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Abstract

Reinforcement Learning (RL) has emerged as
a dominant paradigm for eliciting long-horizon
reasoning in Large Language Models (LLMs).
However, scaling Tool-Integrated Reasoning
(TIR) via RL remains challenging due to in-
teraction collapse: a pathological state where
models fail to sustain multi-turn tool usage,
instead degenerating into heavy internal reason-
ing with only trivial, post-hoc code verification.
We systematically study three questions: (i)
how cold-start Supervised Fine-Tuning (SFT)
induces an agentic, tool-using behavioral prior,
(ii) how teacher-trajectory structure and interac-
tion density shape exploration and downstream
RL outcomes, and (iii) how the RL interaction
budget affects learning dynamics and general-
ization under varying inference-time budgets.
We then introduce ASTER (Agentic Scaling
with Tool-integrated Extended Reasoning),
a framework that circumvents this collapse
through a targeted cold-start strategy prioritiz-
ing structured, interaction-dense trajectories.
We find that a small expert cold-start set of just
4K structurally rich, interaction-dense trajec-
tories yields the strongest downstream perfor-
mance, establishing a robust prior that enables
superior exploration during extended RL train-
ing. Extensive evaluations demonstrate that
ASTER-4B achieves strong results on competi-
tive mathematical benchmarks, reaching 89.6%
mean accuracy on AIME2025 and remaining
competitive with leading frontier open-source
models. See more details on our project page.

1 Introduction

Large Language Models (LLMs) have achieved
significant reasoning improvements through Re-
inforcement Learning (RL), which facilitates the
refinement of long Chains of Thought (CoT) (Wei
et al., 2022; Yao et al., 2023). Recent systems such
as OpenAI o1 (Jaech et al., 2024) and DeepSeek
R1 (Guo et al., 2025) demonstrate the effective-
ness of this approach. By employing analytical

strategies such as problem decomposition, error
correction and iterative refinement, these models
exhibit strong capabilities in complex reasoning
tasks (Yeo et al., 2025).

While long CoT has achieved success, text-only
reasoning remains inherently fragile, as the absence
of external verification allows minor errors to cas-
cade beyond the reach of self-correction mech-
anisms. Tool-Integrated Reasoning (TIR) over-
comes this by augmenting language models with
executable tools, leveraging external feedback to
enable exact computation and intermediate verifi-
cation, thereby ensuring reliability in long-horizon
reasoning tasks (Lin and Xu, 2025).

Existing approaches to TIR primarily differ in
how tool-use behavior is initialized. Zero Tool-
Integrated Reasoning (ZeroTIR) seeks to elicit tool
usage directly from pretrained base models via
RL, without relying on supervised cold-start data.
Despite its conceptual simplicity, ZeroTIR suffers
from two fundamental limitations. From the per-
spective of optimization, multi-turn TIR training
is frequently unstable. Tool execution introduces
non-stationary feedback and distributional drift to-
ward low-probability tokens, which compounds
across turns and often results in gradient explo-
sion and poor convergence behavior (Wang et al.,
2025; Mai et al., 2025; Xue et al., 2025). From the
perspective of capability, RL predominantly ampli-
fies pre-existing competencies rather than instilling
fundamentally new ones (Zhang et al., 2025). As
a consequence, ZeroTIR remains bounded by the
representational and procedural limits of the under-
lying base model, and consistently struggles with
long-horizon planning, coordinated tool invocation,
and program-level error correction.

An alternative paradigm initializes TIR via Su-
pervised Fine-Tuning (SFT) on carefully chosen,
tool-augmented trajectories before RL (Feng et al.,
2025; Shang et al., 2025; Yu et al., 2025b). These
trajectories are commonly obtained either by rewrit-
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Figure 1: ASTER-4B reaches 89.6% mean accuracy on AIME2025, remaining competitive with much larger frontier
open-source models. Scores for compared models are taken from their official technical reports.

ing text-only CoT traces into code-interleaved for-
mat (Feng et al., 2025) or by synthesizing tool-
using demonstrations with code-specialized teacher
models (Yu et al., 2025b). Despite their empiri-
cal success, existing cold-start designs introduce
strong inductive biases through trajectory construc-
tion. ReTool (Feng et al., 2025) largely preserves
the original text-only reasoning structure, limit-
ing the emergence of genuinely tool-driven plan-
ning. In contrast, trajectories produced by code-
specialized teachers (Yu et al., 2025b) often feature
short, reactive reasoning. This contradicts the delib-
erate, System-2 behavior expected in slow-thinking
models. These inductive biases often lead to inter-
action collapse during subsequent RL training, a
pathological failure mode in which models fail to
sustain multi-turn tool usage and instead degener-
ate into short solve-to-final or finalization-heavy
policies, where they make only a few tool calls
before directly producing the final answer.

In this work, we introduce ASTER (Agentic
Scaling with Tool-integrated Extended Reasoning),
a two-stage framework for studying how cold-start
SFT design and RL interaction budgets shape long-
horizon, multi-turn tool-using behavior. Specifi-
cally, we ask:

• RQ1 (Cold-start SFT and behavioral pri-
ors). How do different cold-start SFT designs,
particularly their trajectory structures, shape
the behavioral prior that governs downstream
tool-use strategies and RL performance?

• RQ2 (Interaction density). How does the
interaction density of cold-start trajectories
influence exploration behavior and subsequent
RL outcomes?

• RQ3 (RL interaction budget). How does
the RL interaction budget impact learning dy-
namics and generalization, especially when
inference-time budgets vary?

Our experiments show that an effective cold-
start prior should not merely maximize post-SFT
accuracy, but instead induce a favorable trajectory
structure: exploratory, multi-stage tool use rather
than a collapsed solve-to-final path. We opera-
tionalize this principle with interaction density, de-
fined as the number of tool invocations in a trajec-
tory, a practical curation signal for retaining demon-
strations that expose structured tool-use behavior.
Specifically, we synthesize tool-augmented trajec-
tories with GPT-OSS-20B and curate a 4K expert
subset whose examples contain at least 9 tool invo-
cations for cold-start SFT. This interaction-dense
initialization gives ASTER a high-entropy behav-
ioral prior, preserving exploration capacity during
RL.

Rather than only counting how often tools are
called, we examine whether each trajectory fol-
lows a coherent pattern of exploration, solution
advancement, and verification before producing
the final answer. This analysis shows that ASTER
preserves structured explore–solve–verify behavior
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before and after RL, whereas baseline policies con-
centrate into narrow finalization-heavy chains and
prematurely converge to short-horizon, suboptimal
policies. Building on this structured prior, ASTER
further employs a multi-stage RL procedure to sta-
bilize and refine extended reasoning loops, allow-
ing the model to exploit RL capability scaling and
surpass baselines trained on sparse, short-horizon
trajectories. Empirically, as summarized in Ta-
ble 1, ASTER-4B reaches 85.0% mean accuracy
on AIME2025 and 72.9% on HMMT2025 under
a 30K inference budget. Despite its compact size,
it outperforms the 235B-parameter Qwen3-235B-
A22B-Thinking on AIME2025 and HMMT2025.
Moreover, ASTER exhibits strong test-time scaling:
with an increased inference budget of 90K, mean
performance improves to 89.6% on AIME2025.
This efficiency trend is shown in Figure 1, where
ASTER reaches frontier-level AIME2025 perfor-
mance with substantially fewer parameters.

2 Preliminaries

Supervised Fine-Tuning SFT adapts pre-trained
LLMs to specialized tasks via next-token prediction
on high-quality instruction-response pairs. In the
context of agentic reasoning, SFT often functions
as a cold-start phase to initialize multi-turn tool-use
capabilities. Common strategies for constructing
such training data involve rewriting text-only CoT
solutions into code-interleaved formats (Feng et al.,
2025) or leveraging code-specialized teacher mod-
els to synthesize tool-using demonstrations (Yu
et al., 2025b). This initialization establishes the
necessary formats and baseline interaction capabil-
ities for subsequent RL.

Reinforcement Learning SFT provides a cold
start for agentic reasoning, but its performance
is constrained by the quality and diversity of
demonstrations. RL further improves the model
by optimizing reward signals obtained from
exploration, such as final-answer correctness or
the validity of intermediate execution steps. A
widely used method is Group Relative Policy
Optimization (GRPO) (Shao et al., 2024), which
avoids training an explicit value critic by sampling
a group of G responses {o1, . . . , oG} for each
query q drawn from the prompt distribution D and
estimating advantages from their relative rewards.
GRPO’s optimization objective maximizes the
following surrogate loss:

J (θ) = Eq∼D, {oi}Gi=1∼πθold (·|q)

[
1

∑G
i=1 |oi|

G∑

i=1

|oi|∑

t=1

min
(
ri,t(θ)Âi,t, clip

(
ri,t(θ), 1− ϵ, 1 + ϵ

)
Âi,t

)]
,

where oi = (oi,1, . . . , oi,|oi|) denotes the i-th
sampled response and oi,<t denotes its prefix
before token t. The expectation uses πθold(·|q)
as a sequence-level sampling distribution,
whereas the policy ratio is computed at the
token level under the autoregressive factoriza-
tion: ri,t(θ) =

πθ(oi,t|q,oi,<t)
πθold (oi,t|q,oi,<t)

. Here, Âi,t is an
estimated advantage, typically derived from the
group-relative reward of the full response and
assigned to its response tokens. The clipping
operator bounds the ratio to [1− ϵ, 1 + ϵ] to limit
policy updates.

3 Towards Best Agentic Scaling Recipe

This section answers the three research questions
introduced in Section 1 and uses the resulting in-
sights to derive a concrete ASTER training recipe.
We proceed from cold-start design, to interaction
density, to RL interaction budget. Beyond aggre-
gate tool-call counts, we use phase-level trajec-
tory analysis to test whether a policy sustains struc-
tured explore–solve–verify behavior or collapses
into short finalization-heavy trajectories.

3.1 Experimental Setup Summary
We provide full data construction, optimization
hyperparameters, decoding settings, and base-
line details in Appendix A.1. Unless otherwise
specified, experiments use Qwen3-1.7B-Thinking
and Qwen3-4B-Thinking-2507, a 45K GPT-OSS-
20B-high synthesized tool-trajectory pool from
Skywork-OR1 and AoPS/OpenMathReasoning
prompts, and DAPO-Math-17K for RL. RL uses
GRPO with group size G = 8 and a 50-call
training cap. In RQ1, we use the full 45K cu-
rated pool to study cold-start teacher-pattern ef-
fects, while RQ2–RQ3 and the final recipe use
controlled 4K high-interaction subsets to isolate
density and budget effects. We audit the exact 4K
final SFT split against all four evaluation sets using
lexical matching and embedding retrieval followed
by manual and model-assisted review; no exact
or near-duplicate problems are found. Full details
are provided in Appendix A.1. We evaluate on
AIME2024, AIME2025, HMMT2025 (February),
and BeyondAIME (Seed et al., 2025) with a de-
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Model AIME2024 AIME2025 HMMT2025 BeyondAIME
avg@16 avg@16 avg@16 avg@16

Text-Only Reasoning Models
Qwen3-1.7B-Thinking 47.5 38.3 25.8 20.8
Qwen3-4B-Thinking-2507 76.7 72.7 48.1 43.6
OpenAI o3-mini (medium) 79.6 77.0 53.0 –
POLARIS-4B-Preview 81.2 79.4 58.7 –
OpenReasoning-Nemotron-7B 84.7 78.2 63.5 –
Qwen3-235B-A22B-Thinking 85.7 81.5 62.5 –

Agentic Reasoning Models
ReTool-32B 72.5 54.3 – –
rStar2-Agent-14B 80.6 69.8 52.7 –
DemyAgent-4B 72.6 70.0 52.9† 35.3†

ASTER-1.7B-SFT 19.4 19.0 11.3 6.4
ASTER-1.7B 64.6 59.6 47.5 26.3
ASTER-4B-SFT 62.5 54.6 43.3 27.4
ASTER-4B 82.7±1.1 85.0±1.0 72.9±1.6 53.1±1.0

w/ 90K Inference Budget 85.2±1.0 89.6±1.1 77.1±1.6 61.0±0.8

Table 1: Performance comparison on competitive mathematical benchmarks. Scores are avg@16 accuracy under
the DeepSeek-R1 evaluation framework (temperature=0.6, top_p = 0.95). ASTER-4B results are reported as
mean±std. over five independent evaluation-sampling seeds using the same checkpoint. The best mean in each
column is bold, and the second best is underlined. Inference budgets are detailed in Appendix A.1.1. Results
marked with † denote our independent evaluations.

fault 32K evaluation context, comparing against
published text-only and agentic baselines.

3.2 Role of Cold-Start SFT and Behavioral
Priors (RQ1)

To answer RQ1, we use Qwen3-4B-Thinking-2507
as the unified base model and compare different
ways of entering RL under matched response bud-
gets and tool-call caps. The variants include zero-
start controls, reward/filtering controls, and cold-
start SFT priors:

• ZeroTIR: Direct RL training without cold-
start SFT. The reward assigns 1 to correct final
answers and 0 otherwise.

• ZeroForceTool: Direct RL training without
cold-start SFT, but with a tool-constrained re-
ward. The reward assigns 1 only if the final
answer is correct and explicit tool usage is
observed; otherwise, it assigns 0.

• SimpleTIR: Direct RL training without cold-
start SFT, but with trajectory filtering during
RL (Xue et al., 2025). We filter out trajectories
containing “void turns”, i.e., turns that yield
neither a code block nor a final answer.

• ReTool: SFT on the ReTool dataset (Feng

et al., 2025)1, which follows a “stitch-style”
synthesis paradigm that rewrites computa-
tional steps from trajectories into code snip-
pets.

• DemyAgent: SFT on the DemyAgent
dataset (Yu et al., 2025b)2, consisting of
end-to-end synthetic trajectories generated by
Qwen3-Coder-30B-A3B.

• ASTER: SFT on our full 45K curated dataset.

This setup makes the key comparison a ques-
tion of trajectory structure rather than model scale
or RL budget. We further check that the main
ASTER–ReTool contrast is not explained by easier
SFT problems: the two datasets have comparable
difficulty under the same base model and decoding
protocol. What differs is the interaction pattern
exposed during SFT. ReTool and DemyAgent con-
centrate most demonstrations in sparse tool-use
regimes, whereas ASTER contains substantially
more long-horizon trajectories. Detailed dataset
diagnostics are provided in Appendix A.2.

Figure 2 shows that these structural differences
survive RL and translate into different operating

1ReTool-SFT dataset
2Open-AgentRL-SFT-3K dataset
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Figure 2: RQ1 training dynamics under different cold-start strategies. Cold-start choices lead to different downstream
accuracy and tool-use regimes, even under the same base model, RL recipe, response budget, and tool-call cap.

regimes. Zero-start and sparse-prior variants either
learn limited tool use or drift toward shorter interac-
tion patterns, while ASTER maintains substantial
tool use and achieves higher downstream accuracy.
Thus, cold-start SFT is not merely a source of bet-
ter initial answers; it determines which tool-use
behaviors RL can refine. This separation persists
across training, rather than appearing only at a sin-
gle checkpoint.

To understand why the same RL procedure pro-
duces such different behavior, we examine how tool
use is organized within trajectories. A GPT-OSS-
120B judge assigns turn-level code-purpose labels,
which we map to Explore & Expand, Solve & Ad-
vance, Verify & Repair, and terminal Final Answer
phases. We then build transition-probability graphs
over these phases to distinguish sustained explore–
solve–verify behavior from short finalization-heavy
chains. Full phase definitions and aggregation de-
tails are provided in Appendix A.2.3.

Figure 3 exposes the transition prior induced
before RL. We summarize each heatmap with
Destination-Final, the share of phase transitions
ending in Final Answer; lower values indicate con-
tinued movement among exploration, solution ad-
vancement, and verification. Before RL, ASTER
has a much lower Destination-Final rate than Re-
Tool and DemyAgent (15.7% vs. 71.6% and
76.6%), showing that its cold-start prior is dis-
tributed across reusable tool-use phases rather than
concentrated into solve-to-final chains. After RL,
ASTER becomes more concise without collaps-
ing: its Destination-Final rate rises only to 24.7%,
and its destination entropy remains high. By con-
trast, ReTool collapses toward direct finalization

(93.9% Destination-Final), ZeroForceTool learns
mostly a short solve-to-final policy, and DemyA-
gent remains more concentrated than ASTER. To-
gether with the phase-share view in Figure 9 in
Appendix A.2.3, these results show that sparse
demonstrations can bias RL toward narrow poli-
cies, whereas ASTER induces a multi-stage prior
that RL can refine. We additionally test whether
this cold-start effect extends beyond mathematical
reasoning with a search-domain diagnostic in Ap-
pendix A.5. To complement the phase-transition
analysis, we use GPT-5 as the primary agentic
judge to assess whether tool calls form a coherent
problem-solving process. GPT-5 ranks ASTER-RL
highest in tool planning, computational modeling,
tool-use efficiency, and overall agentic quality, in-
dicating that its longer interactions are coordinated
rather than merely frequent. As robustness checks,
Gemini 3.1 Pro Preview and Claude 4.6 Sonnet
preserve ASTER-RL’s top overall ranking under
the same rubric, while two human annotators agree
with GPT-5’s pairwise preference in 91% of 100
randomly sampled high-margin comparisons. Ap-
pendix A.2.2 provides the complete prompt, aggre-
gation protocol, and results.

Takeaway 1: Cold-start SFT Shapes the
RL Prior. The benefit of cold-start SFT de-
pends strongly on the structure of demon-
strations: sparse trajectories push RL toward
finalization-heavy policies, whereas ASTER
induces an explore–solve–verify prior that RL
refines without collapsing.
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Figure 3: Phase-transition heatmaps across SFT and RL. Rows denote the current phase state and columns
denote the next phase state; each cell reports the transition probability. Final Answer is retained as a destination but
omitted as a source row because it is terminal. ASTER preserves distributed transitions across Explore, Solve, and
Verify after RL, whereas several baselines concentrate transitions toward Final Answer.

3.3 Effect of Interaction Density of SFT (RQ2)

To isolate the effect of interaction density in cold-
start SFT, we construct three controlled subsets
from the 45K dataset described in Section 3.1:

• High Density: 4K trajectories with an average
of 10.86 tool invocations per trajectory.

• Low Density: 4K trajectories with an average
of 1.68 tool invocations per trajectory. Cru-
cially, this subset is selected to have a nearly
identical trajectory length distribution to High
Density, ensuring that the two subsets differ
primarily in interaction density rather than se-
quence length.

• RandomDrop25: Derived from High Density
by randomly removing 25% of tool invoca-
tions from each trajectory.

We cold-start Qwen3-4B-Thinking-2507 with
each subset and run the same RL pipeline. For
this study, we use an 18K context length for
both RL training and evaluation. Figure 4a plots
AIME2025 accuracy during RL. We observe that
High Density achieves the best final accuracy,
while RandomDrop25 and Low Density converge
to lower performance—despite the latter two yield-
ing higher initial accuracy immediately after SFT.

We further corroborate this conclusion with two
additional ablations reported in Appendix A.3: a
broader stratification of the 45K dataset by tool-call
count, and a teacher-model replication using Kimi-
K2.5-Thinking trajectories. Both results show the
same pattern: higher interaction density induces

stronger exploration during RL and leads to better
final performance.

Takeaway (RQ2): Interaction Density Mat-
ters. Cold-start SFT with interaction-dense
trajectories establishes a stronger tool-using
behavioral prior, leading to persistently higher
training entropy during RL and, in turn, supe-
rior final task performance.

3.4 Effect of Interaction Budget of RL
Training (RQ3)

RQ3 examines how the RL interaction budget
shapes reasoning behavior and test-time scaling,
comparing policies learned under constrained ver-
sus generous training-time tool budgets.

We cold-start Qwen3-4B-Thinking-2507 using
the 4K high-interaction trajectories introduced in
Section 3.3. During RL training, we vary only the
maximum number of tool invocations per trajec-
tory, setting the budget to either 10 or 50 calls,
while keeping all other hyperparameters identical.
We systematically vary the inference-time tool bud-
get from 2 to 256 calls per trajectory, allowing us
to characterize how training-time interaction con-
straints affect performance scaling across different
deployment regimes.

Figure 4b reveals a budget-alignment effect: the
scaling curves intersect at intermediate inference
budgets, after which the relative advantage reverses.
With ample inference interaction, the generous-
budget model reaches a higher peak accuracy at
256 tool calls (83.0% vs. 77.7%); under tight infer-

36432



(a) AIME2025 accuracy during RL for cold starts with differ-
ent interaction densities.
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Figure 4: Interaction structure and budget alignment shape downstream RL. Denser cold-start trajectories yield
stronger final accuracy despite lower immediate post-SFT accuracy, while the training-time tool budget determines
the test-time operating regime.

ence constraints, the limited-budget model is sub-
stantially stronger at 2 tool calls (51.5% vs. 32.3%).
For the 256-call comparison, repeated evaluation
sampling yields a standard deviation below one
point, substantially smaller than the 5.3-point gap.

We interpret this budget-alignment effect as con-
sistent with two related factors. First, constrained-
budget RL specializes the policy toward short-
horizon tool use: even when the test-time budget is
increased, the model’s average number of tool calls
remains nearly flat. Second, simply relaxing the
inference budget can push the model into longer
interaction chains that were rarely rewarded during
training, making coherent long-chain tool use less
reliable. Appendix A.4 provides additional tool-
call statistics supporting this interpretation. Thus,
inference-time budget is not a universally benefi-
cial scaling knob: additional calls help only when
training has prepared the policy to use longer inter-
action chains coherently.

Takeaway (RQ3): Training-Time Interac-
tion Budget Shapes the Test-Time Operat-
ing Regime. Training-time tool budgets do
more than set a resource limit; they specialize
the learned policy toward a particular inter-
action regime. Large-budget training enables
better long-horizon test-time scaling, while
small-budget training yields stronger perfor-
mance under tight inference constraints but
does not reliably exploit additional tools when
the budget is relaxed.

4 ASTER Recipe

Building on the insights from RQ1–RQ3, we
present a concrete instantiation of ASTER.

Guided by RQ1’s teacher-pattern comparison
and RQ2’s density ablation, we train the final recipe
on the 4K curated subset with at least 9 tool calls.
Following RQ3, we cap the maximum number of
tool calls per training trajectory at 50.

To further improve training stability and effi-
ciency, we adopt a two-stage RL curriculum with
an increasing maximum context length: 18K to-
kens in Stage 1 and 32K tokens in Stage 2. Before
transitioning to Stage 2, we filter out prompts that
consistently produce correct outcomes across all
sampled trajectories in the final epoch, thereby fo-
cusing subsequent training on more challenging
instances.

To evaluate the effectiveness of ASTER, we
present a comparative analysis in Table 1. The
results demonstrate strong performance across
all evaluated benchmarks and substantial gains
over existing agentic reasoning systems. Notably,
ASTER-4B with a 90K inference budget achieves
mean accuracies of 85.2%, 89.6%, 77.1%, and
61.0% on AIME2024, AIME2025, HMMT2025,
and BeyondAIME, respectively. When compared
to existing agentic reasoning models, ASTER ex-
hibits even more pronounced advantages: under
its 90K scaling setting, ASTER-4B outperforms
rStar2-Agent-14B by 4.6, 19.8, and 24.4 points on
AIME2024, AIME2025, and HMMT2025, respec-
tively. Remarkably, despite being trained from a
4B model, ASTER-4B exceeds much larger mod-
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Figure 5: Training dynamics of ASTER during two-stage RL. As training progresses, ASTER gradually recovers
to and then surpasses its pre-SFT performance on AIME2025 and HMMT2025. The light and dark blue shaded
backgrounds denote the two RL stages: Stage 1 uses an 18K context window, while Stage 2 switches to a 32K
context window and focuses on harder remaining prompts. The white dashed vertical line marks the transition
between the two stages. In panels (a) and (b), gray dashed horizontal lines indicate the corresponding pre-SFT
performance baselines, and colored stars mark the best checkpoints within each stage.

els, including Qwen3-235B-A22B-Thinking and
OpenAI o3-mini, on AIME2025 and HMMT2025.

Evaluation Robustness Across the five
evaluation-sampling seeds, ASTER-4B has
standard deviations of 0.8–1.6 points across the
four benchmarks and two inference budgets. These
deviations are small relative to its main gains over
agentic baselines, while comparisons with much
smaller margins should be interpreted cautiously.
Appendix A.1.1 reports confidence intervals and
clarifies that this analysis quantifies sampling
variability for a fixed checkpoint rather than
variance across independent RL training runs.

We present comprehensive experimental results
across two model scales (1.7B, 4B) in Figure 5 to
characterize the training dynamics and behavioral
patterns of our ASTER framework. Our analysis
focuses on three key empirical observations that
emerge during the training process.

Cold-Start Performance Recovery Following
cold-start supervised fine-tuning, we observe a
marked degradation in model performance on math-
ematical reasoning benchmarks, with accuracy sub-
stantially falling below the baseline performance
of the pre-SFT base models. However, as reinforce-
ment learning training progresses, model accuracy
gradually recovers to match and subsequently ex-
ceed the pre-SFT baseline levels.

RL Training Dynamics Figure 5 shows a two-
phase refinement pattern. In Stage 1, the average
number of tool invocations decreases and then sta-
bilizes, while accuracy recovers. In light of RQ1,
we interpret this reduction as efficiency refinement
rather than interaction collapse: RL prunes re-
dundant tool calls while preserving the structured
explore–solve–verify prior induced by the high-
interaction cold start. After switching to Stage 2,
with a longer context window and harder remain-
ing prompts, response length, tool-use frequency,
and benchmark accuracy increase together. This
suggests that Stage 1 mainly improves tool-use
efficiency by removing redundant calls, whereas
Stage 2 allows the model to spend additional con-
text and tool calls on harder problems that benefit
from longer reasoning trajectories.

Model Scale Efficiency Differences The same
recipe also exposes a scale-dependent efficiency
pattern. The 1.7B model relies on more tool in-
vocations and longer responses, suggesting that
smaller models compensate for weaker internal rea-
soning with more external computation. By con-
trast, the 4B model reaches stronger performance
with shorter trajectories and fewer tool calls, indi-
cating that additional model capacity improves not
only accuracy but also the selectivity of tool use.
Thus, larger models require less external computa-
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tion to achieve stronger results.

5 Related Work

Tool-integrated reasoning (TIR) enables language
models to interleave natural-language reasoning
with external computation for precise symbolic and
procedural operations. Early systems such as ToRA
and Qwen2.5-Math-TIR use supervised fine-tuning
on curated tool-use trajectories (Gou et al., 2024;
Yang et al., 2024). Recent work uses outcome-
based RL: SimpleTIR filters weak-signal trajecto-
ries (Xue et al., 2025), ZeroTIR studies the emer-
gence and scaling of tool invocation without super-
vised cold starts (Mai et al., 2025), and ARTIST
learns multi-turn tool decisions without step-level
supervision (Singh et al., 2025).

Cold-start trajectories provide another route to
agentic behavior. ReTool rewrites text-only so-
lutions into code-interleaved traces (Feng et al.,
2025), whereas DemyAgent uses trajectories syn-
thesized by a code-specialized teacher (Yu et al.,
2025b). CoRT uses strategically inserted hints
to teach when and how to invoke a code inter-
preter, emphasizing computational and token ef-
ficiency (Li et al., 2025). These pipelines demon-
strate the value of tool-augmented supervision, but
leave open how the interaction structure inherited
from the teacher shapes exploration during subse-
quent RL. ASTER addresses this question through
controlled studies of teacher patterns, interaction
density, and training-time tool budgets, testing
whether policies sustain structured multi-turn tool
use rather than collapsing into short-horizon verifi-
cation.

6 Conclusion

We present ASTER, a cold-start and RL frame-
work that mitigates interaction collapse in tool-
integrated reasoning. We find that cold-start SFT
matters less through immediate accuracy than
through the behavioral prior it induces for down-
stream RL. Interaction-dense demonstrations help
select trajectories that sustain exploration, solution
advancement, and verification rather than collaps-
ing into short solve-to-final chains.

RQ1–RQ3 show how this prior interacts with
RL. Structured cold starts preserve multi-stage tool
use, interaction density strengthens the learned pol-
icy, and training-time tool budgets shape test-time
regimes. These findings yield ASTER’s recipe:
a 4K high-interaction cold start followed by two-

stage RL for longer-horizon reasoning.
ASTER-4B reaches mean accuracies of 85.0%

on AIME2025 and 72.9% on HMMT2025 under
a 30K inference budget, and scales to 89.6% and
77.1%, respectively, under 90K. It outperforms sub-
stantially larger text-only and agentic baselines, in-
cluding Qwen3-235B-A22B-Thinking and rStar2-
Agent-14B, on AIME2025 and HMMT2025. To-
gether, these results suggest that agentic scaling
depends not only on model size or RL compute,
but also on pre-RL trajectory structure.

7 Limitations

ASTER is evaluated primarily on competitive math-
ematical reasoning tasks with integer-answer su-
pervision and Python-based tool use, so its effec-
tiveness in broader domains, richer tool ecosys-
tems, or settings with noisier rewards remains to
be established. Our strongest results are obtained
on Qwen3-based 1.7B and 4B backbones with
a curated high-interaction cold-start dataset and
substantial RL training, which means the exact
gains may vary for other model families, data-
construction pipelines, or tighter compute bud-
gets. Finally, although we analyze agentic behavior
through tool-use statistics, phase annotations, and
a rubric-based judge, these analyses still depend
substantially on model-based annotation. Our hu-
man validation covers 100 high-margin compar-
isons rather than the full trajectory set; broader
human evaluation and reliability/safety studies for
real-world tool execution remain necessary.

8 Ethical Considerations

This paper studies how to scale tool-integrated rea-
soning with RL and proposes ASTER to mitigate
interaction collapse, enabling more reliable multi-
step tool use and long-horizon problem solving.
If adopted responsibly, these capabilities may im-
prove the efficiency and accessibility of complex
reasoning workflows such as mathematical prob-
lem solving and research assistance, potentially re-
ducing reliance on very large models. At the same
time, stronger tool-using agents can amplify misuse
risks, including automating harmful tasks or inter-
acting unsafely with external code-execution en-
vironments. We therefore recommend sandboxed
tools, least-privilege access, usage monitoring, and
human oversight, alongside stronger safety evalua-
tions for tool-integrated RL agents.
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A Experimental Details

A.1 Full Experimental Setup

Training Data We construct our SFT dataset
from two primary sources: (i) Skywork-OR1-RL-
Data from Skywork-OR13 (He et al., 2025), and
(ii) 93K problems from the Art of Problem Solv-
ing (AoPS) forums collected by OpenMathReason-
ing (Moshkov et al., 2025). We retain only English
problems whose ground-truth final answers are pos-
itive integers. We then generate tool-augmented
solutions using GPT-OSS-20B-high and retain only
instances with both a correct final answer and a
100% tool execution success rate, yielding an ini-
tial dataset of 45K trajectories. For RL training,
we employ DAPO-Math-17K dataset4, which con-
tains 17K prompts paired with integer ground-truth
answers.

Decontamination Audit The two source datasets
apply benchmark-level filtering before our data con-
struction: Skywork-OR1 explicitly decontaminates
against AIME2024 and AIME2025, while Open-
MathReasoning applies model-based decontamina-
tion against popular mathematics benchmarks and
holds out an AIME/HMMT 2024–2025 evaluation
suite. As an additional safeguard, we audit the ex-
act 4K SFT split used by the final ASTER recipe
against AIME2024, AIME2025, HMMT2025, and
BeyondAIME. The audit combines normalized lexi-
cal matching with embedding-based retrieval using
Qwen3-Embedding-8B; all retrieved candidates are
then reviewed manually and with a model-assisted
check. We find no exact or near-duplicate prob-
lems between the final SFT split and any of the
four evaluation sets. The released artifact contains
the audit implementation and the exact split used
for training.

Base Models We use Qwen3-1.7B-Thinking and
Qwen3-4B-Thinking-2507 as our base models.

Cold-Start SFT We employ LLaMA-Factory5

for multi-turn instruction tuning. Training is con-
ducted for 6 epochs with a global batch size of
128 and a maximum context length of 32K tokens.
We adopt a constant learning rate: 3 × 10−5 for
Qwen3-1.7B/4B.

3Skywork-OR1 dataset
4DAPO-Math-17K dataset
5GitHub: hiyouga/LlamaFactory

Table 2: Key hyperparameters used with verl for RL
training.

Group Name Value

Data train_batch_size 128
max_prompt_length 2048
max_response_length 16K/30K

Actor lr 1e-6
ppo_mini_batch_size 64
use_kl_loss False
clip_ratio_low 0.20
clip_ratio_high 0.28
entropy_coeff 0

Rollout n (group size per prompt) 8
max_assistant_turns 50

Reinforcement Learning Our framework inher-
its VeRL6 as a submodule, ensuring compatibility
with upstream updates. We perform RL training
using GRPO. Following (Yu et al., 2025a), we opti-
mize only the token-level policy gradient objective
with Clip-Higher (ϵh = 0.28) and do not include
a KL divergence penalty. For data collection, we
use a rollout prompt batch size of 128 and sample
G = 8 trajectories per prompt to form the group
baseline. We employ gradient accumulation with
a mini-batch size of 64, yielding exactly two pa-
rameter updates per rollout step. Unless otherwise
specified, step refers to a rollout step. We use a
unified conversation template throughout our ex-
periments. To support long-horizon tool use and
iterative self-correction, we set the maximum al-
lowed tool invocations to 50 per trajectory. Key RL
hyperparameters are summarized in Table 2.

In RQ1, for the ablation on different teacher-
pattern cold-start strategies, we keep the context
length fixed at 32K for both training and evaluation,
and hold all other hyperparameters constant.

In RQ2, for the ablation on interaction density,
we set the context length to 18K for both RL train-
ing and evaluation.

In RQ3, models are trained with an 18K context
length, while the maximum number of tool calls is
capped at 10 and 50, respectively. During evalua-
tion, we extend the context length to 32K to assess
generalization.

For the final recipe experiments, we
adopt a two-stage training schedule, setting
max_response_length to 16,384 in Stage 1 and
30,720 in Stage 2. We disable KL regularization to
avoid overly constraining long-horizon exploration,
especially in the early phase of RL.

6GitHub: volcengine/verl
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Templates, Tools, and Runtime GPT-OSS
teacher trajectories use the official Harmony format
with high reasoning effort and its built-in Python
tool. All student SFT, RL, and evaluation runs
use a unified Qwen3/LLaMA-Factory conversa-
tion template with <think> reasoning blocks and
JSON code_interpreter calls. The same tool-
call parser and stateful SandboxFusion-based ex-
ecutor are used throughout training and evalua-
tion, and the same final-answer parser is applied
across compared student methods. The released
code provides the exact synthesis prompts, conver-
sation template, parser rules, sandbox configura-
tion, answer-extraction rules, evaluation seeds, and
model/API identifiers.

Hardware, Training Time, and Checkpoint Se-
lection RL training uses four H20 nodes. Stage 1
runs for 400 rollout steps and takes approximately
90 hours; Stage 2 runs for 100 rollout steps and
takes approximately 30 hours. Unless explicitly
identified as a training-dynamics diagnostic, fi-
nal ASTER-4B results use the checkpoint after
the complete two-stage schedule (checkpoint 500),
rather than selecting a checkpoint separately for
each evaluation benchmark.

Evaluation Protocol We evaluate mathematical
reasoning proficiency on four competitive bench-
marks: AIME2024, AIME2025, HMMT2025
(February), and BeyondAIME (Seed et al., 2025).
Unless otherwise specified, we use temperature 0.6
and top_p = 0.95 for all evaluations. All other
evaluation parameters follow the recommended set-
tings from the respective baseline papers. By de-
fault, we use a maximum context length of 32K
tokens for evaluation.

Baselines We compare our models against
several state-of-the-art baselines, including
OpenReasoning-Nemotron-7B (Ahmad et al.,
2025), Qwen3-235B-A22B-Thinking (Yang
et al., 2025), POLARIS-4B-Preview (An et al.,
2025), ReTool-32B (Feng et al., 2025), as well
as rStar2-Agent-14B (Shang et al., 2025) and
DemyAgent-4B (Yu et al., 2025b).

A.1.1 Inference Budgets and
Evaluation-Sampling Variance

Together, Table 3 and Table 4 distinguish inference-
budget differences from evaluation-sampling un-
certainty for the fixed ASTER-4B checkpoint.

Table 3: Inference budgets for the systems in Table 1.

Model/system Inference budget

Qwen3-1.7B/4B-Thinking 30K
OpenAI o3-mini Not reported
POLARIS-4B-Preview 96K
OpenReasoning-Nemotron-7B 64K
Qwen3-235B-A22B-Thinking 38,912 on AIME2024

and AIME2025; 32,768
otherwise

ReTool-32B 30K
rStar2-Agent-14B 30K
DemyAgent-4B 16K on AIME2025 and

HMMT2025; 30K other-
wise

ASTER-1.7B/4B, main rows 30K
ASTER-4B, scaling row 90K

Table 4: ASTER-4B evaluation robustness over five
independent evaluation-sampling seeds using the same
trained checkpoint. Brackets give 95% t-intervals for
the mean. These results quantify sampling variability,
not training-seed variance.

Benchmark Budget Mean Std 95% CI

AIME2024 30K 82.71 1.13 [81.31, 84.11]
90K 85.21 0.99 [83.98, 86.44]

AIME2025 30K 85.00 1.04 [83.71, 86.29]
90K 89.58 1.11 [88.21, 90.95]

HMMT2025 30K 72.92 1.60 [70.93, 74.91]
90K 77.08 1.60 [75.09, 79.07]

BeyondAIME 30K 53.13 0.96 [51.94, 54.32]
90K 61.04 0.82 [60.02, 62.06]

A.2 Additional RQ1 Analyses: Cold-Start
Priors

We organize the RQ1 appendix around the mecha-
nism tested in the main text: comparable problem
difficulty, different interaction structure, and the
resulting changes in RL behavior and phase-level
trajectory organization.

A.2.1 Dataset Controls and Trajectory
Diagnostics

We first test whether the RQ1 comparison is con-
founded by dataset difficulty. For each problem
in the ASTER SFT and ReTool SFT datasets, we
sample eight responses from Qwen3-4B-Thinking-
2507, define difficulty by per-problem accuracy,
and stratify problems into four bins with 0.25-wide
accuracy intervals. Figure 6a shows similar easy-
problem fractions for ASTER and ReTool (92.2%
vs. 88.8%), indicating comparable difficulty under
the same model and decoding configuration.

With difficulty controlled, Figure 6b contrasts
the sparse interactions of ReTool and DemyAgent
with ASTER’s longer-horizon trajectories.
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Figure 6: Cold-start dataset diagnostics under matched modeling assumptions: comparable problem difficulty (a)
and contrasting interaction-length structure (b).

A.2.2 Agentic-Quality Evaluation and
Behavioral Diagnostics
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Figure 7: GPT-5 agentic-judge scores for tool planning,
computational modeling, error diagnosis and recovery,
tool-use efficiency, and overall agentic quality.

Evaluation Protocol. We use GPT-5 as the pri-
mary agentic judge and evaluate all 30 AIME2025
and 30 HMMT2025 problems. For each model,
GPT-5 scores 16 sampled trajectories per problem,
for 960 trajectories in total. We first average scores
within each problem and then across the two bench-
marks, preventing any problem from receiving dis-
proportionate weight. Model identities are hidden
and trajectories are randomly shuffled. The judge
observes the complete trajectory—reasoning, tool
calls, code, and intermediate outputs—but evalu-

ates the organization of agentic behavior rather than
final-answer correctness.

Primary Judge Results. This evaluation distin-
guishes structured tool use from tool-use frequency
alone: frequent calls can still be reactive, redun-
dant, or disconnected from a coherent solution
plan. As shown in Figure 7, GPT-5 assigns ASTER
the strongest scores for tool planning, computa-
tional modeling, tool-use efficiency, and overall
agentic quality. The result indicates that ASTER’s
longer interaction chains remain coordinated with
planning, computation, and verification rather than
merely containing more tool calls.

Training Dynamics. The judge results are con-
sistent with the RL dynamics in Figure 8. ASTER
maintains the highest training entropy throughout
RL, suggesting that its cold-start prior preserves ex-
ploration rather than collapsing early to finalization-
heavy behavior. The response-length curves pro-
vide a complementary control: the higher entropy
does not arise from uniformly longer generations.

Cross-Judge Robustness. To test whether the
GPT-5-based conclusion depends on a single eval-
uator, we apply the same rubric to Gemini 3.1 Pro
Preview and Claude 4.6 Sonnet. Despite different
absolute calibrations, both additional judges rank
ASTER-RL highest in overall agentic quality and
preserve the principal ordering between SFT and
RL variants (Table 5). Across the eight models,
their overall-quality rankings agree closely (Spear-
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Figure 8: Training dynamics under different teacher-pattern cold-start strategies.

Table 5: Agentic-quality scores from two additional
judges. TP: tool planning; CM: computational mod-
eling; ER: error diagnosis and recovery; TE: tool-use
efficiency; OA: overall agentic quality.

Judge Model TP CM ER TE OA

Gemini ASTER-RL 8.35 8.17 8.25 8.11 8.22
ASTER-SFT 8.03 8.05 8.09 7.43 7.60
DemyAgent-RL 7.01 6.94 7.07 6.77 6.99
ZeroForceTool-RL 6.30 6.69 6.91 5.93 6.75
ZeroForceTool-SFT 5.48 5.66 5.89 5.53 5.87
ReTool-RL 4.80 4.93 5.65 4.75 5.38
DemyAgent-SFT 4.79 4.47 4.23 4.56 4.22
ReTool-SFT 3.58 3.15 3.03 3.14 3.03

Claude ASTER-RL 6.88 7.43 6.54 6.84 7.15
ASTER-SFT 6.98 7.35 6.37 6.61 6.78
ZeroForceTool-RL 6.25 6.58 5.83 6.02 6.47
DemyAgent-RL 6.30 6.80 6.11 6.19 6.37
ZeroForceTool-SFT 4.78 5.51 4.90 5.15 5.36
ReTool-RL 4.40 5.22 4.86 4.66 5.01
DemyAgent-SFT 4.94 5.14 4.45 5.08 4.61
ReTool-SFT 4.51 4.07 3.38 4.52 3.55

man ρ = 0.976; Kendall τ = 0.929).

Human Validation. We additionally ask two hu-
man annotators to review 100 randomly sampled
comparisons for which GPT-5 assigns a score gap
greater than two points, concentrating validation on
cases with a decisive model preference. Human rel-
ative preference agrees with GPT-5 in 91% of these
comparisons. This targeted check supports compar-
ative use of the rubric, while not constituting a full
human rescore of all trajectories.

Compute Controls. These behavioral differ-
ences are also not a consequence of a larger rollout
budget. Every method uses the same 30K response
budget and 50-round tool-call cap in the controlled

Table 6: Rollout cost across RQ1 methods. Statistics
are averaged over the final 50 RL steps under the same
30K response budget and 50-round tool-call cap.

Method Avg. Length Avg. Time/Step
(tokens) (s)

ASTER 16,048 988
DemyAgent 16,338 1,012
ZeroForceTool 17,549 969
ZeroTIR 18,089 1,013
ReTool 20,301 1,017

Table 7: Pre-RL Pass@K on HMMT2025, using 64
sampled trajectories per problem and initialization.

Cold Start Pass@1 Pass@16 Pass@64

ZeroTIR 39.43% 60.59% 66.67%
ASTER 36.20% 64.91% 70.00%

RQ1 comparison; the 90K setting in Table 1 is
used only to probe ASTER’s inference-time scal-
ing ceiling. Table 6 further shows that ASTER’s
average response length and wall-clock time per
rollout step are comparable to, or lower than, those
of the baselines.

Pre-RL Exploration. We finally test whether the
high-entropy initialization represents useful explo-
ration rather than undirected variation. Before RL,
we sample 64 trajectories per HMMT2025 prob-
lem from each initialization; for ZeroTIR, this is
the base model itself. ASTER has slightly lower
Pass@1 but higher Pass@16 and Pass@64 (Ta-
ble 7), indicating broader support over successful
multi-turn solution paths that RL can subsequently
refine.
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Table 8: Summary statistics for the phase-transition analysis. Destination-Final is the share of phase transitions
whose destination is Final Answer. Entropy is the normalized entropy of the transition-destination distribution. In
the dominant motifs, E, S, V , and F denote Explore & Expand, Solve & Advance, Verify & Repair, and Final
Answer, respectively.

Run Tool Turns Phases Destination-Final Entropy Dominant Motif

ASTER-SFT 14.51 5.72 15.7 0.972 S → V → F : 7.4%
ReTool-SFT 2.53 2.33 71.6 0.617 S → F : 54.1%
DemyAgent-SFT 1.22 1.87 76.6 0.564 S → F : 29.0%
ZeroForceTool-SFT 0.11 1.00 100.0 0.000 F : 80.8%

ASTER-RL 10.25 4.39 24.7 0.995 S → F : 12.1%
ReTool-RL 0.14 1.15 93.9 0.213 F : 58.8%
DemyAgent-RL 3.43 2.36 53.8 0.841 S → F : 26.6%
ZeroForceTool-RL 1.56 2.11 87.7 0.353 S → F : 71.7%
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Figure 9: Phase composition after SFT and RL. Each
bar partitions phase segments among Explore & Expand,
Solve & Advance, Verify & Repair, and Final Answer.

A.2.3 Phase-Transition Analysis Details

The preceding diagnostics summarize whole tra-
jectories. We next examine how behavior is orga-
nized within each trajectory by analyzing transi-
tions among functional phases. GPT-OSS-120B
supplies annotations only for this post-hoc analy-
sis; its labels are never used as rewards, filters, or
training signals. Every SFT and RL trajectory in
Figure 3 is processed with the same fixed turn-level
protocol; Figure 9 reports the resulting aggregate
phase mixture.

For each parsed turn, the annotator receives the
problem, trajectory metadata, and the current turn,
and assigns one code_intent label. The retained
labels are explore_expand, solve_advance,
verify_repair, and final_answer, de-
fined in Table 9. Two auxiliary labels,
non_tool_reasoning and format_other,
absorb natural-language-only and unparseable
turns and are excluded from the transition matrix.
The annotator returns strict XML of the form
<code_intent>LABEL</code_intent>; the
complete template and parsing code are included
in the released artifact.

Transition Aggregation. We retain the four anal-
ysis labels in trajectory order, truncate a sequence

Table 9: Phase labels retained in the transition analysis.

Phase Definition

Explore & Expand Broaden the search space through enumeration, sim-
ulation, pattern inspection, or structural probes.

Solve & Advance Advance a chosen derivation through computation,
equation solving, simplification, or subproblem exe-
cution.

Verify & Repair Validate answers, check constraints, debug errors,
retry failed outputs, or recover from inconsistent
paths.

Final Answer Commit to an answer. This terminal state is retained
only as a transition destination.

after its first final-answer label, and merge con-
secutive identical labels into a single phase seg-
ment. We then count transitions between adjacent
segments. The heatmaps in Figure 3 report row-
normalized transition probabilities. Figure 9 re-
ports the aggregate phase mixture, while Table 8
summarizes tool turns, phase counts, transitions
into the final-answer state, normalized destination
entropy, and the dominant motif for each run.

Phase-Level Findings. ASTER retains the most
distributed phase structure on both sides of RL. Al-
though its average tool turns decrease from 14.51
to 10.25, transition entropy increases from 0.972 to
0.995 and transitions into Final Answer remain far
below the other RL variants (24.7% versus 53.8–
93.9%). RL therefore makes ASTER’s trajectories
more selective without collapsing them into imme-
diate finalization. By contrast, the lower-entropy
baselines are dominated by short solve-to-final or
final-only motifs, consistent with the transition
heatmaps in Figure 3.

A.3 Additional RQ2 Experimental Results
We test whether density, rather than length or
teacher style, explains RQ2 through a matched-
length control, broader stratification, and cross-
teacher replication (Figures 10–12).
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(a) Tool-call count over training steps. (b) Response length over training steps.

Figure 10: Training dynamics for the controlled RQ2 interaction-density ablation.

Table 10: Length and interaction statistics for the OSS-
generated High Density and Low Density 4K subsets.
Character-length statistics use complete trajectories.

Statistic High Density Low Density

Tool rounds 7–20 0–4
Mean tool rounds 10.86 1.68
Character length mean 42,564 42,700
Character length median 36,204 36,078
Character length std. 18,346 18,726

Length-Matched Density Control. The con-
trolled ablation in subsection 3.3 trains High Den-
sity, Low Density, and RandomDrop25 initializa-
tions with the same RL pipeline. The High Density
and Low Density 4K subsets have nearly identical
trajectory-length distributions but sharply differ-
ent numbers of tool rounds (Table 10). Figure 10
shows that the high-density initialization preserves
more tool use even as response length decreases
during RL. Thus, RL refines the dense interaction
prior into more selective tool use rather than simply
rewarding longer traces.

Broader Density Stratification. We stratify the
45K trajectories from subsection 3.1 into subsets
with at most one tool call (22K trajectories), at most
five calls (37K), and at least nine calls (4K), and
compare them with the full dataset under the same
18K-context RL setup. Figure 11 shows a consis-
tent ordering: the ≥ 9 subset achieves the high-
est final AIME2025 accuracy, followed by the full
dataset and then the lower-density subsets. Higher-
density cold starts also sustain more tool calls and
higher entropy, consistent with broader exploration
and less premature collapse.

Teacher-Model Replication. We repeat the den-
sity comparison with trajectories generated by
Kimi-K2.5-Thinking. The higher-density initial-
ization again produces stronger RL improvement
and maintains higher training entropy (Figure 12),
showing that the effect persists beyond GPT-OSS-
20B trajectory style.

A.4 Additional RQ3 Analysis: Budget
Mismatch

To probe budget mismatch, we measure the realized
tool calls of the budget-10 and budget-50 models
across inference-time budgets. Table 11 reports
their mean and maximum counts over the evalua-
tion set. These statistics suggest that the degrada-
tion under budget mismatch is not explained by a
single factor. First, there is clear evidence of policy
specialization: the budget-10 model’s mean tool
calls plateau at around 3.5–3.7 even when the test-
time budget increases to 256, whereas the budget-
50 model scales to around 7.6 calls on average.
This indicates that constrained-budget RL induces
a short-horizon interaction policy rather than a pol-
icy that can smoothly exploit additional tools at
inference time. Second, there is also a distribution-
shift component: the budget-10 model occasionally
produces much longer trajectories, with maximum
tool-call counts reaching 28–32 under large test
budgets, but these long chains lie outside the inter-
action regime consistently rewarded during train-
ing. As a result, simply relaxing the inference-time
budget is insufficient unless the model has learned
to maintain coherent long-chain tool use.
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Figure 11: Training dynamics under cold starts from subsets stratified by tool-call count. From left to right:
AIME2025 accuracy, tool-call count, and training entropy over RL training steps.
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Figure 12: Training dynamics under Kimi-K2.5-Thinking cold-start trajectories. From left to right: AIME2025
accuracy and training entropy over RL training steps.

Table 11: Realized tool-call counts under different
inference-time budgets. The budget-10 model remains
concentrated around short interaction chains even when
more tools are available, while the budget-50 model
makes more effective use of larger inference budgets.

Test Budget B10 Mean B10 Max B50 Mean B50 Max

2 1.4 2 1.7 2
4 2.3 4 3.1 4
8 3.1 8 4.7 8
16 3.5 16 6.5 16
32 3.7 26 7.1 32
64 3.5 28 7.6 64
128 3.6 32 7.3 53
256 3.7 28 7.6 55

A.5 Search-Domain Cold-Start Diagnostic

We test whether cold-start SFT changes search be-
havior beyond mathematics using 21,201 prompts
sampled from PeterJinGo/nq_hotpotqa_train.
We compare Zero-RL with Kimi-SFT+RL, whose
cold-start trajectories are synthesized by Kimi-
K2.5-Thinking; both then use the same RL pipeline,
a 4K prompt budget, and a 16K maximum response
length. Training uses a 20-call cap; validation uses

Table 12: Search-domain cold-start diagnostic. Accu-
racy is mean@1. Tool calls are estimated as half of
logged interaction turns, which count one model-side
and one tool-side event per call.

Method NQ PopQA HotpotQA MuSiQue Mean Calls Max Calls

Zero-RL 28.82 31.80 26.49 9.60 2.67 7
Kimi-SFT+RL 28.03 32.97 28.92 12.49 14.38 30

∆ -0.79 +1.17 +2.43 +2.89 +11.71 +23

30 to test larger-budget behavior. Table 12 reports
mean@1 and estimated tool use on single-hop (NQ
and PopQA) and multi-hop or compositional (Hot-
potQA and MuSiQue) benchmarks.

Kimi-SFT+RL improves PopQA, HotpotQA,
and MuSiQue while remaining comparable on NQ.
More importantly, mean and maximum tool calls
rise from 2.67 and 7 to 14.38 and 30, respectively,
indicating that supervised search trajectories induce
a longer-horizon search prior before RL, although
accuracy gains remain domain-dependent.
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B Complete Agentic-Judge Prompt

The agentic judge receives the complete model trajectory and applies the fixed five-dimension rubric
shown below. The same prompt template is used for every judged trajectory.

Figure 13: Complete prompt template used for agentic-quality evaluation.
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C Example OutputSimpleTIR : End-to-End Reinforcement Learning for Multi-Turn Tool-Integrated Reasoning

Problem statement of AIME25 for the case study.
Example Case Study: AIME Problem

Question:
A piecewise linear function is defined by

𝑓(𝑥) =

{︂
𝑥 if −1 ≤ 𝑥 < 1
2 − 𝑥 if 1 ≤ 𝑥 < 3

and 𝑓(𝑥 + 4) = 𝑓(𝑥) for all real numbers 𝑥. The graph of 𝑓(𝑥) has the sawtooth pattern depicted below. The
parabola 𝑥 = 34𝑦2 intersects the graph of 𝑓(𝑥) at finitely many points. The sum of the 𝑦-coordinates of all these in-
tersection points can be expressed in the form 𝑎+𝑏

√
𝑐

𝑑 , where 𝑎, 𝑏, 𝑐, and 𝑑 are positive integers such that 𝑎, 𝑏, 𝑑 have
greatest common divisor equal to 1, and 𝑐 is not divisible by the square of any prime. Find 𝑎 + 𝑏 + 𝑐 + 𝑑. Graph

−6 −4 −2 0 2 4 6

−2

0

2

Labeled Answer:
259

3

Figure 14: AIME2025-I problem 11.
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SimpleTIR : End-to-End Reinforcement Learning for Multi-Turn Tool-Integrated Reasoning

Trajectory of ASTER-4B on AIME 2025. This is Part I of the 48-turn interaction.
Model Output by ASTER-4B (Turn 1) [Initial analysis]

(Handling each periodic line segment separately and solve the resulting quadratics on each segment)
...We need to treat each segment separately for 𝑛 ≥ 0. But also consider that for n large, constraints may fail; but we need to find
until constraints fail.But we must also consider n negative? We already determined 𝑛 ≥ 0. But just to confirm, let’s test n negative for
segment A with n=-1 etc. No real solutions. So only 𝑛 ≥ 0.Now we can brute force for n from 0 to say 10, compute solutions and
check constraints. Let’s do that using Python.

import sympy as sp
n = sp. symbols ('n', integer =True , nonnegative =True)
solutions = []
# Let 's compute for n from 0 to maybe 10
for n_val in range (0, 10):

# Segment A
y1 = (1 + sp.sqrt (1 + 544* n_val)) / 68
y2 = (1 - sp.sqrt (1 + 544* n_val)) / 68
for y in [y1 , y2 ]:

x_val = 34 * y**2
# check interval [4n-1, 4n+1)
okA = (sp.S(4* n_val - 1) <= x_val) and (x_val < sp.S(4* n_val + 1))
if okA:

solutions . append (( n_val , 'A', sp. simplify (y), sp. simplify (x_val)))
# Segment B
D = 544* n_val + 273 # numeric for each n_val
y3 = (-1 + sp.sqrt(D)) / 68
y4 = (-1 - sp.sqrt(D)) / 68
for y in [y3 , y4 ]:

x_val = 34 * y**2
okB = (sp.S(4* n_val + 1) <= x_val) and (x_val < sp.S(4* n_val + 3))
if okB:

solutions . append (( n_val , 'B', sp. simplify (y), sp. simplify (x_val)))
solutions [:10]

Execution Result: (0, ’A’, 1/34, 1/34), (0, ’A’, 0, 0), ...

Model Output by ASTER-4B (Turn 8) [Identifying the Finite Range]

The model hypothesizes that while the parabola extends infinitely, intersections only happen for a limited range of periods 𝑛. It writes
code to sweep 𝑛 until no solutions are found.

max_n =0
for n_val in range (0 ,100):
found=False
# Check Segment A and B for existence of valid solutions
# ... (code calculating y1 , y2 , y3 , y4 and checking intervals ) ...
if found:

max_n=n_val
max_n

Execution Result: 8

4
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SimpleTIR : End-to-End Reinforcement Learning for Multi-Turn Tool-Integrated Reasoning

Trajectory of ASTER-4B on AIME 2025. This is Part II of the 48-turn interaction.
Model Output by ASTER-4B (Turn 14) [Symbolic Summation]

Having established that intersections only occur for 𝑛 ∈ [0, 8], the model proceeds to calculate the exact symbolic sum of all 𝑦-
coordinates.

sols =[]
for n_val in range (0 ,9):
# Segment A calculations
y1 = (1 + sp.sqrt (1+544* n_val ))/68
y2 = (1 - sp.sqrt (1+544* n_val ))/68
for y in [y1 ,y2 ]:
# ... check constraints ...

sols. append (sp. simplify (y))
# Segment B calculations
# ... check constraints ...
sols

Execution Result: [1/34, 0, -1/68 + sqrt(273)/68, ..., -1/68 + 5*sqrt(185)/68]

Model Output by ASTER-4B (Turn 15) [Initial Result]

sum_y = sum(sols)
sum_y

Execution Result: 1/68 + 5*sqrt(185)/68
The model has theoretically found the correct sum here, but subsequently enters a long verification phase where it attempts to check
each solution numerically.
Model Output by ASTER-4B (Turn 40 & 41) [The Pivot: Self-Correction]

# Manually checking the solution (2, 'A', -8/17)

n_val , seg , y_sym , x_sym = (2, 'A', -8/sp. Integer (17) , 128/ sp. Integer (17))
y_val=float(y_sym.evalf ())
x_val=float(x_sym.evalf ())
y_val , x_val

Execution Result: (-0.470588..., 7.529411...)

Analysis: Now numeric_check: 𝑛 = 2, seg=’A’, 𝑥 in [4(2)− 1, 4(2) + 1) = [7, 9). Indeed 𝑥 = 7.529 is within [7, 9). So constraints
are satisfied.
But earlier numeric check flagged None because we used floor(x/4)... floor(7.529/4)=1. That gave 𝑛 = 1 incorrectly. The
solution belongs to 𝑛 = 2.
Conclusion: My earlier numeric check had a bug. All 35 solutions are indeed valid.

5
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SimpleTIR : End-to-End Reinforcement Learning for Multi-Turn Tool-Integrated Reasoning

Trajectory of ASTER-4B on AIME 2025. This is Part III of the 48-turn interaction.
Model Output by ASTER-4B (Turn 42) [Re-Confirmation]

With the verification bug resolved, the model trusts the original set of 35 solutions.

sum_y = sum ([ y_sym for *,*,y_sym ,_ in solutions ])
sum_y

Execution Result: 1/68 + 5*sqrt(185)/68

Model Output by ASTER-4B (Turn 48 - Final)

The sum of the 𝑦-coordinates is 1+5
√

185
68 . Matching the form 𝑎+𝑏

√
𝑐

𝑑 :

• 𝑎 = 1
• 𝑏 = 5
• 𝑐 = 185 (square-free, 5 × 37)
• 𝑑 = 68

Checking gcd: gcd(1, 5, 68) = 1. The conditions are satisfied.
Calculate final value: 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1 + 5 + 185 + 68 = 259.
The final answer is 259 .

6
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SimpleTIR : End-to-End Reinforcement Learning for Multi-Turn Tool-Integrated Reasoning

Trajectory of Retool-4B on AIME 2025. This is Part I of the 2-turn interaction.
Model Output by Retool-4B (Turn 1) [Initial analysis]

(Handle each periodic line segment separately, then solve the induced quadratics and filter by the segment’s x-interval)
...Therefore, in total, for x [0,34], we have:9 increasing intervals and 9 decreasing intervals, with the last decreasing interval cut
off at 34.Therefore, we need to set up equations for each of these 9 increasing and 9 decreasing intervals and solve the quadratic
equations.However, manual calculation would be error-prone. Let’s generate the equations and solve them programmatically to find
the valid solutions for each interval.

import math
# Define the intervals and solve quadratics for each n in increasing and decreasing

cases

# Increasing intervals : defined by n from 0 to8
def solve_increasing ():

solutions = []
for n in range (0, 9):

a = 34
b = -1
c = -4 * n
discriminant = b**2 - 4*a*c
sqrt_disc = math.sqrt( discriminant )
y1 = (-b + sqrt_disc ) / (2*a)
y2 = (-b - sqrt_disc ) / (2*a)
solutions . append ((n, y1 , y2))

return solutions

# Decreasing intervals : defined by n from0 to8 (last cut off at x=34)
def solve_decreasing ():

solutions = []
for n in range (0, 9):

a = 34
b = 1
c = - (4 * n + 2)

discriminant = b**2 - 4*a*c
sqrt_disc = math.sqrt( discriminant )
y1 = (-b + sqrt_disc ) / (2*a)
y2 = (-b - sqrt_disc ) / (2*a)
solutions . append ((n, y1 , y2))
return solutions

# Calculate the valid y coordinates
valid_y = []

# Process increasing intervals
inc_solutions = solve_increasing ()
for n, y1 , y2 in inc_solutions :

x1 = 34 * y1 **2
x2 = 34 * y2 **2
interval_start = 4*n - 1
interval_end = 4*n + 1

# Adjust intervals for n=0
if n == 0:

valid_x_interval = (0, 1)
else:

valid_x_interval = ( interval_start , interval_end )

7
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SimpleTIR : End-to-End Reinforcement Learning for Multi-Turn Tool-Integrated Reasoning

Trajectory of Retool-4B on AIME 2025. This is Part II of the 2-turn interaction.
Model Output by Retool-4B (Turn 1) [Initial analysis]

# Check each solution
for y in [y1 , y2 ]:

if -1 <= y <= 1:
x = 34 * y**2
if valid_x_interval [0] <= x < valid_x_interval [1]:

valid_y . append (y)

# Process decreasing intervals
dec_solutions = solve_decreasing ()
for n, y1 , y2 in dec_solutions :

x1 = 34 * y1 **2
x2 = 34 * y2 **2
interval_start = 4*n + 1
interval_end = 4*n + 3

# Adjust for n=8 ( truncated at34)
if n == 8:

valid_x_interval = (33, 34)
else:

valid_x_interval = ( interval_start , interval_end )

for y in [y1 , y2 ]:
if -1 <= y <= 1:

x = 34 * y**2
if valid_x_interval [0] <= x < valid_x_interval [1]:

valid_y . append (y)

# Sum all valid y coefficients
sum_y = sum( valid_y )

# Approximate the sum to verify
approx_sum = 4 * (sqrt (2) - 1) # Approximation from original thinking

print("Valid y- coordinates :", valid_y )
print("Sum of y- coordinates :", sum_y)
print(" Approximate sum:", approx_sum )

Execution Result: name ’sqrt’ is not defined

Model Output by Retool-4B (Turn 2 - Final)

This error suggests that the code attempted to use sqrt but forgot to import it. Let’s correct this by replacing any manual sqrt calls
with math.sqrt(n). Also, let’s rewrite the symbolic calculation. Wait, but in the code above, we already use math.sqrt(discriminant).
Therefore, perhaps the issue is somewhere else. Wait, ...

Therefore, in the valid_y list, we have the accumulated y values from all intervals. ...

But according to our code output earlier, sum was 1.1469...

Answer is 24 .
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