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Abstract

Recently, the Muon optimizer has demonstrated
strong efficiency in large model training through
matrix orthogonalization. At each optimization
step, Muon orthogonalizes the raw update ma-
trix via Newton-Schulz (NS) iterations before
applying it to model parameters. However,
orthogonalization requires repeated matrix mul-
tiplications whose computational cost scales
with O(n?) for an n x n matrix, making the
overhead prohibitive at large model scales. In
this paper, we observe that the geometric angle
derived from cosine similarity between consecu-
tive orthogonal update matrices remains highly
stable during training, a phenomenon that we
partially explain theoretically and support em-
pirically. Based on this angular stability, we
propose LazyMuon, which skips computation-
ally expensive NS iterations through intermit-
tent linear interpolation and employs a residual
correction mechanism to mitigate accumulated
approximation errors. This design ensures fast
iteration while preserving Muon’s orthogonal
manifold constraints. Empirical evaluations
on language and vision tasks demonstrate that
LazyMuon achieves speedups of up to 1.34x
and 1.31x over Muon, respectively, with negli-
gible degradation in convergence.

1 Introduction

For a long time, element-wise optimizers like
AdamW (Loshchilov and Hutter, 2019) have been
considered the standard baseline for training large
models (Zhang et al., 2022; DeepSeek-Al et al.,
2024). As a promising alternative, matrix-wise
optimizers (Gupta et al., 2018; Vyas et al., 2025)
have been developed to capture structural informa-
tion. Building on this, the recently proposed Muon
(Jordan et al., 2024) has challenged this dominance
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Figure 1: Training time per step across optimizers, in-
cluding forward, backward, and optimizer update stages.
Muon shows higher cost due to expensive optimizer
updates dominated by NS iterations.

by delivering superior performance across diverse
tasks. In particular, Muon has demonstrated sub-
stantial advantages and scalability in pre-training
(Team et al., 2025; Zeng et al., 2025).

At each optimization step, Muon orthogonalizes
the raw update matrix before applying it to model
parameters. This orthogonalization is implemented
using Newton-Schulz (NS) iterations, which are
more efficient but less precise than Singular Value
Decomposition (SVD) (Bjorck and Bowie, 1971;
Cesistaetal., 2025). However, the enormous weight
matrices involved in large model training constrain
the widespread adoption of Muon due to intensive
matrix multiplication operations in the NS iterations.
As illustrated in Figure 1, the training overhead
per step of Muon increases sharply with model
scale. Specifically, when scaling the Qwen2.5
model(Qwen et al., 2025) from 0.5B to 7B, Muon’s
per-step training time overhead grows by 18.7x,
consistent with observations reported in (Zhang
et al., 2026) on NS implementations for Muon,
highlighting the substantial computational burden
introduced by the NS iterations on extremely large
weight matrices.

Previous work has explored various avenues to
address this efficiency bottleneck, providing valu-
able progress from different perspectives (Boissin
et al., 2025; Luo et al., 2026; Huang et al., 2025;
He et al., 2026). Nevertheless, attempts to directly
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accelerate the orthogonalization step still entail sub-
optimal trade-offs. Existing methods either break
the constraints of the orthogonal manifold, lead-
ing to compromised convergence, or still require
explicit orthogonalization at every step to strictly
guarantee the manifold constraints, leaving the fun-
damental computational burden largely unresolved.

In this paper, we uncover a novel geometric prop-
erty of the optimization trajectory to overcome this
challenge: the angle derived from cosine similarity
between consecutive orthogonal update matrices
remains highly stable during the steady phase of
training. We partially explain this phenomenon the-
oretically and support it empirically, revealing that
it originates from the fundamental synergy between
the norm constraint of orthogonal matrices and the
inherent long-tail distribution of singular values in
actual training gradients.

Based on this observation of angular stability,
we propose LazyMuon, an optimizer that achieves
high computational efficiency without sacrificing
the geometric integrity of the updates. Instead of
performing expensive NS iterations at every step,
LazyMuon skips these iterations during interme-
diate steps within each period, relying instead on
linear interpolation guided by the pre-measured
angle of the orthogonalized state. To mitigate
the approximation errors that inevitably accumulate
during these skipped steps, LazyMuon incorporates
a period-end residual correction mechanism, ensur-
ing that the optimization trajectory remains in the
orthogonalization manifold while substantially mit-
igating computational overhead. Empirical evalua-
tions on language and vision tasks demonstrate that
LazyMuon substantially reduces wall-clock training
time without sacrificing convergence, achieving up
to 1.34x speedup over the standard Muon baseline.

In summary, our contributions include:

* We empirically observe that during stable loss
descent, the angles between orthogonalized
update matrices remain highly stable over time.
We further analyze the underlying causes of
this phenomenon through a combination of
theoretical analysis and empirical validation.

We propose LazyMuon, an optimizer that peri-
odically skips the NS iterations by leveraging
this stable angle property to approximate the
orthogonalization results, and incorporates a
residual correction at the end of each period
to guarantee the manifold constraints.

* We compare LazyMuon with other baselines
by evaluating their convergence and time effi-
ciency on large model pretraining tasks. Re-
sults show that LazyMuon requires signifi-
cantly less wall-clock time while maintaining
competitive performance.

2 Preliminaries

2.1 Muon

Muon (Jordan et al., 2024) is a matrix-wise op-
timizer that orthogonalizes gradients to maintain
consistent step lengths across different optimiza-
tion directions. Formally, let f(W;_1,&;) denote
the objective function evaluated on the weight ma-
trix W;_1 € R™*™ and a stochastic mini-batch
&;. The standard momentum M} is updated with a
coefficient 5 € (0, 1) as follows:

M; = M1 + V (W1, &) (D

Recent empirical studies suggest that directly
utilizing M in the original Muon formulation can
yield suboptimal performance in large scale set-
tings (Sato et al., 2025). To address this, we adopt
a robust variant that incorporates a Nesterov-style
momentum term and an explicit magnitude align-
ment factor. The complete update rule of Muon
employed in our work is formulated as:

N; =M, + Vf(Wi_1,&) (2)
O; = NewtonSchulz5(Ny) 3)

W, =W,_; —7-0.2y/max(m,n)-O; (4)

where N, incorporates the Nesterov lookahead,
and n > 0 is the learning rate. The scaling factor
0.24/max(m,n) is crucial for aligning the update
magnitudes between Muon and AdamW.

The NewtonSchulz5 algorithm is employed to by-
pass the computationally expensive SVD. Through
polynomial iterations, it approximates the orthog-
onal matrix U,V derived from the exact SVD
N; = UtEJ,gV;r . As is standard practice (Jordan
etal., 2024; Liu et al., 2025), vector-like parameters,
including 1D normalization weights, the input em-
bedding layer, and the language modeling head, are
excluded from Muon and optimized conventionally
via AdamW.

2.2 NS Orthogonalization and Directional
Alignment

The core intuition behind Muon is to orthogonal-
ize the update matrix, effectively normalizing its
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Figure 2: Evolution of angles between consecutive steps in the Nesterov momentum and orthogonalized update
sequences for parameter matrices in Layer 11 of Qwen2.5-1.5B.

singular values to a uniform scale. This mecha-
nism perfectly balances the update step sizes across
different singular vector directions of the weight
matrix, thereby optimizing the convergence trajec-
tory. Mathematically, given a momentum matrix
N; = UXV7 (where U and V are orthogonal ma-
trices), Muon seeks the strict orthogonal projection
Q* = UVT as the ideal update direction.

However, due to the prohibitive computational
overhead of exact SVD or polar decomposition,
NS iterations are widely adopted as an efficient
approximation. Although NS iterations yield an
inexact orthogonalization, the original Muon work
(Jordan et al., 2024) shows that Muon exhibits
strong tolerance to such approximation: The inexact
orthogonalization produced by NS iterations only
leaves the singular values bounded within a relaxed
range (e.g. [0.7,1.3]), yet this approximation error
does not degrade the convergence performance.

Building upon this intrinsic tolerance, recent
work (Liu et al., 2026) argues that the conventional
distance metric | Q7 Q —I|| widely adopted in prior
studies (Boissin et al., 2025; Sato et al., 2025) may
not be a practically effective measure of orthogo-
nalization quality. Under this strict metric, benign
global scaling of singular values directly penalizes
the orthogonal accuracy. Instead, they propose
evaluating the update quality via cosine similarity,
defined as Héﬁ’%, which is inherently invariant

[FIQ*IF
to global scaling.

This scale-invariant perspective provides a cru-
cial inspiration for our work: the superiority of an
update matrix is not strictly determined by its rigid
mathematical orthogonality, but rather dictated by
its angular similarity to the ideal update direction.
This profound geometric observation naturally mo-

tivates us to investigate the directional stability
across consecutive steps, directly paving the theo-
retical groundwork for our angle-based LazyMuon
algorithm in the subsequent sections.

3 Angular Stability Analysis.

Observation of Angular Stability. Although the
existing literature on the Muon optimizer is predom-
inantly theory-driven (Boissin et al., 2025; Khaled
et al., 2025; Si et al., 2025), our proposed method
is based on key empirical insights regarding the
geometric effect of orthogonalization. To investi-
gate this phenomenon, we train a Qwen2.5-1.5B
model on the OpenWebText (Gokaslan et al., 2019).
Following the standard Muon application protocol
(Jordan et al., 2024; Liu et al., 2025), the optimizer
is applied exclusively to parameter tensors with two
or more dimensions, excluding the embedding layer
and the language model head. In this setting, we
systematically track the training dynamics of all
seven parameter matrices using Muon within an
intermediate Transformer block (Layer 11 of 24).
Specifically, we evaluate the geometric rela-
tionship of these matrices between consecutive
optimization steps. Let 6,(X) denote the angle
between consecutive steps for a given matrix se-
quence X, defined by the Frobenius inner product as

_ (Xi—1,X¢)p :
0:(X) = arccos (HXt_lllpllxtHF)' As illustrated

in Figure 2, a striking contrast emerges before and
after the orthogonalization operation. While the
angular trajectory of the pre-orthogonalized matrix
0:(IN) exhibits severe fluctuations, the orthogonal-
ized update matrix 6;(O) demonstrates a remark-
ably smooth and stable progression throughout the
steady phase of loss descent.
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Figure 3: Evolution of singular value distributions for four attention matrices in Layer 11 of Qwen2.5-1.5B across

iterations, with distribution fitting at iteration 800.

Variance Decomposition Analysis. To further
explore the underlying mechanism of this phe-
nomenon, we rewrite 6;(X) by expanding the inner
product formula:

X
6;(X) = arccos <2H‘Xtt—’1F\F
—_————
Y1(X)
) 5
L IXealle X = Xl
2Xellr 201 X1 lpl1Xel
—_———
Y2 (X) Y3(X)

Our empirical analysis reveals that the overall sta-
bility of ,(0O) is strictly driven by its decomposed
components. Appendix 2 summarizes the vari-
ances of Y7, Ys, and Y3 for both 6,(N) and 6;(O)
across attention layers. The results clearly show
that Var(Y;(O)) < Var(Y;(IN)) holds universally
for all 7 € {1,2,3}. The stabilization of Y;(O)
and Y5(O) is theoretically expected; since the NS
orthogonalization in a few-steps bounds ||O¢||r to
a value near-constant, both terms are constrained
near %, resulting in negligible variance.

Unlike the first two terms, rigorously prov-
ing Var(Y3(0)) < Var(Y3(IN)) mathematically
is highly challenging. We thus turn to an empirical
methodology by simulating Muon updates on artifi-
cial gradient sequences. We observe that for purely
random sequences, Var(Y3(0)) does not exhibit a
clear reduction compared with Var(Y3(IN)). This
strongly implies that the superior stability of Y3(O)
is intrinsically coupled with the specific structural
nature of actual training gradients. Therefore, prior
to the analysis of Y3, we investigate the properties
of the true gradient to guide the construction of an
artificial sequence.

Var(Y3(0)) —— Ratio

103
—4 0
§ 10 o 10
£10°5 3
S Lo ©10-1
/
0 1.0 2.0 0 1.0 2.0
y %

Figure 4: Variance and variance ratio of Y5(IN) and
Y3(O) under varying -, where a larger absolute value
of «y causes the variance of Y3(O) to grow slower than
that of Y5(IN') and their ratio to decrease.

Empirical Verification via Simulation. Given
that the core objective of orthogonalization is to
flatten the singular value distribution, it naturally
motivates us to investigate the spectral properties
of the raw gradients. Taking the four projection
matrices within the Attention layer of Qwen2.5-
1.5B as an example, we visualize their singular
value distributions at iterations 600, 800, and 1000.
As illustrated in Figure 3, these distributions exhibit
a pronounced long-tail effect, consistent with prior
findings (Sonthalia et al., 2026). Such a distribution
can be accurately modeled by the function y =
a(x + b)7. In the figure, we demonstrate this curve
fitting specifically on the 800th iteration, yielding
an R? > 0.98. Notably, since the fundamental
long-tail characteristic remains unaffected by the
scaling factor a and the shift factor b, the exponent y
intrinsically dictates the degree of imbalance within
this distribution.

Building on this observation, we conduct a con-
trolled simulation to examine how the spectral decay
rate vy affects Var(Y3(0)), Var(Y3(IN)), and their
ratio. Taking the Query projection matrix in the
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Figure 5: Overview of the optimizer frameworks and
mechanisms. (a) The proposed LazyMuon framework
incorporating linear interpolation and residual correc-
tion. (b) The baseline Muon optimizer framework.
(c) Schematic representation of the linear interpolation
mechanism, where i € {t +3,...,t + k}.

Attention layer as a representative example, we fix
the fitted scaling and shift parameters a and b, and
vary only y to construct singular value distributions
of the form y = a(x + b)7. For simplicity, we
assume that the singular value distribution remains
approximately unchanged over short sequences of
iterations. We then replace the original singular
value distribution of the raw gradients with these
synthesized distributions while retaining the cor-
responding singular vectors, thereby isolating the
effect of the spectral decay rate.

As shown in Figure 4, as the absolute value of y
increases, the singular value distribution becomes
increasingly long-tailed. Under this condition,
Var(Y3(IN)) surges rapidly and becomes highly un-
stable, while Var(Y3(O)) grows at a much slower
rate. This difference in growth rates leads to a con-
tinuous decrease in the variance ratio ~xi2(0)

Var(Y3(N))”
demonstrating that Y5(O) is significantly more ro-
bust than Y3(IN) against severe long-tail spectral
imbalances. These results suggest that the long-
tailed singular value distribution of raw gradients is
the primary cause of the stark difference in stability
between Y3(O) and Y3(IN).

These findings demonstrate that the remarkable

Algorithm 1 LazyMuon

Require: 2D weights W, € R™*™ loss function
L, momentum p, period k € Z, k > 3, learn-
ing rate 7, weight decay A

1: Initialize Ojpg < 0, A < 0, My < 0
2: fort=1,... do

3:  Compute gradient G; < VwLi(W;_1)
4: M; ,U,Mt_l + Gy

5: Ny puM; + G,

6: if t mod k € {1,2} then

7: O, + NewtonSchulz5(Ny)

8: U; + 0.2 /max(n,m) - nOy

9: ¢ «— cosine(Oy¢, Opagt), Opast < Oy
10:  else

11: O; «+ LinearInterpolation(N¢, Ojag, €)
12: U; + 0.2+ /max(n,m) - nO}
13:  end if

14: W, (1 — 77)\) -W;_1 - U,

15 A+ A+ Ny

16: if ¢ mod k = 0 then

17: O = NewtonSchulz5(A)

18: U — ||Wtﬁ(‘)7‘|/|vt—k”0

19: W, (]. = 7’])\) W, —-U
20: A+0
21:  end if
22: end for

23: return W,

angular stability of orthogonalized update matrices
originates from a fundamental synergy: the norm
constraint of orthogonal matrices guarantees the
stability of Y7 and Y5, while the inherent long-tail
distribution of singular values in gradient sequence
enables the suppression of volatility in Y3.

4 LazyMuon

While the Muon optimizer utilizes NS iterations
to avoid expensive matrix inversions, the repeti-
tive matrix multiplications still impose a significant
computational bottleneck in large model training.
Inspired by our empirical findings on angular sta-
bility, we propose LazyMuon, which mitigates
the frequent overhead of exact orthogonalization
through a periodic residual correction strategy. The
framework is illustrated in Figure 5 and its detailed
procedure is given in algorithm 1 and algorithm 2.

Given a 2D weight matrix W € R"*™, Lazy-
Muon optimizes in a periodic manner with period
length k. During the first two steps of each period,
we apply full NS iterations on Nesterov momentum
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Figure 6: Training curves on Qwen2.5-1.5B @OpenWebText and ViT-H@ImageNet across learning rates (Left:
Loss vs. Iteration; Right: Loss vs. Time). LazyMuon consistently achieves faster convergence than all baselines.

to obtain two orthogonal updates; the latter is kept
as Opagt, and cis calculated as their cosine similarity.
For the subsequent skipped steps within the period,
we bypass high-frequency NS iterations and rely
on linear interpolation for fast updates. At step
t, guided by the estimated c, this interpolation ef-
fectively deflects Oy toward the current Nesterov
momentum Ny, thereby yielding O} as an approxi-
mation of the full orthogonal update O,. Following
(Liu et al., 2025), each step incorporates decoupled
weight decay A and scale the learning rate by a

dimension-dependent factor of 0.2/max(n,m).

Although linear interpolation ensures high effi-
ciency, approximation biases inevitably accumulate
over the period. To rectify this, inspired by residual
mechanisms (He et al., 2016; Zhang et al., 2019),
we maintain an accumulator A to aggregate the
unorthogonalized Nesterov momentum IN; across
the period, and trigger a residual correction at the
k-th step of the period. Specifically, we apply
the NS operation to the accumulated residual A,
yielding a manifold-constrained correction direc-
tion O. We scale the orthogonalized direction O by
W to preserve the exact magnitude of the
accumulated update. This ensures that the residual
correction only modifies the update direction to
satisfy the orthogonal manifold constraints, leaving
the overall step norm unchanged. The scaled up-
date is applied to the weight-decayed anchor W;_,

to execute the final parameter update. This resid-
ual correction ensures the optimization trajectory
remains in the orthogonalization manifold while
substantially mitigating computational overhead.

S Experiment

5.1 Experimental Environment

The experiments were conducted on a server with
an Ubuntu 22.04.4 LTS system, an Intel Xeon Gold
6530 CPU, and four Nvidia L20 GPUs, each with
48GB of memory. The Python version is 3.12.6,
and the other libraries used are all based on this
Python version. We use PyTorch 2.4.1 with CUDA
12.1 as the machine learning toolkit, and NCCL as
the communication backend for distributed training.

5.2 Experimental Settings

Tasks. To evaluate the effectiveness and ver-
satility of our proposed method across different
modalities, we conduct experiments on two repre-
sentative and widely adopted setups: Qwen2.5
(Qwen et al., 2025) trained on the OpenWeb-
Text (Gokaslan et al., 2019) dataset (denoted as
Qwen2.5@O0penWebText) and ViT (Dosovitskiy
et al., 2021; Zhai et al., 2022) trained on ImageNet-
1K (Deng et al., 2009) (denoted as ViT @ImageNet).
All experiments are executed using Data Parallelism
(DP) (Li et al., 2020) across four GPUs. For the
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Figure 7: Maximum speedup of evaluated optimizers relative to Muon across varying model sizes. The experiments
are conducted under a learning rate of 1 x 10~3. Each bar indicates the highest acceleration ratio achieved by the

algorithm when reaching the same target loss as Muon.

language modeling task Qwen2.5@OpenWebText,
we set the sequence length to 512 tokens with a total
batch size of 8, following the implementation con-
figurations in the repository proposed by (Liu et al.,
2025). Furthermore, considering that recent large
models training heavily focuses on linguistic data,
we intentionally incorporate the ViT @ImageNet
benchmark to ensure a comprehensive evaluation
in the vision domain. For this visual task, we adopt
a total batch size of 16 and resize all input images
to the standard 224 x 224 resolution. To rigorously
verify the generalization capabilities of our method
across different hyperparameter regimes—a crite-
rion emphasized in (Si et al., 2025)—both tasks are
independently evaluated under a a smaller learning
rate of 6 x 10~ and larger learning rate of 1 x 1073,

Baselines. We compare our proposed LazyMuon
against three representative optimizers. First, we
adopt the foundational Muon optimizer from the
official Kimi repository (Liu et al., 2025), which
adapts the original Muon design (Jordan et al.,
2024) for large language models (LLMs) by incor-
porating weight decay and per-parameter update
scaling factors. Second, we evaluate ProMO (Luo
et al., 2026), a dynamic hybrid optimizer that ac-
celerates early training primarily with SGD and
smoothly transitions to Muon in later stages via an
adaptive, sine-based scheduling strategy tied to the
training progress. Third, we benchmark against
Turbo-Muon (Boissin et al., 2025), which mitigates
the computational overhead of orthogonalization
through Approximate Orthogonal (AOL) precondi-
tioning; following their original configuration, we
set the number of NS iterations to 4. Our Lazy-
Muon employs period length & = 10 as the default
setting for the main evaluations, with a detailed
sensitivity analysis of k provided in subsequent sec-

tions. Across all baselines, we employ a Nesterov
momentum of 5 = 0.9 for orthogonalized updates,
whereas vector-like parameters such as embedding,
normalization, and LM head layers are optimized
via AdamW with 81 = 0.9 and 52 = 0.95.

5.3 Evaluation on Language and Vision Tasks

As shown in Figure 6, we evaluate LazyMuon on
both Qwen2.5-1.5B and ViT-Huge under two learn-
ing rate settings. Across all configurations, Lazy-
Muon consistently achieves superior wall-clock con-
vergence efficiency compared with Muon, Turbo-
Muon, and ProMO. Taking ViT @ImageNet with a
learning rate of 6 x 10~ as an example, when the
loss reaches 6.0, LazyMuon obtains 1.15x, 1.25x,
and 1.39x speedups over Muon, Turbo-Muon, and
ProMO, respectively, which further increase to
1.21x, 1.42x, and 1.49x when the loss decreases
to 5.8. The advantage of LazyMuon becomes in-
creasingly pronounced at larger model scales, where
existing methods either incur substantial overhead
from per-step orthogonalization or damage conver-
gence by intermittently switching to updates that
violate the orthogonal manifold constraints. In
contrast, LazyMuon reduces orthogonalization cost
through angle-guided interpolation while preserv-
ing optimization stability via period-end residual
correction, thereby achieving a better balance be-
tween convergence and training efficiency.

5.4 Scaling Behavior Across Model Sizes

In this section, we investigate how model scale
affects the acceleration efficiency of LazyMuon.
For Qwen@OpenWebText, we evaluate Qwen2.5-
0.5B, Qwen2.5-1.5B, and Qwen2.5-3B, while for
ViT @ImageNet we evaluate ViT-Large/16 (ViT-L),
ViT-Huge/14 (ViT-H), and ViT-Giant/14 (ViT-G).
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Table 1: Sensitivity analysis of the period length k. The table reports the wall-clock time required for LazyMuon
with k € [4,12] and the Muon baseline to reach specific target losses across two different tasks (LR denotes the
learning rate). The relative speedup ratios of LazyMuon compared to Muon are provided in parentheses.

Qwen2.5-1.5B @ OpenWebText

ViT-H @ ImageNet

Setting LR = 6 x 10~ LR =1 x 10-3 LR = 6 x 10~ LR =1x10-

Loss = 5.5 Loss = 5.25 Loss =5.5 Loss = 5.25 Loss = 6.0 Loss = 5.75 Loss = 6.0 Loss = 5.75
k=4 1441.10 (1.09x) 2197.57 (1.12x) 1515.55(1.19%x) 2451.76 (1.17x) 1121.64 (1.22x) 171542 (1.12x) 1376.21 (1.19x) 1909.26 (1.14x)
k=5 1332.31 (1.18x) 2027.71 (1.21x) 1405.79 (1.29%x) 2271.90 (1.26x) 1084.97 (1.26x) 1533.85 (1.25x) 1285.26 (1.28x) 1836.40 (1.19%)
k=6 1276.21 (1.23x) 1891.86 (1.30x) 1391.07 (1.30x) 2233.19 (1.28x%) 1105.13 (1.23x) 1661.03 (1.15x) 1288.89 (1.27x) 1813.64 (1.20x)
k=7 1238.91 (1.27x) 1912.12 (1.29%) 1369.66 (1.32x) 2161.15(1.32x) 1142.67 (1.19x) 1606.57 (1.19%x) 1326.34 (1.24x) 1793.54 (1.21x)
k=8 1204.67 (1.31x) 1863.21 (1.32x) 1408.10 (1.29%x) 2172.43 (1.32x) 1165.78 (1.17x) 1612.04 (1.19%x) 1314.41 (1.25x) 1760.23 (1.24%)
k=9 1194.01 (1.32x) 1886.86 (1.30x) 1405.14 (1.29x) 2138.18 (1.34x) 1107.76 (1.23x) 1608.17 (1.19x) 1254.85 (1.31x) 1760.65 (1.24x)
k=10 1201.80 (1.31x) 1881.70 (1.31x) 1591.10 (1.14x) 2388.44 (1.20x) 1066.41 (1.28x) 1550.69 (1.24x) 1270.63 (1.29x) 1713.99 (1.27x)
k=11 1226.25 (1.29%x) 1913.80 (1.28x) 1600.87 (1.13x) 2298.49 (1.24x) 1073.20 (1.27x) 1538.22 (1.25x) 1394.55 (1.18x) 1734.18 (1.26x%)
k=12 1226.41 (1.29%x) 1878.66 (1.31x) 1800.28 (1.01x) 2537.27 (1.13x) 1144.53 (1.19x) 1603.95 (1.19%x) 1392.61 (1.18x) 1785.68 (1.22x)
Muon 1576.02 2459.03 1810.50 2858.58 1364.36 1915.52 1639.18 2176.59

We compare LazyMuon with all baselines across
these model scales. The results under a learning
rate of 1 x 10~3 are summarized in Figure 7, and
those for 6 x 10~% in Appendix 9. As model size in-
creases, the speed advantage of LazyMuon becomes
increasingly significant. On Qwen2.5-0.5B, the or-
thogonalization overhead remains relatively small,
resulting in only limited improvement over Muon.
However, when scaling to Qwen2.5-3B, LazyMuon
achieves up to 1.79x speedup over Muon. A sim-
ilar trend is observed in the vision experiments,
where the speedup increases from 1.17x on ViT-L
to 1.27x on ViI-G. These results demonstrate that
LazyMuon benefits more from larger models, since
it replaces computationally expensive NS iterations
with lightweight element-wise operations whose
overhead grows much more slowly with model scale.
Related loss curves are in Appendix 8.

5.5 Sensitivity Analysis of Hyperparameter

The period & in LazyMuon plays an important role
in determining its training efficiency. A larger
k enables faster execution by skipping more NS
iterations, but may lead to more aggressive up-
dates, potentially hurting convergence. In contrast,
a smaller £ makes LazyMuon behave more simi-
larly to the baseline Muon optimizer, resulting in a
slower training process. Nevertheless, we find that
LazyMuon is remarkably robust to the choice of k
within a reasonable range. We study the effect of
k on the end-to-end training time and the results
are reported in Table 1, while details are provided
in Appendix 10. We sweep k from 4 to 12 and
observe that LazyMuon consistently outperforms
Muon across all settings. In particular, when k&
lies in the range of [7, 11], LazyMuon achieves the
best overall performance, reaching up to a 1.34 x

speedup. Based on these results, we consider [7, 11]
to be a safe and effective range for choosing k in
LazyMuon.

5.6 Ablation Study

We ablate the two core components of Lazy-
Muon: interpolation-based deflection approxima-
tion and residual correction. We construct two
variants: LazyMuon w/o Deflection Approxima-
tion (w/0-DA), which removes linear interpolation
and directly applies raw momentum updates dur-
ing skipped steps; and LazyMuon w/o Residual
Correction (w/0-RC), which disables period-end
correction while retaining interpolation. As shown
in Appendix 11, removing either component con-
sistently degrades performance in all tasks.

6 Conclusion

In this paper, we address the computational bottle-
neck of the Muon optimizer when training large
models. We discover that the geometric angle
between consecutive orthogonal update matrices
remains highly stable during the training process.
Leveraging this inherent property, we propose Lazy-
Muon, an efficient matrix-level optimizer that skips
computationally expensive NS iterations through in-
termittent linear interpolation. To strictly preserve
the orthogonal manifold constraints, we incorporate
a period-end residual correction mechanism. Exten-
sive experiments on both language and vision tasks
demonstrate that LazyMuon significantly acceler-
ates training process and reduces computational
overhead while maintaining competitive conver-
gence performance. Furthermore, our approach
exhibits superior scalability, making it a practical
solution for massive deep learning models.
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Limitations

This work focuses on accelerating large language
model training via the LazyMuon optimizer, but
several limitations should be noted. First, due to
constraints in available computational resources,
empirical validation on larger-scale models is cur-
rently lacking. Second, a rigorous theoretical anal-
ysis of convergence is not provided, as it diverges
from the scope of our discussion.
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Appendix
A Related Works

A.1 Matrix-wise Optimization

Traditional adaptive optimizers such as AdamW
(Loshchilov and Hutter, 2019) perform parameter
updates in an element-wise manner, ignoring struc-
tural correlations within weight matrices. Matrix-
wise optimization addresses this by explicitly ex-
ploiting these structures to enhance training effi-
ciency and stability. Early explorations primarily
focused on matrix factorization techniques: Sham-
poo (Gupta et al., 2018) and K-FAC (Martens and
Grosse, 2015) utilize Kronecker-factored approxi-
mations for scalable second-order preconditioning,
while AdaFactor (Shazeer and Stern, 2018) factor-
izes second-moment statistics into row and column
components to reduce memory overhead. Building
on these foundations, recent advancements pro-
pose more sophisticated matrix-structured updates.
For instance, SOAP (Vyas et al., 2025) integrates
adaptive preconditioning with matrix-wise statis-
tics. Meanwhile, Muon (Jordan et al., 2024) em-
ploys Newton-Schulz iterations to orthogonalize
update matrices, effectively extracting matrix-level
directional features. Supported by solid theoretical
guarantees (Li and Hong, 2025) and successful de-
ployments in large model pre-training (Team et al.,
2025; Zeng et al., 2025), Muon has demonstrated
exceptional scaling behavior.

A.2 Muon and its variants

Building on this foundation, further studies have
sought to extend its optimization capabilities. For
instance, AdaMuon (Si et al., 2025) and Muon?
(Liu et al., 2026) introduce adaptive mechanisms
and refined update rules to enhance convergence ro-
bustness. Despite these empirical and algorithmic
successes, Muon’s orthogonalization relies on mul-
tiple matrix multiplications per step, introducing
substantial computational overhead that severely
limits its practical training throughput on massive
models. To mitigate this efficiency bottleneck, re-
cent works have focused on accelerating the training
process. For instance, Turbo-Muon (Boissin et al.,
2025) aims to optimize the computational cost of
the orthogonalization steps directly; however, as
a per-step approach, it still incurs heavy computa-
tional overhead at scale. On the other hand, ProMO
(Luo et al., 2026) attempts to balance efficiency and
structural optimization by introducing a progres-
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Table 2: Variances of Y7, Y5, Y3 for the updates before (IN) and after (O) orthogonalization and their ratios across
Attention parameter matrices. Var(Y;(0)) < Var(Y;(N)) forall ¢ € {1,2,3}.

Term Attn Query Attn Key Attn Value Attn Output
X=N X=0 Rato X=N X=0 Ratio X=N X=0 Ratio X=N X=O0O Ratio
Var(Y1(X)) 2.3e-3  9.de5 4% 43e3 4.5e5 1% 6.2e-:3  7.2e-5 1% 4.0e-3 1.7e-4 4%
Var(Y2(X)) 1.8e-3  9.4e-5 5% 3.1e-3  4.5e-5 1% 3.6e-3  7.2e-5 2% 2.5e-3  19e4 7%
Var(Y3(X)) 4.0e-3  2.0e-4 5%  7.8e-3 49e4 6% 1.0e-2  9.7e-4 9% 7.0e-:3  S54e4 8%

sive hybrid framework that dynamically alternates
between standard momentum and Muon updates
via a sinusoidal schedule. Nevertheless, this hybrid
strategy damages convergence by intermittently
switching to updates that violate orthogonal con-
straints.

B Extended Empirical Evaluations

This section provides extended empirical results
across model architectures and scales. Table 2
presents the detailed variances and ratios of three
terms of 6,(X) for the updates before (X = N)
and after (X = O) orthogonalization across the
evaluated attention parameter matrices within an
intermediate Transformer block. Meanwhile, Fig-
ure 8 shows the complete training curves under
various learning rates across scaled model sizes to
demonstrate scalability, while Figure 9 supplements
the wall-clock speedup results specifically under an
alternative learning rate of 6 X 10~*%. Furthermore,
expanding upon the specific metric values reported
in Table 1, Figure 10 provides the complete loss
curves across all evaluated period lengths k for hy-
perparameter sensitivity analysis, while Figure 11
illustrates the complete loss curves for our ablation
studies, validating the robustness and individual
necessity of each component in LazyMuon.

C Extended Observation of Angular
Stability

To further justify the foundation of our LazyMuon
framework, we extend the empirical observation of
angular stability from adjacent steps to larger step in-
tervals. In the main text, our observation is focused
on the temporal angle between adjacent updates, de-

_ (0:—1,0¢)F :
noted as 6,(O) = arccos (”Ot—lHFHOtHF>’ which

corresponds to a step interval of j = 1. While
this confirms that the orthogonalized update matrix
at step t — 1 provides a highly reliable insight for
predicting step ¢, the LazyMuon algorithm prac-
tically utilizes the orthogonalized update from a
single step to approximate and correct subsequent

Algorithm 2 LinearInterpolation

Require: Current Nesterov momentum buffer Ny,
cached direction Oy, cached cosine ¢, and

numerical constant
<Nt7 Olast)F )

HNtHFHOlastHF

1: 01 < arccos

2: B9 < arccos(c)

HolastHF sin 62
N ||Otast || 7 sin 02 + ||N¢|| 7 sin(f; — 62)
4: Ot — tht + (1 - wt)olast

o) ~
5. 02 “ ”~ lastHF

|O¢lF + e

6: return O

3wy

updates across an entire period (i.e., predicting
stepst+1,t+2,...,t+ ). To bridge this gap, we
introduce a 3D visualization in Appendix 12 that
systematically tracks the generalized interval angle,

0,;,0
defined as 6, ;(O) = arccos (MiFHgtFHF>'

The 3D plot reveals several profound insights that
strongly support our approach. First, the remarkable
geometric stability of the orthogonalized updates
is not restricted to adjacent steps (j = 1); rather, it
universally holds true across larger step intervals
(7 > 1), exhibiting an identical smooth and flat
progression throughout the steady training phase.
Second, the angles change slowly as j increases dur-
ing the steady phase of loss descent, demonstrating
a strong continuity where the values for neighboring
intervals remain close to one another. Although the
baseline angle grows marginally and gradually as
the step interval j widens, its high predictability
and low variance are strictly preserved. This contin-
uous and regular trend along the j axis guarantees
that an orthogonal update computed at a given step
remains an exceptionally robust anchor. Provided
that 5 does not take an excessively large value, this
anchor can reliably generate and calibrate updates
several steps into the future with low approximation
error.
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Figure 8: Results of Scaling Behavior Across Model Sizes
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Figure 10: Results of Sensitivity Analysis of Hyperparameter
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Figure 11: Results of Ablation Study
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w/0-RC under different learning rates (Left: Loss vs. Iteration; Right: Loss vs. Time).

Attn Query Attn Key Attn Value Attn Output

< 50 T T
v 50 o v
=) 40 o =
c j= c
< < 30 <

leey %500 It > %1500 ) 6
Cra Srgy Crop
"atio, 2000 2 * N "3tio,, 2000 2 ¢ W "3tjo,, 2000 2 ¢ W«

MLP Gate MLP Up MLP Down

— == 50° Projection Line

60 3 60 3
50 ¢ 50 ¢ —— 60° Projection Line
40 > 40 o
c c
30 £ 30
20 40 60

Update Angle (°)

6
4

Ity %5 Ite, 1500
€, . €, . e
"tiors 4 "atio, 20002

00
2000 2

Figure 12: Evolution of the generalized interval angle 6, ;(O) for orthogonalized updates across varying step
intervals j. The horizontal axis denotes the training iteration ¢, the depth axis represents the step interval j, and the
vertical axis indicates the resulting angle 6, ;.

3659



