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Abstract

Chain-of-thought (CoT) reasoning in large lan-
guage models often produces redundant steps
that increase generation cost and obscure when
reasoning has effectively completed. Existing
stopping methods rely on output-level or token-
level signals, overlooking internal representa-
tion dynamics that reflect reasoning progress.
We propose STARS (STate-Aware Reasoning
Stopping), a framework that leverages spectral
analysis of hidden-state representations to de-
tect transitions in reasoning phases. Our key
insight is that structural changes in the rep-
resentation space capture shifts in reasoning
states, enabling early and reliable stopping de-
cisions. To address representation instability,
where semantically similar steps can induce
different hidden states, we focus on spectral
structure rather than raw activations, improving
robustness to context-dependent drift. Exper-
iments on four mathematical and logical rea-
soning benchmarks show that STARS reduces
generation cost by over 45% under fixed token
budgets while improving accuracy over stan-
dard CoT baselines.

1 Introduction

We study the problem of identifying and elimi-
nating redundant steps in chain-of-thought (CoT)
reasoning produced by large language models. Re-
dundant reasoning increases inference cost, re-
duces interpretability, and can degrade perfor-
mance through error accumulation, where later
steps deviate from the correct reasoning trajectory.
In practice, such redundancy often appears as re-
peated subgoals or unnecessary recalculations that
extend reasoning without improving the final an-
swer. Prior work shows that these effects become
more pronounced as reasoning chains grow longer
(Wei et al. 2022; Wang et al. 2023).
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Existing approaches typically rely on output-based
heuristics such as answer convergence (Liu and
Wang 2025), confidence (Yang et al. 2026), or en-
tropy signals (Wang et al. 2026) to determine when
to terminate reasoning. However, these methods
operate at the trajectory level and do not explicitly
capture internal representation dynamics, limiting
their ability to detect semantically redundant steps.

To address this limitation, we propose an early exit
approach based on hidden-state evolution, tracking
reasoning progress through changes in the eigen-
value spectrum of hidden-state Gram matrices (Yu
et al. 2025). This enables a state-aware stopping
mechanism that detects structural transitions in rea-
soning trajectories. Specifically, we derive stop
triggers from spectral transition dynamics and iden-
tify redundancy when consecutive steps stabilize in
spectral space. We combine three complementary
signals, confidence based, temporal persistence-
based, and cluster position based criteria to robustly
detect redundant reasoning patterns.

The key intuition is that reasoning progresses as a
structured trajectory in representation space, where
meaningful transitions correspond to global spec-
tral shifts rather than token-level variation. How-
ever, hidden states are context-dependent, and even
semantically similar steps may induce different rep-
resentations due to accumulated context and posi-
tional effects (van Aken et al., 2019; Sinha et al.,
2022), making naive similarity measures unreli-
able.

To address these challenges, our spectral approach
identifies redundancy at the level of hidden-state
dynamics. We summarize our contributions as fol-
lows:

* We show that CoT reasoning often con-
tains redundant steps with limited internal
progress despite textual coherence, motivating
representation-level stopping signals.
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* We propose STARS, a state-aware early-
stopping framework that detects latent state
transitions and integrates confidence-based,
persistence-based, and location-based signals
to terminate redundant reasoning.

» Extensive experiments show that our method
reduces generation cost by 45% or more
across benchmarks while maintaining or im-
proving accuracy over standard CoT.

2 Related Work
2.1 Early Stopping for Reasoning

To reduce the inefficiency of long chain-of-thought
reasoning, recent work has explored adaptive infer-
ence strategies that dynamically control reasoning
length during generation. Budget-based reasoning
methods constrain the amount of reasoning com-
putation by estimating or allocating token budgets
based on problem complexity (Han et al. 2025; Li
et al. 2025; Wen et al. 2026), enabling models to
compress reasoning traces while maintaining ac-
curacy. Confidence-based early-exit approaches
terminate reasoning once the model exhibits high
confidence in a candidate answer, often using en-
tropy, probability calibration, or uncertainty sig-
nals (Valade 2026; Yoo et al. 2026; Yang et al.
2026). Trajectory-based stopping methods detect
convergence in reasoning trajectories, for example
by monitoring reasoning transitions or answer con-
vergence during generation (Liu and Wang 2025).
While these approaches demonstrate that adaptive
stopping can significantly reduce token usage and
latency, most rely on heuristics rather than exploit-
ing structural signals in the reasoning representa-
tion itself. In contrast, we base stopping decisions
largely on structural transitions in hidden-state dy-
namics.

2.2 Monitoring Reasoning Trajectories and
State Dynamics

While chain-of-thought (CoT) prompting substan-
tially improves reasoning performance in large lan-
guage models (LLMs) (Wei et al. 2022; Kojima
et al. 2022), recent studies have observed that CoT
reasoning often contains redundant or unneces-
sarily long reasoning traces, increasing inference
cost and sometimes degrading accuracy through
error accumulation (Guan et al. 2026; Hong et al.
2026; Srivastava et al. 2026). Consequently, sev-
eral works have analyzed intermediate reasoning
trajectories to diagnose issues such as hallucinated

steps, logical inconsistencies, and unstable reason-
ing processes (Xue et al. 2023; Lightman et al.
2024; Uesato et al. 2023; Cobbe et al. 2021).

Beyond token-level analysis, a growing line of re-
search investigates reasoning through hidden-state
dynamics. Wu et al. (2026) show that latent tra-
jectories in representation space exhibit structured
transitions corresponding to different reasoning
stages, while Yu et al. (2025) demonstrate that
hidden-state clusters and state shifts align with key
decision points during CoT reasoning. Related
studies further reveal that internal representation
trajectories correlate with task progress, answer
convergence, and reasoning failures (Williams et al.
2026). Together, these findings suggest that reason-
ing progression can be characterized through latent
state evolution rather than surface tokens alone.

Unlike prior work, which primarily uses trajectory
analysis to interpret or diagnose reasoning behav-
ior, we leverage hidden-state dynamics to address
early stopping, developing state-aware stopping sig-
nals that identify when reasoning has sufficiently
converged.

3 Preliminaries

3.1 Gram-Spectral Representation of
Reasoning

Consider a Chain-of-Thought (CoT) trajectory s1.7,
where each reasoning step s; consists of m; tokens.
Let H; € R™* denote the matrix of last-layer
hidden states for all m, tokens in step ¢, where d
is the hidden dimension. We define the step-wise
Gram matrix:

~ 1
G = —H, H, ¢ R™*?
my

and accumulate it over time:

Gy =Gy + Gy, G =G
where G; € R encodes the aggregated semantic
structure across all steps 1 through ¢.

Let A\;1 > --- > Ay, be the top-r eigenvalues of
G'. The spectral embedding e; = (Ag1,..., Ayr)
provides a low-dimensional representation of the
accumulated reasoning geometry up to step ¢. Un-
like first-order statistics such as mean pooling,
which aggregate token representations directly, the
Gram spectrum captures second-order geometry
across all token representations within a step and
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is invariant to orthogonal transformations of the
hidden space, capturing subspace correlations that
first-order statistics do not retain. We compare
against a mean-pooled hidden-state variant empiri-
cally in Appendix G.

3.2 State Transition Modeling

We cluster spectral embeddings using k-means
into K clusters, yielding discrete states c¢; €
{1,...,K}. A trajectory is represented as ¢ =
(Cl, v ,CT).

Following prior work (Yu et al. 2025), we model
transitions between clusters as a Markov chain and
estimate a transition matrix P € RE*K  where

Cij
Zj’ Ci,j’

and C; ; denotes the number of observed transi-
tions from state ¢ to state 7. This abstraction cap-
tures the sequential structure of reasoning trajecto-
ries through transitions between discrete reasoning
states and forms the basis for the stopping signals
introduced in the following sections.

Pj=Pleiri=jla=1i)=

4 Problem Formulation

We consider the problem of early termination in
multi-step LLM reasoning. Given an input query
q, a large language model generates a sequence
of reasoning steps si, so, . . ., St, where each step
represents an intermediate reasoning state in the
solution process.

Let H; € R™*4 denote the hidden state at reason-
ing step ¢, obtained from the model’s last-layer la-
tent states. The spectral embeddings of these latent
states are discretized into clusters k € {1,..., K},
forming a trajectory of reasoning stages.

The objective is to design a stopping policy 7 that
determines at each step whether to continue rea-
soning or terminate and output the final answer.
Formally, the policy outputs a binary decision
7y € {continue, stop}.

Let 7 denote the earliest step at which the rea-
soning process has effectively reached completion.
The goal is to detect a stopping time 7 that satisfies
two objectives:

1. Correctness: The final answer produced at
step 7 matches the correct solution.

2. Efficiency: The stopping time 7 occurs as
early as possible, minimizing unnecessary rea-
soning steps.

A key challenge is that the utility of additional rea-
soning is not uniform across reasoning stages. Our
empirical analysis in Section 7.1 shows that early
reasoning stages contribute substantial accuracy im-
provements, while later stages exhibit diminishing
returns. Therefore, stopping decisions should de-
pend not only on the current answer confidence, but
also on the estimated remaining reasoning utility
associated with the current latent state.

S Methodology

Based on the above insight, our method explic-
itly models both answer confidence and stage-
dependent reasoning utility as complementary sig-
nals for determining the stopping decision.

Preprocessing phase. We collect a reference cor-
pus D = {(7%),a*®)}¥ | of complete reasoning
trajectories 7(*) with known answers a*(), using
100 training examples from GSM8K. Each step is
embedded using the Gram-spectral representation
(Section 3.1), producing eEZ) € R9. We then apply
the k-means clustering to the set of all step em-
beddings across all trajectories in D, obtaining K
cluster centroids { ,uk}kK:l and a cluster assignment
function ¢ : R? — [K]. The clusters are then or-
dered according to the average step index within
each cluster (details in Algorithm 3).

Inference phase. At inference time, after gener-
ating step sy, we compute its embedding e; and
assign it to cluster ¢; = ¢(e;). We view early stop-
ping as a sequential decision process over reason-
ing trajectories. Our method decomposes stopping
signals along three complementary axes: (1) confi-
dence in the current state (Wald and Wolfowitz,
1948), (2) temporal persistence within a region
(Larralde et al., 2006), and (3) spatial location in
the learned state space (Norris, 1998). Accord-
ingly, our method decomposes stopping signals
along three complementary axes in Section 5.1, 5.2
and 5.3 respectively. Together, these criteria form
a coordinated taxonomy of stopping behaviors that
captures epistemic, temporal, and spatial signals
of reasoning convergence. Figure 1 illustrates the
inference workflow, and Algorithm 1 details the
generation procedure.
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Figure 1: The workflow illustrates how the model tracks latent reasoning states during a long chain-of-thought, and
applies a state-aware trigger to stop early while producing the correct answer with fewer tokens.

5.1 Threshold Criterion

Our truncation analysis in Figure 3 shows that early-
stage reasoning is significantly more sensitive to
premature stopping than later-stage reasoning. This
indicates that the marginal utility of additional rea-
soning decreases as the model progresses through
intermediate reasoning states.

To capture this effect, we define a cluster-
conditioned stopping policy, where each reasoning
state is associated with a cluster-specific thresh-
old that governs termination based on an answer
confidence score.

Let p; € [0, 1] denote the answer confidence score
produced by the LLM judge at step ¢, representing
the estimated probability that the current partial rea-
soning is sufficient to produce the correct answer.
The model stops when

pt 2 961

where 6., is a cluster-specific stopping threshold.

This formulation follows a standard risk-based de-
cision framework, as detailed in Appendix A. It
motivates state-dependent thresholds, which we es-
timate empirically from held-out calibration data
in Appendix B.2.

The resulting optimal threshold takes the form:

L[(Ct)

07 = .
k Li(ct) + Lii(cy)

(1

where Li(c;) denotes the premature stopping loss
at cluster ¢, and Li1(c;) denotes the continuation
loss at cluster ¢;. This formulation implies that
optimal stopping thresholds are higher in early rea-
soning clusters, where the expected loss from pre-
mature stopping is large, and decrease as reasoning
progresses and additional computation yields di-
minishing returns.

Therefore, early reasoning states adopt more con-
servative stopping criteria, while later states per-
mit lower confidence requirements. STARS op-
erationalizes this principle by estimating cluster-
specific thresholds from data rather than explicitly
modeling the underlying loss terms.

5.2 Stagnation Criterion

In addition to detecting termination at cluster
boundaries, we introduce a complementary signal
that identifies stagnation, i.e., when the reasoning
trajectory remains within the same cluster for an
extended period. Let ¢; denote the cluster assign-
ment at step ¢. A stagnation event is defined by a
consecutive dwell of length 4:

Ct = Ct—1 = = Ct—5-

We interpret cluster transitions as a first-order
Markov process over discrete states (Yu et al.,
2025). Under this assumption, the probability of
remaining in the same cluster is P(c;+1 = ¢), and
the dwell time T, follows a geometric distribution
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Algorithm 1 State-Aware Reasoning Stopping

Require: Question g, reference cluster centroids
{1}, thresholds {6} }, judge J, token budget
B
Ensure: Final reasoning trace a
1: Initialize 79 < 0, ¢ < 1
2: while Len(7;_1) < B do
3: Generate step s; ~ LLM(- | ¢, 7¢—1)

4: Tt < (thl,st)

5: Compute embedding e; < Encoder(s;)
6: Assign cluster ¢; «— arg min||e; — pgl|2

k
7: Compute judge confidence p; < J(7¢)
8 if p: > 6., then
: return a(7;) > refer to 5.1

10: elseifc;, = ¢;_1 = -+ = ¢;_s5 then

11: return a(7;) > refer to 5.2
12: else if ¢; = K then

13: return a(7;) > refer to 5.3
14: end if

15: t+—1t+1

16: end while

17: return a(7p) > Max-length reasoning trace

with expected value

1
a 1—P(Ct+1:Ct).

E[TC]

Long dwell times indicate repeated self-transitions
within a cluster and suggest that the trajectory is no
longer making meaningful progress across reason-
ing states. We therefore terminate generation when
the dwell time exceeds this threshold, using it as a
safeguard against redundant reasoning loops and
latent stagnation in the reasoning process.

5.3 Terminal Criterion

We introduce a third stopping signal based on termi-
nal clusters in the abstract state space. Empirically,
certain clusters correspond to the final stage of rea-
soning where the model produces answer-related
statements. From the perspective of the Markov
chain formulation, such clusters behave similarly
to absorbing states, satisfying

P(Ct+1:K’Ct:K):1

meaning that once the trajectory enters this state K
it tends to remain there. Motivated by this observa-
tion, we terminate reasoning immediately when a
step is assigned to a terminal cluster.

Terminal clusters are identified by computing the
average step index of all reasoning steps assigned
to each cluster (details in Algorithm 3). The cluster
with the largest average step index is designated
as the terminal cluster. Upon entry to this cluster,
we apply immediate stopping, which serves as a
natural heuristic for completion. While this choice
is not formally guaranteed, as downstream errors
may still occur after entry, it provides a simple
and effective rule consistent with the intuition that
the terminal cluster represents the final stage of
reasoning.

6 Experiments

6.1 Implementation

We evaluate our method on four reasoning bench-
marks: GSMS8K (Cobbe et al., 2021), MATH-500
(Hendrycks et al., 2021), AQuA (Ling et al., 2017),
and LogiQA (Liu et al., 2020), covering both open-
ended mathematical reasoning and multiple-choice
logical reasoning tasks.

All methods are evaluated under a unified token
budget of 4096 tokens to ensure a fair comparison
of accuracy—efficiency trade-offs under consistent
inference constraints. Note that prior methods were
originally designed for different regimes, which
may lead to performance deviations from their re-
ported results.

We compare against three representative early-
stopping baselines: DEER (Yang et al. 2026)
(confidence-based), EAT (Wang et al. 2026)
(uncertainty/entropy-based), and TALE (Han et al.
2025) (heuristic budget-based), covering the major
paradigms of existing CoT termination strategies.

The preprocessing phase, including spectral em-
bedding construction and k-means clustering, com-
pletes in under 3 minutes and is performed once
offline prior to inference.

6.2 Metrics

To evaluate the effectiveness of our method, we
choose metrics that measure both answer quality
and inference cost. Accuracy (ACC) quantifies
how often the model’s output matches the correct
solution, using a standard indicator function to
compare predicted vs. true answers. Generation
Length (TOK) reflects the average number of to-
kens produced per input, serving as a proxy for in-
ference cost. Both evaluations follow the zero-shot
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Figure 2: Transition heatmaps for Qwen3-14B. Color
intensity represents transition probability. Later-stage
clusters exhibit stronger self-loop behavior.

chain-of-thought setup, and averages are computed
over the full test sets of the respective benchmarks.

6.3 Model Backbones

We follow DEER (Yang et al. 2026) in selecting the
Qwen series as backbone models, using Qwen3-8B,
Qwen3-14B, and QwQ-32B. This choice enables
direct comparison with prior early-stopping meth-
ods while covering a range of model scales and
reasoning capabilities. Besides, we add Phi-4-mini-
reasoning in Appendix C to evaluate the robustness
of our approach across different model families.

7 Results

In this section, we present results to answer three
research questions below.

* RQ1: How do latent state transition dynam-
ics evolve throughout Chain-of-Thought rea-
soning, and do later reasoning steps exhibit
diminishing state progression that motivates
state-aware early stopping?

* RQ2: Can the proposed method detect reli-
able internal signals that indicate when further
Chain-of-Thought reasoning becomes unnec-
essary, enabling effective early stopping with-
out degrading performance?

* RQ3: Why can state-aware reasoning stop-
ping improve accuracy under finite generation
budgets?

7.1 RQ 1 Results

We estimate a cluster transition matrix from ob-
served reasoning trajectories, where each entry rep-
resents the probability of transitioning between la-
tent reasoning states.

Across 100 GSMS8K samples and all backbone
models, the resulting transition patterns are highly
consistent (Figure 2, Figure 6). We observe a struc-
tured progression in latent reasoning dynamics:
early clusters more frequently transition to different
subsequent states, while later clusters increasingly
exhibit dominant self-transitions. This indicates a
shift from exploratory reasoning dynamics to sta-
ble latent regimes, where internal state progression
slows despite continued token generation. These
findings suggest that later-stage reasoning may con-
tribute limited additional state evolution, motivat-
ing state-aware early stopping based on representa-
tion dynamics rather than token length alone.

Accuracy Gain under Different Truncation Levels
51 —&— AQUA
MATH
—e— GSMaK
—e~ LogiQA

Accuracy Gain (%)

°
IS
“
o

3
Cluster Index

Figure 3: Accuracy gain across four datasets under
different truncation clusters using Qwen3-14B. Perfor-
mance improves rapidly in early clusters and saturates
in later stages.

To assess the functional role of later reasoning
steps, we perform a truncation experiment in which
generation is stopped at a specified latent cluster
and the model is prompted to produce the final an-
swer. As shown in Figure 3, accuracy increases
sharply in early clusters but quickly saturates. For
instance, on AQuA, moving from cluster O to 2
yields a notable gain (=~ 4%), whereas extending
reasoning to clusters 4—6 produces marginal im-
provements (< 1%). Beyond this point, additional
reasoning steps increase token cost without mean-
ingful accuracy gains.

Together with the observed transition dynamics,
these results indicate that later reasoning stages are
often characterized by latent stagnation: the model
continues generating tokens while internal state
evolution has largely stabilized. This mismatch
between textual continuation and representation-
level progress highlights the limitations of token-
based stopping criteria and supports early stopping
mechanisms grounded in latent dynamics.
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MATH LOGIC Overall
Method
GSMSK MATH-500 AQuA LogiQA

Acct Tok| Acct Tok] Acct Tok] Acct Tok| | AcctT Tok|
Owen3-8B
Standard CoT 93.7 1294 70.0 2775 78.7 2283 58.0 2555 | 794 1959
EAT 943 902 824 1604 839 1350 664 1799 | 84.5 1287
TALE 957 627 824 1817 850 1380 654 1574 | 850 1142
DEER 945 760 85.0 1539 89.0 1146 664 1466 | 855 1108
STARS 948 516 842 1065 843 946 68.2 1314 | 855 848
Owen3-14B
Standard CoT 93.3 1553 67.6 3043 819 2268 63.1 2494 | 80.3 2118
EAT 93.5 1279 73.8 2154 837 1599 664 1887 | 82.5 1615
TALE 954 466 83.0 1769 858 1007 71.1 1274 | 864 948
DEER 952 660 872 1609 850 1066 69.8 1446 | 86.7 1060
STARS 959 579 88.0 1093 86.6 1056 71.9 1464 | 87.8 929
OowQ-32B
Standard CoT 94.8 1355 722 2788 80.7 2127 64.2 2063 | 82.0 1859
EAT 948 1005 72.8 2566 81.5 1666 659 1419 | 82.6 1452
TALE 956 633 79.0 1865 854 1408 68.8 1449 | 852 1126
DEER 96.3 873 782 2241 854 1447 74.2 1565 | 86.7 1343
STARS 955 616 828 1423 90.2 1331 742 1352 | 87.6 1007

Table 1: Experimental results across three reasoning models over four datasets. “Acc” denotes accuracy and “Tok”
denotes token count. 1 indicates that higher values are better, while | indicates that lower values are better. Best

results are in bold.

7.2 RQ 2 Results

Table 1 reports the performance of different early
stopping methods across three reasoning models
and benchmarks. We evaluate both reasoning qual-
ity and efficiency using accuracy (Acc) and gen-
erated token count (Tok), and compute overall
metrics as a sample-size-weighted average across
datasets:

_ gy Namg
Z(?:l Na

where m, is the metric on dataset d and Ny is the
number of evaluation instances.

Overall(m)

)

Overall, STARS consistently improves reasoning
accuracy while substantially reducing generation
cost. Across all models, it achieves the best or
competitive overall accuracy with the lowest token
usage, indicating that the proposed stopping criteria
effectively remove redundant reasoning without
harming performance.

In terms of efficiency, STARS reduces token con-
sumption by 45% or more across all three back-
bones compared to standard CoT, while maintain-
ing or improving accuracy. For example, on QwQ-
32B, token usage drops from 1859 to 1007 (45.8%),
while accuracy improves from 82.0% to 87.6%.
Similar trends are observed across Qwen3-8B and
Qwen3-14B, where STARS consistently achieves
strong accuracy—efficiency trade-offs.

Compared with existing early stopping methods,
STARS achieves a better accuracy—efficiency trade-
off than EAT, TALE, and DEER, consistently reduc-
ing token usage while maintaining or improving
accuracy across benchmarks. Gains are particu-
larly pronounced on logical reasoning tasks such as
LogiQA, suggesting that mitigating late-stage rea-
soning drift is especially beneficial for maintaining
logical consistency in long reasoning chains.

Like many adaptive reasoning approaches, STARS
introduces an auxiliary decision process for deter-
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MATH standard CoT MATH standard CoT
STARS STARS

39.7 61.8 63.1 81.8
LogiQA AQuA LogiQA AQuA
68.9 86.2 71.8 86.6

95.7 93.3%; 9

GSM8K GSM8K

(a) Max Token 2048 (b) Max Token 4096

MATH standard CoT
STARS
88.0,90.4

76.1 88.5
LogiQA AQuA
72.68 87.0

95.7195.9
GSMBK

(c) Max Token 8192

Figure 4: Accuracy comparison between standard CoT
and STARS under different token budgets on Qwen3-
14B over four datasets.

mining when reasoning should terminate. Such
overhead is common in prior work, including meth-
ods that require additional model-generated esti-
mates or judgments before producing a final answer
(Han et al., 2025). To assess the practical impact,
we measured wall-clock runtime on AQuA with
Qwen3-14B without vLLM acceleration. STARS
completed in 4.23 hours versus 6.67 hours for stan-
dard CoT, suggesting that the reduction in reason-
ing generation can compensate for the cost of the
stopping mechanism. The precise runtime trade-off
may depend on the task and deployment infrastruc-
ture, but our results indicate that the overhead is
modest in practice.

7.3 RQ 3 Results

Figure 4 shows the accuracy gap between standard
CoT and STARS diminishes as the token budget
increases. When the token budget is limited, for
example, 2048 in Figure 4 (a) or 4096 in Figure 4
(b), STARS improves accuracy by terminating gen-
eration once sufficient reasoning evidence has been
accumulated. This reduces the dependence on long
reasoning trajectories and allows the model to reach
near-optimal performance within a substantially
smaller token budget. In contrast, standard CoT
often requires much larger budgets to complete its
reasoning process, making it more susceptible to

Max Tokens GSM8K MATHS500 AQuA LogiQA

2048 21.38 73.00 47.24 54.38
4096 5.99 39.40 18.90 23.96
8192 0.83 11.60 6.69 5.22

Table 2: Percentage of responses that hit the maximum
token limit on Qwen3-14B.

truncation when the available budget is limited.

Truncation under limited token budgets can affect
the comparison between STARS and standard CoT.
To quantify this effect, we measure the fraction of
standard-CoT trajectories that reach the maximum
generation limit before producing a final answer.
For Qwen3-14B, the truncation rates are shown in
Table 2.

These results show that standard CoT is substan-
tially affected by the token budget, particularly on
more complex reasoning benchmarks. For example,
under a 2048-token budget, 73.0% of MATHS500
and 54.4% of LogiQA trajectories are truncated
before completion. Increasing the budget to 8192
tokens reduces these rates to 11.6% and 5.2%, re-
spectively.

This observation is consistent with our accuracy—
budget analysis in Figure 4. As the token budget
increases, the accuracy gap between standard CoT
and STARS decreases. STARS can terminate gen-
eration once sufficient reasoning evidence has been
accumulated, whereas standard CoT can recover
more performance when given substantially larger
generation budgets. Thus, the advantage of STARS
is most pronounced under constrained token bud-
gets, where standard CoT is more frequently trun-
cated before reaching a final answer.

8 Ablation

We perform an ablation study by removing each
trigger individually while keeping all other compo-
nents unchanged. Figure 5 shows that the triggers
play complementary roles in balancing accuracy
and reasoning length. Removing the stagnation
trigger leads to longer reasoning and slightly lower
accuracy, while removing the confidence thresh-
old results in substantially more token usage. Re-
moving the terminal trigger has only a marginal
effect, with nearly unchanged accuracy and reason-
ing length. This suggests that the other triggers can
still terminate most reasoning processes effectively,
while the terminal trigger provides an additional
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Figure 5: Ablation study on AQuA with Qwen3-8B,
showing how different early stopping triggers affect
accuracy and token usage.

stopping mechanism for a small subset of examples.
Overall, the results demonstrate that the triggers
serve complementary roles, with the confidence
threshold trigger having the largest impact on rea-
soning efficiency.

9 Conclusion

We presented STARS, a state-aware early stopping
framework that leverages latent-state transition dy-
namics to identify reasoning completion in chain-
of-thought reasoning. By modeling reasoning tra-
jectories as transitions between latent reasoning
states and detecting both completion and stagnation
patterns, STARS reduces reasoning length while
maintaining strong performance across multiple
benchmarks and model scales. Our results high-
light the value of representation-level signals for
understanding and controlling reasoning processes
in large language models.

10 Limitations

Our framework focuses on reducing unnecessary
reasoning once a valid solution trajectory has
emerged. It does not resolve failure modes in which
the model fundamentally cannot produce the cor-
rect answer for a task, nor cases where an incorrect
reasoning trajectory converges to a stable latent
state. More broadly, this reflects a limitation of cur-
rent early-stopping benchmarks (Yang et al., 2026;
Han et al., 2025; Wang et al., 2026), which typi-
cally assume the existence of a solvable reasoning
trajectory and evaluate termination efficiency rather
than reasoning capability itself.
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A Derivation of the State-Aware
Thresholding

In this section, we provide the derivation and in-
terpretation of the state-aware stopping threshold
introduced in Section 5.1.

A.1 Loss Definition

We define two types of decision errors under cluster
C¢.

* Premature stopping: terminating reasoning
before sufficient information is obtained.

* Unnecessary continuation: continuing rea-
soning after sufficient information is already
available.

The corresponding losses are defined as:

Li(e) = /\(A(K) — A(ct)), 2)

Li(ct) = o, 3)

where A(c;) denotes truncation accuracy at cluster
¢t and A(K) denotes final accuracy. The first term
measures the expected utility lost due to premature
stopping, which is larger in early clusters. The sec-
ond term models a constant per-step computational
cost.

A.2 Bayes Risk Formulation

At reasoning step t, let ¢; denote the current clus-
ter assignment and let p; € [0, 1] denote the confi-
dence score produced by the judge model. The stop-
ping policy compares p; against a cluster-specific
threshold 6y, and stop if p; > 6,,.

Two types of decision errors are possible:

* Premature stopping (Type I): stopping when
the current reasoning trajectory is insufficient
to produce the correct answer.

* Unnecessary continuation (Type II): contin-
uing reasoning despite the current trajectory
already being sufficient.

Let Li(¢;) and Lyi(c;) denote the corresponding

losses at cluster c;. The expected Bayes risk under

threshold 6 is:

R(Q ‘ Ct) = LI(Ct) . P(pt 2 9, a(Tt) 7é CL* ’ Ct)
+ Lu(ct) - P(pe < 0, a(ri) = a* | ct).

Assuming the judge confidence is approximately
calibrated, we interpret

Pla(re) = a* | pt) = pt
which implies

Pla(ry) #a™ | pr) =1 —p;

Let f(p | ¢;) denote the density of judge confidence
scores conditioned on cluster ¢;. Substituting the
calibrated probabilities into the Bayes risk yields:

1
R0 e) = Liler) /9 (1= p)f(p|cr)dp

0
+ Lu(er) /0 pf(p | cr)dp

The first term corresponds to the expected loss from
stopping incorrectly, while the second term cap-
tures the expected loss from unnecessary continua-
tion.

A.3 Optimal Threshold Derivation

To derive the optimal threshold, we differentiate
R(0 | ¢;) with respect to 6. Applying Leibniz’s
rule gives:

R
a6

Setting the derivative equal to zero:

—Li(e)(1 = 0)f(0 [ ct) + Lu(er)0f (0 | e) =0

= —Li(e))(1=0)f(0 | ct)+Lir(c)0f (0 | ;)

Assuming f(6 | ¢;) > 0, dividing both sides by
f(0] ¢p) yields:

—Li(e)(1 —60) + Li(e)0 =0
Therefore, the Bayes-optimal threshold is:

LI(Ct)

6; =
k Ly(ct) 4+ Lig(ey)

To verify optimality, note that:
0’R _
202

+ (= Lale) (1 = 6) + Lu(c)9)

(Li(ee) + Lui(ce)) f(0 ] ¢r)

Of(0 | c)
0

At the stationary point 6§ = 07, the second term van-
ishes by the first-order optimality condition, giving

PR

BYE = (Lx(et) + Lur(er)) f(05 | ) > 0

0=0;
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Algorithm 2 Spectral Embedding Construction and
State Clustering

Require: CoT trajectories {sgl)Tl M |, Number of
clusters K, spectral dimension r
1: Initialize embedding set £ < ()
2: for each trajectory ¢ do

3: G+ 0
4: for each reasoning stept =1...7; do
5 Extract last-layer hidden state:

Ht € Rmth
6: Compute step Gram matrix:

- 1 -

my

7: Update cumulative Gram matrix:

G+ G+ ét
8: Compute top-r eigenvalues of G:

e; = Top-r(A(G))
9: Add embedding:
E+EU {et}

10 end for
11: end for
12: Cluster embeddings using k-means:

{31, () = kmeans(€)

13: Output: cluster centers {x; } and assignment
function ¢

whenever f (60} | ¢;) > 0. Therefore, 6; is a local
minimizer of the Bayes risk.

We do not use Equation 1 to directly determine
threshold values. Instead, the result motivates the
qualitative expectation that states with larger re-
maining utility should require higher stopping con-
fidence.

B Implementation Details

B.1 Clustering Configuration

Algorithm 2 describes the construction of spectral
embeddings and their clustering into discrete states.
Algorithm 3 then orders the clusters according to
the average step index within each cluster.

Algorithm 3 Temporal Ordering of Clusters

Require: Clustered embeddings &, assignment
function ¢, cluster count K

Ensure: Ordered cluster centers {y } 5,

1: Compute cluster-wise temporal statistics:

2. fork=1...K do

3 & {er €& | dler) =k}

4 Tk < ﬁ ZetGSk t(et)

5: end for

6: Compute temporal permutation

7. 7« argsort({m }1_ )

8: Re-index cluster centers:

9: fork=1...K do

10: Mk < P (k)

11: end for

12: Output: reordered cluster centers {p;}5
and assignment function ¢

B.2 Threshold Calibration

Let k € {1,..., K} denote the temporally ordered
cluster index. For each cluster k, we estimate a
cluster-specific stopping threshold 6, using a held-
out calibration set. Candidate thresholds are evalu-
ated by simulating the online stopping procedure
and measuring downstream task accuracy. The
threshold yielding the best calibration performance
is selected: 6, = argmaxy Accy(f). Consistent
with the temporal interpretation of clusters, the es-
timated thresholds are non-increasing with cluster
index for most models, reflecting the intuition that
later reasoning states require less evidence before
termination.

For each model, we conduct a grid search and se-
lect the stopping thresholds on a held-out calibra-
tion set of 100 examples drawn from the AQuA
training set, which is disjoint from the AQuA test
set. The calibrated thresholds are then frozen and
transferred unchanged to GSM8K, MATH500, and
LogiQA. Note this calibration set is distinct from
the 100-example GSMS8K reference corpus used
for spectral clustering in Section 5.

Table 3 compares performance on the held-out cal-
ibration set and the AQuA test set using the same
thresholds. As expected, performance is broadly
comparable across the two sets, with the held-out
set outperforming the unseen test set in most cases.
The results do not suggest substantial overfitting or
underfitting.

We evaluate the calibration of the judge confidence
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Accuracy (%) Avg. Tokens

Model Held-out Test Held-out Test
Phi-4-mini-reasoning 91 87 1082 1070
Qwen3-8B 90 84.3 944 946
Qwen3-14B 84 86.6 1089 1056
QwQ-32B 94 90.2 1322 1331
Average 89.8 87.0 1109 1101

Table 3: Comparison of accuracy and average token
usage on the held-out calibration set and the AQuA test
set using the same stopping thresholds.

scores using Expected Calibration Error (ECE)
with 10 equal-frequency bins over all Qwen3-8B
evaluation samples. The resulting ECE is 0.10, in-
dicating reasonable agreement between the judge’s
confidence estimates and its empirical accuracy.
Importantly, STARS does not rely solely on the
absolute calibration of the judge confidence. The
confidence-based criterion is combined with two
additional state-aware signals, namely stagnation
detection and terminal-state detection. Thus, mod-
erate calibration errors in the judge confidence are
unlikely to solely determine the stopping behavior.

B.3 Implementation Settings

Table 4 lists general implementation settings.

Table 5 lists model-specific implementation set-
tings. In this table, Column 2 presents the stopping
thresholds cy, ..., c7 corresponding to the seven
ordered clusters produced by Algorithm 3. Column
3 presents the choices of two methods to compute
the cumulative Gram matrix.

1. Cumulative Sum. We construct the cumulative
Gram matrix as defined in Section 3.1.

2. Linearly Weighted Accumulation (LWA). We
alternatively construct the Gram representation us-
ing an incrementally increasing weighting of step-
wise Gram matrices:

t—1

Gy =—(Gi1+Gy), G =G
— )

This yields
1/~  ~ - -
Gr = T <G1+G2+2G3+"'+(T—1)GT>

Thereby assigning progressively larger weights to
later response steps while retaining the initial ques-
tion representation with unit weight.

Column 4 in Table 5 presents a model-specific fac-
tor, by which we multiply the completion confi-

dence at detected state-transition boundaries before
applying the stopping criterion.

Our baselines were tuned in our evaluated setup
when needed. For example, when evaluating
DEER, we adapted the ratio of reasoning tokens to
conclusion tokens in our evaluation setup, as the
original ratio would otherwise leave the model with
insufficient conclusion token budget to finish the
response, resulting in worse performance.

B.4 Prompts
System prompt for the LLM judge.

~

You are a strict binary classifier.
Determine whether the response
already contains the final answer to
the question.

Output rules:
- Output exactly one word.
- The word must be either YES or NO.
- Do not output anything else.
Meaning:

YES = the response contains the final
answer.

NO = the response is still reasoning
and the final answer has not
appeared.

Example 1

Question: What is 6 + 7 - 1?
Response: First compute 6 + 7 = 13.
Then 13 - 1 = 12. Therefore the
answer is 12.
Answer: YES

Example 2

Question: What is 6 + 77

Response: First compute 6 + 7 = 13.
Answer: NO

Question: {question}

Response: {response}

Answer (YES or NO):
g
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Comment

Description Choice
Top eigenvalues r=064
Step delimiters “\n\n”
Dwell length 6=5
Number of clusters K=17

Following Yu et al. (2025), selecting top spectral
components for stability.

Following Yang et al. (2026) for segmentation
consistency.

Estimated from transition statistics; mean dwell
~ 4, using conservative threshold.

Chosen via silhouette score on a held-out subset.

LLM judge Qwen2.5-1.5B-Instruct Lightweight judge with calibrated confidence;
low inference cost (Ho et al., 2026).
GSMSK 1319 examples Full testing dataset
Math-500 500 examples Full dataset
AQuA 254 examples Full testing dataset
LogiQA 651 examples Full testing dataset
Table 4: General implementation settings.
Model Stopping Thresholds [c1, . . ., ¢7] Gram Matrix Boundary boost
Phi-4-mini-reasoning [0.98, 0.95, 0.90, 0.85, 0.70, 0.60, 0.50] Cumulative Sum 1.00
Qwen3-8B [0.75,0.75, 0.75, 0.75, 0.75, 0.75, 0.75] LWA 4.00
Qwen3-14B [0.98, 0.90, 0.85, 0.80, 0.70, 0.60, 0.50] Cumulative Sum 1.15
QwQ-32B [0.98, 0.90, 0.90, 0.90, 0.70, 0.60, 0.50] Cumulative Sum 1.05

Table 5: Model-specific implementation settings.

System prompt for Algorithm 1.

/;lease reason step by step. After
reasoning, output ONLY one final
answer enclosed in a single
\\boxed{}.

Never use more than one box. If there
are multiple answers, include all of
them inside the same box separated by
commas (e.g., put 3, 5, 7 in
\\boxed{3, 5, 73}).

All mathematical expressions must be
written in valid LaTeX (e.g.
\\boxed{\\sqrt{13}},
\\boxed{\\begin{pmatrix} -2 \\\\-14
\\\\-7 \\end{pmatrix}}, etc.).

I\
C Additional Results

~

J

C.1 Results on Phi-4-mini-reasoning

Table 6 shows the additional results on Phi-4-mini-
reasoning to evaluate the robustness of our ap-
proach across different model families.

C.2 Transition Heatmaps

Transition heatmaps for Qwen3-8B and QwQ-32B
in Figure 6 show similar patterns as for Qwen3-14B
in Figure 2.

(2) Qwen3-8B (b) QwQ-32B

Figure 6: The horizontal axis denotes the next cluster
state, while the vertical axis denotes the current cluster
state. Color intensity represents transition probability.
The heatmaps reveal increasingly strong self-loop be-
havior in later-stage clusters sorted in Algorithm 3.

C.3 Results on QwQ-32B over AIME

We further evaluate STARS on AIME using QwQ-
32B, the strongest backbone considered in our
experiments. STARS achieves 16.7% accuracy
with only 2,441 generated tokens, matching the
best baseline accuracy while substantially reducing
generation length. In comparison, Standard CoT
achieves 10.0% accuracy with 4,041 tokens, while
EAT, TALE, and DEER achieve 6.7%, 16.7%, and
16.7% accuracy with 4,016, 3,814, and 3,890 to-
kens, respectively. Thus, STARS matches the accu-
racy of the strongest baselines while reducing token
usage by approximately 40% relative to Standard
CoT.
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MATH LOGIC Overall
Method
GSMSK MATH-500 AQuA LogiQA

Acct Tok| Acct Tok] Acct Tok] Acct Tok| | AcctT Tok|
Phi-4-mini-reasoning
Standard CoT 89.5 1119 744 2440 80.7 1868 42.1 2411 | 74.6 1740
EAT 86.7 473 740 994 80.7 1026 41.6 989 | 73.0 744
TALE 84.8 1049 636 1881 76.8 1676 30.6 1939 | 67.2 1473
DEER 89.8 584 774 1297 823 975 498 1313 | 77.3 926
STARS 91.6 642 76.0 996 87.0 1070 559 1490 | 79.8 950

Table 6: Experimental results with Phi-4-mini-reasoning over four datasets. “Acc” denotes accuracy and “Tok”
denotes token count. 1 indicates that higher values are better, while | indicates that lower values are better. Best

results are in bold.

D Sensitivity to Reference Corpus

To further examine the robustness of STARS to the
choice of reference corpus, we construct an alterna-
tive reference corpus using 150 training examples
from AQuA, instead of the original 100 training
examples from GSM8K. Thus, both the size and do-
main of the reference corpus are changed, while the
evaluation protocol and model remain unchanged.
The reference corpus is used only to construct the
unsupervised spectral state representation and does
not contain any test examples or test labels.

We evaluate the resulting clusters and stopping pol-
icy on GSM8K, MATH-500, AQuA, and LogiQA
using Qwen3-14B. As shown in Table 7, the results
remain close to those obtained with the original
reference corpus. Overall accuracy changes only
from 87.8% to 87.2%, while the average number
of generated tokens decreases from 929 to 879.
Performance remains similarly stable across indi-
vidual datasets, with accuracy changes of at most
1.0 percentage point.

These results suggest that STARS is not highly
sensitive to the specific reference corpus used to
construct the spectral states, and that the discov-
ered reasoning-state structure can transfer across
substantially different reference-corpus choices.

E Judge Overhead

To quantify the computational overhead of the com-
pletion judge, we measure wall-clock runtime on
the AQuA test set. As shown in Table 8, STARS
reduces the total runtime from 6.67 hours to 4.23
hours while adding only 137 seconds of judge over-
head. Each judge evaluation requires only a single

Accuracy (%) Avg. Tokens

Dataset Original AQuA-150 Original AQuA-150
GSM8K 95.9 95.5 579 552
MATH-500 88.0 87.0 1093 1029
AQuA 86.6 85.8 1056 957
LogiQA 71.9 71.1 1464 1396
Overall 87.8 87.2 929 879

Table 7: Robustness to the reference corpus. Original
uses 100 GSMSK training examples to construct the
reference clusters, while AQuA-150 uses 150 AQuA
training examples. All results are obtained with Qwen3-
14B.

forward pass of Qwen2.5-1.5B-Instruct to read the
next-token probabilities of “YES” and “NO”, rather
than autoregressively generating a response. Con-
sequently, the per-query judge time is only 0.047
seconds, accounting for less than 1% of the total
STARS runtime. This small overhead is substan-
tially outweighed by the reduction in generation
time.

F Pareto Frontier

As shown in Figure 7, STARS consistently lies
on or close to the accuracy—token Pareto frontier
across the 12 dataset—model settings. On the two
GSMSK settings where STARS trails the highest-
accuracy baseline by 0.9 and 0.8 points (Qwen3-
8B and QwQ-32B), it reduces token usage by
18% and 29%, respectively. The clearest accu-
racy—efficiency tradeoff occurs for Qwen3-8B on
AQuA: DEER achieves 89.0% accuracy versus
84.3% for STARS, but requires 21% more tokens
(1146 vs. 946). This illustrates that STARS does
not universally maximize accuracy; rather, its stop-
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Standard CoT STARS

Wall-clock time 6.67 h 423 h
Generation steps 8,718 2,909
Judge overhead - 137 s
Judge time per query - 0.047 s
Judge overhead / total runtime - 0.9%

Table 8: Wall-clock runtime and completion-judge over-
head on the AQuA test set conducted on NVIDIA H200
GPU. A dash (-) indicates that the corresponding metric
is not applicable to standard CoT, which does not use a
completion judge. STARS reduces runtime substantially
while the completion judge accounts for less than 1% of
total runtime.
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Figure 7: Pareto plots for three backbone models in
Table 1.

ping criterion can trade a modest amount of accu-
racy for lower generation cost while maintaining
a favorable accuracy-token tradeoff. We attribute
the small GSM8K accuracy gaps to the relatively
low difficulty of these problems for already-strong
backbones. On such trajectories, STARS can termi-
nate earlier than the highest-accuracy baseline in
each setting (TALE on Qwen3-8B and DEER on
QwQ-32B), trading a small amount of accuracy for
substantial token savings.

G Comparison with Mean-Pooled Hidden
States

To test whether spectral features are necessary be-
yond simpler hidden-state statistics, we replace

Accuracy (%) Avg. Tokens

Dataset Original Mean Pooling Original Mean Pooling
GSM8K 94.8 94.6 516 586
MATH-500 84.2 85.4 1065 1154
AQuA 84.3 85.8 946 1062
LogiQA 68.2 67.4 1314 1362
Overall 85.5 85.5 848 920

Table 9: Comparison between STARS and a mean-
pooled hidden-state representation on Qwen3-8B. The
stopping procedure and calibration protocol are kept
identical, with only the hidden-state representation re-
placed.

STARS’s spectral representation with mean pool-
ing while keeping the stopping procedure and cali-
bration protocol unchanged. Table 9 reports results
on Qwen3-8B across four datasets. Mean pool-
ing achieves the same overall accuracy as STARS
(85.5%), and slightly higher accuracy on MATH-
500 and AQuA. However, it consistently requires
more tokens (3.7 to 13.6% more per dataset and
8.5% overall). On GSM8K and LogiQA, STARS
achieves both higher accuracy and fewer tokens.
These results suggest that while simple hidden-state
aggregation provides a useful stopping signal, spec-
tral features extract stopping-relevant information
more efficiently, supporting STARS’s primary goal
of reducing redundant CoT generation.

H Sensitivity to LLM Judge

Figure 8 compares the accuracy—token trade-off
obtained by replacing the original Qwen2.5-1.5B-
Instruct judge with Qwen2.5-3B-Instruct, while
keeping the stopping thresholds fixed. The effect
of the judge is primarily reflected in generation
length rather than accuracy, but varies substantially
across datasets. On GSMS8K, where the original
accuracy is already near saturation (94.8%), the
larger judge increases generation by 456 tokens
while improving accuracy by only 0.3 percentage
points. In contrast, on AQuA, the larger judge in-
creases generation by 262 tokens while improving
accuracy by 5.1 percentage points, corresponding
to a substantially more favorable accuracy—token
trade-off. These results suggest that judge replace-
ment can shift the operating point of STARS, with
the magnitude of the efficiency impact depending
on the available accuracy headroom.

38305



Accuracy-Token Trade-off Across LLM Judges (Qwen3-8B)

@ Quen2.5-1.5Bnstruct (original)
B Qwen2.5-38-Instruct

Accuracy (%)

600 800 1000 1200 1400 1600 1800
Average output tokens

Figure 8: Accuracy—token trade-offs across LLM judges
on Qwen3-8B. Arrows show the change induced by re-
placing the Qwen2.5-1.5B-Instruct judge with Qwen2.5-
3B-Instruct under fixed stopping thresholds.

I Ethics Statement

Our work focuses on optimizing Chain-of-Thought
reasoning via early stopping, which reduces com-
putational overhead. However, a potential risk is
that premature stopping could cut off necessary
verification steps in the reasoning chain, leading to
undetected hallucinations or errors if deployed in
high-stakes domains without safety guardrails.
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