the SFT-only
and RL-only baselines on the s1K training cor-
pus, holding all other hyperparameters fixed at
the values reported in Appendix B.1. The produc-
tion GROVE configuration uses r = 32 for both
branches; this sweep characterises how robust each
branch is to that choice. Figures 8a and 8b report
pass@1 per benchmark.

Both branches are relatively stable across the
rank sweep. The five-benchmark average of the
SFT-only baseline ranges from 49.77% at r=8 to
52.55% at r=16, a 2.78-point band; the RL-only
baseline ranges from 50.01% at r=32 to 53.56% at
r=64, a 3.55-point band. No rank produces a catas-
trophic drop. Within these narrow bands the two

paradigms peak at different ranks—SFT at r=16
and RL at r=64— and the per-benchmark patterns
are not aligned: r=64 gives the strongest GPQA
score for both adapters (40.40% SFT, 38.38% RL),
while smaller ranks (r<16) remain within roughly
two points of the largest rank on MATHS500. The
production rank r=32 is not the global maximum
for either branch but lies safely within the stable
band on both.

A natural reading of this stability is that the
reasoning updates required from each adapter are
directionally low-rank— concentrated in a small
number of dominant subspaces of the base model
rather than spread across the full d-dimensional
weight space. Once r exceeds the effective di-
mensionality of these task-relevant subspaces, addi-
tional capacity contributes diminishing returns and
the score plateaus; below it, the adapter still recov-
ers most of the useful update by absorbing the most
informative directions, so degradation is graceful
rather than abrupt. This reading is consistent with
the singular-value analysis of Section 4.4.1: both
adapters concentrate the bulk of their update energy
in only the leading few singular modes, implying
that a moderate rank (r=32) is already sufficient to
capture the paradigm-specific structure on which
GROVE relies.
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N2 Der) N4 Der)
N5 Con)
N6 Dead)

N16 Act)——(N17 Der)

Figure 7: Reasoning Tree constructed for the worked example, with nodes colour-coded by functional tag: Der ,

Act , Hyp , Con , Dead . Nodes 1 (“consider specific values”) and 10 (“consider f(x) > 07) are the two top-
level strategies; the DEAD_END nodes 6 and 9 are leaves, marking sub-strategies after which the parser backtracks.
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(a) SFT-only baseline. (b) RL-only baseline.

Figure 8: Pass@]1 across the five reasoning benchmarks as a function of LoRA rank r € {4, 8,16, 32,64} for
models trained on s1K: (a) the SFT-only baseline and (b) the RL-only baseline.
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