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Abstract

Scaling test-time computation improves the
reasoning ability of large language models
(LLMs), but the resulting latency and cost
limit its use in latency- and cost-sensitive sce-
narios. We present BudgetThinker, a frame-
work for reasoning-budget adherence that pro-
vides online control of chain-of-thought (CoT)
length during decoding. Rather than relying on
a one-shot prompt instruction, BudgetThinker
periodically inserts specialized tokens that
communicate the remaining reasoning budget.
A two-stage training pipeline, consisting of
supervised fine-tuning and curriculum-based
reinforcement learning, teaches the model to
interpret these signals and adapt its reason-
ing pace. Across the evaluated 1.5B and 7B
text backbones, a 7B multimodal backbone,
and a 1.5B code-reasoning model evaluated
on HumanEval, BudgetThinker improves bud-
get adherence and accuracy–efficiency trade-
offs over competitive baselines. The con-
trolled comparisons isolate the contribution of
online ratio signaling from the shared train-
ing pipeline. Code is available at https://
github.com/MobileLLM/BudgetThinker.

1 Introduction

A recent breakthrough in Large Language Models
(LLMs) is the paradigm of test-time scaling, where
models are prompted to “think longer” by gen-
erating extended Chain-of-Thought (CoT) reason-
ing before producing a final answer (DeepSeek-AI,
2025; OpenAI, 2024). This approach has achieved
state-of-the-art performance on complex reason-
ing tasks in domains such as advanced mathe-
matics (DeepSeek-AI, 2025; Google, 2025), code
generation (Hui et al., 2024; Yang et al., 2025a),
and multimodal reasoning (Team et al., 2025a;
Huang et al., 2025; Shen et al., 2025). However,
these performance gains come at the cost of in-
creased latency and computational overhead, mak-
ing these reasoning models impractical for real-

world systems with strict performance constraints,
such as latency-critical agents and robotics (Sui
et al., 2025).

This fundamental trade-off between reasoning
quality and computational efficiency highlights a
critical need for controllable CoT reasoning—the
ability for a reasoning LLM to conclude its rea-
soning process within a specified budget. Such a
budget may be a hard latency limit imposed by an
application, such as the sub-100 ms requirement
for autonomous driving (Lin et al., 2018; Chen
et al., 2025a), or a flexible constraint based on
user tolerance for cost and delay in agentic sys-
tems. Because available resources vary across
hardware and workloads, a model should com-
plete reasoning within the requested limit while
allocating more computation when the problem re-
quires it (Cai et al., 2020; Yu et al., 2019). We
term this instruction-following capability budget
adherence.

Throughout this paper, B denotes the maximum
number of model-generated reasoning tokens. Ex-
ternally inserted control tokens and the fixed final-
answer suffix of at most 50 tokens are not included
in B. Thus, BudgetThinker targets adherence to
a reasoning-token budget rather than strict end-to-
end token control or full budget exhaustion.

However, existing approaches to shorten the rea-
soning length fall short of providing a per-step,
fine-grained budget signal that LLMs have been
explicitly trained to act on. Natural-language bud-
get hints (whether placed in the prompt (Sun et al.,
2025; Xu et al., 2025b) or inserted into the de-
coding stream (Pu et al., 2025)) rely on the base
model’s zero-shot ability to understand numeric
budget, without any mechanism to train the model
to act on them. Reasoning-effort post-training
(Yang et al., 2025a; OpenAI, 2025b,a; Team et al.,
2025d; Yang et al., 2025b; Team et al., 2025a)
teaches the model to allocate reasoning effort
along a small set of discrete modes (e.g. , “think-
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Figure 1: Overview of the BudgetThinker framework. (a) Budget-aware generation with Control Tokens:
BudgetThinker periodically inserts special tokens into the reasoning process to continuously inform the model of
the remaining token budget. (b) Effect of Control Tokens on training. We compare GRPO training of
Qwen-2.5-1.5B with and without Control Tokens on the NuminaMath dataset (Project-Numina, 2024), measuring
the gap between the generated length and the target budget. BudgetThinker reduces this length–budget gap more
quickly and stably, indicating better budget adherence.

ing” vs. “non-thinking”), which cannot express the
continuous, system-imposed token budgets we tar-
get. SFT- and RL-based pipelines (Hou et al.,
2025; Aggarwal and Welleck, 2025; Wu et al.,
2025d; Liu et al., 2025a; Xia et al., 2025; Qu et al.,
2025; Yu et al., 2025c; Zhang et al., 2025a) train
LLMs to internalize length preferences through re-
ward shaping, but at inference time the model still
receives no per-step indication of how much bud-
get remains; consequently the gap between gener-
ated length and target budget plateaus around 300
tokens even after extensive training (Figure 1b).

In this paper, we try to address the challenge of
fine-grained, dynamic control over the length of a
model’s reasoning trace. We argue that merely
stating a budget constraint in the initial prompt is
insufficient, and the model needs to be continu-
ously reminded of its remaining token budget as it
generates reasoning tokens. To achieve this, we de-
velop a training and inference framework that con-
ditions the model on online budget signals. Specif-
ically, we extend the LLM’s vocabulary with a
small, fixed set of learnable special Control To-
kens and periodically insert them into the decod-
ing stream at budget milestones (e.g. every 1/K
of reasoning budget B), as illustrated in Figure 1a.
As shown in Figure 1b, training with these control
tokens leads to a faster and more stable reduction
in the gap between the generated length and the
target budget, demonstrating their effectiveness in
stimulating budget adherence.

We evaluate our method on DeepSeek-
R1-distilled Qwen-2.5 1.5B and 7B models

(DeepSeek-AI, 2025), RoboBrain-7B-2.0 (Team
et al., 2025a), and a 1.5B code-reasoning model
on HumanEval (Chen et al., 2021). The eval-
uation covers MATH-500 (Hendrycks et al.,
2021), AMC 2023, Embodied Reasoning QA
Evaluation Dataset (ERQA) (Team et al., 2025b),
and Spatial Aptitude Training Benchmark (SAT)
(Ray et al., 2025). Across these evaluated scales
and modalities, BudgetThinker improves the
accuracy–budget trade-off and budget-following
reliability over the original models and efficient-
reasoning baselines. For the code experiment, we
train both BudgetThinker and its no-control-token
counterpart using the same two-stage SFT–RL
pipeline, providing a controlled cross-domain test
of the signaling mechanism.

Our main contributions are:

• We introduce a periodic, ratio-based budget-
signaling mechanism that conveys the remain-
ing budget to a reasoning LLM during decod-
ing. The signal is carried by a compact set of
K learnable control tokens, whose size is inde-
pendent of the budget magnitude.

• We design a two-stage training pipeline—SFT
followed by curriculum-based RL with a length-
aware reward—that teaches the model to inter-
pret these tokens as online budget signals rather
than verbal hints. The pipeline is plug-and-play
and complements existing test-time scaling pro-
cedures.

• Across the evaluated 1.5B and 7B text models,
the 7B multimodal model, and the HumanEval
code experiment, we show improved accuracy–
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efficiency trade-offs and budget adherence under
varied reasoning budgets.

2 Special-Token Conditioned
Budget-Aware Reasoning

We present BudgetThinker, a budget-aware gener-
ation framework that guides Large Language Mod-
els (LLMs) to adhere to a predefined reasoning-
token budget. Our method conditions the model
on explicit control signals throughout generation.
We enhance budget adherence by (i) introducing
a dynamic control-token insertion strategy that
continuously informs the model of the remaining
budget and (ii) developing a two-stage training
pipeline that combines Supervised Fine-Tuning
(SFT) and Reinforcement Learning (RL) to teach
the model to interpret and respond to these signals.

2.1 Special-Token Budget Signaling
Our method augments standard autoregressive
generation with a small, fixed set of special con-
trol tokens inserted at positions corresponding to
fractions of the reasoning budget. These tokens
signal how much of the requested reasoning bud-
get has been consumed. Let B be the target budget
and K be a fixed hyperparameter for the number
of control signals. We introduce a set of K special
control tokens, C = {c1, c2, . . . , cK}, where ck
signals that the generation has progressed through
the k-th fraction of the total budget (e.g. , c1 signi-
fies 10% completion if K=10). Here and through-
out the paper, B is the maximum number of model-
generated reasoning tokens. The K externally in-
serted control tokens and the fixed final-answer
suffix of at most 50 tokens are excluded from B.
Consequently, the total emitted sequence can ex-
ceed B by this fixed overhead; our objective is
reasoning-budget adherence, not strict end-to-end
token control or full budget exhaustion. During
generation, the token yt at timestep t is determined
by the following piecewise function:

yt =





ck, if t = k · ⌊B/K⌋,
for an integer k ∈ {1, . . . ,K}

y′t, otherwise, where y′t ∼ πθ(· | x, y<t)

At each timestep t that corresponds to the end of
a budget fraction k · ⌊B/K⌋, we deterministically
insert the corresponding control token ck. For all
other timesteps, the next token y′t is sampled from
the LLM’s distribution πθ, conditioned on the full

history of both model-generated tokens and our in-
serted control tokens.

This ratio-based signaling is highly scalable.
In contrast, a naive baseline like Fixed-Interval
Signaling, which inserts a token every I steps,
would require a potentially unbounded number of
unique control tokens as the budget B increases.
Our approach always uses the same fixed set of
K tokens, making it robust and efficient across
widely varying budgets.

2.2 SFT Data Curation

To teach the LLM the semantics of our control
tokens, we construct a specialized dataset for Su-
pervised Fine-Tuning (SFT). The curation process
involves two key steps: budget assignment and
dataset balancing.

Budget Assignment. First, for each original
data sample (x, y), we assign a budget B by round-
ing the answer’s length, |y|, up to the nearest mul-
tiple of a granularity parameter T :

B = T ·
⌈
|y|
T

⌉
,

This calculation method is intentional. By de-
sign, the true answer length |y| is almost always
less than the allocated budget |B|. This gap
teaches the model to robustly terminate its reason-
ing and stop generating tokens once the answer is
complete, rather than artificially padding the out-
put to fill the entire budget. Next, we transform
each sample in the dataset. The input prompt is
modified to include the budget constraint, and the
target output is reconstructed to include the control
tokens:

x̂ = Concat(x, Please answer within Bi tokens)

ŷ = Insert(y, {cj}Kj=1)

Here, Insert adds the control token ck+1 at each
ratio milestone t = k⌊B/K⌋. Then, we get a re-
constructed dataset {(x̂, ŷ)}, which we use to fine-
tune LLM.

2.3 Dataset Construction and Balancing

To ensure the model generalizes across a wide
range of output lengths, our SFT dataset is a bal-
anced mixture of three distinct data types:

(1) Long Reasoning Data: Full-length CoT
reasoning sequences from powerful teacher mod-
els, such as DeepSeek-R1 (DeepSeek-AI, 2025).
(2) Iteratively Compressed Reasoning Data: To

31184



populate intermediate lengths, we use an LLM-
based compressor to iteratively shorten the long
CoT sequences (Kang et al., 2025). Critically, this
compression is applied iteratively: the result of
one compression step becomes the input for the
next. This process continues until a comprehen-
sive spectrum of shortened reasoning chains, de-
rived from an original long CoT, is produced. This
approach ensures our model learns to adhere to
budgets requiring diverse levels of reasoning ab-
breviation. (3) Non-thinking Data: Direct, con-
cise answers to handle scenarios with very tight
budget constraints where elaborate reasoning is
not feasible. This balanced composition is piv-
otal for developing a versatile and robustly budget-
adherent model.

2.4 Reinforcement Learning
Following SFT, we employ Group Relative Pol-
icy Optimization (GRPO) algorithm (Shao et al.,
2024) to train the model to generate responses that
adhere to a specific token budget, B. Figure 2 illus-
trates the overall training pipeline: the SFT stage
(top-left) grounds control-token semantics, and the
RL stage (top-right) adapts reasoning across bud-
gets via a curriculum followed by mixed-budget
sampling. During each RL rollout (bottom), the
reasoning trace is truncated at reasoning budget B
to extract the answer for accuracy and format re-
wards, while the full rollout continues to length T
for length-reward computation.

Reward Design. We design a composite re-
ward function that balances factual accuracy with
a penalty for deviating from the target length. For
a generated response y, with ground truth ygold
and budget B, the reward R is defined as:

R(y, ygold, B) = k11{y = ygold}
+ k21{format(y)}
+ k3max

(
1− γδ2, 0

) (1)

Indicator functions 1{y = ygold} and
1{format(y)} are the original correctness and for-
mat check of GRPO, and k1, k2, k3 are coefficients
that control the relative importance of each part.
The Length Reward incentivizes the model to use
the budget efficiently. It is based on normalized
length deviation, δ = ||y|−B|

B , which measures the
fractional difference between the generated length
|y| and the target budget B. This deviation is mod-
ulated by an asymmetric penalty coefficient, γ:

γ =

{
1 if |y| ≤ B

r if |y| > B

Here, r > 1 is a hyperparameter that imposes a
larger penalty for exceeding the budget than for
falling short of it. This design encourages the
model to generate responses that are correct and
aligned with the requested length constraint.

Special Token Conditioned Sampling. Our
framework’s special-token insertion is integrated
directly into the GRPO sampling loop. For each
training question, BudgetThinker injects control
tokens at the appropriate budget fractions during
generation. To provide a clear learning signal, the
model completes its full reasoning rollout to cal-
culate the length-based reward accurately. For an-
swer extraction, however, the reasoning trace is
truncated at B and followed by a final-answer suf-
fix of at most 50 tokens. This protocol exposes
the model to the consequences of its full rollout
while evaluating adherence to the reasoning bud-
get rather than imposing a strict end-to-end cap.

Mixed Budget Reinforcement Learning. To
build robustness across budgets, RL proceeds in
two stages: (1) Curriculum Stage: Our LLM is
trained iteratively on k different token budgets.
The curriculum proceeds by decreasing the budget
across stages, following the sequence B1 > B2 >
· · · > Bn. (2) Randomized Stage: Each Training
batch samples a budget Bk uniformly from Bj

n
j=1.

This mixed strategy prevents catastrophic forget-
ting and maintains the model’s proficiency across
all learned budget levels.

3 Experiments

In this section, we present a comprehensive em-
pirical evaluation of BudgetThinker. We investi-
gate accuracy and reasoning-budget adherence un-
der varied budgets (Section 3.2), including a code-
domain evaluation. We then analyze control-token
insertion strategies (Section 3.3.1), iterative train-
ing (Section 3.3.2), and reinforcement learning
(Section 3.3.3).

3.1 Experiment Setup
LLM Training Details. We use DeepSeek-R1
(DeepSeek-AI, 2025) distilled Qwen-2.5-1.5B and
Qwen-2.5-7B (Hui et al., 2024) as backbone mod-
els. For SFT, we create a dataset of 41k instances
for text-based LLMs. The details are listed in Ap-
pendix A.3. We train all SFT models for 6 epochs
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Figure 2: BudgetThinker training pipeline. Stage 1 (SFT) grounds control-token semantics using a mixture of
long, compressed, and non-thinking reasoning data with assigned budgets. Stage 2 (RL) optimizes
budget-conditioned reasoning via a curriculum of decreasing budgets (B1 > · · · > Bn), followed by uniform
mixed-budget sampling.

1.5B LLM

Method MATH-500 AMC

0.5K 1K 2K 4K 6K 10K 2K 4K 6K 10K 30K

ThinkPrune 44.0 69.4 79.4 82.8 83.3 83.6 65.5 70.1 71.9 72.0 73.6
Laser 48.4 70.2 80.2 82.6 83.8 83.2 59.0 67.8 73.4 75.9 75.9
AnytimeReasoner 51.0 66.8 76.0 83.4 84.8 87.4 57.2 68.8 72.8 74.0 75.0
Original Model 20.4 45.8 63.0 70.0 69.2 70.2 36.9 46.9 55.6 61.6 67.8
c2f 56.8 70.0 77.4 80.8 81.8 80.0 54.4 65.9 62.5 64.7 68.3
CoD 38.0 59.4 64.2 64.8 65.2 65.2 33.4 46.9 48.1 49.4 66.1
BudgetThinker 59.4 75.0 81.6 84.8 85.8 87.4 65.5 70.4 74.0 75.0 75.9

7B LLM

Method MATH-500 AMC

0.5K 1K 2K 4K 6K 10K 2K 4K 6K 10K 30K

ThinkPrune 52.8 75.4 85.6 90.0 90.6 91.6 65.6 82.5 83.4 87.5 90.0
Laser 53.8 80.0 88.8 90.6 92.0 92.2 67.8 83.8 86.3 87.5 88.1
Original Model 22.2 44.4 67.4 78.8 84.0 86.0 38.8 58.8 73.1 78.4 79.3
c2f 59.8 76.4 84.0 89.6 91.0 90.2 62.8 76.6 87.2 87.2 87.3
CoD 31.6 57.8 73.4 81.6 84.6 85.8 47.8 69.1 74.7 79.1 79.8
BudgetThinker 69.4 77.0 86.0 90.0 92.2 93.0 69.7 77.5 87.5 87.5 90.0

7B MLLM

Method ERQA SAT

50 80 100 150 200 50 80 100 150 200

c2f 4.5 6.5 10.0 24.6 39.6 23.0 55.0 66.0 69.0 74.6
Laser 37.1 38.8 39.6 40.4 42.3 69.7 70.0 71.0 73.3 73.3
BudgetThinker 41.1 41.9 43.6 43.4 43.6 70.7 72.0 72.7 74.0 76.7

Table 1: Pass@1 accuracy of BudgetThinker vs. baselines across various generation budgets. The numeric headers
(e.g. , 0.5K, . . . , 30K, 50, . . . , 80) represent the Generation Budget.

with an initial learning rate of 2e-5 and a maxi-
mum context length of 12000.

For Reinforcement Learning (RL), we employ
the Group Relative Policy Optimization (GRPO)
algorithm (Shao et al., 2024). Models are trained
for 10 epochs with GRPO hyperparameters α and
β set to 0.01 and 0.01, respectively. The maximum

context length during RL is 10000.

We configure BudgetThinker by setting the
number of control intervals to K = 8. For the
iterative training stage, we start from a budget
of 6000, then reducing it to 4000, 3000, and fi-
nally 2000, with 1 epoch for each budget. In the
randomized training stage, we randomly sample
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B ∈ {6000, 4000, 3000, 2000} for 1 epoch. Fur-
ther training details are shown in Appendix A.7.

MLLM Training Details. We use RoboBrain-
7B-2.0 (Team et al., 2025a) as the backbone
model. For SFT, we use the visual question an-
swering (VQA) data with CoT from RoboBrain-
2.0, consisting of 37k question answer pairs. In
RoboBrain-2.0, the CoT data is generated from
GPT-4o (Hurst et al., 2024), and the length is con-
centrated in 200-300 tokens. Therefore, we use the
GPT-4o-based compressor to compress the CoT
length for 3 iterations, creating a dataset of 111k.

For RL, we randomly sample 2k instances from
the VQA training dataset of RoboBrain-2.0 (Team
et al., 2025a), train the MLLM for 6 epochs, with
the initial learning rate of 1e-6. Specifically, we set
the number of control intervals to K = 3 because
the shorter reasoning length on MLLMs, and the
training budgets B ∈ {200, 150, 100, 80, 50} for
the iterative training phase, and train 1 epoch
on each budget. Then, we train 1 epoch for
mixed budget stage. We remain the other hyper-
parameters same with LLMs.

For fair comparison, we also train the origi-
nal RoboBrain-7B-2.0 through the same proce-
dure from SFT to RL using the same data and set-
tings, with the difference that we don’t add bud-
get constraints during training and set the maxi-
mum context length to 500, which is far beyond
the largest budget 200 in our experiments.

Evaluation Details. We evaluate our meth-
ods and baselines on 2 math benchmarks and 2
multi-modal reasoning benchmarks: MATH-500
(Hendrycks et al., 2021), AMC 2023, ERQA
(Team et al., 2025b), and SAT (Ray et al., 2025).
To assess budget control, we evaluate performance
across a range of reasoning budgets, from B =
50 to B = 10000 tokens. For inference, we
utilize a modified version of the vLLM engine
(Kwon et al., 2023). Our modified engine en-
forces the budget by truncating the reasoning pro-
cess once the length limit is reached and append-
ing the “</think>**Final Answer**” tags to sig-
nal the model for a final answer. We then allo-
cate an additional 50 tokens for final-answer gen-
eration before terminating the process. Thus, B
is a reasoning-token ceiling, while the fixed suffix
and inserted control tokens contribute a small, sep-
arately accounted overhead. We additionally mea-
sure wall-clock latency under continuous batching
with this setup; latency is approximately linear
in the generated-token count (∼5.2 ms/token on

a single A800 GPU), supporting the use of token
budget as a practical proxy for end-to-end latency.
Full latency table is reported in Appendix A.9

Code-domain evaluation. To evaluate code-
domain reasoning, we train a 1.5B model on
31,619 examples from the AIZU subset of Open-
CodeReasoning (Ahmad et al., 2025), followed
by GRPO on 427 MBPP problems (Austin et al.,
2021). We then evaluate the trained model on
HumanEval (Chen et al., 2021). BudgetThinker
and the No Control Tokens variant use identi-
cal data, training settings, and evaluation proto-
cols; the only changed variable is the ratio-based
online signaling mechanism. Detailed settings
and pass@1/pass@8 results are reported in Ap-
pendix A.6.

Baselines. We benchmark BudgetThinker
against five baselines: (1) ThinkPrune (Hou et al.,
2025): A typical efficient reasoning framework
that also uses GRPO for budget control but does
not incorporate explicit control tokens. We com-
pare ThinkPrune only at 1.5B, as its official repos-
itory does not provide a 7B model. (2) Laser (Liu
et al., 2025a): A state-of-the-art efficient reason-
ing framework enhances both fast and slow think-
ing capability. (3) AnytimeReasoner (Qi et al.,
2025): An RL-based anytime reasoning frame-
work that optimizes performance under varying
token budgets via truncated reasoning and dense
rewards. We compare AnytimeReasoner only at
1.5B, as its official release does not provide 7B
training scripts or weights. (4) CoD (Chain-of-
Draft) (Xu et al., 2025b): A prompt based method
that facilitates fast reasoning by prompting LLMs
to draft concise intermediate thought. (5) c2f
(Sun et al., 2025): A prompt-only baseline using
the coarse-to-fine (c2f) prompt style of Sun et al.
(2025), which instructs the model to first produce a
brief coarse analysis with an initial answer before
expanding into fine-grained reasoning. (6) Orig-
inal Models: The DeepSeek-R1 distilled Qwen-
2.5-1.5B and 7B models that serve as the founda-
tion for our fine-tuning.

3.2 Accuracy-Budget Tradeoff
We first evaluate the accuracy of BudgetThinker
against the baselines across various token bud-
gets, with results shown in Table 1. For results
of MATH-500 and AMC 2023, BudgetThinker
outperforms the original model and ThinkPrune
across most budget allocations. Specifically, Bud-
getThinker improves accuracy by 2.1% over Laser,
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3.2% over ThinkPrune and 22.4% over Original
model on average.

On HumanEval, BudgetThinker improves
pass@1 and pass@8 at five of six budgets. Aver-
aged across all budgets, the gains over No Control
Tokens are 2.61 and 0.71 percentage points,
respectively, with the clearest pass@1 improve-
ments between 1K and 4K tokens (Appendix A.6).
This controlled cross-domain result provides
evidence that online budget signaling contributes
beyond the shared SFT and RL pipeline.

The accuracy gains of BudgetThinker coincide
with more reliable use of the requested reason-
ing budget, as shown in Figure 3. We calcu-
late the average relative length |y|/B only for re-
sponses that terminate naturally within B; this
is a within-budget length ratio, not a measure of
full budget exhaustion. The original model, lack-
ing budget-specific training, often violates the re-
quested limit. ThinkPrune (Hou et al., 2025) fol-
lows the limit more often but can terminate prema-
turely on complex problems. In contrast, Budget-
Thinker achieves higher natural-completion and
budget-following rates, while using more of the
available computation than the evaluated baselines
at larger budgets. It does not force every response
to consume the full budget: at B = 10,000, its
average reasoning length is 3,691 tokens (36.9%
of B). These results support improved reasoning-
budget adherence and accuracy–efficiency trade-
offs, rather than strict end-to-end control or full
budget exhaustion. Additional metrics appear in
Appendix A.10, and failure-mode analyses appear
in Appendix A.11.

3.3 Ablations

To identify which components drive Budget-
Thinker’s performance, we conduct controlled ab-
lations isolating three design choices: (i) the sig-
naling mechanism (Section 3.3.1), where we fix
the full training pipeline and vary only the token
insertion strategy, further analyzing sensitivity to
the number of control intervals K; (ii) the curricu-
lum training schedule (Section 3.3.2), evaluated
via intermediate checkpoints; and (iii) the rein-
forcement learning stage (Section 3.3.3), compar-
ing the full model against an SFT-only variant.

3.3.1 Ablation on Control Token Insertion
Strategies

We analyze the performance of BudgetThinker un-
der four distinct control token insertion strategies

to understand their impact:

• No Control Tokens: An ablation where no spe-
cial tokens are inserted, relying solely on the RL
objective for budget control.

• Fixed Interval (50 tokens): Control tokens are
inserted at a fixed, frequent interval of every 50
tokens, with 200 special tokens added for a max-
imum budget of 10000 tokens.

• Fixed Interval (250 tokens): Control tokens are
inserted at a larger, fixed interval of every 250
tokens, with 40 special tokens added for a maxi-
mum budget of 10000 tokens.

• Budget Ratio (Default): Our proposed method,
where 8 tokens are inserted at intervals corre-
sponding to each 1/8th of the total budget.

Note that while the “No Control Tokens” and
“Budget Ratio” strategies are inherently scalable
to any context length, fixed-interval strategies re-
quire adjustments to the number of special tokens
for different budget sizes.

The results in Figure 4 indicate that the Budget
Ratio strategy yields the best performance. All
variants use identical compressed-CoT data, SFT
and RL data, curriculum schedules, reward func-
tions, training steps, and evaluation protocols; the
signaling mechanism is the only changed variable.
Relative to No Control Tokens, Budget Ratio im-
proves accuracy by 3.2, 4.0, and 4.6 points at B =
1K, 2K, and 10K, respectively. The fixed-interval
variants remain weaker, showing that the gain is
not explained merely by inserting additional to-
kens; communicating the remaining budget ratio
is important. The 250-token interval outperforms
the 50-token interval, consistent with a guidance–
interference trade-off.

We further analyze the sensitivity to the number
of control intervals K in Table 3. Since K con-
trols the frequency of ratio-based budget signals,
it directly affects the trade-off between guidance
and interference. Overall, K = 8 achieves the
best performance across most MATH-500 budgets.
Smaller values such as K = 2 provide insufficient
feedback for pacing, whereas larger values such
as K = 16 may over-insert control tokens and dis-
rupt reasoning. Therefore, we use K = 8 as the
default setting for LLM experiments. This is an
empirical operating point, not a theoretically opti-
mal constant; semantic-boundary placement is left
for future work.
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Figure 3: Budget following and within-budget length analysis of BudgetThinker-1.5B, ThinkPrune-1.5B, and the
R1-1.5B on MATH-500. (a) Percentage of responses that terminate naturally within the reasoning budget B. (b)
Average reasoning length as a percentage of B, computed only over responses that terminate naturally within B.
The fixed final-answer suffix and externally inserted control tokens are excluded.

Model Accuracy (%) Budget Following Ratio (%)

2K 4K 6K 10K 2K 4K 6K 10K

BudgetThinker 6k 79.6 85.2 86.0 84.6 47.0 67.8 76.2 85.6
BudgetThinker 6k-4k 80.0 86.0 84.6 86.4 62.8 78.6 85.8 93.8
BudgetThinker 6k-4k-3k 80.0 84.2 85.0 87.2 66.4 84.6 89.8 95.4
BudgetThinker 6k-4k-3k-2k 83.6 84.6 84.6 85.2 86.8 95.4 97.2 98.6

BudgetThinker (Full Training) 81.6 84.8 85.8 87.4 79.8 95.4 95.0 97.2

Table 2: Accuracy (%) and Budget Following Ratio (%) of BudgetThinker-1.5B at different stages of the iterative
training. Each row represents a checkpoint (e.g. , “6k-4k” denotes the model after training sequentially on 6k
and 4k budgets). The “Full Training” model completes the 6k-to-2k curriculum plus a final mixed-budget training
phase where budgets are randomly sampled. Darker cells indicate higher values within each column.

Figure 4: Ablation of control token insertion
strategies.

3.3.2 Ablation on Iterative Training

To investigate the impact of our mixed budget re-
inforcement learning, we evaluate checkpoints of
BudgetThinker-1.5B on MATH-500, as shown in
Table 2. The results reveal that as the model is
trained on smaller budgets, its reasoning capability
on larger budgets initially decreases. However, af-
ter the final mixed-budget training stage, accuracy
on larger budgets recovers. We also observed that
training on smaller budgets improves the budget
following ratio, encouraging the model to generate
more concise answers. After the full curriculum,

Budget K = 2 K = 4 K = 8 K = 16

500 55.8 60.6 59.4 60.0
1000 66.2 70.4 75.0 67.0
2000 77.4 77.2 81.6 75.6
4000 81.8 78.6 84.8 79.4
6000 81.2 83.0 85.8 77.6
10000 83.8 85.6 87.4 83.2

Table 3: Sensitivity analysis of the number of control
intervals K on MATH-500.

the LLM achieves a balanced capability to handle
all budgets, even if it is not individually optimal
for every single budget constraint.

3.3.3 Ablation on Reinforcement Learning

To isolate the contribution of reinforcement learn-
ing, we compare the full BudgetThinker model
with a version trained only with Supervised Fine-
Tuning (SFT). The results in Figure 5 demon-
strate that the full RL-tuned model consistently
surpasses the SFT-only model across most tested
budgets. This underscores the importance of the
RL phase. While SFT teaches the model the for-
mat and semantic meaning of control tokens, RL
encourages the model to actively explore and dis-
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Figure 5: Ablation of reinforcement learning method.

cover more effective reasoning strategies that opti-
mize the reward under specific budget constraints,
ultimately leading to higher accuracy.

4 Related Work

Test-time scaling improves LLM reasoning
through extended chain-of-thought generation
(DeepSeek-AI, 2025; Google, 2025; Yang et al.,
2025a; OpenAI, 2024), but the resulting latency
motivates a growing line of works on efficient
and controllable reasoning (Liu et al., 2025b;
Wu et al., 2025a; Wang et al., 2024a). Prior
approaches include prompt-level brevity instruc-
tions, adaptive switching between thinking modes,
fine-tuning or RL objectives that penalize length.
These methods either provide coarse control over
average length, or rely on zero-shot instruction
following that degrades over long decoding. In
contrast, BudgetThinker trains LLMs to interpret
a fixed, budget-agnostic set of ratio-based control
tokens as online signals of remaining budget,
enabling fine-grained adherence across widely
varying budget levels. Detailed discussions in
Appendix A.2.

5 Conclusion

We introduce BudgetThinker, a framework for
reasoning-budget adherence based on periodic
ratio-based control tokens and a two-stage SFT–
RL training pipeline. Across the evaluated 1.5B
and 7B text models, a 7B multimodal model,
and a 1.5B code-reasoning model evaluated on
HumanEval, BudgetThinker improves budget fol-
lowing and accuracy–efficiency trade-offs over
the evaluated baselines. The controlled ablation
shows that these gains persist when the data,
curriculum, reward, and training compute are
held fixed, isolating the contribution of online
remaining-budget signaling. BudgetThinker im-
proves completion within a requested reasoning

budget, but it does not require every response to
exhaust that budget.

Limitations

Our evaluation covers 1.5B and 7B text mod-
els, one 7B multimodal model, and one 1.5B
code-reasoning model. Scalability to substantially
larger backbones, broader domains, and more mul-
timodal tasks remains to be verified. The reason-
ing budget excludes the K inserted control tokens
and the fixed final-answer suffix, so our protocol
is not strict end-to-end token control and does not
guarantee full budget exhaustion. The choices of
K (8 for LLMs and 3 for MLLMs), T = 50, and
the one-quarter-budget reward cutoff are practical
empirical settings rather than theoretically optimal
constants. We use ratio-based placement at token
milestones and have not evaluated insertion at se-
mantically meaningful reasoning boundaries. Fi-
nally, under very small budgets, BudgetThinker
can still omit necessary constraints or commit too
early to a compressed strategy, as shown by the
failure-mode analysis in Appendix A.11.
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A Appendix

A.1 LLM Usage Statement

Large language models (e.g. , ChatGPT) were
used only for minor language polishing and gram-
mar correction. All ideas, experimental design,
data analysis, and writing were conducted by the
authors.

A.2 Related Works

A.2.1 Test-Time Scaling for Reasoning LLMs
Recent advances in test-time scaling improve
LLM reasoning by increasing computational depth
during decoding. Among these methods, rein-
forcement learning enables LLMs to explore di-
verse solution strategies and allocate more com-
putation to reflection, substantially improving rea-
soning across domains such as math (DeepSeek-
AI, 2025; Google, 2025), coding (Hui et al., 2024;

31194

https://arxiv.org/abs/2501.11284
https://arxiv.org/abs/2501.11284
https://arxiv.org/abs/2505.09388
https://openreview.net/forum?id=H1gMCsAqY7
https://arxiv.org/abs/2501.17974
https://arxiv.org/abs/2501.17974
https://arxiv.org/abs/2501.17974
https://arxiv.org/abs/2505.15400
https://arxiv.org/abs/2505.15400
https://arxiv.org/abs/2505.15400
https://arxiv.org/abs/2508.10026
https://arxiv.org/abs/2508.10026
https://arxiv.org/abs/2507.09662
https://arxiv.org/abs/2507.09662
https://arxiv.org/abs/2507.09662


Yang et al., 2025a), agentic tasks (Team, 2025a),
and multimodal reasoning (Tan et al., 2026; Shen
et al., 2025; Team et al., 2025b,a). Other works
distill reasoning ability from long CoTs generated
by large models into smaller LLMs to encourage
deeper thinking (Muennighoff et al., 2025; Labs,
2025; Team, 2025b; Ye et al., 2025; Xu et al.,
2025a; Geiping et al., 2025). Despite their ef-
fectiveness, these approaches often incur substan-
tial inference latency because of lengthy outputs
(Sun et al., 2025; Zhu and Li, 2025; Qu et al.,
2025), limiting their practicality in real-time sys-
tems. Moreover, excessively long outputs can
cause overthinking (e.g. , meaningless repetition)
and even introduce errors (Yu et al., 2025a; Chen
et al., 2025b). To improve efficiency, recent stud-
ies explore controlling reasoning effort by adap-
tively switching thinking modes (He et al., 2025;
Zhao et al., 2025; Hammoud et al., 2025; Wu et al.,
2025b; Zhang et al., 2025b; Mao et al., 2025; Han
et al., 2025; Shen et al., 2026). Our method in-
stead teaches LLMs to follow a user-specified to-
ken budget during reasoning, enabling more con-
trolled and efficient generation.

A.2.2 Efficient Chain of Thoughts
A growing body of work studies how to improve
the token efficiency of LLM reasoning (Liu et al.,
2025b; Wu et al., 2025a; Wang et al., 2024a). At
the prompt level, prior work reduces reasoning
length by explicitly specifying brevity or budget
constraints in the input (Xu et al., 2025b; Han
et al., 2024; Muennighoff et al., 2025; Wong et al.,
2025). At inference time, more adaptive methods
regulate computation during generation (He et al.,
2025; Yang et al., 2026; Yu et al., 2025c; Wang
et al., 2025a; Damani et al., 2024; Snell et al.,
2025; Fu et al., 2025a; Wang et al., 2025b; Fu
et al., 2025b; Li et al., 2026a; Yu et al., 2025b;
Yang et al., 2026).

Other works improve efficiency through learn-
ing. Some methods construct targeted fine-tuning
data for shorter or more economical reasoning
(Chen et al., 2025b; Han et al., 2024; Zeng
et al., 2025; Xia et al., 2025; Kang et al., 2025;
Munkhbat et al., 2025; Liu et al., 2024), while
others use RL to encourage concise yet accu-
rate reasoning, often through budget-aware ob-
jectives, concise reasoning rewards, curriculum
learning, adaptive computation, or early stopping
(Zhang et al., 2024; Qi et al., 2025; Li et al.,
2026b; Zhang et al., 2025c; Yang et al., 2025a;

Aggarwal and Welleck, 2025; Hou et al., 2025;
Arora and Zanette, 2025; Ma et al., 2026; Du-
mitru et al., 2025; Hammoud et al., 2025; Zhao
et al., 2025; Wu et al., 2025b; Zhang et al., 2025b;
Mao et al., 2025; Han et al., 2025; Shen et al.,
2026). More recently, hybrid reasoning models
such as Qwen3 (Yang et al., 2025a), Kimi k1.5
(Team et al., 2025c), and GPT-5 (OpenAI, 2025a)
combine long- and short-thinking modes to better
balance reasoning quality and efficiency. Concur-
rently, ParaThinker (Wen et al., 2025) trains LLMs
to generate and aggregate multiple reasoning paths
in parallel, whereas BudgetThinker targets fine-
grained adherence of a single reasoning trace to
an explicit token budget.

Despite this progress, most existing approaches
provide only coarse control over reasoning effort,
such as choosing a thinking mode, adjusting com-
pute adaptively, or encouraging shorter outputs
on average. In contrast, our method targets fine-
grained reasoning-budget adherence: LLMs are
trained to understand explicit budget constraints
and to adjust their reasoning process according
to inserted special tokens. The budget applies
to model-generated reasoning tokens; the control-
token overhead and fixed final-answer suffix are
excluded.

A.2.3 CoT Controlling By Token Insertion
Token insertion during generation has been ex-
plored to control LLM behavior. In safety align-
ment, inserted intervention sequences steer mod-
els toward safer outputs without retraining (Jain
et al., 2025; Wu et al., 2025c; Fei et al., 2025).
Other works use inserted tokens to influence rea-
soning itself, such as injecting tokens to end rea-
soning (Sun et al., 2025) or for structured thinking
(Wang et al., 2024b), or allocating more compu-
tation at uncertain steps (Kim et al., 2025). These
methods mainly target reasoning quality, while our
focus is reasoning length control.

Other related works use in-generation hints to
control length, including token-level triggers for
intermediate-budget reasoning (Yang et al., 2026),
general recipes for controllable reasoning effort
(He et al., 2025), and periodic multi-token tex-
tual hints (Pu et al., 2025; Tang et al., 2025). In
contrast, our approach uses single special tokens
rather than textual hints, making it more token-
efficient and practical for small budgets. More-
over, unlike hint-based methods that rely on zero-
shot instruction following, BudgetThinker is a
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trainable framework that learns to treat these to-
kens as online budget signals.

A.3 LLM Dataset Details

For SFT, we select all 1k reasoning samples from
s1k (Muennighoff et al., 2025), 0.8k reasoning
samples from LIMO (Ye et al., 2025), and 17k rea-
soning samples from Bespoke-Stratos-17k (Labs,
2025), and a subset from NuminaMath(Project-
Numina, 2024), Math(Hendrycks et al., 2021).
Due to computational resource constraints, we
remove all question-answer pairs with Chain-of-
Thought (CoT) lengths over 10,000 tokens.

For reinforcement learning, the training data
is a set of 14k math problems, comprising two
parts: one part from the math category of the
prm800k dataset (Lightman et al., 2023), and the
other part from the numina and amc labeled data in
the PRIME-RL/Eurus-2-RL-Data(Cui et al., 2026)
dataset.

A.4 Compressor Prompt

Compressor Prompt Example

You are an agent tasked with compressing
a reasoning process into a shorter, clearer
version for a robot. Given the task descrip-
tion, the reasoning process, and the final an-
swer, your goal is to shorten the reasoning
process while preserving as many impor-
tant details and as much logical complete-
ness as possible.

Task: <image><image> The images are
frames from a video. The video shows a
. . . Carefully analyze the multiple-choice
question above and reason through it step
by step.
Reasoning process: In the initial frame,
the red fire box is centered, . . . There-
fore, the camera was moving left during the
video. <answer>A</answer>

Note that:
• You must keep the original tags <think>,
</think>, <answer>, </answer> ex-
actly as they are. Do not shorten, rename,
or remove them.

• You cannot change the final answer. Only
compress the reasoning process.

• The reasoning process should be as con-
cise as possible while preserving logical
flow and essential details.

• Return only the compressed reasoning
process. Do not include any extra com-
ments, explanations, or text.

Your answer:<think>

A.5 SFT Dataset Distribution

To ensure the model generalizes across various
reasoning lengths, we implemented a data aug-
mentation strategy using GPT-4o-mini to gener-
ate compressed chain-of-thought variations. For
the MLLM dataset (originally 37k), we produced
two compressed versions (a first-round and a
second-round compression), expanding the dataset
to 111k. For the LLM dataset (originally 21k), we
generated one compressed version, bringing the to-
tal to 41k.

Figure 6b compares the length distributions of
the original data against the augmented training

31196



(a) Distribution between training and original data for
LLM.

(b) Distribution between training and original data for
MLLM.

Figure 6: Data distribution between the LLM and
MLLM SFT datasets before and after augmentation.

set. As illustrated, the original data was heavily
concentrated in specific length ranges. The inclu-
sion of compressed data successfully expands the
distribution to cover a much broader spectrum of
answer lengths.

A.6 Code-domain Evaluation on HumanEval
We train a 1.5B DeepSeek-R1-distilled Qwen
model for code-domain reasoning. SFT uses
31,619 examples from the AIZU subset of Open-
CodeReasoning (Ahmad et al., 2025). We perform
full fine-tuning for two epochs using AdamW, a
learning rate of 2 × 10−5, and a cosine scheduler.
GRPO uses 427 MBPP training problems (Austin
et al., 2021) and AdamW with a learning rate of
1 × 10−6. We set the maximum model length to
12,288 tokens. For HumanEval (Chen et al., 2021),
we sample eight solutions per problem with tem-
perature 0.6 and top-p 0.95, apply a 3.0-second ex-
ecution timeout, and report pass@1 and pass@8.
The No Control Tokens and BudgetThinker vari-
ants use identical training and evaluation settings;
the only changed variable is the ratio-based online
signaling mechanism.

BudgetThinker improves both pass@1 and

pass@8 at five of six budgets, with average gains
of 2.61 and 0.71 percentage points, respectively.
The gains are especially clear for pass@1 at 1K–
4K budgets. The small regression in pass@8 at
500 tokens illustrates that budget signaling im-
proves pacing on average but cannot guarantee
success when the requested reasoning budget is in-
trinsically insufficient.

A.7 Training and Evaluation Details

The granularity parameter for generating training
budgets is set to T = 50. The importance hyperpa-
rameters are set to k1 = 0.7, k2 = 0.15, k3 = 0.15.
The length-reward penalty coefficient γ is set to 1
and 16 when |y| ≤ B and |y| > B, respectively.
Thus, the length reward decays to 0 when the re-
sponse exceeds B by one quarter. The choices
of T , K, and the one-quarter cutoff are practical
empirical settings rather than theoretically optimal
constants. We have not evaluated insertion at se-
mantically meaningful reasoning boundaries.

During evaluation, we generate N candidate so-
lutions using the specified sampling temperature
and top-p settings. We report pass@1 accuracy,
with each question sampled N times and the re-
sulting accuracy averaged. Following DeepSeek-
R1 (DeepSeek-AI, 2025), we set N according to
the test dataset: N = 1 for MATH-500 (temper-
ature 0, top-p 1) and N = 64 for AMC 2023 (or
N = 8 for the 7B model because of computational
constraints).

A.8 Latency Overhead

The following Table 6 compares the latency over-
head differences between our method and the c2f,
Fixed Intervals, and Thought Terminator (Pu et al.,
2025) approaches. It shows that our method uses
significantly fewer additional tokens compared to
Fixed Intervals and Thought Terminator, while be-
ing particularly close to c2f.

A.9 Latency Analysis

To validate the practical meaning of token bud-
gets, we measure end-to-end latency on a single
A800 GPU using vLLM with continuous batch-
ing enabled. As shown in Table 7, latency scales
almost linearly with the generated-token budget.
The average decoding cost is approximately 5.2
ms/token in this setting, which supports our use
of token budget as a practical proxy for inference
latency. Since BudgetThinker introduces only a
small fixed number of inserted control tokens, this
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Budget Original Model Laser BudgetThinker

Acc. (%) Avg. Tokens Follow (%) Acc. (%) Avg. Tokens Follow (%) Acc. (%) Avg. Tokens Follow (%)

500 56.80 451.454 22.60 48.40 508.766 1.80 59.40 430.246 76.40
1000 70.00 789.172 43.20 70.20 931.906 32.80 75.00 897.880 69.40
2000 77.40 1349.304 60.80 80.20 1377.398 68.80 81.60 1743.494 78.60
4000 80.80 2037.216 70.00 82.60 1807.042 84.00 84.80 2798.166 94.00
6000 81.80 2592.142 74.80 83.80 2073.518 88.80 85.80 3405.768 94.80

10000 80.00 3188.208 80.40 83.20 2490.626 90.20 87.40 3691.484 97.60

Table 4: Additional budget-adherence metrics on MATH-500 under different reasoning budgets. We report accu-
racy, average model-generated reasoning tokens, and budget follow rate for the original model, Laser, and Bud-
getThinker. Control tokens and the fixed final-answer suffix are excluded from the token counts. BudgetThinker
consistently achieves higher budget follow rates across all budgets while maintaining strong accuracy, indicating
more reliable adherence to the requested reasoning budget.

Budget pass@1 (%) pass@8 (%)
No Control BudgetThinker No Control BudgetThinker

500 3.20 4.80 9.15 7.93
1K 14.63 18.83 32.93 33.54
2K 34.76 41.08 63.41 64.02
4K 47.79 49.39 75.00 77.44
6K 52.82 52.06 81.71 82.93
8K 54.42 57.09 84.15 84.76

Table 5: HumanEval pass@1 and pass@8 (%) under
different reasoning budgets. Both variants share the
complete SFT+GRPO pipeline; only online ratio sig-
naling differs.

overhead is small relative to the evaluated reason-
ing lengths. The actual end-to-end sequence also
includes the fixed final-answer suffix, so the mea-
surements should be interpreted as latency under
the stated reasoning-budget protocol rather than a
strict total-output cap.

A.10 Additional Budget-Adherence Metrics
In addition to accuracy, we report detailed budget-
adherence metrics in Table 4, including the av-
erage number of model-generated reasoning to-
kens and the budget follow rate. The average ex-
cludes externally inserted control tokens and the
fixed final-answer suffix. The budget follow rate
measures the percentage of responses that termi-
nate naturally within the specified reasoning bud-
get. Across all evaluated budgets, BudgetThinker
achieves substantially higher budget follow rates
than the original model and Laser while maintain-
ing strong accuracy. For example, at B = 10,000,
BudgetThinker reaches a follow rate of 97.6%,
compared with 80.4% for the original model and
90.2% for Laser. At this budget, BudgetThinker
uses 3,691 reasoning tokens on average (36.9% of
B), confirming that adherence does not imply ex-
hausting the full ceiling.

A.11 Systematic Failure-Mode Analysis

We analyze incorrect MATH-500 responses at
B ∈ {500, 2K, 4K} for the Original model, No
Control Tokens, and BudgetThinker. A response
is marked as budget-related if it exceeds B, is trun-
cated or incomplete at the boundary, or fails to
produce a valid final answer. Percentages in Ta-
ble 8 are normalized by the number of incorrect
responses in each method–budget cell.

BudgetThinker substantially reduces budget-
related failures at all three budgets. At B = 500,
only 27.6% of its incorrect responses involve a
budget violation or incomplete answer, compared
with 96.7% for the Original model and 63.3% for
No Control Tokens.

We additionally assign every incorrect response
one mutually exclusive primary reasoning-error la-
bel by inspecting the failed trace. Termination de-
notes an incomplete derivation; Formulation de-
notes a misunderstanding of the problem or con-
straints; Strategy denotes an invalid solution ap-
proach; Coverage denotes omitted steps, cases,
or constraints; Execution denotes arithmetic, alge-
braic, or logical errors; and Finalization denotes a
correct derivation with an incorrectly extracted or
formatted final answer. Table 9 reports the percent-
age of incorrect responses in each category.

These results show a shift in the remaining
errors rather than their elimination. Budget-
Thinker converts many over-budget or incomplete
responses into completed traces; its residual errors
are predominantly complete-but-wrong execution,
coverage, or strategy errors. Under very small
budgets, the model can still omit necessary con-
straints or commit too early to a compressed route.
In the qualitative example of Figure 8, the 500-
token trace follows one partition path and omits
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Model Latency Overhead (tokens)

B = 0.5K B = 1K B = 2K B = 4K B = 6K B = 10K

c2f 7 7 7 7 7 7
Fixed Intervals (250 Tokens) 9 11 15 23 31 47
Thought Terminator 51 99 195 387 579 963

BudgetThinker 14 14 14 14 14 14

Table 6: Latency overhead of different methods under multiple budget settings.

Budget Original Latency (ms/sample)

250 1302.08
500 2624.45

1000 5202.57
2000 10410.78
4000 20835.37
6000 31295.96
10000 52523.27

Table 7: End-to-end latency measured on a single A800
GPU using vLLM with continuous batching enabled.
Latency scales approximately linearly with the genera-
tion budget, at around 5.2 ms/token in this setting, sup-
porting the use of token budget as a practical proxy for
deployment latency.

Budget Original No Control BudgetThinker

500 96.7 63.3 27.6
2K 84.8 63.0 46.4
4K 76.8 38.3 22.4

Table 8: Budget-related failures among incorrect
MATH-500 responses (%).

the cross-checks retained at larger budgets, illus-
trating this coverage risk.

A.12 Hard-Problem Boundary: AIME 2024
On AIME 2024, BudgetThinker modestly outper-
forms ThinkPrune at every evaluated budget, but
the margins remain small because some problems
require a minimum reasoning length.

For AIME24 problem index 4 at B = 2K, Bud-
getThinker preserves the final verification and ob-
tains the correct answer 110. Conversely, for prob-
lem index 1 with answer 113, no correct sample
appears at B = 2K or 4K, whereas a correct sam-
ple appears at B = 6K after the longer geomet-
ric derivation. These cases illustrate that control
tokens can improve reasoning pacing but cannot
remove the intrinsic minimum reasoning length of
hard problems.

A.13 Detailed Analysis
For the qualitative analysis of the reasoning strat-
egy variations of the BudgetThinker model under

Method / B Term. Form. Strat. Cov. Exec. Final.

Original / 500 5.0 3.3 2.1 2.5 82.0 5.0
No Control / 500 0.0 2.9 6.3 13.5 74.4 2.9
BudgetThinker/ 500 0.0 3.4 9.4 11.3 73.4 2.5
Original / 2K 6.2 6.2 5.4 5.4 72.3 4.5
No Control / 2K 0.0 3.6 13.4 5.4 73.2 4.5
BudgetThinker/ 2K 0.0 3.3 2.2 7.6 82.6 4.3
Original / 4K 4.0 6.1 7.1 7.1 69.7 6.1
No Control / 4K 0.0 6.2 39.5 12.3 38.3 3.7
BudgetThinker/ 4K 0.0 3.9 5.3 9.2 76.3 5.3

Table 9: Primary reasoning-error categories among in-
correct MATH-500 responses (%). Categories are mu-
tually exclusive within each response. Term., termina-
tion; Form., formulation; Strat., strategy; Cov., cover-
age; Exec., execution; Final., finalization.

Method 2K 4K 6K 10K

Original 14.80 23.28 25.71 28.88
ThinkPrune 15.22 22.78 25.22 27.80
BudgetThinker 16.25 23.80 25.63 28.90

Table 10: AIME 2024 accuracy (%) under different rea-
soning budgets.

different budget constraints, Figure 7 presents mul-
tiple responses generated by the BudgetThinker
model for the same problem, Question-Math1,
across various budget allocations.

It can be observed that as the reasoning bud-
get is systematically reduced from 6000 to 500,
the thought process exhibits a progressive com-
pression in both methodological diversity and ex-
planatory depth, along with the omission of certain
steps. For a detailed analysis of the reasoning pro-
cess, refer to Figure 8.

At the highest budget of 6000, the reasoning is
most comprehensive and expanded, covering mul-
tiple methods (e.g., ordered pair enumeration, un-
ordered pair deduplication, integer partitions, sym-
metry analysis, generating functions) and contain-
ing extensive metacognitive statements and peda-
gogical explanations. For instance, the generating
function method is fully elaborated: Alternatively,
maybe using generating functions The generating
function for indistinct objects coefficient of x5 in
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(1+x+· · ·+x5)2, alongside dense self-verification
loops such as Let me verify this. and Wait, but let
me think again..

When the budget is reduced to 4000, the rea-
soning shows multi-route, multi-round verification
characteristics, but the depth and cyclicality of
each method chain are compressed compared to
6000; method coverage remains broad (including
ordered pairs, partitions, combinatorial formulas,
test cases, etc.), but advanced methods like gener-
ating functions are only mentioned without elabo-
ration, e.g., But wait, let me verify this. and Sup-
pose instead of 5 balls 1 ball the answer should be
1 demonstrate light reflection and the use of test
cases.

Further compression occurs at a budget of 2000,
reasoning retains multiple paths (e.g., full ordered
pair enumeration, symmetric halving, partition
verification) but each path is more linear, such as
completely listing ordered pairs: x + y = 5 ordered
pairs: (0,5), (1,4), (2,3), (3,2), (4,1), (5,0). There
are 6., followed by symmetric grouping: Since all
are of the form a ̸= b, unordered pairs = 6 / 2 =
3., yet lacks advanced methods (e.g., generating
functions) and complex background explanations.

At a budget of 1000, reasoning is further com-
pressed, retaining only core branching and slight
hesitant language, e.g., But wait, no, wait If the
boxes are indistinct the problem reduces to parti-
tions, and introduces a second method (unordered
pairs) for one-time verification: (0,5),(1,4),(2,3)
Since the boxes are indistinct we have three dis-
tinct cases., but verification is limited and lacks
redundant loops.

Finally, at the most constrained budget of 500,
reasoning is extremely highly compressed, adopt-
ing a single linear path with highly structured lan-
guage and no hesitation or alternative method dis-
cussion, for example, directly listing partitions:
Partitions of 5 into at most 2 parts: 5 = 5 + 0, 4 +
1, 3 + 2, and performing minimal verification: Ver-
ification: 5+0 corresponds to 4+1 corresponds to
3+2 corresponds to, with the entire logical path
being linear and without branching.

Lastly, a comparative analysis of the responses
generated by the BudgetThinker model against
other models on both the VQA and mathemati-
cal reasoning tasks is presented in Figures 11, 9,
and 10, accompanied by a detailed examination of
BudgetThinker’s advantages in handling diverse
question types.
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Figure 7: This is a comparison between BudgetThinker’s responses to the Question-Math1 under different
budgets.
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Figure 8: This is a detailed analysis of the reasoning processes generated by the BudgetThinker model for
Question-Math1 under different reasoning budgets.
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Figure 9: This is a comparison between BudgetThinker and Original model’s response cases on MATH datasets.
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Figure 10: This is another comparison between BudgetThinker and Original model’s response cases on MATH
datasets.
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Figure 11: This is a comparison between BudgetThinker and Laser’s response cases on VQA datasets.
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