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Abstract

Group-relative policy optimization (GRPO)
provides a stable recipe for outcome-based RL
on language model reasoning, but its credit
assignment is coarse: it broadcasts a single
trajectory advantage to every token, regard-
less of how individual steps contribute to the
outcome. We call this the uniform-broadcast
failure mode and address it with RLPgR, a
dependency-aware rescaling of the existing
GRPO advantage. RLPgR parses each roll-
out into a Progress Dependency Graph (PDG),
where each node groups a contiguous span
of steps into a milestone-level unit with a lo-
cally validatable artifact, and directed edges
connect a node to the artifacts it depends on.
Using the PDG, RLPgR rescales the group-
relative advantage by a small, bounded, sign-
preserving factor at the node level. This pre-
serves the outcome-governed rollout direction
while each step’s update better reflects its de-
pendency role, avoiding the reward-hacking
drift of densely shaped process rewards. To
reduce PDG construction cost, we train an
open Qwen3-8B progress annotator amortiz-
ing a one-time proprietary bootstrap. Across
model families and sizes on five math reasoning
benchmarks, RLPgR is competitive with strong
outcome-RL and process-RL baselines. Three
controlled studies (scaling-strength sensitivity,
segment-level baselines, and PDG label pertur-
bation) support the view that the gain comes
from structured credit assignment rather than
incidental tuning.

1 Introduction

Reinforcement learning with verifiable rewards
(RLVR) has become a common post-training

“Equal contribution.
Corresponding author.

approach for mathematical and programming
tasks (Guo et al., 2025a; He et al., 2025). Group-
relative policy optimization (GRPO) is a critic-
free policy-optimization algorithm that estimates
a group-relative trajectory advantage from sam-
pled responses (Shao et al., 2024). Under outcome
supervision, GRPO assigns the same normalized
response reward to every token in a rollout (Shao
et al., 2024). This coarse assignment does not dis-
tinguish how individual steps contribute to the final
outcome. We call this the uniform-broadcast failure
mode of GRPO. For long-chain reasoning, where
intermediate conclusions depend sparsely on earlier
artifacts, this uniform broadcast applies the same
update to root-cause mistakes, locally valid steps
that inherit a wrong premise, and explicit recovery
steps that backtrack from earlier errors.

Process supervision supplies step-level feed-
back through process reward models (PRMs) (Ue-
sato et al., 2022; Lightman et al., 2023; Cheng
et al., 2025). Other critic-free methods estimate
intermediate-state values with auxiliary Monte
Carlo rollouts (Kazemnejad et al., 2025) or with
segment-level, and in one variant tree-structured,
sampling (Guo et al., 2025b). Static or imperfect
process rewards can be overoptimized and can in-
vite reward hacking (Cheng et al., 2025; Cui et al.,
2025), while Monte Carlo labels trade estimation
accuracy against additional rollout cost (Zhang
et al., 2025).

We argue that the core issue is not the absence
of dense rewards but how the existing outcome-
derived advantage is distributed within a rollout.
Prior work represents reasoning with query trees
or premise-linked graphs rather than only flat pre-
fixes (Cao et al., 2023; Mukherjee et al., 2025).
Separate studies show that early errors can prop-
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agate to later claims (Zhang et al., 2024), while
recovery from an earlier error can be faithful or un-
faithful (Yee et al., 2024; Dhuliawala et al., 2024).
We hypothesize that uniform trajectory-level credit
is too coarse to distinguish source errors, propa-
gated errors, and recovery steps. This motivates
redistributing the existing outcome-derived advan-
tage along a dependency graph, rather than intro-
ducing an independent dense reward that competes
with outcome supervision.

Guided by this perspective, we propose RLPgR,
a dependency-aware correction to GRPO-style ad-
vantage broadcast in which the existing group-
relative advantage is rescaled by a node-level factor
that depends on dependency-driven error roles. We
represent each rollout as a Progress Dependency
Graph (PDG), where each progress node groups
a contiguous span of steps into a single subgoal
that ends with a locally validatable artifact, and
directed edges encode artifact dependencies. Each
node is annotated with one of four statuses, Cor-
rect Progress (CP), Internal Error (IE), Inherited
Error (HE), or Compound Error (CE), which lets us
separate root-cause mistakes from errors that arise
purely through dependency propagation. RLPgR
multiplies GRPO’s outcome-derived advantage by
a small, bounded, sign-preserving node-level factor,
so each step’s update is calibrated to its contribu-
tion to the final outcome while final correctness
still governs the rollout-level direction, avoiding
the reward-hacking drift typical of densely shaped
process rewards.

We evaluate on a suite of public math reasoning
benchmarks, and instantiate RLPgR on Qwen2.5-
Math (1.5B and 7B) and DeepSeek-R1-Distill-
Qwen-1.5B (Yang et al., 2024; Guo et al., 2025a).
We report headline numbers in both avg@Fk and
pass@Fk (Yue et al., 2025a), and directly probe the
mechanism with three controls. A scaling-strength
study shows that a single coefficient & monotoni-
cally controls the magnitude of dependency-aware
correction, with larger gains on the 7B backbone.
A comparison with recent segment-level credit-
assignment methods (Guo et al., 2025b; Kazem-
nejad et al., 2025) further shows that explicit de-
pendency modeling improves over coarser segmen-
tation. Controlled perturbations of PDG node sta-
tuses confirm that the gain tracks PDG label fidelity
rather than incidental hyperparameter choices. Fi-
nally, under a unified LLM-as-judge protocol, our
trained open progress annotator surpasses the com-
mercial GPT-5-mini annotator used for bootstrap-

ping, achieving 58% and 75% pairwise win rates
under GPT-5.2 and DeepSeek-V3.2 judges, respec-
tively.

Our contributions are threefold. First, we name
and characterize the uniform-broadcast failure
mode in GRPO-style training, where the rollout-
level advantage is broadcast uniformly across to-
kens regardless of their causal roles. Second, we
propose RLPgR, a dependency-aware correction
to GRPO that uses Progress Dependency Graphs
(PDGs) to rescale the existing group-relative advan-
tage by a small, bounded, sign-preserving factor at
the node level. Third, we train an open Qwen3-8B
progress annotator that amortizes a one-time pro-
prietary bootstrap, and provide three mechanism
studies attributing the gain to structured credit as-
signment rather than incidental tuning.

2 Related Work

RL for LLM Reasoning. Reinforcement learn-
ing (RL) post-training is widely used to improve
the reasoning ability of large language models.
Early pipelines optimize a policy with outcome
reward models (ORMs) that score the final re-
sponse (Ouyang et al., 2022), and for verifiable
domains such as mathematics RL with verifiable
rewards (RLVR) replaces ORMs with automatic
correctness checks, which makes it practical to
scale optimization to long-chain reasoning. Long-
horizon reasoning, however, surfaces training insta-
bilities including chain-of-thought collapse, dif-
ficulties in balancing exploration and exploita-
tion, ratio-control sensitivity, and rapid entropy
decay (Yuan et al., 2025b; Yue et al., 2025b; Yu
et al., 2025; Wang et al., 2025). A growing line of
work stabilizes RLVR through group-based rollout
optimization (Shao et al., 2024) and critic-free up-
dates (Hu et al., 2025), complemented by variance
and control refinements for long chain-of-thought
optimization (Yuan et al., 2025b; Yue et al., 2025b)
and open-source RL implementations that target
practical scalability (Yu et al., 2025). Value-free al-
ternatives further reduce reliance on explicit value
learning at the cost of higher compute (Kazemne-
jad et al., 2025). Overall, these studies indicate that
reasoning RL. depends jointly on reward quality,
stable optimization, and practical scalability. We
build on GRPO (Shao et al., 2024) as the most rep-
resentative critic-free RLVR instance and target the
residual issue of how the broadcast advantage is
redistributed across tokens.
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RL with Process Reward Models. PRMs are
motivated by the limitation of outcome-only super-
vision: a single terminal reward is too coarse to dis-
tinguish which intermediate decisions were crucial,
unproductive, or erroneous. When used for train-
ing, PRMs are framed as a way to improve credit
assignment, attributing success or failure to specific
steps rather than uniformly to the trajectory (Sutton
and Barto, 1998; Arumugam et al., 2021; Lightman
et al., 2023; Cui et al., 2025). In practice, step-
level PRMs are noisy and drift under distribution
shift, dense step-wise evaluation increases training
cost, and imperfect process signals invite short-
cut optimization (Setlur et al., 2024; Zhang et al.,
2025). Complementary approaches further den-
sify the reward signal through proxy schemes such
as RLHF-derived dense rewards or Shapley-style
credit allocation, but these signals are typically non-
verifiable and harder to align robustly with reason-
ing correctness (Chan et al., 2024; Cao et al., 2025).
Overall, prior work suggests that making process
supervision truly effective for RL requires not only
finer-grained signals but also more robust credit-
assignment mechanisms. RLPgR shares this credit-
assignment motivation but rescales the existing
group-relative advantage rather than introducing an
independent step-level reward, and it operates on
a dependency graph that distinguishes root-cause
errors, inherited errors, and recovery rather than
on a flat sequence of steps. A related line of work
represents reasoning with query trees or premise
linked graphs rather than flat sequences (Cao et al.,
2023; Mukherjee et al., 2025), while separate work
documents how early errors can propagate to later
claims (Zhang et al., 2024).

Rubric-Based Rewards. Rubrics are structured
evaluation criteria that a judge model checks one
by one, and rubric-conditioned judging often yields
more accurate and reproducible signals than free-
form LLM-as-judge scoring (Gunjal et al., 2025).
Recent pipelines generate rubrics at scale by distill-
ing closed-source APIs into open rubric generators
and verifiers (Liu et al., 2026). DR Tulu (Shao et al.,
2025) extends this idea by co-evolving rubrics with
the policy during training, continuously adding
newly discovered criteria and pruning ones that
become non-discriminative. A complementary line
uses rubrics to identify and penalize unreliable rea-
soning patterns such as “miracle steps” in math-
ematical solutions (Yuan et al., 2025a), targeting
reasoning faithfulness rather than only final-answer

correctness. Following Gunjal et al. (2025), we
adopt rubric-based judging as the reward signal
when training the progress annotator.

3 Method

In this section, we first introduce the definition and
construction of the Progress Dependency Graph
(PDG), then describe our dependency-aware credit
assignment mechanism, and finally present our ad-
vantage estimation method.

3.1 Progress Dependency Graph

PDG Definition. Given a raw step sequence
S = {s1,...,snp} generated by the policy, we
employ a progress annotator M, to partition the
solution into a sequence of progress nodes, where
each node groups a contiguous span of steps into a
single subgoal that ends with a locally validatable
artifact. For each node v;, the annotator addition-
ally identifies (i) the step span Z; C {1,..., M}
it covers, (ii) its subgoal g;, (iii) the intermediate
artifact a; it produces for downstream reasoning,
(iv) its dependency set Dep(i) consisting of prede-
cessor nodes whose artifacts are required premises,
(v) its status s(v;).

We define four types of node status: Correct
Progress (CP) indicates the node makes valid
progress, Internal Error (IE) indicates the node
introduces an internal computational or logical
mistake by itself, Inherited Error (HE) indicates
the node is locally correct but relies on erroneous
upstream premises without performing correction,
and Compound Error (CE) indicates both intrinsic
and inherited errors occur simultaneously.

High-quality PDGs can be obtained by prompt-
ing strong closed-source LLM APIs, but doing so
is prohibitively expensive at scale. To reduce the
PDG generation cost while maintaining high anno-
tation quality, we train an open-source progress an-
notator that ultimately produces PDGs that are even
competitive with those from the closed-source API,
while avoiding the recurring API expenses. We
will introduce the training details of the progress
annotator in Section 4.1.1.

3.2 Sign-Preserving Advantage Rescaling

GRPO broadcasts a single trajectory-level advan-
tage to every token, so any rollout that mixes lo-
cally correct and incorrect reasoning induces sign-
mismatched updates where the proxy advantage
disagrees with the latent step quality. The sign-
preserving rescaling defined below downweights
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these mismatched positions while keeping the
rollout-level update direction governed by the veri-
fiable outcome. We formalize this alignment prop-
erty as Lemma A.2 in Appendix A, and Section 4.3
validates it through the smooth degradation ob-
served under controlled PDG label perturbation.

Given a rollout-level PDG G = (V,€), each
progress node v € ) is annotated with a status
s(v) € {CP,IE, HE, CE} and directed dependen-
cies £. Our goal is to derive a node-level scaling
factor x(v), applied to every node v € V in the roll-
out, as a sign-preserving dependency-aware rescal-
ing of the GRPO advantage broadcast (Section 3.3).
The rule is governed by a single scalar «, where
the root-cause node in a failed rollout receives a
larger correction and other affected nodes receive
smaller corrections in either direction, so a stronger
« uniformly amplifies every dependency-aware cor-
rection the PDG induces. We use two signals from
PDG: node status to distinguish error types, and
dependency structure to locate root-cause and re-
covery nodes.

For an incorrect rollout, we define the root-cause
node V0t as the earliest node on the realized main-
line whose status indicates an intrinsic error, i.e.,
the first v with s(v) € {IE, CE}. For a correct roll-
out that contains intermediate mistakes, we identify
arecovery node vy as the first CP node whose par-
ent set contains at least one non-CP node:

Vree : S(v) = CP o
A Ju € Dep(v) s.t. s(u) # CP,
which captures the earliest explicit correction step
supported by dependencies.

Let ¢ € {0, 1} denote rollout correctness from
the verifiable outcome. We assign every node a
single scalar offset §(v) € {—3, 0, +4, +1} and
define

1+ a-0(v), ()
with ¢(v) determined by the node’s PDG role:
* 0(v) = +1 for the root-cause node vyoot in a
failed rollout (¢ = 0),

* d(v) = +% for a recovery node vy in a cor-
rect rollout (¢ = 1), or for an HE node in a
failed rollout,

* §(v) = —1 for an IE/CE node in a correct
rollout, or for a CP node in a failed rollout,

* 0(v) = 0 for all other nodes.

k(v) =

HE nodes receive § = —|—% rather than —5 because
they propagate an upstream error Without correct-
ing it. The penalty pushes the policy to detect con-
taminated premises rather than chain on them. The
constraint 0 < o < 2 is the only requirement for
sign-preservation: x(v) > 0 on every node. We use
a = 0.2 as the conservative default and treat «v as
the only hyperparameter introduced beyond GRPO.
A full sensitivity study over a € {0.2,0.5,1.0}
is reported in Section 4.3, showing that varying «
materially affects performance. Because x(v) > 0
on every node, the sign of every per-node update
agrees with the rollout-level group-relative advan-
tage A derived from the verifiable outcome re-
ward. After redistribution, the rollout-level opti-
mization direction is therefore still governed by
final correctness rather than by the rescaling it-
self. This sign-preserving structure distinguishes
RLPgR from densely shaped process rewards. By
re-defining what counts as “positive” at the step
level, dense shaped rewards can drift away from
the outcome signal and invite reward hacking via
length inflation, shortcut steps, or local-score har-
vesting (Cheng et al., 2025; Weng, 2024; Cui et al.,
2025). Concretely, the rescaling lets the optimizer
(i) penalize erroneous behaviors even within cor-
rect rollouts and amplify explicit correction steps,
and (ii) for incorrect rollouts, concentrate penalties
on the originating mistake and on inherited-error
nodes while shielding locally correct progress from
spurious negative credit.

3.3 From Node-Level Scaling to the RLPgR
Objective

We follow group-relative optimization (Shao et al.,
2024) to compute rollout-level advantages from
verifiable outcomes, and then apply the node-level
scaling derived in Section 3.2 to get token-level
discriminative advantages.

For the same input =, we sample a group of K
rollouts {y(] ) }K , and obtain verifiable outcome re-

wards r t € {0,1}. The group-relative advantage
for rollout Jis

(4)

(7) _ Tout — M
A = Tome B 3)
where
1 )
m = ? Tout»
=1
4)
1 K
Z out
k:l
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€ is a small constant.

Each rollout ) is segmented into progress
nodes {vi(j )}fijl by the PDG. Let H(UZQ )) be the
scaling factor derived from PDG status and depen-
dencies (Eq. (2)). For any token ¢ that belongs to
node vZ(j ), we define the token-level advantage as

A}EJ’) _ H(UZ(J')) C AW 5)

We optimize a clipped surrogate objective with-
out KL:

1 &
£(8) =Eurp [ZJK_lT >

Joj=1t=1
min (p A9, clip(p,1 - ¢, 1+ A7) |,

(6)
where v )
moly” | 2, y2?)

(@) _ ‘ )
Toga (W | 2,yY9))

Pt @)

Through this scaling, RLPgR yields more dis-
criminative token-level advantages than GRPO
by differentiating root-cause errors, dependency-
propagated errors, and recovery behaviors at the
progress-node level. Although DAPO (Yu et al.,
2025) suggests that the KL penalty can be removed
in GRPO, the effect of omitting it under process
supervision remains unexplored. We empirically
compare the GRPO-style separate KL. term, the
PPO-style KL-in-reward variant, and the no-KL
setting in Appendix B.2 (Table 7).

4 Experiments

4.1 Experimental Setup

In this subsection, we first describe the two-stage
training procedure for the progress annotator and
present a quality comparison between Progress
Nodes generated by annotators at different training
stages and those produced by commercial APIs.
Based on these results, we determine the source of
Progress Nodes for the subsequent reinforcement
learning phase. We then detail the experimental
settings used during RL training.

4.1.1 Progress Annotator

To construct PDGs during policy training without
relying on expensive commercial APIs, we train
an open-source progress annotator and improve
its quality by post-training. Specifically, we first
initialize the progress annotator by supervised fine-
tuning (SFT) on a small set of API-generated PDGs,

and then further refine it with reinforcement learn-
ing (RL). Since RLPgR relies on accurate node
states and dependency links in the PDG, we priori-
tize high-quality cold-start annotations. We there-
fore benchmark several proprietary LLM annota-
tors for PDG generation and use GPT-5.2-thinking
as a judge to score the accuracy of node status
labeling on a 1-5 score. As shown in Table 1, GPT-
5-mini matches the status-labeling quality of larger
proprietary models at a much lower API cost. We
therefore use GPT-5-mini to collect cold-start PDG
annotations and to provide rubric-based reward sig-
nals during post-training.

For SFT initialization, we collect 20K trajecto-
ries in total. We sample 5K problems with their
reference trajectories from PRM800k (Lightman
et al., 2023), and additionally collect 15K trajec-
tories using Qwen2.5-Math-1.5B/7B (Yang et al.,
2024) and DeepSeek-R1-Distill-Qwen-1.5B (Guo
et al., 2025a) to increase trajectory diversity. Based
on our PDG definition, we design a prompting tem-
plate and use GPT-5-mini to generate 20K PDGs as
supervision. After filtering by strict format validity,
we retain 13K high-quality samples and use them
to fine-tune Qwen3-8B (Team, 2025), yielding the
initial progress annotator.

Starting from the SFT checkpoint, we further
improve the progress annotator via RLVR (Shao
et al., 2024) with rubric-based rewards (Gunjal
et al., 2025). We design rubrics to evaluate (i)
global coherence, i.e., whether the overall PDG
structure faithfully represents the reasoning flow,
and (i) node-level accuracy, i.e., whether each
node’s status and dependencies are correctly identi-
fied. GPT-5-mini serves as the judger by comparing
the progress annotator’s generated PDG against the
SFT reference and producing a comparative score.
The score is +1 if the generated PDG is better, O
if comparable, and —1 if worse. We additionally
impose a —0.5 penalty for format violations to en-
sure structural validity, and optimize the progress
annotator to maximize this reward.

To assess whether the trained progress annotator
produces higher-quality PDGs than GPT-5-mini,
we perform an independent LL.M-as-judge eval-
uation with two stronger judgers (GPT-5.2 and
DeepSeek-V3.2). As shown in Figure 1, our anno-
tator’s PDGs achieve a 58% win rate under GPT-5.2
and a 75% win rate under DeepSeek-V3.2 when
compared against GPT-5-mini PDGs, suggesting
that an open-source annotator can match or sur-
pass the closed-source model used for bootstrap-
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Figure 1: Post-training win rate of the progress anno-
tator against GPT-5-mini generated PDGs at different
training steps.

ping. The complementary status-accuracy view is
reported separately in Table 1, where the open an-
notator scores 4.85 on the 1-5 status-only rubric,
on par with GPT-5-mini’s 4.91. Although GPT-
5-mini also serves as the in-training judge during
annotator RL, GPT-5.2 and DeepSeek-V3.2 pro-
vide a stronger and more independent assessment.
In our pipeline, GPT-5-mini is used only during
bootstrapping. After training, the learned annota-
tor generates PDGs without recurring proprietary
API cost during policy RL, amortizing the one-time
bootstrap cost rather than eliminating closed-source
supervision altogether.

Judge-based evidence alone cannot rule out adap-
tation to judge-specific stylistic preference, so we
additionally run a human audit on the same 100
rollouts. Ten NLP researchers compare PDGs from
our step-260 annotator against GPT-5-mini PDGs
under a checklist covering eight graph components.
Our annotator obtains 60 wins, 12 losses, and 28
ties, an 83.3% non-tied win rate with a 95% confi-
dence interval of [73.1,90.2], and its PDGs are
rated acceptable in 84 of 100 cases against 77
for GPT-5-mini. Appendix B.7 reports the per-
dimension breakdown, where the advantage con-
centrates on structural dimensions while status and
error-role judgments are mostly ties.

Due to space constraints, detailed PDG-
generation prompts, judging rubrics, and evaluation
prompts are provided in the Appendix.

4.1.2 Reinforcement Learning Settings

Dataset and Evaluation. We perform RL post-
training on NUMINAMATH-COT, and due to
compute constraints we uniformly sample 150K
prompts from the corpus as training data (Jia et al.,
2024). We evaluate on a suite of public mathemat-

Price ($/IM tok)

Model Score

Input  Output
GPT-40 4.64 2.50 10.00
Claude-4-sonnet  4.65 3.00 15.00
Gemini-3-flash 4.82 0.50 3.00
GPT-5-mini 491 0.25 2.00
Ours 4.85 - -

Table 1: Mean status score (1-5, higher is better)
of PDG node-status annotations, judged by GPT-5.2-
thinking and averaged over 100 examples. We addi-
tionally report public API token prices (USD per 1M
tokens) for each proprietary annotator. Ours denotes
post-trained Qwen3-8B progress annotator.

ical reasoning benchmarks, including the MATH-
500 test split (Hendrycks et al., 2021; Lightman
et al., 2023), Minerva Math (Lewkowycz et al.,
2022), OlympiadBench (He et al., 2024), AMC23,
and AIME24. Following standard practice for
reasoning evaluation, we report both avg@k and
pass@k.

Model Backbone and Training Setup. Our pol-
icy models are instantiated from Qwen2.5-Math
(1.5B and 7B) (Yang et al., 2024) and DeepSeek-
R1-Distill-Qwen-1.5B (Guo et al., 2025a). We im-
plement all methods using the open-source VERL
training framework (Sheng et al., 2025) and run
experiments on 4 nodes, each with 8 xNVIDIA
H20 (90GB) GPUs. Full hyperparameters and im-
plementation details are provided in Table 12 and
Appendix C.3.

Baselines. We compare against outcome-reward
and process-reward baselines, including GRPO
(Shao et al., 2024), SimpleRL (Zeng et al., 2025),
PURE (Cheng et al.,, 2025), and PRL (Yao
et al.,, 2026). We also compare against recent
segment-level credit-assignment baselines, includ-
ing SPO (Guo et al., 2025b) and VinePPO (Kazem-
nejad et al., 2025). To strengthen GRPO, we incor-
porate the asymmetric clipping used in DAPO with
range (0.2,0.28) (Yu et al., 2025). Sensitivity to
the scaling coefficient « is reported in Section 4.3.
Due to page limits, we provide per-baseline descrip-
tions and method-specific settings in Appendix C.3.

4.2 Comparative Results

Table 2 reports avg@8 for RLPgR alongside
outcome-RL and process-RL baselines across mul-
tiple mathematical benchmarks. We report o = 1.0
as the primary setting on all three backbones, at the
high end of the sweep in Section 4.3. Across the
three backbones, RLPgR achieves the best mean
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Benchmarks
Backbone Method |7 TH500 Minerva Olympiad AIME24 AMC23  Avg,
Base 352 107 2.0 83 325 207
GRPO 68.5 22 324 13.3 509 375
Qwen2.5-Math-1.5B PURE 69.6 2.7 327 13.3 509 378
PRL 71.0 28.6 336 9.2 459 377
RLPgR 73.8 303 36.1 163 575 428
Base 482 15.0 154 10.8 372 253
GRPO 79.7 327 40.7 217 619 474
Owen2.5-Math-75 SimpleRL | 75.5 27.1 36.7 208 581 436
PURE 813 354 452 233 622 495
PRL 81.4 3738 44.9 25 638 50.1
RLPgR 82.9 38.5 46.0 3.1 697 538
Base 80.4 317 453 229 631 487
GRPO 84.9 346 51.0 202 722 544
DeepSeek-R1-Distill-Qwen-1.5B | PURE 83.6 33.0 51.6 288 669 528
PRL 83.0 335 52.0 300 725 542
RLPgR 85.2 332 53.7 34.6 766  56.6

Table 2: Main avg@8 results on math reasoning benchmarks, with o = 1.0 for RLPgR on all three backbones.

avg@8 on every family. The per-dataset advantage
is most pronounced on Qwen2.5-Math, while on
DeepSeek-R1-Distill-Qwen-1.5B RLPgR is best-
or-tied on most metrics.

On Qwen backbones, methods that leverage pro-
cess rewards generally outperform those trained
with outcome-only rewards. PURE uses a step-
level PRM to provide process rewards and rescales
them to penalize the worst step more aggres-
sively (Cheng et al., 2025). PRL leverages the
KL divergence between the policy and a refer-
ence model to decompose the final outcome reward
across reasoning steps, without introducing an addi-
tional process reward model (Yao et al., 2026). Em-
pirically, PURE is competitive on Qwen but fails
to outperform GRPO on DeepSeek, suggesting that
its reward formulation does not always translate
process-level supervision into effective learning sig-
nals. As a complementary check, pass@8 results
in Appendix B.3 show the same ordering as avg@8§
across both Qwen2.5-Math-7B and DeepSeek-R1-
Distill-Qwen-1.5B, indicating that the ranking is
not specific to the avg@8 aggregation.

Appendix B.1 therefore re-evaluates GRPO and
RLPgR across multiple seeds and reports mean
avg @8 and pass@8 with 95% confidence intervals,
together with a jackknife standard error for pass@8
(Efron and Tibshirani, 1993). RLPgR improves the
point estimate over GRPO on all three backbones,
and the intervals make the associated sampling un-
certainty explicit.

During training on DeepSeek-R1-Distill-Qwen-

1.5B, generation length under PURE steadily in-
creases and rollouts are frequently truncated. This
suggests the model is exploiting response length
rather than improving reasoning quality. In con-
trast, RLPgR builds on group-relative advantages
but explicitly adjusts the advantages of implausi-
ble nodes, without introducing length-dependent
bias in the advantage computation. This lets
RLPgR capitalize on process supervision while
avoiding length hacking. RLPgR also attains
stronger overall performance, suggesting that tar-
geted dependency-aware credit assignment helps
the model learn more reliable reasoning patterns.

4.3 Mechanism Studies

We conduct three studies to understand how
RLPgR works, varying the strength of node-level
scaling, the fidelity of PDG labels, and the granu-
larity of credit assignment.

Table 3 sweeps the single scalar o over
{0.2,0.5,1.0} on Qwen2.5-Math-1.5B and
Qwen2.5-Math-7B with all other settings held
fixed. The mean avg@8 increases monotonically
with o on both backbones, from 40.7 to 42.8 on
1.5B and from 50.2 to 53.8 on 7B. The gain is
larger on the 7B model, suggesting that larger back-
bones benefit from a stronger dependency-aware
correction. Table 6 shows the same direction on
DeepSeek-R1-Distill-Qwen-1.5B, where moving
from v = 0.5 to o = 1.0 raises mean avg@8 from
55.46 to 56.64 against 53.46 for GRPO.

Table 4 runs a controlled status-shuffle experi-
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Backbone o MATHS00 Minerva Olympiad AIME24 AMC23 Avg. Diff
Qwen2.5-Math-1.5B | 0.2 (default) 72.5 29.0 35.5 11.7 55.0 40.7 0.0
Qwen2.5-Math-1.5B 0.5 73.0 28.7 38.0 133 52.5 411 04
Qwen2.5-Math-1.5B 1.0 73.8 30.3 36.1 16.3 57.5 428 2.1
Qwen2.5-Math-7B 0.2 (default) 81.3 36.8 43.1 24.6 65.0 502 0.0
Qwen2.5-Math-7B 0.5 81.6 36.8 48.3 20.0 75.0 523 21
Qwen2.5-Math-7B 1.0 82.9 385 46.0 32.1 69.7 53.8 3.6

Table 3: Sensitivity of RLPgR to the single scaling coefficient o on Qwen2.5-Math backbones. “Diff” is measured

relative to the default setting o = 0.2.

Shuffle | MATHS00 Minerva Olympiad AIME24 AMC23 Avg.
0.0 81.3 36.8 43.1 24.6 65.0 50.2
0.1 80.8 36.5 442 20.0 62.5 488
0.2 79.6 36.0 412 20.0 57,5 469
0.3 80.6 35.2 39.8 16.7 50.0 445

Table 4: Avg@8 of RLPgR on Qwen2.5-Math-7B under controlled status-shuffle perturbation. “Shuffle” is the
fraction of PDG node statuses randomly relabeled in {CP, IE, HE, CE} before computing (v), with the rest of the
training pipeline held fixed. The smooth decay confirms that the gain depends causally on PDG label fidelity rather

than on incidental hyperparameters.

ment on Qwen2.5-Math-7B, where for each rollout
a fixed fraction of progress-node statuses is ran-
domly relabeled in {CP,IE, HE, CE} before x(v)
is computed via Eq. (2), while dependency edges
and the rest of the training pipeline are unchanged.
Downstream avg@8 degrades smoothly from 50.2
at perturbation ratio 0.0 to 44.5 at 0.3. The smooth
decay confirms that PDG node statuses provide a
real credit-assignment signal and that RLPgR toler-
ates moderate label noise without collapsing.

Finally, we compare RLPgR against recent
segment-level credit-assignment baselines (SPO,
VinePPO) in Table 5 to test whether the gain comes
specifically from dependency modeling. Following
Guo et al. (2025b), we evaluate on GSM8K with
RhoMath 1.1B as the backbone. Baseline numbers
are taken from their paper, and RLPgR is rerun
under the same training setup. RLPgR yields the
highest test accuracy, providing an additional gain
over coarser segmentation.

4.4 Ablation Studies and Discussion

Impact of PDG Quality on Training Perfor-
mance. To study how PDG quality affects policy
learning, we train RLPgR policies using progress
annotators from different stages of annotator train-
ing: an SFT checkpoint and two post-trained check-
points at steps 100 and 260. Moving across these
checkpoints yields a monotonic +1.1 avg@8 and
+2.7 pass@8 improvement from the SFT to the step-
260 annotator, with the full per-benchmark break-

Method Performance (%)
Init SFT 40.3
RestEM 42.8
RLOO 44.5
GRPO 44.6
DPO+x 46.4
PPO 50.1
VinePPO 53.4
SPO 56.7
RLPgR 57.1

Table 5: Test accuracy on GSM8K with RhoMath 1.1B,
comparing against segment-level and other RL baselines.
RLPgR achieves the highest score.

down in Appendix B.2, Table 7. The improvement
comes from sharper status-label assignment after
RL post-training, which in turn produces more dis-
criminative node-level scaling during policy RL.
This indicates that high-fidelity PDG construction
is critical for translating process supervision into
downstream RL gains.

Training Dynamics. Across training, GRPO
maintains the highest token entropy, while PURE
undergoes an early entropy collapse. The early col-
lapse in PURE narrows the policy distribution be-
fore sufficient exploration has taken place. By con-
trast, RLPgR stays close to GRPO and well above
PURE, suggesting that progress-node rewards pro-
vide useful process guidance without suppressing
exploration as aggressively as step-level supervi-
sion. Within RLPgR, annotators that produce more
progress nodes yield slightly lower entropy, consis-
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tent with a trade-off where denser process feedback
can reduce exploration. Due to space constraints,
detailed entropy and node-count trajectories are
reported in Appendix B.5, Figure 2.

5 Conclusion

We propose RLPgR, a sign-preserving dependency-
aware rescaling of the GRPO advantage broadcast
for long-chain reasoning. Final correctness still
governs the rollout-level direction, and the redis-
tribution avoids the reward-hacking drift typical
of densely shaped process rewards. On verifi-
able mathematical reasoning benchmarks across
various backbones, RLPgR is competitive with
strong outcome-RL and process-RL baselines, and
our mechanism studies show that the improve-
ment scales monotonically with the strength of
dependency-aware correction, exceeds segment-
level credit-assignment baselines, and degrades
smoothly under controlled PDG label perturbation.
After a one-time bootstrap stage that uses a strong
proprietary annotator, an open Qwen3-8B progress
annotator amortizes the recurring proprietary anno-
tation cost during policy RL. Future work includes
extending RLPgR to multi-turn agent tasks, and
open-ended evaluation.

Limitations

We discuss the main limitations and threats to valid-
ity of this work. Our evaluation focuses on verifi-
able mathematical reasoning with three backbones,
Qwen2.5-Math 1.5B and 7B and DeepSeek-R1-
Distill-Qwen-1.5B, which may limit external va-
lidity across broader domains, architectures, and
scales. We choose this setting because mathemat-
ical reasoning provides reliable outcome verifica-
tion and a controlled testbed for studying progress-
level credit assignment, and we reduce confound-
ing factors by matching data, training, decoding,
and evaluation pipelines across methods. RLPgR
also relies on a learned progress annotator boot-
strapped with GPT-5-mini for cold-start PDG gen-
eration and rubric-based reward judging during an-
notator RL, which means that applying it to a new
domain still requires a competent bootstrap annota-
tor. However, this cost is amortized after training,
since the learned annotator can replace repeated
proprietary annotation during RL, and the final pol-
icy optimization only uses mild, sign-preserving
rescaling rather than replacing outcome rewards.
Appendix C.2 reports the resulting GPU-hour and

throughput gap against GRPO.

Ethical Considerations

Reinforcement learning post-training that produces
longer or more confident chains of reasoning can
also produce more convincing yet incorrect expla-
nations, especially when intermediate steps look
locally valid but rest on flawed premises. RLPgR is
built on top of LLM-based progress annotators and
an LL.M-as-judge protocol, both of which can in-
herit systematic biases from the underlying models.
We mitigate these risks by restricting evaluation to
tasks with verifiable outcomes, by reporting sen-
sitivity to PDG label fidelity and to KL-penalty
choices, and by releasing the full prompts used for
PDG generation and judging so that downstream
users can audit and replace them. Practitioners de-
ploying RLPgR-trained policies in settings without
reliable verification should account for amplified
residual confidence in incorrect reasoning chains
and for the failure modes inherited from upstream
annotators.

The human audit reported in Appendix B.7 was
carried out by ten NLP researchers. The audit
collected no personal or sensitive data. Auditors
reviewed model-generated reasoning traces and
progress dependency graphs over publicly avail-
able mathematical problems, were informed of how
their judgments would be used, and consented to
the release of aggregate statistics. We report only
aggregate counts and win rates, and no individual
auditor is identifiable from the reported results. The
complete instructions they received are reproduced
in Appendix E.
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A Mechanism Intuition for
Sign-Preserving Rescaling

This appendix gives a mechanism-level intuition
for why a small, sign-preserving, dependency-
aware rescaling of the GRPO advantage can im-
prove gradient alignment with the latent ideal di-
rection in expectation. We frame the argument
under an oracle PDG assumption to isolate the role
of sign-mismatch correction. The realistic, noisy
PDG regime is studied empirically in Section 4.3
via controlled status-shuffle perturbation.

Section 3.3 established that in GRPO-style train-
ing, each rollout receives a single trajectory-level
advantage that is broadcast to all its tokens, which
inevitably misassigns credit whenever a trajectory
mixes tokens whose latent ideal update direction
agrees or disagrees with A,. Two prevalent cases
are False Positive (flt > 0,Af < 0) and False
Negative (A, < 0, A} > 0), where the proxy ad-
vantage A, contradicts the latent ground truth Aj.
Here A} encodes the ideal direction in which a
policy should update on token ¢ to maximize veri-
fiable correctness, rather than a local judgment of
whether the step is internally consistent. An HE
token in a failed rollout therefore has A7 < 0 and
falls into C, since the ideal direction is to detect the
contaminated upstream premise rather than chain
on it.

Assumption A.1 (Mismatch Identification). Let
A*(sy, ar) denote the latent (ground-truth) token-
level advantage, and let Ay be the proxy advantage
assigned by GRPO (broadcast within each rollout).
Define the consistent and mismatched token sets:

¢ = {t:sign(Ay) = sign(A*(sp.a))}, ®)
M = {t : sign(Ay) # sign(A*(s;, ar))}. (9)

We assume the PDG is an oracle for this partition,
i.e., it perfectly identifies whether each token ¢
belongs to the mismatch set M or the complement
set C (see Section 4.1.1 for empirical evidence).
Accordingly, we set the scaling coefficient as xk; >
l1fort e Candk, =\ €[0,1) fort € M.

Lemma A.2 (Alignment Improvement). Let g* de-
note the latent, ideal policy-gradient direction in-
duced by token-level advantages Aj. Let ggrpo and
Jours be the stochastic gradient estimators com-
puted by GRPO and by our reweighted method,
respectively. Under Assumption A.1, our estimator
strictly improves alignment with the ideal direc-
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tion:
E [<gours> g*>] >E [<ggrp0?g*>] ’ (10)
whenever P(|]M| > 0) > 0.

Proof. Let uy = Vglogmg(a; | s¢) be the score
function. Define token-summed estimators:

g(a) = Z Qg

teT

an

where a; € {At, K Ay, A} } corresponds to ggrpo.
Jours, and g*, respectively. Consider the alignment
difference

A2 E[<goursa g*>] - E[<ggrp0’ g*>]

<Z<m — DAu, ZArut>

teT teT

=E . (12)

Under the simplifying assumption that token-
wise scores are approximately uncorrelated, i.e.,
E[(ut, us)] ~ 0 for t # s, we keep the diagonal
terms and split the sum over C and M:

A=E|> (k- 1)AtA;kHut]2]
teT

= E [Z(Kt — 1)AtA>tkH’U,t’2]
teC

+(A-1)E

S AA] | P1{t € M}] :
teT
(13)

Fort € C, /ltA;k > 0 and k; — 1 > 0, so the first
term is non-negative. For t € M, A;AF < 0 and
A — 1 < 0, so the second term is strictly positive
whenever P(|]M| > 0) > 0. Hence A > 0. O

Caveat on the Oracle Assumption. Lemma A.2
is a mechanism-level intuition rather than a stan-
dalone theoretical guarantee for the deployed
RLPgR pipeline. The oracle assumption that the
PDG perfectly identifies the mismatch partition M
is an idealization. In practice, the PDG is produced
by a learned annotator and may misassign node
statuses, especially under distribution shift. The
complementary, realistic regime is studied empir-
ically in Section 4.3, where the controlled status-
shuffle experiment shows that downstream avg@3§
degrades smoothly from 50.2 at zero perturbation
to 44.5 at 30% random relabeling, indicating that
the gain depends on PDG label fidelity but does not
collapse under moderate label noise.

B Additional Experiment Results

B.1 Multi-Seed Evaluation

To quantify the sampling uncertainty of the results
in Section 4, we re-evaluate GRPO and RLPgR
under eight random seeds.

The protocol reuses the trained checkpoints and
the training and evaluation settings of Section 4.1.2
and Appendix C.1 without modification, and varies
only the evaluation seed. Table 6 reports the re-
sulting distribution, aggregated over the five bench-
marks of Table 2. Reported means average over the
eight seeds, and “Std” is the standard deviation of
avg@8 across seeds. The 95% confidence intervals
are computed at the item level and therefore reflect
the finite size of the benchmarks rather than seed
noise alone. For pass@8 we additionally report
a jackknife standard error (Efron and Tibshirani,
1993), because pass @8 is jointly defined over the
eight samples drawn for each problem and is not
an average of independent per-sample scores.

Each checkpoint corresponds to a single train-
ing seed, and this table does not contain a paired
GRPO-versus-RLPgR significance test, so we do
not label these gains as statistically significant.

B.2 Per-Benchmark Ablations on KL Design
and PDG Annotator Quality

Table 7 reports the per-benchmark breakdown un-
derlying the inline summary in Section 4.4 for
Qwen2.5-Math-1.5B, ablating (i) the KL-penalty
design in GRPO-style optimization and (ii) the
PDG annotator quality used to derive node-level
scaling factors. All settings are evaluated under
the same multi-sample decoding protocol, and we
report both avg@8 and pass@8 on five public math
benchmarks.

Effect of PDG Annotator Quality. Holding the
objective fixed (No KL), stronger progress annota-
tors translate into better downstream policy per-
formance. Moving from the SFT annotator to
the post-trained checkpoints yields monotonic im-
provements in both avg@8 (39.6 — 39.8 — 40.7)
and pass@8 (58.4 — 58.8 — 61.1). The gains are
more pronounced on harder subsets where error
attribution and recovery matter more (e.g., Minerva
and AMC23), while MATHS500 remains relatively
stable. This trend supports our claim that higher-
fidelity PDG construction produces more accurate
node statuses, which in turn yields more informa-
tive advantage reweighting during policy learning.
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Avg@8 Pass@8
Backbone Method Mean [95% CI]  Std | Mean [95% CI] _ Jackknife SE
GRPO 3831 (35.11, 41.64] 1.18 | 59.39 [54.98, 64.05] 141
Qwen2.5-Math-1.5B RLPgR (o = 1.0) | 42.80 [39.36, 46.38] 0.74 | 60.06 [55.85. 64.52] 1.56
GRPO 4735 [43.83, 50.84] 1.10 | 65.38 [60.92, 69.94] 1.63
Qwen2.5-Math-7B RLPgR (a = 1.0) | 53.84 [50.05, 57.63] 1.17 | 71.04 [66.66, 75.26] 1.49
GRPO 53.46 [50.10, 56.81] 2.05 | 72.73 [68.76, 76.66] 1.26
DeepSeek-R1-Distill-Qwen-1.5B | RLPgR (o = 0.5) | 55.46 [52.23, 58.85] 1.51 | 76.05 [72.07, 79.93] 0.75
RLPgR (o = 1.0) | 56.64 [53.26, 60.02] 0.77 | 75.68 [71.56, 79.49] 0.81

Table 6: Multi-seed evaluation of GRPO and RLPgR under eight random seeds, with 95% confidence intervals,
aggregated over the five benchmarks of Table 2. For DeepSeek-R1-Distill-Qwen-1.5B we report both o = 0.5 and

a=1.0.
Setting Results

Annotator | KL Penalty MATHS00 Minerva Olympiad AIME24 AMC23 Avg.
Avg@8

260 Step KL in Reward 71.7 279 34.8 12.1 55.0 40.3

260 Step KL Term 71.6 28.0 34.6 15.8 52.8 40.6

SFT No KL 72.9 27.5 349 10.4 52.5 39.6

100 Step No KL 72.3 28.1 355 13.3 49.7 39.8

260 Step No KL 72.5 29.0 355 11.7 55.0 40.7
Pass@8

260 Step KL in Reward 88.4 43.8 54.1 233 82.5 58.4

260 Step KL Term 88.8 46.3 55.0 26.7 82.5 59.9

SFT No KL 88.2 434 55.6 30.0 75.0 58.4

100 Step No KL 88.8 42.6 56.0 26.7 80.0 58.8

260 Step No KL 87.8 44.9 54.7 333 85.0 61.1

Table 7: Per-benchmark breakdown for the ablations on (i) KL-penalty design and (ii) PDG annotator quality,

summarized inline in Section 4.4, on Qwen2.5-Math-1.

KL Design Choice. Comparing the two KL vari-
ants with the same annotator (260-step), adding
the KL as an explicit auxiliary term yields slightly
stronger avg@8§ than folding KL into the reward
(40.6 vs. 40.3), and improves pass@8 (59.9 vs.
58.4), with gains on Minerva and AIME24. At the
same time, removing KL entirely remains competi-
tive and achieves the highest avg@8 and pass@8 in
our ablation when paired with the 260-step annota-
tor (avg@8 =40.7, pass@8 = 61.1). Overall, these
results suggest that (a) the choice of KL formula-
tion can matter for stability and final accuracy, and
(b) PDG quality is the dominant factor, since im-
provements from better annotators hold across KL
settings and can outweigh the differences between
KL designs.

B.3 Pass@8 Results

We additionally report pass @8 numbers for RLPgR
on Qwen2.5-Math-7B and DeepSeek-R1-Distill-
Qwen-1.5B in Table 8. The ordering across base-
lines mirrors the avg@8 ordering reported in Ta-
ble 2, indicating that the ranking is not specific to
the avg@8 aggregation.

5B.

B.4 All-Zero Group Treatment Ablation

The default GRPO update drops a group whose
K rollouts are all correct or all incorrect, because
the group-relative advantage A\) degenerates to
zero and any node-wise rescaling x(v) - AY) also
vanishes. To probe whether the dependency-aware
progress signal can still be useful in this regime, we
modify the training setup so that all-zero-advantage
groups are retained, and replace the default scaling
rule on those groups with an additive bias term
controlled by the same scalar «, so that the per-
node update no longer vanishes when AU) = 0. All
other components, including the PDG construction,
the four-status taxonomy, and the optimizer, are
kept unchanged.

Table 9 reports avg@8 on Qwen2.5-Math-7B.
Holding the scaling coefficient fixed at o = 0.5,
retaining the all-zero-advantage groups with an ad-
ditive bias term yields a separable 4+1.5 avg@8
improvement over dropping them (52.3 — 53.8),
on top of the +2.1 gain from the same « shift un-
der the default drop convention (50.2 — 52.3).
This indicates that the dependency-aware progress
signal carries useful information even on prompts
where the verifiable outcome alone provides no
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Benchmarks
Backbone Method |7 TH500 Minerva Olympiad AIME24 AMC23  Avg,
Base 842 412 022 267 800 549
GRPO 92.0 493 61.2 50.0 85 670
Owen2.5-Math-7B SimpleRL | 91.6 485 58.5 46.7 800  65.1
PURE 90.8 49.6 65.8 50.0 85 617
PRL 93.6 52.6 65.2 433 850 679
RLPgR 92.8 50.7 64.2 60.0 875 710
Base 944 504 658 50.0 850  69.1
DeepSeck-R1-Distil-Qwen-1.58 | GRPO 96.0 51.1 65.5 60.0 925 730
PURE 94.6 50.7 64.6 60.0 925 725
RLPgR 95.2 511 73.8 633 950 757

Table 8: Main pass@8 results on math reasoning benchmarks, with o = 1.0 for RLPgR.

Setting MATHS00 Minerva Olympiad AIME24 AMC23 Avg. | Diff
o = 0.2 (baseline) 81.3 36.8 43.1 24.6 65.0 502 0.0
a=0.5 81.6 36.8 48.3 20.0 75.0 523 | +2.1
a = 0.5 (keep all groups) 82.2 37.5 474 26.7 75.0  53.8 | +3.6

Table 9: Avg@8 of RLPgR on Qwen2.5-Math-7B with and without the all-zero-group treatment. “Dift” is measured
against the default oo = 0.2 baseline. Under oo = 0.5, retaining the all-zero-advantage groups with an additive bias
term improves avg@8 by 1.5 points over dropping them (52.3 — 53.8).

learning signal, so the all-zero-advantage regime
is a soft design choice rather than a hard failure
mode of RLPgR. The additive-bias variant is no
longer sign-preserving by construction. We treat
this as a controlled extension that complements the
main result table. The headline numbers in Table 2
use the standard GRPO convention of dropping
all-zero-advantage groups.

B.5 Training Dynamics

Figure 2a compares token-entropy trajectories
across GRPO, step-level process supervision
PURE, and node-level process supervision RLPgR
(instantiated with three progress annotators of dif-
ferent fidelities). GRPO maintains the highest en-
tropy throughout training, while PURE exhibits an
early entropy collapse. RLPgR preserves higher
entropy than PURE and stays close to GRPO, sug-
gesting that progress-node rewards provide useful
process guidance without suppressing exploration
as aggressively as step-level supervision. Within
RLPgR, Figure 2b shows that annotators produc-
ing more progress nodes per rollout tend to yield
slightly lower entropy, consistent with a trade-off
where denser process feedback can reduce explo-
ration. Taken together, these results indicate that
node-level process supervision can capture the per-
formance gains of process-guided training while
avoiding the sharp reduction in exploration induced

by step-level supervision.

B.6 Additional Win-Rate Analysis for
Progress Annotator

Figure 3 reports a more fine-grained LLM-as-judge
win-rate curve of our progress annotator across
training steps under three different judges. Over-
all, the win rate exhibits a clear rapid-improvement
stage followed by a plateau stage. From 40 to
140 steps, performance increases sharply, indicat-
ing that the annotator quickly acquires core PDG-
construction capabilities early in training. After
240 steps, the curves stabilize and improvements
become marginal, with DeepSeek-v3.2 and GPT-
5-mini judges reporting high win rates around 70—
80% with mild fluctuations, suggesting that most
gains are consolidated and subsequent training
mainly refines details. Considering stability across
judges, checkpoints around 240-280 steps offer a
favorable trade-off between peak performance and
cross-judge consistency.

A notable observation is that DeepSeek-v3.2 and
GPT-5-mini judges are highly aligned in both trend
and magnitude, supporting the robustness of our
conclusions across multiple evaluation models. In
contrast, GPT-5.2 yields systematically lower win
rates (typically 49-59% after 200 steps), imply-
ing that different judges may emphasize different
aspects of PDG quality (e.g., strictness of correct-
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Training Dynamics
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(a) Entropy comparison across training paradigms.
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(b) Node count comparison across progress annotators.

Figure 2: Training dynamics of RLPgR compared with GRPO and PURE. (a) Entropy during training for different
paradigms. (b) Number of progress nodes generated by different annotators during RLPgR training.

ness criteria, preference for conservative decisions,
or sensitivity to formatting). Therefore, we report
results with multiple judges to provide a compre-
hensive and reliable view of annotator quality.

B.7 Human Audit of PDG Quality

To obtain validation that does not depend on LLM
judges, we conduct a human audit on the same
100 mathematical rollouts used for the annotation-
quality evaluation in Section 4.1.1. Ten NLP re-
searchers compare PDGs generated by our progress
annotator against PDGs generated by GPT-5-mini.
Each auditor receives a guide that defines the node
structure, the four node statuses, and the depen-
dency rule, together with explicit comparison cri-
teria and a checklist covering eight graph compo-
nents. Auditors give an overall win, tie, or loss
judgment and additionally annotate every compo-
nent separately. They then audit a single PDG on
its own, without reference to a competing candi-
date, which yields the acceptability rating. The
complete instructional materials are reproduced in
Appendix E.

Opverall, our annotator obtains 60 wins, 12 losses,
and 28 ties, which corresponds to an 83.3% non-
tied win rate with a 95% confidence interval of
[73.1,90.2]. Its PDGs are rated acceptable in 84
of 100 cases, compared with 77 of 100 for GPT-5-
mini.

Table 10 reports the per-dimension breakdown.
The gains concentrate on structure. Segmentation,
credit-assignment usefulness, artifacts, and depen-
dency links all favor our annotator with win rates
between 71.4 and 86.8. Status assignment, source-

error assignment, root-cause identification, and re-
covery identification are instead dominated by ties
and sit near 40. This split is consistent with the
status-only score in Table 1, where the open anno-
tator scores 4.85 against 4.91 for GPT-5-mini. We
therefore read the audit as evidence for dependency-
structure fidelity and do not claim an advantage on
status or root-cause labeling.

C Additional Experiment Details

C.1 Runtime Environment and
Hyperparameters

Progress annotator (Annotator RL) and policy post-
training (Policy RL) hyperparameters and training
settings are summarized in Table 12. All settings
are chosen to trade off training stability, through-
put, and GPU memory footprint while maintaining
competitive final performance. We conduct both
Annotator RL and Policy RL in the verl frame-
work with AdamW, enabling gradient checkpoint-
ing throughout to fit long-context training. Unless
otherwise specified, we use a unified learning rate
of 1 x 10~ and sample rollouts with temperature 1,
Top-k = 20, and Top-p = 0.95. During evaluation,
we use stochastic rollouts with temperature 0.6 and
Top-p = 0.95.

For Annotator RL, we train for 3 epochs with
batch size 64 and a maximum sequence length of
12,288 tokens to support long-horizon progress an-
notation. For Policy RL, we train for 1 epoch with
batch size 256, using backbone-specific context
lengths (4,096 for Qwen and 9,216 for DeepSeek)
to match each model’s effective context window.
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Progress Annotator VS. gpt-5-mini
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Figure 3: Detailed post-training win rate of the progress annotator against GPT-5-mini generated PDGs at different

training steps.

Audit dimension Ours GPT-5-mini Tie N/A Win
Segmentation 66 10 24 0 868
Credit-assign. usefulness 62 10 28 0 86.1
Artifacts 37 7 56 0 841
Dependency links 40 16 4 0 714
Status assignment 7 9 84 0 438
Source-error assignment 6 8 83 3 429
Root-cause identification 6 8 69 17 429
Recovery identification 4 6 70 20 40.0
Overall 60 12 28 0 833

Table 10: Human audit of PDG quality on 100 mathematical rollouts by ten NLP researchers, comparing our
progress annotator against GPT-5-mini. Win rate is computed over non-tied comparisons. The upper block covers
structural dimensions and the lower block covers status and error-role dimensions.

We apply PPO-style clipping with a clip ratio in
[0.2, 0.28] and set the KL regularization coefficient
to 0.001 to control policy drift from the reference
model. All experiments are run on 32 NVIDIA H20
GPUs (90GB each, 2,880GB total GPU memory).

C.2 Computational Overhead

RLPgR runs a full autoregressive structured-
generation pass with the Qwen3-8B progress anno-
tator for every policy rollout, so it adds local GPU
cost on top of GRPO. Table 11 reports matched
end-to-end runs on Qwen2.5-Math-1.5B with 32
NVIDIA H20 GPUs. RLPgR takes about 3.7 the
GPU-hours of GRPO and sustains about a quarter
of its rollout throughput.

Additional computation for process-reward es-
timation is common to PRM-based training, and
the shape of that cost differs across method fami-
lies. Step-level PRMs require process-labeled data
or a separately trained verifier and add PRM scor-
ing during policy RL, and their scores stay pri-

Method Wall-clock GPU-hours Rollouts/s
GRPO 8h28m 271.2 42.9
RLPgR 31h09m 996.6 10.9

Table 11: End-to-end training cost of matched Qwen?2.5-
Math-1.5B runs on 32 NVIDIA H20 GPUs.

marily local (Lightman et al., 2023; Cheng et al.,
2025). MCTS-based PRMs reduce manual annota-
tion but need substantial tree search and repeated
Monte Carlo rollouts to construct process super-
vision, which shifts the burden offline (Luo et al.,
2024; Setlur et al., 2024). LLM-based PRMs avoid
training a dedicated verifier, but a strong external
model participates repeatedly during policy opti-
mization, and CAPO for instance uses Qwen2.5-
Math-72B for generative credit assignment (Xie
et al., 2025; Samarinas et al., 2026).

RLPgR instead pays a medium one-time cost
to bootstrap and train the Qwen3-8B progress an-
notator, followed by one local structured gener-
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ation per realized rollout during policy RL. Its
recurring online cost is therefore nontrivial but
does not involve a proprietary service or a much
larger external model. Compared with step-local
PRMs, the additional computation buys explicit
dependency edges and a distinction between root-
cause, inherited-error, and recovery roles across
non-adjacent reasoning steps. We do not claim that
RLPgR is the cheapest method. We claim that it
provides explicit dependency-aware credit while
avoiding repeated search and continuous participa-
tion by a much larger external model.

C.3 Additional Details for Baselines

GRPO Group Relative Policy Optimization
(GRPO) is a value-free policy-gradient baseline
that replaces an explicit critic with within-prompt
relative comparisons across multiple sampled roll-
outs. Starting from the Base policy, we draw a
group of K responses {y* }/ | for each prompt
xz and evaluate each completion with a scalar
task reward R (e.g., preference-model reward
or verifiable correctness). We then construct a
relative advantage by centering (and optionally
normalizing) rewards within the group, A%) =
(R®) — ug)/(or + €), which reduces variance
without learning V'(s). Policy updates follow a
PPO-style clipped surrogate over tokens, using
the sequence log-ratio (¥} = exp(logms(y™® |
) — log g, (y*) | )) and the standard clipping
rule, while constraining drift from a fixed refer-
ence policy via a KL penalty. GRPO thus provides
a strong and simple RL baseline that isolates the
effect of relative credit assignment from critic learn-
ing.

Simple-RL. Simple-RL provides a systematic
recipe for zero-RL training, where a base model
is directly optimized with reinforcement learning
using a lightweight, rule-based reward (e.g., cor-
rectness on math problems), without relying on
preference data or a learned reward model. The
core training loop uses GRPO-style group sam-
pling. For each prompt, the policy generates mul-
tiple candidate solutions, receives a binary verifi-
able reward per completion, and updates the policy
with a clipped policy-gradient objective under a
reference-KL constraint. In our baseline, we fol-
low this protocol as closely as possible, matching
decoding, rollout length limits, and optimization
settings, so that improvements can be attributed to
algorithmic differences rather than reward shaping

or formatting heuristics.

PURE Process sUpervised Reinforcement 1Earn-
ing (PURE) addresses a common failure mode of
PRM-driven training. When process rewards are
aggregated with the conventional sum-form return,
models can exploit high-scoring intermediate steps
and exhibit severe reward hacking. To mitigate
this, PURE replaces the discounted cumulative re-
turn with a min-form credit assignment, defining
the return from time ¢ as the minimum future pro-
cess reward, Gy = min(r}, ..., 7%.), which bounds
values and concentrates learning pressure on the
weakest step along the chain of reasoning. Starting
from the SFT policy, we score each generated solu-
tion with a PRM to obtain per-step rewards {r!},
compute min-form returns (and corresponding ad-
vantages), and apply a GRPO-style clipped policy
update with the same reference-KL constraint used
in other RL baselines.

PRL Process Reward Learning (PRL) targets the
sparsity of outcome-only supervision by converting
a trajectory-level objective into a dense, stepwise
training signal derived from an entropy-regularized
RL formulation. Rather than learning an external
process reward model, PRL decomposes the ob-
jective into (i) a terminal reward component and
(i1) a per-token regularization term that measures
deviation from a reference policy, yielding a pro-
cess advantage that can be optimized with stan-
dard policy-gradient machinery. Concretely, PRL
defines a stepwise advantage by subtracting a cu-
mulative log-ratio (or KL-shaped) term from the
trajectory-level signal, and applies stopgrad to sta-
bilize optimization when backpropagating through
long sequences.

C.4 Prompts Used for Our Method

To ensure reproducibility and to make our PDG
construction and evaluation procedures fully trans-
parent, we report the exact prompts used in our
pipeline. The three prompts shown below corre-
spond to (i) PDG generation, (ii) pairwise win-
rate comparison between two PDG outputs, and
(ii1)) benchmark-style scoring of multiple candi-
dates. All prompts enforce strict output formats
(JSON-only or single-token decisions) to sup-
port automatic parsing and large-scale evaluation.
Placeholders such as $Question, $Solution, and
$ProgressNodes are programmatically substituted
with the task instance at runtime.
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Hyperparameters Annotator RL Policy RL
Qwen \ DeepSeek

Batch Size 64 256

Learning Rate 1x1076

Temperature 1

Top-K 20

Top-P 0.95

Epochs 3 ‘ 1

Optimizer AdamW

Gradient Checkpointing Enabled

Clip Ratio [0.2, 0.28]

KL Coeff 0.001

Training Framework verl

Sequence Length 12288 | 409 | 9216

GPUs 32 x NVIDIA H20

Total GPU Memory 2880GB (90GB per GPU)

Table 12: Hyperparameters and training configurations for progress annotator and Policy post-training. We
emphasize that the KL Coeff only plays a role in the KL term and KL in reward settings, and the coefficient for both

settings is 0.001.

Progress Annotator Prompt for Progress Gener-
ation. This prompt is used to construct a Progress
Dependency Graph (PDG) from a raw step-by-step
rollout. It defines the PDG entities (progress node,
artifact, dependency) and prescribes a stepwise au-
diting protocol. This protocol covers segmenta-
tion into milestone-level nodes, extraction of arti-
facts and dependency edges, and a dual-layer coun-
terfactual verification that separates (a) whether
the node’s inputs are correct from (b) whether the
node’s internal reasoning is correct given those in-
puts. The prompt then maps the two verification
flags to one of four status labels (CP/IE/HE/CE)
and requires a single valid JSON object as output,
enabling the generated PDG to be consumed di-
rectly by downstream training and analysis code.

LLM-as-Judge Prompt for Win-Rate Evalua-
tion. This prompt is used for the pairwise eval-
uation reported in our annotator win-rate analy-
sis. Given the same math problem, golden answer,
rollout, and two candidate PDGs, the judge com-
pares them using both node-level criteria (status
accuracy; coherence/completeness of the node’s
step set) and global criteria (segmentation validity,
boundary clarity, coverage, dependency correct-
ness/necessity, and faithful error attribution). The
prompt enforces a strict decision output. The judge
must return exactly one letter (A/B/C) indicating
which PDG is better or whether it is a tie. This de-
sign yields a robust, easily aggregatable preference
signal for tracking annotator improvements across

training steps.

LLM-as-Judge Prompt for Benchmark Scor-
ing. This prompt is used for multi-candidate scor-
ing (e.g., Table 1). The judge receives a set of
anonymized PDG candidates (CO1, C02, ...) for
the same problem and rollout, and assigns an inte-
ger status_score in [1, 5] to each candidate based
on the correctness of node-status assignment. The
prompt returns a single JSON object mapping can-
didate IDs to scores and short notes, which supports
automated aggregation.

D Case Study of Generated PDG Data

To concretize our PDG annotation scheme, we
include two JSON-formatted examples of gen-
erated progress_nodes together with their ren-
dered PDG diagrams, a wrong case in Figure 4
and a correct case in Figure 5. In a PDG, each
node aggregates one or several consecutive so-
lution steps into a single progress unit with a
clear subgoal (goal) and a verifiable intermedi-
ate product (artifact). Directed edges encode
dependency_ids, i.e., which upstream artifacts are
required premises for producing the current node’s
artifact.

Node status is determined by the dual-
layer verification protocol described in Sec-
tion 3.1. is_input_valid checks whether the
required dependency artifacts are correct, while
is_logic_valid checks whether the current
node’s internal transformation is valid conditional
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Q&A

A rectangle has a diagonal of
length 13 and one side of length
5. Let the other side be b. Let
A be the area and P be the
perimeter. Compute A + P.

Step 0: The diagonal and the two side
lengths form aright triangle with legs 5
and b and hypoteruse 13.

Step 1: Use Pythagoras on the diagonal: Correct
b"2=13%2-5"2.
Internal Error
Step 2: Compute: 132 - 5°2= 169 - 25

- 121, Inherited Error

Step 3: Sob=/121=11.

Step 4: Area A=5 *11 =55,

Step 5: PerimeterP=2* (5+11) =32
Step 6: Therefore A+P =55+ 32=87.

Step 7: # Answer\n\n87

- J

_

/\
\/
/

Figure 4: The corresponding visualization of the wrong case.

Q4&A

From a point P outside a circle
with center O, tangents PA and
PB touch the circle at A and B.
Given OP=13 and PA=12, find
the radius r of the circle.

Step 0: Because PA is tangent at A, OA
L PA, so triangle OAP is right.

Step 1: So OP"2= OA"2+PA"2.
Correct
Step 2: Hence13"2=r"2+12"%2.

Step 3: So0169=r"2+ 144,

Step 4: Thus r"2 = 35.\n [5]So r= /35.

Internal Error

Inherited Error

Step 5: Sor=/35

Step 6: Quick check: r"2+144 = 35+144 =
179 2169, so r"2=35 is inconsistent.

Step 7: Wait, let me Recompute carefully:
r"2 =169 - 144 = 25,

Step 8: Thereforer=5.

Step 9: # Answer\n\n 5

- J

—

Figure 5: The corresponding visualization of the correct case.

on its inputs. A node is labeled (a) Correct
Progress (CP) when both checks pass, (b) Internal
Error (IE) when inputs are valid but the node intro-
duces a mistake, (c) Inherited Error (HE) when
the node is locally correct but relies on at least one
incorrect upstream artifact, and (d) Compound Er-
ror (CE) when both inherited and internal mistakes
occur simultaneously. For HE/CE nodes, we addi-
tionally record source_error_id to trace the orig-
inating internal-error node that caused the down-
stream error propagation.

In the wrong-case example (Figure 4), an IE

node miscomputes an intermediate quantity (a self-
contained arithmetic error), which then contami-
nates all subsequent computations. Downstream
nodes are labeled HE because they remain locally
consistent given the wrong premise, illustrating
how a single root-cause mistake can propagate
along dependency edges and lead to an incorrect fi-
nal answer. In the correct-case example (Figure 5),
an early IE node introduces an incorrect interme-
diate value, and a subsequent HE node performs
a consistency check that exposes the mismatch.
The trajectory then contains a recovery (correc-
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tion) node. This recovery node is a CP node that
appears downstream of earlier non-CP nodes and
successfully re-derives the correct quantity by revis-
iting a valid dependency (matching our definition
of vyec in Section 3.2). This pattern is important for
RLPgR, as we explicitly encourage such recovery
behaviors via a positive scaling on recovery nodes
in correct rollouts (Eq. (2)).
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Progress annotator prompt for progress generation task.

# Role Definition

You are an expert Mathematical Logic Auditor. Your task is to dissect a raw step-by-step
solution (Rollout) generated by an AI model into a structured "Progress Dependency Graph” and
perform a rigorous "Causal Error Analysis”.

# Core Definitions

1. **xProgress Node**: An atomic logical unit that advances the problem-solving state. It
may group multiple consecutive raw steps if they serve the same immediate sub-goal.

2. x%Artifactx*: The explicit, verifiable result produced by a Progress (e.g., "Equation:
2x+y=10", "Value: x=5"). This is the interface for future dependencies.

3. x*Dependencyx*x: The IDs of *previous* Progress nodes that provided the necessary inputs
for the current node.

# Auditing Protocol (Step-by-Step)

## Phase 1: Segmentation
Group consecutive steps into a single Progress.
- xxConstraintx*x: Ensure each Progress produces a clear Artifact. Do not split atomic
calculations.
## Phase 2: Dependency & Artifact Extraction
For each Progress:
1. *xGoal**: Identify the intent (e.g., "Define variables"”, "Solve equation”).
2. x*Artifactx*: Extract the key mathematical result.
3. *xDeps**: List IDs of previous nodes that provided *necessary inputsx.
## Phase 3: Dual-Layer Verification (CRITICAL)
You must determine the validity of each Progress by performing a **Counterfactual Logic
Checkx*:
1. *#xCheck Input (Tis_input_valid)**: Are the Artifacts referenced from dependency nodes
mathematically correct?
- *Notex: If the dependency is the Question itself, input is Valid.
2. **Check Logic (“is_logic_valid™)**: xxAssuming the inputs are accepted as is (even if
they are mathematically wrong)#*x, is the reasoning/calculation *within* this current node

correct?

- xExamplex: Previous node output “x=5 (Wrong, true is 3). Current node calculates “x+1=6".
- Here, “is_input_valid® = False.

- But “is_logic_valid™ = True (because 5+1 is indeed 6).

## Phase 4: Status Assignment
Assign exactly one status based on the verification above:
1. **~Correct Progress *x: “is_input_valid=True~ AND “is_logic_valid=True™. (And it's an
intermediate step).
2. **>Internal Error>x* (The Root Cause): “is_input_valid=True~ AND “is_logic_valid=False~.
The mistake happens *here* (calculation error, hallucination, wrong formula).
3. ** Inherited Error ** (The Victim): “is_input_valid=False™ AND “is_logic_valid=True".
The reasoning is correct relative to the wrong input.
- *Requirement*: You MUST specify ~source_error_id~ (the ID of the ancestor Internal Error).
4. *x*~Compound Error **: “is_logic_valid=False® AND “is_input_valid=False~. The step both
inherits an wrong input and introduces a new logical mistake: even when treating the given
(incorrect) input as premises, the reasoning in this step is invalid.
- *Requirement*: You MUST specify ~source_error_id~ (the ID of the ancestor Internal Error).
## Phase 5: Check Final Correctness
*xFinal Correctness**: Determine the overall correctness of the result based on the given
golden answer.

# Output Format

Output ONLY a valid JSON object describing the graph.
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LLM-as-judge prompt for evaluation task.

### You are an expert evaluator.

You will be given:
- A math problem
- A step-by-step assistant solution
- Two JSON objects of Progress Dependency Graph that contains:
(1) a list of progress nodes, and
(2) a boolean field indicating whether the final answer is correct (e.g.,
"final_correctness”: true/false).
Each progress node includes:
(a) a status label, one of:
- "Correct Progress” (internally correct and not affected by earlier errors)
- "Internal Error"” (contains an internal mistake)
- "Inherited Error” (no internal mistake, but depends on earlier incorrect progress)
- "Compound Error” (both internal and inherited errors apply)
(b) the node's goal and produced outcome/artifact
(c) the step IDs included in this node
(d) the progress IDs this node depends on
- The node and global criteria

Task:

Use the node criteria for node-level evaluation, use the global criteria for global-level
evaluation, and additionally verify whether the "final_correctness” field is labeled correctly.
Based on these criteria and the accuracy of the final result judgment, determine which of the
two Progress Dependency Graphs is more consistent and better.

## NODE CRITERIA

1) Status accuracy:
The node's status label must be consistent with:
- the actual correctness of the solution steps that belong to this node, and
- the correctness of any dependency progress (if applicable).
Requirements:
- "Correct Progress” must NOT contain any incorrect step.
- "Internal Error” must contain at least one internal mistake within this node's steps.
- "Inherited Error” must contain no internal mistake in this node's steps, but must depend
on at least one earlier incorrect progress.
- "Compound Error” must have both an internal mistake and an inherited dependency error.

2) Step set coherence and completeness:
All steps included in this node must serve the SAME node goal and produce the stated
outcome/artifact.
The node must NOT include irrelevant extra steps, and must NOT miss any necessary steps for
achieving its stated goal/outcome.

If either condition (1) or (2) is not satisfied, the node is invalid.

If the information provided is insufficient to confidently verify (1) or (2), the node is
invalid.

If the JSON object is missing or only contains simple numbers or dict, the node is invalid.

## GLOBAL CRITERIA
Choose the Progress Dependency Graph for THIS Prompt+Answer by these criteria:

1) Check segmentation validity: each node should correspond to a clear single milestone; if a
node mixes unrelated subgoals or merely paraphrases without real advancement, the segmentation
is invalid.

2) boundary clarity: each node should form a closed unit with explicit premises and an
explicit, verifiable output (intermediate claim/equation/value/decision); otherwise treat it
as invalid or incomplete.

3) overall coverage consistency: the progress chain should have no missing key milestones
(gaps) and no duplicated coverage of the same key milestone across multiple nodes (overlaps).
4) dependency correctness and necessity: dependency edges must connect only truly used key
prerequisites; redundant/missing edges, inverted directions, or cycles indicate an incorrect
dependency graph.

5) attribution consistency: Inherited Error must trace back to a wrong prerequisite from
dependencies; Internal Error must trace back to an inherent error within the node; if both
exist, do not use inherited to hide internal issues.

37356



6) misuse of error propagation: dependency errors must not be used as a blanket excuse to skip
validating the node's own legality (conditions, transformations, case splits, etc.);
independent node errors must be explicitly identified.

7) for pseudo-progress / reward hacking: fancy restatement, irrelevant derivations, or
plausible-looking intermediate results that are not logically connected to the milestone; if
present, mark as incorrect or invalid progress.

### INPUT (CONTEXT FOR THIS COMPARISON)
Question:
$Question

Golden Answer:
$GoldenAnswer

Step-by-step Solution:
$Solution

ProgressNode1:
$ProgressNodes1

ProgressNode2:
$ProgressNodes?2

### OUTPUT FORMAT (STRICT)

Output ONLY one uppercase letter, do not output any other characters:
- A = Template A is better

Template B is better

Tie

- B
-C
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LLM-as-judge prompt for benchmark scoring.

# Role Definition

You are a strict evaluator. Your task is to grade candidate "Progress Dependency Graph” (PDG)
outputs for the Mathematical Logic Auditor task.

All candidate identifiers are anonymized (CQ1, C@2, ...). Do not guess their origin.

# Scoring Dimensions
For EACH candidate, output TWO integer scores in [1, 5]:
status_score
- Judge whether each node’s “status™ is correctly assigned:
Correct Progress / Internal Error / Inherited Error / Compound Error
- Also judge whether ~final_correctness™ is correct (must agree with the Golden Answer).

# Core Definitions (for judging)

## Counterfactual validity

- Tis_input_valid : Are the artifacts coming from the referenced dependency nodes
mathematically correct?

- “is_logic_valid™: Accept the given inputs as premises (even if wrong). Under that assumption,
is the reasoning/calculation inside the node correct?

## Status mapping

- Correct Progress: is_input_valid = True AND is_logic_valid = True
- Internal Error: is_input_valid = True AND is_logic_valid = False
- Inherited Error: is_input_valid = False AND is_logic_valid = True

- Compound Error: is_input_valid = False AND is_logic_valid = False

# Evaluation Protocol (Step-by-Step)
## Phase 1: Read Context
Use the Math Question, the raw Model Rollout, and the Golden Answer.

## Phase 2: Score status_score (1-5)

Check whether each node's “status™ matches what the rollout implies under the counterfactual
rules above.

Check whether ~final_correctness™ matches the Golden Answer.

## Phase 3: Apply the rubric (separately for each axis)
: essentially perfect

minor issues only

noticeable issues but partially correct

mostly wrong

empty / null / unparseable / error / clearly wrong

N w0

# Robustness Rule
If a candidate is empty, null, not JSON-like, or indicates an error, set:
status_score = 1.

# Task Context
Math Question:
{question}

Model Rollout (raw steps):
{rollout}

Golden Answer:
{golden}

Candidates:
{cand_blob}

# Output Format
Output ONLY a valid JSON object. No markdown. No extra text.

Schema:
{{
"candidates”: {{
"Co1": {{"status_score”: 1, "notes"”: "short reason”}}
13
13
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D.1 A Wrong Case

"progress_nodes": [
{
"progress_id": 0,
"step_ids": [
0
1,
"goal”: "Translate the rectangle-diagonal setup into a right-triangle relationship.”,
"artifact”: "The sides 5 and b with diagonal 13 satisfy 52 + b*2 = 13%2 (right triangle with hypotenuse 13).",
"dependency_ids": [],
"verification”: {
"rationale”: "A rectangle's diagonal forms a right triangle with its side lengths as legs, so 5, b, and 13 satisfy
the Pythagorean relationship.”,
"is_input_valid”: true,
"is_logic_valid": true

3
"status”: "Correct Progress”,
"source_error_id": null

i

{

"progress_id": 1,
"step_ids": [
1,
2
1,
"goal”: "Set up b*2 using Pythagoras and compute its value.”,
"artifact”: "Claim: b"2 = 13%2 - 52 = 121.",
"dependency_ids": [
4
1,
"verification”: {
"rationale”: "From 5%2+b*2=13%2, b*2=13%2-5*2 is correct, but 169-25 equals 144, not 121.",
"is_input_valid”: true,
"is_logic_valid”: false

3,
"status”: "Internal Error”,
"source_error_id": null

b

{

"progress_id": 2,
"step_ids": [
3
1,
"goal”: "Compute b from the claimed b*2.",
"artifact”: "From b*2=121, b=\\sqrt{121}=11.",
"dependency_ids": [
1
1,
"verification": {
"rationale”: "Assuming b*2=121, taking \\sqrt{121}=11 is correct.”,
"is_input_valid”: false,
"is_logic_valid": true
i
"status”: "Inherited Error”,
"source_error_id": [
1
]

"progress_id": 3,
"step_ids": [

4
1,
"goal”: "Compute the area A.",
"artifact”: "Using b=11, A=5\\times 11=55.",
"dependency_ids": [

2
1,
"verification”: {

"rationale”: "Given b=11, computing 5\\times 11=55 is internally consistent."”,

"is_input_valid”: false,

"is_logic_valid"”: true
3
"status”: "Inherited Error”,
"source_error_id": [

1
]

"progress_id": 4,
"step_ids": [

5
1,
"goal”: "Compute the perimeter P.",
"artifact”: "Using b=11, P=2(5+11)=32.",
"dependency_ids": [

2
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1,
"verification”: {

"rationale”: "Given b=11, computing 2(5+11)=32 is internally consistent.",

"is_input_valid"”: false,

"is_logic_valid"”: true
i
"status”: "Inherited Error”,
"source_error_id": [

1

]

"progress_id": 5,
"step_ids": [
6
1,
"goal”: "Combine A and P to get A+P.",
"artifact”: "A+P=55+32=87 (under b=11).",
"dependency_ids": [
3,
4
1,
"verification”: {
"rationale”: "Assuming A=55 and P=32, adding them yields 87 correctly.”,
"is_input_valid”: false,
"is_logic_valid": true
i
"status”: "Inherited Error”,
"source_error_id": [
1
]

"progress_id": 6,
"step_ids": [

7
1,
"goal”: "State the final answer."”,
"artifact”: "Final answer: 87.",
"dependency_ids": [

5
]

"verification”: {
"rationale”: "This repeats the previously computed value."”,
"is_input_valid"”: false,
"is_logic_valid"”: true
e
"status”: "Inherited Error”,
"source_error_id": [
1
]
3
1,
"final_correctness”: false
}
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D.2 A Correct Case

{
"progress_nodes": [
"progress_id": 0,
"step_ids": [0, 1, 2, 3],
"goal”: "Use the tangent-radius perpendicularity to set up a right-triangle equation for r.",
"artifact”: "Right triangle OAP gives OP*2 = r*2 + PA*2, so 169 = r*2 + 144.",
"dependency_ids": [],
"verification": {
"rationale”: "Radius OA is perpendicular to tangent PA, so triangle OAP is right. Applying Pythagoras with OP=13 and
PA=12 correctly yields 169=r*2+144.",
"is_input_valid": true,
"is_logic_valid": true
i
"status": "Correct Progress”,
"source_error_id": null
3,
{
"progress_id": 1,
"step_ids": [4, 51,
"goal”: "Solve for r from 169 = r*2 + 144.",
"artifact”: "Claim: r*2 = 35 and r = \\sqrt{35}.",
"dependency_ids"”: [0],
"verification”: {
"rationale”: "From 169=r*2+144, subtracting 144 should give r*2=25, not 35. This is an arithmetic error inside the
node.",
"is_input_valid": true,
"is_logic_valid"”: false
3,
"status"”: "Internal Error”,
"source_error_id": null
e
{
"progress_id": 2,
"step_ids": [6],
"goal”: "Check the computed r*2 against the defining equation to test consistency.”,
"artifact”: "Using r*2=35 implies r*2+144=179 \\neq 169, so r*2=35 is inconsistent with 169=r"2+144.",
"dependency_ids": [0, 1],
"verification”: {
"rationale”: "Although r*2=35 is wrong (bad input from node 1), the consistency check is computed correctly:
35+144=179, which does not equal 169.",
"is_input_valid"”: false,
"is_logic_valid"”: true
i
"status”: "Inherited Error”,
"source_error_id": [1]
i
{
"progress_id": 3,
"step_ids": [7, 81,
"goal”: "Correct the arithmetic and compute the true radius.”,
"artifact”: "From 169=r"2+144, r*2=25 and r=5.",
"dependency_ids": [0, 2],
"verification": {
"rationale”: "This recomputes directly from the correct equation 169=r*2+144 and performs 169-144=25, hence r=5.",
"is_input_valid”: true,
"is_logic_valid": true
3,
"status”: "Correct Progress”,
"source_error_id": null
3
{
"progress_id": 4,
"step_ids": [9],
"goal”: "State the final answer.”,
"artifact”: "Final answer: 5.",
"dependency_ids": [3],
"verification”: {
"rationale”: "It reports r=5 obtained in the corrected computation.”,
"is_input_valid": true,
"is_logic_valid"”: true
3,
"status": "Correct Progress”,
"source_error_id": null
3}
1,
"final_correctness”: true
3

E Human Audit Instructional Materials

This section reproduces the complete materials given to the ten auditors of the human audit reported in
Appendix B.7. Each auditor received three documents: a general guide defining the PDG format and the

37361



judgment criteria, a pairwise comparison form, and an independent audit form. Auditors were instructed
to complete and save the pairwise form before opening the audit form, so that the independent audit could
not be anchored on the pairwise decision. Every case was accompanied by the problem statement, the
ground-truth answer, the numbered model rollout, and the PDGs under evaluation.

Document 1. General guide given to human auditors.

PDG Human Evaluation Guide

Please complete and save ~@1_pairwise_evaluation.md™ before opening
“02_target_pdg_audit.md™ .

## What the input contains

- Problem: the original mathematical problem.

- Ground-truth answer: the expected final answer.

- Model rollout: the model's numbered reasoning steps.

- PDG: a decomposition of the rollout into progress nodes.

Each PDG is shown in two tables.
### Node structure

- Steps: original rollout steps grouped into the node.

- Goal: the node's immediate reasoning objective.

- Artifact: the explicit result produced for later nodes to use.

- Dependencies: earlier nodes whose artifacts are necessary inputs.

### Verification

- Input valid: whether the dependency artifacts are mathematically correct.

- Local logic valid: whether the current node reasons correctly assuming its
inputs.

- Status: the node's error category.

- Source error: ancestor root-cause node(s), when applicable.

- Rationale: explanation for the verification judgment.

## Status definitions

| Status | Input valid | Local logic valid |
S —— e — e |
| Correct Progress | True | True |
| Internal Error | True | False

| Inherited Error | False | True

| Internal Error & Inherited Error | False | False

Correct Progress: both the inputs and the node's own reasoning are correct.

Internal Error: the node introduces a new error and is a root cause.

Inherited Error: the input is already wrong, but the node reasons correctly
relative to that input.

Internal Error & Inherited Error: the node both inherits an earlier error and
introduces a new error.

## Dependency rule

A dependency should be present only when the current node actually needs the
earlier node's artifact.

## Evaluation rules

- Judge against the problem, ground-truth answer, and rollout.

- Do not judge only by the final answer.

- Do not prefer a PDG merely because it has more or fewer nodes.

- Prefer segmentation that isolates meaningful reasoning operations without
unnecessary fragmentation.

- If no root cause or recovery exists, use “N/A".

- Record only substantive issues.

- Do not reconstruct a completely new PDG unless needed to explain a concrete
problem.
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Document 2. Pairwise comparison form (Part A).

# Part A - Pairwise PDG Evaluation

Compare Candidate A and Candidate B and select the better PDG overall.
Consider segmentation, artifacts, dependencies, status assignment,
source-error assignment, root-cause/recovery identification, and usefulness

for credit assignment.

[The problem, ground-truth answer, model rollout, and the node-structure and
verification tables of Candidate PDG A and Candidate PDG B are inserted here.]

# Your response
## Overall comparison

| Case ID | Winner | Confidence | Main reason |

## Component comparison
Use “A~, "B, “Tie™, or “N/A".

| Component

| ______________________________
| Segmentation

| Artifacts

| Dependency links
| Status assignment
|

|

|

|

Better candidate | Brief reason |

Source-error assignment
Root-cause identification
Recovery identification
Credit-assignment usefulness

## Major issues

| Candidate | Major issues |

Document 3. Independent audit form (Part B).

# Part B - Independent PDG Audit

Audit the PDG below directly against the problem, ground-truth answer, and
model rollout.

Check segmentation, artifacts, dependency links, verification judgments,
statuses, source-error IDs, root-cause identification, recovery
identification, and overall suitability for dependency-aware credit
assignment.

[The problem, ground-truth answer, model rollout, and the node-structure and
verification tables of the PDG under audit are inserted here.]

# Your response
## Overall audit

| Case ID | Segmentation | Artifacts | Dependencies | Verification & statuses |




## Node-level audit

| Node | Judgment | Problem found | Suggested correction |

## Dependency corrections
If there are no dependency corrections, write “None™ in the first row.
| Type | From node | To node | Reason |

## Summary

| Major errors | Overall summary |
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