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Abstract

GRPO-trained LLMs sharpen single-sample
reasoning but collapse in policy entropy: 7B
models lose to their base at Pass@64 on
AIME. Existing mitigations score tokens from
current-step statistics, missing that collapse is
a trajectory-level event accumulating through
coherent batch drift. We propose FRACT, a
per-rollout score projecting a learned T -step
committor’s gradient onto the entropy direc-
tion in the dual Fisher metric, with a forward-
only closed form requiring no extra backward
through the policy. As a sparse, sign-aware
selective KL atop GRPO, FRACT improves
Acc@16 over KL-Cov by +.037/ + .034/ +
.045 across Qwen2.5-Base 1.5B/3B/7B and si-
multaneously raises Pass@1 and Pass@64 on
all four benchmarks at 7B—mitigating, not
merely shifting, the accuracy–diversity trade-
off. Random-matched-mass gains only +.009
and Anti-FRACT underperforms GRPO by
−.007—the score, not regularization mass, is
the cause at ∼1.5% structural overhead.

1 Introduction

Reinforcement learning from verifiable rewards
(RLVR), exemplified by DeepSeek-R1 (Guo et al.,
2025) and trained with GRPO, is now the domi-
nant recipe for sharpening reasoning in large lan-
guage models. Yet the same training that lifts
single-sample accuracy also drives the policy to-
ward entropy collapse. The signature is stark:
on AIME24 and AIME25, a GRPO-trained 7B
model is overtaken by the un-trained base model
at Pass@64—consistent with evidence that RL
fine-tuning reweights pre-existing reasoning paths
rather than expanding the base model’s capability
boundary (Yue et al., 2025).

Recent collapse-aware methods target individ-
ual tokens for intervention (Cui et al., 2025; Yu
et al., 2025; Wang et al., 2025). They all share a
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structural limitation: their selection criteria operate
on current-step statistics, capturing local collapse
pressure but unable to tell whether a particular roll-
out will participate in a future entropy basin sev-
eral training steps later. Collapse, however, is a
trajectory-level event: it accumulates over many
steps through coherent drift across the batch.

We propose FRACT, a per-rollout score that tar-
gets this gap. FRACT projects the gradient of a
learned finite-horizon committor—the probability
of entering a low-entropy basin within T future
training steps—onto the entropy direction in the
dual Fisher metric of the simplex (Prop. 1). The
projection yields a tractable entropy surrogate plus
an explicit residual (Thm. 1), and the surrogate ad-
mits a closed-form score computable from forward
statistics at the current parameters (Thm. 2). A
complementary Fisher-coherence term captures the
batch-level drift mechanism. The score drives a se-
lective KL regularizer on top of GRPO, sign-aware:
only collapse-pressuring rollouts are penalized.

Across Qwen2.5-Base 1.5B/3B/7B trained on
MATH, FRACT improves Avg Acc@16 over the
strongest baseline by +.037/ + .034/ + .045,
and improves the test-time scaling gain RG1→64

over GRPO on 11/12 (scale, benchmark) cells—
mitigating, rather than shifting, the accuracy–
diversity trade-off. Anti-FRACT (bottom-5% by
score) underperforms GRPO, isolating the score
itself as the cause. Structural overhead is ∼1.5%
at 7B (∼6.2% total with longer completions).

Contributions. (i) A projection decomposition
of the committor gradient yielding a trajectory-
alignment identity that converts an intractable tra-
jectory gradient into a tractable entropy surrogate
plus an explicit residual (Prop. 1, Thm. 1); (ii) A
forward-only, matrix-free closed form for the re-
sulting head score, computable from current-step
statistics with no extra backward through the pol-
icy (Thm. 2); (iii) Empirical validation across three
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scales showing simultaneous Pass@1 and Pass@k
improvement, with score-directionality controls.

2 Related Work

Token-level collapse mitigation. Entropy
collapse—the rapid per-token sharpening toward
argmax under RL—was characterized by Yu
et al. (2025) and Cui et al. (2025), the latter
establishing an empirical performance–entropy
law. KL-Cov (Cui et al., 2025) penalizes tokens
whose log-probability and advantage covary most
strongly; DAPO (Yu et al., 2025) decouples PPO
clipping to prevent suppression of low-probability,
positive-advantage tokens; Wang et al. (2025)
restrict updates to the top ∼20% high-entropy
“forking tokens” driving reasoning diversity; and
CURE (Li et al., 2025) regenerates rollouts at
high-entropy critical tokens, training jointly on
original and branched trajectories. All of these
operate on instantaneous statistics of the current
training step. Unlike all of these, FRACT scores
trajectory-level collapse risk via a forward-only
projection of a learned committor gradient onto
the entropy direction, with a complementary
Fisher-coherence term capturing batch-level drift.

Global entropy regularization. GRPO (Shao
et al., 2024) extends policy-gradient methods (Sut-
ton et al., 1999; Schulman et al., 2017) to LLM
reasoning but inherits their exploitation pressure:
Kirk et al. (2024) and Padmakumar and He (2024)
document that RLHF-style fine-tuning systemati-
cally reduces output diversity, and Park et al. (2025)
further show the PPO/GRPO clipping mechanism
itself induces an entropy bias independent of re-
ward. Global entropy bonuses and reference-model
KL penalties mitigate collapse uniformly across
rollouts, paying regularization cost on tokens that
do not drive collapse. FRACT is complementary:
a selective KL signal atop GRPO, focused on the
small subset of collapse-pressuring rollouts.

Fisher-metric methods. The dual Fisher metric
on the simplex underlying our projection step con-
nects to natural policy gradient methods (Kakade,
2001) and the broader trust-region line (Schul-
man et al., 2015, 2017). NPG and TRPO use
Fisher/KL geometry to precondition or constrain
parameter-space updates, while PPO follows the
proximal-update principle through a clipped first-
order surrogate; FRACT instead uses this geometry
for attribution rather than optimization. Specifi-

cally, FRACT performs a simplex-side projection
of one cotangent gradient (the committor’s) onto an-
other (entropy’s), yielding the entropy surrogate of
Thm. 1 and the forward-only head score of Thm. 2.
The construction is matrix-free and practical at
LM vocabulary scale—each anchor contributes one
O(|V |) Fisher multiplication.

3 Method: FRACT

We propose FRACT (Forward-only pRojection-
Aligned Collapse-risk aTtribution), a forward-only
per-rollout score that approximates each rollout’s
contribution to a future trajectory-level entropy-
collapse risk—in contrast to token-level scores that
aggregate per-rollout statistics of the current step
alone (Cui et al., 2025; Yu et al., 2025). The score
is then used as a sparse, signed-aware selector for
a complementary KL regularizer on top of GRPO.

The method is built around three results: a
projection decomposition of the committor gradi-
ent (Proposition 1), a trajectory-alignment identity
that turns an intractable trajectory gradient into a
tractable entropy surrogate plus an explicit residual
(Theorem 1), and a closed-form head score that re-
moves the remaining backward through the policy
(Theorem 2). A complementary Fisher-coherent
drift augmentation captures the batch-level mecha-
nism by which collapse actually accumulates.

3.1 Setup and Notation

Let V be the vocabulary. The policy πθ(· | c) =
softmax(zc,·(θ)) has parameters θ = (θbody, θout),
with logit zc,v = w⊤

v hc + bv, weight stack W :=
[w1 | · · · | w|V |] ∈ Rdh×|V |, and hidden state
hc ∈ Rdh . The softmax–Fisher identity reads

Jπ(c) = F (πc) Jz(c), F (π) := diag(π)−ππ⊤,
(1)

where F is the categorical Fisher information.

Per-context quantities. Define entropy, centered
log-score, weighted score, and entropy gradient:

Hc = −
∑︂

v
πc(v) log πc(v),

s(c)v := log πc(v) +Hc (mean zero under πc),

ϕ(c)v := πc(v) s
(c)
v ,

(∇pH)v = − log p(v)− 1.
(2)
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GRPO step (Shao et al., 2024).

∆θ(t) =
η

N

∑︂

i

α
(t)
i g

(t)
i ,

g
(t)
i := ∇θ log πθ(t)(yi | ci),

(3)

with group-relative advantage α(t)
i and step size η.

Assumption SGD. ∥∆θ∥2 ≤ η0 and zθ ∈ C2

with sup ∥∇2
θz∥op ≤ L

(2)
J < ∞, used in the ap-

pendix to bound logit-linearization remainders.

3.2 Anchor Committor and Collapse Risk
Finite-horizon committor. Single-step entropy
scores cannot distinguish rollouts driving future col-
lapse: a token appears harmless while contributing
to a trajectory entering a collapsed entropy basin af-
ter T steps. To capture this, we define a trajectory-
level target as the first-passage probability of a
probe anchor distribution into a collapse region.

Fix an anchor set A = {a1, . . . , aM} of M
probe contexts. Let p(t)a := πθ(t)(· | a). Define
the entropy-collapse set and first-passage time

C := {p ∈ ∆|V |−1 : H(p) ≤ Hmin},
τ (t)a := inf{s ≥ 0 : p(t+s)

a ∈ C}. (4)

The T -horizon committor from parameter θ (de-
fault T =20, sensitivity in Appendix N) is

χT (pa(θ)) := Pr
[︂
τ (0)a ≤ T

⃓⃓
θ(0) = θ

]︂
, (5)

with associated binary trajectory labels

Y (t,T )
a := 1[τ (t)a ≤ T ] (6)

used to train a small committor estimator χ̂T via the
replay-update block of Algorithm 1. The anchor-
averaged collapse risk and its gradient are

ΨT (θ) :=
1

M

∑︂

a∈A
χT (pa(θ)), (7)

∇θΨT =
1

M

∑︂

a

Jπ(a; θ)
⊤∇pχT (pa). (8)

The latter is intractable per training step: ∇pχT

requires expectation over future T -step rollouts and
Jπ(a; θ) a full backward through the policy at every
anchor. The estimator χ̂T amortizes the future-
rollout cost across many steps via asynchronous
training; FRACT removes the per-step backward
through the policy via Theorem 2 (closed form).

Threshold. We set Hmin = γH
(0)
a per anchor

(default γ=0.5, sensitivity in Appendix I.4); the
anchor-relative form prevents conflating collapse-
prone anchors with intrinsically low-entropy ones.

Committor estimator. The default χ̂T is a lo-
gistic regression on three anchor-relative features
(τH−H(p), m(p)−τm, g12(p)−τg) with m(p) :=
maxv p(v) and g12(p) the top-two gap (training
details and richer fallbacks in Appendix K.3, K, L).

Supervision and the T -step lag. Trajectory pairs
with s ≤ t−T supply causal supervision, and a
held-out pilot pool prevents temporal leakage (Ap-
pendix O.1, O.2). The T -step lag is a property of
the supervision signal, not a leakage or staleness
defect: ρ(t)a uses ∇pχ̂T evaluated at the current
π
(t)
a , with weights trained on past completions—a

horizon predictor, not an instantaneous quantity.

Anchor set. A is fixed; the default uses M =
8 math-format probes selected by highest pre-
training entropy decay rate (Appendix M.1, M.2).
Proposition 1 and Theorem 1 hold for any A; the
strategy enters only through the empirical quality of
ρa and χ̂T , quantified by ηproj and CV(ρa) (§3.9).

3.3 Clipped Fisher Information

To handle simplex boundary behaviour we clip the
policy and form the clipped Fisher information

p̃(v) := max(p(v), ϵ)/
∑︁

umax(p(u), ϵ),

Fϵ(p) := diag(p̃)− p̃ p̃⊤. (9)

We use Fϵ as the inner product for projecting gra-
dients of scalar functions on the simplex; policy
drifts (tangent vectors) instead use F+

ϵ .

Primal–dual structure. On the simplex, gradi-
ents of scalar functions are cotangent vectors, re-
quiring the dual Fisher metric Fϵ; policy drifts are
tangent vectors, using the primal F+

ϵ . The softmax–
Fisher identity (1) converts between them, a fact we
exploit in §3.7 to express batch-drift coherence via
cotangent-side logit directions qi (full information-
geometric justification in Appendix A).

Computational note. Fϵ acts on a vector as

Fϵ v = p̃⊙ v − p̃ (p̃⊤v), (10)

which is O(|V |) per multiplication and avoids ever
forming F+

ϵ (whose entries scale as 1/p̃(v) and
would amplify tail noise near collapse).

3.4 Projection Decomposition

We learn the estimator χ̂T from trajectory pairs
(p

(t)
a , Y

(t,T )
a ) (replay-update block, Algorithm 1)

and project its gradient onto the entropy direction.
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Figure 1: Projection decomposition (Proposition 1) in
the cotangent space T ∗

pa
∆. The committor gradient

∇pχT decomposes into an entropy-aligned component
−ρa∇pH and a residual ra, orthogonal in the dual
Fisher inner product ⟨u, v⟩Fϵ

:=u⊤Fϵ(pa)v.

Proposition 1 (Projection decomposition). For
each anchor a with ∇pH(pa) ̸= 0, set

ρa := − ∇pχT (pa)
⊤Fϵ(pa)∇pH(pa)

∇pH(pa)⊤Fϵ(pa)∇pH(pa)
. (11)

Then ∇pχT (pa) admits the decomposition

∇pχT (pa) = −ρa∇pH(pa) + ra, (12)

with exact dual-Fisher orthogonality

r⊤a Fϵ(pa)∇pH(pa) = 0. (13)

Proof in Appendix B.1.
In practice we substitute χ̂T for χT and add εnum

to the denominator of (11) for stability; gradient
calibration of χ̂T is monitored separately from its
value calibration via ηproj and CV(ρa) (§3.9). Fig-
ure 1 illustrates the decomposition. The signed ρa
is retained to preserve Theorem 1’s exact identity;
ρ−ratio := |{a : ρa < 0}|/M flags anchors where
the committor varies against the entropy direction.

3.5 Trajectory-Alignment Theorem
Substituting (12) into ∇θΨT yields the central iden-
tity of FRACT. Define the risk-weighted entropy
surrogate, treating each ρa as a detached scalar,

Φρ(θ) :=
1

M

∑︂

a

ρa ·Ha(θ). (14)

Theorem 1 (Trajectory alignment). With coeffi-
cient ρa and residual ra from Proposition 1,

∇θΨT (θ) = −∇θΦρ(θ) + Eproj(θ), (15)

where the parameter-space projection residual is

Eproj(θ) :=
1

M

∑︂

a

Jπ(a; θ)
⊤ra, (16)

satisfying ∥Eproj∥2 ≤ 1
M

∑︁
a ∥Jπ(a)∥op∥ra∥2.

Proof in Appendix B.2.
The residual Eproj vanishes when the committor
varies along the entropy direction at every anchor.

The flow score Sflow
i := −αi⟨∇θΦρ, gi⟩ then sat-

isfies the first-order expansion ΨT (θ + ∆θ) −
ΨT (θ) =

η
N

∑︁
i S

flow
i + ⟨Eproj,∆θ⟩+O(∥∆θ∥2).

3.6 Forward-Only Head Score
The flow score Sflow

i requires a backward through
πθ. The body–head factorization θ = (θbody, θout)

yields Sflow
i = Shead

i + Sbody
i with the head admit-

ting a forward-only closed form; the body’s anal-
ogous form (Appendix C.1) is unused, head-only
sufficiency assessed empirically via rbodyi (§3.9).

Shead
i := −αi ⟨∇θoutΦρ, g

out
i ⟩, (17)

with the context–anchor head coupling

κ(a, ci) := h⊤a hci + 1bias, (18)

where 1bias ∈ {0, 1} is 1 if head bias is trainable,
0 otherwise. Wherever 1bias appears in proofs as
a coefficient of a bias-gradient term, it acts as this
scalar (broadcast over the relevant logit index).

Theorem 2 (Head closed form). The head score is

Shead
i =

αi

M

∑︂

a∈A
ρa · κ(a, ci)

·
(︁
ϕa(yi)− Ev∼πci

[ϕa(v)]
)︁
.

(19)

Proof in Appendix B.3.
The body contribution Sbody

i has a closed form
involving the Gram matrixGbody(a, c) (Theorem 3
in Appendix C.1). We do not compute Sbody

i at
every step; instead, the relative residual rbodyi :=

|Sbody
i |/(|Shead

i |+ εnum), sampled on a subset of
rollouts, tracks head-only sufficiency (§4).

3.7 Fisher-Coherent Drift Augmentation
Single-token updates rarely cause collapse; coher-
ent drift across batch updates does, with a small
subset of high-impact tokens accumulating most of
the entropy-reducing pressure (Wang et al., 2025)—
for example, when many high-advantage tokens at
distinct contexts simultaneously push πa toward
a low-entropy basin. We capture this batch-level
mechanism with a second score derived from cu-
mulative push-forward drifts at the anchor.

Let qi := eyi − πci , the logit-direction gradient
of log πci(yi) (cotangent). The anchor-side push-
forward policy drift is the tangent vector

δai := Fϵ(πa) qi ∈ Tπa∆. (20)

Using (1) and FF+
ϵ F = F ,

⟨δai , δaj ⟩F+
ϵ
= q⊤i Fϵ(πa) qj , (21)
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so q⊤Fϵq is the tangent Fisher coherence of policy
drifts at the anchor, expressed via cotangent-side
logit directions. Define the batch drift

ua :=
∑︂

j

αj κ(a, cj) qj (22)

and the risk-weighted Fisher coherence

SFC
i :=

αi

M

∑︂

a

ρa κ(a, ci)

· q⊤i Fϵ(πa)
(︁
ua − αiκ(a, ci) qi

)︁
.

(23)

A positive SFC
i indicates push-forward drift co-

herent with the batch in the tangent Fisher metric,
weighted by ρa, signaling collapse pressure.

Two readings of SFC
i . Mechanistically, SFC

i is
the risk-weighted tangent-Fisher coherence of to-
ken i’s push-forward drift with the batch, requiring
no assumption beyond Proposition 1—our primary
reading. Under a Fisher-isotropic curvature as-
sumption, SFC

i further approximates the per-rollout
contribution to second-order trajectory curvature
of χT , a conditional reading monitored via ηFIC
(Appendix D; empirical diagnostics in Appendix J).

The total per-rollout FRACT attribution score is

S⋆
i := Shead

i + β · SFC
i , with β ≥ 0. (24)

3.8 Algorithm, Loss, and Complexity
S⋆
i drives a sparse, signed-aware selective-KL regu-

larizer. The mask selects the top k% of the collapse-
pressuring rollouts P(t) := {i : S⋆,(t)

i > 0} (roll-
outs with negative scores reduce collapse pressure
and are excluded), yielding the total loss:

mi := 1
[︁
i ∈ TopKk%

(︁
{S⋆,(t)

j }j∈P(t)

)︁]︁
, (25)

L = LGRPO + λ ·
∑︁

imiDKL,i∑︁
imi + εnum

, (26)

with DKL,i := DKL(πθ(·|ci) ∥πθref(·|ci)).
Mass-normalized KL. Dividing by

∑︁
imi

rather than N keeps the effective per-rollout KL
penalty invariant to the TopK budget k, leaving hy-
perparameters λ and k independent (Appendix I).

Procedure. Per GRPO step, FRACT (i) anchor
pre-computes πa, Fϵ(πa),∇pχ̂T ,∇pH, ρa, ηproj;
(ii) computes Shead

i , SFC
i , S⋆

i for each rollout in
the batch; (iii) forms P ∩TopKk% as the KL mask;
(iv) updates θ with LGRPO + λ· masked KL; and
(v) once t ≥ T , appends (p(t−T )

a , Y
(t−T,T )
a ) to the

χ̂T replay buffer and takes one AdamW step. Full
pseudocode is in Algorithm 1 (Appendix H).

Component Risk monitored Diagnostic

Proposition 1 gradient projection ηproj
χ̂T estimation gradient calibration CV(ρa)
Entropy direction shape consistency ρ−ratio
Theorem 2 head sufficiency rbodyi

Overall trajectory alignment AUC / AUPRC

Table 1: FRACT components, their monitored risks, and
matched diagnostics; the first four are per-step monitors,
the last is an end-of-run evaluation. All reported in §4.

Complexity. Per-step quantities in Algorithm 1
are forward statistics at θ(t)—no extra backward
through πθ. Head and FC sums dominate at
O(MN |V |) each; anchor pre-compute ((10)) is
O(M |V |), logistic χ̂T negligible. Empirical struc-
tural overhead: ∼1.5% of GRPO wall-clock at 7B
(§4.6; FLOP/wall-clock breakdown, Appendix V).

3.9 Diagnostics

FRACT pairs each component with a lightweight
diagnostic: four per-step monitors and one end-of-
run validation (Table 1). The projection residual

ηproj(pa) :=

√︁
r⊤a Fϵ(pa) ra√︂

∇pχ̂⊤
T Fϵ∇pχ̂T + εnum

(27)

measures alignment of ∇pχ̂T with the entropy di-
rection. Three further monitors track components:
weight stability CV(ρa) :=

√︁
Vart[ρa]/(|Et[ρa]|+

εnum) for gradient calibration of χ̂T ; negative-
weight ratio ρ−ratio := |{a : ρa < 0}|/M flagging
when entropy fails as a collapse direction (motivat-
ing the multi-feature committor, Appendix E); and
head sufficiency rbodyi validating head-only approx-
imation against full closed form (Appendix C.1).
End-of-run AUC/AUPRC against entropy-collapse
labels Y (t,T ) assess trajectory alignment (§4).

4 Experiments

We evaluate FRACT along four questions. (Q1)
Does the closed-form score match the projection-
aligned analytical form? (Q2) Does it predict
and intervene on future trajectory-level collapse?
(Q3) Which components—projection weighting,
multi-anchor aggregation, and Fisher coherence—
contribute? (Q4) Does it improve reasoning accu-
racy and preserve test-time scaling as a selective
KL signal? We do not claim FRACT is a perfect
collapse oracle, only that it provides a forward-
computable, sparse collapse-pressure signal im-
proving the accuracy–diversity trade-off under RL
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post-training—unlike token-level scores (Cui et al.,
2025; Yu et al., 2025; Wang et al., 2025) based on
current-step statistics, missing the trajectory-level
coupling FRACT captures via projection-aligned
weighting against a finite-horizon committor.

4.1 Setup

Qwen2.5-Base 1.5B/3B/7B with GRPO on MATH
training set (Hendrycks et al., 2021) (7,500 prob-
lems) via Open-R1 (Hugging Face, 2025) on
4×H200 NVL GPUs; defaults M = 8 MATH-
format anchors, T = 20, k = 5%, λ = 5×10−2,
β=0.5, γ=0.5 (full configuration in Appendix G).
At 1.5B, Acc@16 is stable for T = 10–40 (.435–
.438), with T = 20 giving the best AUC (.74;
Appendix N). Increasing anchors from M = 8
to 16 changes Acc@16 only from .438 to .440
(within one SD) while overhead rises from 1.062×
to 1.091×, so we retain M = 8 (Appendix M.2).
A 100-step pilot GRPO run warm-starts χ̂T and is
held out from main training (Appendix O.2); the
pilot is one-time setup, not per-step overhead.

Baselines. We compare against GRPO, four prior
baselines—Entropy Bonus (Mnih et al., 2016), R1-
zero-Div (Yao et al., 2025), Pos-Adv-Reweight (Jin
et al., 2026), KL-Cov (Cui et al., 2025)—and two
FRACT-specific controls: Random-matched-mass
(5% uniformly at random, matching FRACT’s reg-
ularization mass) and Anti-FRACT (bottom 5% by
FRACT score, testing directionality). Predictive-
validity and intervention experiments (§4.2) addi-
tionally compare against Random (chance floor),
token-entropy mean, gradient norm, and KL-Cov.

Reporting. We report the 5-math-benchmark un-
weighted mean of Acc@16: component ablations
(§4.3) use the FRACT-head multi base (Avg ∈ 0.40–
0.44 at 1.5B); E2E tables (§4.4) use full GRPO +
variant pipelines (Avg ∈ 0.26–0.34 at 1.5B). ±
in E2E tables is pooled std across cells and seeds;
tighter seed-only variability and paired per-seed
results are in Appendix W (seed allocation in Ta-
ble 13). Primary claims use 5 seeds, trend-level
ablations 3.

Acc@k vs. Pass@k. Acc@16 averages correct-
ness over 16 generations—a Monte-Carlo estimate
of Pass@1, not Pass@16. Pass@k (Chen et al.,
2021) is the probability at least one of k samples is
correct. We use Acc@16 (§4.3–§4.4) and Pass@k
(§4.5). To compare scaling with different Pass@1,

we report the normalized residual test-time gain

RG1→64 :=
Pass@64− Pass@1

1− Pass@1
, (28)

measuring how much of the residual failure mass
is recovered by additional samples (Appendix F).

4.2 Theory Consistency and Prediction

4.2.1 Implementation and
Trajectory-Gradient Consistency

We verify three links in the forward-only con-
struction (Figure 2). First, the coded closed form
matches a PyTorch autograd evaluation of the an-
alytical expression at 0.5B over 270 measurement
points (Spearman 0.997, R2 ≥ 0.995, median rel-
ative error ∼ 10−5). Second, a tractable small-
K Monte-Carlo trajectory-gradient estimate con-
verges toward the closed form: from K=4 to 32,
relative error falls from 0.38 to 0.16 and rank corre-
lation rises from 0.55 to 0.78. Third, the projected
residual is numerically dual-Fisher orthogonal to
the entropy gradient at the 10−4 level. The finite-
K trend is evidence rather than a high-K proof;
large-horizon Monte-Carlo verification remains in-
tractable (full numerics in Appendix Q, R).

As a temporal-leakage check, the causal com-
mittor trained only on matured pairs s ≤ t− T
achieves AUC 0.74±.04, compared with 0.80±.04
for an intentionally non-causal oracle using future
information. All reported FRACT results use the
causal estimator (Appendix O.2). Theorem 1’s va-
lidity beyond its assumptions is monitored via the
diagnostics of §4.3.4.

4.2.2 Predictive Validity
We assess whether FRACT scores at step t predict
future entropy collapse in the window (t, t + T ].
For per-step aggregate signal we define

P⋆(t) :=
∑︂

i

max
(︁
S
⋆,(t)
i , 0

)︁
, (29)

the total positive-pressure mass across rollouts at
step t. The binary entropy-collapse label is

Y (t,T ) := 1
[︁
∃τ ∈(t, t+ T ] :H(π(a)τ )≤Hmin

]︁
,

(30)
computed per anchor and averaged. AUC/AUPRC
are computed for P⋆(t) → Y (t,T ) across training
steps. We also assess under a non-entropy Pass@1-
drop label to defend against trivial self-correlation
with entropy. Table 2 reports both labels.
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Figure 2: Implementation and trajectory-gradient consistency at 0.5B. (a) Closed-form analytical score vs. autograd
evaluation (270 points). (b) Small-K Monte-Carlo rank agreement increases with K toward the closed form. (c)
Projection residual is numerically orthogonal to the entropy direction in the dual Fisher metric.

Entropy label Pass@1-drop

Score AUC AUPRC Sp. −H̄T AUC AUPRC

Random .50 .22 .00 — —
Token ent. mean .59 .30 .25 .54 .24
Gradient norm .55 .26 .16 — —
KL-Cov .63 .36 .33 .58 .28
FRACT-head (χT ) .68 .41 .45 .61 .31
FRACT-head (ρproj) .71 .44 .49 .63 .33
FRACT-total .74 .48 .53 .65 .36

Table 2: Predictive validity under the entropy-collapse
label (30) and the non-entropy Pass@1-drop label; 1.5B,
5 seeds, all ± ≤ .06 omitted. The projection step
(FRACT-head χT →ρproj) contributes +0.03 AUC un-
der the entropy label; FRACT-total margin over chance
compresses from +0.24 to +0.15 under Pass@1-drop.

Individual seeds show local inversions among
adjacent baselines; the robust pattern is that adding
projection weighting and Fisher coherence each
improves the aggregate signal. Score-ranking visu-
alization across both labels: Figure 4 (Appendix S).

4.2.3 Score-Guided Intervention
We test whether selectively penalizing the top-k
FRACT rollouts at step 50 reduces future anchor
entropy decay. The intervention is the §3.8 loss
restricted to a single step. Table 3 reports ∆H̄T

across budget levels. A complementary single-
token deletion diagnostic at 1.5B is in Appendix P.

4.3 Component Ablations and Diagnostics

4.3.1 Projection Weighting
We isolate ρa via ρ=1 (no trajectory risk), ρ=χT

(committor value), signed ρproj (theory-faithful),
and clipped ρproj+ := max(ρproj, 0). The signed
projection step (ρ=χT →ρproj) yields the largest
Acc@16 gain (+0.023, Table 4), exceeding value-

Score k=1% 3% 5% 10%

Random +.003 +.009 +.014 +.006
Token entropy mean +.012 +.024 +.030 +.025
KL-Cov +.010 +.030 +.038 +.032
FRACT-head (ρproj) +.021 +.041 +.050 +.044
FRACT-full +.024 +.045 +.061 +.053

Table 3: Score-guided intervention effect ∆H̄T at step
50, 1.5B, 5 seeds. Cell std ≤ 0.036 (omitted). FRACT’s
advantage peaks at k=5%; scores plateau or decrease
at k=10%. A budget-vs-∆H̄T plot is in Figure 3.

Metric ρ=1 ρ=χT ρproj signed ρproj+

Acc@16 .398±.008 .411±.009 .434±.010 .428±.010
RG1→64 .43±.04 .47±.04 .51±.04 .49±.04
ρ−ratio — 0 .08–.20 0

Table 4: Projection weighting ablation, 1.5B, 5 seeds.

weighting (ρ= 1→ ρ= χT , +0.013), consistent
with projection being the core mechanism.

4.3.2 Fisher Coherence Weight β
We sweep β∈{0, 0.25, 0.5, 1.0, 2.0}. β=0.5 is
jointly optimal across all metrics (Table 5); β≥1.0
over-weights coherence, degrading head sharpness.

4.3.3 Anchor Strategy
We compare High-risk (default), High-entropy,
First-completion, Prompt-level, and Random strate-
gies. High-risk leads both Acc@16 (+0.011 over
high-entropy) and AUC (+0.03, Table 6), confirm-
ing trajectory-level selection beyond local entropy.
Random tracks the ρ=1 row of Table 4.

4.3.4 Diagnostic Dynamics
We monitor the four diagnostics of §3.9 through-
out training. Projection residual ηproj stays below
0.3 in median during normal training and rises pre-
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β Acc@16 AUC RG1→64

0 .418±.010 .71±.04 .49±.04
0.25 .430±.011 .73±.04 .51±.04
0.5 .438±.011 .74±.04 .53±.04
1.0 .435±.012 .72±.05 .49±.05
2.0 .420±.015 .68±.05 .45±.06

Table 5: Fisher coherence ablation, 1.5B, 3 seeds.

Anchor Acc@16 AUC Overhead

High-risk .439±.011 .74±.04 1.058×
High-entropy .428±.012 .71±.04 1.052×
First-completion .418±.013 .67±.04 1.050×
Prompt-level .414±.012 .65±.04 1.044×
Random .402±.015 .61±.05 1.041×

Table 6: Anchor selection strategy, 1.5B, 3 seeds.

collapse (Table 9), signaling that the entropy di-
rection loses dominance precisely when collapse
is imminent. Head/body approximation: median
rbodyi remains below 0.35 across steps 20/60/100,
while Spearman agreement between Shead and
Sflow rises to .83–.90 and top-5% Jaccard to .62–
.74 by step 100 (Table 7), supporting head-only
selection. Fisher-coherence mechanism: GFC roll-
outs have substantially higher pairwise drift cosine
than random (.12 vs. .02 median), and combining
head and FC gives the largest entropy-preservation
intervention (∆H̄T = +.059; Table 8). The FC
increment is directional rather than independently
decisive at the small seed budget, so we retain it
as an aggregate-positive complementary correction.
A quadrant view of (ηproj, ρ−ratio) co-evolution is
in Appendix T.

4.4 End-to-End Benchmark-wise Training

Table 10 reports each method’s Acc@16 across
five reasoning benchmarks: GSM8K (Cobbe et al.,
2021), MATH500 (Lightman et al., 2024), AMC
and AIME24 (Li et al., 2024), and AIME25 (Zhang
and Math-AI Team, 2025).

FRACT-full leads Avg by +0.037, +0.034,
+0.045 over KL-Cov at 1.5B/3B/7B. FRACT-
specific controls confirm directionality: Random-
matched-mass tracks Entropy Bonus (+0.009 over
GRPO at 1.5B; regularization mass without selec-
tion criterion), while Anti-FRACT underperforms
GRPO by −0.007. All 15 FRACT-full − KL-
Cov cells (scales × benchmarks) are positive (Ap-
pendix W.1, Figure 5), as are all 15 matched seed
averages; paired seed gaps span +.031–+.044 /
+.031–+.037 / +.035–+.058 at 1.5B/3B/7B (Ap-

Step Med. rbodyi Sp. Shead, Sflow Top-5% Jacc.

20 .25–.34 .76–.84 .52–.64
60 .20–.30 .81–.88 .59–.70
100 .17–.27 .83–.90 .62–.74

Table 7: Head/body approximation diagnostics, 1.5B, 5
seeds. P90 body residual is .38–.66.

Quantity Random GFC Ghead Gtotal

Drift cos. (med.) .02 .12 .06 .10
∆H̄T +.012 +.024 +.046 +.059

Table 8: Fisher-coherence mechanism, 1.5B, 5 seeds.
FC selection concentrates coherent batch drift; the com-
bined intervention gives the largest entropy preserva-
tion.

pendix W), with the largest benchmark gains at
AMC/AIME24 on 7B.

Fisher coherence contribution. FRACT-full −
FRACT-head multi isolates the FC term. Paired per-
seed FC contribution is positive in 4/5 seeds at each
scale; Avg ∆ ∈ {+0.006,+0.005,+0.006} (per-
benchmark breakdown in Appendix W.5). With 5
seeds per scale, results are directional, not decisive;
FC complements rather than drives FRACT.

4.5 Pass@k Scaling

Table 11 reports Pass@k at 7B (5 seeds) for all
three methods under the same pipeline. Pass@k at
3B (5 seeds) and 1.5B (3 seeds) in Appendix X.

Test-time scaling. GRPO improves Pass@1 over
Base but loses residual scaling on harder bench-
marks (Base’s Pass@64 surpasses GRPO’s on
AIME24/25). FRACT-full improves Pass@1 and
RG1→64 over GRPO on all four benchmarks, ex-
ceeding Base and GRPO at every k∈{1, 16, 64}.
This simultaneous Pass@1 and Pass@k improve-
ment is the signature of selective regularization
on collapse-critical tokens. Across scale, Base
overtakes GRPO at Pass@64 on AIME24/AIME25,
whereas FRACT-full exceeds Base at every mea-
sured k ∈ {1, 16, 64} in all 12 scale–benchmark
cells and improves RG1→64 over GRPO in 11/12
(Appendix X.6, X.7); curves are in Appendix X.1.

4.6 Computational Cost

FRACT-full adds 6.2% wall-clock at 7B over
GRPO vs. 1.8% for KL-Cov, decomposing into
∼ 1.5% structural cost (anchor forward, Fϵ mul-
tiplications, head/FC sums, ρa evaluation, mask

36776



Stage Median ηproj P90

Early .18–.26 .34–.45
Mid .22–.31 .39–.52
Pre-collapse .31–.43 .52–.66
Severe collapse .34–.50 .58–.74

Table 9: Projection residual ηproj over training, 1.5B, 5
seeds. The pre-collapse rise from .18–.26 to .31–.43 in
median is the signature monitored by Proposition 1.

Method GSM8K MATH AMC AIME24 AIME25 Avg

1.5B, 5 seeds
GRPO .702 .520 .120 .004 .000 .269±.013
+Entropy Bonus .716 .532 .128 .012 .000 .278±.012
+R1-zero-Div .724 .536 .132 .018 .002 .282±.014
+Pos-Adv-Reweight .722 .534 .130 .013 .004 .281±.013
+KL-Cov .738 .560 .138 .054 .033 .305±.014
+FRACT-head single .768 .581 .169 .067 .046 .326±.016
+FRACT-head multi .772 .598 .184 .083 .043 .336±.017
+FRACT-full .781 .603 .187 .085 .052 .342±.016
Rnd.-matched-mass .720 .532 .124 .013 .002 .278±.018
Anti-FRACT .694 .507 .108 .000 .000 .262±.014

3B, 5 seeds
GRPO .780 .595 .245 .018 .004 .328±.013
+KL-Cov .815 .626 .274 .086 .054 .371±.015
+FRACT-head multi .854 .668 .310 .099 .069 .400±.015
+FRACT-full .852 .672 .319 .106 .074 .405±.016
Anti-FRACT .768 .580 .224 .011 .000 .317±.015

7B, 5 seeds
GRPO .825 .715 .550 .125 .083 .460±.014
+KL-Cov .841 .750 .584 .141 .096 .482±.016
+FRACT-head multi .879 .778 .638 .187 .123 .521±.017
+FRACT-full .876 .785 .642 .201 .130 .527±.018
Anti-FRACT .808 .692 .527 .105 .063 .439±.015

Table 10: Benchmark-wise Acc@16. Reported ± is
pooled std across cells and seeds. Full 3B/7B compari-
son (Entropy Bonus, R1-zero-Div, Pos-Adv-Reweight,
Random-matched-mass) in Appendix W.1.

gather), ∼3.0% from longer completions—the pol-
icy retaining the option to extend reasoning rather
than prematurely collapse—and ∼ 1.7% residual
system overhead (Table 37, Appendix V).

Generalization beyond RLVR. Under
INTUITOR-style RLIF (Zhao et al., 2026),
FRACT-full also improves Avg Acc@16 over
INTUITOR + KL-Cov by +.022/+ .018/+ .022
at 1.5B/3B/7B, respectively, while the 7B normal-
ized residual gain increases from .56 to .63. The
gains are smaller than under RLVR but remain
consistently positive across scales (Appendix U).

4.7 Summary
FRACT improves Acc@16 over KL-Cov by
+.037/ + .034/ + .045 at 1.5B/3B/7B with pos-
itive paired gains in all 15 matched seeds. It
exceeds Base at every measured k ∈ {1, 16, 64}
across all 12 scale–benchmark cells and improves
residual scaling over GRPO in 11/12 cells (Ap-
pendix X.6). Controls confirm directionality (Anti-

Method k MATH500 AMC AIME24 AIME25

Base

1 .60 .23 .07 .05
16 .86 .65 .40 .32
64 .92 .80 .52 .43
RG1→64 .80 .74 .48 .40

GRPO

1 .71 .55 .13 .07
16 .89 .82 .41 .28
64 .93 .90 .50 .36
RG1→64 .76 .78 .43 .31

FRACT-full
1 .78 .64 .21 .14
16 .92 .90 .48 .36
64 .95 .96 .57 .45
RG1→64 .77 .89 .46 .36

Table 11: Pass@k and RG1→64 at 7B, 5 seeds.

FRACT −0.007 vs. GRPO) and that selection, not
regularization mass, drives the effect (Random-
matched-mass +0.009); the FC term adds a con-
sistent +0.005–+0.006 in 4/5 seeds at every scale
as a complementary correction. Structural over-
head is ∼ 1.5% of GRPO wall-clock (6.2% with
longer completions), and gains extend to RLIF with
intrinsic rewards (Appendix U).

5 Conclusion

We recast entropy collapse in RLVR as a trajectory-
level attribution problem. Projecting the gradient
of a learned T -step committor onto the entropy
direction in the dual Fisher metric of the simplex
(Prop. 1) turns an intractable trajectory gradient
into a tractable risk-weighted entropy surrogate
plus a monitorable residual (Thm. 1), and the head
term admits a matrix-free closed form requiring no
extra backward through the policy (Thm. 2). The
resulting per-rollout score, used as a sign-aware
sparse selective-KL atop GRPO, improves Avg
Acc@16 over KL-Cov by +.037/+.034/+.045 on
Qwen2.5-Base 1.5B/3B/7B and raises Pass@1 and
Pass@64 on all four 7B benchmarks—mitigating,
not merely shifting, the accuracy–diversity trade-
off—while Anti-FRACT and Random-matched-
mass jointly isolate the score itself as the causal
lever at ∼1.5% structural overhead.

The geometric takeaway: once committor and
entropy gradients are placed in their natural dual-
Fisher pairing, the right unit of intervention is the
rollout weighted by its projected collapse contri-
bution, not the token taken locally. We expect this
projection-then-attribute pattern to apply to other
RL post-training pathologies that accumulate co-
herently across batches rather than locally.
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Limitations

Scope of application. FRACT is a selective KL
regularizer applied on top of GRPO; it is not
a replacement for RL algorithms such as PPO
or RLHF and is not designed to subsume ex-
isting post-training pipelines. Our experiments
are restricted to mathematical reasoning (MATH,
GSM8K, AMC, AIME), the Qwen2.5-Base family
at 1.5B/3B/7B (decoder-only transformers), and
one alternative reward regime (INTUITOR-style
RLIF, Appendix U). Transferability to other reason-
ing domains—logical reasoning, code generation,
multi-step planning—and to other architecture fam-
ilies (encoder-decoder, mixture-of-experts) or to
scales beyond 7B remains to be established.

Theoretical scope. Proposition 1 and Theo-
rem 1 are stated under explicit assumptions on the
simplex-tangent geometry, and Theorem 2 addition-
ally relies on the body–head factorization standard
in transformer architectures. A Monte-Carlo veri-
fication of the trajectory-gradient identity at large
training horizons is computationally intractable and
is not attempted; the assumptions are instead moni-
tored empirically through the matched diagnostics
of §3.9 (ηproj, CV(ρa), ρ−ratio, rbodyi ). The Fisher-
isotropic curvature interpretation of SFC

i is offered
as a complementary conditional reading; the pri-
mary tangent-coherence interpretation, which all
reported conclusions rest on, requires no additional
assumption beyond Proposition 1.

Component design. The Fisher coherence term
is by design a complementary correction layered on
top of the head score, not an independently decisive
component; the full head-only variant is recover-
able by setting β=0 at no architectural cost (effect-
size breakdown in §4.7 and Appendix Y). The
selective-KL framing inherits the standard tradeoff
of regularization-based methods: gains are condi-
tional on the regularization budget being properly
tuned within the operating regime.

Hyperparameter dependence. FRACT intro-
duces additional hyperparameters (T , k, λ, β, γ,
and the committor estimator χ̂T ). Defaults are cho-
sen by pilot tuning and validated through sensitivity
sweeps covering each (Appendices N, M.2, I.4, I);
robustness within practical ranges is documented,
but other reward regimes or architectures may re-
quire re-tuning.

Computational overhead. FRACT adds ∼1.5%
structural overhead and ∼6.2% total overhead (in-
cluding longer completions) over GRPO, domi-
nated by the asynchronous committor-estimator
training. The estimator is amortized across many
training steps via a one-time pilot warm-start (§4.1,
Appendix O.2); per-step compute carries no addi-
tional backward pass through the policy due to the
head closed form (Theorem 2).

Ethical and societal considerations. FRACT
modifies the RL training procedure of large lan-
guage models without introducing new training
data, altering safety alignment procedures, or
changing downstream task scope. Risks associated
with deploying any RL-tuned language model—
factuality, bias amplification, misuse—are inher-
ited from the base model and the reward signal and
are not specifically addressed by our method.

Failure modes. A catalog of falsification criteria
stated in advance of the experiments and acceptable
mixed outcomes observed in the results is provided
in Appendix Y.

Ethics Statement

FRACT is a methodological contribution to RLVR
post-training; it modifies the RL optimization
trajectory but introduces no new training data
and no changes to safety alignment procedures.
All datasets (MATH, GSM8K, MATH500, AMC,
AIME24/25) and base models (Qwen2.5-Base
1.5B/3B/7B) are publicly available and used
within their intended research scope. Risks as-
sociated with deploying any RL-tuned language
model—factual errors, bias amplification, capabil-
ity misuse—are inherited from the base model and
reward signal and are not specifically addressed
by our method. We make no claim that FRACT
improves safety, factuality, or alignment. Computa-
tional overhead is documented (Appendix V), and
per-seed numerical results with paired comparisons
are reported (Appendix W) to support reproduction.
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A Information-Geometric Background

This appendix substantiates the choice of Fϵ as the
inner product in the projection of Proposition 1.
The choice is dictated by an information-geometric
primal–dual pairing on the probability simplex.
We first review the relevant geometry, then ver-
ify that two natural projection formulations—one
in the cotangent space, one in the tangent space—
coincide and reduce to the formula (11) appearing
in the main body.

A.1 Tangent and Cotangent Spaces on the
Simplex

Let ∆ = {p ∈ R|V |
>0 : 1⊤p = 1} denote the open

simplex of strictly positive distributions. The tan-
gent space at p is

Tp∆ = {u ∈ R|V | : 1⊤u = 0}. (31)

The Fisher geometry on ∆ distinguishes two kinds
of objects with different natural norms.

Tangent (primal) norm. Policy drifts δp ∈ Tp∆
are tangent vectors. Their natural norm is the Fisher
information metric:

∥δp∥2tan := δp⊤F+
ϵ (p) δp

=
∑︂

v

(δpv)
2

p̃(v)
,

(32)

a chi-squared-type distance that locally weighs
drifts by the inverse of the clipped probability. This
is the metric obtained by pulling back the Euclidean
metric on the parameter space of a softmax model
through the policy map.

Cotangent (dual) norm. Gradients of scalar
functions, ∇pf ∈ T ∗

p∆, are cotangent vectors.
Their natural norm is the dual Fisher metric:

∥∇pf∥2cot := ∇pf
⊤Fϵ(p)∇pf. (33)

For the natural-gradient flow ∇̃f := Fϵ∇pf ∈
Tp∆ (steepest-ascent direction in the Fisher geom-
etry),

∥∇̃f∥2tan = (Fϵ∇f)⊤F+
ϵ (Fϵ∇f)

= ∇f⊤FϵF
+
ϵ Fϵ∇f

= ∇f⊤Fϵ∇f
= ∥∇pf∥2cot,

using the identity FϵF
+
ϵ Fϵ = Fϵ on Tp∆.

A.2 Why Fϵ for the Projection
Both ∇pχT (pa) and ∇pH(pa) are gradients of
scalar functions on the simplex and hence live in
T ∗
pa∆. The natural inner product for projecting one

onto the other is therefore the dual Fisher metric
Fϵ(pa), not the primal F+

ϵ (pa). We verify below
that this choice is consistent with two alternative
formulations of the same projection.

Equivalence with natural-gradient projection in
the tangent space. Define the natural gradients
∇̃χT := Fϵ∇pχT and ∇̃H := Fϵ∇pH , both tan-
gent vectors. Their projection coefficient in the
tangent (F+

ϵ ) metric is

ρtana :=
⟨∇̃χT , ∇̃H⟩F+

ϵ

⟨∇̃H, ∇̃H⟩F+
ϵ

=
(Fϵ∇χT )

⊤F+
ϵ (Fϵ∇H)

(Fϵ∇H)⊤F+
ϵ (Fϵ∇H)

=
∇χ⊤

T FϵF
+
ϵ Fϵ∇H

∇H⊤FϵF
+
ϵ Fϵ∇H

=
∇χ⊤

T Fϵ∇H
∇H⊤Fϵ∇H

,

(34)

where the last step uses FϵF
+
ϵ Fϵ = Fϵ. Comparing

(34) with (11) gives ρa = −ρtana : the cotangent pro-
jection and the natural-gradient tangent projection
produce the same coefficient up to the conventional
sign. The dual Fisher metric is the geometrically
consistent inner product for the projection step.

Equivalence with the natural-gradient direction.
A second consistency check: the natural-gradient
direction Fϵ∇χT is the steepest-ascent direction of
χT in the Fisher geometry. Its component along the
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natural-gradient direction of H involves Fϵ in the
numerator. The projection in (11) therefore mea-
sures how aligned the steepest-ascent direction of
the committor is with the steepest-ascent direction
of entropy, in the Fisher geometry of the simplex.

A.3 Numerical Advantages of Fϵ

Beyond the geometric justification, Fϵ has substan-
tial practical advantages over F+

ϵ .

Bounded entries. Fϵ = diag(p̃) − p̃p̃⊤ has en-
tries bounded by maxv p̃(v) ≤ 1. F+

ϵ has spec-
tral entries proportional to 1/p̃(v), growing un-
boundedly as the clipping ϵ → 0 on a near-zero-
probability token. Using F+

ϵ as an inner prod-
uct would amplify noise on rare tokens—precisely
those whose log-probability has the largest fluctua-
tion under stochastic policy updates.

Matrix-free implementation. Fϵ acts on a vec-
tor as

Fϵv = p̃⊙ v − p̃ (p̃⊤v), (35)

which is O(|V |) per multiplication, requires only
the clipped policy vector p̃, and avoids materializ-
ing either Fϵ or F+

ϵ as a dense |V | × |V | matrix.
Forming F+

ϵ explicitly would require a pseudo-
inverse computation cubic in |V | for a naive ap-
proach and numerically unstable near the bound-
ary.

Practical implication. The combination of
bounded entries and matrix-free multiplication is
what makes the projection step in FRACT com-
putationally cheap at LM scale: each anchor con-
tributes one Fϵ · v multiplication plus inner prod-
ucts, all O(|V |). The total anchor pre-compute is
O(M |V |), dominated in practice by the anchor for-
ward pass rather than by the projection computation
itself.

A.4 Connection to Natural Policy Gradient
The choice of Fϵ has a natural reading in the
natural-policy-gradient literature (Kakade, 2001):
in NPG one preconditions the parameter-space gra-
dient by the inverse Fisher information of the pol-
icy. In FRACT, the projection step (11) is the
simplex-side analogue: it asks what fraction of
the (cotangent) committor gradient aligns with the
(cotangent) entropy gradient in the dual Fisher met-
ric. The resulting coefficient ρa then weights an
entropy-surrogate gradient in parameter space (The-
orem 1), producing what is effectively a natural-
gradient-informed surrogate for trajectory risk.

A.5 Worked Example: |V | = 3

To make the geometry concrete, consider |V | = 3
with π = (0.7, 0.2, 0.1) and no clipping (p̃ = π).
Then

Fϵ =

⎛
⎝

0.21 −0.14 −0.07
−0.14 0.16 −0.02
−0.07 −0.02 0.09

⎞
⎠ ,

∇pH =

⎛
⎝
− log 0.7− 1
− log 0.2− 1
− log 0.1− 1

⎞
⎠ ≈

⎛
⎝
−0.643
0.609
1.303

⎞
⎠ .

For a hypothetical committor gradient ∇pχT =
(−0.1, 0.05, 0.2)⊤, the projection coefficient is

ρa = − ∇χ⊤
T Fϵ∇H

∇H⊤Fϵ∇H
≈ −0.027

0.119
≈ −0.227,

indicating that the committor varies along the neg-
ative entropy direction (i.e., committor decreases
as entropy increases) and contributing positively
to the entropy surrogate Φρ. The residual ra =
∇χT + ρa∇H ≈ (−0.246, 0.188, 0.504)⊤ satis-
fies r⊤a Fϵ∇H ≈ 0 to numerical precision, confirm-
ing dual-Fisher orthogonality.

B Proofs of Main Results

This section gives self-contained proofs of the
three results stated in the main text: Proposition 1
(projection decomposition), Theorem 1 (trajectory
alignment), and Theorem 2 (head closed form). No-
tation follows §3.

B.1 Proof of Proposition 1

Statement (restated). For each anchor a with
∇pH(pa) ̸= 0, define

ρa := −

∇pχT (pa)
⊤Fϵ(pa)

· ∇pH(pa)

∇pH(pa)
⊤Fϵ(pa)

· ∇pH(pa)

. (11 restated)

Then ∇pχT (pa) = −ρa∇pH(pa) + ra with
r⊤a Fϵ(pa)∇pH(pa) = 0.

Proof. Define the residual

ra := ∇pχT (pa) + ρa∇pH(pa),

so the decomposition ∇pχT = −ρa∇pH + ra
holds by construction. The orthogonality claim
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is a direct computation. Writing ⟨u, v⟩a :=
u⊤Fϵ(pa) v,

⟨ra,∇pH⟩a = ⟨∇pχT + ρa∇pH,∇pH⟩a
= ⟨∇pχT ,∇pH⟩a
+ ρa ⟨∇pH,∇pH⟩a.

Substituting the definition of ρa,

⟨ra,∇pH⟩a = ⟨∇pχT ,∇pH⟩a

− ⟨∇pχT ,∇pH⟩a
⟨∇pH,∇pH⟩a

⟨∇pH,∇pH⟩a

= 0.

This holds exactly, with no ϵ-residual: the only as-
sumption is that the dual-Fisher norm of ∇pH at pa
is non-zero, which fails only at the uniform distribu-
tion where ∇pH ∝ 1 and Fϵ1 = 0 (measure-zero,
excluded throughout).

Why the dual metric. Appendix A provides the
full information-geometric justification: ∇pχT and
∇pH are cotangent vectors, and the natural inner
product on cotangent vectors is the dual Fisher met-
ric Fϵ. The same projection coefficient is obtained
equivalently as a tangent-space projection of the
natural gradients Fϵ∇pχT and Fϵ∇pH , confirming
geometric consistency.

Implementation note. The proof above uses the
exact ∇pχT . In practice FRACT uses the learned
∇pχ̂T and adds a numerical regularizer εnum to the
denominator of (11):

ρimpl
a := − ∇pχ̂T (pa)

⊤Fϵ(pa)∇pH(pa)

∇pH(pa)⊤Fϵ(pa)∇pH(pa) + εnum
.

(36)
This yields ρimpl

a that deviates from the exact ρa
by O(εnum) when the true denominator is bounded
away from zero, and gracefully damps the projec-
tion when ∇pH approaches the flat direction. We
monitor ηproj and CV(ρa) to track the resulting
calibration (§3.9 and §4.3.4).

Sign of ρa. Proposition 1 does not constrain the
sign of ρa. When the committor varies along
−∇pH in the dual metric, ρa > 0 (the typical
ESS regime). When the committor varies along
+∇pH at some anchor, ρa < 0 at that anchor. The
signed convention is essential for Theorem 1 to
hold as an exact identity; clipping the sign would
break the chain-rule decomposition. The fraction
of anchors with ρa < 0 is reported as ρ−ratio (§3.9).

B.2 Proof of Theorem 1
Statement (restated). With ρa, ra from Propo-
sition 1 and Φρ(θ) := 1

M

∑︁
a ρaHa(θ) (each ρa

detached),

∇θΨT (θ) = −∇θΦρ(θ)+Eproj(θ), (15 restated)

where Eproj(θ) := 1
M

∑︁
a Jπ(a; θ)

⊤ra.

Proof. By the chain rule applied to χT (pa(θ)) at a
single anchor,

∇θχT (pa(θ)) = Jπ(a; θ)
⊤∇pχT (pa), (37)

where Jπ(a; θ) = ∂πθ(· | a)/∂θ ∈ R|V |×d is
the policy Jacobian at the anchor. The gradient
∇pχT (pa) lives in T ∗

pa∆ (well-defined because
Jπ(a)1 = 0). Substituting the projection decom-
position (12),

∇θχT (pa(θ)) = Jπ(a)
⊤[−ρa∇pH(pa) + ra]

= −ρa Jπ(a)⊤∇pH(pa)

+ Jπ(a)
⊤ra

= −ρa∇θHa(θ) + Jπ(a)
⊤ra,

where the final equality applies the chain rule to
Ha(θ) = H(pa(θ)) in the opposite direction. Av-
eraging over a ∈ A,

∇θΨT (θ) =
1

M

∑︂

a

∇θχT (pa(θ))

= − 1

M

∑︂

a

ρa∇θHa(θ)

+
1

M

∑︂

a

Jπ(a)
⊤ra.

Because each ρa is treated as a scalar detached
from the autograd graph, ∇θ(ρaHa) = ρa∇θHa,
so the first sum equals ∇θΦρ(θ). The second sum
is Eproj(θ), completing the proof.

Operator-norm bound on the residual. By sub-
multiplicativity and the triangle inequality,

∥Eproj∥2 ≤
1

M

∑︂

a

∥Jπ(a)∥op ∥ra∥2. (38)

Two observations: (i) when the committor gradient
lies in the entropy direction at every anchor (the
ESS regime), ra = 0 for all a and the residual
vanishes identically; (ii) via softmax–Fisher,

∥Jπ(a)∥op = ∥F (πa)Jz(a)∥op
≤ ∥F (πa)∥op∥Jz(a)∥op
≤ 1

2∥Jz(a)∥op
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by Lemma 2. A uniform bound on the logit Jaco-
bian (Assumption SGD) therefore yields a uniform
bound on ∥Eproj∥2.

Detachment of ρa. The detachment of ρa is es-
sential: if ρa depended on θ through autograd, the
identity (15) would acquire additional terms involv-
ing ∂ρa/∂θ. The detached convention makes Φρ

a clean entropy surrogate—only the θ-dependence
inside Ha contributes to ∇θΦρ.

Per-rollout flow score and first-order expansion.
The flow score Sflow

i := −αi⟨∇θΦρ, gi⟩ inherits
the residual via Theorem 1. A first-order Taylor
expansion of ΨT (θ+∆θ) along ∆θ = η

N

∑︁
i αigi

yields

ΨT (θ +∆θ)−ΨT (θ)

=
η

N

∑︂

i

Sflow
i + ⟨Eproj,∆θ⟩

+O(∥∆θ∥2),

(39)

where the O(∥∆θ∥2) remainder is controlled via
Lemma 4 and Theorem 4. The middle term van-
ishes in the ESS regime and is otherwise bounded
by ∥Eproj∥2 · ∥∆θ∥2.

Relation to the policy gradient theorem. The-
orem 1 can be read as a special-case projection of
the policy gradient theorem (Sutton et al., 1999):
the long-horizon return is replaced by the finite-
horizon committor χT , and the projection step re-
places a direct Monte-Carlo estimate of the gradi-
ent. The advantage is that the projection formu-
lation produces a tractable closed-form surrogate
Φρ whose parameter-space gradient is computable
from forward statistics (Theorem 2), at the cost of
the explicit residual Eproj.

B.3 Proof of Theorem 2

Statement (restated). Let Shead
i :=

−αi ⟨∇θoutΦρ, g
out
i ⟩ with gouti := ∇θout log πθ(yi |

ci), and κ(a, ci) := h⊤a hci + 1bias. Then

Shead
i =

αi

M

∑︂

a∈A
ρa · κ(a, ci)

·
(︁
ϕa(yi)− ϕ̄(i)a

)︁
. (19 restated)

Proof. The proof has four steps: head gradients
of anchor entropy, head gradients of token log-
probability, the per-anchor inner product, and the
risk-weighted sum.

Step 1 (anchor head gradients). Differentiat-
ing Ha in wu using ∇wuπa(v) = πa(v)(δu,v −
πa(u))ha,

∇wuHa = −
∑︂

v

[︁
∇wuπa(v)

]︁(︁
log πa(v) + 1

)︁

= −
∑︂

v

πa(v)
(︁
δu,v − πa(u)

)︁

·
(︁
log πa(v) + 1

)︁
ha.

The constant term
∑︁

v πa(v)(δu,v − πa(u)) van-
ishes by simplex normalization, and using s(a)v =
log πa(v) +Ha,

∇wuHa = −πa(u) s(a)u ha = −ϕa(u)ha, (40)

where ϕa(u) := πa(u) s
(a)
u . An analogous calcula-

tion for the bias gives

∇buHa = −ϕa(u)1bias. (41)

Step 2 (token log-prob head gradients). By a
standard softmax identity,

∇wu log πci(yi) =
(︁
δu,yi − πci(u)

)︁
hci ,

∇bu log πci(yi) =
(︁
δu,yi − πci(u)

)︁
1bias.

(42)

Step 3 (single-anchor inner product). Sum-
ming over u ∈ V using (40), (41), (42):

⟨∇θoutHa, g
out
i ⟩

=
∑︂

u

[︂
−ϕa(u)h⊤a

(︁
δu,yi − πci(u)

)︁
hci

− ϕa(u)
(︁
δu,yi − πci(u)

)︁
1bias

]︂

= −
(︁
h⊤a hci + 1bias

)︁

·
∑︂

u

ϕa(u)
(︁
δu,yi − πci(u)

)︁

= −κ(a, ci)
(︁
ϕa(yi)− ϕ̄(i)a

)︁
,

where ϕ̄(i)a := Ev∼πci
[ϕa(v)] =

∑︁
u πci(u)ϕa(u).

Step 4 (risk-weighted sum). Since Φρ =
1
M

∑︁
a ρaHa with detached ρa,

∇θoutΦρ = 1
M

∑︂

a

ρa∇θoutHa.

Substituting Step 3 and applying Shead
i :=

−αi ⟨∇θoutΦρ, g
out
i ⟩ produces (19).

Forward-only structure. Every quantity in (19)
is a forward statistic at θ(t): hidden states ha, hci ,
policy values πa, πci , anchor scores ϕa, projection
weight ρa. No backward through the policy is re-
quired to evaluate Shead

i ; the only backward pass
needed is the standard GRPO update.
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Interpretation of the closed form. κ(a, ci) mea-
sures hidden-state similarity between anchor and
rollout’s prompt; large values mean the rollout’s
prompt is similar to the anchor and its head update
will strongly influence the anchor’s distribution.
ϕa(yi) − ϕ̄

(i)
a measures the centered surprisal of

the rollout’s selected token under the anchor’s dis-
tribution: large positive values indicate the rollout
selected a high-probability anchor token whose sur-
prisal exceeds the rollout’s own expectation. The
product is then risk-weighted by ρa across anchors
and advantage-weighted by αi.

C Body Residual and Supporting
Lemmas

This section closes out the body–head factoriza-
tion by providing the closed form of Sbody

i , three
supporting lemmas (Bregman identity, vocabulary-
independent Hessian bound, logit-linearization re-
mainder), and a ranking-margin theorem justifying
head-only sufficiency.

C.1 Body Residual Closed Form

Theorem 3 (Body residual). With Ja :=
∂ha/∂θbody, Jc := ∂hc/∂θbody, and the body-side
Gram matrix

Gbody(a, c) :=W⊤JaJ⊤
c W ∈ R|V |×|V |, (43)

the body component of the flow score equals

Sbody
i =

αi

M

∑︂

a

ρa ϕ
⊤
a Gbody(a, ci)(eyi − πci).

(44)
Consequently Sflow

i = Shead
i + Sbody

i .

Proof. From za,v = w⊤
v ha + bv, ∇θbodyza,v =

J⊤
a wv, and chain-rule through the softmax,

∇θbodyHa = −J⊤
a W ϕa, (45)

where the negative sign and ϕa come from the iden-
tities used in Step 1 of the head proof. Symmetri-
cally for token log-probability at ci,

∇θbody log πci(yi) = J⊤
ciW

(︁
eyi − πci

)︁
. (46)

Their inner product is −ϕ⊤a Gbody(a, ci)(eyi −
πci). Risk-weighted summation and Sbody

i :=
−αi⟨∇θbodyΦρ, ∇θbody log πi⟩ give (44). The flow-
score decomposition follows from the orthogonal
split θ = (θbody, θout).

Why we do not compute Sbody
i in the main loop.

Exact computation requires the |V | × |V | Gram
matrix Gbody(a, ci) for every (anchor, rollout) pair,
costingO(MN |V |2) per step. At LM scale (|V | ∼
105) this is prohibitive. FRACT instead uses Shead

i

and validates head sufficiency empirically through
rbodyi = |Sbody

i |/(|Shead
i | + εnum), sampled on a

subset of rollouts (§4.3.4).

Spectral reduction (sketch). Under two simpli-
fying conditions, often approximately satisfied in
trained LMs, Sbody

i admits a head-like reduction:

1. Separability: Gbody(a, c) ≈ γ(a, c) · I for an
effective scalar coupling.

2. Token-diagonal action: the dominant compo-
nent of W⊤JaJ⊤

c W acts as a rank-1 operator
in the ϕa-direction.

Under both, Sbody
i ∝ Shead

i up to an effective scal-
ing, and rbodyi stays bounded. The validity of this
reduction is not assumed by Theorem 1 or Theo-
rem 2; it is empirically monitored throughout train-
ing, with median rbodyi ≤ 0.35 and top-5% Jaccard
agreement above 0.5 in our runs (Table 7).

Pairwise bound. For ranking, what matters is
the pairwise gap |Sbody

i − Sbody
j |. By the triangle

inequality and (44),

|Sbody
i − Sbody

j |

≤ 1

M

∑︂

a

|ρa| ∥ϕa∥2

· ∥Gbody(a, c)∥op
· (|αi|+ |αj |)

√
2 sup

c
∥ey − πc∥2,

(47)

bounded by 2
√
2AmaxσmaxGbody,maxρ̄|·| for the

constants defined in the ranking margin theorem
below.

C.2 Bregman Endpoint Identity

The following identity converts finite-step entropy
changes into a linear part plus a KL remain-
der, underlying the second-order analysis of Ap-
pendix D.4.

Lemma 1 (Bregman endpoint identity). For poli-
cies π0, π1 on the same support,

H(π0)−H(π1)

= ⟨π1 − π0, log π0⟩+DKL(π1 ∥π0).
(48)
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Proof. H(π0) − H(π1) = ⟨π1, log π1⟩ −
⟨π0, log π0⟩. Adding and subtracting ⟨π1, log π0⟩:

H(π0)−H(π1) = ⟨π1 − π0, log π0⟩
+ ⟨π1, log π1 − log π0⟩

= ⟨π1 − π0, log π0⟩
+DKL(π1 ∥π0).

Corollary 1 (Anchor entropy step decomposition).
With ∆end

a := πa(θ +∆θ)− πa(θ),

Ha(θ)−Ha(θ+∆θ) = ⟨∆end
a , log πa(θ)⟩+DKL.

The risk-weighted sum
∑︁

a ρa [Ha(θ) − Ha(θ +
∆θ)] inherits this decomposition exactly: the linear
part produces the flow score, the KL part produces
the Bregman correction analyzed in Appendix D.4.

C.3 Hessian Bounds on Entropy
We bound the second-order remainder when ex-
panding Ha or χT (pa) around θ. The two key
constants are the operator norm of the entropy Hes-
sian in logit space (Lemma 2) and a vocabulary-
independent bound combining it with a curvature
correction (Theorem 4).

Lemma 2 (Logit-space entropy Hessian). For any
π = softmax(z) over |V | tokens,

∇2
zH(π) = −F (π) +R(π),

R(π) := ϕπ⊤ + πϕ⊤ − diag(ϕ),
(49)

with F (π) = diag(π) − ππ⊤. Moreover
∥F (π)∥op ≤ 1/2 for every π.

Proof. Differentiate H(π(z)) = −∑︁
v πv log πv

twice in z using ∂πv/∂zu = πv(δuv − πu). The
first derivative is ∂H/∂zu = −ϕu. The second
derivative, after collecting terms, gives ∇2

zH =
−F (π) + R(π). The bound on ∥F∥op follows
from

x⊤Fx =
∑︂

v

πvx
2
v −

(︂∑︂

v

πvxv

)︂2
= Varπ[X],

and Varπ[X] ≤ 1
4(maxx − minx)2 ≤ 1

2∥x∥22.

Lemma 3 (Score-moment bounds). With σ2c :=∑︁
v πc(v)(s

(c)
v )2,

∥ϕ(c)∥2 ≤ σc, ∥ϕ(c)∥∞ ≤ σc,

∥R(πc)∥op ≤ 3σc.

Proof. By Cauchy–Schwarz, ∥ϕ∥22 =
∑︁

v π
2
vs

2
v ≤

maxv πv ·
∑︁

v πvs
2
v ≤ σ2. The ℓ∞ bound is similar:

∥ϕ∥2∞ = maxv π
2
vs

2
v ≤ πv · πvs2v ≤ σ2. For R:

∥ϕπ⊤∥op ≤ ∥ϕ∥2∥π∥2 ≤ σ,

∥πϕ⊤∥op ≤ σ,

∥diag(ϕ)∥op = ∥ϕ∥∞ ≤ σ.

By the triangle inequality, ∥R∥op ≤ 3σ.

Theorem 4 (Vocabulary-independent Hessian
bound). For any π with score variance σ,

∥∇2
zH(π)∥op ≤ 3σ + 1

2 . (50)

The bound is independent of |V |.

Proof. Combine Lemmas 2 and 3 by the triangle
inequality on ∇2

zH = −F +R.

Why vocabulary-independence matters. Naive
bounds on Hessians of softmax-based functions of-
ten scale with |V | via ∥s∥2. Theorem 4 depends
only on σ, the distributional score variance under π,
which is finite (typically O(1)) even for very large
vocabularies. This is essential for FRACT’s resid-
ual estimates to remain meaningful at LM scale.

C.4 Ranking Margin for Head-Only
Sufficiency

The diagnostic rbodyi checks empirically whether
Shead
i ranks rollouts consistently with Sflow

i . The
following result gives a deterministic sufficient con-
dition under which the head-score ordering of two
rollouts agrees with the ordering of their (true)
leave-one-out trajectory risk differences.

Lemma 4 (Logit-linearization remainder). Un-
der Assumption SGD (bounded ∥∆θ∥2 ≤ η0 and
sup ∥∇2

θz∥op ≤ L
(2)
J ), for any anchor a and any

s ∈ [0, 1],

∥za(s)−zlina (s)∥2 ≤ 1
2L

(2)
J ∥∆θ∥2 ·s(1−s), (51)

where za(s) := za(θ + s∆θ) and zlina (s) :=
za(θ) + s Jz(a)∆θ.

Proof (sketch). Define ψ(s) := za(s) − zlina (s),
which satisfies ψ(0) = 0 and ψ(1) is the first-order
Taylor remainder. Standard second-order Taylor
in a normed space gives ∥ψ(1)∥2 ≤ 1

2L
(2)
J ∥∆θ∥2.

For s ∈ (0, 1) the corresponding remainder scales
as s(1 − s) by integral-remainder applied to
ψ(s).
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Theorem 5 (Head-only ranking margin). Fix
two rollouts i, j and assume bounded constants
Amax (advantage magnitude), σmax (anchor score-
variance), Gbody,max (op. norm of Gbody), ρ̄|·| :=
1
M

∑︁
a |ρa|, LSGD

z , Gmax := supa ∥Jπ(a)∥op ·
∥gi∥2. If

⃓⃓
Shead
i − Shead

j

⃓⃓
> 2

√
2AmaxσmaxGbody,max ρ̄|·|

+ LSGD
z ∥∆z∥A,2

·
(︁
∥∆zi∥+ ∥∆zj∥

)︁
N
η

+ 2|αi ∨ αj | ∥Eproj∥Gmax,

(52)

then sign(Ψ
(−i)
T − Ψ

(−j)
T ) = −sign(Shead

i −
Shead
j ).

Proof (sketch). Decompose Ψ
(−i)
T − Ψ

(−j)
T into

three error sources, each bounded separately: (1)
body residual Sflow

i − Shead
i = Sbody

i , pairwise
bounded by (47), contributing the first right-hand
term; (2) logit-linearization remainder (Lemma 4
with Theorem 4), contributing the second; (3) pro-
jection residual from (39) carrying ⟨Eproj,∆θ⟩,
contributing the third. When the head-score gap
exceeds the sum, the sign of the LOO difference is
determined by the head-score difference.

Interpretation. Theorem 5 is the formal counter-
part of the empirical observation in §4.3.4 that top-
5% Jaccard agreement between Shead and Sflow

rankings stays above 0.5. When all three error
sources are simultaneously small—as monitored
by rbodyi , the Hessian-bound diagnostic, and ηproj
respectively—head-only ranking is provably faith-
ful at the level of pairwise LOO trajectory-risk
comparisons.

D Fisher-Isotropic Curvature

This section substantiates the curvature interpreta-
tion of SFC

i alluded to in §3.7. The interpretation
requires an isotropic-curvature assumption on the
learned committor; we make it explicit, derive the
resulting second-order trajectory decomposition,
and identify the term SFC

i approximates. Crucially,
SFC
i retains a forward-only mechanistic meaning—

risk-weighted tangent-Fisher coherence of push-
forward drifts—regardless of whether the curva-
ture assumption holds; the second-order reading is
an additional interpretation, monitored via ηFIC.

D.1 Softmax–Fisher Identity, Dual Reading

Lemma 5 (Softmax–Fisher identity, dual read-
ing). With δ := Jπ(a)∆θ ∈ Tπa∆ and ∆z :=
Jz(a)∆θ ∈ R|V |,

δ⊤F+
ϵ (πa) δ = ∆z⊤Fϵ(πa)∆z. (53)

Proof. From Jπ = FJz (writing F := Fϵ(πa)),
δ = F∆z. Then

δ⊤F+
ϵ δ = (F∆z)⊤F+

ϵ (F∆z)

= ∆z⊤FF+
ϵ F∆z

= ∆z⊤F∆z,

using FF+
ϵ F = F on Tπa∆.

Geometric reading. Lemma 5 is the primal–dual
pairing: the tangent-space (F+

ϵ ) norm of the pol-
icy drift δ equals the cotangent-space (Fϵ) norm
of the logit direction ∆z. This duality makes
q⊤Fϵq in SFC

i equal to the tangent-side inner prod-
uct ⟨Fqi, F qj⟩F+

ϵ
of push-forward policy drifts,

allowing the score to be computed entirely from
cotangent-side logit directions.

D.2 Exact Second-Order Expansion of the
Committor

Lemma 6 (Second-order expansion of χT ). For
sufficiently smooth χT and any ∆ ∈ Tpa∆,

χT (pa +∆)− χT (pa)

= ⟨∇pχT (pa), ∆⟩
+ 1

2∆
⊤∇2

pχT (pa)∆

+ o(∥∆∥2).

(54)

If, in addition, χT factors as χT (p) = FT (H(p))
for some univariate FT , then

∇2
pχT (pa) = F ′′

T (H(pa))∇pH∇pH
⊤

+ F ′
T (H(pa))∇2

pH.
(55)

Proof. The first identity is the standard Taylor ex-
pansion of a C2 function. The factored form fol-
lows from ∇pχT = F ′

T (H)∇pH and differentiat-
ing once more via the product rule.

D.3 Fisher-Isotropic Curvature
Approximation

The exact ∇2
pχT (pa) is rarely available analytically

and is expensive to estimate from data. We use a
single-parameter isotropic approximation.
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Definition 1 (Fisher-Isotropic Curvature). At an-
chor a, the committor Hessian is Fisher-isotropic
with curvature κa ∈ R if

∇2
pχT (pa) ≈ κa F

+
ϵ (pa) (56)

as operators on Tpa∆.

Equation (56) is a tangent-metric statement, con-
sistent with ∇2

pχT acting on tangent vectors. Two
observations:

1. When χT = FT (H), the exact Hessian
(Lemma 6) is the sum of a rank-1 entropy-
direction term and the (rescaled) entropy Hes-
sian. The FIC approximation (56) replaces
this with a single scalar multiple of F+

ϵ —a
substantial simplification, justified when the
entropy direction and the natural-gradient flow
are sufficiently aligned.

2. The approximation introduces a quality resid-
ual

ηFIC(pa)

:=
∥∇2

pχ̂T (pa)− κaF
+
ϵ (pa)∥Frob

∥∇2
pχ̂T (pa)∥Frob + εnum

,
(57)

reported as an empirical diagnostic (Ap-
pendix J).

Fitting κa. Given the learned χ̂T , the
FIC curvature is fit by least-squares:
κa := argminκ ∥∇2

pχ̂T (pa) − κF+
ϵ (pa)∥2Frob,

with closed-form solution

κa =
tr
(︁
F+
ϵ ∇2

pχ̂T

)︁

tr
(︁
F+
ϵ F

+
ϵ

)︁ .

The fitting is performed per anchor at a sub-
sampled cadence during training; in practice κa
is approximately constant over training windows
of ∼10 steps, allowing amortization.

D.4 Curvature Interpretation of SFC
i

We now show that under FIC, SFC
i approximates

the per-rollout contribution to a cumulative second-
order trajectory-curvature term. Fix an anchor
a. Write δ

(a,t)
i := Fϵ(π

(t)
a )qi for the push-

forward policy drift induced by token i at step
t, δ(a,t) :=

∑︁
i δ

(a,t)
i for the per-step drift, and

∆
(T )
a :=

∑︁T−1
t=0 δ

(a,t) for the cumulative anchor
drift.

Theorem 6 (Cumulative drift decomposition un-
der FIC). Under Definition 1 at anchor a, the T -
horizon committor change satisfies

χT (p
(t+T )
a )− χT (p

(t)
a )

FIC≈ ρa ⟨∇pH(pa), ∆
(T )
a ⟩

+ κa
2 ∥∆(T )

a ∥2
F+
ϵ
+ r(FIC)

+ o(∥∆(T )
a ∥2),

(58)

where r(FIC) collects the approximation residual.

Proof (sketch). Apply Lemma 6 with ∆ = ∆
(T )
a .

The linear term decomposes via Proposition 1
as −ρa⟨∇pH, ∆

(T )
a ⟩ + ⟨ra, ∆(T )

a ⟩ (the first sur-
vives the body, the second contributes to r(FIC)).

The quadratic term 1
2∆

(T )
a

⊤
∇2

pχT ∆
(T )
a is approxi-

mated by κa
2 ∥∆(T )

a ∥2
F+
ϵ

via FIC. The sign conven-
tion of ρa accounts for the leading minus sign.

Decomposition of the quadratic term. Expand-
ing the cumulative tangent norm,

∥∆(T )
a ∥2

F+
ϵ
=

∑︂

t

(︁
S(t)
a + 2 C(t)

a

)︁

+ 2
∑︂

t<t′
⟨δ(a,t), δ(a,t′)⟩F+

ϵ
,

(59)

where

S(t)
a :=

∑︂

i

∥δ(a,t)i ∥2
F+
ϵ

(self-energy),

C(t)
a :=

∑︂

i<j

⟨δ(a,t)i , δ
(a,t)
j ⟩F+

ϵ

(within-step coherence).

By Lemma 5,

⟨δ(a,t)i , δ
(a,t)
j ⟩F+

ϵ
= q⊤i Fϵ(πa) qj ,

which is the inner term in SFC
i (23).

Per-rollout attribution. Substituting into The-
orem 6 and risk-weighting ρa on the quadratic
gives a per-step within-coherence contribution of
the form

ρa κa C(t)
a = ρa κa

∑︂

i<j

q⊤i Fϵ(πa) qj .

Symmetrizing over (i, j) pairs and absorbing the
advantage weights αi, the context–anchor coupling
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κ(a, ci), and the scaling constants into β, one re-
covers (23):

SFC
i =

αi

M

∑︂

a

ρa κ(a, ci)

· q⊤i Fϵ(πa)
(︁
ua − αiκ(a, ci) qi

)︁
,

where ua :=
∑︁

j αjκ(a, cj)qj is the batch drift
and the subtraction −αiκ(a, ci)qi removes the self-
interaction i = j. Under FIC, SFC

i is therefore a
forward-only approximation of token i’s contribu-
tion to second-order trajectory curvature in χT .

Without FIC. Even when FIC is violated (large
ηFIC), SFC

i retains the mechanistic meaning of
risk-weighted tangent-Fisher coherence of push-
forward policy drifts: a large positive SFC

i flags
rollouts whose policy update aligns with the batch’s
aggregate update at the anchor, weighted by the pro-
jection coefficient ρa. This interpretation requires
no curvature assumption.

E Multi-Feature Committor

Proposition 1 and Theorem 1 are stated for an arbi-
trary committor χT , but the practical default uses
χ̂T trained as a logistic on three entropy-aligned
core features (H , m(p), g12(p); see §3.2 and Ap-
pendix K.3). When the diagnostic ρ−ratio is large—
indicating that the committor varies orthogonally
to or against entropy at many anchors—this core
feature set becomes unfaithful. The multi-feature
variant addresses this by extending the feature set
with reference-relative and score-variance terms,
without changing the projection geometry.

E.1 Construction
Let x(p) ∈ Rdx be a feature vector summarizing
relevant simplex properties of p. We use features
of three types:

• Entropy-like: H(p),
∑︁

v p(v)
α for α ∈

{2, 1/2} (Renyi entropies).

• Mode-concentration-like: m(p) :=
maxv p(v),

∑︁
v p(v)1[p(v) ≥ τ ] for

τ ∈ {0.1, 0.3}.

• Reference-relative: DKL(p ∥ pbase) for a
fixed reference policy pbase (e.g., initial pre-
RL policy).

The multi-feature committor estimator is

χ̂T (p) = σ
(︁
w⊤x(p)

)︁
, (60)

with w ∈ Rdx fit by logistic regression on the
trajectory pairs (p(t), Y (t,T )) accumulated by the
replay-update block of Algorithm 1. The sigmoid
output keeps χ̂T in [0, 1] as a committor must be.

E.2 Projection
Proposition 1 is unchanged: replace ∇pχT by
∇pχ̂T , which now has contributions from every
feature:

∇pχ̂T (pa) = σ′
(︁
w⊤x(pa)

)︁ dx∑︂

k=1

wk ∇pxk(pa).

(61)
The projection (11) uses this multi-feature gradient
on its numerator. Each gradient ∇pxk is a closed-
form simplex vector, so no additional autograd cost
is introduced:

∇pH = − log p− 1,

∇p

∑︂

v

p(v)α = αpα−1,

∇pm(p) = ev⋆ , v⋆ = argmax
v
p(v),

∇pDKL(p ∥ pbase) = log p− log pbase + 1.

(For non-differentiable points such as ∇pm, we
use a subgradient; in practice ties at the mode are
essentially measure-zero events for trained LMs.)

E.3 When to Use
We recommend switching to the multi-feature vari-
ant when ρ−ratio exceeds an operational threshold
(we use 0.3 as a default, with sensitivity reported
in §4), or when ηproj exceeds 0.5 on a substantial
fraction of anchors. In our main experiments these
regimes occur rarely; the univariate-in-entropy de-
fault is sufficient for the reported results in §4.

E.4 Compatibility with Theorems
Theorem 1 and Theorem 2 are proved under the
assumption that ρa, ra come from some projec-
tion decomposition; they are otherwise agnostic
to the source of ∇pχT . Replacing the univariate-
in-entropy estimator with (60) therefore preserves
both identities verbatim, with ρa now reflecting
projection of a richer multi-feature gradient onto
the entropy direction. The body residual closed
form (Theorem 3) and the ranking margin theorem
(Theorem 5) also hold unchanged.

E.5 Why Project onto Entropy, Not onto a
Multi-Feature Direction

A natural alternative is to project ∇pχ̂T onto a
multi-feature direction in the simplex, rather than
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onto ∇pH . We chose the entropy direction for
three reasons:

1. Theorem 2 requires the entropy direction. The
forward-only closed form of Shead

i relies on
Φρ = 1

M

∑︁
a ρaHa being a sum of entropies,

so that the centered surprisal ϕa(yi) − ϕ̄
(i)
a

emerges from the head gradient. Projecting
onto a multi-feature direction would require a
more complex surrogate without a correspond-
ing closed form.

2. Entropy is the canonical collapse measure.
Entropy is the universally accepted scalar mea-
sure of policy concentration, with a direct in-
terpretation in terms of generation diversity.
Other features can refine the committor but
the projection target is best kept canonical.

3. The multi-feature committor still uses entropy
through projection. Even when χ̂T depends
on multiple features, the projection coefficient
ρa extracts the component of the committor
gradient that aligns with entropy. Information
from other features enters indirectly through
how they shape χ̂T ’s predictions but does not
appear as a separate projection axis. This is
the design choice that keeps FRACT both the-
oretically clean and computationally efficient.

F Experimental Appendix Overview

Table 12 maps each appendix section to its content
and the corresponding location in the main text.

Reporting convention. The §4.3 component ab-
lations use the 5-benchmark unweighted mean
of Acc@16 at the FRACT-head multi base (ab-
solute Avg 0.41–0.44 at 1.5B); the §4.4 E2E ta-
bles use the same mean for full GRPO + variant
pipelines (Avg 0.26–0.34 at 1.5B). The main-text
aggregate std in §4.4 combines benchmark-level
cell dispersion and seed-level variation; the seed-
only std used for paired comparisons is reported
in Appendix W. The two need not match. All
Pass@k values in §4.5 and Appendix X are di-
rectly measured under our protocol for all three
methods. The normalized residual gain RG1→64 =
(Pass@64−Pass@1)/(1−Pass@1) measures how
much of the residual failure mass at k = 1 is re-
covered by additional samples and is invariant to
absolute Pass@1 level.

Seed allocation. Table 13 lists seed budgets for
each experiment.

Algorithm 1 FRACT score per GRPO step

Require: Current θ(t); batch {(ci, yi, αi)}Ni=1; anchor setA;
learned committor χ̂T .

1: for a ∈ A do ▷ anchor pre-compute
2: Compute ha, πa, log πa, Ha, ϕa.
3: Build Fϵ(πa) via (9).
4: ∇pχ̂T (pa)← autograd of χ̂T at πa.
5: ∇pH(pa)← − log πa − 1.
6: ρa ← Eq. (11); ra ← ∇pχ̂T + ρa∇pH .
7: ηproj(pa)← Eq. (27). ▷ diagnostic
8: end for
9: for i = 1, . . . , N do ▷ per-rollout score

10: κi,a ← h⊤
a hci + 1bias.

11: Shead
i ← Eq. (19).

12: SFC
i ← Eq. (23).

13: S⋆
i ← Shead

i + β SFC
i .

14: end for
15: P ← {i : S⋆

i >0}.
16: mi ← 1[i ∈ P ∩ TopKk%({S⋆

j }j∈P)].
17: Update θ(t+1) with L = LGRPO + λ· masked KL.
18: if t ≥ T then ▷ replay-update of χ̂T

19: Add {(p(t−T )
a , Y

(t−T,T )
a )}a∈A to the χ̂T replay

buffer.
20: Take one AdamW step on a χ̂T mini-batch (§K.3).
21: end if

G Experimental Setup Details

Table 14 gives the full configuration referenced in
§4.1.

H FRACT Algorithm

Algorithm 1 gives the full pseudocode summarized
in §3.8.

I Hyperparameter Sweep

All “default” rows match the §4.3.2 configuration
(k = 5%, λ = 5×10−2, β = 0.5): Avg Acc@16
= 0.438± 0.011.

I.1 Sweep over selective KL budget k

Table 15 sweeps k ∈ {1, 3, 5, 10, 20}% at 1.5B
with β=0.5 and λ=5×10−2; k=5% achieves the
best balance across Acc@16, RG1→64, and ∆H .

I.2 Sweep over KL coefficient λ

Table 16 sweeps λ ∈ {1×10−2, 2.5×10−2, 5×
10−2, 1×10−1}; the default 5×10−2 is jointly best
on Acc@16 and RG.

I.3 Sweep over Fisher-coherence weight β

This sweep duplicates §4.3.2 Table 5 for cross-
reference. β = 0.5 is jointly optimal across
Acc@16 (0.438), predictive AUC (0.74), and
RG1→64 (0.53); β≥ 1.0 already shows declining
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App. Content Main link

I Hyperparameter sweep: k, λ, β,Hmin §4.1, §4.3.2
J Empirical FIC diagnostics §4.3.4
K Weight estimator variants §4.3.1
L ESS diagnostic and multi-feature ablation §4.3.1
M Anchor strategy full results and M -sensitivity §4.3.3
N Horizon T -sensitivity §4.1, §4.2
O Committor generalization and warmup reuse §4.1
P Single-token deletion sub-experiment §4.2.3, §4.3.4
Q Implementation consistency: full results §4.2.1
R Small-K Monte Carlo verification §4.2.1
S Predictive validity visualization §4.2.2
T Diagnostic quadrants §4.3.4
U RLIF generalization §4.4
V Compute decomposition and memory profile §4.6
W Per-seed E2E results and paired comparisons §4.4
X Full Pass@k results for 1.5B / 3B / 7B §4.5
Y Failure modes and negative-result analysis §4.7

Table 12: Appendix map.

Experiment Scale Seeds

§4.2.1 Impl. consistency 0.5B 3
§4.2.2 Entropy-label validity 1.5B 5
§4.2.2 Pass@1-drop validity 1.5B 5
§4.2.3 Score-guided intervention 1.5B 5
§4.3.1 Projection-weight ablation 1.5B 5
§4.3.2 FC weight ablation 1.5B 3
§4.3.3 Anchor strategy ablation 1.5B 3
§4.3.4 Diagnostics 1.5B 5
§4.4 E2E benchmark-wise 1.5B/3B/7B 5
§4.5 Pass@k scaling (main) 7B 5
§4.5 Pass@k cross-scale 3B 5
§4.5 Pass@k cross-scale 1.5B 3

Table 13: Seed allocation across experiments. Primary
E2E comparisons use matched seeds across methods.

returns. We retain β=0.5 as the default without in-
voking joint-criterion arbitration; it is the Acc-best,
AUC-best, and RG-best configuration.

I.4 Sweep over collapse threshold Hmin

(committor label)

The collapse threshold Hmin determines the
ground-truth committor label Y (t,T ) = 1[∃τ ∈
(t, t + T ] : H(πτ )≤Hmin] and therefore directly
affects the supervision target for χ̂T . We parame-
terize Hmin = γ ·H(0)

a per anchor, where H(0)
a is

the anchor’s entropy at the pre-training checkpoint.
The default γ = 0.5 corresponds to “policy has
dropped to half of its initial entropy at this anchor”;
smaller γ requires deeper collapse, larger γ accepts
shallower entropy drops as positive labels.

The sweep shows a mild inverted-U pattern:
γ=0.5 gives the highest mean Acc@16 and AUC,
but the Acc@16 differences (≤ 0.010) are at the
edge of one SD. We therefore interpret this as a

Component Setting

Main models Qwen2.5-Base 1.5B / 3B / 7B
Toy verification Qwen2.5-0.5B
RL algorithm GRPO
Training data MATH train, 7,500 problems
Training steps 117
Rollouts / step 512 (64 prompts × 8 gen.)
Max completion length 3072
Optimizer / LR AdamW / 3×10−6

Precision / Parallel. bf16 / FSDP + grad ckpt
Anchors M = 8 MATH-format probes
Committor warmup 100-step pilot GRPO (held out)
Committor estimator χ̂T logistic (Appendix K.3)
Collapse threshold Hmin=γH

(0)
a , γ=0.5

Horizon T = 20 GRPO steps
KL budget k=5%, λ=5×10−2

Defaults signed ρproj, β=0.5

Table 14: Experimental setup. The collapse threshold
Hmin is set per anchor as a fraction γ of its pre-training
entropy H(0)

a ; sensitivity to γ is in Appendix I.4.

robustness check rather than evidence that γ=0.5
is uniquely optimal: strict thresholds (γ = 0.3)
yield too few positive examples (≈ 10% of an-
chored windows), starving the committor of super-
vision; loose thresholds (γ = 0.7) inflate the pos-
itive rate to 40%, where the committor conflates
“near collapse” with “already collapsed.” The de-
fault γ=0.5 places the threshold at the midpoint of
the policy’s available entropy range. The bounded
Acc@16 sensitivity (±0.010) supports the §4.4 ef-
fectiveness claims being robust to moderate Hmin

variation; we do not claim the inverted-U is statisti-
cally resolved at the 3-seed budget.
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k Avg Acc@16 RG1→64 ↑ ∆H from base

1% 0.422±.010 0.46±.04 −0.15±.03
3% 0.435±.011 0.49±.04 −0.13±.03
5% 0.438±.011 0.50±.04 −0.12±.04
10% 0.434±.014 0.47±.05 −0.11±.04
20% 0.421±.018 0.42±.06 −0.10±.05

Table 15: k-sweep at 1.5B, FRACT-full, fixed β=0.5
and λ=5×10−2, 5 seeds. k=5% best balance.

λ Avg Acc@16 RG1→64 ↑ Mean KL

1×10−2 0.426±.010 0.44±.05 low
2.5×10−2 0.434±.011 0.48±.04 moderate
5×10−2 0.438±.011 0.50±.04 moderate
1×10−1 0.430±.014 0.51±.04 high

Table 16: λ-sweep at 1.5B, 5 seeds. Default 5×10−2 is
jointly best on Acc@16 and RG.

J Empirical FIC Diagnostics

The pairwise Fisher interaction, averaged over the
M anchors:

Gadd ≈ 1

M

M∑︂

a=1

∑︂

i<j

δ⊤i,aF
+
ϵ (πa) δj,a, (62)

where F+
ϵ (πa) is the ϵ-regularized pseudo-inverse

of the simplex Fisher metric at πa (i.e., on the cate-
gorical simplex ∆|V |−1 rather than the parameter
Fisher in RP ), and δi,a is the push-forward distri-
butional drift induced by token instance i at anchor
a. The outer average reflects multi-anchor aggrega-
tion; the inner sum captures pairwise interactions
at the same anchor.

J.1 FIC quality
Table 18 reports FIC-quality diagnostics in the 0.5B
toy setting across 3 seeds, including Spearman cor-
relation of CFC with measured drift and top-5%
overlap with oracle coherence.

J.2 Second-order interpretation
S⋆
i = Shead

i + β SFC
i . The expected interven-

tion pattern: selecting tokens by S⋆ should out-
perform selecting by Shead on average, while SFC

alone (the pure pairwise interaction term) should
be weaker than Shead. The relation refers to down-
stream intervention effect, not raw score magni-
tude.

K Weight Estimator Variants

This appendix catalogs the candidate forms for
the committor weight estimator χ̂T (§K.1), reports

their calibration quality (§K.2), and specifies the
training schedule used for the default logistic esti-
mator (§K.3).

K.1 Variants

Table 19 summarizes five candidate forms for χ̂T

with their trade-offs; we use the logistic-on-core-
features default.

K.2 Calibration

Table 20 compares Brier, ECE, AUC, and AUPRC
across the five variants; the default logistic is causal,
smooth, and minimally parameterized, while the
multi-feature variant achieves +0.02–0.03 AUC
and serves only as the ESS-violation fallback (Ap-
pendix L).

K.3 Training schedule for the default
estimator

The default committor estimator χ̂T used through-
out the paper is a logistic regression on a three-
dimensional feature vector with anchor-relative off-
sets, fit as follows.

Architecture. χ̂T (p) = σ(a0+a1(τH−H(p))+
a2(m(p)−τm)+a3(g12(p)−τg)), wherem(p) :=
maxv p(v) is the mode probability and g12(p) :=
p(1)(v) − p(2)(v) is the top-two gap. The thresh-
olds (τH , τm, τg) are anchor-specific and set to the
warmup-median value of the corresponding fea-
ture; (a0, . . . , a3) are fit by maximum likelihood
on labeled trajectory pairs.

Warmup phase. Before main FRACT training
begins, χ̂T is fit on a held-out pool of trajectory
pairs (p(s)a , Y

(s,T )
a ). The default pool is the “GRPO

+ mixed” source of Appendix O.1: a 100-step pi-
lot GRPO run on the same training distribution,
combined with a small held-out batch of FRACT
previous-checkpoint trajectories where available,
yielding approximately 640 labeled pairs (the pool
is constructed only from steps with s + T within
the pilot horizon so that every pair has its T -step
label observed). Warmup fitting uses scikit-learn’s
logistic regression with L2 regularization (inverse
strength C=1.0) and converges in < 5 seconds at
all three model scales. The thresholds (τH , τm, τg)
are set to the warmup-median value of each fea-
ture, anchor by anchor. The pilot run is held out
from main training to prevent temporal leakage;
see Appendix O.2.
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γ Hmin/H
(0)
a Acc@16 AUC Label + rate

0.3 strict 0.428±.013 0.70±.04 ≈ 10%
0.5 default 0.438±.011 0.74±.04 ≈ 22%
0.7 loose 0.431±.012 0.71±.05 ≈ 40%

Table 17: Hmin sensitivity via γ-sweep, 1.5B, 3 seeds. “Label + rate” is the fraction of anchored windows labeled
positive (Y (t,T )

a =1) under each threshold. Label-positive rates match the AUPRC baseline (Table 2, Random 0.22
at γ=0.5) within noise.

Metric Range

Spearman: CFC vs. measured drift 0.45–0.62
Top-5% overlap with oracle coherence 0.28–0.42
Random top-5% overlap 0.05–0.08
Mean pairwise cosine, top CFC 0.07–0.16
Mean pairwise cosine, random 0.00–0.04

Table 18: FIC quality, 0.5B toy setting, 3 seeds.

Online update phase. During FRACT training,
χ̂T receives the newly available trajectory pair
(p

(t−T )
a , Y

(t−T,T )
a ) for each anchor at every GRPO

step t ≥ T , producing M = 8 new pairs per
step. Online updates are performed using AdamW
(learning rate 10−3, weight decay 10−4, β1=0.9,
β2 =0.999) on mini-batches of 64 pairs sampled
with replacement from a rolling buffer of the most
recent 512 available pairs (FIFO eviction). One
AdamW step is taken per GRPO step. We use
AdamW rather than LBFGS or Newton-step de-
spite the small parameter count: the streaming
label regime makes batch second-order methods
awkward, and momentum smoothing absorbs the
noise of single-step labels from M = 8 anchors.
The thresholds (τH , τm, τg) are held fixed at their
warmup values throughout main training; only the
four logit coefficients (a0, . . . , a3) are updated.

Compute cost. Online updates contribute <
0.1% to wall-clock at all three scales, dominated
entirely by the GRPO forward/backward passes;
see Appendix V for the full decomposition.

L ESS Diagnostic and Multi-feature
Ablation

ESS denotes the entropy-sufficiency assumption:
collapse risk at a given token can be predicted
primarily from entropy-aligned features (token
entropy H(p), margin m(p), top-2 gap g12(p)).
When this holds, the default logistic committor
suffices; when it fails, additional features (KL di-
vergence from base, log-prob variance) improve
predictive AUC.

L.1 ESS diagnostic

Let ESSGap := AUC(χ̂multi) − AUC(χ̂entropy).
The corresponding entropy-only and multi-feature
results are reported in Table 22.

L.2 Multi-feature fallback

Feature vector:

x(p) = [H(p),m(p), g12(p), DKL(p ∥ pbase),

Varv∼p[log p(v)]].

M Anchor Strategy Full Results

This appendix expands §4.3.3 with the full-pipeline
benchmark-wise breakdown (§M.1) and the anchor-
count sensitivity (§M.2).

M.1 Full benchmark-wise comparison

Table 23 reports anchor-strategy results at the full-
pipeline scale, with the High-risk row matching the
§4.4 FRACT-full Avg of 0.342.

This table reports full-pipeline Acc@16 on the
§4.4 scale, whereas §4.3.3 Table 6 reports ablation-
base quantities (component ablation against the
FRACT-head multi base, before full E2E com-
position). The absolute values therefore differ
(Table 23 High-risk 0.342 vs. Table 6 High-risk
0.439); within-table comparisons remain consis-
tent but cross-table absolute numbers should not be
compared directly.

M.2 M -sensitivity

Table 24 sweeps the anchor countM ∈{2, 4, 8, 16}
at the ablation-base scale; M=8 is retained as the
default since M=16 yields only +0.002 Acc@16
(within one SD) at ∼3% additional overhead.

N Horizon Sensitivity

Table 25 sweeps the committor horizon T ∈
{5, 10, 20, 40}; T = 20 is jointly best on AUC,
AUPRC, and Acc@16, and is retained as the de-
fault.

36792



Variant Form Trade-off

Logistic-on-features σ(a0 + a⊤x) simple, stable; limited expressivity
Isotonic monotone bins well calibrated; less smooth
Brownian hitting first-passage approx. interpretable; stronger assumptions
MLP shallow network expressive; overfit risk
Multi-feature logistic H,m, g12,KL,Var strong fallback; more features

Table 19: Weight estimator variants. Default: χ̂T (p) = σ(a0+a1(τH−H(p))+a2(m(p)−τm)+a3(g12(p)−τg)).

Estimator Brier↓ ECE↓ AUC↑ AUPRC↑
Entropy fallback .18±.03 .090±.02 .61±.04 .31±.04
Logistic .13±.02 .045±.015 .70±.04 .44±.05
Isotonic .12±.03 .038±.018 .69±.05 .43±.05
Brownian .15±.03 .060±.02 .66±.05 .39±.05
MLP .12±.03 .050±.02 .72±.05 .45±.06
Multi-feature log. .11±.02 .040±.015 .73±.04 .46±.05

Table 20: Calibration comparison, 1.5B, 5 seeds. The default logistic-on-core-features estimator is causal, smooth,
and minimally parameterized; the multi-feature variant achieves +0.02–0.03 AUC at the cost of audit complexity
and is used only as the ESS-violation fallback (Appendix L).

ESSGap Interpretation

< 0.02 multi-feature unnecessary
0.02–0.05 multi-feature recommended
> 0.05 multi-feature required

Table 21: ESS diagnostic regimes.

Method AUC Acc@16 RG1→64 ↑
FRACT default .74±.04 .438±.011 .53±.04
FRACT multi-feat. .76±.04 .442±.012 .54±.04

Table 22: Multi-feature fallback effect, 1.5B, 5 seeds.

O Committor Generalization and
Warmup Reuse

This appendix studies how the committor estimator
χ̂T generalizes across warmup conditions (§O.1)
and verifies absence of temporal leakage (§O.2).

O.1 Warmup source
Table 26 compares three warmup sources for fit-
ting χ̂T ; mixing GRPO trajectories with FRACT
previous-checkpoint data is jointly best.

O.2 Temporal leakage check
Table 27 contrasts the causal χ̂T estimator (used
throughout the paper) against a non-causal oracle
reported as an invalid upper bound for reference.

The oracle gap (0.80 vs. 0.74, +0.06) quanti-
fies the amount of future-information leakage that
would be obtained by fitting the committor non-
causally on the same trajectories used for scoring.
All FRACT scores reported in this paper use the

causal χ̂T estimator (trained only on pairs with
s ≤ t− T , §3.2); the oracle row is reported strictly
as an invalid upper bound for reference.

P Single-token Deletion Sub-experiment

Table 28 reports the single-token deletion diag-
nostic at 1.5B across 3 seeds, comparing entropy
preservation when removing tokens selected by
FRACT, token-entropy, or random ranking.

This experiment is a local diagnostic rather
than a causal estimate of training dynamics; delet-
ing a single token does not reproduce the multi-
token selective-KL intervention used in training
and should not be interpreted as a counterfactual
estimate of FRACT’s training effect.

Companion visualization (Figure 3). Figure 3
plots the score-guided intervention effect ∆H̄T vs.
intervention budget k, complementing Table 3 in
§4.2.3.

Q Implementation Consistency: Full
Results

This appendix expands the implementation-
consistency summary in §4.2.1, which verifies that
the closed-form FRACT score (as coded in our
repository) matches the analytical expression eval-
uated via PyTorch autograd on the same model
state. This is a numerical-faithfulness check at the
level of the implementation; it is not a full Monte-
Carlo verification of the trajectory-gradient identity
(Appendix R).
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Anchor GSM8K MATH500 AMC AIME24 AIME25 Avg AUC

High-risk .781 .603 .187 .085 .052 .342 .71
High-entropy .785 .605 .184 .080 .053 .341 .69
First-completion .768 .585 .169 .067 .045 .327 .66
Prompt-level .762 .578 .161 .061 .040 .320 .65
Random .748 .566 .150 .052 .034 .310 .62

Table 23: Anchor strategy benchmark-wise Acc@16, 1.5B, 3 seeds (full-pipeline scale, matches §4.4 at 1.5B). The
High-risk row matches §4.4 FRACT-full Avg = 0.342.

M Avg Acc@16 AUC Overhead

2 0.425±.013 0.67±.05 1.025×
4 0.433±.012 0.71±.04 1.039×
8 0.438±.011 0.74±.04 1.062×
16 0.440±.013 0.75±.04 1.091×

Table 24: M -sensitivity, 1.5B, 3 seeds (ablation-base
scale). M =16 Acc@16 gain (+0.002) is within one
SD of M = 8 while overhead grows from 1.062× to
1.091×. We retain M=8 as the default.

T AUC AUPRC Acc@16

5 .67±.04 .39±.05 .430±.010
10 .71±.04 .44±.05 .435±.011
20 .74±.04 .48±.05 .438±.011
40 .72±.05 .46±.06 .436±.014

Table 25: Horizon sensitivity, 1.5B, FRACT-full, 5
seeds.

Setup. We use Qwen2.5-0.5B (the autograd
graph at ≥ 1.5B becomes memory-prohibitive;
closed-form-vs-autograd faithfulness is scale-
invariant), 3 seeds, MATH subset, M = 4 anchors,
T = 10, checkpoints at steps 10/25/50, and 30
random parameter directions per checkpoint, giv-
ing 270 measurement points.

What this establishes. The codebase computes
the closed-form FRACT score correctly to numeri-
cal precision. It does not establish that the closed-
form equals the true trajectory gradient at high K
(intractable to verify), nor that Theorem 1 holds be-
yond its stated assumptions; we monitor the resid-
ual via the diagnostics in §4.3.4 and the small-K
MC trend in Appendix R.

R Small-K Monte Carlo
Trajectory-Gradient Verification

Corresponds to Figure 2(b). For each parame-
ter direction u and checkpoint, we compare the
closed-form FRACT score against a K-sample
Monte Carlo estimate of the trajectory gradient
projected onto u. The relative error is ∥ĝK −

Warmup source AUC AUPRC Acc@16

GRPO traj. only .71±.04 .44±.05 .433±.011
GRPO + mixed .74±.04 .48±.05 .438±.011
FRACT prev. checkpoints .75±.04 .49±.05 .440±.012

Table 26: Warmup source, 1.5B, FRACT-full, 5 seeds.

Fitting mode AUC Comment

Causal χ̂T (default) .74±.04 valid
Non-causal oracle .80±.04 invalid upper bound

Table 27: Temporal leakage check, 1.5B, 5 seeds.

gclosed∥2/∥gclosed∥2, the ℓ2 norm of the residual
normalized by the closed-form score.

S Predictive Validity Visualization

Figure 4 visualizes the score rankings of §4.2.2
(Table 2) under both labels: the entropy-collapse
label (30) and the non-entropy Pass@1-drop label.
FRACT-total leads under each label, with the mar-
gin shrinking under the noisier Pass@1-drop label.

T Diagnostic Quadrants

We monitor two scalars per anchor batch:

ηproj =
∥r⊥∥Fϵ

∥∇pχ̂T ∥Fϵ + ϵ
,

ρ−ratio =

∑︁
a |min(ρa, 0)|∑︁

a |ρa|+ ϵ
.

(63)

Here r⊥ is the component of ∇pχ̂T orthogonal to
the entropy direction under Fϵ; ηproj measures the
residual not captured by entropy-flow alignment.
ρ−ratio is the negative-weight ratio of the signed
projection coefficient across anchors, used to detect
when signed projection differs substantially from
clipped projection.

U RLIF Generalization

This appendix extends §4.4 to the RLIF setting
(INTUITOR-style intrinsic rewards (Zhao et al.,
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Token group Mean ∆H̄T Interpretation

Top FRACT +0.018±.010 removal preserves entropy
Top Token-entropy +0.011±.009 weaker
Random +0.002±.008 near zero
Bottom FRACT −0.004±.009 no effect or harms

Table 28: Single-token deletion, 1.5B, 3 seeds.
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Score-guided intervention on future entropy
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KL-Cov
Token entropy mean
Random

Figure 3: ∆H̄T vs. intervention budget k. FRACT-full
peaks at k=5%.

2026)), reporting setup (§U.1), aggregate results
(§U.2), benchmark-wise breakdown (§U.3), and
collapse diagnostics (§U.4). Intrinsic-reward ob-
jectives have been argued to be partially equiva-
lent to entropy minimization under self-certainty
proxies (Zhang et al., 2025), motivating an explicit
collapse check in this setting.

U.1 Setup

Table 32 lists the RLIF setup, mirroring the RLVR
protocol of §4.1 with INTUITOR-style intrinsic
rewards substituted for verifiable rewards.

U.2 Aggregate results

Table 33 reports aggregate Avg Acc@16
across 1.5B/3B/7B under RLIF, with
the 7B RG1→64 column averaged across
MATH500/AMC/AIME24/AIME25 (excluding
saturated GSM8K).

FRACT-full Avg gain over INTUITOR + KL-
Cov under RLIF: +0.022/+0.018/+0.022
(1.5B/3B/7B), in the same direction as the RLVR
gains but with smaller magnitude. The absolute
7B levels (0.331→0.380) are substantially below
RLVR levels at the same scale (§4.4 Table 10:
0.460 → 0.527), reflecting that RLIF without
verifiable rewards yields a weaker trained policy.

Quantity Measured range

OLS slope (anal. vs. autograd) 0.97–1.03
R2 0.995–0.999
Spearman 0.995–0.999
Median relative error 2×10−5–1×10−4

P95 relative error 1×10−4–5×10−4

Orthog. residual, median 5×10−5–2×10−4

Orthog. residual, P99 8×10−4–2.5×10−3

Table 29: Implementation consistency, 0.5B, 3 seeds.
The closed-form matches autograd to bf16/indexing-
level precision; the residual ra is orthogonal to ∇pH in
the dual Fisher metric.

K Relative error↓ Spearman↑
4 0.38±.12 0.55±.08
8 0.30±.10 0.66±.07
16 0.22±.08 0.74±.06
32 0.16±.07 0.78±.05

Table 30: Small-K MC verification, 0.5B, 3 seeds.

U.3 Benchmark-wise breakdown at 7B

Table 34 gives the per-benchmark breakdown at 7B;
FRACT-full retains the same qualitative pattern as
under RLVR (§4.4).

FRACT-full retains the same qualitative pat-
tern as under RLVR (§4.4): gains over KL-
Cov largest on collapse-sensitive mid-difficulty
benchmarks (MATH500 +0.025, AMC +0.030,
AIME24 +0.023), comparable on saturated
GSM8K (+0.025 on an already-high base), and
smallest on low-support AIME25 (+0.005). RLIF
FRACT gains over KL-Cov on AIME24 are smaller
in absolute terms than the corresponding RLVR
gains (+0.023 vs. RLVR +0.060), consistent with
RLIF’s weaker collapse pressure.

U.4 RLIF collapse diagnostic at 7B

Table 35 reports collapse diagnostics under RLIF
at 7B with a matched RLVR reference; verifiable
rewards impose roughly 50% larger entropy drop
than INTUITOR.

The RLVR GRPO entropy drop (∆H = −0.15)
is ∼ 50% larger in magnitude than RLIF INTU-
ITOR (−0.10) under matched 7B training. Verifi-
able rewards impose stronger exploitation pressure,
producing more severe collapse; intrinsic rewards
leave more residual entropy, so FRACT’s marginal
benefit is correspondingly reduced—though still
consistently positive across all four benchmarks.
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Figure 4: Score ranking under both labels. FRACT-
total leads under each, with margin shrinking under the
noisier Pass@1-drop label.

Q (ηproj, ρ
−
ratio) Interpretation Fraction

Q1 (low,low) ideal regime 45%–60%
Q2 (low,high) signed directions important 10%–20%
Q3 (high,low) entropy-flow incomplete 15%–25%
Q4 (high,high) use multi-feature committor 5%–15%

Table 31: Diagnostic quadrants.

V Compute Decomposition and Memory
Profile

This appendix decomposes the structural overhead
at the FLOP level (§V.1) and at the wall-clock level
(§V.2).

V.1 FLOP-level cost

Table 36 lists the per-operation FLOP and memory
cost; the ΦAP⊤

C term is the dominant cost and is
reduced from O(ML|V |) to O(MLr) via top-r
vocabulary truncation.

In practice, the O(ML|V |) cost for ΦAP⊤
C

is evaluated with top-r vocabulary truncation or
gather-form computation (only sampled-token po-
sitions materialized), reducing the effective cost to
O(MLr) plus sampled-token gathers—a substan-
tial reduction since r≪|V |.

V.2 Wall-clock decomposition

Table 37 reports per-method wall-clock totals. The
source-level decomposition of 7B FRACT-full over-
head is: anchor forward ∼ 0.4%, K/Φ/SFC ma-
trix ops ∼ 0.7%, χ̂T /ρa evaluation ∼ 0.2%, in-
dexing/gather/mask ∼ 0.2% (structural subtotal
∼ 1.5%); longer completions ∼ 3.0%; accounted
subtotal ∼ 4.5%; measured total 6.2%; residual
system overhead ∼1.7%.

W Per-seed E2E Results and Paired
Comparisons

This appendix provides per-seed E2E Acc@16
traces underlying the aggregate results of §4.4, in-
cluding a full baseline comparison (§W.1), per-seed

Component Setting

RL method RLIF / INTUITOR-style
Models Qwen2.5-1.5B / 3B / 7B
Training data MATH 7,500
Steps 117
Evaluation GSM8K, MATH500, AMC, AIME24, AIME25

Table 32: RLIF generalization setup.
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Figure 5: FRACT-full − KL-Cov Acc@16 across scales
(rows) and benchmarks (columns). All 15 cells positive,
with the largest gaps on AMC and AIME24 at 7B (con-
sistent with the collapse-sensitivity ordering).

traces at 1.5B/3B/7B (§W.2–§W.4), per-benchmark
FC contribution (§W.5), and AIME25 seed scatter
(§W.6).

W.1 Full 3B/7B baseline comparison

Table 38 reports the 3B/7B benchmark-wise results
with all baselines, complementing the 1.5B version
in §4.4. Figure 5 visualizes the (scale, benchmark)
heatmap of FRACT-full − KL-Cov Acc@16 refer-
enced in §4.4.

Note on seed-only std. The seed-only std (used
in Appendix W.2–W.4 below for paired compar-
isons) is computed across seeds after averaging the
five benchmarks within each seed. The main-text
aggregate std is a more conservative summary that
additionally reflects benchmark-level dispersion;
the two columns need not match.

W.2 1.5B per-seed

Table 39 lists per-seed Avg Acc@16 at 1.5B; all
5 paired FRACT-full − KL-Cov differences are
positive (mean +.037, span .031–.044).

Paired diff (FRACT-full − KL-Cov):
+.031,+.041,+.036,+.044,+.033. All 5
seeds positive, mean +.037; per-seed gaps span
.031–.044.
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Method 1.5B 3B 7B RG1→64(7B)

INTUITOR (RLIF) .227±.014 .279±.013 .331±.014 .53±.05
+KL-Cov .244±.013 .300±.014 .358±.014 .56±.05
+FRACT-head multi .261±.015 .313±.014 .374±.014 .61±.05
+FRACT-full .266±.015 .318±.014 .380±.015 .63±.05

Table 33: RLIF aggregate Avg Acc@16, 3 seeds each. Columns 2–4 are Avg Acc@16; the 7B RG1→64 column
averages MATH500/AMC/AIME24/AIME25 (excludes saturated GSM8K).

Method GSM8K MATH500 AMC AIME24 AIME25 Avg

INTUITOR .715 .630 .230 .040 .040 .331±.014
+KL-Cov .745 .660 .275 .062 .050 .358±.014
+FRACT-head multi .765 .680 .300 .080 .045 .374±.014
+FRACT-full .770 .685 .305 .085 .055 .380±.015

Table 34: RLIF benchmark-wise Acc@16 at 7B, 3 seeds.

Method Obj. ∆H from Base RG1→64 ↑
GRPO (RLVR ref. ) RLVR −0.15±.04 —
INTUITOR RLIF −0.10±.03 0.53±.05
+KL-Cov RLIF −0.08±.03 0.56±.05
+FRACT-head multi RLIF −0.07±.03 0.61±.05
+FRACT-full RLIF −0.06±.03 0.63±.05

Table 35: RLIF collapse diagnostics at 7B, 3 seeds, with
matched 7B RLVR reference.

Operation Cost Memory

K = HAH⊤
C O(MLdh) O(ML)

ΦAP⊤
C O(ML|V |) O(ML)

Gather sampled tokens O(MNtok) O(MNtok)
χ̂T , ρa O(M) O(M)
Top-k mask O(NtoklogNtok) O(Ntok)

Table 36: FLOP and memory cost breakdown.

W.3 3B per-seed

Table 40 lists per-seed Avg Acc@16 at 3B; all
5 paired FRACT-full − KL-Cov differences are
positive (mean +.034, range 0.006), with 4/5 seeds
positive on the FC contribution.

Paired diff (FRACT-full − KL-Cov):
+.033,+.035,+.034,+.031,+.037; all 5 positive,
mean +.034, range 0.006.

FC contribution (FRACT-full − FRACT-head
multi): +.006,+.005,+.005,−.002,+.011; 4/5
positive, mean +.005, consistent with the 1.5B and
7B FC pattern.

W.4 7B per-seed

Table 41 lists per-seed Avg Acc@16 at 7B; all
5 paired FRACT-full − KL-Cov differences are
positive (mean +.045).

Paired diff (FRACT-full − KL-Cov):

Method Avg. tokens Wall-clock Relative

GRPO 709 4h 33m 1.000×
+KL-Cov 745 4h 38m 1.018×
+FRACT-head 778 4h 47m 1.051×
+FRACT-full 781 4h 50m 1.062×

Table 37: Wall-clock overhead at 7B.

+.035,+.049,+.041,+.058,+.042. All 5
positive, mean +.045.

W.5 FC contribution per benchmark

Table 42 breaks down the FC contribution (FRACT-
full − FRACT-head multi) per benchmark across
scales; all three scales show 4/5 sign agreement on
the Avg column.

W.6 AIME25 seed scatter at 7B

Table 43 reports per-seed AIME25 at 7B with
paired differences all positive across 5 seeds (range
0.008).

Paired diff: +.033,+.034,+.035,+.030,+.038;
all 5 positive, range 0.008. Absolute AIME25
accuracy varies substantially across seeds (KL-Cov
span 0.034; FRACT-full span 0.038), but the
paired gap is tight because both methods shift
together with seed-level training and sampling
difficulty—the expected behavior of paired
comparisons under shared-seed evaluation.

X Full Pass@k Results

All Pass@k values are directly measured under
our protocol using the same evaluation pipeline
across Base, GRPO, and FRACT-full. All triples
are monotone in k.
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Method GSM MATH AMC AIME24 AIME25 Avg

Qwen2.5-3B, 5 seeds
GRPO .780 .595 .245 .018 .004 .328±.013
+Entropy Bonus .793 .603 .249 .022 .006 .335±.014
+R1-zero-Div .798 .610 .258 .060 .035 .352±.014
+Pos-Adv-Reweight .800 .605 .256 .055 .033 .350±.015
+KL-Cov .815 .626 .274 .086 .054 .371±.015
+FRACT-head single .846 .658 .303 .094 .064 .393±.015
+FRACT-head multi .854 .668 .310 .099 .069 .400±.015
+FRACT-full .852 .672 .319 .106 .074 .405±.016
Rnd.-matched-mass .792 .601 .252 .029 .012 .337±.017
Anti-FRACT .768 .580 .224 .011 .000 .317±.015
Qwen2.5-7B, 5 seeds
GRPO .825 .715 .550 .125 .083 .460±.014
+Entropy Bonus .827 .716 .553 .128 .085 .462±.014
+R1-zero-Div .834 .731 .582 .133 .090 .474±.015
+Pos-Adv-Reweight .832 .725 .569 .123 .083 .466±.014
+KL-Cov .841 .750 .584 .141 .096 .482±.016
+FRACT-head single .876 .770 .622 .176 .124 .514±.018
+FRACT-head multi .879 .778 .638 .187 .123 .521±.017
+FRACT-full .876 .785 .642 .201 .130 .527±.018
Rnd.-matched-mass .829 .722 .554 .124 .082 .462±.016
Anti-FRACT .808 .692 .527 .105 .063 .439±.015

Table 38: Full baseline comparison at 3B and 7B, 5 seeds. Includes all four prior baselines (Entropy Bonus, R1-zero-
Div, Pos-Adv-Reweight, KL-Cov) and the two FRACT-specific controls (Random-matched-mass, Anti-FRACT).
1.5B full table appears in §4.4 Table 10.

Method S1 S2 S3 S4 S5 Mean Seed std

GRPO .262 .276 .265 .273 .267 .269 .006
KL-Cov .298 .314 .302 .310 .301 .305 .007
FRACT-head multi .324 .346 .331 .344 .335 .336 .010
FRACT-full .329 .355 .338 .354 .334 .342 .012

Table 39: 1.5B Avg Acc@16 per seed (5-benchmark
unweighted mean).

Method S1 S2 S3 S4 S5 Mean Seed std

GRPO .322 .334 .328 .319 .337 .328 .008
KL-Cov .365 .377 .371 .362 .380 .371 .008
FRACT-head multi .392 .407 .400 .395 .406 .400 .007
FRACT-full .398 .412 .405 .393 .417 .405 .010

Table 40: 3B Avg Acc@16 per seed.

X.1 7B Pass@k visualization
Figure 6 visualizes the 7B Pass@k results of §4.5
Table 11. Markers are the directly measured values
at k ∈ {1, 16, 64}; the curves are PCHIP interpo-
lations in log k for visualization only (no interme-
diate k measured). FRACT-full curves sit above
both Base and GRPO across all four benchmarks
at every measured k.

X.2 1.5B Pass@k
Table 44 reports Pass@k at 1.5B;
FRACT-full RG1→64 exceeds GRPO on
3/4 benchmarks (+.05/+.18/+.14 on

Method S1 S2 S3 S4 S5 Mean Seed std

GRPO .453 .471 .458 .452 .466 .460 .008
KL-Cov .476 .490 .480 .475 .489 .482 .007
FRACT-head multi .506 .530 .514 .523 .532 .521 .011
FRACT-full .511 .539 .521 .533 .531 .527 .011

Table 41: 7B Avg Acc@16 per seed.

Scale GSM MATH AMC AIME24 AIME25 Avg

1.5B +.009 +.005 +.003 +.002 +.009 +.006
3B −.002 +.004 +.009 +.007 +.005 +.005
7B −.003 +.007 +.004 +.014 +.007 +.006

Table 42: FC contribution (FRACT-full − FRACT-head
multi) per benchmark, mean across seeds. All three
scales show 4/5 sign agreement on the Avg column.

MATH500/AIME24/AIME25), with AMC a
marginal tie within seed variance.

X.3 3B Pass@k

Table 45 reports Pass@k at 3B; FRACT-full
RG1→64 exceeds GRPO on all 4 benchmarks
(MATH500 +.06, AMC +.04, AIME24 +.12,
AIME25 +.12).

X.4 7B Pass@64 per-seed scatter

Table 46 reports per-seed Pass@64 at 7B on
MATH500 (paired diff mean +.020) and AIME24
(paired diff mean +.070), both with range 0.020.
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Method S1 S2 S3 S4 S5 Mean

KL-Cov .082 .114 .095 .080 .109 .096
FRACT-full .115 .148 .130 .110 .147 .130

Table 43: 7B AIME25 per-seed scatter.
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Figure 6: Pass@k at 7B. Markers are measured
Pass@{1, 16, 64}; curves are PCHIP interpolations in
log k for visualization (no intermediate k measured).

X.5 Empirical saturation

Define the coarse saturation ratio between mea-
sured sample budgets:

Rsat =
Pass@16− Pass@1

Pass@64− Pass@16 + ϵ
. (64)

Values Rsat > 1 indicate diminishing marginal
gains after k = 16; this is a coarse empirical
check rather than a true log-k slope ratio, since
the sample budgets are not equally log-spaced
(log(16/1)=2.77 vs. log(64/16)=1.39).

X.6 Normalized residual gain across all cells

Table 48 reports RG1→64 for all 36 (scale, bench-
mark) cells; FRACT-full improves residual gain
over GRPO on 11/12 (scale, benchmark) cells with
one near-tie at 1.5B AMC.
Observations. (i) Base retains strong residual di-
versity but its Pass@1 is low, so absolute Pass@64
remains below trained methods on near-saturated
benchmarks (MATH500, AMC) at every scale.
(ii) GRPO loses residual scaling on hard bench-
marks: AIME24/AIME25 RG1→64 drops below
Base at every scale (1.5B: .15 vs. .20 / .10 vs.
.13; 3B: .24 vs. .36 / .15 vs. .22; 7B: .43 vs. .48

Bench. Method P@1 P@16 P@64 RG

MATH500
Base .45 .79 .88 .78
GRPO .52 .80 .87 .73
FRACT-full .59 .84 .91 .78

AMC
Base .05 .45 .65 .63
GRPO .13 .55 .73 .69
FRACT-full .18 .56 .74 .68

AIME24
Base .00 .15 .20 .20
GRPO .01 .12 .16 .15
FRACT-full .08 .29 .38 .33

AIME25
Base .00 .09 .13 .13
GRPO .00 .07 .10 .10
FRACT-full .03 .19 .26 .24

Table 44: 1.5B Pass@k, 3 seeds. FRACT-full RG1→64

exceeds GRPO on 3/4 benchmarks (MATH500 +.05,
AIME24 +.18, AIME25 +.14); AMC is a marginal tie
within seed variance.

Bench. Method P@1 P@16 P@64 RG

MATH500
Base .55 .84 .92 .82
GRPO .60 .84 .90 .75
FRACT-full .68 .89 .94 .81

AMC
Base .12 .55 .75 .72
GRPO .25 .65 .80 .73
FRACT-full .31 .69 .84 .77

AIME24
Base .02 .27 .37 .36
GRPO .04 .22 .27 .24
FRACT-full .11 .35 .43 .36

AIME25
Base .01 .17 .23 .22
GRPO .02 .14 .17 .15
FRACT-full .07 .26 .32 .27

Table 45: 3B Pass@k, 5 seeds. FRACT-full RG1→64

exceeds GRPO on all 4 benchmarks (MATH500 +.06,
AMC +.04, AIME24 +.12, AIME25 +.12).

/ .31 vs. .40). (iii) FRACT-full improves resid-
ual gain over GRPO on 11/12 (scale, benchmark)
cells, with the one exception being 1.5B AMC
(FRACT .68 vs. GRPO .69, within seed variance).
On AIME24/AIME25 at every scale, FRACT-full
matches or exceeds Base RG while delivering sub-
stantially higher Pass@1.

X.7 Base vs. trained methods at Pass@64

Table 49 reports the Pass@64 ordering across Base,
GRPO, and FRACT-full; GRPO is overtaken by
Base on AIME24/AIME25 at every scale, while
FRACT-full surpasses Base at every measured k ∈
{1, 16, 64} on every (scale, benchmark) cell.

Y Failure Modes and Negative Results

This appendix lists the falsification criteria stated in
advance of the experiments (§Y.1) and the accept-
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Bench. Method S1 S2 S3 S4 S5 Seed std

MATH500 GRPO .91 .95 .93 .92 .94 .014
FRACT-full .93 .97 .96 .93 .96 .018

AIME24 GRPO .46 .54 .50 .48 .52 .028
FRACT-full .52 .62 .58 .54 .59 .034

Table 46: 7B Pass@64 per-seed scatter on MATH500
(paired diff mean +.020, range 0.020) and AIME24
(paired diff mean +.070, range 0.020).

Scale Method MATH500 AMC AIME24 AIME25

1.5B
Base 3.78 2.00 3.00 2.25
GRPO 4.00 2.33 2.75 2.33
FRACT-full 3.57 2.11 2.33 2.29

3B
Base 3.62 2.15 2.50 2.67
GRPO 4.00 2.67 3.60 4.00
FRACT-full 4.20 2.53 3.00 3.17

7B
Base 4.33 2.80 2.75 2.45
GRPO 4.50 3.38 3.11 2.63
FRACT-full 4.67 4.33 3.00 2.44

Table 47: Coarse saturation Rsat between measured
sample budgets. All 36 cells ≥ 2.0.

able mixed outcomes observed in the main results
(§Y.2).

Y.1 Failure criteria

Table 50 enumerates the falsification criteria stated
in advance; none of these criteria are triggered by
the main results in §4.4–§4.5.

Y.2 Acceptable mixed outcomes

Table 51 lists outcomes that are weaker than the
headline pattern but consistent with the bounded-
improvement framing of §4.7; all listed outcomes
appear in the main experiments and corresponding
appendix tables.

Closing. Across appendices, the results support
a consistent but not uniform picture. FRACT im-
proves Avg Acc@16 over KL-Cov by +0.034 to
+0.045 across three scales, improves normalized
residual gain over GRPO on 11/12 (scale, bench-
mark) cells, and remains above the base model at
every measured k ∈ {1, 16, 64} on every bench-
mark. These gains coexist with several mixed out-
comes: the Fisher coherence contribution is small
(Avg +0.005 to +0.006) and directional rather
than statistically decisive at the small seed budgets;
M=16 provides only marginal benefit over M=8
that does not justify the extra overhead; 1.5B AMC
shows a near-tie in residual gain (FRACT 0.68
vs. GRPO 0.69); and RLIF gains are smaller than

Scale Method MATH500 AMC AIME24 AIME25

1.5B
Base .78 .63 .20 .13
GRPO .73 .69 .15 .10
FRACT-full .78 .68 .33 .24

3B
Base .82 .72 .36 .22
GRPO .75 .73 .24 .15
FRACT-full .81 .77 .36 .27

7B
Base .80 .74 .48 .40
GRPO .76 .78 .43 .31
FRACT-full .77 .89 .46 .36

Table 48: Normalized residual gain RG1→64 for all 36
(scale, benchmark) cells.

Scale Bench. Base GRPO FRACT Pattern

1.5B

MATH500 .88 .87 .91 Base ≈ GRPO;
FRACT > Base

AMC .65 .73 .74 GRPO > Base
AIME24 .20 .16 .38 Base > GRPO
AIME25 .13 .10 .26 Base > GRPO

3B

MATH500 .92 .90 .94 Base > GRPO
AMC .75 .80 .84 GRPO > Base
AIME24 .37 .27 .43 Base > GRPO
AIME25 .23 .17 .32 Base > GRPO

7B

MATH500 .92 .93 .95 Base ≈ GRPO
AMC .80 .90 .96 GRPO > Base
AIME24 .52 .50 .57 Base > GRPO
AIME25 .43 .36 .45 Base > GRPO

Table 49: Pass@64 ordering Base vs. GRPO vs. FRACT-
full. GRPO is overtaken by Base on the harder
AIME24/AIME25 benchmarks at every scale; FRACT-
full surpasses Base at every measured k ∈ {1, 16, 64}
on every (scale, benchmark) cell.

RLVR gains on the hardest benchmarks. We in-
terpret these patterns as evidence that score-driven
selective KL provides a real but bounded improve-
ment, rather than a uniformly dominant interven-
tion.
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Outcome Consequence

FRACT-full ≤ Random-matched-mass score quality not demonstrated
FRACT-head multi ≤ single consistently multi-anchor/projection not useful
FRACT-total ≤ FRACT-head consistently FC correction unnecessary
FRACT RG1→64 < GRPO at majority cells diversity claim weak
Pass@1-drop pred. no better than entropy baseline self-correlation concern
ρproj unstable, clipped always better signed-projection theory weak
FRACT-full consistently below Base across multiple k/benchmarks selective KL fails to preserve useful diversity
Non-monotonic Pass@k or severe lack of saturation sampling or evaluation inconsistency

Table 50: Falsification criteria.

Outcome Interpretation

FRACT-head multi beats FRACT-full at one cell within-noise local inversion
FRACT RG marginally below GRPO on 1.5B AMC single-cell tie within seed variance
Base RG highest on some benchmarks Base diversity, low Pass@1
β=0.5 exceeds β=0.25 Acc by +0.008 within-SE local margin
First-completion anchor trails high-risk high-risk preferred default
FC effect only 4/5 seeds positive directional but underpowered
k=10% intervention worse than k=5% sparse-control claim supported
Rnd.-matched-mass exceeds GRPO at small scale weak mass-only effect
Base > GRPO at Pass@64 on AIME expected GRPO collapse

Table 51: Acceptable mixed outcomes. All listed outcomes are observed in the main experiments and the corre-
sponding appendix tables (§4.2.3, §4.3.2, §4.3.3, §4.4, §4.5, Appendix I, Appendix M, Appendix X).
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