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Abstract

Entropy-based deep reasoning has emerged as
a promising direction for improving the rea-
soning capabilities of Large Language Mod-
els (LLMs), but existing methods often either
increase response length indiscriminately or
shorten responses at the cost of accuracy. To
better balance this trade-off, we introduce Con-
ditional Entropy Shaping (CES), a framework
that dynamically controls token-level response
entropy, enabling LLMs to produce concise
solutions on simple problems while encourag-
ing deeper exploration on hard ones. Built
on DAPO, CES uses token-level entropy as
an uncertainty signal and applies a conditional
bidirectional policy: it penalizes high-entropy
“forking point” tokens on correct reasoning
paths to improve conciseness, and rewards
them on incorrect paths to encourage explo-
ration and error correction. We implement CES
on DeepSeek-R1-Distill-Qwen-7B and evalu-
ate it on 12 mathematical benchmarks. CES
consistently improves average accuracy while
reducing response length relative to DAPO,
and supplementary experiments show similar
trends on a smaller 1.5B backbone and on out-
of-domain benchmarks.

1 Introduction

In recent years, Large Language Models (LLMs)
have demonstrated remarkable capabilities in com-
plex reasoning tasks such as mathematical deriva-
tion, code generation, and logical planning (Wei
et al., 2022; Kojima et al., 2022). Advanced rea-
soning models, exemplified by DeepSeek-R1 (Guo
et al., 2025), Qwen3 series (Yang et al., 2025a)
and OpenAl 03 series (OpenAl, 2025), leverage
explicit Chain-of-Thought (CoT) prompting to em-
ulate human-like thought processes, thereby achiev-
ing powerful problem-solving abilities. However,
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Figure 1: Overview of our CES pipeline.

the very mechanism that enables this high perfor-
mance introduces a fundamental tension with a
second critical requirement: computational effi-
ciency. The explicit generation of reasoning steps,
while crucial for accuracy on complex tasks, in-
herently increases the number of generated tokens,
leading to high latency and computational costs
that can hinder real-world applications. This under-
scores a core dilemma in the field. On one hand,
to achieve the highest possible performance, mod-
els are encouraged to explore detailed reasoning
paths. On the other hand, this may lead to signifi-
cant inefficiency, a phenomenon often described as
“overthinking”, where models produce unnecessar-
ily lengthy thought processes for trivial questions
like “What is 2+3?” (Chen et al., 2025; Ma et al.,
2025; Yang et al., 2025b).

A novel research direction, which we term
entropy-based deep reasoning, has emerged by
leveraging token-level entropy to analyze and guide
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the reasoning process. One study revealed that a
few high-entropy tokens within a CoT often act as
critical “forking points” in the reasoning path, serv-
ing as key levers for decision-making (Wang et al.,
2025). They train the model exclusively on the top
20% high-entropy tokens and report performance
surpassing that of training on all tokens. Another
study demonstrated that rewarding high-entropy
tokens can encourage model exploration and signif-
icantly improve reasoning accuracy (Cheng et al.,
2026). Meanwhile, similar work identifies high-
covariance tokens as the primary cause of “entropy
collapse” during reinforcement learning (Cui et al.,
2025). They restrict their updates to sustain explo-
ration and ultimately improve the model’s reason-
ing accuracy. While these approaches successfully
improve model performance, they also tend to the
adverse side effect of further elongating the thought
process, thereby exacerbating the “overthinking”
phenomenon and increasing inference costs.

In parallel, another line of research has focused
on improving reasoning efficiency through rein-
forcement learning, aiming to shorten responses
and realize on-demand thinking. Initial efforts
included relatively inflexible methods such as
post-hoc pruning of generated thoughts (Muen-
nighoff et al., 2025) or training models to adhere to
manually specified length budgets (Aggarwal and
Welleck, 2025). More methods have been designed
with finer-grained reinforcement learning strategies
to achieve the goal of conciseness. For instance,
GRPO-LEAD (Zhang and Zuo, 2025) penalizes
correct responses that are longer than average. Ada-
CoT (Lou et al., 2025) uses reinforcement learning
to learn an optimal policy for triggering the en-
tire CoT process based on query complexity, while
Ada-R1 (Luo et al., 2025) first merges long and
short CoT models and then uses bi-level preference
training to select the most suitable reasoning style
for a given problem. While effective at reducing
length, these approaches may face a critical trade-
off: the gains in efficiency frequently come at the
cost of performance degradation on more complex
problems that genuinely require deliberate reason-
ing.

This presents a clear dilemma: methods that en-
hance efficiency risk hurting accuracy, while meth-
ods that boost accuracy may hurt efficiency. In-
spired by recent advances in token-level entropy
(Wang et al., 2025; Cheng et al., 2026; Cui et al.,
2025), our work aims to resolve this trade-off by
conditioning the model’s exploratory behavior on

the correctness of its reasoning path. In contrast,
the previous work (Cheng et al., 2026) applies a
single, fixed strategy regardless of the reasoning
correctness. Based on this core insight, we pro-
pose our novel framework Conditional Entropy
Shaping (CES). CES operates within Decoupled
Clip and Dynamic Sampling Policy Optimization
(DAPO) (Yu et al., 2025) reinforcement learning
framework and intelligently modulates the model’s
exploratory behavior based on the correctness of
its reasoning. As shown in Figure 1, CES guides
the model to:

1. Discourage Exploration: When a generated
reasoning path is correct, CES applies a
penalty to the highest-entropy tokens within
that path. This encourages the model to be-
come more confident and efficient, refining
its thought process toward a concise, direct
solution.

2. Encourage Exploration: Conversely, when
the path is incorrect, CES rewards these same
high-entropy “forking point” tokens. This
incentivizes the model to explore alternative
pathways and correct its flawed logic.

Empirical results across 12 math benchmarks
show that CES improves both accuracy and effi-
ciency on average. The primary contributions of
this paper are:

* We introduce CES, a novel reinforcement
learning mechanism that implements a con-
ditional and bidirectional control policy for
LLM reasoning.

* We demonstrate on 12 mathematical bench-
marks that CES improves the average accu-
racy—efficiency trade-off over DAPO. We fur-
ther show the robustness of CES through ad-
ditional experiments on a smaller 1.5B back-
bone and out-of-domain benchmarks.

* We provide a comprehensive analysis of
CES’s learned behavior, revealing how it de-
velops an adaptive, “on-demand” reasoning
strategy that strategically allocates computa-
tional effort.

2 Method

Our proposed method, CES, introduces a novel
advantage-shaping mechanism into the DAPO
framework. DAPO is a reinforcement learning
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algorithm designed for eliciting complex reason-
ing in LLMs, which already incorporates several
key techniques to stabilize training and improve
performance in long CoT scenarios. CES builds
upon this strong foundation by introducing an ex-
plicit mechanism to manage the trade-off between
exploration for accuracy and conciseness for effi-
ciency. It achieves this by dynamically reshaping
the token-level advantage signal based on two fac-
tors: the correctness of a given model response
and the generation entropy of its constituent tokens.
Specifically, for correct responses, CES penalizes
high-entropy tokens to encourage more direct and
concise reasoning paths. Conversely, for incorrect
responses, it rewards high-entropy tokens to stimu-
late exploration and facilitate error correction.

2.1 Preliminaries: The DAPO Framework

DAPO enhances the Group Relative Policy Op-
timization (GRPO) (Shao et al., 2024) algorithm
with a suite of techniques tailored for large-scale
reinforcement learning. For a given prompt z,
a policy my generates a group of N responses,
Y = {y1,y2,...,yn}. The core of the DAPO
objective function is to learn a preference by maxi-
mizing the advantage of “winner” responses over
“loser” responses within the group. The full objec-
tive is given by:

G ol
jDAPO(G) =E (g,a)~D, [1 Z Z

G
oiy~mayy | 2aimt 0il i 1=

min (Tz‘,t (0) /Alw , clip(ri,t @), @
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The key components of DAPO relevant to our
work are:

* Group-Relative Advantage (Az-7t): The advan-
tage for a response y; is calculated by nor-
malizing its reward R; against the mean and
standard deviation of rewards within its group
{R; }JC.’;l. This group-normalized advantage
is then applied to every token ¢ in the response
Yi-

» Token-Level Policy Gradient Loss: DAPO’s
objective is normalized by the total number

of tokens in the batch (35, |o;]), ensuring
that each token contributes equally to the final

loss, regardless of the length of the sequence
it belongs to. This prevents shorter sequences
from being overshadowed by longer ones.

CES intervenes directly at the level of the advan-
tage calculation, A; ;, before it is used in the DAPO
objective function.

2.2 Conditional Entropy Shaping (CES)

CES modifies the advantage signal for each token
to provide more nuanced guidance to the model.
The process involves three steps.

2.2.1 Step 1: Initial Group-Wise Calculations
For a given prompt x, we generate a response
set Y = {y1,y2,...,yn} using the policy 7.
We assign a composite reward R(y;) to each re-
sponse, which is the sum of two binary compo-
nents: an accuracy reward 7. (y;) € {0, 1} based
on the correctness of the final answer, and a for-
mat reward 7m¢(y;) € {0, 1} for adherence to the
<think>...</think> structure. The total reward
is R(yi) = Tacc(¥i) + Tme(¥i)-

The group accuracy a, which is crucial for our
conditional mechanism, is computed based only on
the correctness reward:

1 N
a = N ZZ:; Tacc (yz) (2)

The initial, unshaped advantage for any token
in response y; is the standard group-normalized
advantage, calculated using the total reward R(y;):

A — R(yi) — mean({R(yj)}é.V:l)
’ std({R(y)}))

2.2.2 Step 2: Dynamic Selection of
High-Entropy Tokens

3

Then, we compute the token-level entropy. The
entropy H (¢;|y; <;) for a token ¢; in response y; at
position j is calculated as:

H(tjlyi<j) = — > p(vlyi<j)log p(v]yi<s)

veY
“)
In Equation 4, V represents the vocabulary size.
We then select the top k; most entropic tokens in
each response y; to form a set Sy (y;). The num-
ber k; is determined dynamically to modulate the
strength of our intervention:

ki = lyi| - 7 - bi] (5)
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In Equation 5, |y;| is the total length of response
yi, and T is a base top-rate hyperparameter. The
crucial component is the dynamic multiplier b;,
defined as:

bz:{“
1—a

This design aims to apply a stronger intervention
(a larger k;) in two specific scenarios: (1) when pe-
nalizing a correct response in a group that was easy
for the model (high a), and (2) when rewarding an
incorrect response in a group that was difficult for
the model (Iow a).

if Tacc(yi) =1

6
if 7“acc(yi) =0 ©

2.2.3 Step 3: Entropy-Based Advantage
Shaping

Finally, we compute the reshaped advantage A;’ j

for each token ¢; in response y;. The advantage is

modified only for the selected high-entropy tokens

in the set Sg(y;).

A — B1 - H(tj|yi,<j) if Tace(yi)=1 and

t;€SH (y:)
Al = Ai+ Bo - H(tjlyi<j) if’"“,?j.(é’é);{;f)“d
A; otherwise
(7

In Equation 7, 81, B2 > 0 are positive hyperparam-
eters scaling the magnitude of the entropy-based
shaping. This final token-level advantage A;, j re-

places the original flm in the DAPO objective
function (Equation 1), thereby injecting our fine-
grained control signal into the learning process.
The detailed pseudocode for CES is outlined in
Appendix A.

3 Experimental Settings
3.1 Backbone Model and Baselines

Our experiments are conducted in the context of
advanced reasoning models. We select the pow-
erful, open-source DeepSeek-R1-Distill-Qwen-7B
(Guo et al., 2025) as our backbone model, which is
known for its strong long-chain reasoning capabili-
ties. To isolate the impact of our proposed method,
we establish three baselines for comparison:

1. Original R1-7B: The pretrained DeepSeek-
R1-Distill-Qwen-7B model without any rein-
forcement learning fine-tuning.

2. DAPO Baseline (the key baseline): The
same backbone model fine-tuned using the

DAPO algorithm without the CES module.
This serves as our primary baseline to directly
measure the improvements brought by CES.

3. DAPO with “Entropy Shape”: We compare
CES with the previous work (Cheng et al.,
2026). Their work introduces an “Entropy Ad-
vantage” that unconditionally adds an entropy-
based advantage to all tokens to encourage
more exploratory reasoning paths, with the
primary goal of improving performance on
reasoning tasks. This provides a clear con-
trast to our conditional, bidirectional approach
which aims to balance both accuracy and effi-
ciency.

3.2 Training Details

We utilize the OpenRLHF framework (Hu et al.,
2025) to perform DAPO training, focusing on the
domain of solving mathematical problems. Due
to resource constraints, our training set consists
of only 2,500 training samples randomly sampled
from the DeepMath dataset (He et al., 2026). All
experiments were carried out on 2 NVIDIA A800
GPUs with 80GB of memory.

Notably, we disable the Dynamic Sampling fea-
ture of DAPO when training our CES model. Stan-
dard DAPO discards batches where all responses
are correct or all are incorrect, as these yield zero
advantage and thus no gradient for the sequence-
level policy update. However, as CES reshapes
advantage at the token level using entropy, these
seemingly “solved” or “hopeless” batches also pro-
vide a valuable, non-zero learning signal. This
signal is crucial for refining the model’s confidence
and reasoning style, making every sample useful
for training. A comprehensive list of hyperparame-
ters can be found in the Appendix.

3.3 Evaluation

For a standardized and reproducible assessment,
we employ the evaluation script from the GitHub
repository for Qwen2.5-Math (Yang et al., 2024;
Qwen Team, 2024). To avoid repetition and insta-
bility in long-form reasoning models, we adopt a
non-greedy decoding strategy, setting a tempera-
ture of 0.4, top-p sampling with p = 0.95, and a
repetition penalty of 1.05. For each problem in the
test sets, we independently generate 4 responses
to ensure a stable and representative measurement.
Our evaluation focuses on two primary metrics:
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Dataset R1-7B DAPO (Baseline) Entropy Shape CES (Ours) Improvement
Acct Lenl] Acc? Len | AcctT Len| AcctT Len)] AcctT Lenl
AIME24 433 8194 42.5 7702 41.7 7527 49.2 6705 +6.7 -997
AMC23 83.8 4446 85.0 4174 85.0 3843 86.9 3160 +1.9  -1014
CMATH 89.2 292 90.3 292 90.1 291 91.9 391 +1.6 +99
CN Middle School 24  62.2 796 61.2 815 61.4 769 70.3 851 +9.1 +36
College Math 38.8 2225 39.5 1999 38.7 1850 41.6 1600 +2.1 -399
GaoKao Math Cloze 77.1 2722 77.6 2546 77.3 2538 78.4 1544 +0.8  -1002
GaoKao 2023 En 71.8 2511 72.2 2182 71.8 2048 79.9 1914 +7.7 -268
GSMS8K 86.3 443 85.5 430 86.5 431 89.1 462 +3.6 +32
Minerva Math 47.1 3063 47.9 2546 46.7 2274 42.1 1921 -5.8 -625
Olympiad Bench 52.3 5599 53.6 5136 53.5 4821 55.8 4297 +2.2 -839
SVAMP 89.4 293 90.3 290 90.3 290 90.2 276 -0.1 -14
TABMWP 88.0 411 89.3 397 88.1 387 90.0 460 +0.7 +63
Average 69.1 2583 69.6 2376 69.3 2256 72.1 1965 +2.5 -411

Table 1: Comparison of Accuracy and Response Length on Key Math Datasets. The best result in each category is in
bold. The terms “Acc” and “Len” represent the mean accuracy and the mean response length across 4 assessments

for each benchmark.

1. Accuracy (Acc): The average correctness of
the final answers.

2. Average Response Length (Len): The av-
erage number of tokens in the generated re-
sponses.

We conduct an extensive evaluation across
12 diverse mathematical reasoning benchmarks:
AIME24, AMC23, CMATH (Wei et al., 2023), CN
Middle School 24, College Math, GaoKao Math
Cloze, GaoKao 2023 En, GSM8K (Cobbe et al.,
2021), Minerva Math (Lewkowycz et al., 2022),
OlympiadBench (He et al., 2024), SVAMP (Patel
et al., 2021), and TABMWP (Lu et al., 2023).

3.4 Generalization Experiments

Our main experiments are conducted on DeepSeek-
R1-Distill-Qwen-7B. To assess robustness beyond
the primary setting, we further replicate CES on
a smaller DeepSeek-R1-Distill-Qwen-1.5B back-
bone and evaluate the resulting models on out-
of-domain coding and general-reasoning bench-
marks. These additional results are reported in
Appendix E.

4 Results

As shown in Table 1, CES demonstrates supe-
rior performance by achieving the best overall bal-
ance between accuracy and efficiency. On aver-
age across all 12 mathematical reasoning datasets,
CES achieves the highest accuracy of 72.1% while
simultaneously producing the shortest average re-
sponse length of 1965 tokens. This represents a
significant improvement over our primary baseline,

DAPO, with an average accuracy gain of +2.5%
and a substantial average length reduction of 411
tokens.

CES learns to generate more effective and ef-
ficient reasoning paths across a wide spectrum
of difficulties. For instance, on AIME24, a no-
toriously difficult competition-level dataset, CES
boosts accuracy by a remarkable +6.7% while cut-
ting the response length by 997 tokens. Similarly,
on AMC23 and Olympiad Bench, CES achieves
accuracy gains of +1.9% and +2.2% respectively,
along with massive efficiency improvements, short-
ening the reasoning paths by 1014 and 839 tokens.
This “win-win” outcome indicates that CES is not
merely pruning the responses, but simultaneously
improving the quality and directness of the model’s
problem-solving strategies. In addition, on test
sets such as CN Middle School 24 and GSMS8K, it
correctly identifies an opportunity where a modest
investment in length (+36/+32 tokens) can yield
a considerable gain in accuracy (+9.1%/+3.6%).
This behavior shows that CES is not a naive length
reduction algorithm but an intelligent controller
that strategically allocates computational budget.

We also observe consistent robustness in the
1.5B backbone. We defer the detailed table to Ap-
pendix E.1.

5 Analysis

5.1 Training Dynamics

To gain deeper insight into the mechanism of CES,
we analyze the evolution of key metrics throughout
the training process. Figure 2 plots the average
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Figure 2: Training dynamics of average response length (a), entropy (b), and accuracy (c) for the DAPO baseline

(blue) and our CES method (green).

response length, average token entropy and aver-
age group accuracy, comparing our CES-enhanced
DAPO training against the standard DAPO base-
line.

A striking pattern emerges in the Response
Length and Entropy plots. For the first 1000 train-
ing samples, both the CES and baseline models
exhibit similar behavior, maintaining a high and sta-
ble average length and entropy. This initial phase
can be interpreted as the primary task acquisition
stage, where both models are focused on learning
the fundamental mechanics of solving the problems
to achieve a reward. During this period, the policy
is highly exploratory, and the CES mechanism has
not yet become a dominant optimization force.

However, a clear divergence occurs after 1000
training samples. While the DAPO baseline’s
length and entropy remain high and relatively con-
stant, the CES model’s metrics begin a steep and
consistent decline. The average response length
drops from over 5000 to nearly 3000 tokens, and
the average entropy falls from 0.4 to below 0.2.
This second phase demonstrates the onset of CES’s
core effect, where the entropy penalty on correct an-
swers becomes a powerful and consistent training
signal. The model learns that it can maximize its
reward not just by being correct, but by being cor-
rect and confident. The strong correlation between
the decline in entropy and length empirically vali-
dates our hypothesis that penalizing high-entropy
“forking points” effectively prunes unnecessary, ver-
bose exploration, leading to more concise reason-
ing paths.

In Figure 2(c), we observe that neither the base-
line nor the CES model shows a significant, sus-
tained upward trend in accuracy, with both curves
showing similar fluctuations throughout training.
This behavior is likely attributable to the limited
size of our training set (2500 samples) and the

absence of a carefully designed data strategy. How-
ever, it also reflects that the improvements in ef-
ficiency (i.e., shorter length and lower entropy)
achieved by CES are realized without sacrificing
the model’s problem-solving performance. The
CES model maintains an accuracy level compet-
itive with the baseline, while operating at a sig-
nificantly lower computational budget. In general,
these dynamics reveal that CES successfully intro-
duces a distinct optimization phase into training: af-
ter the initial task acquisition, it effectively teaches
the model to become more efficient and decisive,
achieving conciseness without compromising its
learned reasoning capabilities.

5.2 Analysis of increasing response length on
simple test sets

A notable observation from our main results is that
while CES significantly shortens responses on most
datasets, it increases the average response length on
four specific datasets: CMATH, CN Middle School
24, GSM8K and TABMWP. A common charac-
teristic of these datasets is their relatively short
response lengths (typically under 1000 tokens) and
higher performance, suggesting they are simpler
overall. This phenomenon seems to contradict our
goal of improving efficiency.

We hypothesize that this is a characteristic of
adaptive reasoning manifested by CES. The key to
understanding this lies in moving beyond dataset-
level averages and analyzing model behavior on a
finer-grained, per-question difficulty level. To test
this, we stratified the questions within these four
datasets into two categories based on the original
R1-7B model’s performance:

1. “Simple Questions”: Questions where the R1-
7B model’s accuracy is greater than 50%.

2. “Difficult Questions”: Questions where the
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Figure 3: Comparison of average response length, strat-
ified by question difficulty on four simpler datasets.

R1-7B model’s accuracy is less than or equal
to 50%.

Figure 3 presents the average response length of
both DAPO and CES models across these stratified
difficulties. For “Difficult Questions” within these
simpler datasets, CES triggers a significant increase
in response length in most datasets. Conversely, for
“Simple Questions”, the response lengths remain
relatively stable or change minimally.

The failure mode of the original R1-7B model on
these “difficult” questions may be insufficient ex-
ploration. Accustomed to the simple patterns of the
dataset, it applies a short, inadequate template and
fails. CES, through its mechanism of rewarding
entropy on incorrect answers, correctly identifies
these failures and provides a strong incentive for
deeper exploration. It forces the model to abandon
the failed template and invest more effort in finding
a correct solution. In contrast, on complex datasets
like Olympiad Bench, R1-7B’s failure mode is of-
ten inefficient overthinking, producing long, ver-
bose, and incorrect reasoning. There, CES’s pri-
mary role is to prune this redundancy. In summary,
the strategic investment in reasoning for difficult
problems outweighs the minor length changes on
simple ones, leading to an increase in the dataset’s
overall average response length.

5.3 Ablation Studies

To validate the key components of our CES frame-
work, we conduct two main ablation studies. These
experiments are designed to investigate the impor-
tance of our dynamic token selection mechanism
and the role of the entropy gradient in our advan-
tage shaping formula.

5.3.1 The Importance of Dynamic Token
Selection

A core feature of CES is the dynamic calculation of
k, the number of high-entropy tokens to be shaped

Method Acc?T Len|
Original R1-7B 69.1 2583
DAPO (Baseline) 69.6 2376
CES w/o Dynamic b 69.5 2462
CES w/o Entropy Gradient 69.4 2539
CES (Ours) 72.1 1965

Table 2: Ablation study on the core components of CES.

in each response. This number is modulated by
a dynamic multiplier b (where b = a for correct
responses and b = 1 — a for incorrect ones, with a
being the group accuracy), which adjusts the inter-
vention strength based on the perceived difficulty
of the problem. To test the necessity of this de-
sign, we trained an ablated model, “RemoveAcc”,
where we removed this dynamic multiplier by fix-
ing b = 1. In this setting, a constant percentage of
tokens with the highest entropy is always selected
for entropy shaping, regardless of group accuracy.

The results shown in Table 2 indicate that the
“RemoveAcc” model’s average accuracy drops to
69.5%, nearly identical to the DAPO baseline
(69.6%) and significantly underperforming the full
CES model (72.1%). Furthermore, its average re-
sponse length increases to 2462, making it even
less efficient than the DAPO baseline (2376).

While the behavior of a fixed b = 1 is identical
to our dynamic b at the absolute extremes (when
group accuracy a = 1 or a = 0), the critical dif-
ference emerges in the vast majority of training
scenarios where the model’s performance is mixed
(0 < a < 1). Consider a difficult problem where
the model finds a correct solution for the first time,
resulting in a low group accuracy (e.g., a = 0.25).
Our full CES method applies a very gentle penalty,
scaling the intervention by b = a = 0.25. This
protects the newfound, likely inefficient reasoning
path, acknowledging that it is a valuable success
on a difficult problem. The “RemoveAcc” ablation,
in contrast, applies the maximal penalty (b = 1). It
aggressively punishes the high-entropy tokens in
this fragile, correct solution, effectively signaling
to the model that this “messy” path to success is
undesirable. This can cause the model to discard
the correct reasoning logic in subsequent updates,
leading to performance degradation.

Therefore, the dynamic multiplier b acts as a
crucial adaptive regularizer. It provides a propor-
tional response: applying gentle, protective pres-
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sure on novel solutions to difficult problems, while
applying strong, optimizing pressure on mastered
solutions to easy problems. By removing this cali-
brated intelligence, the “RemoveAcc” model fails,
demonstrating that the dynamic selection of tokens
is essential for robustly learning to be both accurate
and efficient.

5.3.2 The Role of the Entropy Gradient in
Bidirectional Control

In our CES formulation, the entropy term H is
included in the computation graph, meaning the
model’s policy is explicitly optimized to produce
outputs that align with our entropy-based objec-
tives. However, a related study (Cheng et al., 2026)
that also uses an entropy-based advantage term
introduces a “detach” operation in their implemen-
tation. This prevents the gradient of the entropy
term from being computed, using it only to scale
the magnitude of the existing policy gradient rather
than setting a new optimization goal. To investigate
this choice, we trained an ablated model, where we
detached our entropy shaping term from the com-
putation graph.

The results shown in Table 2 indicate that this
change is detrimental to our method. The Detach
model’s performance (69.4%) regresses to that of
the DAPO baseline (69.6%) in accuracy, while its
average length balloons to 2539, becoming the least
efficient of all training configurations. The reason
for this failure lies in the fundamental difference in
goals between CES and the related method (Cheng
et al., 2026). As their objective is unconditional
exploration, detaching the entropy term serves as a
clever way to amplify the existing policy updates at
uncertain steps without asking the model to learn
to be “more uncertain”.

However, CES has a dual, conditional objective.
The “inhibit exploration” part of our mechanism
(A’ < A — - H for correct answers) is predicated
on teaching the model to become more efficient by
producing lower-entropy outputs. This requires a
non-zero gradient so the model can learn to directly
reduce entropy to avoid the penalty. Detaching
the term completely breaks this crucial learning
signal. Without the gradient, the penalty becomes a
simple, static reduction in advantage that provides
no direction for how to improve efficiency. This
leads to the observed outcome: baseline accuracy
with uncontrolled, verbose responses. Therefore,
maintaining the entropy gradient is essential for the
bidirectional control at the heart of CES to function

as intended.

6 Related Work

6.1 Reinforcement Learning for LLMs

Reinforcement learning is a core technique for
aligning pretrained language models. Early RLHF
pipelines commonly relied on Proximal Policy Op-
timization (PPO) (Schulman et al., 2017) with a
separately trained reward model, while more re-
cent work has shifted toward direct optimization
methods to improve stability and simplify train-
ing. A representative example is Direct Preference
Optimization (DPO) (Rafailov et al., 2023), which
derives an optimization signal directly from pref-
erence data. This paradigm has been extended to
reasoning settings that compare multiple responses
to the same prompt, leading to algorithms such as
GRPO and our baseline DAPO, which optimize
policies using sequence-level preferences. Build-
ing on this line, our method CES introduces a more
fine-grained mechanism by intervening at the token
level and dynamically shaping the learning signal
within the DAPO framework.

6.2 Entropy in LLMs

Entropy quantifies the uncertainty of a probability
distribution. In LLMs, token-level entropy mea-
sures the uncertainty of the predicted distribution
over the vocabulary at each generation step: higher
entropy corresponds to a flatter distribution and
lower confidence in selecting the next token (Li
et al., 2026).

7 Conclusion

In this work, we address the fundamental challenge
of balancing performance and efficiency in LLM
reasoning. To resolve this trade-off, we propose
CES, a framework that enables models to adapt
their reasoning strategy: thinking concisely when
confident, and reasoning deeply when uncertain.
CES achieves consistent improvements in both ac-
curacy and computational efficiency across diverse
mathematical reasoning benchmarks, alleviating
the inherent trade-off between exploration and ex-
ploitation.

Beyond empirical gains, this work suggests a
broader principle: LLMs can learn not just to rea-
son accurately, but to regulate how they reason.
This opens directions for building fine-grained,
resource-aware reasoning systems that require cost-
sensitive inference.
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Limitations

While CES achieves an average win—win by con-
ditionally shaping token-level advantages with en-
tropy, several limitations remain. First, the current
formulation still relies on outcome-verifiable cor-
rectness signals to compute group accuracy a and
to determine the direction of entropy shaping. As
a result, applying the same mechanism to tasks
with ambiguous, subjective, or weakly verifiable
outcomes is less straightforward. Meanwhile, CES
remains moderately sensitive to hyperparameters
such as 7 and $3. In practice, the method is robust
within a reasonable range, but achieving the best
accuracy—efficiency balance may still require light
calibration when transferring to a new backbone or
task distribution.
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A Algorithm

Algorithm 1 details the complete procedure for
implementing Conditional Entropy Shaping (CES)
within the DAPO framework.

B Hyperparameters and Prompt

B.1 Training hyperparameters

Table 3 lists the hyperparameters for our reinforce-
ment learning experiments.

Hyperparameter Value

General Training Parameters

Optimizer Adam
Learning Rate 2 x 1077
Training Global Batch Size 4
Rollout Batch Size 12
Samples per Prompt 4
Generation Parameters
Rollout Temperature 1.0
Rollout Top-p 1.0
Maximum Generation Length 12000
CES-Specific Parameters
Top-rate Hyperparameter (7) 0.01

Entropy Scaling Factor (81, £52) 0.4

Table 3: Hyperparameters for RL training.

B.2 Evaluation prompt

For all evaluation scenarios, we used the following
standardized prompt to ensure the model generates
answers in a step-by-step manner and formats the
final result correctly:

“ You are a helpful and harmless assistant. You
should think step-by-step. Please put your final
answer within \boxed{}. ”

C Sensitivity to key hyperparameters

To investigate the sensitivity of CES to its core hy-
perparameters and validate the robustness of CES,
we conduct an ablation study on the top-rate 7 and
the entropy scaling factor 51, 52. We evaluate five
different hyperparameter configurations on a repre-
sentative subset of five datasets and compare their
average performance against the DAPO baseline.
The results are summarized in Table 4.

C.1 Analysis of Top-rate 7

The hyperparameter 7 controls the proportion of
selected high-entropy tokens. With 31, 5o fixed at
1.0, we tested 7 values of 0.005, 0.01, and 0.05.
The results indicate that a smaller, more targeted
intervention is more effective. As 7 increases from
0.01 to 0.05, the average accuracy drops sharply
from 74.2% to 70.7%, falling below the DAPO
baseline. This suggests that selecting too many
tokens introduces noise by including tokens that
are not critical “forking points”, thereby diluting
the learning signal and degrading the policy.
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Algorithm 1 CES within DAPO Framework

Input: Prompt x, current policy g

Parameters: Generation group size IV, top-rate hyperparameter 7, entropy scaling factors 51, 82
Output: A set of shaped, token-level advantages A’ for gradient update

1: Generate response set Y = {y1, ...

,yn } from g (-|x).

2: Compute rewards R(y;), racc(y;) foreach y; € Y.
3: Compute group accuracy a based on {7acc(y;)}-
4: Initialize set of all shaped advantages A’ < ().
5: for each response y; in Y do
6:  A; < GroupNormalize({R(y;)}, R(vi))-
7: if race(y;) = 1 then
8: b, +— a
9: else
10: b+ 1—a
11:  endif
12:  Compute number of tokens to select k; = [|y;| - 7 - b;].
13: S (y;) < Identify top k; high-entropy tokens in ;.
14:  for each token ¢; in y; do
15: A; j A; {Initialize with base advantage }
16: if t; € SH(y,) then
17: H; < H(t;j|yi<;) {Calculate entropy }
18: if 7acc(yi) = 1 then
19: A;,j < A; — 1 - Hj {Apply entropy penalty}
20: else
21: Aj ;< Ai + B2 - Hj {Apply entropy reward}
22: end if
23: end if
24: Add A} ; to A'.
25:  end for
26: end for

27: return A’ {Return token-level shaped advantages A’ for computing policy gradients in DAPO}

C.2 Analysis of Entropy Scaling Factor 31, 5o

The hyperparameters 1, S2 indicate the scaling
magnitude of the entropy reward and penalty. With
T fixed at 0.01, we tested (31, B2 values of 0.4, 1.0,
and 2.0. The results show a clear trend: as (31, 52
increases, the average accuracy decreases while av-
erage response length increases. A larger setting on
B1, B2 gives excessive weight to the entropy shap-
ing term, particularly the exploratory reward on
incorrect answers. This can cause the model to
over-optimize for the process of exploration rather
than the outcome of correctness, leading to longer,
less focused reasoning chains that do not necessar-
ily improve accuracy.

C.3 Robustness of CES

Across four of the five tested hyperparameter set-
tings, our method simultaneously outperforms the

DAPO baseline in both accuracy and length. This
demonstrates that CES provides consistent bene-
fits across a reasonable range of hyperparameters,
validating it as a stable and effective method for
improving reasoning models.

D GPU Cost

A natural concern is whether CES introduces no-
ticeable additional computation during training.
Compared with vanilla DAPO, CES indeed adds
two operations: token-level entropy computation
and selection/shaping of high-entropy tokens. How-
ever, these additions do not require extra model
forward or backward passes. In practice, entropy is
computed directly from the logits that are already
produced during rollout sampling, so the overhead
is limited to lightweight vector reductions and top-k
selection rather than additional Transformer back-
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T B1,82 AccT Len]
0.005 1.0 75.1 2855
0.01 1.0 742 2992
0.05 1.0 70.7 2818
0.01 0.4 76.9 2757
0.01 1.0 742 2992
0.01 2.0 734 2997
DAPO (Baseline) 72.6 3407

Table 4: Hyperparameter sensitivity analysis for CES on
the average of 5 datasets (AIME24, AMC23, GaoKao
Math Cloze, GaoKao 2023 En and SVAMP). The opti-
mal configuration is highlighted in bold.

Backbone DAPO CES
R1-7B 1.43 days 1.44 days
R1-1.5B 9.36 hours 9.14 hours

Table 5: Training GPU wall-clock time under the same
setup.

bone computation.

Results in Table 5 indicate that the additional
GPU time overhead of CES is negligible. For
DeepSeek-R1-Distill-Qwen-7B, DAPO takes 1.43
days, while CES takes 1.44 days, corresponding to
only about +0.7% relative overhead. For DeepSeek-
R1-Distill-Qwen-1.5B, DAPO takes 9.36 hours,
while CES takes 9.14 hours, making CES slightly
faster by about -2.3%. These results suggest that
the small constant-time overhead of entropy com-
putation is largely offset by shorter rollouts during
training.

E Generalization Experiments

Although the main paper trains only on math data,
the mechanism of CES is not inherently math-
specific. It relies on token-level uncertainty (en-
tropy) and correctness-conditioned shaping, which
are domain-agnostic signals. We therefore evalu-
ate generalization from two perspectives:

1. Across model scales.
2. Across domains.

We find that the benefits of CES are not limited
to the original 7B math setting, but generalize to
a smaller backbone and to out-of-domain tasks in
both general reasoning and code generation.

E.1 Cross-Scale Generalization

To test whether the benefits of CES depend on
a single backbone scale, we additionally train
DeepSeek-R1-Distill-Qwen-1.5B under the same
training protocol as the 7B model, and evaluate it
on the same 12 math benchmarks.

Results in Table 6 show that CES remains effec-
tive on the 1.5B backbone. The average accuracy
improves from 52.5 to 56.2, while the average re-
sponse length is reduced from 3581 to 3283. Mean-
while, CES improves accuracy on most of the 12
benchmarks, and also shortens responses on the
majority of them. Although a few benchmarks
exhibit small length increases or minor accuracy
fluctuations, the overall average still shows a clear
win-win trend.

These results indicate that the benefit of CES
is not tied to the 7B setting. When the backbone
is scaled down to 1.5B, CES still consistently im-
proves the accuracy—efficiency trade-off, suggest-
ing that it is a generally useful training mechanism
rather than a technique specific to a single model
size.

E.2 Cross-Domain Generalization: General
Reasoning

To further test whether CES generalizes beyond
the training distribution, we evaluate it on three
general-reasoning benchmarks: ARC-Challenge
(Clark et al., 2018), CommonsenseQA (Talmor
et al., 2019), and OpenBookQA (Mihaylov et al.,
2018). Importantly, these datasets are outside the
training domain, since training uses only math
data. Results in Table 7 show that the gains of
CES do not simply come from forcing the model
to generate shorter outputs. On ARC and Com-
monsenseQA, CES substantially improves accu-
racy while keeping the output length almost un-
changed. On OpenBookQA, CES spends slightly
more tokens in exchange for a meaningful gain
in accuracy. In other words, CES does not learn
a fixed preference for shorter responses; instead,
it learns to allocate reasoning budget on demand.
It permits additional reasoning when that helps
correctness, and suppresses redundant exploration
when it does not.

Therefore, these results suggest that the adaptive
reasoning behavior learned by CES is not limited
to math, but transfers to broader knowledge and
commonsense reasoning tasks.
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Dataset DAPO (Baseline) CES (Ours) Improvement

Acc T Len | AcctT Len] AcctT Lenl

AIME24 6.7 10254 13.3 8751 +6.6  -1503
AMC23 475 7291 55.0 6566 +7.5 =725
CMATH 84.7 616 85.3 676 +0.6 +60
CN Middle School 59.4 794 61.4 758 +2.0 -36
College Math 34.1 2907 33.2 2866 -0.9 -41
GaoKao Math Cloze  46.6 5448 61.0 4655 +14.4  -793
GaoKao 2023 En 57.7 3304 60.8 3173 +3.1 -131

GSMSK 773 753 78.6 1022 +1.3 +269
Minerva Math 23.5 3418 29.0 3289 +5.5 -129
Olympiad Bench 27.7 6868 32.0 6263 +4.3 -605
SVAMP 85.6 618 86.4 620 +0.8 +2
TABMWP 79.2 699 78.1 759 -1.1 +60
Average 52.5 3581 56.2 3283 +3.7 -298

Table 6: Cross-scale generalization on DeepSeek-R1-Distill-Qwen-1.5B. The best result in each category is in bold.
“Acc” and “Len” denote the mean accuracy and the mean response length across 4 assessments for each benchmark.

Benchmark DAPO CES
AcctT Len] AcctT Len|
ARC 79.7 543 83.6 542
CommonsenseQA  56.5 451 65.8 448
OpenBookQA 68.2 503 74.8 520

Table 7: Cross-domain generalization on general rea-
soning benchmarks. The best result in each category is
in bold.

E.3 Cross-Domain Generalization: Coding
Benchmarks

In addition to general reasoning, we also evalu-
ate on code-generation benchmarks using EvalPlus
(Liu et al., 2023). Specifically, we test on Hu-
manEval (Chen et al., 2021) and MBPP (Austin
et al., 2021), together with their HumanEval+ and
MBPP+ variants, where the “+” versions include
stricter extra tests in addition to the original base
tests.

Benchmark DAPO CES
AcctT Len] Acc?T Lenl
HumanEval 46.3 4158 49.4 3911
HumanEval+  43.9 4158 48.2 3911
MBPP 429 2931 45.0 2824
MBPP+ 35.7 2931 394 2824

Table 8: Cross-domain generalization on coding bench-
marks. The best result in each category is in bold.

Results are shown in Table 8, where CES out-
performs DAPO on all four coding metrics. These
results provide strong evidence of generalization,
since code generation differs substantially from
math reasoning in output format, structural con-

straints, and failure modes. Nevertheless, CES still
improves both pass rate and token efficiency, sug-
gesting that its optimization signal is task-agnostic.
In addition, the improvements on HumanEval+ and
MBPP+ indicate that the gains are robust under
stricter extra tests, rather than appearing only on
easier evaluation settings. Finally, the reduced gen-
eration length shows that CES does not improve
coding results by “thinking longer”, but by produc-
ing higher-quality solutions more efficiently.
Taken together, the coding results further sup-
port that CES generalizes beyond the math training
domain to a structurally different reasoning task.

F Statistics of Simple vs. Hard Cases

Dataset Simple Hard Total
CMATH 534 66 600
CN Middle School 60 41 101
GSMSK 1121 198 1319
TABMWP 870 130 1000

Table 9: Statistics of simple and hard cases on several
representative benchmarks. Following the definition in
the main text, a question is classified as simple if the
original R1-7B achieves accuracy greater than 50% on
that question; otherwise, it is classified as hard.

Section 5.2 of the main paper notes that on a few
relatively simple datasets, CES slightly increases
the average response length. We report the numbers
of simple and hard cases within these datasets in
Table 9.
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