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Abstract

Large reasoning models have recently demon-
strated emergent “aha moments” that enable
reflective reasoning. However, a non-trivial por-
tion of reflective steps are “low-utility,” where
reasoning errors are not corrected, or even cor-
rect reasoning trajectories are shifted toward
incorrect ones. To address low-utility reflec-
tive continuation, this paper proposes RUAR,
a utility-guided advantage rescaling method for
reflective reasoning that estimates step-level
utility from changes in correct-answer proba-
bility, without human process labels or a sepa-
rately learned process reward model. RUAR
augments outcome-supervised RL by rescal-
ing the token-level advantages within each re-
flective reasoning step according to the es-
timated utility of the reflective continuation,
rather than applying a uniform trajectory-level
advantage across the reasoning trace. The
utility is estimated through answer-forcing
utility estimation, which measures how the
model’s correct-answer probability changes be-
fore and after the reflective step by forcing
answer generation from both reasoning states
using answer-forcing prompts. Furthermore,
RUAR introduces an overthinking-mitigating
rescaling mechanism, where utility-guided
rescaling is no longer applied from the earli-
est answer-ready reflection step onward. Ex-
periments demonstrate that RUAR improves
the accuracy–efficiency trade-off, substantially
reducing generated token usage while often
preserving or improving final-answer accu-
racy. Our code is available at https://github.
com/won12055/RUAR.

1 Introduction

Recently, large reasoning models (LRMs) have
demonstrated strong performance on complex rea-
soning tasks by leveraging increased inference-
time computation through extended intermediate
reasoning (Snell et al., 2025; Guo et al., 2025). A
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Are Reflective Tokens Always Useful?

Reflective tokens alone do not tell
whether the following reasoning is useful.
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Figure 1: Utility distribution over 8,590 extracted Wait
reflective reasoning steps from Qwen3-8B MATH500
base-model traces generated under greedy decoding
with a 32,768-token response limit. For each step,
answer-forcing generates final answers from the before-
step and after-step partial traces, and each answer is
compared with the gold answer to identify whether the
step is helpful, redundant, ineffective, or harmful.

key factor underlying these capabilities is the emer-
gence of “aha moments,” a form of reflective rea-
soning in which models revisit, verify, and reorga-
nize an existing reasoning trajectory, thereby recov-
ering from earlier errors and eventually reaching
correct solutions to challenging problems through
iterative reflection (Guo et al., 2025).

Such reflective behavior is often associated with
reflective tokens such as Wait and Alternatively,
which allow models to revisit and extend an exist-
ing reasoning trajectory (Guo et al., 2025). How-
ever, contrary to the expected self-correction effect
of reflective continuation, reflection is not always
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useful (Huang et al., 2024; Wang et al., 2025). As
illustrated in Figure 1, only 3.18% of extracted
Wait steps are helpful, while 96.82% are redundant,
ineffective, or harmful. We refer to these latter
three categories as low-utility reflection: contin-
uation that consumes additional reasoning tokens
without improving the probability of producing the
correct answer. Thus, reflective tokens provide use-
ful boundaries for reflective reasoning steps, but
they are not reliable utility signals.

Prior work has mainly handled low-utility re-
flective continuation by reducing or stopping re-
flection at a coarser level. Some methods suppress
reflective tokens during decoding to disable explicit
self-reflection (Wang et al., 2025). Others observe
that later reflection, especially after a candidate
answer has appeared, is often confirmatory, and
therefore truncate subsequent reflection or stop rea-
soning early (Kang et al., 2026). More general
efficient-reasoning methods prune redundant rea-
soning chunks using attention (Choi et al., 2025) or
verifier signals (Lin et al., 2026), or train models
with length-oriented objectives (Luo et al., 2025)
and token-budget constraints (Hou et al., 2026).
These approaches can reduce token usage, but they
do not directly determine whether a particular re-
flective reasoning step is helpful, redundant, inef-
fective, or harmful.

Motivated by the need to suppress low-utility
reflection while preserving corrective high-utility
reflection, we propose RUAR, reflective reasoning
with utility-guided advantage rescaling. Instead of
using a fixed trace-level advantage score uniformly
across all tokens in a reasoning trace during rein-
forcement learning (RL) training, RUAR rescales
token-level advantage signals for each reflective
reasoning step according to its estimated utility. In
particular, RUAR performs answer-forcing util-
ity estimation: for each reflective reasoning step,
RUAR applies answer-forcing prompts to both the
“before-step” and “after-step” partial traces, com-
pares the resulting forced-answer correctness rates,
and estimates how the correct-answer probability
changes before and after the reflective continuation.

Furthermore, once the model reaches the earli-
est answer-ready reflection step, additional reflec-
tive continuation can become redundant and con-
tribute to overthinking behavior. To mitigate this
issue, RUAR further introduces an overthinking-
mitigating rescaling method, where utility-guided
rescaling is no longer applied from the earliest
answer-ready reflection step onward, and a fixed

sign-dependent rescaling strategy is instead em-
ployed depending on whether the original advan-
tage is positive or negative. As a result, RUAR
enables step-level credit assignment without requir-
ing human process labels, learned process reward
models, or step-level annotations.

Our contributions are threefold. First, we em-
pirically show that reflective reasoning steps dif-
fer substantially in their self-correction effective-
ness, and that a non-trivial portion of reflective
continuation suffers from low-utility behavior. Sec-
ond, we propose RUAR, a utility-guided advan-
tage rescaling method for reflective reasoning, con-
sisting of answer-forcing-driven utility estimation
and an overthinking-mitigating rescaling mecha-
nism. Third, experiments on open-weight reason-
ing models demonstrate that RUAR improves the
accuracy–efficiency trade-off, substantially reduc-
ing generated token usage while often preserving
or improving final-answer accuracy.

2 Preliminaries

2.1 Reasoning by Multiple Reflection Steps
Given a question (or prompt) x, the policy of an
LRM, denoted by πθ, generates a full response y =
(y1, . . . , yT ), where T is the total number of gener-
ated tokens. The full response is decomposed into a
reasoning segment and an answer segment, written
as y = [yr;ya], where yr = (y1, . . . , yTr) denotes
the reasoning segment and ya = (yTr+1, . . . , yT )
denotes the answer segment. The two segments are
separated by the closing thinking tag ⟨/think⟩.

During reflective reasoning, the reasoning seg-
ment yr exhibits an extended thinking process
through the frequent use of reflective tokens such
as Wait and Alternatively. By treating configurable
subsets of reflective tokens Rstart and Rend as
target step-start and step-end delimiters, respec-
tively, while including the corresponding start to-
ken within each reflective step, we extract a se-
quence of reflective reasoning steps (s1, . . . , sm)
from yr, where sj = yaj , . . . , yej denotes the j-th
reflective reasoning step, spanning from the aj-th
token to the ej-th token in yr. These extracted re-
flective reasoning steps need not cover the entire
reasoning segment. The starting token of each re-
flective step, yaj ∈ Rstart, is always the reflective
token used as the target step-start delimiter. Each
step ends immediately before the next delimiter in
Rend. If no later endpoint delimiter exists, the final
reflective step ends before the closing thinking tag
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⟨/think⟩. Appendix G provides a method-aligned
inventory of these reflective tokens and discusses
the rationale for the delimiter choices.

As discussed in Section 1, there is no guarantee
that reflective reasoning steps consistently improve
answer correctness throughout the reasoning tra-
jectory. This motivates estimating the utility of
each reflective step based on its before/after effect
on correct-answer probability, rather than assign-
ing static rewards or penalties solely based on the
presence of reflective tokens.

2.2 Length-Regularized RLOO Trainer
For each prompt x, we sample N rollouts {y(i)}Ni=1

from the current policy and assign each rollout a
terminal reward Ri. Our base trainer uses a RE-
INFORCE leave-one-out (RLOO) advantage esti-
mator (Ahmadian et al., 2024). For rollout i, the
leave-one-out baseline and rollout-level advantage
are

R̄−i =
1

N − 1

∑

n̸=i

Rn, Âi = Ri − R̄−i.

This rollout-level signal is broadcast to response
tokens, yielding the base token-level advantage sig-
nal Ai,t that RUAR later rescales before the final
policy update.

Following prior efficient-reasoning work (Arora
and Zanette, 2026), we use a length-regularized
terminal reward in the RLOO trainer. The exact
reward definition is provided in Appendix E.

3 Method

3.1 Overview
As discussed in Section 2.2, standard outcome-
supervised RL assigns the same trace-level super-
vision signal to a full response by using identical
advantage scores across all tokens in a reasoning
trace, without considering that reflective reasoning
steps may differ substantially in whether they cor-
rect, repeat, or derail the solution trajectory. Instead
of using trace-constant advantages Ai,t, RUAR es-
timates the utility of each reflective reasoning step
sj from its before/after effect on correct-answer
probability under answer-forcing prompts, and uses
this utility to reshape token-level advantage signals
during RL training.

In addition, to mitigate overthinking, RUAR
further identifies the earliest answer-ready step:
before this step, it applies utility-guided rescaling
to reflective reasoning steps, while from this step

onward, it applies fixed overthinking-mitigating
rescaling to redundant post-ready continuation. For
readability, we use simplified notation for step-
level quantities within a fixed rollout, while Al-
gorithm 1 uses rollout-indexed notation for the full
training procedure.

3.2 Answer-Forcing Utility Estimation
With multiple reflective reasoning steps defined in
Section 2.1, RUAR performs answer-forcing utility
estimation to determine whether each reflective
step improves correct-answer probability. For the
j-th reflective reasoning step sj in y, defined as
sj = yaj , . . . , yej , we define the corresponding
before-step and after-step partial traces as

s−j = y1:aj−1, s+j = y1:ej . (1)

Here, ym:n denotes the span of response tokens
starting from ym and ending at yn.

Given a before-step or after-step partial trace
y1:q (i.e., either s−j or s+j ), we apply an answer-
forcing prompt A to evaluate whether y1:q contains
sufficient reasoning information for the model πθ
to generate the correct final answer when explicitly
forced to answer, as follows:

\n**Final Answer**\n\boxed

We then sample K short final-answer contin-
uations from the current policy. Let o−j,k and
o+j,k denote the k-th continuations sampled from
s−j ⊕A and s+j ⊕A, respectively, where⊕ denotes
string concatenation. Let correct be a rule-based
final-answer verifier satisfying correct(·) ∈ {0, 1}.
The estimated correct-answer probabilities for the
before-step and after-step partial traces are com-
puted as follows:

p−j =
1

K

K∑

k=1

correct(x, s−j ⊕A⊕ o−j,k),

p+j =
1

K

K∑

k=1

correct(x, s+j ⊕A⊕ o+j,k).

(2)

where p−j and p+j denote the before-step and after-
step correct-answer probabilities, respectively.

The utility of the reflective reasoning step sj is
then defined as

uj = p+j − p−j . (3)
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2. Answer-Forcing Utility Estimation

3. Utility-Guided Advantage Rescaling
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Figure 2: An overall pipeline of RUAR on an abbreviated rollout. 1 Given a full rollout y, RUAR first segments
y into m reflective reasoning steps, (sj)

m
j=1. The before-step and after-step partial traces of sj correspond to

the partial traces immediately before and after sj , respectively, as defined in Eq. 1. 2 Answer-forcing utility
estimation appends the answer-forcing prompt A to both the before-step and after-step partial traces, i.e., s−j and

s+j , and immediately generates a set of answer completions, denoted by
{
o−j,k

}K

k=1
and

{
o+j,k

}K

k=1
, respectively.

The corresponding correct-answer probabilities, denoted by p−j and p+j and computed using Eq. 2, are then used to
estimate the utility of sj , where uj = p+j − p−j . 3 To mitigate overthinking behavior, utility-guided advantage
rescaling is applied only to pre-ready reflective reasoning steps, where the model is not yet sufficiently ready to
generate the correct answer. For the remaining post-ready reflective reasoning steps, a simpler constant-based
scaling strategy is applied, reducing the likelihood of generating additional reflective continuation, as defined in
Eq. 7.

The verifier correct evaluates only the sampled
final-answer continuations and does not provide
human process labels or step-level supervision.
See Appendix F for implementation details of the
answer-forcing prompt and verification procedure.

3.3 Utility-Guided Advantage Rescaling
Let Ai,t denote the base token-level advantage
signal assigned by the length-regularized RLOO
trainer before the final policy update. RUAR con-
structs a token-level scaling factor γi,t and com-
putes the rescaled advantage signal as follows:

A′
i,t = γi,tAi,t. (4)

The RL trainer subsequently applies its standard

advantage normalization procedure to A′
i,t before

the PPO-style policy update.
For a token t belonging to a reflective reasoning

step sj to which utility-guided rescaling is applied,
RUAR computes the scaling factor based on the
estimated utility uj of the reflective step:

γi,t =

{
max(0, 1 + uj), Ai,t ≥ 0,

max(0, 1− uj), Ai,t < 0.
(5)

Thus, when Ai,t is positive, helpful reflective
steps receive stronger positive credit, while harm-
ful reflective steps receive weaker positive credit.
Conversely, when Ai,t is negative, helpful reflective
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steps are penalized less, whereas harmful reflective
steps are penalized more strongly.

3.4 Overthinking-Mitigating Rescaling
The utility-guided rescaling rule in Section 3.3 as-
signs step-specific credit according to estimated
step utility. However, once a reasoning trajectory is
already likely to produce the correct final answer,
additional reflective continuation can become re-
dundant. RUAR therefore applies utility-guided
rescaling only before the model becomes answer-
ready, and switches to fixed post-ready rescaling
afterward.

3.4.1 Pre-Ready and Post-Ready Reflection
We divide reflective reasoning into two stages: pre-
ready and post-ready.

Pre-ready stage. At the pre-ready stage, the
current reasoning trajectory is not yet sufficiently
reliable, and further exploration or self-correction
may still be required before the model becomes
ready to generate the correct answer.

Post-ready stage. At the post-ready stage, the
reasoning trajectory has become sufficiently reli-
able, and the model is already likely to generate the
correct answer. Additional reflective continuation
after this point is therefore more likely to become
redundant and contribute to overthinking behavior.

To identify the transition between these stages,
we define a reflective step as near answer-ready
if its before-step correct-answer probability is at
least a threshold τ . If the j-th reflective step and its
following c− 1 consecutive reflective steps are all
near answer-ready, then the j-th step is identified
as the earliest answer-ready reflection step, referred
to simply as the answer-ready step. Formally, the
index b of the answer-ready step is

b = min{j : p−r ≥ τ

for r = j, . . . , j + c− 1}. (6)

If no such consecutive run exists, we set b = m+1.
Using the answer-ready step sb, we define

pre-ready and post-ready reflective reasoning
steps as follows: Pre-ready reflective steps:
ypre = (s1, . . . , sb−1). Post-ready reflective
steps: ypost = (sb, . . . , sm) .

Here, ypre contains reflective steps before the
answer-ready step, while ypost contains the answer-
ready step itself and later reflective continuation,
i.e., from the answer-ready step onward, inclusive.

During training, once the answer-ready step is de-
tected, RUAR stops computing additional answer-
forcing utility estimates for the remaining reflective
continuation within the rollout. A concrete probing
example is provided in Appendix M, while Ap-
pendix H further analyzes the behavior of answer-
ready step detection.

3.4.2 Pre-Ready and Post-Ready Rescaling
Using the pre-ready and post-ready reflective rea-
soning steps defined above, RUAR specifies which
scaling factor γi,t is used in Eq. 4 for each token
region. For pre-ready tokens yt ∈ ypre, the scaling
factor γi,t follows the utility-guided rule in Sec-
tion 3.3. For post-ready continuation, RUAR no
longer uses the estimated step utility. Once the
answer-ready step sb is detected, fixed post-ready
rescaling is applied to all remaining reasoning-
segment tokens from the start of sb onward:

γi,t =

{
γ+post, Ai,t ≥ 0,

γ−post, Ai,t < 0,
(7)

where γ+post < 1 and γ−post > 1.
Tokens outside both pre-ready reflective reason-

ing steps and this post-ready continuation use the
default scaling factor γi,t = 1.

3.5 Policy Optimization
After standard advantage normalization, we use the
normalized RUAR-adjusted advantage signal in
the same PPO-style policy objective as the base
trainer:

Lpolicy = −Ei,t

[
min(ri,tA

′
i,t,

clipϵ(ri,t)A
′
i,t)
]
.

(8)

where

clipϵ(r) = clip(r, 1− ϵ, 1 + ϵ). (9)

Here, ri,t denotes the policy likelihood ratio.
RUAR preserves the original outcome-based RL
trainer, including rollout generation, terminal out-
come scoring, and terminal reward computation.
The additional component introduced by RUAR
is a step-level rescaling layer that applies utility-
guided scaling before the answer-ready step and
fixed post-ready scaling afterward.
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Method
GSM8K MATH500 AIME2024 HMMT2025 GPQA ARC-C CSQA Weighted Avg.

Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok.

DeepSeek-R1-Distill-Qwen-1.5B

Base 76.4 842 63.8 3,542 16.7 7,626 6.7 6,422 27.4 3,146 56.2 787 46.2 640 58.4 1,259
O1-Pruner 75.6 879 64.4 3,647 10.0 6,802 3.3 6,496 27.9 3,255 56.1 772 45.4 673 58.0 1,287
ThinkPrune 83.5 821 76.0 2,571 20.0 5,841 3.3 6,064 22.8 2,769 58.3 660 45.5 558 62.0 1,057
DEER 68.2 754 64.4 2,964 23.3 11,387 10.0 11,332 33.0 9,507 59.6 1,145 47.0 953 57.5 1,686
ARLCP 76.1 698 69.8 3,016 16.7 7,684 13.3 6,469 25.9 3,070 55.8 724 46.1 623 58.8 1,134
PRIME 63.3 1,942 54.0 4,059 13.3 6,954 3.3 7,575 24.4 3,896 56.2 1,781 45.8 1,293 53.2 2,117
TLMRE 83.4 509 78.8 1,686 30.0 4,495 10.0 4,435 26.4 2,383 58.7 579 48.2 432 63.4 774
RUAR 82.2 464 79.4 1,545 26.7 5,310 13.3 5,599 34.5 2,002 58.5 492 46.5 374 63.0 702

DeepSeek-R1-Distill-Qwen-7B

Base 89.8 998 85.0 3,569 33.3 9,311 23.3 9,959 44.7 5,818 82.1 677 65.4 657 77.7 1,437
O1-Pruner 89.3 1,128 86.8 3,369 36.7 8,934 20.0 11,341 40.6 5,418 81.7 716 66.9 658 77.9 1,452
ThinkPrune 92.1 910 90.0 2,553 53.3 7,234 13.3 8,945 43.1 4,174 83.5 568 65.9 544 79.5 1,144
DEER 90.5 723 87.4 2,470 46.7 9,781 23.3 11,546 44.2 6,697 81.3 551 65.0 545 78.0 1,222
ARLCP 90.6 1,353 85.0 3,349 40.0 9,153 16.7 10,478 46.2 5,714 83.1 777 65.9 689 78.5 1,550
PRIME 89.4 2,051 83.8 4,352 40.0 10,663 26.7 11,610 45.7 7,533 81.9 1,142 65.8 1,023 77.7 2,153
TLMRE 86.7 765 89.6 2,199 40.0 8,672 16.7 8,437 46.2 4,418 84.5 555 65.6 488 78.1 1,060
RUAR 90.5 674 90.0 2,100 60.0 7,034 16.7 8,711 44.7 3,407 84.4 471 66.6 413 79.6 926

Qwen3-1.7B

Base 89.6 1,936 86.4 4,896 36.7 12,388 23.3 13,399 34.5 7,718 88.3 1,122 74.8 1,092 81.6 2,225
O1-Pruner 91.0 1,957 87.4 4,797 36.7 12,784 20.0 13,174 38.1 7,449 88.8 1,123 73.9 1,087 82.2 2,208
ThinkPrune 90.2 1,733 86.0 4,435 40.0 12,670 16.7 13,554 38.6 8,304 89.1 1,114 74.2 1,022 82.0 2,121
DEER 89.3 1,080 86.4 3,248 40.0 10,543 13.3 12,713 36.0 4,388 87.7 748 72.2 694 80.7 1,417
ARLCP 89.7 1,724 86.6 4,639 33.3 13,279 26.7 13,057 39.1 7,204 89.1 1,036 72.7 1,010 81.5 2,070
PRIME 90.3 1,687 86.4 5,021 46.7 11,777 16.7 13,794 36.0 7,528 88.9 1,046 74.5 1,007 82.0 2,113
TLMRE 90.0 1,094 87.2 3,554 26.7 12,191 23.3 12,448 35.0 6,689 88.4 838 74.1 806 81.6 1,621
RUAR 90.0 1,137 87.6 3,450 36.7 12,209 13.3 13,096 34.0 6,559 87.5 814 74.2 780 81.4 1,607

Qwen3-8B

Base 95.3 2,184 92.0 4,852 63.3 11,059 30.0 14,042 55.3 8,525 93.8 1,340 83.7 1,332 88.9 2,447
O1-Pruner 95.6 2,174 92.2 5,024 60.0 11,622 43.3 13,744 57.9 8,673 95.7 1,350 84.2 1,325 89.9 2,472
ThinkPrune 95.3 1,599 93.2 3,970 70.0 10,018 40.0 12,262 56.9 7,434 96.3 1,136 83.5 1,089 89.9 1,989
DEER 95.5 1,079 92.0 3,208 70.0 10,081 36.7 11,676 49.2 4,271 94.5 710 82.5 723 88.7 1,395
ARLCP 95.6 1,835 91.6 4,332 60.0 10,083 30.0 13,775 58.9 7,571 96.0 1,193 83.5 1,166 89.6 2,152
PRIME 94.7 3,363 89.2 6,797 60.0 12,813 30.0 14,953 53.8 11,067 95.7 1,841 84.2 1,808 89.0 3,404
TLMRE 95.6 1,096 93.0 3,029 63.3 10,196 30.0 12,045 53.3 5,906 95.7 850 84.5 892 89.8 1,539
RUAR 95.9 950 93.6 2,920 60.0 9,123 30.0 13,042 59.9 5,869 95.4 754 85.1 761 90.3 1,420

Table 1: Main results under the shared greedy 16K evaluation protocol. Acc. is reported in percent and Tok. is the
mean response length. First-ranked cells are bold with green shading, and second-ranked cells use yellow shading
(higher is better for Acc.; lower is better for Tok.).

4 Experiments

4.1 Experimental Setup
Backbones and baselines. We evaluate RUAR
as a post-training method for improving the
accuracy–efficiency trade-off of reasoning mod-
els. Our main comparison spans four open-weight
reasoning backbones: DeepSeek-R1-Distill-Qwen-

1.5B and DeepSeek-R1-Distill-Qwen-7B (Guo
et al., 2025), and Qwen3-1.7B and Qwen3-
8B (Yang et al., 2025).

For each backbone, we compare eight meth-
ods: the original Base model, TLMRE (Arora
and Zanette, 2026), PRIME (Cui et al., 2026), O1-
Pruner (Luo et al., 2025), ThinkPrune (Hou et al.,
2026), DEER (Yang et al., 2026), ARLCP (Yu et al.,
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2026b), and RUAR. These baselines cover comple-
mentary efficiency paradigms: length-harmonizing
fine-tuning (O1-Pruner), reinforcement-learning-
based long-chain-of-thought pruning (ThinkPrune),
training-free dynamic early exit (DEER), adap-
tive reflection with a length-coordinated penalty
(ARLCP), implicit process reward modeling
(PRIME), and trajectory-level length-regularized
RL (TLMRE).

Training and checkpoint selection. The RUAR
policies are trained with online outcome-supervised
RL on Numina-3K, a subset of NuminaMath-
CoT (Li et al., 2024). For a fair comparison,
all trainable baselines are matched to the cor-
responding model-specific update and prompt-
exposure budgets while preserving their method-
specific objectives; DEER is evaluated as a training-
free inference-time method. Full training bud-
gets and baseline-matching details are provided
in Appendix B, with training-cost analysis in Ap-
pendix D.

Benchmarks. Our main table reports results on
mathematical reasoning and held-out multiple-
choice reasoning benchmarks. The mathemati-
cal group contains GSM8K (Cobbe et al., 2021),
MATH500 (Lightman et al., 2024), AIME2024 (Jia,
2024), and HMMT2025 (MathArena, 2025). Since
training uses Numina-3K, we also evaluate out-
of-domain generalization on non-math bench-
marks: GPQA-Diamond (Rein et al., 2023), ARC-
Challenge (Clark et al., 2018), and Common-
senseQA (Talmor et al., 2019).

Decoding and metrics. To isolate method differ-
ences without adding sampling variance, all main-
table results use greedy single-sample decoding
for all methods, with one response per problem
and a maximum response length of 16,384 tokens.
We report accuracy and average generated response
length in tokens. The Avg. column reports example-
count-weighted averages across the seven bench-
marks. Full decoding and scoring details are pro-
vided in Appendix C.

4.2 Main Result
Table 1 shows that RUAR provides a strong
accuracy–efficiency trade-off across model scales
and benchmark types. Across four backbones and
seven benchmarks, RUAR achieves the best or
tied-best accuracy in 10 out of 28 settings and the
shortest or second-shortest average response length

in 24 out of 28 settings. It obtains the highest
weighted-average accuracy for DS-7B and Qwen3-
8B and the second-highest for DS-1.5B.

On mathematical reasoning benchmarks, RUAR
substantially reduces generated tokens while of-
ten preserving or improving accuracy. Relative to
Base, it improves accuracy on all four mathemat-
ical benchmarks for the DS-1.5B model and on
three of four for the DS-7B model. For Qwen3-
8B, it improves GSM8K and MATH500 accuracy
while preserving HMMT2025 accuracy, although
the results on Qwen3-1.7B and the remaining hard-
math settings are more mixed. Across the four
backbones, weighted-average response length is re-
duced by approximately 28–44% relative to Base.

The efficiency gains also transfer to the held-
out non-math benchmarks. RUAR improves all
three non-math accuracies over Base for the DS-
1.5B and Qwen3-8B models, while preserving or
improving them for the DS-7B model. Qwen3-
1.7B exhibits small accuracy decreases but still
produces substantially shorter responses. Overall,
although individual baselines are competitive on
particular datasets, RUAR consistently combines
competitive accuracy with some of the shortest
responses.

4.3 Analysis
We further examine the behavior underlying the
gains in Table 1, asking whether RUAR merely
shortens reflection or selectively reduces low-utility
and post-ready continuation. The utility cate-
gories used below are diagnostic labels for anal-
ysis, whereas RUAR uses the utility estimate
uj = p+j − p−j for advantage rescaling during train-
ing.

Low-utility reflection after training. Table 2
applies the answer-forcing utility diagnostic to
matched greedy 16K DS-7B MATH500 traces,
with each policy’s traces re-probed using that same
policy. Compared with Base, RUAR produces
much shorter responses and substantially fewer
reflective reasoning steps, while increasing the
helpful-step share from 3.60% to 9.48% (+162.9%
relative). Compared with TLMRE, RUAR again
produces shorter responses and fewer steps, while
increasing the helpful-step share from 7.61% to
9.48% (+24.5% relative). Although the absolute
number of helpful steps decreases from 139 to 103
as the total number of steps decreases from 1,826
to 1,087, helpful reflection becomes more concen-
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trated. These results suggest that RUAR selec-
tively reduces low-utility continuation rather than
uniformly suppressing reflection. Here, Low-util.
combines redundant, ineffective, and harmful steps.

Method Avg. Tok. #Steps Helpful Low-util.

Base 3569 5965 215 (3.60) 5750 (96.40)
PRIME 4352 6313 215 (3.41) 6098 (96.59)
TLMRE 2199 1826 139 (7.61) 1687 (92.39)
RUAR 2100 1087 103 (9.48) 984 (90.52)

Table 2: Utility composition on DS-7B MATH500.

Post-ready continuation reduction. Table 3 de-
composes the reasoning segment yr into pre-ready
and post-ready regions using the detected answer-
ready step. Base and PRIME retain substantial
reasoning after becoming answer-ready, while both
TLMRE and RUAR greatly reduce this continu-
ation. RUAR produces the fewest pre-ready and
post-ready tokens and the lowest post-ready share.
Compared with TLMRE, it further reduces post-
ready continuation from 204 to 144 tokens while
modestly shortening the pre-ready region. This
supports the intended behavior of overthinking-
mitigating rescaling: RUAR concentrates its reduc-
tion in low-utility continuation after answer readi-
ness while also improving overall reasoning effi-
ciency. Appendix L further shows that post-ready
reflective steps are predominantly low-utility.

Method Pre tok. Post tok. Post %

Base 2116 1102 34.25
PRIME 2496 1515 37.78
TLMRE 1632 204 11.09
RUAR 1597 144 8.27

Table 3: Pre/post-ready token decomposition on the
same traces.

4.4 Ablation Study
Overthinking-mitigating rescaling ablation.
Unlike the post-hoc analyses above, Table 4 com-
pares separately trained policies under matched
training and evaluation settings. The variants dif-
fer only in the ablated answer-ready mechanism
and are evaluated on MATH500 using greedy 16K
decoding.

The w/o post-ready scaling variant retains
answer-ready detection but removes fixed post-
ready rescaling by setting γ+post = γ−post = 1.
Compared with Full RUAR, it produces longer

responses and lower accuracy (1,711 versus 1,545
tokens and 78.6% versus 79.4%). The w/o answer-
ready step variant instead applies utility-guided
rescaling to all selected reflective steps. It achieves
slightly higher accuracy than Full RUAR (79.8%
versus 79.4%) but requires substantially longer re-
sponses (1,966 versus 1,545 tokens).

Full RUAR combines answer-ready detection
with fixed post-ready scaling. Its average scal-
ing factors assign less positive credit and preserve
more negative-advantage magnitude than either ab-
lation. Overall, Full RUAR provides the strongest
accuracy–efficiency balance: it reduces tokens by
21.4% relative to the w/o answer-ready variant with
only a 0.4 percentage-point accuracy difference.
Additional component and sensitivity results are
provided in Appendices I and J.

Variant Acc. Avg. Tok. γ̄+ γ̄−

w/o post-ready scaling 78.6 1711 1.024 0.976
w/o answer-ready step 79.8 1966 1.020 0.980
Full RUAR 79.4 1545 0.977 0.994

Table 4: Overthinking-mitigating rescaling ablation on
MATH500. γ̄+ and γ̄− denote the response-token and
training-update averages of the multipliers associated
with the Ai,t ≥ 0 and Ai,t < 0 branches, respectively.

5 Related Work

Efficient reasoning in large reasoning models.
Long chain-of-thought reasoning improves test-
time problem solving but increases generation
cost (Snell et al., 2025; Feng et al., 2025). Ex-
isting work therefore reduces the amount, repre-
sentation, or timing of reasoning. Some methods
compress explicit traces through controllable CoT
compression, redundant-token pruning, or sketch-
style reasoning (Xia et al., 2025; Choi et al., 2025;
Aytes et al., 2025). Others restructure the form of
reasoning through soft or latent representations (Xu
et al., 2025; Zhang et al., 2026; Shi et al., 2026). A
third direction adaptively controls reasoning effort
by deciding when to think, continue, or exit (Zhang
et al., 2025b; Xiang et al., 2026; Zhao et al., 2026;
Shen et al., 2025; Lin et al., 2026; Yang et al.,
2026). Training-based variants also use length-
harmonizing fine-tuning or add length-, difficulty-,
reflection-, or budget-aware rewards to favor con-
cise correct answers (Luo et al., 2025; Arora and
Zanette, 2026; Hou et al., 2026; Yu et al., 2026b;
Chen et al., 2026; Cheng et al., 2026; Liu et al.,
2026). These methods mainly control how much
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reasoning is generated, represented, or retained.
RUAR instead estimates which reflective reason-
ing steps are useful and uses this utility to rescale
advantage signals during training.

Reflective tokens and self-correction. Reflec-
tion has been used for iterative feedback, ver-
bal memory, tool-based critique, and deliberative
search over reasoning paths (Madaan et al., 2023;
Shinn et al., 2023; Gou et al., 2024; Yao et al.,
2023). However, self-correction is not uniformly
reliable: models can fail to correct errors with-
out external feedback, depend on strong verifiers,
misidentify fallacious reasoning, or misjudge their
own outputs (Huang et al., 2024; Zhang et al., 2024;
Hong et al., 2024; Jiang et al., 2024). Recent work
further studies reflection inside long reasoning
traces, including verbalized confidence, hidden self-
verification, spontaneous correction, post-answer
reflection, overused self-verification, reflection-
token scheduling, and discourse-marker segmenta-
tion (Zeng et al., 2025; Zhang et al., 2025a; Zhao
et al., 2025; Kang et al., 2026; Long et al., 2026;
Fan et al., 2026; Wang et al., 2025). These findings
support our view that reflective tokens such as Wait
provide useful boundaries for reflective reasoning
steps, but are not reliable utility signals.

Process-level signals without process labels.
Outcome-based RL trains reasoning models from
terminal correctness using policy-gradient ob-
jectives, including PPO/REINFORCE-style opti-
mization and recent value-free, group-relative, or
sequence-level variants such as RLOO, GRPO,
DAPO, and GSPO (Schulman et al., 2017; Ahma-
dian et al., 2024; Shao et al., 2024; Yu et al., 2026a;
Zheng et al., 2025a). Yet terminal rewards assign
broad credit to whole rollouts and do not identify
which intermediate reasoning steps helped or hurt.
Process supervision addresses this with human pro-
cess labels, automatic step-level labels, process re-
ward models, or process-error benchmarks (Light-
man et al., 2024; Wang et al., 2024; Zheng et al.,
2025b). Other work reduces explicit process an-
notation by deriving implicit or learned process
rewards from outcome supervision (Yuan et al.,
2025; Cui et al., 2026). RUAR shares the goal of
obtaining finer-grained process-level signals, but
does not train a separate process reward model. In-
stead, it estimates before/after utility for reflective
reasoning steps and converts that utility directly
into token-level advantage rescaling.

6 Conclusion

We introduced RUAR, a utility-guided advantage
rescaling method for reflective reasoning. RUAR
estimates each reflective step’s before/after util-
ity with answer-forcing probes and rescales token-
level advantages without human process labels
or a learned process reward model. It also miti-
gates overthinking by switching to fixed post-ready
rescaling from the earliest answer-ready step on-
ward. Experiments show that RUAR improves
the accuracy–efficiency trade-off across mathemat-
ical and held-out non-math benchmarks, suggesting
that efficient reasoning requires crediting which re-
flective steps are useful, not only how much the
model thinks.

7 Limitations

In our experiments, we instantiate RUAR with
compact lexical reflective-token sets centered on
Wait and Alternatively. The selected delimiter
configurations reflect backbone-specific reflective-
token distributions while keeping step extraction
interpretable and computationally efficient. A
promising extension is implicit or model-adaptive
reflection-step discovery that identifies boundaries
from context rather than relying on a fixed lexical
inventory.

Answer-forcing adds additional training-time
computation during post-training relative to
trajectory-level supervision because it estimates
reflective-step utility, but introduces no additional
inference-time procedure or cost. RUAR obtains
this signal without human process labels or a sep-
arately learned reward model, and the systems op-
timizations substantially reduce probing overhead.
Further reducing this training-time cost through
adaptive probe allocation or lightweight surrogate
utility estimation remains an important direction
for future work.
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A RUAR Algorithm

Algorithm 1 summarizes the full RUAR training
procedure.

B Training and Baseline Matching Details

Training configuration. All trainable baselines
are matched on shared experimental factors, includ-
ing the backbone initialization, Numina-3K prompt
subset and ordering, prompt exposure, and training
budget, while preserving each method’s defining
objective and method-specific components. For on-
line RL methods, we additionally match the rollout
count, batch size, optimizer settings, and sequence-
length limits. The selected update budgets are 110,
30, 15, and 30 for DS-1.5B, DS-7B, Qwen3-1.7B,
and Qwen3-8B, respectively; trainable baselines
are matched to these model-specific budgets. Ta-
ble 5 summarizes the shared online RL configura-
tion. DEER is excluded from this training com-
parison because it is a training-free inference-time
method.

Table 5: Shared online RL hyperparameters.

Item Value

Batch size 8 prompts
Rollouts per prompt 16
Advantage estimator RLOO
Learning rate 2× 10−6

PPO clip coefficient 0.2
Rollout sampling Temperature 1.0, top-p 1.0
Maximum response length 16384 tokens
KL penalty None

RUAR configuration. Table 6 reports the
RUAR-specific hyperparameters. The reflective-
step extraction rule, utility estimate, answer-ready
step definition, and advantage-rescaling equations
are defined in Section 3. For the DS backbones,
we use Rstart = Rend = {Wait}. For the
Qwen3 backbones, we use Rstart = Rend =
{Wait,Alternatively}.

Table 6: RUAR hyperparameters.

Item Value

Length penalty coefficient λlen 0.2
Answer-forcing samples K 4
Max probe-continuation length A 16 tokens
Answer-ready threshold τ 0.75
Answer-ready streak length c 3
Post-ready positive multiplier γ+

post 0.25
Post-ready negative multiplier γ−

post 1.25

Training compute. All training runs are con-
ducted using NVIDIA H200 GPUs. DS-1.5B
and Qwen3-1.7B use one GPU, while DS-7B and
Qwen3-8B use two GPUs.

Baseline implementation. We instantiate the
trainable baselines from their publicly released
implementations and adapt their model, data, and
budget settings to the shared experimental proto-
col. Each baseline retains its defining objective,
optimization procedure, and method-specific con-
straints; hyperparameters without a direct counter-
part in RUAR are kept at the released-code defaults.
DEER is applied using its released training-free
inference-time procedure.

C Evaluation Details

Evaluation protocol. Table 7 summarizes the
decoding hyperparameters used for the main eval-
uation. All methods use the same single-sample
greedy protocol to isolate policy differences with-
out additional sampling variance.

Table 7: Main evaluation decoding hyperparameters.

Item Value

Number of samples 1
Temperature 0.0
Top-p 1.0
Maximum response length 16384 tokens

D Training-Time Cost Analysis

Answer-forcing introduces additional training-time
computation because RUAR estimates reflective-
step utility at the boundaries of reflective reasoning
steps. This requires short forward continuations
and rule-based answer verification, but does not
introduce an additional gradient-based backward
pass for each reflective reasoning step.

Computational complexity. Let B denote the
number of prompts per training update, N the num-
ber of rollout trajectories per prompt, and mi the
number of detected reflective reasoning steps in tra-
jectory i, where i ∈ {1, . . . , BN}. Let Ui denote
the number of unique before/after boundaries ac-
tually probed after within-trajectory deduplication
and answer-ready early stopping. Because each
reflective reasoning step contributes at most two
candidate boundaries, 0 ≤ Ui ≤ 2mi.

With K answer-forcing samples generated at
each probed boundary, the total number of auxiliary
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Algorithm 1 RUAR: Utility-Guided Advantage Rescaling

Require: Prompts X , policy πθ, rule-based final-answer verifier correct; rollout count N , probe count
K; answer-forcing prompt A; ready threshold τ , consecutive count c; post-ready scales γ+post, γ

−
post;

length coefficient λlen.
1: for each prompt x ∈ X do
2: Sample N rollouts {y(i)}Ni=1 ∼ πθ(· | x)
3: Score final answers: zi ← correct(x,y(i))
4: Compute length-regularized rewards Ri ← zi − λlenρi
5: Compute base RLOO advantage signals Ai,t

6: for each rollout y(i) do
7: Initialize γi,t ← 1 for all response tokens t
8: Extract reflective reasoning steps S(y(i)) = (si,1, . . . , si,mi)
9: Set bi ← mi + 1

10: for j = 1, . . . ,mi do
11: Set s−i,j ← y

(i)
1:ai,j−1

12: Estimate p−i,j from K samples of πθ(· | x, s−i,j ⊕A) using correct
13: if j ≥ c and p−i,r ≥ τ for all r = j − c+ 1, . . . , j then
14: Set bi ← j − c+ 1 and stop probing later steps
15: break
16: end if
17: end for
18: for each pre-ready step si,j with j < bi do
19: Set s+i,j ← y

(i)
1:ei,j

20: Estimate p+i,j from K samples of πθ(· | x, s+i,j ⊕A) using correct
21: Set utility ui,j ← p+i,j − p−i,j
22: for each token t ∈ si,j do
23: γi,t ← max(0, 1 + ui,j) if Ai,t ≥ 0, else max(0, 1− ui,j)
24: end for
25: end for
26: if bi ≤ mi then
27: for each post-ready reasoning token t do
28: γi,t ← γ+post if Ai,t ≥ 0, else γ−post
29: end for
30: end if
31: Set A′

i,t ← γi,tAi,t for all response tokens t
32: end for
33: end for
34: Apply standard advantage normalization to A′

i,t

35: Update πθ using the PPO-style objective with the normalized RUAR-adjusted advantage signal
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probe continuations is

Qprobe = K
BN∑

i=1

Ui ≤ 2K
BN∑

i=1

mi.

Thus, the number of probe continuations grows lin-
early with the rollout count, the number of unique
probed boundaries, and the number of samples per
boundary.

For boundary u ∈ {1, . . . , Ui} in trajectory i,
let li,u denote its prefix length, A the maximum
probe-continuation length, and ai,u ≤ A its ac-
tual generated length. Let P (l) denote the ordi-
nary prefix-prefill cost, P̃ (l) ≤ P (l) the effective
prefill cost after available prefix-cache reuse, and
D(l, a) the KV-cached decoding cost of generating
a tokens from a prefix of length l. Let Cverify(q)
denote the rule-based verification cost for q con-
tinuations. Finally, let Csession and Cpool denote
the once-per-update inference-session and verifier-
pool setup costs, respectively. The additional probe
computation is approximated by

Cprobe ≈ Csession + Cpool

+
BN∑

i=1

Ui∑

u=1

[
P̃ (li,u) +KD(li,u, ai,u)

]

+ Cverify

(
K

BN∑

i=1

Ui

)
.

Let
L = max

i,u
li,u,

Ū =
1

BN

BN∑

i=1

Ui,

m̄ =
1

BN

BN∑

i=1

mi.

Because Ui ≤ 2mi, we have Ū ≤ 2m̄. Exclud-
ing the once-per-update setup terms and rule-based
verification, the probe cost can be summarized as

Cprobe = O
(
BNŪ [P (L) +KD(L,A)]

)
.

Longer reasoning chains increase computation
through both longer prefixes and potentially more
reflective reasoning steps. Under standard dense at-
tention, P (L) = O(L2) and D(L,A) = O(AL +
A2), giving the worst-case attention cost

O
(
BNŪ

[
L2 +K(AL+A2)

])
,

with model-dimension constants omitted.

In our main configuration, B = 8, N = 16,
K = 4, and A = 16. Therefore, each update
generates

Qprobe = KBNŪ = 512Ū

auxiliary continuations, corresponding to at most

AQprobe = 8,192Ū

newly generated probe tokens.

Systems efficiency and empirical cost. To con-
trol this cost, the implementation deduplicates co-
incident boundaries, batches continuations across
active trajectories, and stops further probing after
detecting a stable answer-ready step. It also re-
tains the inference session and prefix cache across
ordered probing rounds and reuses a persistent
verifier pool, amortizing weight synchronization,
engine initialization, and verifier setup across the
complete probe phase.

Method Process-level
signal

Separate
RM

GPU-s/
update

TLMRE No No 654.6
RUAR Yes No 960.2
PRIME Yes Yes 1438.4

Table 8: Allocated training compute per update on
Qwen3-8B, averaged over updates 1–30 on two H200
GPUs.

RUAR’s additional cost over TLMRE reflects
its estimation of reflective-step utility. It neverthe-
less requires less allocated GPU time than PRIME
while avoiding a separately learned reward model.
Answer-forcing is used only during post-training
and introduces no additional inference-time proce-
dure or cost.

E Length-Regularized Terminal Reward

For a fixed prompt x, let Li = |y(i)| be the gen-
erated response length and let zi = z(x,y(i)) de-
note final-answer correctness. Following Arora and
Zanette (2026), we use the terminal reward

Ri = zi − λlenρi,

where ρi is a response-level length penalty and λlen

controls its strength.
The penalty is applied only to correct rollouts.

This encourages efficiency among successful solu-
tions without rewarding short incorrect attempts.

30753



Among correct rollouts for the same prompt, let µL

and σL denote the mean and standard deviation of
their lengths. We compute

ρi = zi · sigmoid

(
Li − µL

max(σL, ϵ)

)
,

where ϵ is a small constant used only for numerical
stability. If a prompt has no correct rollout, the
length penalty is set to zero for all rollouts of that
prompt.

Since ρi is multiplied by zi, incorrect rollouts
receive ρi = 0 and therefore Ri = 0. For cor-
rect rollouts, the reward remains near one but is
reduced more for responses that are longer than
other correct rollouts for the same prompt.

F Answer-Forcing Prompt and
Verification Details

This appendix describes how answer-forcing
probes are generated and verified. For a probe
point corresponding to a before-step or after-step
partial trace y1:q, we append the answer-forcing
prompt

A = \n**Final Answer**\n\boxed.

The probe input to the policy is the original prompt
followed by the partial trace and A. In our ex-
periments, we use K = 4 and sample short final-
answer continuations from the current policy, with
each continuation capped at 16 new tokens.

For verification, each sampled continuation is
concatenated back to the probed partial trace, yield-
ing a completion of the form

y1:q ⊕A⊕ ok.

This completion is passed to the same rule-based
final-answer scorer used for terminal outcome scor-
ing, together with the gold answer and data-source
metadata. The scorer extracts a candidate final an-
swer from the completion and compares it against
the gold answer. In our math setting, the extrac-
tor prioritizes the final boxed answer when present
and otherwise falls back to standard answer mark-
ers; the extracted candidate is then normalized and
checked for mathematical equivalence with the
gold answer. The verifier returns 1 if the extracted
answer is judged equivalent to the gold answer and
0 otherwise.

For each probe point, the correct-answer proba-
bility is estimated by averaging the K binary veri-
fication results. Thus, p−j and p+j are Monte Carlo

estimates of whether the before-step and after-step
partial traces can already lead to the correct final
answer under the answer-forcing prompt. These
probe continuations are used only for estimating
the step utility uj = p+j −p−j ; they are not treated as
additional RL rollouts and do not provide process
labels or learned process rewards.

G Reflective-Token Inventory and
Delimiter Choice

RUAR requires candidate reflective-step bound-
aries at which before/after answer-forcing probes
can be applied, but it is not intrinsically tied to
specific reflective tokens such as Wait or Alterna-
tively. Importantly, these tokens are not themselves
treated as utility signals; they are used only to
identify candidate reflective reasoning steps, while
the utility of each step is determined through be-
fore/after answer-forcing probes. In the evaluated
reasoning models, explicit reflective tokens provide
a practical operationalization of such step bound-
aries. They occur frequently in long reasoning
traces and typically signal reconsideration, verifica-
tion, or a shift in strategy. They therefore provide
semantically interpretable checkpoints for measur-
ing changes in answer readiness, without probing
every token or introducing arbitrary fixed-interval
boundaries.

To characterize the availability and backbone-
specific distribution of explicit reflective-boundary
cues, we analyze the complete thinking regions
of MATH500 Base traces generated under greedy
decoding with a 32,768-token response limit for
all four evaluated backbones. The diagnostic fol-
lows the positional scope of the RUAR extractor
without requiring paragraph- or sentence-initial oc-
currence. We compare exact, case-sensitive whole-
word occurrences of the delimiter tokens Wait and
Alternatively with a broader inventory of reflective
expressions. For a casing-matched comparison, all
remaining expressions are also required to begin
with their canonical uppercase form.

Table 9 presents the expanded lexical inventory
used in this diagnostic. It includes representa-
tive expressions associated with reflection, strategy
shifts, and verification beyond the two delimiter to-
kens used by RUAR. Overlapping lexical matches
are counted once.

Table 10 summarizes the resulting distribution.
Within the expanded inventory, exact Wait and Al-
ternatively together account for 69.5–73.2% of lexi-
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Role Expression
family

Canonical expressions

Reflection Wait Wait
Hesitation Hmm; Hold on; Not sure
Error detection Maybe/Perhaps I made a mistake/error
Recheck Just to make sure; Just to be thorough
Check/verify Let me/Let’s check, verify, recheck,

reconsider, rethink, confirm, or test
Conflict
detection

Which one is correct?; Which is the
correct answer?

Strategy Alternatively Alternatively
Correction Actually; But actually
Alternative
approach

Another/A different way or approach

Verification Checks out That/This/It checks out
No mistakes
found

I do not see/find any mistakes/errors

Confirmation Yes/So, that’s correct

Table 9: Expanded casing-matched lexical inventory
used for the reflective-token distribution diagnostic.
Common discourse prefixes such as But, So, and Now
are included where applicable.

cal matches across all four backbones. The relative
composition is backbone-dependent. The DS mod-
els are more strongly Wait-dominant, with Wait
accounting for 57.8–60.3% and Alternatively for
12.9–13.6%. In contrast, the Qwen3 models assign
less mass to Wait (45.7–47.9%) and substantially
more to Alternatively (22.4–23.8%).

Backbone Total Wait Alt. Other Wait+Alt.

DS-1.5B 10,197 5,895 1,384 2,918 7,279
(57.8) (13.6) (28.6) (71.4)

DS-7B 11,159 6,727 1,440 2,992 8,167
(60.3) (12.9) (26.8) (73.2)

Qwen3-1.7B 18,139 8,688 4,057 5,394 12,745
(47.9) (22.4) (29.7) (70.3)

Qwen3-8B 17,893 8,174 4,253 5,466 12,427
(45.7) (23.8) (30.5) (69.5)

Table 10: Reflective-token distribution in MATH500
Base traces. Parentheses report percentages within the
expanded inventory in Table 9. Here, Alt. stands for
Alternatively.

These results establish that the selected reflec-
tive tokens provide frequent candidate boundaries
and reveal clear backbone-dependent differences
in their usage, but frequency alone does not de-
termine the start/end configuration. We therefore
combine this diagnostic with the delimiter sensi-
tivity analysis in Appendix J, which evaluates the
corresponding delimiter choices. Accordingly, we
use Rstart = Rend = {Wait} for the DS back-
bones andRstart = Rend = {Wait,Alternatively}
for the Qwen3 backbones.

We do not aim to maximize lexical coverage by

indiscriminately including every expression in Ta-
ble 9. Broader reflective expressions may provide
less specific step boundaries, while each additional
start delimiter can introduce new reflective reason-
ing steps and corresponding answer-forcing probes.
Delimiter selection therefore reflects a practical
trade-off among lexical coverage, boundary speci-
ficity, and the computational cost of answer-forcing.
The reported percentages are conditional shares
within the expanded inventory rather than estimates
of recall over all possible reflection events.

The choice of delimiter tokens is an opera-
tional component rather than a fixed requirement of
RUAR. Models that express reflection through dif-
ferent surface cues could use delimiter sets aligned
with their own reasoning traces. For models with-
out stable lexical reflection cues, the same core
utility-estimation and advantage-rescaling frame-
work could in principle be paired with a contextual
or model-adaptive reflective-step boundary detec-
tor. The utility definition itself depends on the
before/after effect of an extracted reflective reason-
ing step, rather than on the literal surface form of
its delimiter.

H Answer-Ready Step Analysis

Answer-ready step detection during training.
RUAR uses the answer-ready step to identify when
a partial reasoning trace is already likely to produce
the correct final answer under answer-forcing. Ta-
ble 11 summarizes its detection frequency over the
150-update trajectory from which the s110 check-
point is selected. Each update contains 8 prompts
and 16 rollouts per prompt, yielding 128 rollout
responses.

Updates Detect. Count128 Avg. Tok.

All 7.3 9.3 3908
1–25 23.1 29.6 6108
26–50 8.9 11.4 5177
51–75 5.4 6.9 4330
76–100 3.0 3.8 3105
101–125 2.2 2.8 2465
126–150 1.2 1.6 2265

Table 11: Answer-ready step detection during DS-1.5B
RUAR training. Detect. is the percentage of roll-
out responses with a detected answer-ready step, and
Count128 is the corresponding average count per up-
date.

The answer-ready step is detected selectively but
consistently. Across the complete run, it appears
in 7.3% of rollout responses, corresponding to 9.3

30755



responses per update. The detection rate decreases
steadily from 23.1% during updates 1–25 to 1.2%
during updates 126–150, alongside a reduction in
average response length from 6,108 to 2,265 to-
kens. This behavior is consistent with the intended
role of the mechanism: once an answer-ready step
is detected, subsequent reflective reasoning steps
are treated as post-ready and receive fixed rescal-
ing. As the policy becomes more concise, fewer
responses require this intervention.

I Component Ablation

Table 12 ablates RUAR’s training signals on
MATH500. Plain RLOO performs below the Base
model, indicating that online RL alone does not
explain the gains. The length-only variant cor-
responds to TLMRE, using the length penalty
without reflective-step utility rescaling. It sub-
stantially improves accuracy while shortening re-
sponses. Reflective-step utility rescaling alone also
improves accuracy over Base, showing that the
reflective-step utility signal is useful without length
regularization. Full RUAR achieves the highest ac-
curacy and the shortest responses among the trained
variants, indicating that reflective-step utility rescal-
ing complements the length objective.

Variant RLOO Len. Refl. util. Acc. Avg. Tok.

Base – – – 67.6 3519
RLOO only ✓ – – 62.8 3538
Length only ✓ ✓ – 79.2 1876
Reflection only ✓ – ✓ 78.6 3533
Full RUAR ✓ ✓ ✓ 80.0 1773

Table 12: Component ablation on DeepSeek-R1-Distill-
Qwen-1.5B MATH500. All trained variants use the
same 110-update budget and greedy 32K evaluation
protocol.

J Additional Sensitivity Analyses

Unless otherwise stated, all sensitivity analyses use
the DS-1.5B backbone, 110-update checkpoints,
greedy single-sample decoding on MATH500, and
a 32768-token response limit.

J.1 Length-Penalty Coefficient Sensitivity
We evaluate the sensitivity of RUAR to the length-
penalty coefficient λlen. The λlen = 0.0 condi-
tion disables only the response-level length penalty
while retaining reflective-step utility rescaling.

The default coefficient λlen = 0.2 achieves the
highest accuracy while substantially shortening re-

λlen Acc. Correct Avg. Tok.

0.0 78.6 393/500 3533
0.1 78.6 393/500 1972
0.2 80.0 400/500 1773
0.3 71.0 355/500 797

Table 13: Length-penalty coefficient sensitivity on
MATH500.

sponses. Increasing it to 0.3 further reduces re-
sponse length but causes a large accuracy drop,
indicating over-compression.

J.2 Reflective-Token Sensitivity
We examine whether RUAR depends strongly on
the reflective tokens used as step-start and step-
end delimiters. We compare three configurations
under matched fixed-update training: Wait-to-Wait,
Wait-to-Wait/Alternatively, and Wait/Alternatively-
to-Wait/Alternatively. DS-1.5B uses 110 updates,
DS-7B and Qwen3-8B use 30 updates, and Qwen3-
1.7B uses 15 updates.

Wait→Wait Wait→Wait/Alt. Wait/Alt.→Wait/Alt.

Model Acc. Tok. Acc. Tok. Acc. Tok.

DS-1.5B 79.4 1545 78.6 1639 77.2 1765
DS-7B 90.0 2100 89.4 2465 89.8 2023
Qwen3-1.7B 87.2 3398 86.0 3502 87.6 3450
Qwen3-8B 94.0 3079 93.6 2991 93.6 2920

Table 14: Reflective-token sensitivity on MATH500
under matched fixed-update training and greedy 16K
evaluation.

The delimiter preference differs across backbone
families. For both DS models, using Wait as both
the step-start and step-end delimiter achieves the
highest accuracy. For Qwen3-1.7B, using both Wait
and Alternatively as starts and endpoints achieves
the highest accuracy. On Qwen3-8B, the same con-
figuration produces the shortest responses, with
only a 0.4 percentage-point accuracy difference
from the highest-accuracy configuration. These
results support the backbone-specific delimiter con-
figurations used in the main experiments: Wait-to-
Wait for the DS models and Wait/Alternatively-to-
Wait/Alternatively for the Qwen3 models. Overall,
however, the accuracy differences across delimiter
configurations remain modest (at most 2.2 percent-
age points), suggesting that RUAR is reasonably
robust to delimiter choice while benefiting slightly
from backbone-aligned configurations.
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K Utility-Composition Diagnostic Details

For the utility-composition analysis in Table 2, we
apply the same answer-forcing probe procedure as
in Section 3.2. For each extracted target reflective
reasoning step sj , we estimate p−j and p+j from
the before-step and after-step partial traces, respec-
tively. Each policy’s traces are re-probed using that
same policy. During training, RUAR uses the util-
ity estimate uj = p+j − p−j directly for advantage
rescaling. In this diagnostic analysis, we addition-
ally assign threshold-based labels to summarize
how each step changes the answer-readiness status
of the partial trace.

We classify each step by thresholding both esti-
mates at the answer-ready threshold τ = 0.75:

p+j < τ p+j ≥ τ

p−j < τ Ineffective Helpful
p−j ≥ τ Harmful Redundant

Thus, helpful steps move a partial trace from not
answer-ready to answer-ready, redundant steps re-
main answer-ready before and after the step, inef-
fective steps remain not answer-ready, and harmful
steps move a partial trace from answer-ready to not
answer-ready.

All extracted target reflective reasoning steps are
probed in this diagnostic; no answer-ready early
stopping is applied during probing. Step endpoints
follow the DS-7B extraction rule used in the corre-
sponding main experiment: each target step starts
at a Wait token and ends immediately before the
next Wait, or at the end of the reasoning segment if
no later Wait appears.

Table 15 reports response lengths, exact case-
sensitive occurrences of Wait and Alternatively
within the reasoning segment, and extracted step
counts. Because Wait defines both the start and end-
point delimiters in this analysis, each detected Wait
initiates one extracted reflective reasoning step;
therefore, the Wait and step counts coincide. Alter-
natively is reported descriptively and is not used as
a delimiter in this analysis.

Table 16 reports the corresponding full utility
composition. Compared with Base, RUAR in-
creases the helpful-step share from 3.60% to 9.48%
while reducing the low-utility share from 96.40%
to 90.52%. Compared with TLMRE, it increases
the helpful-step share from 7.61% to 9.48%. The
absolute number of harmful steps decreases from
62 for Base and 31 for TLMRE to 18 for RUAR,

Method Avg. Tok. #Wait #Alt. #Steps

Base 3569 5965 1538 5965
PRIME 4352 6313 2437 6313
TLMRE 2199 1826 707 1826
RUAR 2100 1087 933 1087

Table 15: Response length, reflective-token occurrences,
and extracted reflective reasoning step counts on DS-7B
MATH500 under greedy 16K evaluation.

corresponding to reductions of 71.0% and 41.9%,
respectively. Harmful steps remain rare across all
methods, so their percentages should be interpreted
together with the total number of extracted steps.

Method Helpful Redundant Ineffective Harmful

Base 215 (3.60) 2795 (46.86) 2893 (48.50) 62 (1.04)
PRIME 215 (3.41) 3077 (48.74) 2954 (46.79) 67 (1.06)
TLMRE 139 (7.61) 613 (33.57) 1043 (57.12) 31 (1.70)
RUAR 103 (9.48) 348 (32.01) 618 (56.85) 18 (1.66)

Table 16: Full utility composition of extracted reflective
reasoning steps on DS-7B MATH500 under greedy 16K
evaluation. Parentheses report percentages.

L Pre/Post-Ready Utility Breakdown

To complement the post-ready continuation anal-
ysis in Table 3, we further decompose extracted
target reflective reasoning steps by the diagnostic
utility category introduced in Appendix K, before
and after the detected answer-ready step. For a re-
sponse with answer-ready step index b, steps with
j < b are counted as pre-ready, while steps with
j ≥ b are counted as post-ready. If no answer-
ready step is detected, all extracted target reflective
reasoning steps are counted as pre-ready and there
is no post-ready continuation.

We use the same answer-forcing diagnostic as in
Appendix K. These utility categories are used only
as diagnostic labels for analysis; during training,
RUAR uses the utility estimate uj = p+j − p−j
directly for advantage rescaling. Percentages in
Table 17 are computed within each method–region
pair. The post-ready rows are dominated by low-
utility steps across methods, supporting the inter-
pretation that post-ready continuation is mostly
confirmatory or ineffective rather than corrective.
RUAR reduces the number of post-ready target
reflective reasoning steps from 2,693 for Base and
402 for TLMRE to 210, while most remaining post-
ready steps are still low-utility.
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Method Region #Steps Helpful Low-util.

Base Pre-ready 3272 190 (5.81) 3082 (94.19)
Base Post-ready 2693 25 (0.93) 2668 (99.07)
PRIME Pre-ready 3156 178 (5.64) 2978 (94.36)
PRIME Post-ready 3157 37 (1.17) 3120 (98.83)
TLMRE Pre-ready 1424 129 (9.06) 1295 (90.94)
TLMRE Post-ready 402 10 (2.49) 392 (97.51)
RUAR Pre-ready 877 99 (11.29) 778 (88.71)
RUAR Post-ready 210 4 (1.90) 206 (98.10)

Table 17: Pre/post-ready utility composition of extracted
reflective reasoning steps on DS-7B MATH500 un-
der greedy 16K evaluation. Percentages are computed
within each method–region pair; Low-util. combines
redundant, ineffective, and harmful steps.

M Case Study: Reflection Step Utility
and Answer-Ready Step

We provide a method-level case study of RUAR
on a real MATH500 rollout from the Qwen3-8B
step-probe diagnostic, using MATH500 sample
index 220. The completed rollout is correct but
long: it contains 14612 response tokens and 41
Wait reflective tokens. For each extracted target
reflective reasoning step, we probe its before-step
and after-step partial traces. Concretely, for a par-
tial trace h, we append the fixed answer-forcing
prompt \n**Final Answer**\n\boxed and sam-
ple K = 4 short final-answer continuations from
the current policy, with a maximum of 16 new to-
kens. This prompt does not reveal the gold answer;
it only forces the model to stop reasoning and com-
plete a boxed final answer. Each completed probe
is scored by the rule-based final-answer verifier
against the gold answer, and the correct-answer
probability estimate is the fraction of the four
probes that are correct.

Since this example illustrates a correct high-
reward trajectory, the table describes the scaling ap-
plied to positive-advantage tokens; the symmetric
negative-advantage case is defined in Section 3.3.
After three consecutive near answer-ready steps
with p− ≥ τ = 0.75, RUAR identifies the first
step in that consecutive run as the answer-ready
step and applies fixed post-ready rescaling from
that step onward within the reasoning segment yr.
Table 18 summarizes how RUAR assigns pre-ready
step utilities, identifies the answer-ready step, and
switches to fixed post-ready rescaling in this roll-
out.

N Case Study: Reducing Redundant
Reflective Continuation

We provide a case study on GSM8K example
gsm8k-test-97 using the DS-1.5B policies, where
both Base and RUAR reach the correct answer
but differ substantially in how much redundant
reflective continuation they generate. The gold
answer is 12 . Base uses 2462 response tokens
with 11 extracted target reflective reasoning steps,
while RUAR uses 329 response tokens with 1
extracted target reflective reasoning step. The
traces initially follow the same solution path, but
Base repeatedly reopens the solved reasoning state
after Wait and temporarily considers a mislead-
ing 6-tomato shortcut. In Table 19, the green-
highlighted step marks the Base reflective reason-
ing step that increases correct-answer probability
(p− = 0.00 → p+ = 1.00). The final row sum-
marizes the answer-forcing results for all extracted
target reflective reasoning steps in this example.
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Stage Rollout excerpt p− p+ RUAR action

Problem “Two numbers, x and y, are selected at random from the interval (0, 3). What is the probability that a
triangle with sides of length 1, x, and y exists?”

Gold answer:
1

2
.

Initial partial
trace

“. . . The triangle inequalities are 1 + x > y,
1 + y > x, and x+ y > 1 . . . visualize this as
a region in the coordinate plane where
x, y ∈ (0, 3) . . . the total area is 3× 3 = 9
. . . ”

– – –

Step 1 “Wait, no. Let me check . . . y = 1 + x and
x = 1 + y, rewritten as y = x− 1 . . . so these
two lines are parallel?”

0.00 0.00 Neutral step: u = 0.00. Positive credit is
unchanged (γ = 1 + u = 1.00).

Step 2 “Wait, both have slope 1 . . . the region
between them is bounded by y = x+ 1 and
y = x− 1 inside the square . . . ”

0.00 0.50 u = +0.50. This step increases the
correct-answer probability, so positive credit
in the pre-ready step is amplified by
γ = 1 + u = 1.50.

Step 3 “Wait, but if we have both y < 1 + x and
x < 1 + y, then combining these gives
|x− y| < 1 . . . area between these two lines
within the square . . . ”

0.50 0.00 u = −0.50. Although the rollout later
recovers, this step decreases the
correct-answer probability at this partial trace,
so positive credit in the step is reduced to
γ = 1 + u = 0.50.

Step 4 “Wait, actually, the area of this triangle is
(base × height)/2 . . . maybe it is easier to
think of it as a right triangle.”

0.00 0.00 Neutral step: u = 0.00. The step does not
change the local correct-answer probability
estimate, so positive credit is left unchanged.

Step 5 “Wait, when y ≥ x+ 1 . . . the area above this
line is a triangle . . . area 2 . . . similarly, the
area where y ≤ x− 1 is also 2 . . . so
|x− y| < 1 has area 9− 4 = 5 . . . subtract
x+ y ≤ 1, area 0.5 . . . probability
4.5/9 = 1

2
.”

0.00 1.00 u = +1.00. This step makes the partial trace
likely to produce the correct answer, so
positive credit is strongly amplified
(γ = 2.00).

Ready probe 1 “Wait, but let me verify this again . . . total area
where |x− y| < 1 is 5 . . . area where
|x− y| < 1 and x+ y ≤ 1 is 0.5 . . .
probability is 4.5/9 = 1

2
. . . ”

1.00 – First near answer-ready step. Since
p− ≥ τ = 0.75, RUAR starts a consecutive
run and records this step as the candidate
answer-ready step. If the run reaches length
c = 3, this candidate is confirmed as the
answer-ready step, and this step itself is
included in the post-ready region.

Ready probe 2 “Wait, maybe I can calculate the area directly
. . . the conditions are |x− y| < 1 and
x+ y > 1 . . . ”

≥
0.75

– Second consecutive near answer-ready step.
The consecutive run continues; once the run is
confirmed, this step is treated as post-ready
continuation rather than a pre-ready
utility-guided step.

Ready probe 3 “Wait, perhaps it is a polygon with vertices
(0, 1), (1, 0), (3, 2), and (2, 3) . . . ”

≥
0.75

– Third consecutive near answer-ready step.
The candidate from Ready probe 1 is
confirmed as the answer-ready step, so Ready
probe 1 and all later reasoning-segment
tokens receive fixed post-ready scaling, while
the answer segment ya is excluded.

Post-ready
continuation “. . . Alternatively, maybe I can calculate the

area directly . . . Wait, perhaps it is a polygon
. . . Wait, no . . . let me go back to the
subtraction method . . . 9− 4 = 5 . . . subtract
0.5 . . . probability 1

2
. . . ” Answer segment ya

“. . . Final answer:
1

2
.”

– – All reasoning-segment tokens from the
answer-ready step onward are treated as
post-ready continuation. For this correct
trajectory, positive credit over the gray region
is reduced (γ+

post = 0.25), while the answer
segment ya is excluded from fixed post-ready
rescaling.

Table 18: Method-level case study from Qwen3-8B on MATH500 sample 220. The same rollout contains helpful,
harmful, and answer-ready reflective reasoning steps. Gray text denotes post-ready continuation; the answer segment
ya is excluded from fixed post-ready rescaling.
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Stage Base (2462 tok., 11 target steps) RUAR (329 tok., 1 target step)

Problem “Freda is cooking canned tomatoes into sauce. She loses half the volume when cooking. Each 16-ounce can
contains three tomatoes. Her last batch made 32 ounces of sauce. How many tomatoes did she use?”
Gold answer: 12 .

Problem setup
(238 vs. 54 tok.)

“Okay, so Freda is cooking canned tomatoes into
sauce, and she loses half the volume when she does
that. Each can she uses has three tomatoes, and her
last batch made 32 ounces of sauce. I need to figure
out how many tomatoes she used. Hmm, let me break
this down step by step.
First, let’s understand the process. She starts with
some number of cans of tomatoes. Each can has three
tomatoes. When she cooks the tomatoes into sauce,
she loses half the volume . . . ”

“Okay, let me try to figure out how many tomatoes
Freda used. Hmm, so she cooks canned tomatoes into
sauce and loses half their volume. Each can has three
tomatoes and is 16 ounces. Her last batch made 32
ounces of sauce.”

Correct path
reached
(green step: Base
p−=0.00 →
p+=1.00)

“Wait, so if she uses c cans, the total volume of
tomatoes is 16c ounces. Then, when she cooks them,
she loses half the volume, so the sauce made is
(16c)/2 = 8c ounces.
But she made 32 ounces of sauce. So, 8c = 32.
Therefore, c = 32/8 = 4. So, she used 4 cans of
tomatoes. Since each can has 3 tomatoes, the total
number of tomatoes is 4× 3 = 12.”

“First, I need to find out how much tomato volume
she started with before losing half. Since she ended
up with 32 ounces after losing half, that means the
original volume was double that. So, 32× 2 = 64
ounces.
Now, each can is 16 ounces . . . 64/16 = 4 cans.
Each can has three tomatoes, so 4× 3 = 12
tomatoes.”

After deriving
the answer
(1765 vs. 76 tok.)

“Wait, that seems straightforward, but let me
double-check . . .
. . . She made 32 ounces of sauce. Since the sauce is
half the volume of the tomatoes, the total volume of
tomatoes she used was 32× 2 = 64 ounces . . .
64/16 = 4 cans . . . 4× 3 = 12 tomatoes.
Alternatively, maybe thinking about the number of
tomatoes per ounce? Each can has 3 tomatoes and 16
ounces, so 3/16 tomatoes per ounce. Then, 32 ounces
would be 32× (3/16) = 6 tomatoes. Wait, that’s
different. Hmm, that can’t be right because 6 is not
12.
Wait, let me recast that . . . But that contradicts the
previous answer. So, which one is correct?
Wait, maybe I messed up the ratio . . . 32 ounces of
sauce is 64 ounces of tomatoes . . . 4 cans . . . 12
tomatoes.
. . . Wait, but let me think about the initial problem
again . . . Wait, but let me think about the ratio again
. . . So, the answer is 12 tomatoes.”

“Wait, let me check that again. Each can is 16 ounces,
and she used 4 cans, so 4× 16 = 64 ounces. She
started with 64 ounces, lost half, so 32 ounces made.
Each can has 3 tomatoes, so 4× 3 = 12 tomatoes.
Yeah, that seems right.”

Conclusion
(277 vs. 80 tok.)

“Freda used 12 tomatoes.
. . . Let c be the number of cans used. The total
volume of tomatoes is 16c ounces. When cooking,
the volume of sauce is half of this, so 8c = 32, hence
c = 4. Each can contains 3 tomatoes, so 4× 3 = 12.
Thus, Freda used 12 tomatoes.”

“Freda used 12 tomatoes.
Freda started with 64 ounces of tomato volume,
which came from 4 cans. Each can contains 3
tomatoes, so she used 4× 3 = 12 tomatoes.
12 ”

Diagnostic
summary
(all target steps)

11 target steps: 1 helpful, 10 redundant, 0
ineffective, 0 harmful.
The green-highlighted reflective reasoning step
changes correct-answer probability from p− = 0.00
to p+ = 1.00. The remaining 10 target steps are
redundant (p− = p+ = 1.00), showing that Base
repeatedly continues after the partial trace is already
answer-ready.

1 target step: 0 helpful, 1 redundant, 0 ineffective, 0
harmful.
The single target step is a short redundant verification
(p− = p+ = 1.00). Thus, RUAR reduces repeated
redundant post-ready continuation from 10 steps to 1
step.

Table 19: Qualitative comparison on GSM8K example gsm8k-test-97. Both methods answer correctly, but Base
repeatedly reopens the solved reasoning state after deriving the answer and temporarily considers a misleading
6-tomato shortcut. The green-highlighted step marks the Base reflective reasoning step that increases correct-answer
probability (p− = 0.00→ p+ = 1.00); the final row shows that the remaining 10 Base target steps are redundant,
while RUAR reduces this repeated redundant continuation to one short verification step.
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