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Abstract

Parallel thinking has emerged as a new
paradigm for large reasoning models (LRMs)
in tackling complex problems. Recent meth-
ods leverage Reinforcement Learning (RL) to
enhance parallel thinking, aiming to address
the limitations in computational resources and
effectiveness encountered with supervised fine-
tuning. However, most existing studies primar-
ily focus on optimizing the aggregation phase,
with limited attention to the path exploration
stage. In this paper, we theoretically analyze
the optimization of parallel thinking under the
Reinforcement Learning with Verifiable Re-
wards (RLVR) setting, and identify that the
mutual information bottleneck among explo-
ration paths fundamentally restricts overall per-
formance. To address this, we propose Outline-
Guided Path Exploration (OPE), which explic-
itly partitions the solution space by generating
diverse reasoning outlines prior to parallel path
reasoning, thereby reducing information redun-
dancy and improving the diversity of informa-
tion captured across exploration paths. OPE are
implemented with an iterative RL strategy that
optimizes outline planning and outline-guided
reasoning independently. Extensive experi-
ments across multiple challenging mathemat-
ical benchmarks demonstrate that OPE effec-
tively improves reasoning performance in dif-
ferent aggregation strategies, enabling LRMs
to more reliably discover correct solutions.

1 Introduction

Despite the rapid evolution of Large Reasoning
Models (LRMs) (Guo et al., 2025; Team et al.,
2025; Yang et al., 2025a), their capacity to solve
complex problems in a single inference pass re-
mains constrained. Following the success of Gem-
ini (Luong et al., 2025) in the International Mathe-
matical Olympiad competitions, parallel thinking
has emerged as a promising reasoning paradigm
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for addressing such challenges. Parallel thinking
allows the model to concurrently explore multiple
potential solution paths, subsequently aggregating
the outcomes of these explorations to synthesize
the final answer. Such a paradigm encourages the
model to broadly search for potential correct tra-
jectories within the solution space, while simul-
taneously mitigating the risk of biased outcomes
associated with a single exploration trajectory (Pan
et al., 2025; Zheng et al., 2025b).

Prior approaches rely on Supervised Fine-
Tuning (SFT) over extensive corpus of high-quality
parallel reasoning trajectories (Wen et al., 2025;
Yang et al., 2025b; Ning et al., 2023). This process
not only incurs heavy resource consumption for tra-
jectory synthesis but also risks superficial pattern
imitation, thereby limiting effectiveness on chal-
lenging tasks. Consequently, recent studies have
shifted toward utilizing RL to empower models
to autonomously acquire parallel thinking under
practical problem-solving scenarios (Zheng et al.,
2025b). However, the application of RL in paral-
lel thinking remains underexplored, with existing
works predominantly concentrating on the aggre-
gation phase over the exploration phase. Crucially,
prior studies indicate that the effectiveness of the
aggregation phase depends heavily on the quality
of the paths found during exploration, which sets
a natural limit on overall performance of parallel
thinking (Wang et al., 2025).

In this paper, we investigate the impact of the
path exploration stage on the performance of par-
allel thinking. We present a theoretical analysis
within the Reinforcement Learning with Verifiable
Rewards (RLVR), and reveal that overall perfor-
mance is fundamentally constrained by mutual in-
formation saturation among explored paths. Specif-
ically, under the naive paradigm where paths are
sampled independently, optimizing the information
gain between trajectories becomes challenging. In
addition, since LRMs tend to suffer from mode

31708

Findings of the Association for Computational Linguistics: EMNLP 2026, pages 31708-31722
October 24-29, 2026 ©2026 Association for Computational Linguistics



collapse, the generated paths often exhibit high
redundancy (Shumailov et al., 2023; Shao et al.,
2024). Consequently, when tackling complex prob-
lems, multiple parallel paths often converge on
the same incorrect answers rather than covering
diverse regions of the solution space. Based on
these findings, we propose Outline-guided Paral-
lel Exploration (OPE), a framework that requires
the model to explicitly partition the solution space
using outlines before path reasoning, thereby maxi-
mizing the mutual information between generated
paths and the correct solution. We start from a
cold-start stage to instill outline planning capabili-
ties, where the model learns to analyze problems
and generate outlines for diverse reasoning strate-
gies. Building on this, we introduce an iterative RL
strategy to jointly optimize outline planning and
outline-guided reasoning capabilities. Specifically,
we first conduct Outline Planning RL to encourage
the model to generate diverse outlines that define
multiple distinct problem-solving directions. This
is followed by Path Reasoning RL, which refines
the model’s ability to execute reasoning steps under
the guidance of these outlines. These two training
phases are interleaved at fixed step intervals to facil-
itate the synergistic evolution of both capabilities.

Experimental results across six widely-used
mathematical benchmarks demonstrate that OPE
leads to significant improvements in parallel think-
ing performance, with particularly substantial gains
on the most challenging tasks. Further analysis
shows that, compared to naive parallel thinking
which samples each path independently, OPE ex-
hibits superior scaling properties at test time and
alleviates the issue of “overthinking” during path
reasoning, enabling the model to reach solutions
more efficiently through targeted exploration.

Our contributions can be summarized as:

* We provide a theoretical perspective on paral-
lel thinking RL, revealing exploration-phase
mutual information saturation as the funda-
mental performance bottleneck.

* We introduce OPE, a novel paradigm designed
to mitigate mutual information saturation by
explicitly partitioning the solution space with
outlines. We implement OPE via an iterative
RL strategy that synergistically optimizes out-
line planning and path reasoning capabilities.

» Extensive experiments demonstrate that OPE
achieves superior performance across com-
plex benchmarks. Further analysis reveals that

OPE exhibits better test-time scaling proper-
ties and effectively alleviates the “overthink-
ing" issue, establishing a solid baseline and
offering new perspectives for future research.

2 Related Work

2.1 Parallel Thinking

Parallel thinking typically generates and aggregates
multiple reasoning trajectories. Most research fo-
cuses on the aggregation phase, primarily through
two streams: (1) Selection and Ranking methods,
which identifies the optimal path using Verifiers,
Reward Models, or pairwise ranking (Cobbe et al.,
2021; Lightman et al., 2023; Li et al., 2023); and
(2) Summarization methods, which synthesizes
a final answer via heuristics like Self-Consistency
(Wang et al., 2022a) or LRM-based summariza-
tion (Jiang et al., 2023). Conversely, the trajectory
exploration phase remains under-explored. Exist-
ing methods like Skeleton of Thought (Ning et al.,
2023) and Leap (Luo et al., 2025b) improve effi-
ciency via sub-task decomposition or fixed infor-
mation exchange, but rely on complex architectural
designs. Distinctly, OPE enables models to ex-
plicitly determine the exploration distribution to
identify potential solutions.

2.2 RLVR

RLVR leverages verifiable outcome signals, such as
rule-based answer matching or model-based eval-
uation, to guide model optimization, thereby cir-
cumventing the reliance on human-annotated re-
wards. This paradigm has demonstrated remark-
able efficacy in enhancing the reasoning capabil-
ities of Large Language Models (LLMs) (Trinh
et al., 2024; Shao et al., 2024). Among RLVR
algorithms, Group Relative Policy Optimization
(GRPO) (Shao et al., 2024) eliminates the need
for a separate value network and reduces training
instability using a group-relative baseline, demon-
strating significant advantages in mathematical rea-
soning tasks. Specifically, for a group of G outputs
{o1,...,0c} sampled for a query ¢, GRPO esti-
mates the advantage of each output o; as A; =
(r; — mean(r))/std(r), where r is the reward vec-
tor. Building on this, several variants further refine
sample efficiency and stability (Yue et al., 2025;
Zheng et al., 2025a; Yu et al., 2025). Despite exten-
sive exploration of RL in reasoning scenarios, its
application specifically to parallel thinking remains
underexplored. This paper bridges this gap by pro-
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Figure 1: Overview of OPE framework. (Left) Naive parallel thinking samples reasoning paths independently.
Due to mode collapse, these paths often exhibit high redundancy and tend to converge on the same incorrect answer.
(Middle) OPE mitigates this by explicitly generating diverse outlines to partition the solution space into distinct
directions (four different strategies). This structured exploration maximizes the coverage of potential solutions,
enabling the model to successfully locate the correct reasoning trajectory. (Right) The OPE training pipeline
consists of a Cold Start phase using synthesized data, followed by a novel Iferative RL strategy.

viding a theoretical analysis of parallel thinking
and offering empirical insights for future research.

3 Parallel Thinking with RLVR

In this section, we present a theoretical analysis of
the parallel thinking paradigm. We focus on the
RLVR settings and identify that Mutual Informa-
tion Saturation among generated paths during the
exploration phase as a fundamental bottleneck that
constrains the reasoning performance.

3.1 Formulation of Parallel Thinking

Let () denote the input query drawn from the data
distribution D, and Y represent the corresponding
ground-truth Answer. We define A as the answer
generated by a unified policy model 7y. The reason-
ing workflow in parallel thinking can be formally
decomposed into two distinct phases:
1.Exploration: Given (), the model sam-
ples a set of N parallel reasoning paths P =

{Pl, Ce ,PN}i
Py ~ mo(|Q), D

2.Aggregation: Based on () and explored paths
‘P, the model synthesizes the final answer A:

A~ W@('lfpvQ) (2)

We formulate P as intermediate variables that
bridge the query and the final answer. Conse-
quently, the overall inference probability is derived

vie{l,...,N}

by marginalizing over the space of generated paths:

m(AlQ) = m(A[P, Q)m(PlQ)  (3)
P

3.2 Parallel Thinking Optimization

The fundamental objective of RLVR is to optimize
the policy parameters § to maximize the expected
reward over the data distribution D:

J(0) = EQup [Eamr, () [M(Q, A)]] (4

where r(Q, A) serves as the reward function. In
RLVR setting, this reward is usually determinis-
tic and binary (i.e., » = 1 if the generated answer
A matches the ground truth Y, and 0 otherwise).
Consequently, maximizing J(6) is asymptotically
equivalent to maximizing the log-likelihood of gen-
erating the ground truth Y given Q):

max J(0) = max logmg(Y|Q)  (5)

Since the generation of Y depends on the in-
termediate reasoning paths P, the log-likelihood
can be expressed as log ), m9(Y'|P, Q)me(P|Q).
Since directly optimizing the resulting log-sum is
intractable, a standard practice consider its Evi-
dence Lower Bound (ELBO):

log mp(Y|Q) > Epry( @) logma (Y|P, Q)] (6)

From the perspective of Information The-
ory (Reza, 1994), the expectation term
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Epllogmg(Y|P, Q)] corresponds to the negative
Conditional Entropy, denoted as —H (Y|P, Q).
Recall the definition of Mutual Information (MI):

I(P;Y|Q) = H(Y|Q) - HY|P,Q) (7)

Since the ground truth Y is deterministic for a given
query @ in the RLVR setting, the entropy H (Y |Q)
remains constant (Y is not a random variable given
). Consequently, maximizing the lower bound
Lg1 so is mathematically equivalent to maximizing
the mutual information:

max LELBO max I(P;Y|Q) 8)

This derivation reveals that the optimization of
parallel thinking is fundamentally to generate rea-
soning paths P that maximize the information gain
regarding the ground-truth.

3.3 MI Saturation among Paths

Instead of analyzing the mutual information be-
tween the set P and Y directly, we can simplify the
formulation by decomposing the total mutual infor-
mation item into the sum of marginal contributions
from each individual path using the chain rule:

N

I(P;Y|Q) =) I(P;Y|Pui1,Q) (9

i=1

In the naive parallel thinking paradigm described
in Section 3.1, paths are sampled independently
and identically (i.i.d.). However, since LRMs typ-
ically undergo extensive post-training, they often
exhibit the risk of mode collapse, which leads to
significant semantic redundancy among sampled
trajectories. Consequently, the marginal informa-
tion gain diminishes rapidly:

I(PZ‘;Y|P1;Z‘_1,Q) —0 as i— N (10)

We term this phenomenon Mutual Information
Saturation. Intuitively, this implies that when tack-
ling complex problems, the model tends to fall into
repetitive failure modes, where a large number of
parallel paths converge to serveral incorrect an-
swers rather than exploring diverse regions of the
solution space. As a result, simply scaling the num-
ber of paths NV yields diminishing returns.

To empirically validate this phenomenon, we
conduct experiments on the challenging mathe-
matical benchmark HMMT-25 (Balunovi¢ et al.,
2025). Specifically, we perform N = 256 indepen-
dent samplings for each query using DeepSeek-R1-
Distill-Qwen-7B (Guo et al., 2025) and analyze the

Accuracy

Number of Sampled Paths (k)

Figure 2: Comparisons of Pass@k curves and Maj@k
curves on the HMMT-25 benchmark.

scaling trends of two key metrics: Pass@k, which
measures the probability that at least one path in &
samples is correct, and Maj@Xk, which represents
the accuracy of the answer derived from major-
ity voting over k samples. The results showed
in Figure 2 reveal a critical discrepancy: while
Pass@k continues to rise as the sample size in-
creases, Maj@k plateaus after approximately 20
samples. This indicates that although the model
possesses the intrinsic capability to solve the prob-
lems (evidenced by the rising Pass@k), the vast
majority of sampled paths converge to incorrect an-
swers. Consequently, the correct signal is drowned
out by redundant errors, thereby imposing a hard
ceiling on the performance of aggregation.

4 Methodology

To mitigate the bottleneck of Mutual Information
Saturation, we propose Outline-Guided Path Ex-
ploration (OPE), which introduces a set of explicit
reasoning outlines during the exploration process
to dynamically partition the solution space. In this
section, we first analyze how the introduction of
outlines theoretically overcomes the saturation bot-
tleneck. Subsequently, we detail the practical im-
plementation of OPE, which involves a cold-start
stage followed by an iterative RL strategy.

4.1 Breaking Saturation with OPE

Under naive parallel thinking, paths are sampled
i.i.d., making it intrinsically difficult to optimize
the marginal information gain I(P;; Y| P11, Q).
To address this, it is desirable to rationally parti-
tion the solution space to maximize the coverage
of potential solutions before conducting concrete
path exploration. OPE achieves this by guiding
the model to explicitly plan the directions of ex-
ploration in the form of a set of distinct outlines
O = {O4,...,0n} before executing reasoning
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steps. Formally, the exploration phase 7y(P|Q) is
reformulated as a hierarchical process:

N
(P, 0|Q) = m(0|Q) - | [ mo(Fi[0:, Q) (1)
i=1
O serve as structural directives, guiding the sub-
sequent parallel generation towards /V distinct di-
rections, each O; corresponding to a different strat-
egy for solving the problem. Figure 1 illustrates the
structural differences between OPE and naive paral-
lel exploration. Under this new paradigm, the orig-
inal optimization objective transforms into maxi-
mizing the joint mutual information I(P, O;Y|Q).
Using the chain rule, this objective can be orthogo-
nally decomposed into two components:

I(P,0;Y|Q) =1(0:;Y|Q) + I(P;Y]0,Q)

Planning Gain

Reasoﬁgg Gain
12)

1. Planning Gain (I(O;Y|@)): This term mea-
sures the extent to which the set of outlines O cov-
ers the solution space containing the ground truth.
Since outlines are significantly shorter than full rea-
soning paths, they can be generated as a coherent
sequence, enabling the model to explicitly manage
diversity among outlines and avoid the diminishing
returns associated with i.i.d. sampling.

2. Reasoning Gain (I (P;Y|O, @Q)): This term
quantifies the ability to generate correct reasoning
trajectories given the constraints of the outlines.

OPE aims to effectively transform the optimiza-
tion of the total MI (P, O;Y|Q) into the opti-
mization of the two objectives independently.

4.2 OPE with RLVR

We describe the practical implementation of OPE
on Qwen3-8B-Base (Yang et al., 2025a) (the state-
of-the-art base model in 8B size). The pipeline
begins with a cold-start phase to instill the OPE
reasoning pattern into the model. Subsequently, we
present RL training tailored to the two optimization
objectives analyzed in Section 4.1 using GRPO
(Shao et al., 2024), and propose an iterative training
strategy to further enhance the performance.

Data Given that the primary goal of parallel
thinking is to address complex reasoning tasks, we
utilize the mathematical training corpus in GURU
(Cheng et al., 2025), a high-quality dataset derived
from OR1 (He et al., 2025), DAPO (Yu et al., 2025),
and DeepScaler (Luo et al., 2025a) sources after
deduplication and difficulty filtering. In this pa-
per, we specifically employ its subsets from OR1

and DAPO (36k samples in total), excluding Deep-
Scaler data due to its relatively lower difficulty.
Cold Start Inspired by Parallel-R1 (Zheng et al.,
2025b), which demonstrates that zero-shot trajec-
tory synthesis is more stable on simpler queries,
we select a subset of 5.4k queries from the full
dataset where Qwen2.5-7B-Math (Team et al.,
2024) achieves a pass rate greater than 0.5 for our
cold-start data synthesis. We then prompt gpt-oss-
20b (OpenAl, 2025) to first generate a brief analy-
sis of the query, followed by NN distinct reasoning
outlines in the tags <outline_i> ... </outline_i>.
We then concatenate the generated outlines along
with a path token <path_i> to the original query
and require model to generate a corresponding
reasoning path strictly following the guidance of
O;. Considering the context window constraints
and the complexity of the reasoning tasks, we set
N = 4 and limit the maximum generation length
per query to 8k tokens. To ensure fair comparisons,
we instruct gpt-oss-20b to directly generate reason-
ing paths for these queries, thereby constructing a
dataset of identical size for naive parallel thinking.
Outline Planning RL This stage aims to max-
imize the Planning Gain (O; Y |Q) described in
Section 4.1, which is equivalent to maximizing
the expected reward of the generated outlines O.
However, unlike complete reasoning paths, out-
lines serve as high-level strategic plans and do not
contain full problem resolutions, making them un-
suitable for direct evaluation via verifiable reward
functions. To address this, we estimate the qual-
ity of O by the success rate of the downstream
reasoning paths generated following its guidance.
Specifically, for each outline O; € O, we append
the <path_i> token and sample K distinct reason-
ing paths, resulting in a total of N x K trajectories.
The reward function for O is then defined as the
average accuracy of these generated paths:

N K

Rptan(0) = NilK Z};H(Pi,k —Y) (13)

i=1 k=

where P — Y denotes that path P successfully
reaches the ground-truth answer Y. This formula-
tion encourages the model to generate outlines that
lead to high-probability success regions.

Path Reasoning RL This phase aims to opti-
mize I(P;Y]O, Q). Since each path P; represents
a complete reasoning trajectory, its correctness can
be directly verified against the ground truth. Specif-
ically, we optimize the generation of paths condi-
tioned on a given outline O;. Using the concatena-
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Datasets

Exploration Aggregation
Math500 AMC AIME24 AIME25 HMMT-25 BeyondAIME AVG.
SFT (Cold Start)
Random 78.35 58.94 16.43 17.11 6.56 4.58 30.33
Naive SC 79.80 60.25 15.21 17.92 5.21 3.80 30.36
BoN 90.00 80.75 30.63 28.54 13.12 10.60 42.27
LRM 93.40 87.00 41.88 33.12 17.08 16.30 48.13
Random 74.55 53.37 15.81 13.59 3.67 4.58 27.60
OPE SC 77.80 55.00 17.71 14.27 4.48 5.10 29.06
BoN 88.00 72.75 29.27 23.44 9.69 10.60 38.96
LRM 90.40 81.75 38.23 29.06 14.06 15.80 44.88
RL Approaches
Random 83.75 66.81 23.54 22.03 9.71 7.40 35.54
Naive SC 86.00 69.00 23.65 24.58 8.75 7.70 36.61
BoN 91.00 85.25 43.12 32.29 16.15 15.20 47.17
LRM 91.40 86.00 45.42 36.15 17.40 16.50 48.81
Random 86.65 71.12 29.90 21.46 10.47 11.28 38.48
OPE SC 90.20 75.75 31.67 22.81 11.25 11.40 40.51
BoN 93.80 87.75 47.50 34.69 19.17 20.40 50.55
LRM 92.20 88.75 49.17 34.17 20.62 19.70 50.77

Table 1: Main results under both Cold Start and RL phases. SC denotes Self-Consistency aggregation, while LRM
refers to summary aggregation. The best results are highlighted in bold, and the second best results are underlined.

tion of the query, the outline, and the path token
<path_i> as input, we employ the verifiable out-
come as the reward function:

Rreason(Pi) = H(Pz — Y) (14)

Formally, the RL training in this phase differs
from standard GRPO only by the inclusion of the
<path_i> token. Therefore, to make fair compar-
isons, we train the naive parallel baseline using
GRPO with the same reward function.

Iterative OPE Training. The training for out-
line planning and path reasoning are formally inde-
pendent. Intuitively, the effectiveness of an outline
is bounded by the problem-solving capability of
models, while the reasoning performance is con-
versely dependent on the quality of the guiding
outlines. Motivated by this interdependence, we
adopt an iterative optimization strategy to achieve
co-optimization of outline planning and path rea-
soning capabilities. In practice, we first conduct
Outline Planning RL for a fixed number of steps.
We then utilize the final checkpoint to generate
outlines for training data, which serves as the in-
put for the subsequent Path Reasoning RL phase.
This cycle is repeated multiple times to achieve
further improvements. Algorithm 1 illustrates the
complete workflow of the OPE training.

S Experiments

5.1 Setup

Baselines. Our primary baseline, Naive Parallel
Thinking, uses identical synthesized cold-start data

and standard GRPO training (Section 4.2). To an-
alyze how path exploration impacts aggregation,
we evaluate four strategies: Random: Randomly
selects one generated path. Self-Consistency (SC)
(Wang et al., 2022b): Applies majority voting
across all paths. Best-of-N (BoN): Yields the cor-
rect answer if at least one path is correct, serving as
the theoretical upper bound for exploration. LRMs-
Based Summary: Prompts an LRM to reflect on
the generated paths and synthesize a final answer.

Training Recipes. For the cold-start, we con-
duct SFT with Ir = 1e-5 for 2 epochs. Subsequent
RL training uses the VeRL (Sheng et al., 2025) with
a batch size of 256 and a le-6 learning rate. We
reserve 2k queries from the 36k dataset for valida-
tion, using the rest for RL. Across all RL stages,
the rollout size is 8. In outline planning RL, each
aspect O; of the outlines O is randomly paired with
K = 4 sampled paths for stable reward estimation.
Following (Cheng et al., 2025), naive RL train-
ing runs for 2 epochs (270 steps). To align OPE
training step-wise, we alternate 70 steps of Outline
Planning RL and 65 steps of Path Reasoning RL,
repeating this cycle twice to match total training
steps. Detailed parameters are in Appendix A.2.

Evaluation. We evaluate on six benchmarks
of varying difficulty: MATH-500 (Hendrycks
et al., 2021), AMC23, AIME24 & 25, Be-
yondAIME (ByteDance-Seed, 2025), and HMMT-
25 (Balunovi¢ et al., 2025). For statistical stability,
we duplicate queries in AMC23 and BeyondAIME
10 times, and those in AIME24 & 25 and HMMT-
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25 32 times. We report accuracy, using the math-
verify library (Kydlicek, 2025) to assess equiva-
lence between predictions and ground truth. For
aggregation, Self-Consistency ties are broken by
selecting the answer with the longer average output
length. For LRM-based summaries, we use Qwen3-
8B (Yang et al., 2025a) with a generic prompt. Fur-
ther details are in Appendix A.3.

5.2 Main Results

Table 1 compares Naive and OPE exploration
across various aggregation methods and bench-
marks, yielding several key insights:

OPE consistently outperforms naive baselines.
While OPE initially underperforms Naive explo-
ration in the Cold Start phase, which may be
attributed to the domain shift introduced by the
outline-guided reasoning format, it demonstrates
superior scalability and adaptability during RL
training. After RL, OPE achieves the highest av-
erage performance across all aggregation methods.
Notably, OPE yields the most significant gains in
Self-Consistency (SC) aggregation, improving the
average accuracy from 36.61% to 40.51%. This im-
provement indicates that OPE effectively alleviates
the bottleneck in majority voting (Figure 2) caused
by mutual information saturation.

OPE demonstrates superior improvements
on challenging tasks. The performance advantage
of OPE becomes increasingly pronounced as task
difficulty increases. While the improvement on the
relatively simpler MATH-500 dataset is moderate
(93.80% vs. 91.00% using BoN), the gains on
the more challenging Beyond AIME benchmark are
substantial, with OPE achieving 20.40% accuracy
in BoN compared to the Naive baseline’s 15.20%
(+5.20%). This trend suggests that by structuring
the exploration process, OPE helps the model find
correct paths that have low probabilities and are
often missed by simple independent sampling.

OPE breaks the information bottleneck for
LRMs-Based summary. Different the other rule-
based aggregation methods that rely solely on the
extracted answer in each path, LRMs-based sum-
mary can analyze the detailed information within
each generated path and perform holistic reasoning
over all candidates. While naive parallel thinking
benefits from RL training under rule-based aggre-
gation strategies, its improvement under the LRMs-
Based Summary approach remains limited (from
48.13% to 48.81%). This suggests that in the naive
setting, mutual information saturation among paths

Stage Rand  Self BoN LRM
Cold Start 27.60 29.06 38.96 44.88
Iter 1

+ Outline RL  31.82 3255 43.61 4841
+ Path RL 37.03 38.22 49.18 50.11
Iter 2

+ Outline RL  37.32 3890 49.97 5047
+ Path RL 38.48 40.51 50.55 50.77

Table 2: Average results across benchmarks.

—e— Outline Planning RL + Path Reasoning RL - Avg.
036 — Outline Planning RL Only - Avg.

Average Accuracy

o o O O o o
S o @ A & S KO

Training Steps

Figure 3: Continued Outline Planning RL (from 70
steps) vs. Path Reasoning RL, measured by average
benchmark accuracy (Random aggregation).

restricts the amount of new knowledge available for
LRM aggregation. In contrast, with OPE, the av-
erage accuracy increases from 44.88% to 50.77%.
These results demonstrate that the advantage of
OPE lies not only in increasing the probability of
discovering correct answers, but also in providing
the summary model with a diverse set of reasoning
knowledge and informative traces within the ex-
plored paths, enabling more effective aggregation.

OPE expands the frontier of path explo-
rations. The BoN metric serves as a proxy for the
upper bound of the exploration phase. OPE consis-
tently achieves the highest BoN scores across all
benchmarks after RL training, improving the aver-
age accuracy by 3.38% (50.55% vs. 47.17%). Note
that the parallel sampling budget is constrained
to N = 4, which highlights the models’ outline
planning capability of identify high-probability di-
rections within the solution space, showcasing its
potential in low-resource scenarios.

5.3 Ablations

We ablate our iterative co-optimization strategy to
evaluate incremental gains across training stages
(Table 2). The initial Outline RL significantly ex-
pands the exploration frontier, while the subsequent
Path RL converts this potential into reliable ex-
ecution. A second iteration yields further gains
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Method Unique Ans Avg Tokens
Naive 23.5 2217.3
OPE 27.6 1890.9

Table 3: Statistical comparison (N = 256). Unique
Ans: average distinct answers per query; Avg Length:
average token count of correct paths.

across all metrics, confirming they are mutually re-
inforcing: better outlines guide effective reasoning,
which enables validating more complex outlines.
To further ensure Path RL gains stem from genuine
path optimization rather than mere additional train-
ing steps, we compare it against extending Outline
RL for an equal number of steps. As shown in
Figure 3, Path RL consistently outperforms the ex-
tended Outline RL, confirming the iterative strategy
is crucial for realizing OPE’s potential.

6 Analysis

6.1 Statistical Analysis

Beyond overall performance, we analyze OPE’s
impact from two perspectives: outline planning
and path reasoning (Table 3). From the outline
perspective, explicit outlines effectively partition
the solution space. OPE generates more unique
answers than the naive baseline (27.6 vs. 23.5),
indicating broader exploration. This diversity sug-
gests OPE successfully mitigates mode collapse,
covering more distinct solution regions. From the
path reasoning perspective, outline-guided reason-
ing is clearer and more efficient. OPE yields sig-
nificantly more concise reasoning paths, with an
average correct path length of 1,891 tokens—about
10% shorter than the naive approach (2,217 to-
kens). This implies that well-structured outlines
help the model focus its reasoning and avoid redun-
dant thinking patterns.

6.2 Test-Time Scaling Analysis

While previous results demonstrate OPE’s effec-
tiveness under a fixed budget (e.g., N = 4), we fur-
ther investigate its scaling properties with increased
computational resources via multiple independent
samplings. As shown in Figure 4, OPE exhibits
superior Pass@k scaling compared to the Naive
baseline. On MATH-500 and AMC, OPE rapidly
approaches 100% Pass @k, whereas the naive ap-
proach saturates at a significantly lower ceiling. On
harder benchmarks, the performance gap widens
as the sample count increases, highlighting OPE’s
advantage in discovering difficult solutions through

AIME 24 AIME 25

—= Naive Parallel
n —e— OPE (Ours)

o > 5 42 © o > 5 42 ©
wed ;i K & wed & K K &

BeyondAIME

o > 5 42
®o NG 9

Number of Sampled Paths

© o & ® v
& ®od 5 K

Number of Sampled Paths

Figure 4: Pass@k scaling comparisons.

diverse exploration. This trend confirms OPE’s po-
tential to effectively scale with additional compute,
overcoming the limitations of a fixed initial budget.

6.3 Failure Modes Analysis

We analyze query-level outcomes to understand the
failure modes of both strategies. OPE solves signif-
icantly more queries where the naive baseline fails
(Table 4), demonstrating its enhanced capability to
discover solutions in unexplored regions. To fur-
ther investigate, we count the frequency of correct
paths for queries where only one method succeeds
(Table 5). In "naive correct, OPE wrong" cases,
the correct path typically appears only once (72%),
indicating success stems mainly from sampling
stochasticity rather than robust reasoning. Con-
versely, in "OPE correct, naive wrong" instances,
OPE consistently produces multiple correct paths
(40% of queries have >1 correct path), highlighting
outline planning’s effectiveness in reliably covering
broader and more challenging solution spaces.

7 Conclusion

We introduce Outline-guided Parallel Exploration
(OPE) to enhance LRM parallel thinking by ex-
plicitly partitioning the solution space via diverse
outlines and iterative reinforcement learning. By
mitigating mutual information saturation, OPE sig-
nificantly boosts performance and scalability, espe-
cially on challenging tasks, highlighting its poten-
tial for advancing complex parallel reasoning.
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Limitations

While OPE demonstrates significant improvements,
we acknowledge two main limitations. First, the
number of parallel outlines (V) is fixed during
training. This rigid configuration prevents the
model from dynamically adjusting its exploration
budget based on query complexity, leading to re-
dundant computation on simple tasks and poten-
tially insufficient diversity on highly complex ones.
Second, the Outline Planning RL phase incurs sub-
stantial computational overhead. Since outlines
cannot be directly verified, their rewards must
be estimated via downstream path success rates.
This requires sampling K paths for each of the V
outlines, resulting in a multiplicative rollout com-
plexity (N x K) per query. This significantly in-
creases training costs, highlighting the need for
future research into dynamic budget allocation or
lightweight outline reward models. This paper
presents work whose goal is to advance the field of
Large Reasoning Models. There are many potential
societal consequences of our work, none which we
feel must be specifically highlighted here.
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Algorithm 1 OPE Training

1: Input: Dataset D, Initial Model 7, Iterations M = 2,
Steps Spian = 70, Steps Sreason = 65

: Hyperparameters: Outline Count N, Path Samples for
Reward Estimation K

[\

3: Output: Optimized Model g

4: for m = 1to M do

5:  {Phase 1: Outline Planning RL (Optimize 7(O|Q))}

6: for s =1 to Sp]an do

7: Sample batch of queries @ ~ D

8: Generate outline sets O = {O1,...,0n} ~
o (-|Q)

9: for each outline O; € O do

10: Append token <path_i> and sample K paths:

{Pik}imr ~ mo(-1Q, Oi)

11: end for

12: Compute Reward: Rpian(O;) = - 1?:1 (P, —
Y)

13: Update 6 via GRPO to maximize Rpan

14:  end for

15:  {Transition: Construct Dataset for Phase 2}

16:  Initialize Dyeason < 0

17:  for each query Q € D do

18: Generate outlines O ~ 7y (-|Q) using current policy
19: Dreason — Dreason ) {(Q7 Oz) | OL S O}

20:  end for

21:  {Phase 2: Path Reasoning RL (Optimize
(PO, Q)

22:  for s = 1to Sicason do

23: Sample batch (@, O;) ~ Dreason

24: Construct Inputs: X = [Q, O;, <path_i>]

25: Sample paths: P ~ mg(-|X)

26: Compute Reward: Ryeason(P) =I(P — Y)

27: Update 0 via GRPO to maximize Ricason

28:  end for

29: end for

30: return 7y

OPE Correct OPE Incorrect
Naive Correct 1595 232
Naive Incorrect 402 2551

Table 4: Cross-matrix statistics of query success: Naive
(rows) vs. OPE (columns).

A Implementation Details

A.1 Data Construction

To construct data for the cold-start phase, we lever-
aged the metadata provided in the GURU (Cheng
et al., 2025) dataset, which includes pass rate statis-
tics evaluated by Qwen2.5-7B-Math. We specif-
ically selected the subset of queries with a pass
rate greater than 0.5, ensuring that the problems
are solvable. Using these queries, we prompted
gpt-0ss-20b to generate data following the OPE for-
mat. The prompt used for synthesis is illustrated in
Appendix B.1. To ensure the quality of the synthe-
sized trajectories, we employed rejection sampling:
for each query, we generated multiple candidate
trajectories and retained only those that yielded the
correct final answer.

A.2 Training

All training experiments, including both the Cold
Start SFT and the Iterative RL phases, were con-
ducted on a cluster of 32 NVIDIA H800 GPUs
(configured as 4 nodes x 8 GPUs). The detailed
hyperparameters for both stages are listed in Table
6.

A.3 Evaluation

During the evaluation phase, we adhered to the
recommended settings for the Qwen3 model family,
setting the sampling temperature to 0.6 and top-p
to 0.95. To ensure consistency with the training
phase and accommodate complex reasoning chains,
we set the maximum output token limit for each
path to 8K tokens. We extract the final answer
from the model’s output by parsing the content
within the last \boxed{} command. The extracted
answer is then compared against the ground truth
using the math-verify (Kydlicek, 2025) library to
determine correctness.

B Prompts
B.1 System Prompt For Cold Start Data
Synthesis & OPE Training

B.2 System Prompt LRMs-Based Summary
C Case Study
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Table 5: Distribution of correct path occurrences per query, split into “Naive correct, OPE wrong” and “OPE correct,
Naive wrong” cases.

Frequency of correct paths (Total N=4 paths) | Naive correct, OPE wrong  OPE correct, Naive wrong

1 167 /232 (71.98%) 243 /402 (60.45%)
2 38/232 (16.38%) 93 /402 (23.13%)
3 17 /232 (7.33%) 40 /402 (9.95%)
4 10/232 (4.31%) 26 /402 (6.47%)

Table 6: Training Hyperparameters

(a) Cold Start

Hyperparameter Value

Epochs 2

Batch Size 256

Max Length 8,192

Learning Rate (LR) 1x107°

Minimum Learning Rate 1 x 1077

LR Decay Style Cosine

LR Warmup Fraction 0.1

Adam Betal 0.9

Adam Beta2 0.95

Weight Decay 1x1072

(b) RL configs using VERL.

Hyperparameter Value
Epochs 1
data.train_batch_size 256
data.max_prompt_length 2,048
data.max_response_length 8,192
actor_rollout_ref.actor.optim.Ir 1x 106
actor_rollout_ref.actor.ppo_mini_batch_size 32
actor_rollout_ref.actor.ppo_micro_batch_size_per_gpu 4
actor_rollout_ref.rollout.n 8
actor_rollout_ref.rollout.name vllm

System Prompt For Cold Start Data Synthesis & OPE Training

You are an advanced reasoning assistant capable of Outline-Guided Parallel Thinking.
Instructions:

1. Analysis & Planning: Analyze the query and generate several distinct and diverse outlines
representing different solving strategies. Each outline explores a different logical direction.

2. Independent Parallel Exploration: Generate reasoning paths strictly following each correspond-
ing outline. Path P; must execute the strategy prescribed in Outline O; without deviation.
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System Prompt For LRMs-Based Summary

You are a great reasoner. Here is a problem, and multiple thinkers attempt to give their thought
processes independently. Each thinker has written its own thought process towards the final answer.
Each thinker is encouraged to take the other thinkers’ progress into account to reach the final

answer.
# = Pr()blem T

{problem}

# ====== Thinkers Thought Process ======

Thinker 1: {path_1}
Thinker 2: {path_2}
Thinker 3: {path_3}
Thinker 4: {path_4}

Look at the above problem and thought process from each thinker, summarize from these thought
processes and finally give your answer within \boxed. Summarize their thinking on the problem
and try to summarize the thinking of these thinkers. Analyze the differences in thinking between
these thinkers and try to analyze which thought process is correct.

Note:

* It is generally believed that when most thinkers get the same answer, the answer may be
correct. But you can’t do it so superficially, because the correct answer may come from
very few thinkers, or even no thinker gives the correct answer. For this reason, when you
summarizing, you NEED adhere to the principles of professionalism and critical thinking,
carefully identify these thought processes, and give a summary and final answer.

* If you realize that none of these thinkers have answered correctly, you can even learn from
the wrong experiences in the thought process of these thinkers and re-think the given problem
to give the answer you think is most correct.

* Please DO NOT just solve the given problem independently like other thinkers, but summarize
the thought process of all thinkers. In other words, you need to give the summary first, and
then give the final answer within \boxed, you can re-think this problem only if you realize
that none of these thinkers have answered correctly.
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Case Study

The problem asks for the sum of all positive divisors of 9! that end with the digit 1. To solve it, we need to understand
the structure of 9!, identify which of its divisors satisfy the units-digit condition, and then sum those divisors. Key
considerations include the prime factorization of 9!, the properties of divisors, and the behavior of units digits under
multiplication. The solution space is finite but large, so an efficient strategy involves leveraging modular arithmetic and
combinatorial counting of divisor pairs. The challenge lies in filtering divisors by their last digit while keeping track of
their sum.

<outline_1>**Prime Factorization Lens** Examine the prime factorization of 9! to understand the building blocks of
its divisors and how their units digits are determined.</outline_1>

<outline_2>**Modular Arithmetic Filter** Use congruence modulo 10 to identify which divisor combinations yield a
units digit of 1, narrowing the set of candidates.</outline_2>

<outline_3>**Divisor Pair Symmetry** Exploit the fact that divisors come in pairs whose product is 9! to simplify the
counting and summing process.</outline_3>

<outline_4>**Combinatorial Counting Strategy** Count the number of divisors with the desired units digit by
analyzing the exponents in the prime factorization and applying combinatorial principles.</outline_4>

<path_1>

We need to compute sum of positive divisors of 9! that have units digit 1. We must use prime factorization lens. So we
need to factor 9!, find divisors, filter by units digit 1, sum. Let’s do step by ...

=4=2°3* =81

Both 1 and 81 are divisors of 9! (since 9! contains 3%).
*%Step 7 — Compute the sum™**
1+81=282

</path_1>

<path_2>

We need to compute sum of positive divisors of 9! that have units digit 1. We must use modular arithmetic filter. Let’s
proceed.

First compute 9! = 9*8*7*6*5%4*3*2*]. Calculate: 9! = 362880. But we c ...sidered all a,b,e combinations. The only
ones that gave units digit 1 were the ones we found. Thus sum is 106.

Thus final answer: . The final answer in this path:

106

</path_2>

<path_3>

We need to compute sum of positive divisors of 9! that have units digit 1. We must use the outline: Divisor Pair
Symmetry. So we should use the fact that divisors come in pairs whose product is 9!. We ...uct 42 — 2. Not 1.
a=8,b=1,d=1: u2=6, u3=3, u7=7 = product 126 — 6. Not 1.

Thus only 1 and 21.

Thus sum = 22.

We should output . The final answer in this path:

</path_3>

<path_4>

We need to compute sum of positive divisors of 9! that have units digit 1. We must use the outline: Combinatorial
Counting Strategy. So we need to analyze prime factorization of 9!, determine whichdi...b =1,d=1—d =21
b=4,d=0—d=281

Thus the divisors of 9! with units digit 1 are 1, 21, 81.

*#%3. Sum of these divisors***

14214 81 =103.

103

</path_4>
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Figure 5: Comparison of the performance curves of Naive and OPE approaches across different datasets as training
steps progress.
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