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Abstract

Scaling test-time computation improves the
reasoning ability of large language models
(LLMs), but the resulting latency and cost
limit its use in latency- and cost-sensitive sce-
narios. We present BudgetThinker, a frame-
work for reasoning-budget adherence that pro-
vides online control of chain-of-thought (CoT)
length during decoding. Rather than relying on
a one-shot prompt instruction, BudgetThinker
periodically inserts specialized tokens that
communicate the remaining reasoning budget.
A two-stage training pipeline, consisting of
supervised fine-tuning and curriculum-based
reinforcement learning, teaches the model to
interpret these signals and adapt its reason-
ing pace. Across the evaluated 1.5B and 7B
text backbones, a 7B multimodal backbone,
and a 1.5B code-reasoning model evaluated
on HumanEval, BudgetThinker improves bud-
get adherence and accuracy—efficiency trade-
offs over competitive baselines. The con-
trolled comparisons isolate the contribution of
online ratio signaling from the shared train-
ing pipeline. Code is available at https://
github.com/MobilelLM/BudgetThinker.

1 Introduction

A recent breakthrough in Large Language Models
(LLMs) is the paradigm of test-time scaling, where
models are prompted to “think longer” by gen-
erating extended Chain-of-Thought (CoT) reason-
ing before producing a final answer (DeepSeek-Al,
2025; OpenAl, 2024). This approach has achieved
state-of-the-art performance on complex reason-
ing tasks in domains such as advanced mathe-
matics (DeepSeek-Al, 2025; Google, 2025), code
generation (Hui et al., 2024; Yang et al., 2025a),
and multimodal reasoning (Team et al., 2025a;
Huang et al., 2025; Shen et al., 2025). However,
these performance gains come at the cost of in-
creased latency and computational overhead, mak-
ing these reasoning models impractical for real-

world systems with strict performance constraints,
such as latency-critical agents and robotics (Sui
et al., 2025).

This fundamental trade-off between reasoning
quality and computational efficiency highlights a
critical need for controllable CoT reasoning—the
ability for a reasoning LLLM to conclude its rea-
soning process within a specified budget. Such a
budget may be a hard latency limit imposed by an
application, such as the sub-100 ms requirement
for autonomous driving (Lin et al., 2018; Chen
et al., 2025a), or a flexible constraint based on
user tolerance for cost and delay in agentic sys-
tems. Because available resources vary across
hardware and workloads, a model should com-
plete reasoning within the requested limit while
allocating more computation when the problem re-
quires it (Cai et al., 2020; Yu et al., 2019). We
term this instruction-following capability budget
adherence.

Throughout this paper, B denotes the maximum
number of model-generated reasoning tokens. Ex-
ternally inserted control tokens and the fixed final-
answer suffix of at most 50 tokens are not included
in B. Thus, BudgetThinker targets adherence to
a reasoning-token budget rather than strict end-to-
end token control or full budget exhaustion.

However, existing approaches to shorten the rea-
soning length fall short of providing a per-step,
fine-grained budget signal that LLMs have been
explicitly trained to act on. Natural-language bud-
get hints (whether placed in the prompt (Sun et al.,
2025; Xu et al., 2025b) or inserted into the de-
coding stream (Pu et al., 2025)) rely on the base
model’s zero-shot ability to understand numeric
budget, without any mechanism to train the model
to act on them. Reasoning-effort post-training
(Yang et al., 2025a; OpenAl, 2025b,a; Team et al.,
2025d; Yang et al., 2025b; Team et al., 2025a)
teaches the model to allocate reasoning effort
along a small set of discrete modes (e.g. , “think-
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Example Question: Solve: x3 — 7x + 6 = 0.
Token budget: 1000

Answer: <think>Try rational roots: x=1, 1-7+6=0.
So x=1 is a root... Wait, but hold on, let me think
(Truncated) </think> Answer: x=1, 2, 3 °

Answer: <think> Try rational roots x=1...
So factor: (x-
1)(x"2+x-6)=0...
and x"A2+x-6 = (x+3)(X-2)...
Final answer: x=1, 2, -3

(a) Answer example of baseline & our method

Length-budget Gap

—=— Without Control Tokens
—=— With Control Tokens

0 50 100 150 200 250 300 350
Training Steps

(b) Impact of Control Tokens on training budget-aware LLM

Figure 1: Overview of the BudgetThinker framework. (a) Budget-aware generation with Control Tokens:
BudgetThinker periodically inserts special tokens into the reasoning process to continuously inform the model of
the remaining token budget. (b) Effect of Control Tokens on training. We compare GRPO training of
Qwen-2.5-1.5B with and without Control Tokens on the NuminaMath dataset (Project-Numina, 2024), measuring
the gap between the generated length and the target budget. BudgetThinker reduces this length—budget gap more

quickly and stably, indicating better budget adherence.

ing” vs. “non-thinking”), which cannot express the
continuous, system-imposed token budgets we tar-
get. SFT- and RL-based pipelines (Hou et al.,
2025; Aggarwal and Welleck, 2025; Wu et al.,
2025d; Liu et al., 2025a; Xia et al., 2025; Qu et al.,
2025; Yu et al., 2025c; Zhang et al., 2025a) train
LLMs to internalize length preferences through re-
ward shaping, but at inference time the model still
receives no per-step indication of how much bud-
get remains; consequently the gap between gener-
ated length and target budget plateaus around 300
tokens even after extensive training (Figure 1b).

In this paper, we try to address the challenge of
fine-grained, dynamic control over the length of a
model’s reasoning trace. ~We argue that merely
stating a budget constraint in the initial prompt is
insufficient, and the model needs to be continu-
ously reminded of its remaining token budget as it
generates reasoning tokens. To achieve this, we de-
velop a training and inference framework that con-
ditions the model on online budget signals. Specif-
ically, we extend the LLM’s vocabulary with a
small, fixed set of learnable special Control To-
kens and periodically insert them into the decod-
ing stream at budget milestones (e.g. every 1/K
of reasoning budget B), as illustrated in Figure 1a.
As shown in Figure 1b, training with these control
tokens leads to a faster and more stable reduction
in the gap between the generated length and the
target budget, demonstrating their effectiveness in
stimulating budget adherence.

We evaluate our method on DeepSeek-
Rl1-distilled Qwen-2.5 1.5B and 7B models

(DeepSeek-Al, 2025), RoboBrain-7B-2.0 (Team
et al., 2025a), and a 1.5B code-reasoning model
on HumanEval (Chen et al.,, 2021). The eval-
vation covers MATH-500 (Hendrycks et al.,
2021), AMC 2023, Embodied Reasoning QA
Evaluation Dataset (ERQA) (Team et al., 2025b),
and Spatial Aptitude Training Benchmark (SAT)
(Ray et al., 2025). Across these evaluated scales
and modalities, BudgetThinker improves the
accuracy-budget trade-off and budget-following
reliability over the original models and efficient-
reasoning baselines. For the code experiment, we
train both BudgetThinker and its no-control-token
counterpart using the same two-stage SFT-RL
pipeline, providing a controlled cross-domain test
of the signaling mechanism.

Our main contributions are:

* We introduce a periodic, ratio-based budget-
signaling mechanism that conveys the remain-
ing budget to a reasoning LLM during decod-
ing. The signal is carried by a compact set of
K learnable control tokens, whose size is inde-
pendent of the budget magnitude.

* We design a two-stage training pipeline—SFT
followed by curriculum-based RL with a length-
aware reward—that teaches the model to inter-
pret these tokens as online budget signals rather
than verbal hints. The pipeline is plug-and-play
and complements existing test-time scaling pro-
cedures.

* Across the evaluated 1.5B and 7B text models,
the 7B multimodal model, and the HumanEval
code experiment, we show improved accuracy—
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efficiency trade-offs and budget adherence under
varied reasoning budgets.

2 Special-Token Conditioned
Budget-Aware Reasoning

We present BudgetThinker, a budget-aware gener-
ation framework that guides Large Language Mod-
els (LLMs) to adhere to a predefined reasoning-
token budget. Our method conditions the model
on explicit control signals throughout generation.
We enhance budget adherence by (i) introducing
a dynamic control-token insertion strategy that
continuously informs the model of the remaining
budget and (ii) developing a two-stage training
pipeline that combines Supervised Fine-Tuning
(SFT) and Reinforcement Learning (RL) to teach
the model to interpret and respond to these signals.

2.1 Special-Token Budget Signaling

Our method augments standard autoregressive
generation with a small, fixed set of special con-
trol tokens inserted at positions corresponding to
fractions of the reasoning budget. These tokens
signal how much of the requested reasoning bud-
get has been consumed. Let B be the target budget
and K be a fixed hyperparameter for the number
of control signals. We introduce a set of K special
control tokens, C = {¢1,c2,...,cx}, where ¢
signals that the generation has progressed through
the k-th fraction of the total budget (e.g. , ¢1 signi-
fies 10% completion if K=10). Here and through-
out the paper, B is the maximum number of model-
generated reasoning tokens. The K externally in-
serted control tokens and the fixed final-answer
suffix of at most 50 tokens are excluded from B.
Consequently, the total emitted sequence can ex-
ceed B by this fixed overhead; our objective is
reasoning-budget adherence, not strict end-to-end
token control or full budget exhaustion. During
generation, the token y, at timestep ¢ is determined
by the following piecewise function:

ck, ift=%k-|B/K]|,
Yt = for an integer k € {1,..., K}

y;, otherwise, where y; ~ mo(- | ,y<¢)

At each timestep ¢ that corresponds to the end of
a budget fraction k - | B/ K |, we deterministically
insert the corresponding control token cy. For all
other timesteps, the next token y; is sampled from
the LLM’s distribution 7y, conditioned on the full

history of both model-generated tokens and our in-
serted control tokens.

This ratio-based signaling is highly scalable.
In contrast, a naive baseline like Fixed-Interval
Signaling, which inserts a token every I steps,
would require a potentially unbounded number of
unique control tokens as the budget B increases.
Our approach always uses the same fixed set of
K tokens, making it robust and efficient across
widely varying budgets.

2.2 SFT Data Curation

To teach the LLM the semantics of our control
tokens, we construct a specialized dataset for Su-
pervised Fine-Tuning (SFT). The curation process
involves two key steps: budget assignment and
dataset balancing.

Budget Assignment. First, for each original
data sample (z, y), we assign a budget B by round-
ing the answer’s length, |y|, up to the nearest mul-
tiple of a granularity parameter 7":

b [4]

This calculation method is intentional. By de-
sign, the true answer length |y| is almost always
less than the allocated budget |B|. This gap
teaches the model to robustly terminate its reason-
ing and stop generating tokens once the answer is
complete, rather than artificially padding the out-
put to fill the entire budget. Next, we transform
each sample in the dataset. The input prompt is
modified to include the budget constraint, and the
target output is reconstructed to include the control
tokens:

% = Concat(z, Please answer within B; tokens)

§ = Insert(y, {¢;}}21)

Here, Insert adds the control token cg; at each
ratio milestone ¢t = k| B/K |. Then, we get a re-
constructed dataset {(Z, )}, which we use to fine-
tune LLM.

2.3 Dataset Construction and Balancing

To ensure the model generalizes across a wide
range of output lengths, our SFT dataset is a bal-
anced mixture of three distinct data types:

(1) Long Reasoning Data: Full-length CoT
reasoning sequences from powerful teacher mod-
els, such as DeepSeek-R1 (DeepSeek-Al, 2025).
(2) Iteratively Compressed Reasoning Data: To
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populate intermediate lengths, we use an LLM-
based compressor to iteratively shorten the long
CoT sequences (Kang et al., 2025). Critically, this
compression is applied iteratively: the result of
one compression step becomes the input for the
next. This process continues until a comprehen-
sive spectrum of shortened reasoning chains, de-
rived from an original long CoT, is produced. This
approach ensures our model learns to adhere to
budgets requiring diverse levels of reasoning ab-
breviation. (3) Non-thinking Data: Direct, con-
cise answers to handle scenarios with very tight
budget constraints where elaborate reasoning is
not feasible. This balanced composition is piv-
otal for developing a versatile and robustly budget-
adherent model.

2.4 Reinforcement Learning

Following SFT, we employ Group Relative Pol-
icy Optimization (GRPO) algorithm (Shao et al.,
2024) to train the model to generate responses that
adhere to a specific token budget, B. Figure 2 illus-
trates the overall training pipeline: the SFT stage
(top-left) grounds control-token semantics, and the
RL stage (top-right) adapts reasoning across bud-
gets via a curriculum followed by mixed-budget
sampling. During each RL rollout (bottom), the
reasoning trace is truncated at reasoning budget B
to extract the answer for accuracy and format re-
wards, while the full rollout continues to length T’
for length-reward computation.

Reward Design. We design a composite re-
ward function that balances factual accuracy with
a penalty for deviating from the target length. For
a generated response y, with ground truth y444
and budget B, the reward R is defined as:

R(y, Ygold, B) = k11{y = Ygola}
+ ko1{format(y)} ()
+ k3 max (1 — 62, O)

Indicator functions 1{y = ygoa} and
1{format(y)} are the original correctness and for-
mat check of GRPO, and k1, ko, k3 are coefficients
that control the relative importance of each part.
The Length Reward incentivizes the model to use
the budget efficiently. It is based on normalized
length deviation, 6 = LE:B‘, which measures the
fractional difference between the generated length
|y| and the target budget B. This deviation is mod-
ulated by an asymmetric penalty coefficient, ~y:

_ )1 ifjyl<B
~\r ifly>B

Here, » > 1 is a hyperparameter that imposes a
larger penalty for exceeding the budget than for
falling short of it. This design encourages the
model to generate responses that are correct and
aligned with the requested length constraint.

Special Token Conditioned Sampling. Our
framework’s special-token insertion is integrated
directly into the GRPO sampling loop. For each
training question, BudgetThinker injects control
tokens at the appropriate budget fractions during
generation. To provide a clear learning signal, the
model completes its full reasoning rollout to cal-
culate the length-based reward accurately. For an-
swer extraction, however, the reasoning trace is
truncated at B and followed by a final-answer suf-
fix of at most 50 tokens. This protocol exposes
the model to the consequences of its full rollout
while evaluating adherence to the reasoning bud-
get rather than imposing a strict end-to-end cap.

Mixed Budget Reinforcement Learning. To
build robustness across budgets, RL proceeds in
two stages: (1) Curriculum Stage: Our LLM is
trained iteratively on k different token budgets.
The curriculum proceeds by decreasing the budget
across stages, following the sequence By > By >
-+ > By. (2) Randomized Stage: Each Training
batch samples a budget By, uniformly from Bj?:r
This mixed strategy prevents catastrophic forget-
ting and maintains the model’s proficiency across
all learned budget levels.

3 Experiments

In this section, we present a comprehensive em-
pirical evaluation of BudgetThinker. We investi-
gate accuracy and reasoning-budget adherence un-
der varied budgets (Section 3.2), including a code-
domain evaluation. We then analyze control-token
insertion strategies (Section 3.3.1), iterative train-
ing (Section 3.3.2), and reinforcement learning
(Section 3.3.3).

3.1 Experiment Setup

LLM Training Details. We use DeepSeek-R1
(DeepSeek-Al, 2025) distilled Qwen-2.5-1.5B and
Qwen-2.5-7B (Hui et al., 2024) as backbone mod-
els. For SFT, we create a dataset of 41k instances
for text-based LLMs. The details are listed in Ap-
pendix A.3. We train all SFT models for 6 epochs
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@ Budget Conditioned SFT: Learn control token semantics

‘ Assign budget B

Long Reasoning + insert C
k

Compressed Reasoning
Non-thinking

Budget Consumed: 0

@ Curriculum:
Train on budgets
B1,B3,..By
respectively

Question

+ 1 1 1
Token — <think> | y1 .. Vi Yit2 .. Yi Yj+2 ... Yk Yk+2|..| YB

Budget B

Reward(y, Ygoid, B) = K1 Race + KoRformat + kamax (1 — y(—)z, 0)

B RL Stage: Adapt reasoning across budgets

Curriculum stage Mixed stage
® Mixed:
Randomly Sample
» budget from
{Bi1,...Bn}

Token Budget B

(K -1)B/K B

1 1
1 1
1

: YB+1 .. ¥y —* </think>
P )

Byl ! '

3 Full rollout length — Rigngin

B

Figure 2: BudgetThinker training pipeline. Stage 1 (SFT) grounds control-token semantics using a mixture of
long, compressed, and non-thinking reasoning data with assigned budgets. Stage 2 (RL) optimizes
budget-conditioned reasoning via a curriculum of decreasing budgets (By > --- > B,,), followed by uniform

mixed-budget sampling.

1.5B LLM

Method MATH-500 AMC
05K 1K 2K 4K 6K 10K 2K 4K 6K 10K 30K
ThinkPrune 440 694 794 828 833 83.6 655 70.1 719 720 73.6
Laser 484 70.2 80.2 826 83.8 832 59.0 67.8 734 759 759
AnytimeReasoner 51.0 66.8 76.0 834 84.8 874 572 688 728 740 75.0
Original Model 204 458 63.0 700 692 702 369 469 556 61.6 67.8
c2f 56.8 70.0 77.4 80.8 81.8 80.0 544 659 625 64.7 683
CoD 38.0 594 642 648 652 652 334 469 48.1 494 66.1
BudgetThinker 594 75.0 81.6 84.8 858 874 655 704 74.0 750 759

7B LLM

Method MATH-500 AMC
05K 1K 2K 4K 6K 10K 2K 4K 6K 10K 30K
ThinkPrune 52.8 754 85.6 90.0 90.6 91.6 656 825 834 875 90.0
Laser 53.8 80.0 88.8 90.6 92.0 922 67.8 83.8 863 87.5 88.1
Original Model 222 444 674 788 840 86.0 38.8 588 73.1 784 793
c2f 59.8 764 84.0 89.6 91.0 90.2 62.8 76.6 872 872 873
CoD 316 57.8 734 81.6 84.6 858 478 69.1 747 79.1 79.8
BudgetThinker 694 77.0 86.0 90.0 92.2 93.0 69.7 775 87.5 875 90.0

7B MLLM

Method ERQA SAT
50 80 100 150 200 50 80 100 150 200
c2f 45 65 10.0 246 39.6 23.0 55.0 66.0 69.0 74.6
Laser 37.1 38.8 39.6 404 423 69.7 70.0 71.0 733 733
BudgetThinker 41.1 419 43.6 434 43.6 70.7 72.0 727 74.0 76.7

Table 1: Pass@]1 accuracy of BudgetThinker vs. baselines across various generation budgets. The numeric headers
(e.g.,0.5K, ..., 30K, 50, ..., 80) represent the Generation Budget.

with an initial learning rate of 2e-5 and a maxi-
mum context length of 12000.

For Reinforcement Learning (RL), we employ
the Group Relative Policy Optimization (GRPO)
algorithm (Shao et al., 2024). Models are trained
for 10 epochs with GRPO hyperparameters o and
B setto 0.01 and 0.01, respectively. The maximum

context length during RL is 10000.

We configure BudgetThinker by setting the
number of control intervals to K = 8. For the
iterative training stage, we start from a budget
of 6000, then reducing it to 4000, 3000, and fi-
nally 2000, with 1 epoch for each budget. In the
randomized training stage, we randomly sample
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B € {6000,4000, 3000, 2000} for 1 epoch. Fur-
ther training details are shown in Appendix A.7.

MLLM Training Details. We use RoboBrain-
7B-2.0 (Team et al., 2025a) as the backbone
model. For SFT, we use the visual question an-
swering (VQA) data with CoT from RoboBrain-
2.0, consisting of 37k question answer pairs. In
RoboBrain-2.0, the CoT data is generated from
GPT-40 (Hurst et al., 2024), and the length is con-
centrated in 200-300 tokens. Therefore, we use the
GPT-40-based compressor to compress the CoT
length for 3 iterations, creating a dataset of 111k.

For RL, we randomly sample 2k instances from
the VQA training dataset of RoboBrain-2.0 (Team
et al., 2025a), train the MLLM for 6 epochs, with
the initial learning rate of 1e-6. Specifically, we set
the number of control intervals to K = 3 because
the shorter reasoning length on MLLMs, and the
training budgets B € {200, 150, 100, 80,50} for
the iterative training phase, and train 1 epoch
on each budget. Then, we train 1 epoch for
mixed budget stage. We remain the other hyper-
parameters same with LLMs.

For fair comparison, we also train the origi-
nal RoboBrain-7B-2.0 through the same proce-
dure from SFT to RL using the same data and set-
tings, with the difference that we don’t add bud-
get constraints during training and set the maxi-
mum context length to 500, which is far beyond
the largest budget 200 in our experiments.

Evaluation Details. = We evaluate our meth-
ods and baselines on 2 math benchmarks and 2
multi-modal reasoning benchmarks: MATH-500
(Hendrycks et al., 2021), AMC 2023, ERQA
(Team et al., 2025b), and SAT (Ray et al., 2025).
To assess budget control, we evaluate performance
across a range of reasoning budgets, from B =
50 to B = 10000 tokens. For inference, we
utilize a modified version of the vVLLM engine
(Kwon et al., 2023). Our modified engine en-
forces the budget by truncating the reasoning pro-
cess once the length limit is reached and append-
ing the “</think>**Final Answer**" tags to sig-
nal the model for a final answer. We then allo-
cate an additional 50 tokens for final-answer gen-
eration before terminating the process. Thus, B
is a reasoning-token ceiling, while the fixed suffix
and inserted control tokens contribute a small, sep-
arately accounted overhead. We additionally mea-
sure wall-clock latency under continuous batching
with this setup; latency is approximately linear
in the generated-token count (~5.2 ms/token on

a single A800 GPU), supporting the use of token
budget as a practical proxy for end-to-end latency.
Full latency table is reported in Appendix A.9

Code-domain evaluation. To evaluate code-
domain reasoning, we train a 1.5B model on
31,619 examples from the AIZU subset of Open-
CodeReasoning (Ahmad et al., 2025), followed
by GRPO on 427 MBPP problems (Austin et al.,
2021). We then evaluate the trained model on
HumanEval (Chen et al., 2021). BudgetThinker
and the No Control Tokens variant use identi-
cal data, training settings, and evaluation proto-
cols; the only changed variable is the ratio-based
online signaling mechanism. Detailed settings
and pass@1/pass@8 results are reported in Ap-
pendix A.6.

Baselines. We benchmark BudgetThinker
against five baselines: (1) ThinkPrune (Hou et al.,
2025): A typical efficient reasoning framework
that also uses GRPO for budget control but does
not incorporate explicit control tokens. We com-
pare ThinkPrune only at 1.5B, as its official repos-
itory does not provide a 7B model. (2) Laser (Liu
et al., 2025a): A state-of-the-art efficient reason-
ing framework enhances both fast and slow think-
ing capability. (3) AnytimeReasoner (Qi et al.,
2025): An RL-based anytime reasoning frame-
work that optimizes performance under varying
token budgets via truncated reasoning and dense
rewards. We compare AnytimeReasoner only at
1.5B, as its official release does not provide 7B
training scripts or weights. (4) CoD (Chain-of-
Draft) (Xu et al., 2025b): A prompt based method
that facilitates fast reasoning by prompting LLMs
to draft concise intermediate thought. (5) c2f
(Sun et al., 2025): A prompt-only baseline using
the coarse-to-fine (c2f) prompt style of Sun et al.
(2025), which instructs the model to first produce a
brief coarse analysis with an initial answer before
expanding into fine-grained reasoning. (6) Orig-
inal Models: The DeepSeek-R1 distilled Qwen-
2.5-1.5B and 7B models that serve as the founda-
tion for our fine-tuning.

3.2 Accuracy-Budget Tradeoff

We first evaluate the accuracy of BudgetThinker
against the baselines across various token bud-
gets, with results shown in Table 1. For results
of MATH-500 and AMC 2023, BudgetThinker
outperforms the original model and ThinkPrune
across most budget allocations. Specifically, Bud-
getThinker improves accuracy by 2.1% over Laser,
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3.2% over ThinkPrune and 22.4% over Original
model on average.

On HumanEval, BudgetThinker improves
pass@1 and pass@8 at five of six budgets. Aver-
aged across all budgets, the gains over No Control
Tokens are 2.61 and 0.71 percentage points,
respectively, with the clearest pass@1 improve-
ments between 1K and 4K tokens (Appendix A.6).
This controlled cross-domain result provides
evidence that online budget signaling contributes
beyond the shared SFT and RL pipeline.

The accuracy gains of BudgetThinker coincide
with more reliable use of the requested reason-
ing budget, as shown in Figure 3. We calcu-
late the average relative length |y|/B only for re-
sponses that terminate naturally within B; this
is a within-budget length ratio, not a measure of
full budget exhaustion. The original model, lack-
ing budget-specific training, often violates the re-
quested limit. ThinkPrune (Hou et al., 2025) fol-
lows the limit more often but can terminate prema-
turely on complex problems. In contrast, Budget-
Thinker achieves higher natural-completion and
budget-following rates, while using more of the
available computation than the evaluated baselines
at larger budgets. It does not force every response
to consume the full budget: at B = 10,000, its
average reasoning length is 3,691 tokens (36.9%
of B). These results support improved reasoning-
budget adherence and accuracy—efficiency trade-
offs, rather than strict end-to-end control or full
budget exhaustion. Additional metrics appear in
Appendix A.10, and failure-mode analyses appear
in Appendix A.11.

3.3 Ablations

To identify which components drive Budget-
Thinker’s performance, we conduct controlled ab-
lations isolating three design choices: (i) the sig-
naling mechanism (Section 3.3.1), where we fix
the full training pipeline and vary only the token
insertion strategy, further analyzing sensitivity to
the number of control intervals K; (ii) the curricu-
lum training schedule (Section 3.3.2), evaluated
via intermediate checkpoints; and (iii) the rein-
forcement learning stage (Section 3.3.3), compar-
ing the full model against an SFT-only variant.

3.3.1 Ablation on Control Token Insertion
Strategies

We analyze the performance of BudgetThinker un-
der four distinct control token insertion strategies

to understand their impact:

* No Control Tokens: An ablation where no spe-
cial tokens are inserted, relying solely on the RL
objective for budget control.

¢ Fixed Interval (50 tokens): Control tokens are
inserted at a fixed, frequent interval of every 50
tokens, with 200 special tokens added for a max-
imum budget of 10000 tokens.

¢ Fixed Interval (250 tokens): Control tokens are
inserted at a larger, fixed interval of every 250
tokens, with 40 special tokens added for a maxi-
mum budget of 10000 tokens.

* Budget Ratio (Default): Our proposed method,
where 8 tokens are inserted at intervals corre-
sponding to each 1/8th of the total budget.

Note that while the “No Control Tokens” and
“Budget Ratio” strategies are inherently scalable
to any context length, fixed-interval strategies re-
quire adjustments to the number of special tokens
for different budget sizes.

The results in Figure 4 indicate that the Budget
Ratio strategy yields the best performance. All
variants use identical compressed-CoT data, SFT
and RL data, curriculum schedules, reward func-
tions, training steps, and evaluation protocols; the
signaling mechanism is the only changed variable.
Relative to No Control Tokens, Budget Ratio im-
proves accuracy by 3.2, 4.0, and 4.6 points at B =
1K, 2K, and 10K, respectively. The fixed-interval
variants remain weaker, showing that the gain is
not explained merely by inserting additional to-
kens; communicating the remaining budget ratio
is important. The 250-token interval outperforms
the 50-token interval, consistent with a guidance—
interference trade-off.

We further analyze the sensitivity to the number
of control intervals K in Table 3. Since K con-
trols the frequency of ratio-based budget signals,
it directly affects the trade-off between guidance
and interference. Overall, K = 8§ achieves the
best performance across most MATH-500 budgets.
Smaller values such as K = 2 provide insufficient
feedback for pacing, whereas larger values such
as K = 16 may over-insert control tokens and dis-
rupt reasoning. Therefore, we use K = 8 as the
default setting for LLM experiments. This is an
empirical operating point, not a theoretically opti-
mal constant; semantic-boundary placement is left
for future work.
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Figure 3: Budget following and within-budget length analysis of BudgetThinker-1.5B, ThinkPrune-1.5B, and the
R1-1.5B on MATH-500. (a) Percentage of responses that terminate naturally within the reasoning budget B. (b)
Average reasoning length as a percentage of B, computed only over responses that terminate naturally within B.
The fixed final-answer suffix and externally inserted control tokens are excluded.

Model Accuracy (%) Budget Following Ratio (%)
2K 41K 6K 10K 2K 41K 6K 10K

BudgetThinker 6k 79.6 | 852 846 470 678 762 85.6

BudgetThinker 6k-4k 80.0 84.6 864 628 786 858 938

BudgetThinker 6k-4k-3k 80.0 842 85.0 664 846 89.8

BudgetThinker 6k-4k-3k-2k  [JJ8BIGHl 846 84.6 852

BudgetThinker (Full Training) 8156 84.8 NS5O ASsome7 2y

Table 2: Accuracy (%) and Budget Following Ratio (%) of BudgetThinker-1.5B at different stages of the iterative
training. Each row represents a checkpoint (e.g. , “6k-4k” denotes the model after training sequentially on 6k
and 4k budgets). The “Full Training” model completes the 6k-to-2k curriculum plus a final mixed-budget training
phase where budgets are randomly sampled. Darker cells indicate higher values within each column.
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Figure 4: Ablation of control token insertion
strategies.

3.3.2 Ablation on Iterative Training

To investigate the impact of our mixed budget re-
inforcement learning, we evaluate checkpoints of
BudgetThinker-1.5B on MATH-500, as shown in
Table 2. The results reveal that as the model is
trained on smaller budgets, its reasoning capability
on larger budgets initially decreases. However, af-
ter the final mixed-budget training stage, accuracy
on larger budgets recovers. We also observed that
training on smaller budgets improves the budget
following ratio, encouraging the model to generate
more concise answers. After the full curriculum,

Budget K=2 K=4 K=8 K=16
500 558  60.6 594 600
1000 662 704 750 670
2000 774 772 816 756
4000 818 786 848 794
6000 812 8.0 858  77.6
10000 838 856 874 832

Table 3: Sensitivity analysis of the number of control
intervals K on MATH-500.

the LLM achieves a balanced capability to handle
all budgets, even if it is not individually optimal
for every single budget constraint.

3.3.3 Ablation on Reinforcement Learning

To isolate the contribution of reinforcement learn-
ing, we compare the full BudgetThinker model
with a version trained only with Supervised Fine-
Tuning (SFT). The results in Figure 5 demon-
strate that the full RL-tuned model consistently
surpasses the SFT-only model across most tested
budgets. This underscores the importance of the
RL phase. While SFT teaches the model the for-
mat and semantic meaning of control tokens, RL
encourages the model to actively explore and dis-
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Figure 5: Ablation of reinforcement learning method.

cover more effective reasoning strategies that opti-
mize the reward under specific budget constraints,
ultimately leading to higher accuracy.

4 Related Work

Test-time scaling improves LLM reasoning
through extended chain-of-thought generation
(DeepSeek-Al, 2025; Google, 2025; Yang et al.,
2025a; OpenAl, 2024), but the resulting latency
motivates a growing line of works on efficient
and controllable reasoning (Liu et al., 2025b;
Wu et al.,, 2025a; Wang et al., 2024a). Prior
approaches include prompt-level brevity instruc-
tions, adaptive switching between thinking modes,
fine-tuning or RL objectives that penalize length.
These methods either provide coarse control over
average length, or rely on zero-shot instruction
following that degrades over long decoding. In
contrast, BudgetThinker trains LLMs to interpret
a fixed, budget-agnostic set of ratio-based control
tokens as online signals of remaining budget,
enabling fine-grained adherence across widely
varying budget levels. Detailed discussions in
Appendix A.2.

5 Conclusion

We introduce BudgetThinker, a framework for
reasoning-budget adherence based on periodic
ratio-based control tokens and a two-stage SFT-
RL training pipeline. Across the evaluated 1.5B
and 7B text models, a 7B multimodal model,
and a 1.5B code-reasoning model evaluated on
HumanEval, BudgetThinker improves budget fol-
lowing and accuracy—efficiency trade-offs over
the evaluated baselines. The controlled ablation
shows that these gains persist when the data,
curriculum, reward, and training compute are
held fixed, isolating the contribution of online
remaining-budget signaling. BudgetThinker im-
proves completion within a requested reasoning

budget, but it does not require every response to
exhaust that budget.

Limitations

Our evaluation covers 1.5B and 7B text mod-
els, one 7B multimodal model, and one 1.5B
code-reasoning model. Scalability to substantially
larger backbones, broader domains, and more mul-
timodal tasks remains to be verified. The reason-
ing budget excludes the K inserted control tokens
and the fixed final-answer suffix, so our protocol
is not strict end-to-end token control and does not
guarantee full budget exhaustion. The choices of
K (8 for LLMs and 3 for MLLMs), T' = 50, and
the one-quarter-budget reward cutoff are practical
empirical settings rather than theoretically optimal
constants. We use ratio-based placement at token
milestones and have not evaluated insertion at se-
mantically meaningful reasoning boundaries. Fi-
nally, under very small budgets, BudgetThinker
can still omit necessary constraints or commit too
early to a compressed strategy, as shown by the
failure-mode analysis in Appendix A.11.
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A Appendix

A.1 LLM Usage Statement

Large language models (e.g. , ChatGPT) were
used only for minor language polishing and gram-
mar correction. All ideas, experimental design,
data analysis, and writing were conducted by the
authors.

A.2 Related Works
A.2.1 Test-Time Scaling for Reasoning LL.Ms

Recent advances in test-time scaling improve
LLM reasoning by increasing computational depth
during decoding. Among these methods, rein-
forcement learning enables LLMs to explore di-
verse solution strategies and allocate more com-
putation to reflection, substantially improving rea-
soning across domains such as math (DeepSeek-
Al 2025; Google, 2025), coding (Hui et al., 2024;
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Yang et al., 2025a), agentic tasks (Team, 2025a),
and multimodal reasoning (Tan et al., 2026; Shen
et al., 2025; Team et al., 2025b,a). Other works
distill reasoning ability from long CoTs generated
by large models into smaller LLMs to encourage
deeper thinking (Muennighoff et al., 2025; Labs,
2025; Team, 2025b; Ye et al., 2025; Xu et al.,
2025a; Geiping et al., 2025). Despite their ef-
fectiveness, these approaches often incur substan-
tial inference latency because of lengthy outputs
(Sun et al., 2025; Zhu and Li, 2025; Qu et al.,
2025), limiting their practicality in real-time sys-
tems. Moreover, excessively long outputs can
cause overthinking (e.g. , meaningless repetition)
and even introduce errors (Yu et al., 2025a; Chen
et al., 2025b). To improve efficiency, recent stud-
ies explore controlling reasoning effort by adap-
tively switching thinking modes (He et al., 2025;
Zhao et al., 2025; Hammoud et al., 2025; Wu et al.,
2025b; Zhang et al., 2025b; Mao et al., 2025; Han
et al., 2025; Shen et al., 2026). Our method in-
stead teaches LLMs to follow a user-specified to-
ken budget during reasoning, enabling more con-
trolled and efficient generation.

A.2.2 Efficient Chain of Thoughts

A growing body of work studies how to improve
the token efficiency of LLM reasoning (Liu et al.,
2025b; Wu et al., 2025a; Wang et al., 2024a). At
the prompt level, prior work reduces reasoning
length by explicitly specifying brevity or budget
constraints in the input (Xu et al., 2025b; Han
et al., 2024; Muennighoff et al., 2025; Wong et al.,
2025). At inference time, more adaptive methods
regulate computation during generation (He et al.,
2025; Yang et al., 2026; Yu et al., 2025c; Wang
et al., 2025a; Damani et al., 2024; Snell et al.,
2025; Fu et al., 2025a; Wang et al., 2025b; Fu
et al., 2025b; Li et al., 2026a; Yu et al., 2025b;
Yang et al., 2026).

Other works improve efficiency through learn-
ing. Some methods construct targeted fine-tuning
data for shorter or more economical reasoning
(Chen et al., 2025b; Han et al., 2024; Zeng
et al., 2025; Xia et al., 2025; Kang et al., 2025;
Munkhbat et al., 2025; Liu et al., 2024), while
others use RL to encourage concise yet accu-
rate reasoning, often through budget-aware ob-
jectives, concise reasoning rewards, curriculum
learning, adaptive computation, or early stopping
(Zhang et al., 2024; Qi et al., 2025; Li et al.,
2026b; Zhang et al., 2025c; Yang et al., 2025a;

Aggarwal and Welleck, 2025; Hou et al., 2025;
Arora and Zanette, 2025; Ma et al., 2026; Du-
mitru et al., 2025; Hammoud et al., 2025; Zhao
et al., 2025; Wu et al., 2025b; Zhang et al., 2025b;
Mao et al., 2025; Han et al., 2025; Shen et al.,
2026). More recently, hybrid reasoning models
such as Qwen3 (Yang et al., 2025a), Kimi k1.5
(Team et al., 2025¢), and GPT-5 (OpenAl, 2025a)
combine long- and short-thinking modes to better
balance reasoning quality and efficiency. Concur-
rently, ParaThinker (Wen et al., 2025) trains LLMs
to generate and aggregate multiple reasoning paths
in parallel, whereas BudgetThinker targets fine-
grained adherence of a single reasoning trace to
an explicit token budget.

Despite this progress, most existing approaches
provide only coarse control over reasoning effort,
such as choosing a thinking mode, adjusting com-
pute adaptively, or encouraging shorter outputs
on average. In contrast, our method targets fine-
grained reasoning-budget adherence: LLMs are
trained to understand explicit budget constraints
and to adjust their reasoning process according
to inserted special tokens. The budget applies
to model-generated reasoning tokens; the control-
token overhead and fixed final-answer suffix are
excluded.

A.2.3 CoT Controlling By Token Insertion

Token insertion during generation has been ex-
plored to control LLM behavior. In safety align-
ment, inserted intervention sequences steer mod-
els toward safer outputs without retraining (Jain
et al., 2025; Wu et al., 2025c¢; Fei et al., 2025).
Other works use inserted tokens to influence rea-
soning itself, such as injecting tokens to end rea-
soning (Sun et al., 2025) or for structured thinking
(Wang et al., 2024b), or allocating more compu-
tation at uncertain steps (Kim et al., 2025). These
methods mainly target reasoning quality, while our
focus is reasoning length control.

Other related works use in-generation hints to
control length, including token-level triggers for
intermediate-budget reasoning (Yang et al., 2026),
general recipes for controllable reasoning effort
(He et al., 2025), and periodic multi-token tex-
tual hints (Pu et al., 2025; Tang et al., 2025). In
contrast, our approach uses single special tokens
rather than textual hints, making it more token-
efficient and practical for small budgets. More-
over, unlike hint-based methods that rely on zero-
shot instruction following, BudgetThinker is a
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trainable framework that learns to treat these to-
kens as online budget signals.

A.3 LLM Dataset Details

For SFT, we select all 1k reasoning samples from
slk (Muennighoff et al., 2025), 0.8k reasoning
samples from LIMO (Ye et al., 2025), and 17k rea-
soning samples from Bespoke-Stratos-17k (Labs,
2025), and a subset from NuminaMath(Project-
Numina, 2024), Math(Hendrycks et al., 2021).
Due to computational resource constraints, we
remove all question-answer pairs with Chain-of-
Thought (CoT) lengths over 10,000 tokens.

For reinforcement learning, the training data
is a set of 14k math problems, comprising two
parts: one part from the math category of the
prm800k dataset (Lightman et al., 2023), and the
other part from the numina and amc labeled data in
the PRIME-RL/Eurus-2-RL-Data(Cui et al., 2026)
dataset.

A.4 Compressor Prompt

Compressor Prompt Example

You are an agent tasked with compressing
a reasoning process into a shorter, clearer
version for a robot. Given the task descrip-
tion, the reasoning process, and the final an-
swer, your goal is to shorten the reasoning
process while preserving as many impor-
tant details and as much logical complete-
ness as possible.

Task: <image><image> The images are
frames from a video. The video shows a
... Carefully analyze the multiple-choice
question above and reason through it step
by step.

Reasoning process: In the initial frame,
the red fire box is centered, ... There-
fore, the camera was moving left during the
video. <answer>A</answer>

Note that:

* You must keep the original tags <think>,
</think>, <answer>, </answer> ex-
actly as they are. Do not shorten, rename,
or remove them.

* You cannot change the final answer. Only
compress the reasoning process.

* The reasoning process should be as con-

cise as possible while preserving logical

flow and essential details.

Return only the compressed reasoning

process. Do not include any extra com-

ments, explanations, or text.

Your answer:<think>

\.

A.5 SFT Dataset Distribution

To ensure the model generalizes across various
reasoning lengths, we implemented a data aug-
mentation strategy using GPT-40-mini to gener-
ate compressed chain-of-thought variations. For
the MLLM dataset (originally 37k), we produced
two compressed versions (a first-round and a
second-round compression), expanding the dataset
to 111k. For the LLM dataset (originally 21k), we
generated one compressed version, bringing the to-
tal to 41k.

Figure 6b compares the length distributions of
the original data against the augmented training
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Figure 6: Data distribution between the LLM and
MLLM SFT datasets before and after augmentation.

set. As illustrated, the original data was heavily
concentrated in specific length ranges. The inclu-
sion of compressed data successfully expands the
distribution to cover a much broader spectrum of
answer lengths.

A.6 Code-domain Evaluation on HumanEval

We train a 1.5B DeepSeek-R1-distilled Qwen
model for code-domain reasoning. SFT uses
31,619 examples from the AIZU subset of Open-
CodeReasoning (Ahmad et al., 2025). We perform
full fine-tuning for two epochs using AdamW, a
learning rate of 2 x 1075, and a cosine scheduler.
GRPO uses 427 MBPP training problems (Austin
et al., 2021) and AdamW with a learning rate of
1 x 107%. We set the maximum model length to
12,288 tokens. For HumanEval (Chen et al., 2021),
we sample eight solutions per problem with tem-
perature 0.6 and top-p 0.95, apply a 3.0-second ex-
ecution timeout, and report pass@1 and pass@S8.
The No Control Tokens and BudgetThinker vari-
ants use identical training and evaluation settings;
the only changed variable is the ratio-based online
signaling mechanism.

BudgetThinker improves both pass@1 and

pass@8 at five of six budgets, with average gains
of 2.61 and 0.71 percentage points, respectively.
The gains are especially clear for pass@1 at 1K—
4K budgets. The small regression in pass@8 at
500 tokens illustrates that budget signaling im-
proves pacing on average but cannot guarantee
success when the requested reasoning budget is in-
trinsically insufficient.

A.7 Training and Evaluation Details

The granularity parameter for generating training
budgets is set to T" = 50. The importance hyperpa-
rameters are setto k1 = 0.7, ko = 0.15, k3 = 0.15.
The length-reward penalty coefficient v is set to 1
and 16 when |y| < B and |y| > B, respectively.
Thus, the length reward decays to O when the re-
sponse exceeds B by one quarter. The choices
of T, K, and the one-quarter cutoff are practical
empirical settings rather than theoretically optimal
constants. We have not evaluated insertion at se-
mantically meaningful reasoning boundaries.

During evaluation, we generate N candidate so-
lutions using the specified sampling temperature
and top-p settings. We report pass@1 accuracy,
with each question sampled /N times and the re-
sulting accuracy averaged. Following DeepSeek-
R1 (DeepSeek-Al, 2025), we set /N according to
the test dataset: N = 1 for MATH-500 (temper-
ature 0, top-p 1) and N = 64 for AMC 2023 (or
N = 8 for the 7B model because of computational
constraints).

A.8 Latency Overhead

The following Table 6 compares the latency over-
head differences between our method and the c2f,
Fixed Intervals, and Thought Terminator (Pu et al.,
2025) approaches. It shows that our method uses
significantly fewer additional tokens compared to
Fixed Intervals and Thought Terminator, while be-
ing particularly close to c2f.

A.9 Latency Analysis

To validate the practical meaning of token bud-
gets, we measure end-to-end latency on a single
A800 GPU using vLLM with continuous batch-
ing enabled. As shown in Table 7, latency scales
almost linearly with the generated-token budget.
The average decoding cost is approximately 5.2
ms/token in this setting, which supports our use
of token budget as a practical proxy for inference
latency. Since BudgetThinker introduces only a
small fixed number of inserted control tokens, this
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Budget \ Original Model \

Laser ‘ BudgetThinker

‘ Acc. (%) Avg. Tokens Follow (%) ‘ Acc. (%) Avg. Tokens Follow (%) ‘ Acc. (%) Avg. Tokens Follow (%)

500 56.80 451.454 22.60 48.40
1000 70.00 789.172 43.20 70.20
2000 77.40 1349.304 60.80 80.20
4000 80.80 2037.216 70.00 82.60
6000 81.80 2592.142 74.80 83.80
10000 80.00 3188.208 80.40 83.20

508.766 1.80 59.40 430.246 76.40
931.906 32.80 75.00 897.880 69.40
1377.398 68.80 81.60 1743.494 78.60
1807.042 84.00 84.80 2798.166 94.00
2073.518 88.80 85.80 3405.768 94.80
2490.626 90.20 87.40 3691.484 97.60

Table 4: Additional budget-adherence metrics on MATH-500 under different reasoning budgets. We report accu-
racy, average model-generated reasoning tokens, and budget follow rate for the original model, Laser, and Bud-
getThinker. Control tokens and the fixed final-answer suffix are excluded from the token counts. BudgetThinker
consistently achieves higher budget follow rates across all budgets while maintaining strong accuracy, indicating
more reliable adherence to the requested reasoning budget.

Budget pass@1 (%) pass@8 (%)
No Control BudgetThinker | No Control BudgetThinker
500 3.20 4.80 9.15 7.93
1K 14.63 18.83 3293 33.54
2K 34.76 41.08 63.41 64.02
4K 47.79 49.39 75.00 77.44
6K 52.82 52.06 81.71 82.93
8K 54.42 57.09 84.15 84.76

Table 5: HumanEval pass@1 and pass@8 (%) under
different reasoning budgets. Both variants share the
complete SFT+GRPO pipeline; only online ratio sig-
naling differs.

overhead is small relative to the evaluated reason-
ing lengths. The actual end-to-end sequence also
includes the fixed final-answer suffix, so the mea-
surements should be interpreted as latency under
the stated reasoning-budget protocol rather than a
strict total-output cap.

A.10 Additional Budget-Adherence Metrics

In addition to accuracy, we report detailed budget-
adherence metrics in Table 4, including the av-
erage number of model-generated reasoning to-
kens and the budget follow rate. The average ex-
cludes externally inserted control tokens and the
fixed final-answer suffix. The budget follow rate
measures the percentage of responses that termi-
nate naturally within the specified reasoning bud-
get. Across all evaluated budgets, BudgetThinker
achieves substantially higher budget follow rates
than the original model and Laser while maintain-
ing strong accuracy. For example, at B = 10,000,
BudgetThinker reaches a follow rate of 97.6%,
compared with 80.4% for the original model and
90.2% for Laser. At this budget, BudgetThinker
uses 3,691 reasoning tokens on average (36.9% of
B), confirming that adherence does not imply ex-
hausting the full ceiling.

A.11 Systematic Failure-Mode Analysis

We analyze incorrect MATH-500 responses at
B € {500,2K, 4K} for the Original model, No
Control Tokens, and BudgetThinker. A response
is marked as budget-related if it exceeds B, is trun-
cated or incomplete at the boundary, or fails to
produce a valid final answer. Percentages in Ta-
ble 8 are normalized by the number of incorrect
responses in each method—budget cell.

BudgetThinker substantially reduces budget-
related failures at all three budgets. At B = 500,
only 27.6% of its incorrect responses involve a
budget violation or incomplete answer, compared
with 96.7% for the Original model and 63.3% for
No Control Tokens.

We additionally assign every incorrect response
one mutually exclusive primary reasoning-error la-
bel by inspecting the failed trace. Termination de-
notes an incomplete derivation; Formulation de-
notes a misunderstanding of the problem or con-
straints; Strategy denotes an invalid solution ap-
proach; Coverage denotes omitted steps, cases,
or constraints; Execution denotes arithmetic, alge-
braic, or logical errors; and Finalization denotes a
correct derivation with an incorrectly extracted or
formatted final answer. Table 9 reports the percent-
age of incorrect responses in each category.

These results show a shift in the remaining
errors rather than their elimination. Budget-
Thinker converts many over-budget or incomplete
responses into completed traces; its residual errors
are predominantly complete-but-wrong execution,
coverage, or strategy errors. Under very small
budgets, the model can still omit necessary con-
straints or commit too early to a compressed route.
In the qualitative example of Figure 8, the 500-
token trace follows one partition path and omits
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Latency Overhead (tokens)

Model

B =0.5K B =1K B =2K B =4K B =6K B =10K
c2f
Fixed Intervals (250 Tokens) 9 11 15 23 31 47
Thought Terminator 51 99 195 387 579 963
BudgetThinker 14 14 14 14 14 14

Table 6: Latency overhead of different methods under multiple budget settings.

Budget  Original Latency (ms/sample)

250 1302.08
500 2624.45

1000 5202.57

2000 10410.78
4000 20835.37
6000 31295.96

10000 52523.27

Table 7: End-to-end latency measured on a single A800
GPU using vLLM with continuous batching enabled.
Latency scales approximately linearly with the genera-
tion budget, at around 5.2 ms/token in this setting, sup-
porting the use of token budget as a practical proxy for
deployment latency.

Budget ‘ Original No Control BudgetThinker

500 96.7 63.3 27.6
2K 84.8 63.0 46.4
4K 76.8 383 22.4

Table 8: Budget-related failures among incorrect
MATH-500 responses (%).

the cross-checks retained at larger budgets, illus-
trating this coverage risk.

A.12 Hard-Problem Boundary: AIME 2024

On AIME 2024, BudgetThinker modestly outper-
forms ThinkPrune at every evaluated budget, but
the margins remain small because some problems
require a minimum reasoning length.

For AIME24 problem index 4 at B = 2K, Bud-
getThinker preserves the final verification and ob-
tains the correct answer 110. Conversely, for prob-
lem index 1 with answer 113, no correct sample
appears at B = 2K or 4K, whereas a correct sam-
ple appears at B = 6K after the longer geomet-
ric derivation. These cases illustrate that control
tokens can improve reasoning pacing but cannot
remove the intrinsic minimum reasoning length of
hard problems.

A.13 Detailed Analysis

For the qualitative analysis of the reasoning strat-
egy variations of the BudgetThinker model under

Method / B Term. Form. Strat. Cov. Exec. Final.
Original / 500 5.0 33 21 25 820 5.0
No Control / 500 0.0 29 63 135 744 2.9
BudgetThinker/ 500 0.0 34 94 113 734 2.5
Original / 2K 6.2 6.2 54 54 723 4.5
No Control / 2K 0.0 36 134 54 732 45
BudgetThinker/ 2K 0.0 33 22 76 826 43
Original / 4K 4.0 6.1 7.1 7.1 69.7 6.1
No Control / 4K 0.0 6.2 395 123 383 3.7
BudgetThinker/ 4K 0.0 39 53 92 763 5.3

Table 9: Primary reasoning-error categories among in-
correct MATH-500 responses (%). Categories are mu-
tually exclusive within each response. Term., termina-
tion; Form., formulation; Strat., strategy; Cov., cover-
age; Exec., execution; Final., finalization.

Method 2K 4K 6K 10K
Original 1480 2328 2571 28.88
ThinkPrune 1522 2278 2522 27.80

BudgetThinker  16.25 23.80 25.63 28.90

Table 10: AIME 2024 accuracy (%) under different rea-
soning budgets.

different budget constraints, Figure 7 presents mul-
tiple responses generated by the BudgetThinker
model for the same problem, Question-Mathl,
across various budget allocations.

It can be observed that as the reasoning bud-
get is systematically reduced from 6000 to 500,
the thought process exhibits a progressive com-
pression in both methodological diversity and ex-
planatory depth, along with the omission of certain
steps. For a detailed analysis of the reasoning pro-
cess, refer to Figure 8.

At the highest budget of 6000, the reasoning is
most comprehensive and expanded, covering mul-
tiple methods (e.g., ordered pair enumeration, un-
ordered pair deduplication, integer partitions, sym-
metry analysis, generating functions) and contain-
ing extensive metacognitive statements and peda-
gogical explanations. For instance, the generating
function method is fully elaborated: Alternatively,
maybe using generating functions The generating
function for indistinct objects coefficient of x° in
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(14-2+- - -+2°)2, alongside dense self-verification
loops such as Let me verify this. and Wait, but let
me think again..

When the budget is reduced to 4000, the rea-
soning shows multi-route, multi-round verification
characteristics, but the depth and cyclicality of
each method chain are compressed compared to
6000; method coverage remains broad (including
ordered pairs, partitions, combinatorial formulas,
test cases, etc.), but advanced methods like gener-
ating functions are only mentioned without elabo-
ration, e.g., But wait, let me verify this. and Sup-
pose instead of 5 balls 1 ball the answer should be
1 demonstrate light reflection and the use of test
cases.

Further compression occurs at a budget of 2000,
reasoning retains multiple paths (e.g., full ordered
pair enumeration, symmetric halving, partition
verification) but each path is more linear, such as
completely listing ordered pairs: x + y = 5 ordered
pairs: (0,5), (1,4), (2,3), (3,2), (4,1), (5,0). There
are 6., followed by symmetric grouping: Since all
are of the form a # b, unordered pairs = 6 /2 =
3., yet lacks advanced methods (e.g., generating
functions) and complex background explanations.

At a budget of 1000, reasoning is further com-
pressed, retaining only core branching and slight
hesitant language, e.g., But wait, no, wait If the
boxes are indistinct the problem reduces to parti-
tions, and introduces a second method (unordered
pairs) for one-time verification: (0,5),(1,4),(2,3)
Since the boxes are indistinct we have three dis-
tinct cases., but verification is limited and lacks
redundant loops.

Finally, at the most constrained budget of 500,
reasoning is extremely highly compressed, adopt-
ing a single linear path with highly structured lan-
guage and no hesitation or alternative method dis-
cussion, for example, directly listing partitions:
Partitions of 5 into at most 2 parts: 5=5+0, 4 +
1, 3 + 2, and performing minimal verification: Ver-
ification: 5+0 corresponds to 4+1 corresponds to
3+2 corresponds to, with the entire logical path
being linear and without branching.

Lastly, a comparative analysis of the responses
generated by the BudgetThinker model against
other models on both the VQA and mathemati-
cal reasoning tasks is presented in Figures 11, 9,
and 10, accompanied by a detailed examination of
BudgetThinker’s advantages in handling diverse
question types.
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Questlon Mathl

'
'
|
'
'
|
Lo

Return your final response within \\boxed{}. How many ways are there to put 5 balls in 2 boxes if the balls are not distinguishable and
neither are the boxes? \n(CompLete thinking within xxx tokens or fewer)(th].nk)

The following shows BudgetThinker's responses to the same problem under different budgets.

'
1BudgetMind (budget=500):

| <think>\nTo determine the number of ways to put 5 indistinguishable
1balls into 2 indistinguishable boxes, we need to consider the different
| partitions of the number 5 into at most 2 parts. Each part represents

:the number of balls in a box, and since the boxes are

1 indistinguishable\n<remaining>7/8</remaining>\n, the order of the parts
:does not matter.\n\nl. ¥¥Partitions of 5 into at most 2 parts:*¥\n -

1 The possible partitions are:\n \\(5 = 5 + @\\)\n A\
T1\\DAN (5 \n<remaining>6/8</remaining>\n3 + 2\\)\n\n2.
'**Vemfmatmr\ of partitions:*¥\n - A\\(5 + B\\) ccrres'por\ds to one box
.contammg all 5 balls and the other box empty.\n \\(4 + 1\\)

| corresponds to one box containing 4 balls and the other containing 1
tball.\n  -\n<remaining>5/8</remaining>\n \\(3 + 2\\) corresponds to one
:box containing 3 balls and the other containing 2 balls.\n\n3.
:**Cuunting the partitions:*¥\n There are three distinct partitions
1of 5 into at most 2 parts, each corresponding to a unique way of

| distributing the balls into the

Iboxes \nm\nThus\n<remaining>4/8</remaining>\n, the number of ways to put
5 indistinguishable balls into 2 indistinguishable boxes is given by the
| number of partitions of 5 into at most 2 parts, which is

| 3.An\M\[\n\\boxed{3}\n\\ J\n\n<remaining>3/8</remaining>\n\n<remaining>2
| /8</remaining>\n\n<remaining>1/8</remaining>\n\n</think>\n**Final

! Answer**\\boxed{3}

uBudgetﬂlnd (budget=1000):

,(:hmk)\n\nukay, let's see. The problem is asking how many ways there are to put 5 balls into
12 boxes where the balls and the boxes are not distinguishable. Hmm, so both the balls and the
Iboxes are identical. I need to figure out the different ways to distribute these identical
:haLLs into identical boxes. \n\nFirst, since both the balls and boxes are indistinct, the
jorder doesn't matter. That means if I put a certain number of balls in each box, it's the
Isame as putting them in the other box because the boxes are indistinct. But wait, no,
lwait\n<remaining>7/8</remaining>\n. Wait, if the boxes are indistinct, then switching the
Iboxes doesn't create a new arrangement. So, the problem is similar to partitioning the number
15 (the number of balls) into at most 2 parts, where each part represents the number of balls
1in each box. But since the boxes can be empty or not, the problem is to find the number of
|integer partitions of 5 into at most 2 parts.\n\nInteger partitions where the order doesn't
Imatter. So for example, putting 3 balls in one box and 2 in the other is the same as putting
12 and 3\n<remaining>6/8</remaining>\n. So the partitions would be (5), (4,1), (3,2), (3,1,1),
1(2,2,1), (1,1,1,1,1). Wait, no, but since we are only putting into at most 2 boxes, we can't
Thave more than 2 parts. So the partitions of 5 into at most 2 parts. Let's list them:\n\nl.
IS\n2. 4 + 1\n3. 3+ 2\n4. 3 + 1 + 1 (but that's three parts\*\qema)'\lv‘g>5/B</remn)n1'\g>\'\. so
|we can’t include that)\n5. 2 + 2 + 1 (three parts)\né. 1 + 1+ 1 + 1 + 1 (five parts)\n\nSo
1actually, the valid partitions into at most 2 parts are 5, 4+1, 3+2. Wait, but 3+2 is two
'parts, 4+1 is two parts, and 5 is single part. Then, maybe that's the answer? So three ways.
'But wait, let me check again. Because sometimes when we have indistinct boxes, we

| might\n<rema ining>4/8</renaining>\n have different possibilities.\mnAlternatively, maybe
1another approach. Let me think. Since both the balls and the boxes are indistinct, the
!problem reduces to finding the number of equivalence classes under permutation of boxes. So

| for each possible distribution (a, b) where a + b = 5, and a, b are non-negative integers.
1But since the boxes are indistinct, (a, b) is the same as (b, a). Therefore, the number of
rdistinct partitions is equal to the number of unordered pairs (a, b) where a + b = 5. So how
| many such pa)rs are there\n<1emnwmg>3/5</1emammg>\n7\n\nsmrtmg from a = @, ; a1,

H a=2, then a4, a=5, b=0. But since the boxes are indistinct, (@,5)
|is the same as (5,0), which is one case. Similarly, (1,4) and (4,1 are the same. (2,3) and
1(3,2) are the same. So how many unique cases? For 5, since 5\n<remaining>2/8</remaining>\n is
lodd, the middle case is (2,3). The rest are symmetric. So we have three distinet cases: (5),
1(4,1), (3,2). Therefore, the number of ways is 3.\n\nSo, the answer should be

13 \n\n<remaining>1/8</remaining>\n\n</think>\n**Final Answer**\\boxed{3} @

'
1 .
1 BudgetMind (budget=2000):

| <thini-\n\nOicay, let's try to figure out how many ways there are to put 5 indistinet balls into 2 md!s()nc(
| boxes. Hmm, both the balls and the boxes are not labeled, so the order of the balls and the order of th

| boxes don't matter. That should Simplafy things a BIT, TGNCZATNELESE, when dealing with indistinct objects
| and boxes, this is a classic combinatorics problem. Normally, if the boxes were distinguishable, the problem
| would be about finding the number of non-negative integer solutions to the equation x + , where x is the
I nunber of balls in the first box and y is the number in the second. Since there are two variables, the number
I of solutions would be 6 (since x can be @ to 5, and y would adjust accordingly). But in this case, the boxes
! are indistinct, so some Of these solutions might be considered the same. For example, putting © balls in one
! box and 5 in the other is the same as putting 5 in the first and @ in the second, so those two should count

! as one single way.\n\nTherefore, I need to adjust the count for the case where\n<reraining>7/8</renaining>\n
! the boxes are indistinct. So instead of 6, maybe it's half of that, but I have to be careful because in cases
| where x = y, there's no pair to pair with. Since 5 is an odd number, x can't equal y in this case. Because if
[ fhey uere equal, then x = y = 2.5, bt aince ue can'c have ReLE a Ball, chat's dnpassihle. So alL selutions

H +y. Therefore, th L rister of unordated paits wuld be the rnber of oered paive divided by 2.
! Since theve are 6 arden That would be 6 / 2 - 3. So Maybe there ame 3 waysP\mMait, Let ne check

| that again. Let's List all possible ordered pairs £hree. Fou Giscinguianable boxes, the omdered pates. (x. ¥)
| yheme x ¢y =5 avelmn(0,5), (1), (2.9), (3.2), (4.1), (5,0). There aze 6 of these. Since the boxes are

1 ndlsunct each pair where x # y is counted once and the pairs where x = y are counted or

' 7B e NG\ a8 x oy wonld Requize 3x = 5, whieh 1sn't possible here, 5o all 6 paizs

| are of the fom (a. by vhere o + b. Exch \nordered paix 1o represented twice in the oxdered List. Therefore,
I the number of unordered pairs is 6 / 2 = 3. So there are 3 distinct ways. Let me list them:\n\nl. Both boxes
| have ditferenc numbere of batls: (0,5 and (3.0) are the same.\n2. (1.4 and (4,1) are the Same-\rns. (2,5)

: and (3,2) are the same.\n\nSo three distinct ways. Therefore, the answer should be 3. But wait, let me think
! a
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gain to make sure I haven't missed anything.\n\nAlternatively, maybe there's another approach. Since the
boxes are indistinct, the problem reduces to considering the partitions of the number 5 into at most 2 parts.
Because each box can hold any number of balls, but since they're indistinct, we can consider the number of
distinet ays to partition § {nto a sun of Two ron-negative integera where ander doesn't matter. \ninThe
partitions of \n<remaining>5/8</remaining>\nS into at most 2 parts are:\m\nl. 5 + @\n2. 4 + 1\n3.
2\n\nThese are the three partitions. Each of these corresponds to the imozdered pairs (s ), (4, 1), i 3.2
So that's three ways. So that's another way to get the answer 3. That confirms the previous
zesule. \nniLtematively, f T senerber the formila for the nurber of ways co divide n indistinet objects
inco k indistinet bores, it's the floor of (n + k - 1 choose k - 1) divided by k, adjusted for symetry. Vate,
no, that might be for something else. Let me i Actually, when cbjects aze hdistinct and boxes
EndiStinct, ‘tne murber of ways ic equal o the number of intéger pastitions of m into at mest k parts, For
k=2, it's the number of partitions of 5 into at most 2 parts.\n\nBut if we use the formula for partitions,
the number of partitions of 5 into at most 2 parts is 3. Let me Tecall the partitions of 5:\n\nThe partitions
of § are\n<remaining>4/8</remaining>\n:\m\nl. 5\n2. 4+ 1\n3. 3 + 2\n4. 3 + 1 + 1\nS 1\n6. 2+ 1
+1\n7. 1+ 1+ 1+1+1\n\nBut if we are considering partitions into at most 2 parts, then we have to pick
those partitions that have L or 2 parts. The partitions into 1 part: just 5. The partitions into 2 parts: 4+,
312. So total of 1+ 2= 3. Sp that's tha same ss the previous nesult \nnTherefore. the snmer is 3. So
there ate 3 uays. Hm, let me make sure T didn't mlas any other partitions. For emple 3+ 1+ 1 vould be 3
parts, so if we can't consider that. So indeed, only 3 ways.\n\nAlternatively, maybe someone could think
Ehat Stnee the problem is about distributing balls into boxes, the answer is the combination formula. But
since the objects are indist\nremaining>3/6</renaining>\ninct and the boxes are indistinct, perhaps we need
2 dittezent. approsch, For exarple, the fommila for identisal cbjects tntp idemvical bowes. The general
formula for the number of ways is the number of integer partitions of n into at most k .
k=2, So number of partitions of 5 into at most 2 parts. As we saw, that's 3. So that's correct \n\nl’heretore,
the answer is 3.\n\n<remaining>2/8</renaining>\n\n<remaining>1/8</remaining>\n\n</think>\n**Final
Anser¥\\boxed(5) @

L - -

Figure 7: This is a comparison between BudgetThinker’s responses to the Question-Math1

budgets.

BudgetMind (budget=4000):

CERTG\N\Okay, 16t 5 Ty to £19URR out how ANy WAYS Chere % To Put § InGISLINCE Balls inco 2 InGISLINCE boxes. Ham, both the balls and che

oxes aze mot labeled, 5o the order of the balls and the boxes don't matcer Should simplify things a bit, Tight2\n\nFizst, when
Genting with Sndistince cbjects and baxes, Shis is a clasoie cobinstorier prablan: Nozmally, if the boxes were distinguishible, the probLen weuld
be about finding the number of non-negative integer solutions to the equation x + e x is the musber of balls in the first box and y
the muaber in the second. Since there aze two variables, the number of 1.2,3,4,5). But in this case, the

“ing>nin one box and 5

matter. So. parts. Let me list
it's just one way.\nZ. 4 + 1: Similarly, this is another distinct partition.\n3
be partitioned asi\mn- S\n- \n- n- <1, but wai

parts. So only up to two parts.\n\nSo there are I pastitions here
maybe using the formila for cobinations with repetition
Kdistinct boxes iz So here, n =5, k=2 c s
distinct. Buc since they are indistinct, we need to adjust for overcounting. So how do we do That?\n\AIZ the boxes are indistinet, then the
aifferen giscributions where the nunbes of balls in the boxes aze swapped are considered the same. So we need to count the number of distinct
paizs (a, e s B o avoid duplicates). Because Lf 3 # b, then swapping them would give the same distribution, %o we count
each paix . o swap.\n\nSo let’s List all possible pairs (a, b) where a + B = 5 and a € bi\min- a = 8, b = S\n-

v - J\nnlhat's three pairs, 5o there are 3 GIStINCE weys. Tt matches the partition ltea.\I\WBLE, but Let me check if there aze
ny other For example, what if there's a case whese a - b7 Then since 5 is odd. there's no integer a where 5, s that's
possible TS5 e ini v nas bave N Themefore, the’anbeer. should be3. Bur Lo nake sute 1 maven ¢ missed
anything, istribucions for the distinguishable boxes am ~ indistinet ones.\minFor
iscingul are:\n\n(8,5), (1,43, (2,3), (3,2), (4,1), (5,0). But since the boxes axe
inaiscinet, (1,4) same a5 (4,1), and (2,3) is the same o grouping them, we have three distinct cases
5. 1 an That's the same a: s consistent. Therefore, the nusbes of ways 1s 3.\n\nBut Let me chir
again to make sur ach: using combinations \n\nTf the boxes were distinguishable, the nusbex is & y are indistince, then
the snswer iz ) -5 = of unordered pairs where a € b is equal to the floor of (n + k -

o1 <4, thac's

cried 3 and 2, that's the same as 2 and 3, so we alzeady counted

h, . Ehink of the problen in terms of incager particions
he probls < arts. Since each partition corresponds to a unique way of distributing
The balls inta bowes. The Paritions of  are-Ani. Bun3. 4 + 1nS. 3 & md. 35 1o 1\nS. 24 3 N6, 1 o1 1s 15 1ununbat sance we're

st E

2
alls ana

nor\n\mn2. 4

i
one, 1 in Since they are indiscince, chis is another way.\n\n3. 3 and 2: 3 and 2. Since they are indistince, this is the
iz vy et e e 2 o E "t count it again.\n\rence, three ways. T can't think of any other
steibution. For example L 1and 4, rree ways.an\nThesstors, the final ansver is 3, which veuld be written as
[iromereaetbanah LT e i AmeFinat Anseesi o \bonedts) &

BudgetMind (budget 6000):

<ehink>\mnOkay, let's try to figure out hon
boxes are not Libeled, so the order

Hem, both the balls and

sheuld simplity chings & bit, sighchn\reizse, whe

. 3 ways \n\mALtemnativel
Gaceimarion (015, (0 . (25, G B

partitions into a 2 parts dnclude chose
e positive integers, so if we allow 2 oz b o be zer s 2 different concept
€, \nérenaining3/3</renaining\but in our problem, we are considerd:
U o be zexo. So, these aze called \"compositions\" but wich order mot importanc
\hezeas 3 parcition is wnordered. So, in this caze, since the boxes sre indistinct, it 'z a partition of 5 int
aztitions, pasts sre positive. Therefore ps th of partitions of § into at m
%o be zers, it's the same as the mumber Of unordered paizs (a, o

be is sill the same . perhaps ever the count remains 3
after all these considerations, the answer s 3. T think that's solid.\n\nThe nusbes of ways to put § indistinguishable balls into 2

indistinguishable boxes iz +43%%.#k# Key Amalysis:1. *+Problem Constraints*s. - ax:

*Approach®+. - ¥Partition Analysist*: We need unigue distributions of 5 balls into 2 \n<renaini
7ot matten. Tnis transiates o inceger parcicions of o at most Zpartes () - (4 1)
“vDrdered vs. Unosdered Paizs+: Fox distinguishable boxes, © Grouping those i o
iGenerating Famctianses: The seefficient af WCREW) 2 the genexin.ng guncion 103 patisions dnie ut mest 2 parts s 3 ombinator ial
Enumeration®: Dizect enumeration confizms 3 unique distribution 5 in one box, none in the other. in the ot

and 2 30 each box sa# Conclusion: The discinct distributions aze cqutvalence clases of the ordered patms. zesulting in +43 uniaus

\n<zenaining>1 Siningn\ne/hinko\n® \\boxed(3)8

under different
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Number of reasoning

Budget Primary steps Verification

steps

1. Reformulate the problem as integer partitions.
Minimal — a single brief
500 3 steps 2. Enumerate the three partitions. verification (e.g., “one box
containing 5. 4+1.. 3+2.7).

3. Briefly verify the semantic meaning of each partition and count them.

1. Explain the meaning of “indistinguishable.”

2. Temporarily list incorrect partitions (e.g., 3+1+1).
3. Exclude partitions with >2 parts. Moderate — at least two
reflections / re-derivations

(explicit “wait, no.. let me check
again” phenomenon).

1000 7 steps 4. Re-list the valid partitions.
5. Re-derive the result using unordered-pair reasoning.
6. Symmetry check (odd-case midpoint).
7. Conclude.

1. Consider distinguishable boxes

(solve x+y=5 - 6 nonnegative solutions).
2. Address indistinguishability and justify dividing by 2.
3. Enumerate ordered pairs.

4. Symmetry analysis (x = y impossible here).

Extensive verification — = three

repeated derivations + multiple-
method cross-validation.

2000 10 steps 5. Conclude unordered count = 3.
6. Return to partition-based explanation.
7. List all 7 partitions of 5.
8. Filter to “at most 2 parts” - 3.
9. Revisit combinatorial formula and reflect.

10. Multiple cross-checks.

1. Explicitly contrast distinguishable vs. indistinguishable boxes
(“boxes are indistinct.. adjust for that symmetry”).

2. Apply stars-and-bars / combinations for the distinguishable case:
(\binom{5+2-1}{2-1}=\binom{63}{1}=6)

3. Motivate halving via symmetry / impose (a\le b) (list (0,5;1,4;2,3)).

4. Enumerate ordered pairs and group them.

Multiple cross-validations
(combinatorial formula,
unordered-pair reasoning,
partition listing, explicit
enumeration); at least two
distinct methods mutually confirm
8. Use the bound (a\in{®@,\dots,\lfloor5/2\rfloor}) to enumerate the outcome.

quickly.

5. Argue (a=b) impossible since (5) is odd.
4000 12 steps 6. Give partition perspective (5, 4+1, 3+2).

7. Cross-validate enumeration against informal formula.

9. Provide small-(n) sanity checks (e.g., (n=1,2,3)).
10. Discuss the interpretation of zero parts (empty boxes).
11. Reconcile multiple approaches to the same conclusion.

12. State final result (=3).

1. Precisely set up distinguishable vs. indistinguishable framing.

2. Provide the distinguishable-case stars-and-bars / ordered solutions:
((0,5),(1,4),\dots) (6 total).

3. Explain why indistinguishability collapses ordered solutions to
unordered equivalence classes.

4. List unordered solutions with (a\le b): ((0,5),(1,4),(2,3)).
5. Fully enumerate all partitions of 5 (all 7).

6. Explain the logical filter “partitions into (\le2) parts.” . ) .
Very extensive validation:

7. Offer generating-function verification (coefficient of (xA5) in diverse methods (enumeration,
((1+x+\cdots)”2)). generating functions, algebraic
6000 13 steps equations, standard formulae),
8. Clarify the relationship between allowing zero parts and the standard multiple test cases, and >3
definition of integer partitions (parts (\gel)). independent confirmations.

9. Reconcile stars-and-bars and partition perspectives (equivalences and
differences).

10. Run multiple small-(n) sanity checks ((n=1,2,3,4)).

11. Discuss the effect of object distinguishability on counts
(comparative implications).

12. Synthesize all method outcomes into a final aggregate.

13. Reiterate the conclusion (“therefore, the answer is 3”) for emphasis.

Figure 8: This is a detailed analysis of the reasoning processes generated by the BudgetThinker model for
Question-Math1 under different reasoning budgets.
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Question-Mathil:

i
I

i Return your final response within \\boxed{}. How many ways are there to put 5 balls in 2 boxes if the balls are not distinguishable and
1 neither are the boxes? \n(Complete thinking within 500/100@ tokens

BudgetMind (budget=500):

<think>\nTo determine the number of ways to put 5 indistinguishable balls into 2
indistinguishable boxes, we need to consider the different partitions of the
number 5 into at most 2 parts. Each part represents the number of balls in a box,
and since the boxes are indistinguishable\n<remaining>7/8</remaining>\n, the
order of the parts does not matter.\n\nl. **Partitions of 5 into at most 2
parts:**\n - The possible partitions are:\n - \\(5 = 5 + B\\)\n

= 4 + 1\\)\n - \\(5 = \n<remaining>6/8</remaining>\n3 + 2\\)\n\n2.
*¥Verification of partitions:**\n - \\(5 + @\\) corresponds to one box
containing all 5 balls and the other box empty.\n - \\(4 + 1\\) corresponds to

- N\

\n<remaining>5/8</remaining>\n \\(3 + 2\\) corresponds to one box containing 3
balls and the other containing 2 balls.\n\n3. **Counting the partitions:**\n -
There are three distinct partitions of 5 into at most 2 parts, each
corresponding to a unique way of distributing the balls into the

boxes. \n\nThus\n<remaining>4/8</remaining>\n, the number of ways to put 5
indistinguishable balls into 2 indistinguishable boxes is given by the number of

or fewer)<think>

Original (budget=500):

<think>\nOkay, so I have this problem: I need to figure out how many ways there are to put 5
balls into 2 boxes. The balls are not distinguishable, and neither are the boxes. Hmm, let me
think about this step by step.\n\nFirst, since the balls are not labeled, it doesn't matter
which specific ball goes into which box. Similarly, the boxes themselves aren't labeled, so
swapping the contents of the boxes doesn't create a new arrangement. That simplifies things a
bit because I don't have to worry about different box labels.\n\nLet me consider the possible
distributions. Each ball has two choices: it can go into Box 1 or Box 2. Since there are 5
balls, each with 2 choices, the total number of ways without considering the boxes being
indistinct would be 275, which is 32. But wait, that's if the boxes are distinguishable.
Since they aren't, some of these 32 arrangements are duplicates.\n\nIf the boxes were
distinguishable, Llike if one box was red and the other was blue, each ball independently
choosing a box would give 275 = 32 unique arrangements. But since the boxes are the same,
some of these are the same. For example, putting all 5 balls in Box 1 is the same as putting
all 5 balls in Box 2 because the boxes are indistinct.\n\nSo, how many unique distributions
are there? Well, each distribution can be characterized by how many balls are in Box 1 and
how many are in Box 2. Since the total is 5, the number of balls in Box 1 can range from @ to

partitions of 5 into at most 2 parts, which is

3. A\nM\m\\[\n\\boxed{3}\n\\T\n\n<remaining>3/8</remaining>\n\n<remaining>2/8</rema

ining>\n\n<remaining>1/8</remaining>\n\n</think>\n**Final Answer**\\boxed{3}
Te

'
'
|
'
'
|
'
|
'
'
|
'
|
'
'

one box containing 4 balls and the other containing 1 ball.\n - :
'
|
'
|
'
'
|
'
'
'
'
|
'
'

BudgetMind (budget=1000):
<think>\n\nOkay, let's see. The problem is asking how many ways there are to put 5 balls into 2 boxes
where the balls and the boxes are not distinguishable. Hmm, so both the balls and the
boxes are identical. I need to figure out the different ways to distribute these identical
balls into identical boxes. \n\nFirst, since both the balls and boxes are indistinct, the
order doesn't matter. That means if I put a certain number of balls in each box, it's the
same as putting them in the other box because the boxes are indistinct. But wait, no,
wait\n<remaining>7/8</remaining>\n. Wait, if the boxes are indistinct, then switching the
boxes doesn't create a new arrangement. So, the problem is similar to partitioning the
number 5 (the number of balls) into at most 2 parts, where each part represents the number
of balls in each box. But since the boxes can be empty or not, the problem is to find the
number of integer partitions of 5 into at most 2 parts.\n\nInteger partitions where the
order doesn't matter. So for example, putting 3 balls in one box and 2 in the other is the
same as putting 2 and 3\n<remaining>6/8</remaining>\n. So the partitions would be (5),
(4,1), (3,2), (3,1,1), (2,2,1), (1,1,1,1,1). Wait, no, but since we are only putting into
at most 2 boxes, we can't have more than 2 parts. So the partitions of 5 into at most 2
parts. Let's list them:\nm\nl. 5\n2. 4 + 1\n3. 3 + 2\n4. 3 + 1 + 1 (but that's three
parts\n<remaining>5/8</remaining>\n, so we can't include that)\n5. 2 + 2 + 1 (three
parts)\né. 1 + 1 + 1 + 1 + 1 (five parts)\n\nSo actually, the valid partitions into at
most 2 parts are 5, 4+1, 3+2. Wait, but 3+2 is two parts, 4+1 is two parts, and 5 is
single part. Then, maybe that's the answer? So three ways. But wait, let me check again.
Because sometimes when we have indistinct boxes, we might\n<remaining>4/8</remaining>\n
have different possibilities.\n\nAlternatively, maybe another approach. Let me think.
Since both the balls and the boxes are indistinct, the problem reduces to finding the
number of equivalence classes under permutation of boxes. So for each possible
distribution (a, b) where a + b = 5, and a, b are non-negative integers. But since the
boxes are indistinct, (a, b) is the same as (b, a). Therefore, the number of distinct
partitions is equal to the number of unordered pairs (a, b) where a + b = 5. So how many
such pairs are there\n<remaining>3/8</remaining>\n?\n\nStarting from a = @, b =5; a=1,
b=4; a=2, b=3; then a=3, b=2; a=4, b=1; a=5, b=0. But since the boxes are indistinct,
(0,5) is the same as (5,0), which is one case. Similarly, (1,4) and (4,1) are the same.
(2,2) and (3,2) are the same. So how many unique cases? For 5, since
S\n<remaining>2/8</remaining>\n is odd, the middle case is (2,3). The rest are symmetric.
So we have three distinct cases: (5), (4,1), (3,2). Therefore, the number of ways is
3.\n\nSo, the answer should be 3.\n\n<remaining>1/8</remaining>\n\n</think>\n**Final
Answer**\\boxed{3}

Total: 840 tokens

5. But because the boxes are indistinct, putting k balls in Box 1 is the same as putting 5 -
k balls in Box 2. So, for k = @
and for k =

X =
2.5,

, it's the same as k = 5;
2, it's the same as k = 3. The middle case, k

1, it's the same as k = 4;

for
= |CuTIX

Total: 500+1@ tokens

Voriginal (budget=1000):

<think>\nOkay, so I have this problem: I need to figure out how many ways there are to put 5
balls into 2 boxes. The balls are not distinguishable, and neither are the boxes. Hmm, let me
think about this step by step.\n\nFirst, since the balls are not Labeled, it doesn't matter
which specific ball goes into which box. Similarly, the boxes themselves aren't Labeled, so
putting a ball in Box A is the same as putting it in Box B. That simplifies things a bit because
I don't have to worry about which box is which; I just need to count the number of ways to
distribute the balls.\n\nLet me consider the possible scenarios. Each ball has two choices: it
can go into Box 1 or Box 2. Since there are 5 balls, each with 2 choices, I might think that the

total number of ways is 2 multiplied by itself 5 times, which is 245. But wait, that would be 32.

But hold on, that doesn't seem right because it counts all possible assignments, including the
case where all balls are in one box and none in the other. But the problem doesn't specify that
both boxes must have at least one ball, so maybe that's acceptable.\n\nBut let me think again.
If the boxes are indistinct, does that mean that putting all balls in Box 1 is the same as
putting all in Box 2? So, in that case, the number of distinct distributions would be half of
245, which is 16. But wait, is that correct?\m\nNo, actually, no. Because when you have two
boxes, each ball independently goes into either box, so the total number of assignments is 245,
but since the boxes are indistinct, some of these assignments are duplicates. For example,
putting a ball in Box 1 and another in Box 2 is the same as putting a ball in Box 2 and another
in Box 1. So, in reality, the number of distinct ways is actually the number of subsets of the 5
balls, because each subset represents the balls in Box 1, and the complement represents the
balls in Box 2. Since the boxes are indistinct, the order doesn't matter, so the number of ways
is equal to the number of subsets of a 5-element set, which is 275 divided by 2, but wait, that
would be 16, but actually, the number of subsets is 25, which is 32, but since each subset and
its complement are considered the same when boxes are indistinct, the number of distinct ways is
2A(5-1) = 16. Hmm, that seems conflicting.\n\nWait, maybe I'm overcomplicating it. Let me think
about it differently. If the boxes are indistinct, then the number of ways to distribute the
balls is equal to the number of ways to choose how many balls go into each box. Since the balls
are indistinct, the only thing that matters is how many go into each box. So, for each possible
number of balls in Box 1, from @ to 5, the number of ways is 1 for each number, except when the
number is the same as the complement, which is when the number is 2 or 3, because 2 and 3 are
complements of each other in a 5-ball set.\m\nWait, no, that's mot quite right. If I have 5
balls, the number of ways to choose k balls for Box 1 is C(5, k), where C is the combination
function. But since the boxes are indistinct, choosing k balls for Box 1 is the same as choosing
5 - k balls for Box 2. So, the number of distinct distributions is equal to the number of
distinct values of k, where k ranges from @ to 5, but considering that k and 5 - k are the same
when boxes are indistinct.\n\nSe, for k = @, it's the same as k For k = 1, it's the same as
k = 4. For k = 2, it's the same as k = 3. So, the distinct distributions are determined by the
nunber of balls in Box 1, which can be @, 1, 2, or 3. That's 4 distinct distributions. But wait,

that doesn't seem right because @ and 5 are the same, 1 and 4 are the same, 2 and 3 are the same.

So, actually, there are 3 distinct distributions: all balls in one box, 4 balls in one box and 1
in the other, or 2 and |CUT|X
Total: 1000+10 tokens

Comparison:

Above are responses from two models—BudgetMind and the Original model-to the same question under different budget constraints (500 and 1000).

tokens, respectively) while clearly following a compact, stepwise format and producing the final answer. In contrast, the Original model
exhausts the allotted budget (500+ tokens and 1000+ tokens) by expanding irrelevant lines of thought and becomes truncated, failing to

i
'
'
1
i
i Tt can be observed that under both budget conditions, BudgetMind successfully completes its responses within the budget limits (322 and 840
'
'
1
'
1

present a concise, correctly framed conclusion before budget exhaustion.

BudgetThinker

etMind reduces the problem immediately to integer partitions of 5 into at most 2 parts and lists the valid partitions

This direct partition viewpoint eliminates unnecessary combinatorial detours, verifies each case succinctly, and counts

avoids redundancy — yielding a correct, compact answer within budget.

delivered.

Figure 9:

them to produce (\boxed{3}). The chain of thought is minimal, tightly scoped to the mathematical equivalence (distribution . partition), and

Original model: The Original model spends tokens on irrelevant expansions (treating each ball as independently choosing a box - (275), then
trying to reconcile subset/complement reasoning), repeatedly rephrases the same ideas, and toggles between incompatible perspectives. This
redundancy both wastes budget and creates internal contradictions; as a result the output is truncated and the final answer is not reliably
The process lacks the direct, partition-based insight that would have yielded a short, correct result.

This is a comparison between BudgetThinker and Original model’s response cases on MATH datasets.
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' Question-Math2:

1 Return your final response within \\boxed{}. What is the least positive integer multiple of 30 that can be written with only the digits @ and

1 2? \n(Complete thinking within 500/2000 tokens or fewer)<think>
.

BudgetMind:

<think>\nl. **Identify the properties of the number:*¥*\n - The number must be
a multiple of 30.\n - The number must be written using only the digits @ and
2.\n\n2. **Check the divisibility rules:*¥\n - A number is divisible
by\n<remaining>7/8</remaining>\n 3@ if and only if it is divisible by 2, 3, and
5.\n - For a number to be divisible by 2, its last digit must be 0.\n - For
a number to be divisible by 5, its last digit must be @ or
S\n<remaining>6/8</remaining>\n. Since we can only use the digits @ and 2, the
last digit must be @.\n - For a number to be divisible by 3, the sum of its
digits must be divisible by 3.\n\n3. **Construct the number:**\n - Since the
number must end in \n<remaining>5/8</remaining>\n@, we start with the smallest
possible number ending in @.\n - We need to find the smallest number composed
of the digits © and 2 that is divisible by 3.\n\n4. **Check the sum of
digits:**\n - The sum of the digits of the number must be divisible
by\n<remaining>4/8</remaining>\n 3.\n - The smallest number composed of the
digits @ and 2 that satisfies this condition is 2220, where the sum of the
digits is \\(2 + 2 + 2 + @ = 6\\), which is divisible by 3.\n\n5. **Verify

the\n<remaining>3/8</remaining>\n number:*¥\n - The number 2220 ends in @, so

Original:
<think>\nOkay,
multiple of 30

so I need to find the smallest positive integer that's a
and only uses the digits @ and 2. Hmm, let's break this
down. First, multiples of 2@ are numbers that can be divided by 3@ without
any remainder. Since 3@ is 2 times 3 times 5, the number must be divisible
by 2, 3, and 5.\n\nDivisibility by 2 is straightforward: the number must
end with an even digit. Since we can only use @ and 2, that's already
satisfied because both are even. \n\nNext, divisibility by 5 means the
number must end with a @ or 5. But since we can only use @ and 2, it must
end with a @. So the number has to end with @.\n\nNow, for divisibility by
3, the sum of all digits must be a multiple of 3. Since we can only use @s
and 2s, the sum will be 2 times the number of 2s in the number. So, the
number of 2s must be a multiple of 3. That means the number must have 3, 6,
9, etc., 2s.\n\nSo, putting it all together, the number must end with a @
and have a number of 2s that's a multiple of 3. Let's start with the
smallest possible number.\n\nThe smallest number would be a 3-digit number
because a 2-digit number can't have enough 2s to be divisible by 3. Let's
see: 2220. Is that divisible by 30?7 Let's check:\n\n2220 divided by 3@ is

it is divisible by 2 and 5.\n
by 3.\n - Therefore, 2220 is divisible by

30.\n\nConclusion\n<remaining>2/8</remaining>\n:\n\\[\n\\boxed{22203}\n\\J\n\n<re
V]

maining>1/8</remaining>\n\n</think>\n**Final Answer*¥*\\boxed{2220}

Total: 409 tokens

BudgetMind:

<think>\n\nOkay, so I need to find the smallest positive integer that's a multiple of 30
and only uses the digits @ and 2. Let me start by understanding the problem. \nm\nFirst, a
multiple of 3@ must be divisible by 3@. Since 3@ is 2¥3*5, the number has to be divisible
by 2, 3, and 5. Let's break that down:\n\nl. **Divisible by 2**: The number must end with
an even digit. Since we can only use @ and 2, the last digit has to be @ or 2. But since @
is even and 2 is even, both are okay. However, if the last digit is @, the number is even,
and if it's 2, it's also even. So that's fine.\n\n2. **Divisible by 5**: The number must
end with @ or 5. But since we can only use @ and 2, the last digit has to be @. So the
number must end with @. That simplifies things because the last digit is fixed as @.\n\n3.
**Div\n<remaining>7/8</remaining>\nisible by 3**: The sum of the digits must be a multiple
of 3. Since the number is composed of @s and 2s, the sum of the digits is just 2 times the
number of 2s. So, the number of 2s must be a multiple of 3/2. Wait, that might not make
sense. Let me think again. If the sum of the digits is 2¥k (where k is the number of 2s),
then 2*k must be divisible by 3. Therefore, k must be a multiple of 3 because 2 and 3 are
. So the number of 2s must be 3, 6, 9, etc.\m\nSo putting this together, the number
with @, have only @s and 2s, and have a number of 2s that is a multiple of 3. Also,
to be the smallest such number.\n\nlLet me start constructing numbers. The smallest
possible numbers would be 20, 220, 2220, etc., but let's check each.\n\n- ¥¥2@**: Ends with
@, digits aTe \n<remaining>6/8</remaining>\n2 and @. Sum of digits is 2, which is not
divisible by 3. So 20 is not divisible by 3, hence not by 3@.\n\n- *¥22@**: Ends with @.
Digits are 2,2,0. Sum is 4, not divisible by 3. Not good.\n\n- *¥222@**: Ends with @.
Digits are 2,2,2,0. Sum is 6, which is divisible by 3. So 2220 is divisible by 3. Let's
check if it's divisible by 2 and 5. Yes, it ends with @. So 2220 is divisible by 2, 3, and
5. Therefore, 2220 is a multiple of 3@.\n\nWait, but is there a smaller number? Let's check
numbers with fewer digits.\n\nWait, the numbers we considered so far are 20, 220, 2220.
Let's check if there's a 3-digit number with two 2s and one 8. The possible numbers are 220,
20\n<remaining>5/8</remaining>\n2, ©22. But 822 is mot a 3-digit number, it's a 2-digit
number 22. So 22@ is the only 3-digit number with two 2s and a 8. But 228 isn't divisible
by 3. Then 2220 is the next candidate.\n\nBut maybe there's a 4-digit number with three 2s
and a @. For example, 2220. That's the one we have. Let's check if there's a smaller number
with three 2s and a @. The smallest such number would be 2220, right? Because if you
arrange the @ in the higher digits, like 2262, but that's 2202. Let's check 2202.\n\n-
*%2202%*: Ends with 2, so not divisible by 5. So that's out.\n\n- *¥2022%%: Ends with 2,
same problem. Not divisible by 5.\n\n- **@222**: That's 222, which is a 3-digit number. But
2\n<remaining>4/8</remaining>\n22 is not divisible by 2, since it ends with 2, which is
even. Wait, 222 ends with 2, so it's even, but sum of digits is 6, which is divisible by 3.
So 222 is divisible by 6, but not by 1@, so not by 10. Therefore, 222 is not divisible by
10, hence not by 3@.\n\nSo 222 is out. Then 2220 is the next candidate. Let's check if
there's a 5-digit number with four 2s and a @. But that would be larger than 2220, so 2220
is smaller.\n\nWait, but maybe there's a number with more digits but arranged in a way that
the @ is in a lower place, but the number is smaller. For example, 20220, but that's larger
than 2220. So 2220 seems to be the smallest.\n\nBut let me confirm. Let's check all numbers
with digits @ and 2, ending with @, and with sum of digits\n<remaining>3/8</remaining>\n
divisible by 3.\n\nThe sum of digits is 2k, which must be divisible by 3. So k must be
3,6,9,... So the number must have 3,6,9,... number of 2s. The smallest such number would be
with 3 2s, which is 2220. If we have 6 2s, that's a larger number, so 2220 is the
smallest.\n\nTherefore, the answer should be 222@.\m\nTo find the least positive integer
multiple of 30 using only the digits @ and 2, we analyze the Tequirements for
divisibility:1. **Divisibility by 2**: The number must end in @. 2. **Divisibility by 5**:
The number must end in @ (since 5 is not allowed in digits). 3. **Divisibility by 3%*: The
sum of digits must be divisible by 3. Since the number can only contain @s and 2s: - The
sum of digits is \\(2k\\), where \\(k\\) is the number of 2s. -
\\(2\n<remaining>2/8</remaining>\nk\\) must be divisible by 3, so \\(k\\) must be a
multiple of 3. The smallest valid \\(k\\) is 3 (since \\(k=8\\) results in a single-digit
number @, which is trivial). Constructing the smallest number with 3 twos and ending in @:
- The smallest arrangement is \\(222@\\). **Verification**: - **Divisibility by 2%*: Ends
in @. - **Divisibility by 5*¥*: Ends in @. - **Divisibility by 3**: Sum of digits \\(2 + 2
+2 40 =6\\), which is divisible by 3. Thus, \\(2220\\) is divisible by 3@. Smaller
numbers (e.g., 20, 220, 222) fail \n<remaining>1/8</remaining>\rdivisibility by 3 or 5.
\n</think>\n**Final Answer**\\boxed{2220}

Total: 1723 tokens

Comparison:

BudgetThinker:

- The sum of its digits is 6, which is divisible

74, which is an integer. So, 2220 is a multiple of 3@0. But wait, is there
a smaller number? Let's check if a 3-digit number with fewer 2s can work.
The next possible number of 2s is 3, so 2220 is the smallest.\n\nWait,
hold on. 22208 is 222 followed by @. But is there a smaller number? Let's
think about 2220. Maybe a 4-digit number with fewer 2s? But 2220 is 4
digits, and if we try to make a|CUT|X

Total: 500+1@ tokens

Original:
<think>\nOkay, so I have this math problem here:
from the expression 2:3-4-5 + 1 by inserting parentheses. The note says that rearranging terms isn't

I need to figure out how many different values I can get

allowed, only inserting parentheses. Hmm, interesting. Let me try to break this down step by step.\n\nFirst,
I know that without any parentheses, the expression is evaluated as 2 multiplied by 3, then multiplied by 4,
then multiplied by 5, and finally add 1. Let me calculate that real quick: 2x3 is 6, 6x4 is 24, Z4><5 is 120,
and 120 + 1 is 121. So, the original expression equals 121.\m\nBut the question is about inserti
parentheses to change the order of operations and get different results. So, I need to explore alt possible
ways to insert parentheses in the expression 2:3:4:5 + 1 and see what values I can get.\n\nLet me write
down the expression with the numbers and the operations: 2-3-4-5 + 1. The operations here are
multiplication and addition. Since multiplication has higher precedence than addition, without an
parentheses, it's evaluated as 2x3x4x5 + 1.\n\nNow, inserting parentheses can change the order in which
operations are performed. Since we have two operations: multiplication and addition, parentheses can group
either the multiplication part or the addition part. But since addition is only between 5 and 1, I can't
really group the addition part unless I group the entire expression as a single term, which doesn't make
sense because it's 2:3-4-5 + 1.\n\nWait, actually, the expression is 2:3-4:5 + 1, so the addition is
between 5 and 1. So, the only way to group the addition is to put parentheses around 5 + 1, but that's
already there.
So, maybe the only way to change the order is to group some of the multiplications together.\m\nLet me
think about the possible groupings. Since we have four numbers: 2, 3, 4, 5, and three operations:
multiplication, multiplication, and addition. So, the expression is a chain of multiplications followed by
an addition. To change the order, we can group some of the multiplications together.\n\nOne way is to group
the first two numbers: (2:3)-4-5 + 1. Let me compute that: 2x3 is 6, then 6x4 is 24, 24x5 is 120, and 120 +
1 is 121. Wait, that's the same as before. So, that doesn't help.\n\nAnother way is to group the first
three numbers: 2-(3-4)-5 + 1. Let's compute that: 3x4 is 12, then 2x12 is 24, 24x5 is 120, and 120 + 1 is
121 again. Hm, same result.\n\nWait, maybe grouping the last two numbers: 2-3-(4:5) + 1. Let's see: 4x5 is
20, then 3x20 is 60, 66x2 is 120, and 120 + 1 is 121. Still 121. Hmm, so grouping the last two numbers
doesn't change the result either.\n\nSo, that approach isn't working. Maybe I need to group the first and
the second number together, but that didn't change anything. Wait, maybe grouping the first three numbers:
2:(3:4)-5 + 1. Wait, that's the same as before. Hmm.\m\nWait, perhaps I can group the first two numbers and
the last two numbers separately? But since the addition is only between 5 and 1, I can't group 5 and 1
together without parentheses. So, maybe I can group 2-3 and 4-5 separately, but that's what I did
before.\n\nWait, maybe I can group 2:3-4 and then multiply by 5, but that's the same as before.
Hmm_\n\nWait, perhaps I can group 2-3-4-5 as a single term, but that would be 2x3x4x5, which is 120, and
then add 1, which is 121. So, that doesn't change anything.\n\nWait, maybe I can group 2-(3-4-5) + 1. Let's
compute that: 3x4 is 12, 12x5 is 60, 2x6@ is 120, 126 + 1 is 121. Still 121.\n\nHm, so all these groupings
are giving me 121. That's strange. Maybe I need to think differently.\n\nWait, perhaps I can group the
first three numbers: 2-3-4-5 + 1. Wait, that's the original expression. Maybe I can group 2-3-4-5 as a
single term, but that's not possible because it's 2x3x4x5 + 1.\m\nWait, maybe I can group 2-3-4-5 as
(2:3)-(4-5) + 1. Let's compute that: 2x3 is 6, 4x5 is 20, 6x20 is 120, 120 + 1 is 121. Still the
same.\n\nWait, maybe I can group 2-3-4-5 as (2:(3-4))-5 + 1. Let's compute that: 3x4 is 12, 2x12 is 24,
24x5 is 120, 120 + 1 is 121.\n\nHmm, same result. Maybe I need to group the addition differently. Wait, but
the addition is only between 5 and 1, so I can't group 5 and 1 together without parentheses. So, maybe I
can't change the order of operations by grouping the addition.\m\nWait, but the problem says \"by inserting
parentheses,\" so maybe I can group the entire expression in a different way. Let me think.\n\nWait, the
expression is 2-3-4:5 + 1. So, the operations are multiplication and addition. So, the expression is a
chain of multiplications followed by an addition. So, the only way to change the order is to group some of
the multiplications together.\n\nWait, perhaps I can group 2:-3:4:5 as (2-3)-(4-5) + 1, but that's the same
as before.\n\nWait, maybe I can group 2-3-4-5 as 2-(3-4-5) + 1. Let's compute that: 3x4 is 12, 12x5 is 60,
2x68 is 120, 120 + 1 is 121.\n\nWait, same result. Hmm.\n\nWait, maybe I can group 2-34:5 as (2:3:4)'5 + 1.
Let's compute that: 2x3 is 6, 6x4 is 24, 24x5 is 120, 120 + 1 is 121.\n
Same result again.\m\nWait, maybe I can group 2-3-4-5 as 2-(3:4-5) + 1, which is the same as
before.\n\nWait, maybe I can group 2:3-4:5 as (2-3)-(4:5) + 1, which is the same as before.
\nWait, so all these groupings are giving me 121. So, is 121 the only possible value? But the problem says
\"how many values can be obtained,\" implying that there are multiple.\nm\nWait, maybe I'm missing something.
Let me think again.\n\nWait, perhaps I can group the addition in a different way. But the addition is only
between 5 and 1, so I can't group 5 and 1 together without parentheses. So, maybe I can't change the order
of operations by grouping the addition.\n\nWait, but the problem says \"by inserting parentheses,\" s
maybe I can group the entire expression in a different way. Let me try.\n\nWait, the expression is 2:3:4:5
+ 1. So, if I group 2:3-45 as a single term, that's 2x3x4x5, which is 120, and then add 1, which is 121.
So, that's the same as before.\n\nWait, maybe I can group 2-3:4-5 as (2-3)-(4:5) + 1, which is 6x20 + 1 =
120 + 1 = 121.\n\nWait, same result.\n\nWait, maybe I can group 2:3-4-5 as 2-(3-4-5) +|CUT|X

Total: 2000+10 tokens

Above are responses from two models—BudgetMind and the Original model-to the same question under different budget constraints (500 and 2000).
It can be observed that under both budget conditions, BudgetMind successfully completes its responses within the budget limits (409 and 1723
tokens, respectively) while perfectly adhering to the specified format. In contrast, the Original model exceeds the maximum token limit
(500+10 tokens and 2000+1@ tokens) and fails to extract the answer in the correct format.

:Mind uses minimal steps to solve the problem. It identifies key properties for a multiple of 3@ (divisibility by 2, 3,

the smallest number directly. The number must end in @ and have a digit sum that is a multiple of 3. Using three 2's
(the smallest number of 2's to meet this condition), it constructs 2220. This direct approach is concise and efficient. The reasoning process

is succinct and clear,

step to quickly reach the conclusion. It fully considers that a multiple of 30 must meet the conditions of being a multiple of 2,

starting directly from the properties of multiples of 30 and analyzing the unit digit and digit sum conditions step by

3, and 5,

and closely revolves around these conditions in each step, without any redundant thinking, directly arriving at the smallest number that fits

the criteria, 2220.

The original model is less efficient. It repeatedly verifies the same conditions and explores unnecessary possibilities after

identifying 2220. This redundancy wastes tokens and leads to an incomplete, erroneous output due to exceeding the token limit. The thinking
process is lengthy and complex, with repeated checks and validations, and even unnecessary repetitions and superfluous thoughts (such as
considering whether there could be a smaller number, despite having already identified the smallest one). Although it also considers the
conditions for a multiple of 3@, the thinking process lacks efficiency and does not directly use the known conditions to reach a conclusion.

Instead, it tries to find the answer through continuous attempts and validations,
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Figure 10:
datasets.

resulting in a lengthy and error-prone process.

This is another comparison between BudgetThinker and Original model’s response cases on MATH
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Question:
<image><image>

Choices:

D. Nothing happened.

Input Images

BudgetMind:

My visual sensors detect a robotic arm holding a transparent

container filled with nuts. In the initial frame, the
robotic arm is positioned above a transparent cup,
suggesting the intent to transfer nuts into it. In the

subsequent frame, the robotic arm appears to have tilted the

container, indicating that nuts are being poured into the
cup. The nuts\n<remaining>2/3</remaining>\n are visibly

transferred from the container into the cup, with some nuts

already visible in the cup from the first frame. This

sequence of actions suggests that nuts are being poured into

the cup, but not all nuts have been transferred vet.
Comparing the options,

(B) is incorrect as not all nuts have been poured, (C)
aligns with the visual evidence of nuts being poured into

the cup, and (D) contradicts the observed actions. Therefore,

the correct answer is (C).</think><answer>C</answer>f

Total: 191 tokens

Comparison:

Analyze the two responses based on the following three dimensions:

over-describing minor details and rushing the critical reasoning.

Question:

<image>

What is about to happen here?
Choices:

the package.

i
I
I
i
I
I
i
I
I
'
| C. No action is depicted in this image.
I
I
i
I
i
I
I
i
I
I
i

Input Images

BudgetMind:

Visual sensors detect a hand gripping a small packet labeled

\"Matcha Toasted Rice,\" with the thumb pressing down

on\n<remaining>2/3</remaining>\n the corner. This suggests
the packet is being opened to access its contents, likely a

tea bag. The action aligns with preparing

to\n<remaining>1/3</remaining>\n make tea, as the packet is

being opened to potentially damage the teabag.
</think><answer>D</answer>

Total: 78 tokens

(A) is incorrect as the robotic arm
is still holding\n<remaining>1/3</remaining>\n the container,

What happened between these two frames?

A. Robot arm lifted the cup.
B. Robot arm poured all the nuts into a cup.
C. Robot arm poured some of the nuts into a cup.

Please answer directly with only the letter of the correct option and nothing else.Carefully analyze the
multiple-choice question above and reason through it step by step.

Conclude your response with a line in the following format: $LETTER (without quotes), where $LETTER is
the letter of the correct choice. \n(Complete thinking within 2@@ tokens or fewer)<think>

Laser:
My visual sensors detect a robotic arm holding a
transparent container filled with nuts. In the initial
frame, the robotic arm is positioned above a transparent
cup, and the nuts are visible inside the container. In
the subsequent frame, the robotic arm is still holding
the container, but the nuts appear to have been
partially transferred into the cup. The robotic arm's
position remains consistent, indicating that the
transfer process is ongoing.
The task is to determine what happened between these two
frames. The visual evidence shows that nuts are being
poured into the cup, but not all of them have been
transferred yet. This suggests that the nuts were
partially poured, not all of them. \n\nEvaluating the
options: \n(A) \"Robot arm lifted the cup\" is incorrect
as the cup remains stationary. \n(B) \"Robot arm poured
all the nuts into a cup\" is incorrect as not all nuts
have been poured. \n(C) \"Robot arm poured some of the
nuts into a cup\" aligns with the visual evidence. \n(D)
\"Nothing happened\" |CUT | X

Total: 200+10 tokens

In this task, the thinking process had a 200-token budget. BudgetMind used 191 tokens, delivering a complete and well-formatted answer. Laser
exceeded the 210-token limit, causing truncated and erroneous output.

Efficient Reasoning: BudgetMind used a logical "observe-compare-judge" structure to identify key changes and eliminate wrong options
efficiently. Laser lacked this framework, wasted tokens on incorrect options, and left its core argument unfinished.

Budget Awareness: By tracking usage with <remaining> tags, BudgetMind dynamically adjusted its response. Laser showed no such awareness,

Precise Information: BudgetMind used only relevant visual evidence (e.g., "nuts not fully transferred") for concise arguments. Laser used
full sentences for static details, creating a loose structure that failed to prioritize the core judgment.

A. Someone is reading the ingredients of the packet.
B. Someone is about to make tea, so they are tearing open a tea packet.

D. Someone is trying to open a tea packet, and they are likely to destroy the teabag in the process of opening

Please answer directly with only the letter of the correct option and nothing else.Carefully analyze the
multiple-choice question above and reason through it step by step. Conclude your response with a line in the
following format: $LETTER (without quotes), where $LETTER is the letter of the correct choice.

\n(Complete thinking within 8@ tokens or fewer)<think>

i Laser:

iThe image shows a hand holding a packet labeled \"Matcha
' Toasted Rice,\" with fingers positioned to tear it open.
! The packet is not being read or opened for tea-making.

| The action of tearing the packet suggests the intent to
| access its contents, likely for consumption.

i Thus, the correct choice is (D) \"Someone is trying to
:open a tea packet, and they are likely to destroy the
iteabag in the process of opening the package|CUT|X

! Total: 80+10 tokens

Comparison:

In this task, the thinking process had a 80-token budget. BudgetMind used 78 tokens, delivering a complete and well-formatted answer. Laser

exceeded the 90-token limit, causing truncated and erroneous output.
Analyze the two responses based on the following three dimensions:

Efficient Reasoning: BudgetMind uses a clear "Observation-Reasoning-Judgment" flow, linking visual cues (hand pinching tea bag) directly to
Option D’s logic (opening may damage the bag). Laser’s structure is inconsistent, with contradictory claims (e.g., denies then affirms

opening intent).

Budget Awareness: BudgetMind tracks usage (<remaining>2/3</remaining>, <remaining>1/3</remaining>), ensuring full answer output
(<answer>D</answer>) within limits. Laser wastes space on minor details, failing to output the complete <answer> tag before budget exhaustion.

Precise Information: BudgetMind focuses on key evidence (e.g., thumb pressing corner) to support the "damage" conclusion. Laser adds
irrelevant details (e.g., label content), weakening logical focus and precision.

Figure 11: This is a comparison between BudgetThinker and Laser’s response cases on VQA datasets.
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