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Abstract

Retrieval-augmented generation (RAG) has be-
come a standard mechanism for grounding lan-
guage models in external knowledge, yet con-
ventional retrieval based on lexical or seman-
tic similarity is poorly suited for complex rea-
soning tasks: a semantically similar problem
may demand an entirely different solution strat-
egy, while a superficially different problem may
share the same underlying reasoning pattern.
We propose Retrieval-Augmented Reinforce-
ment Fine-Tuning (RA-RFT), a post-training
framework that teaches language models to rea-
son by analogy. RA-RFT uses gold-relevance
distillation to train a retriever that ranks con-
texts by expected reasoning benefit rather than
semantic overlap, and then fine-tunes the policy
model via reinforcement fine-tuning methods
with retrieved analogous demonstrations, so the
model learns to leverage reasoning traces under
verifiable outcome rewards. We further ana-
lyze the diversity of retrieved contexts and find
that reasoning-aware retrieval surfaces comple-
mentary solution strategies that provide dis-
tinct reasoning scaffolds for individual prob-
lems. Across challenging mathematical reason-
ing benchmarks, RA-RFT consistently outper-
forms standard reinforcement fine-tuning meth-
ods. For example, it improves AIME 2025 av-
erage@32 accuracy by 7.1 and 2.8 points over
GRPO for Qwen3-1.7B and Qwen3-4B respec-
tively — suggesting that reasoning-aware re-
trieval is a complementary axis of improvement
and orthogonal to advances in reward design or
training curricula.

1 Introduction

Reinforcement learning from verifiable rewards
(RLVR) has emerged as a powerful post-training
paradigm for complex reasoning (DeepSeek-AI,
2025; OpenAI, 2024). By optimizing for outcome
correctness rather than imitating reference solu-
tions, RLVR elicits sophisticated chain-of-thought

* Work partially done during internship at Meta.

reasoning that generalizes across diverse problem
types (Shao et al., 2024). However, these ap-
proaches rely entirely on the parametric knowl-
edge of a model: when confronted with novel prob-
lems whose solutions require reasoning patterns
not well-represented in pre-training, the model has
no mechanism to draw on external problem-solving
expertise.

Retrieval-augmented generation (RAG) offers
a natural complement, grounding model outputs
in externally retrieved content (Lewis et al., 2020;
Guu et al., 2020). Yet standard retrieval is poorly
suited for reasoning tasks: conventional retriev-
ers rank candidates by lexical or semantic sim-
ilarity, which correlates weakly with reasoning
utility, understood as whether the retrieved con-
tent actually helps solve the target problem (Su
et al., 2025). A semantically similar problem
may demand an entirely different solution strat-
egy, while a superficially different problem may
share the same underlying reasoning pattern. As a
result, naively augmenting reasoning models with
retrieved content often yields marginal or inconsis-
tent gains (Arabzadeh et al., 2025).

We approach this problem through the lens
of analogical reasoning (Gentner, 1983): expert
problem-solvers recall previously solved problems
not because surface details match, but because the
underlying reasoning structure transfers. This mo-
tivates a retrieval paradigm that selects examples
whose reasoning traces, i.e. step-by-step solution
strategies are maximally informative for the tar-
get problem. Building on this insight, we pro-
pose Retrieval-Augmented Reinforcement Fine-
Tuning (RA-RFT), a post-training framework con-
sisting of three stages: (1) gold-relevance dis-
tillation, which constructs retrieval supervision
grounded in reasoning utility by using a judge
model to directly assess whether candidate rea-
soning traces share transferable reasoning patterns
with the target problem; (2) reasoning-aware re-
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Figure 1: Motivation of RA-RFT. Left: A training query may be retrieved with a surface-similar but reasoning-
irrelevant exemplar (E1, which could be easily solved by direct substitution) or a superficially different but
reasoning-analogous exemplar (E2, which shares the same binomial identity strategy). Right: The quality of
retrieved context is critical for RLVR training. Conditioning on the unhelpful exemplar E1 misleads the model,
degrades rollout quality, and produces noisy reward signals that hurt policy learning. In contrast, conditioning on
the reasoning-analogous exemplar E2 provides transferable solution strategies that improve rollout quality and yield
informative rewards, leading to effective policy improvement.

triever training, which uses contrastive learning
on these utility-based annotations to train a dense
retriever that surfaces structurally analogous prob-
lems, and (3) reinforcement fine-tuning with re-
trieved demonstrations, which injects retrieved rea-
soning traces into training prompts and optimizes
the target model via RLVR. We further analyze the
diversity of retrieved contexts and the quality of the
reasoning-aware retriever and find that reasoning-
aware retrieval produces structurally varied traces
that surface distinct solution strategies for individ-
ual problems, suggesting that retrieval quality is a
key factor for effective context augmentation.

We evaluate RA-RFT on competition-level math-
ematical reasoning benchmarks, including AIME
2024 and 2025 (MAA, 2024), HMMT February
2025 (HMMT, 2025), and BrUMO 2025 (BrUMO,
2025). Across Qwen3-1.7B and Qwen3-4B, RA-
RFT consistently outperforms both standalone
RLVR and strong baselines: it improves AIME
2025 average@32 accuracy by 7.1 and 2.8 points
over GRPO, and achieves 4.1 and 2.6 points of
overall average gain across all four benchmarks.
These results confirm that grounding retrieval in
reasoning utility, rather than surface-level similar-
ity, is critical for unlocking the full potential of
retrieval-augmented reinforcement fine-tuning.

2 Related Work

Reinforcement Learning for Reasoning. Rein-
forcement learning from verifiable rewards (RLVR)
has emerged as a leading paradigm for eliciting rea-
soning in large language models (DeepSeek-AI,

2025; OpenAI, 2024). Group Relative Policy Opti-
mization (GRPO) (Shao et al., 2024) replaces the
value-network critic with group-normalized advan-
tages, and a family of follow-up variants (Liu et al.,
2025; Yu et al., 2025; MiniMax, 2025; Qi et al.,
2026; Heckel et al., 2026; Hernandez et al., 2026)
addresses optimization bias, large-scale stability,
importance sampling, and ratio clipping. A comple-
mentary line shapes the training signal through con-
text engineering rather than the optimizer: inject-
ing partial solutions into hard problems (Li et al.,
2026), stepwise hints from teacher models (Zhang
et al., 2025a), or expert demonstrations in lieu of
verifiers (Cai and Provilkov, 2025). RA-RFT is or-
thogonal to both directions: rather than modifying
the reward, the optimizer, or the training curricu-
lum, it augments RLVR rollouts with externally
retrieved reasoning traces, providing a knowledge
source that the policy must learn to use under out-
come reward.

Retrieval-Augmented Generation for Reason-
ing. While retrieval-augmented generation is ef-
fective for knowledge-intensive tasks (Lewis et al.,
2020; Guu et al., 2020; Ram et al., 2023; Xiao
et al., 2024), its application to reasoning is more
delicate: retrieval helps only under bounded condi-
tions and noisy retrievals actively hurt (Liu et al.,
2024), and standard retrievers underperform on
reasoning-intensive queries where surface similar-
ity diverges from reasoning utility (Su et al., 2025).
Recent work tackles this with corpus restructuring
into step-by-step traces (Arabzadeh et al., 2025),
rubric-based retriever fine-tuning distilled from
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an LLM judge (Lan et al., 2025), or interleaved
retrieval-and-reasoning trained by RL (Li et al.,
2025). All of these target inference-time RAG and
either leave the policy frozen or train the policy
to issue retrieval queries. RA-RFT instead intro-
duces reasoning relevance as the retrieval objective,
distilled from a GPT-4o judge over offline query-
context pairs, and integrates the resulting retriever
directly into reinforcement fine-tuning so the policy
is shaped by retrieved analogies during exploration
rather than only at test time.

Learning from Demonstrations and Analogies.
Our work draws on analogical reasoning (Gen-
tner, 1983; Holyoak and Thagard, 1996) and the
in-context learning paradigm (Brown et al., 2020;
Liu et al., 2022; Rubin et al., 2022), where models
adapt to new tasks by conditioning on demonstra-
tions rather than parameter updates. Several recent
works retrieve or construct demonstrations tailored
to specific reasoning tasks at inference time, includ-
ing computational-graph-matched exemplars for
math word problems (Yang et al., 2024), trajectory-
as-exemplar prompting (Zheng et al., 2024), adap-
tive test-time memory (Suzgun et al., 2026), large-
scale subquestion–subroutine procedural memories
retrieved mid-trajectory (Wu et al., 2026), and com-
pact procedural “behaviors” mined from a model’s
own past traces and reinjected in-context or via
SFT (Didolkar et al., 2025). A complementary
line internalizes such in-context signal into param-
eters via on-policy distillation against a privileged-
context teacher (Ye et al., 2026; Zhao et al., 2026),
but cannot supply reasoning patterns the teacher
itself does not already know. In the broader RL set-
ting, Goyal et al. (2022) augment embodied agents
with neural retrieval over past trajectories, condi-
tioning the policy on historical experience beyond
the current state. RA-RFT differs from all of these
by closing the loop for verifiable-reward reasoning:
retrieved analogous demonstrations are folded into
the RL fine-tuning loop, so the policy learns un-
der outcome rewards to exploit retrieved analogies
rather than to imitate them at test time, and the
retriever itself is trained against reasoning-utility
supervision rather than surface similarity.

3 Methodology

Our framework consists of three stages: (1) gold-
relevance distillation to construct reasoning-utility-
based retrieval supervision, (2) reasoning-aware re-
triever training via contrastive learning, and (3) re-

inforcement fine-tuning with retrieved demonstra-
tions. Figure 2 illustrates the overall pipeline.

3.1 Overall Setup
We consider a training set of reasoning problems
D = {(qi, ai)}Ni=1 with verifiable answers. Given
a language modelMϕ, the goal is to trainMϕ to
solve problems inD (and generalize beyond) by op-
timizing for outcome correctness via reinforcement
learning. Standard RLVR approaches sample a
group of responses {â1, . . . , âG} ∼ Mϕ(· | q) for
each problem q, compute rewards r(âg, a) based
on answer correctness, and update the policy using
normalized advantages. However, RLVR is bot-
tlenecked by the model’s parametric knowledge.
When a problem demands a reasoning strategy
that the model has not internalized during pre-
training, for instance, a number-theoretic argument
that hinges on a combinatorial identity, no amount
of sampling will reliably discover it, leading to
sparse rewards and stalled learning. Existing works
either inject dense supervision from the reference
solution to the same problem (Zhao et al., 2026),
which requires the model to already be capable
enough to rationalize the trace, or reshape the train-
ing curriculum (Li et al., 2026; Zhang et al., 2025a),
which still cannot supply reasoning patterns absent
from the model’s parameters. What is missing is
a mechanism akin to human analogical reasoning:
the ability to recall a structurally related solved
problem whose solution strategy transfers, even
when the two problems differ on the surface.

To address these limitations, we augment the
reasoning process with an external corpus C =
{(pj , tj)}Mj=1 of problems paired with reasoning
traces, where each trace tj is a step-by-step solu-
tion generated by a teacher model. The central
question is: which corpus entries, when provided
as context, will most improve the model’s ability
to reason about a given problem? Standard re-
trieval ranks candidates by embedding similarity
c∗ = argmaxc∈C⟨eq, ec⟩, but this does not ac-
count for whether c∗ actually helps the model rea-
son about q. We instead define reasoning relevance
as the degree to which conditioning on a candidate
trace improves the model’s probability of produc-
ing a correct answer:

c∗reason = argmax
c∈C

PM(a = a∗ | q, c), (1)

where a∗ is the gold answer. Since computing this
exactly is intractable, we approximate it via gold-
relevance distillation (§3.2): querying a strong
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Figure 2: Overview of the RA-RFT framework. A judge model evaluates query-corpus pairs to produce binary
reasoning-relevance labels. Then we train a dense retriever via contrastive learning using the distilled relevance
labels. The trained retriever provides reasoning-analogous traces which augment the reinforcement fine-tuning
process.

judge model to directly assess reasoning relevance
for each query-candidate pair. These annotations
are then used to train a reasoning-aware retriever
via contrastive learning (§3.3), which in turn sup-
plies retrieved demonstrations for reinforcement
fine-tuning of the target model (§3.4). Figure 2
summarizes the complete pipeline.

3.2 Gold-Relevance Distillation
To train a reasoning-aware retriever, we need su-
pervision that reflects reasoning utility rather than
surface similarity. We propose gold-relevance dis-
tillation, which leverages a judge model Mjudge
(e.g. GPT-4o) to directly assess the reasoning rele-
vance of candidate traces for a given query.

Given the training set D and corpus C, we con-
struct relevance labels via pairwise evaluation:

1. For each training problem qi, enumerate all
candidate traces c ∈ C, forming the complete
set of query-context pairs.

2. For each pair (qi, c), prompt the judge model
Mjudge to assess whether the reasoning trace
in c exhibits transferable reasoning patterns
that are relevant to solving qi.

3. Assign binary relevance labels yi,c ∈ {0, 1},
where yi,c = 1 if the judge determines that
the reasoning patterns in c are structurally rel-
evant to qi, even if the two problems differ in
surface-level content.

The judge is prompted to evaluate reasoning-
structural similarity rather than surface similarity:
two problems are deemed reasoning-relevant if
they share analogous solution strategies, mathe-
matical structures, or proof techniques, regardless

of whether they involve similar topics or notation.
This pairwise evaluation avoids the circularity of re-
lying on an initial retriever that may miss reasoning-
relevant traces due to low surface similarity, ensur-
ing that gold labels capture true reasoning utility
across the entire corpus.

3.3 Reasoning-Aware Retriever Training
Using the gold-relevance annotations, we train a
dense retriever Rθ via contrastive learning. For
each query qi, let C+i = {c ∈ C : yi,c = 1} denote
the set of reasoning-relevant traces. We optimize
the InfoNCE objective:

Lretrieval = −
∑

i

∑
c+∈C+

i
log

exp(⟨eqi ,ec+ ⟩/τ)∑
c∈Ci exp(⟨eqi ,ec⟩/τ)

,

(2)
where τ is a temperature hyperparameter. This ob-
jective encouragesRθ to rank traces that genuinely
aid reasoning higher than semantically similar but
reasoning-irrelevant alternatives.

3.4 Reinforcement Fine-Tuning with
Retrieved Demonstrations

A key challenge in reinforcement fine-tuning is
that difficult problems produce sparse reward sig-
nals: if the model rarely generates correct answers,
it receives little useful gradient information for
improvement. Prior work addresses this through
curriculum design (Li et al., 2026) or stepwise
hints (Zhang et al., 2025a), but these approaches
require explicit problem decomposition or teacher
annotation at the step level. Retrieved reasoning
traces offer a natural alternative: by conditioning
on analogous solved examples, the model’s effec-
tive success rate on challenging problems increases,
yielding denser reward signals without modifying
the reward function or training curriculum.
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With the reasoning-aware retrieverRθ fixed, we
fine-tune the target modelMϕ via reinforcement
fine-tuning with retrieved demonstrations. Our ap-
proach is compatible with any policy optimization
algorithm. We describe the general procedure be-
low and instantiate it with GRPO (Shao et al., 2024)
in our experiments. For each training problem
(q, a):

1. Retrieve top-k reasoning traces
{c1, . . . , ck} = Rθ(q, C) from the cor-
pus.

2. Sample a group of G responses
{â1, . . . , âG} ∼ Mϕ(· | q, c1, . . . , ck)
conditioned on the retrieved traces.

3. Compute rewards r(âg, a) based on answer
correctness.

4. UpdateMϕ using the policy optimization ob-
jective with normalized advantages.

When instantiated with GRPO, the objective
computes advantages relative to the group mean
reward:

LGRPO = E(q,a)∼D
[
− 1

G

∑G
g=1Ag · logMϕ(âg | q, {cj})

]
,

(3)
where Ag = (r(âg, a)−r̄)/σr is the normalized ad-
vantage. The critical insight is that retrieved traces
serve as reasoning scaffolding: rather than relying
solely on parametric knowledge, the model learns
to extract and transfer solution strategies from anal-
ogous demonstrations, effectively increasing the
density of reward signals during training. We con-
dition the policy update on {cj} rather than on q
alone for two reasons. First, the rollouts âg are
themselves sampled fromMϕ(· | q, {cj}), so the
importance-sampling identity requires the update
distribution to match the sampling distribution, oth-
erwise the advantage estimate is biased. Second,
marginalizing over {cj} would force the model to
either ignore retrieved context (collapsing to stan-
dard GRPO) or learn an implicit retrieval policy,
neither of which captures the intended training sig-
nal that the model should learn to use retrieved
analogies when they are supplied.

4 Experiments

We first compare RA-RFT against standard RLVR
baselines and state-of-the-art methods (§4.2), then
conduct ablation studies that disentangle the con-
tributions of retrieval augmentation, the training

objective, the choice of policy optimizer, and re-
triever quality (§4.3).

4.1 Experimental Setup

Models. We experiment with the Qwen3 (Qwen
Team, 2025) model family at two scales: Qwen3-
1.7B, Qwen3-4B as starting checkpoints. For
gold-relevance distillation (§3.2), we use Qwen3-
235B-A22B to generate and summarize reasoning
traces for the retrieval corpus, and GPT-4o as the
judge modelMjudge to produce binary reasoning-
relevance labels. To make the pairwise evaluation
tractable, we restrict judge comparisons to pairs
that share the same coarse problem-type label, re-
ducing the number of calls by roughly an order of
magnitude (see Appendix A for details). For the
reasoning-aware retriever, we initialize Rθ from
Reason-ModernColBERT (Chaffin, 2025), a late-
interaction multi-vector retrieval model, and further
fine-tune it with the contrastive objective described
in §3.3.

Training data. We mainly adopt the training
dataset of QuestA (Li et al., 2026) for a fair com-
parison. Specifically, a total of 12.5k problems
selected in QuestA are used as training queries in
all training. We construct the retrieval corpus C
using the queries in the OpenR1-Math-220K (Hug-
ging Face, 2025) dataset, but exclude any problems
that overlap with the training set to prevent learning
shortcuts. Both the training queries and the corpus
traces are examined to ensure that they do not con-
tain any problems from the evaluation benchmarks.

Evaluation benchmarks. We evaluate on
four competition-level mathematical reason-
ing benchmarks: AIME 2024 (MAA, 2024),
AIME 2025 (MAA, 2024), HMMT February
2025 (HMMT, 2025), and BrUMO 2025 (BrUMO,
2025). We report average@32 accuracy using
temperature 1.0 and a maximum generation length
of 32,768 tokens for all experiments.

Baselines. We compare against these baseline
methods: (1) Base (Instruct): the base model with
thinking mode enabled; (2) GRPO (Shao et al.,
2024): standard group relative policy optimization
with binary outcome rewards, using 16 rollouts
per problem and maximum generation length of
32,768 tokens; (3) OPSD (Zhao et al., 2026): a
self-distillation method where a single LLM acts
as both teacher and student. The teacher conditions
on privileged reasoning traces while the student
sees only the question, and training minimizes per-
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Table 1: Performance comparison across mathematical reasoning benchmarks for Qwen3 models. We report
average@32 accuracy in percentage except for OPSD† whose results are taken from the original paper using
average@16. “Avg.” averages over AIME24, AIME25, and HMMT25; “Avg. (all)” includes all benchmarks when
applicable. Bold indicates the best result per model size.

Method AIME24 AIME25 HMMT25 BrUMO25 Avg. Avg. (all)

Qwen3-4B
Base (Instruct) 70.5 64.3 41.3 65.5 58.7 60.4
+ GRPO 74.8 66.4 46.4 69.8 62.5 64.4
+ OPSD† 76.0 66.9 45.2 – 62.7 –
+ RA-RFT (Ours) 75.8 69.2 47.3 75.7 64.1 67.0

Qwen3-1.7B
Base (Instruct) 48.1 35.9 23.4 50.9 35.8 39.6
+ GRPO 50.4 41.6 26.3 54.8 39.4 43.3
+ OPSD† 51.4 38.3 25.0 – 38.2 –
+ QuestA 52.0 42.7 26.0 52.6 40.2 43.3
+ RA-RFT (Ours) 55.1 48.7 28.2 57.4 44.0 47.4
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Figure 3: Comparison of validation average@32 accuracy across training steps on Qwen3-1.7B. The step-0 accuracy
for each method is annotated in the bottom-right corner of each subfigure. Notably, RA-RFT starts at a lower step-0
accuracy than GRPO across all benchmarks, as the base model is initially distracted by the unfamiliar retrieved
context. As reinforcement fine-tuning progresses, the model learns to effectively leverage the retrieved reasoning
traces, ultimately surpassing GRPO by a substantial margin.

token divergence between these distributions over
the student’s own rollouts. Note that OPSD did
not release the checkpoint, so we report the results
from the original paper, which uses average@16
for evaluation; (4) QuestA (Li et al., 2026): a state-
of-the-art RLVR method that injects partial solu-
tions into training problems to create a smoother
difficulty curriculum and denser reward signals.
We reproduce their method following their official
guidelines except that we use a more generic and
recent base model Qwen3-series.

Implementation details. For all reinforcement
fine-tuning methods, we sample 16 responses per
problem and disable the KL penalty. We use 64
H100 (80GB) GPUs for training all model vari-
ants. We use the AdamW optimizer with a learning
rate of 1× 10−6. The maximum rollout length is
32,768 tokens. At training time, we retrieve k = 1

reasoning trace per problem, and we keep k = 1
for all experiments unless otherwise specified. All
experiments use full-parameter training and are
conducted using VeRL (Sheng et al., 2025). Hyper-
parameter τ for retriever training is set to 0.05. We
include additional details in Appendix A.

4.2 Main Results

Table 1 reports results on competition-level math-
ematical reasoning benchmarks across two model
scales. On Qwen3-1.7B, RA-RFT improves
over standard GRPO by +4.7 on AIME24, +7.1
on AIME25, +1.9 on HMMT25, and +2.6 on
BrUMO25. On Qwen3-4B, RA-RFT achieves the
best results on three out of four benchmarks, with
notable gains on BrUMO25 (+5.9) and AIME25
(+2.8) over GRPO. Compared to OPSD, which
leverages privileged reasoning traces via on-policy
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Table 2: Comparison of training objectives and retrieval augmentation on Qwen3-1.7B. We report average@32
accuracy.

Method AIME24 AIME25 HMMT25 BrUMO25 Avg.

SFT 48.9 36.0 23.1 50.7 39.7
RA-SFT 48.6 39.5 22.8 51.2 40.5
GRPO 50.4 41.6 26.3 54.8 43.3
RA-RFT (Ours) 55.1 48.7 28.2 57.4 47.4
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Figure 4: Training dynamics of RA-RFT on Qwen3-1.7B. We plot the average training reward, average rollout
length and average entropy during the training process.

self-distillation, RA-RFT achieves stronger perfor-
mance using only outcome rewards. We report
QuestA results for Qwen3-1.7B only, as the data
the authors released did not yield gains at the 4B
scale in our preliminary experiments.

Figure 3 compares validation accuracy curves
across training steps. RA-RFT not only converges
to a higher final accuracy than GRPO but also ex-
hibits faster learning in early training stages, sug-
gesting that retrieved reasoning traces provide in-
formative learning signals that accelerate policy
improvement. Figure 4 further illustrates the train-
ing dynamics of RA-RFT: the average training re-
ward increases steadily throughout training, while
the average rollout length and entropy exhibit a
characteristic decrease, indicating that the model
progressively learns to produce more concise and
confident solutions.

4.3 Ablation Studies

SFT vs. RA-SFT vs. GRPO vs. RA-RFT. We
compare four training configurations to disentangle
retrieval augmentation from the training objective.
SFT performs standard supervised fine-tuning on
teacher-generated reasoning traces; RA-SFT adds
the same retrieved trace to the SFT prompt, pro-
viding the same context as RA-RFT but with a
cross-entropy objective. Table 2 reports results on
Qwen3-1.7B. Retrieval augmentation provides neg-
ligible benefit under supervised fine-tuning (RA-
SFT 40.5 vs. SFT 39.7), because SFT minimizes a

token-level loss against fixed targets and the model
simply imitates the teacher regardless of what aux-
iliary information is in the prompt. The contrast
with RA-RFT confirms that the benefit of retrieved
reasoning traces is unlocked only when the train-
ing objective allows the model to explore and se-
lectively integrate external evidence into its own
reasoning process, rather than passively copying a
fixed solution.

Context diversity drives problem-level accuracy
variation. Figure 5 examines how different re-
trieved contexts affect accuracy at the individual
problem level. For each test problem, we retrieve
top-4 traces from our reasoning-aware retriever and
evaluate the model independently under each re-
trieved context, plotting the resulting accuracy dis-
tribution alongside the raw GRPO baseline. We
observe that the top-1 retrieved context (dark blue)
lifts the per-problem accuracy above the GRPO
baseline for the majority of problems across all
four benchmarks. In addition, there is a substantial
spread across retrieved contexts for many prob-
lems: the vertical range bars reveal that the best-
performing context for a given problem can exceed
the worst-performing context by a wide margin,
indicating that different retrieved traces surface dis-
tinct solution strategies.

Retriever comparison. We compare our
reasoning-aware retriever against several alterna-
tives before and after finetuning with reasoning
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Table 3: Ablation on retrieval models using Qwen3-1.7B with RA-RFT training. indicates the retriever is
fine-tuned with our reasoning supervision. R@1 is the retriever’s recall@1 (in %) on a held-out gold-relevance
evaluation set of 10,000 samples. The remaining columns are downstream RA-RFT average@32 accuracy (in
%). The bottom block reports test runs that replace the reasoning-aware top-1 trace with a random trace from the
same problem-type bucket. Gray denotes the best retriever configuration that is adopted in all experiments unless
otherwise specified.

Retriever R@1 AIME24 AIME25 HMMT25 BrUMO25 Avg.

Qwen3-Emb-4B 2.3 47.5 36.6 23.6 46.1 38.5
Qwen3-Emb-4B + 14.7 49.8 39.0 24.8 48.3 40.5

R-ModernColBERT 7.2 48.3 40.9 22.9 50.8 40.7
R-ModernColBERT + 43.5 55.1 48.7 28.2 57.4 47.4

Random Trace Context 0.0 46.9 36.8 22.4 44.2 37.6
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Figure 5: Per-sample accuracy of RA-RFT under different retrieved contexts versus raw GRPO on Qwen3-1.7B.
Each sample is sorted by its average@32 accuracy in raw GRPO (orange diamond). Dark blue dots show accuracy
under the top-1 retrieved context. Light blue dots show accuracy under other retrieved contexts. Dashed horizontal
lines mark the benchmark-level averages on all problems.

supervision: (1) Qwen3-Embedding-4B (Zhang
et al., 2025b), a strong single-vector dense re-
triever, used here as the off-the-shelf RAG baseline;
(2) Reason-ModernColBERT (Chaffin, 2025),
a late-interaction multi-vector model trained on
reasoning-intensive data that performs well on the
BRIGHT benchmark (Su et al., 2025); (3) Random
trace from the corpus, which can ablate the effect
of external retriever. Table 3 reports the results on
Qwen3-1.7B. First, gold relevance supervision is
necessary: fine-tuning lifts Qwen3-Embedding-4B
from 38.5 to 40.5 and Reason-ModernColBERT
from 40.7 to 47.4 average accuracy, confirming
that aligning retrieval scores with reasoning utility
is essential. Second, multi-vector late-interaction
retrieval is better suited for reasoning-intensive re-
trieval (Chaffin, 2025): Reason-ModernColBERT
already matches Qwen3-Emb-4B without super-
vision (40.7 vs. 38.5), and the gap widens after
fine-tuning (47.4 vs. 40.5). Direct ranking evalu-
ation against held-out gold-relevance labels con-
firms the same trend, with our fine-tuned retriever
also achieving substantially higher recall@1 than

the off-the-shelf checkpoint. Notably, even when
the retriever does not perfectly recover the gold-
relevant trace, the gain from conditioning RL on
externally retrieved reasoning-intensive traces re-
mains substantial, indicating that RA-RFT is robust
to imperfect retrieval and benefits from the broader
pool of structurally analogous reasoning patterns
surfaced by the retriever.

5 Conclusion

We introduce Retrieval-Augmented Reinforcement
Fine-Tuning (RA-RFT), a post-training framework
that teaches language models to reason by anal-
ogy. The key insight is that effective retrieval for
reasoning must be grounded in reasoning utility
rather than surface-level similarity: a structurally
analogous problem, even if topically unrelated, can
provide a transferable solution scaffold that guides
the model toward the right problem reduction. We
hope RA-RFT can inspire future work on extend-
ing analogical reasoning to other domains, richer
retrieval corpora, and tighter integration between
retrieval and language model post-training.
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Limitations

RA-RFT adds a separate retriever and a one-time
GPT-4o judge pass for gold-relevance labels: the
retriever is small relative to the policy and frozen
during RL. In addition, training the reasoning-
aware retriever does require a one-time annota-
tion pass from a strong judge model to produce
gold-relevance labels, which incurs labeling cost
beyond what standard RLVR pipelines need. We
consider this a favorable trade-off: the upfront la-
beling budget is fixed and modest, while the trained
retriever enables the diversity of retrieved contexts
that drive substantial and consistent gains across
benchmarks and model scales, and the retriever can
be reused across different training runs and even
different base models as long as the retrieval corpus
remains the same. While we validate RA-RFT on
competition-level mathematical reasoning bench-
marks, the underlying principle of analogical rea-
soning is domain-general, and extending the frame-
work to other reasoning-intensive domains, such
as code generation or scientific problem solving,
requires only constructing an appropriate retrieval
corpus with reasoning traces, which we leave for
future work.
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A Additional Implementation Details

Gold Relevance Distillation. Algorithm 1 out-
lines the complete RA-RFT pipeline. In Stage 1
(lines 3–7), the judge modelMjudge (GPT-4o) eval-
uates each query-candidate pair to produce binary
reasoning-relevance labels. Concretely, the judge
is presented with two question-answer pairs and
asked to determine whether they share transferable
reasoning patterns, such as reliance on the same the-
orems, algorithms, or proof techniques (see the full
prompt template in Figure 8). The judge outputs
a brief justification followed by a binary yes/no
relevance decision. Naïvely evaluating all |D|×|C|
pairs would be prohibitively expensive. To reduce
the number of comparisons, we leverage the coarse
problem-type labels (e.g. algebra, combinatorics,
geometry, number theory) already present in the
metadata of the source datasets. The judge evalua-
tion is then restricted to pairs that share the same
problem type, as cross-type reasoning transfer is
rare in practice. This filtering reduces the total
number of judge calls by approximately an order
of magnitude while preserving nearly all reasoning-
relevant pairs.
Verifiable Reward Design. We adopt a binary
outcome-based reward function r(âg, a) that ver-
ifies the correctness of each sampled response âg
against the ground-truth answer a. Formally:

r(âg, a) =

{
1 if verify(extract(âg), a) = True,

0 otherwise,
(4)

where extract(âg) parses the model output to locate
the final \boxed{...} expression, and verify(·, ·)
performs symbolic equivalence checking between
the extracted prediction and the ground truth. The
verification handles mathematical equivalences
such as 0.5 = 1

2 and 2x = x·2 by normalizing both
the prediction and the ground truth into canonical
symbolic forms before comparison. We implement
this using the math_verify library, which supports
both LaTeX-level and expression-level extraction
for predictions and LaTeX-level extraction for gold
answers.
Retriever Training Details. We fine-tune
lightonai/Reason-ModernColBERT, a ColBERT-
style multi-vector model pre-trained on reasoning-
intensive corpora. Multi-vector retrieval is pre-
ferred over single-vector retrieval because late inter-
action over per-token embeddings better captures
structural reasoning similarity (e.g. shared proof
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Algorithm 1 Retrieval-Augmented Reinforcement Fine-Tuning (RA-RFT)

Require: Training set D = {(qi, ai)}Ni=1; corpus C = {(pj , tj)}Mj=1; judge modelMjudge; target model
Mϕ; dense encoderRθ; group size G; number of retrieved traces k; temperature τ

1: // Stage 1: Gold-Relevance Distillation (§3.2)
2: for each (qi, ai) ∈ D do
3: for each c ∈ C do
4: yi,c ←Mjudge(qi, c) ▷ binary reasoning-relevance label

5: C+i ← {c ∈ C : yi,c = 1}

6: // Stage 2: Reasoning-Aware Retriever Training (§3.3)
7: whileRθ not converged do
8: Sample minibatch B ⊂ D
9: Lretrieval ← −

∑

i∈B

∑

c+∈C+
i

log
exp(⟨eqi , ec+⟩/τ)∑
c∈Ci exp(⟨eqi , ec⟩/τ)

10: Update θ ← θ − η∇θLretrieval

11: // Stage 3: Reinforcement Fine-Tuning with Retrieved Demonstrations (§3.4)
12: whileMϕ not converged do
13: Sample minibatch B ⊂ D
14: for each (q, a) ∈ B do
15: {c1, . . . , ck} ← Rθ(q, C) ▷ retrieve top-k reasoning traces
16: Sample {â1, . . . , âG} ∼ Mϕ(· | q, c1, . . . , ck)
17: rg ← r(âg, a) for g = 1, . . . , G ▷ outcome-based rewards
18: Compute advantages {Ag}Gg=1 from {rg}
19: Update ϕ via policy optimization with {Ag}Gg=1

20: return trained modelMϕ

techniques or algorithmic patterns) beyond surface-
level lexical overlap. We train with contrastive loss
at temperature τ=0.05 for 3 epochs, with a batch
size of 128, learning rate 3×10−5, linear warmup
over 10% of steps, and weight decay 0.01. Embed-
dings are gathered across all GPUs before comput-
ing the contrastive objective, maximizing the num-
ber of in-batch negatives without increasing per-
device memory. All training is done in bfloat16.
We hold out 5% of the training data for evaluation
and select the checkpoint with the best recall@1
on this set for usage in the following reinforcement
fine-tuning stage. The single vector retriever was
trained with the same hyperparameters and training
data, but using Qwen/Qwen3-Embedding-4B as the
base model.

Train/test contamination. The QuestA train-
ing queries and the OpenR1-Math-220K (Hug-
ging Face, 2025) retrieval corpus are both derived
from NuminaMath-1.5, whose contributing sources
(AoPS Forum, AMC/AIME 1984–2023, MATH,

Olympiads) predate the AIME 2024/2025, HMMT
February 2025, and BrUMO 2025 benchmarks we
evaluate on. In addition, the open-r1 toolkit ships
an 8-gram decontamination script targeting AIME
2024/25 and MATH-500 (Hugging Face, 2025),
so the released corpus excludes verbatim matches
against those benchmarks. Therefore, the training
and corpus dataset do not contain any samples from
test benchmarks used.

On the Choice of Models for Corpus Curation.
Neither Qwen3-235B-A22B (trace generator) nor
GPT-4o (relevance judge) is essential to RA-RFT.
Both are used only for one-time, offline corpus
curation and never appear in the training or in-
ference loop. Crucially, RA-RFT is not a distil-
lation method: corpus traces serve as in-context
demonstrations for different queries during RL roll-
outs, and the policy is supervised only by the ver-
ifiable outcome reward on its own rollout, never
by a token-level loss against any teacher response.
We chose Qwen3-235B-A22B because a stronger
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trace generator yields a higher fraction of correct
derivations and thus a cleaner retrieval corpus, and
GPT-4o for the judge purely for cost: it offered the
best per-call price among frontier models. Other
open-source LLM should yield qualitatively similar
results in either role.

B Additional Experimental Results

Inference-time-only retrieval diagnostic. To
probe whether the RA-RFT gain comes from
inference-time access to retrieved context rather
than from training-time co-adaptation, we evalu-
ate the standard GRPO checkpoint with the same
reasoning-aware retriever’s top-1 trace prepended
only at inference. We stress this is a diagnostic,
not a competitive baseline: the GRPO checkpoint
has never seen retrieved context during training,
so it is not optimized to consume one. As shown
in Table 4, this configuration does not match RA-
RFT, isolating the contribution of training the pol-
icy under retrieved demonstrations rather than just
supplying them at evaluation time.
Policy optimization methods. Our framework is
agnostic to the choice of policy optimization al-
gorithm (§3.4). We instantiate RA-RFT with two
different base optimizers (RLOO and DAPO) while
keeping all other components fixed, and compare
each against its retrieval-augmented counterpart.
As shown in Table 5, retrieval augmentation con-
sistently improves average accuracy by 3.7 and 1.8
points over RLOO and DAPO respectively, demon-
strating that the benefit of reasoning-aware retrieval
is not tied to any particular policy optimization
algorithm and transfers across different training
objectives.

C Case Study

Figure 6 illustrates a representative case where RA-
RFT dramatically outperforms standard GRPO on
an AIME 2025 problem (13/32 vs. 1/32 sampling
correct). The retrieved context question shares no
surface similarity with the target, yet it encodes
the same structural reasoning pattern, providing
a scaffold that guides the model toward the cor-
rect problem reduction. Standard GRPO attempted
a different solution because of lacking this ana-
logical signal, but misinterpreted the requirement
and ultimately arrived at a wrong answer. This ex-
ample highlights the core mechanism of RA-RFT:
reasoning-aware retrieval transfers solution strate-
gies rather than surface features.

D Prompt Templates

We use three prompt templates throughout the RA-
RFT pipeline, each serving a distinct role. Figure 9
shows the reasoning trace summarization prompt
directly taken from previous work (Arabzadeh
et al., 2025), which instructs Qwen3-235B-A22B
to rewrite raw corpus solutions into concise, step-
by-step traces that highlight reusable reasoning
strategies. Figure 8 shows the gold-relevance dis-
tillation judge prompt, which asks GPT-4o to de-
termine whether two questions share transferable
reasoning patterns and output a binary relevance la-
bel along with a brief justification. Figure 7 shows
the RA-RFT training and inference prompt, which
prepends a retrieved reasoning-analogous exem-
plar (reference question and its reasoning trace)
to the target query, providing the model with an
in-context demonstration to guide its solution.

E The Use of Large Language Models
(LLMs) and Generative AI Tools

We use large language models (LLMs) solely for
minor language editing purposes, such as catch-
ing grammar errors and improving clarity of ex-
pression. The LLM did not contribute to research
ideation, analysis, or substantive writing of the pa-
per. All conceptual development, methodology,
results, and interpretations were conducted entirely
by the authors. Two LLM icons in Figure 1 are gen-
erated by commercial image generation models.

F Artifact Licenses and Intended Use.

All artifacts used in this work are publicly
released for research purposes, and our use
is consistent with their intended research use.
Specifically: Qwen3 base models (Qwen Team,
2025) and Qwen3-Embedding-4B (Zhang et al.,
2025b) are released under Apache 2.0; Reason-
ModernColBERT (Chaffin, 2025) is released under
Apache 2.0; OpenR1-Math-220K (Hugging Face,
2025) is released under Apache 2.0; QuestA (Li
et al., 2026) training data is released under Apache
2.0; NuminaMath-1.5 is released under Apache
2.0; and the AIME (MAA, 2024), HMMT (HMMT,
2025), and BrUMO (BrUMO, 2025) benchmarks
are publicly released contest problems used as stan-
dard evaluation sets in the math-reasoning litera-
ture.

28735



Table 4: Inference-time-only retrieval diagnostic: GRPO checkpoint evaluated with the reasoning-aware retriever’s
top-1 trace prepended at inference.

Setting AIME24 AIME25 HMMT25 BrUMO25 Avg.

GRPO (no retrieval) 50.4 41.6 26.3 54.8 43.3
GRPO + retrieval at inference-time 44.3 35.3 22.1 49.2 37.7
RA-RFT (Ours) 55.1 48.7 28.2 57.4 47.4

Table 5: Ablation on policy optimization algorithms within the RA-RFT framework using Qwen3-1.7B.

Method AIME24 AIME25 HMMT25 BrUMO25 Avg.

RLOO 51.7 39.2 24.4 51.7 41.8
RA-RLOO 55.8 44.6 28.6 53.1 45.5
DAPO 50.6 42.0 24.5 53.1 42.6
RA-DAPO 54.0 42.8 27.5 53.3 44.4

G Potential Risks.

RA-RFT inherits the standard risks of mathemati-
cal reasoning systems. Our evaluation is restricted
to competition mathematics, and we do not evalu-
ate any safety-relevant capabilities. The retrieval
corpus and judge labels are derived from publicly
released math problem collections that contain no
personally identifying information or offensive con-
tent to our knowledge.

H Data Composition.

The retrieval corpus is constructed from OpenR1-
Math-220K, comprising approximately 220K
English-language mathematics problems with rea-
soning traces in the domain of competition and
Olympiad mathematics (algebra, combinatorics,
geometry, number theory, calculus). The training
set comprises 12.5K problems from QuestA. All
data consist of mathematics problems and solu-
tions sourced from public competition archives and
online math forums. The data are entirely in En-
glish and cover only competition-level reasoning;
no demographic or sociolinguistic dimensions are
represented.
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How does RA-RFT help solve question with retrieved demonstration at inference?

Target Question (from AIME 2025)
Sixteen chairs are arranged in a row. Eight people 
each select a chair in which to sit so that no 
person sits next to two other people. Let  be the 
number of subsets of the 16 chairs that could be 
selected. Find the remainder when  is divided by 
1000.

N

N

Context Question & Reasoning Trace
The sides of a convex -gon are sequentially denoted 
as . Each side is to be painted one of three 
colors: red, yellow, or blue, such that no two adjacent 
sides have the same color. How many different 
coloring methods are there?

n
a1, a2, ⋯, an

Step 1: Define the count 
Step 2: Base case 
Step 3: Count linear arrangements (ignoring cycle) 
Step 4: Account for cyclic adjacency 
…

Key Observation: 
… 
This leads to a combinatorial structure where the 
selected chairs are arranged in blocks of size 1 
or 2, separated by at least one unselected 
chair. 

Strategy: 
We calculate the number of ways to arrange valid 
block configurations of size 1 or 2 in the 16 
chairs, such that: 
… 
We define: 
k = number of blocks of size 2 
m = number of blocks of size 1 
… 

This gives us 5 possible cases, and their 
contributions are:

Key Interpretation: 
There are 16 chairs in a row. 
8 people each sit in a different chair. 
The condition: no person sits next to two other 
people. 
This means no three people are seated consecutively. 
So, the problem reduces to counting the number of 
ways to choose 8 chairs out of 16 such that no three 
selected chairs are consecutive. 

Approach: Recurrence and Dynamic Programming 
We can model this with a dynamic programming 
solution: 

Let dp[i][j] be the number of ways to place j people in 
the first i chairs, without any 3 consecutive people. 

The recurrence relation is: 
dp[i][j]=dp[i−1][j]+dp[i−1][j−1]−dp[i−3][j−2] 

Computation Steps 
We compute up to dp[16][8]=171,848. 

Final Step: Modulo 1000 
We are asked to find the remainder when this number 
is divided by 1000: 

171,848 mod 1000 = 848 

✅  Final Answer 
848 

 

(k, m) t C(t, k) C(9, t) Contribution

(0, 8) 8 1 9 9

(1, 6) 7 7 36 252

(2, 4) 6 15 84 1260

(3, 2) 5 10 126 1260

(4, 0) 4 1 126 126

Total = 9 + 252 + 1260 + 1260 + 126 = 2907 

Final Step: 
Compute 2907 mod 1000: 

2907÷1000=2 remainder 907 

Final Answer: 
907 
 

RA-RFT Answer (Correct 13 / Total 32)

Standard GRPO Answer (Correct 1 / Total 32)

Figure 6: Case study comparing RA-RFT and standard GRPO on an AIME 2025 problem. Left: the RA-RFT model,
conditioned on a retrieved reasoning trace about coloring a convex n-gon, correctly identifies a block-counting
decomposition and arrives at the answer 907. Right: standard GRPO without retrieval misinterprets the adjacency
constraint as a no-three-consecutive condition and applies an incorrect DP recurrence. The retrieved context question
is structurally analogous since both problems count valid configurations under local adjacency constraints. However
they share no surface-level similarity as the target problem involves the context of arranging the chairs and context
question is about coloring a convex n-gon.
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RA-RFT Training & Inference Prompt Template

# Related Question-Answer Reference 
Below is a related question that may help you solve the upcoming problem. 
Knowledge of the reasoning steps can assist in answering the next question. 

## Reference Question 
{reference_question} 

## Reasoning 
{reasoning_trace} 

——— 
Now, please solve the following question: 

## Question 
{training_query_question}

Figure 7: Prompt template used during both RA-RFT training and inference. The retrieved reasoning-analogous
exemplar, including the reference question and its reasoning trace, is prepended to the training query.
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Gold Relevance Distillation Judge Prompt Template

# Task Description 
You will be provided with two questions from the internet. 

Your goal is to identify if these two questions are closely related to each other. If so, 
we consider them as a reasoning-intensive relevant pair. Some examples include: 
1. Two questions need the domain-specific knowledge of the same underlying 
algorithms or theorems to solve. 
2. Knowledge of the second question-answer pair can greatly help answer the first 
question. 

However, do not consider general knowledge as a reason for relevance. Instead, 
consider both questions sharing the same reasoning pattern as a reason for 
relevance. Here are some examples: 

# Examples 
{in_context_example} 

# Task Format 
Format your response in markdown as follows: 

## The Reason of Relevance 
\reason{[They are relevant because they both require using the theorem of …]} 

## Is relevant? 
\answer{[yes/no]} 

# Question-Answer Pair 1 
{query_question} 

# Question- Answer Pair 2 
{corpus_question} {corpus_reasoning_trace} 

Figure 8: Prompt template for the judge model in gold-relevance distillation (§3.2). The judge evaluates whether
two questions share transferable reasoning patterns, producing binary relevance labels for retriever training.
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Reasoning Trace Summarization Prompt

Instruction. You are given a math problem and its solution. Your goal is to rewrite the 
solution into a clearly labeled, step-by-step concise format that teaches how to solve 
the problem. 

Guidelines. 
- Each step should reflect a logical phase in solving the problem. 
- Use a concise “cheatsheet” style so learners can generalize the strategy to harder 

or related problems. 
- If the problem or solution is incomplete or noisy, infer reasonable steps and still 

provide guidance. 
- Focus on key ideas, strategies, or techniques the learner can reuse. 
- Keep at most 7 steps; be concise and avoid verbosity. 
- Avoid over-fragmentation; combine actions logically where appropriate. 

Output format. 
Problem: [Copy the problem exactly as given] 
Step 1: [Short label] 
[Brief explanation of what’s being done and why, with any relevant 
calculations] 
Step 2: [Next short label] 
[Brief explanation and math] 
... 
Step N: [Final step] 
[Brief explanation and final processing or insight] 
Therefore, the final answer is: $\boxed{[final answer]}$ 

Given problem: {corpus_question} {corpus_solution}

Example Reasoning Trace from Corpus

Problem: The set of positive integer solutions to the inequality $2x-3 \leq 5$ is____. 

Step 1: Solve the inequality algebraically 
Add 3 to both sides: $2x - 3 + 3 \leq 5 + 3 \Rightarrow 2x \leq 8$. 
Divide by 2: $x \leq 4$. 

Step 2: Identify the domain constraint 
We seek positive integer solutions, so $x$ must satisfy $x > 0$ and $x \in \mathbb{Z}
$. 
Thus, $x = 1, 2, 3, \dots$ 

Step 3: Combine conditions and list valid solutions 
From $x \leq 4$ and $x \geq 1$ (positive integers), the possible values are $x = 1, 2, 
3, 4$. 

Therefore, the final answer is: $\boxed{1, 2, 3, 4}$

Figure 9: Prompt template for reasoning trace summarization (top) and an example summarized reasoning trace
from the corpus (bottom). Raw solutions are condensed into concise, step-by-step traces that highlight reusable
reasoning strategies.

28740


