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Abstract

Reasoning benchmarks often collapse hetero-
geneous problem types into aggregate scores,
obscuring which structural computations large
language models (LLMs) can reliably per-
form. Existing graph-reasoning benchmarks
cover graph traversal, broad graph compu-
tation, and graph-language interaction, but
do not directly test whether graph-structured
reasoning transfers across topological mecha-
nisms under matched conditions. We introduce
GraphReason-Bench (GR-Bench), comprising
1,800 programmatically generated and oracle-
verified problems across three prompt-length
regimes and six task families: local motif
enumeration, exact-depth breadth-first search,
bounded path enumeration, articulation-point
identification, non-induced subgraph match-
ing, and non-monotonic rule execution. All
tasks share a text-only executable interface,
exact oracles, canonical output normalization,
and set-based scoring, enabling controlled
cross-mechanism comparison. On the 600-
instance main evaluation split across nine
proprietary and open-source LLMs, we find
mechanism-level dissociation: models that suc-
ceed on one structural operation often fail
on others, and cross-task performance does
not reduce to a stable graph-reasoning ability.
Trace-level cases reveal mechanism-specific
failures such as premature search termination
and loss of intermediate state. An initial
sparse-autoencoder probe, supported by cross-
model robustness checks, shows that topology-
sensitive representations become less separa-
ble as structural difficulty increases. Together,
these results establish graph-structured reason-
ing as a measurable domain of LLM evalua-
tion.

1 Introduction

Recent frontier LLMs achieve strong results on
established reasoning evaluations (OpenAl, 2024,
2025b; Anthropic, 2024, 2025), including science,
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knowledge, and multi-step reasoning benchmarks
such as GPQA, MMLU-Pro, and FOLIO (Rein
et al., 2023; Wang et al., 2024¢; Han et al., 2024).
However, it remains unclear whether these evalua-
tions capture the ability to perform explicit multi-
step computation over discrete relational struc-
ture. In many settings, strong benchmark per-
formance can still rely on semantic priors, ex-
ternal knowledge, or shallow textual cues rather
than precise manipulation of structured inputs.
Graph-structured reasoning provides a clean set-
ting for isolating this issue: problems are de-
fined by explicit nodes, edges, and formally spec-
ified operations, so models must recover and exe-
cute structure-sensitive computation directly from
the input graph (Veli¢kovi€ et al., 2022; OpenAl,
2025a).

Existing graph-reasoning benchmarks cover im-
portant settings such as long-context traversal,
broad graph computation, and graph-language in-
teraction (OpenAl, 2025a; Tang et al., 2024; Xu
et al., 2025). Yet they do not directly answer a cen-
tral diagnostic question: whether graph-structured
reasoning transfers across qualitatively different
topological mechanisms under matched evaluation
conditions. A benchmark focused on this ques-
tion must evaluate different graph operations under
a shared executable interface, oracle construction,
output normalization, and scoring protocol; other-
wise, differences across tasks can be confounded
with differences in task formulation, answer type,
or evaluation metric.

This distinction matters because graph-
structured reasoning is not a single primitive.
Recognizing local graph motifs (Milo et al., 2002),
maintaining an exact BFS frontier (Cormen et al.,
2009), enumerating constrained paths (Yen, 1971),
diagnosing articulation structure (Tarjan, 1972),
matching a pattern graph to a host graph (Ull-
mann, 1976), and simulating graph-coupled rule
execution (Green et al., 2013) require different
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kinds of structural computation. Some emphasize
local pattern recognition, while others require
exhaustive search, global connectivity analysis,
state tracking, or iterative execution. If these
mechanisms are collapsed into a single coarse
graph-reasoning score, it becomes difficult to tell
whether a model has transferable graph-structured
competence or only narrow task-specific success.

To address this gap, we introduce
GraphReason-Bench (GR-Bench), a mechanism-
level diagnostic benchmark for graph-structured
reasoning in LLMs. GR-Bench contains 1,800
programmatically generated and oracle-verified
problems organized into three prompt-length
regimes, with 600 instances in each regime
and 100 instances per task family. The bench-
mark spans six tasks: local motif enumeration,
exact-depth breadth-first search, bounded path
enumeration, articulation-point identification, non-
induced subgraph matching, and non-monotonic
rule execution. All tasks use a common executable
interface: the model receives a text-serialized
graph and a precisely specified operation, and
must return the resulting discrete structural
object. This design fixes the interface, oracle
construction, output normalization, and set-based
scoring protocol across task families, enabling
controlled comparison across graph-topological
mechanisms.

Using the main evaluation split of GR-Bench,
we find that even frontier reasoning-enabled LLMs
remain far from saturating graph-structured reason-
ing. More importantly, we observe a mechanism-
level dissociation: success on one structural op-
eration does not reliably transfer to others, and
model rankings vary substantially across mech-
anisms even under matched evaluation condi-
tions. We then investigate these differences
through targeted case studies, which reveal recur-
rent mechanism-specific failures including objec-
tive mis-specification, premature search termina-
tion, loss of intermediate state, and incomplete
structural matching.

Finally, we complement behavioral evalua-
tion with an initial representation-level probe
based on sparse autoencoders (SAEs) (Temple-
ton et al., 2024; Huben et al., 2024). Using
final-layer activations from DeepSeek-R1-Qwen3-
8B (DeepSeek-Al, 2025) in a controlled motif-
based setting, together with robustness checks on
SmolLM3-3B and Llama-3.2-3B-Instruct, we find
that topology-sensitive separability weakens sys-

tematically as structural difficulty increases, sug-
gesting a representation-level correlate of the be-
havioral difficulty observed in graph-structured
reasoning.

Taken together, these results position graph-
structured reasoning as a distinct and systemati-
cally measurable domain of LLM evaluation. GR-
Bench fills a gap in current reasoning assessment
by making mechanism-level transfer and dissoci-
ation directly measurable across multiple graph-
topological operations. In summary, our main con-
tributions are threefold:

* We introduce GraphReason-Bench (GR-
Bench), a mechanism-level diagnostic bench-
mark for graph-structured reasoning in LLMs,
with 1,800 programmatically generated and
oracle-verified problems spanning six repre-
sentative graph-topological mechanisms un-
der a common executable interface, exact ora-
cle construction, canonical output normaliza-
tion, and set-based scoring protocol.

* We identify mechanism-level dissociation as
a stable empirical pattern across nine pro-
prietary and open-source LLMs on the 600-
instance main evaluation split: success on
one graph-topological operation does not re-
liably transfer to others, and model rankings
vary substantially across mechanisms under
matched evaluation conditions.

* We combine trace-level case studies, sampled
failure-mode analysis, and an initial sparse-
autoencoder probe with cross-model robust-
ness checks to connect behavioral dissocia-
tion with recurrent mechanism-specific fail-
ures and weakening topology-sensitive sepa-
rability as structural difficulty increases.

2 Related Work

2.1 Graph-Structured Reasoning
Benchmarks

Existing work evaluates graph-structured and al-
gorithmic reasoning through long-range graph de-
pendency modeling (Dwivedi et al., 2022), ab-
stract graph transformation and rule induction (Pel-
tonen et al., 2025), classical algorithm execution
(Velickovi¢ et al., 2022), text-serialized algorith-
mic reasoning (Markeeva et al., 2024), and graph
traversal in long-context LLM settings (OpenAl,
2025a). Broader reasoning benchmarks provide
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Figure 1: Representative examples from the six task families in GraphReason-Bench: local motif enumeration,
exact-depth BFS, bounded path enumeration, articulation-point identification, non-induced subgraph matching, and
non-monotonic rule execution. Each panel illustrates the graph structure, the task-specific objective, and the corre-

sponding structured output.

non-graph baselines for formal logic, graduate-
level science, and multitask reasoning (Han et al.,
2024; Rein et al., 2023; Wang et al., 2024c), while
Graph-LLM research studies structured-data rea-
soning, graph textualization, instruction tuning,
graph-language architectures, representation align-
ment, and graph-oriented evaluation suites (Jiang
et al., 2023; Fatemi et al., 2024; Tang et al., 2023;
Tan et al., 2024; Chen et al., 2024; Luo et al.,
2024b; Plenz and Frank, 2024; Luo et al., 2024a;
Wang et al., 2024a; Li et al., 2024b,a; Yuan et al.,
2025; Xu et al., 2025; Markowitz et al., 2025;
Wang et al., 2024b; Zhang et al., 2024; Tang et al.,
2024; Wu et al., 2025). These efforts substantially
broaden graph-related evaluation, but they often
differ in task family, input interface, supervision
setup, graph formalism, or scoring protocol, mak-
ing them less suitable for controlled comparison
across multiple topological mechanisms under a
unified benchmark design.

2.2 Behavioral and Representation-Level
Analysis of Reasoning

Beyond aggregate scores, prior work studies why
models succeed or fail on structured reasoning
tasks. Behavioral analyses show that graph reason-
ing performance can depend on serialization, tex-
tualization, encoding choices, instruction design,
and the alignment between graph structure and lan-
guage tokens (OpenAl, 2025a; Jiang et al., 2023;
Fatemi et al., 2024; Tang et al., 2023; Luo et al.,
2024b; Plenz and Frank, 2024; Luo et al., 2024a;
Wang et al., 2024a; Yuan et al., 2025; Xu et al.,
2025; Markowitz et al., 2025; Tang et al., 2024),
while case studies suggest that graph reasoning er-
rors are often mechanism-specific rather than in-
stances of a single generic reasoning deficit (Dai
et al., 2024). At the representation level, sparse au-
toencoders (SAEs) and related dictionary-learning
methods decompose activations into sparse, inter-
pretable features (Bricken et al., 2023; Templeton
et al., 2024; Huben et al., 2024; Gao et al., 2025),
but existing SAE analyses have primarily focused
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on semantic, lexical, or conceptual structure rather
than explicit graph-topological computation. It
therefore remains unclear how failure modes vary
across graph mechanisms, and whether internal
representations remain topology-sensitive as struc-
tural difficulty increases.

3 GraphReason-Bench

GraphReason-Bench (GR-Bench) is a unified
benchmark for graph-structured reasoning in large
language models. Each instance consists of a text-
serialized graph, a natural-language specification
of a graph operation, and an exact discrete target
output. The model must execute the specified op-
eration and return a structured object such as a
node set, path set, motif list, or set of subgraph
matches. All instances are programmatically gen-
erated under controlled task-specific regimes and
paired with exact symbolic oracles. Tasks are pre-
sented through a shared text-only executable in-
terface, and outputs are normalized into canonical
forms before scoring.

GR-Bench spans six task families designed to
probe distinct topological mechanisms: local mo-
tif enumeration (MOTIF), exact-depth breadth-
first search (BFS), bounded path enumeration
(PATH), articulation-point identification (ART),
non-induced subgraph matching (SUBISO), and
non-monotonic rule execution (RULE). Together,
these tasks cover local versus global structure,
static queries versus iterative execution, and
within-graph versus cross-graph reasoning. Fig-
ure 1 shows one representative instance from each
family.

3.1 Task Families

MOTIF asks the model to enumerate local three-
node graph motifs, probing local motif recogni-
tion and exact relational consistency. In the main
split, MOTIF is instantiated as a directed-cycle
local motif; in the two scale-up splits, it is in-
stantiated as connected triples satisfying speci-
fied incident-degree constraints. BFS asks for all
nodes whose shortest-path distance from a source
is exactly k, requiring precise frontier maintenance
rather than generic reachability. PATH asks for
all directed source—target paths of length at most
K, stressing exhaustive constrained enumeration.
ART asks for all articulation points in an undi-
rected graph, requiring global connectivity reason-
ing. SUBISO asks for all host-node sets that realize

a non-induced topological copy of a pattern graph,
testing cross-graph structural alignment. RULE
asks the model to execute threshold-based syn-
chronous updates over a directed graph, requiring
intermediate-state tracking across multiple rounds.

3.2 Construction and Evaluation Split

GR-Bench contains 1,800 instances organized into
three prompt-length regimes: below 256K charac-
ters, 256K-512K characters, and 512K—-1M char-
acters. Each regime contains 600 instances, evenly
distributed across the six task families. We treat
the below-256K regime as the main evaluation
split because it supports controlled comparison
across proprietary reasoning models, instruction-
tuned models, and open-source models under a
shared 128K-token context configuration.

The two longer regimes are future-oriented
scale-up splits constructed with the same mech-
anism families, executable interface, and oracle-
based scoring protocol. For the local motif fam-
ily, the longer regimes use scale-appropriate three-
node motif queries rather than the exact main-split
motif template. They are designed to extend GR-
Bench to substantially larger prompt and graph
scales as long-context and long-thinking frontier
models improve, rather than to define separate
benchmark tasks. In this paper, we include these
splits as part of the benchmark but do not report
their systematic evaluation, since only a limited set
of current systems can support them under com-
parable settings and their full evaluation would re-
quire substantially higher inference budgets.

All instances are generated programmatically
from task-specific configurations and paired with
exact symbolic oracles. Oracle answers are canon-
icalized into task-specific structured forms before
scoring: motif lists for MOTIF, frontier sets for
BFS, path sets for PATH, articulation-point sets
for ART, host-node match sets for SUBISO, and
final active sets for RULE. Across all regimes, ora-
cle answers are non-empty, so models cannot ob-
tain high scores by defaulting to empty outputs.
Full benchmark statistics, generation and verifica-
tion details, and a detailed comparison to existing
graph-reasoning benchmarks are provided in Ap-
pendix A.

38993



4 Evaluation Setup
4.1 Models

We evaluate GR-Bench on nine proprietary and
open-source language models spanning multiple
model families and inference configurations.

Proprietary reasoning models. This group in-
cludes GPT-5.4, Claude-Opus-4.6, and Gemini-
3.1-Pro, evaluated in reasoning-enabled configura-
tions when supported by the provider APIs (Ope-
nAl, 2026; Anthropic, 2026; Google, 2026).

Proprietary instruction-tuned models. We ad-
ditionally evaluate Claude-Opus-4.6 and Gemini-
3.1-Pro in their non-reasoning configurations (An-
thropic, 2026; Google, 2026).

Open-source LLMs. We further include
DeepSeek-V3.2, MiniMax-M2.5, GLM-5, and
Qwen3-Max (DeepSeek, 2025; MiniMax, 2026;
Z.Al, 2026; Alibaba Cloud, 2025).

All models are evaluated with the same task in-
puts, answer-format requirements, parsing rules,
and scoring procedure.

4.2 Prompting and Decoding

All reported GR-Bench experiments use the main
below-256K split of GR-Bench. This split fits
within a 128K-token context window and there-
fore enables controlled comparison across all eval-
uated models. The 256K-512K and 512K-1M
scale-up splits are included in the benchmark re-
lease, but are not used for the main cross-model
comparison for the reasons discussed in Section 3.
All experiments use task-specific prompt templates
rather than few-shot demonstrations sampled from
the benchmark instances. For each task, the
model receives a text-serialized graph, a natural-
language description of the required graph oper-
ation, and a strict answer-format specification re-
quiring the final output to appear in the last line
as Final Answer: . Prompt templates are
task-specific but structurally standardized. Each
template includes short format exemplars covering
both empty-set and non-empty outputs to specify
the required output form.

We use deterministic decoding with temperature
0. The context window is set to 128K tokens for
all reported experiments. For models that expose
provider-side reasoning controls, we enable the
corresponding reasoning configuration when eval-
uating reasoning-enabled variants (OpenAl, 2026;

Google, 2026; Alibaba Cloud, 2026). The reason-
ing budget is capped at approximately 16,384 to-
kens, which we found to be the highest setting that
consistently avoids truncation across all evaluated
reasoning-enabled models under the 128K-token
context configuration.

Evaluation is performed through a unified batch
pipeline with parallel execution, structured-output
parsing, and resumable logging. All behavioral ex-
periments are inference-only API evaluations, and
we do not train or fine-tune any evaluated LLMs.
The main evaluation comprises 600 instances per
model configuration, for a total of 5,400 model-
instance API evaluations across the nine evalu-
ated configurations; exact parameter counts, GPU-
hours, and serving infrastructure for API-served
models are not publicly disclosed by the providers.

4.3 Metrics

Our primary metric is macro-averaged F1 over nor-
malized structured outputs. After parsing model
outputs, we normalize predictions into canonical
forms and compare them against exact oracle an-
swers. Precision, recall, and F1 are computed at
the instance level, and macro-F1 is then averaged
within each task.

Normalization 1is structure-aware and task-
dependent. Unordered node sets are deduplicated
and sorted, path outputs are treated as full node
sequences, local motifs are canonicalized accord-
ing to the task definition, and subgraph matches
are represented as host-node sets. When a valid
final structured answer cannot be recovered, the
prediction is scored as incorrect.

5 Main Results on GraphReason-Bench

Table 1 reports overall macro-F1 and per-task per-
formance on the six GR-Bench mechanisms. Three
results stand out. First, GR-Bench is not satu-
rated even for frontier reasoning models. Sec-
ond, reasoning-enabled configurations yield sub-
stantial gains on most tasks over corresponding
non-reasoning configurations, but these gains are
not uniform across mechanisms. Third, and most
importantly, we observe mechanism-level disso-
ciation: models with similar overall scores can
exhibit sharply different strengths across graph-
topological operations, and success on one mecha-
nism does not reliably transfer to others.
Bootstrap confidence intervals and selected
comparison intervals are reported in Appendix B.
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The main mechanism-level trends remain stable
under resampling, although reasoning-mode gains
are not uniform across all mechanisms.

5.1 Overall Results

GR-Bench separates model families clearly. The
three strongest results are all obtained by pro-
prietary reasoning models, with Claude-Opus-
4.6 thinking achieving the highest overall macro-
F1 (0.500), followed by Gemini-3.1-Pro thinking
(0.462) and GPT-5.4 thinking (0.266). In con-
trast, the corresponding non-reasoning proprietary
variants are substantially weaker overall, and all
four open-source LLMs remain far below the top
reasoning-enabled systems. These results show
that GR-Bench remains challenging even for fron-
tier models configured for multi-step inference.

5.2 Mechanism-Level Dissociation

The per-task breakdown shows that graph-
structured reasoning is not well described by a
single homogeneous ability, even under matched
input, output, and scoring conditions. Among
the strongest proprietary reasoning models,
articulation-point identification and MOTIF are
relatively strong overall, whereas exact-depth BFS
and rule execution are consistently harder. This
contrast suggests that BFS and RULE require
not only structural recognition, but also exact
intermediate-state maintenance across steps.

Bounded path enumeration is especially dis-
criminative. Claude-Opus-4.6 thinking achieves
a strong PATH score (0.718), whereas Gemini-
3.1-Pro thinking (0.249) and GPT-5.4 thinking
(0.317) are much weaker. Subgraph matching
shows a similar split: Claude-Opus-4.6 thinking
and Gemini-3.1-Pro thinking are both relatively
strong on SUBISO, while GPT-5.4 thinking is
much weaker. Together, these differences indicate
that success on one graph-topological mechanism
does not reliably predict success on another. They
also suggest that task difficulty is not simply de-
termined by output length or graph size: compact-
output tasks such as BFS can remain difficult when
correctness depends on maintaining exact interme-
diate state, while larger-output tasks such as PATH
can be solved well when constrained search is pre-
served.

5.3 Effect of Reasoning Mode

The comparison between reasoning-enabled and
non-reasoning proprietary variants shows that GR-

Bench is highly sensitive to explicit reasoning con-
figuration. For Gemini-3.1-Pro, reasoning mode
improves all six mechanisms, with especially large
increases on MOTIF, ART, BFS, and SUBISO.
For Claude-Opus-4.6, the gains are larger on most
tasks, particularly MOTIF, BFS, PATH, ART, and
SUBISO. The main exception is RULE, where the
non-reasoning configuration is stronger than the
current reasoning run.

This asymmetry is informative: reasoning mode
does not act as a uniform multiplier across graph-
structured tasks, but changes the per-task profile
in mechanism-dependent ways. This selective im-
provement suggests that reasoning mode does not
simply amplify generic chain-of-thought fluency,
but interacts differently with different graph mech-
anisms.

Appendix C reports a controlled prompt-
sensitivity experiment; the broad cross-task
ordering is preserved across three prompt variants
(mean Spearman’s p = 0.924).

6 Case Study: Mechanism-Specific
Failure Patterns

To complement aggregate results, we analyze two
representative trace-level failures. For each case,
we anchor the diagnosis at the first sentence where
the reasoning trace becomes misaligned with the
formal task requirement. These case studies il-
lustrate concrete computational breakdowns, while
Appendix F reports a sampled failure-mode analy-
sis over 540 incorrect outputs. A visual summary
of the two failures is provided in Appendix E.

Case 1: Frontier-State Collapse in Exact-Depth BFS

Claude Opus 4.6 initially follows the traversal
objective, but later replaces exact frontier ex-
pansion with a guessed global depth bound,
producing an incorrect empty answer at depth
12.

Context (shortened): The task asks for all
nodes first discovered at exactly depth 12 from
a start node. Correctness requires explicit layer-
by-layer BFS expansion.

Gold answer: The correct depth-12 frontier
contains 26 nodes.

Trace snippet (misaligned): “Depth 6: Nodes
like c1c8ce943b, 7ee0bd3b56, b55eaf32d0 ... Depth
7: The most distant nodes like 1219d9fcb4 ... After

38995



Model Overall MOTIF BFS PATH ART SUBISO RULE
GPT-5.4 thinking* 0.266 0.447 0.019 0317 0.643 0.062 0.108
Claude-Opus-4.6 thinking*  0.500 0.589  0.283 0.718 0.608 0.564 0.238
Gemini-3.1-Pro thinking* 0.462 0.545 0352 0.249 0.776 0.526 0.326
Claude-Opus-4.6 0.097 0.069  0.000 0.041 0.016 0.000 0.453
Gemini-3.1-Pro 0.099 0.011  0.030 0.033 0.003 0.232 0.285
DeepSeek-V3.2* 0.019 0.031  0.010 0.054 0.008 0.000 0.011
MiniMax M2.5%* 0.021 0.044 0.000 0.017 0.014 0.009 0.041
GLM-5* 0.124 0.085 0.022 0309 0.212 0.025 0.092
Qwen3-Max thinking* 0.027 0.016 0.000 0.079 0.025 0.000 0.040

Table 1: Main results on GR-Bench in terms of macro-F1. In the main split, the MOTIF family is instantiated as
local directed-cycle motif enumeration. BFS: exact-depth breadth-first search; PATH: bounded path enumeration;
ART: articulation-point identification; SUBISO: non-induced subgraph isomorphism enumeration; RULE: non-
monotonic rule execution. * indicates models evaluated with reasoning enabled. Rows are grouped into three
blocks: proprietary reasoning models, instruction-tuned models, and open-source models. Bold indicates the best
score in each column. Bootstrap confidence intervals and selected comparison intervals are reported in Appendix B.

thorough analysis, this extremely dense graph ... has all
reachable nodes discovered by depth 7-8. By depth 12,
no new nodes remain to be discovered.”

Failure diagnosis: The error begins at “all
reachable nodes discovered by depth 7-8”. In-
stead of maintaining the BEFS frontier as an
explicit state, the model substitutes a guessed
global depth bound. This is a frontier-state
collapse: the model identifies the right proce-
dure family, but fails to preserve the state in-
variant that defines exact-depth correctness.

Case 2: Premature Search Closure in Subgraph Iso-
morphism

Claude Opus 4.6 correctly verifies one valid em-
bedding, but then incorrectly concludes that ex-
haustive search is complete, missing additional
valid embeddings required by the task.

Context (shortened): The task requires enu-
merating all valid subgraph isomorphisms be-
tween a query graph and a host graph.

Trace snippet (misaligned): “Verification of all
15 edges: All pattern edges confirmed present in G with
this mapping. All 9 nodes are distinct. No other valid
configurations found after exhaustive search.”

Failure diagnosis: The error begins at “No
other valid configurations found after exhaus-
tive search”. The model does not fail at local
matching; it fails when it turns one correct ver-
ification into an unjustified claim of complete-

ness. This is premature search closure: lo-
cal structure is checked correctly, but exhaus-
tive enumeration terminates too early.

These two cases illustrate recurring mechanism-
specific failures in GR-Bench. In exact-depth
BFS, the model loses a traversal-state invariant;
in subgraph-isomorphism enumeration, it fails to
maintain search completeness. Together with
the sampled failure-mode analysis in Appendix F,
this trace-level evidence helps explain why graph-
structured reasoning on GR-Bench is not mono-
lithic, but depends on the particular computational
mechanism a task requires.

7 Representation-Level Probe of
Graph-Structured Reasoning

Behavioral results on GR-Bench show clear dif-
ferences across mechanisms, but they do not in-
dicate whether increasing structural difficulty is
also reflected in internal representations. As an ini-
tial representation-level probe, our primary anal-
ysis uses sparse autoencoder (SAE) features ex-
tracted from DeepSeek-R1-0528-Qwen3-8B, with
additional robustness checks on SmolLM3-3B and
Llama-3.2-3B-Instruct. The goal is not to iden-
tify a complete causal mechanism, but to test
whether topology-sensitive organization in latent
space changes systematically as structural diffi-
culty increases.

For the primary DeepSeek probe, we analyze ac-
tivations at the op_end readout using a 64 x SAE
aligned to layer 35 of the base model. The anal-
ysis uses a controlled motif-based shortest-path
dataset with five topology classes: path, cycle,
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Easy Medium Hard

Model / motif Amean  AUC KS Amean  AUC KS Amean  AUC KS
DeepSeek-R1-0528-Qwen3-8B: motif-level analysis

barbell 0.004832 0.8939 0.6364 0.001010 0.6661 0.2434 0.000379 0.5666 0.1072
cycle 0.002586 0.7229 0.3666 0.000935 0.6417 0.2329 0.000295 0.5505 0.0790
path 0.002893 0.7953 0.4692 0.001306 0.7115 0.3285 0.000282 0.5453 0.0650
star 0.002720 0.7181 0.3777 0.001006 0.6527 0.2239 0.000026 0.5064 0.0274
twocomm 0.004423 0.9350 0.7174 0.002088 0.8013 0.4870 0.000385 0.5657 0.0960
Mean 0.003491 0.8130 0.5135 0.001269 0.6947 0.3031 0.000273 0.5469 0.0750

Table 2: Motif-level topology separability across structural difficulty for the primary DeepSeek-R1-0528-Qwen3-
8B probe at the op_end readout. For each motif and difficulty, we sample 50 instances and compare 50,000 within-
motif pairs with 50,000 between-motif pairs using cosine distance. The Mean row averages the five motifs. Higher

Amean, AUC, and KS indicate stronger topology-sensitive separability.
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Figure 2: Within-motif and between-motif cosine-distance distributions in SAE latent space across structural dif-
ficulty for the primary DeepSeek-R1-0528-Qwen3-8B probe. The distributions increasingly overlap from easy to

hard, matching the decline in Table 2.

star, barbell, and twocomm. The task interface
is fixed across examples, while difficulty is var-
ied through motif-specific graph construction. Full
model, dataset, measurement, and projection de-
tails are provided in Appendix G.

We measure topology-sensitive organization by
comparing pairwise cosine distances between SAE
latent activations. For each difficulty regime,
we compare within-motif pairs against between-
motif pairs and summarize separation with Amean,
AUC, and the Kolmogorov—Smirnov (KS) statistic.

Table 2 and Figure 2 show a monotonic de-
cline in topology-sensitive separability as struc-
tural difficulty increases. Averaged across mo-
tifs, AUC drops from 0.8130 in the easy regime
to 0.6947 in the medium regime and 0.5469 in the
hard regime. The same pattern appears in Amean,
which decreases from 0.003491 to 0.001269 and
then 0.000273, and in KS, which falls from 0.5135
to 0.3031 and then 0.0750.

The decline is consistent across all five motifs,

although its magnitude varies by class. In the
easy regime, twocomm and barbell are the most

separable topologies. In the hard regime, even
these motifs deteriorate substantially, and star
nearly collapses to chance-level separability with
an AUC of 0.5064. Because the task interface is
fixed across difficulty regimes, this pattern is as-
sociated with increasing structural difficulty rather
than changes in prompt wording.

The cross-model checks, summarized in Ap-
pendix Table 9, show the same easy-to-hard degra-
dation. For SmolLM3-3B, AUC decreases from
0.721 to 0.703 and 0.513, while KS falls from
0.354 to 0.294 and 0.022. For Llama-3.2-3B-
Instruct, AUC decreases from 0.743 to 0.671 and
0.505, and KS from 0.390 to 0.270 and 0.023. The
corresponding hard-regime Amean values also ap-
proach zero (0.004 and 0.002, respectively). This
consistent pattern strengthens the robustness of the
observed difficulty-linked decline.

Taken together, these results suggest that the be-
havioral difficulty observed in GR-Bench is accom-
panied by weaker topology-sensitive organization
at the analyzed readout position. While this does
not fully explain model failures and may omit in-
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formation in other layers, positions, or nonlinear
directions, the consistent degradation across mod-
els and across Amean, AUC, and KS provides a
concrete representation-level correlate of increas-
ing graph-structural difficulty.

8 Conclusion

We introduced GraphReason-Bench (GR-Bench),
a mechanism-level diagnostic benchmark for
graph-structured reasoning in large language mod-
els. Across nine proprietary and open-source
models, GR-Bench shows that graph-structured
reasoning remains challenging and mechanism-
dependent: success on one graph-topological op-
eration does not reliably transfer to others un-
der matched evaluation conditions. Trace-level
case studies and representation analysis further
suggest that this dissociation is tied to recur-
rent mechanism-specific failures and weakening
topology-sensitive organization as structural diffi-
culty increases. These findings show that graph-
structured reasoning is not well captured by a sin-
gle aggregate score, and requires evaluation at the
level of distinct structural mechanisms.

Limitations

Our analysis is limited in failure-frequency cover-
age and representation-level breadth across models
and tasks. Future work will broaden the bench-
mark and deepen mechanistic analysis of graph-
structured reasoning.
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Regime Family  #Inst. Prompt chars Avg. edges Output items Answer chars
Main MOTIF 100 19,545/ 19,545 730.0 514760 2,106 /2,461
Main BFS 100 76,256 / 76,306 3,000.0 17.2/34 2257443
Main PATH 100 20,112 /24,452 7434  621.9/757 84,954/109,776
Main ART 100 22,903 /29,892 856.4 223729 291/378
Main SUBISO 100 8,612 /8,653 165.9 3.0/7 518/1,212
Main RULE 100 70,982 / 88,419 2,741.0 73.2/113 953/1,470
256K-512K MOTIF 100 317,995/319,084 12,647.4 32.0/32 1,313/1,313
256K-512K BFS 100 360,752 /409,767 14,334.4 24.8/28 323 /365
256K-512K PATH 100 488,859 /511,788 19,468.8 99.6 /150 16,668 /25,625
256K-512K ART 100 271,365/299,192 17,950.9 15.7/16 126 / 129
256K-512K SUBISO 100 306,203 /308,674 12,113.2 6.0/6 1,261/ 1,261
256K-512K RULE 100 320,487 /388,167 12,636.2  288.7/525 3,754/ 6,826
512K-1M MOTIF 100 690,069 /691,884  27,530.4 64.0 / 64 2,625/2,625
512K-1M  BFS 100 774,243 /879,371 30,873.9 37.8742 492 /547
512K-1M  PATH 100 966,793 /999,413 38,586.2 98.4/150 16,442/25,131
512K-1M  ART 100 653,762/734,237  43,444.0 23.6/26 190 /209
512K-1M  SUBISO 100 747,607 /754,924  29,769.3 6.0/6 1,261/ 1,261
512K-1IM  RULE 100 653,362 /746,353 25,838.6 598.3/1,035 7,779 /1 13,456

Table 3: Benchmark statistics for GR-Bench across the main evaluation split and two future-oriented scale-up splits.
Prompt chars, output items, and answer chars are reported as mean / max. Avg. edges reports the average number

of serialized graph edges; for SUBISO, this refers to the host graph.

A Additional Benchmark Details

A.1 Benchmark Statistics

Table 3 summarizes the benchmark statistics for
the main evaluation split and the two future-
oriented scale-up splits. All three splits use the
same six mechanism families, executable inter-
face, and oracle-based scoring protocol, but in-
stantiate the mechanisms at different prompt and
graph scales. The main split is used for the con-
trolled cross-model experiments reported in this
paper, while the 256K-512K and 512K-1M splits
extend the same benchmark design to larger struc-
tural scales.

GR-Bench scales along multiple axes rather than
a single notion of difficulty. Prompt length in-
creases from tens of thousands of characters in the
main split to hundreds of thousands or nearly one
million characters in the larger-scale splits. Graph
scale also grows substantially: average edge counts
increase from hundreds or a few thousand in the
main split to tens of thousands in the 512K-1M
split. Output scale varies independently of prompt
length. PATH is the largest structured-output task
in the main split, averaging 621.9 paths and 84,954

answer characters per instance, while RULE be-
comes the largest output task in the 512K-1M
split, averaging 598.3 active nodes. SUBISO has
fewer output items but requires cross-graph align-
ment; its host graphs scale from 68 nodes and
165.9 edges in the main split to 16,000 nodes and
29,769.3 edges in the 512K-1M split, while the
pattern graph grows from 9 nodes and 15 edges
to 16 nodes and 41 edges. For the MOTIF fam-
ily, the main split uses directed-cycle local motifs,
whereas the scale-up splits use connected degree-
constrained triples.

These statistics reflect the intended design of
GR-Bench: the main split supports controlled com-
parison across current model families, while the
two larger-scale splits preserve the same mecha-
nisms at larger prompt and graph scales for future
frontier-model evaluation.

A.2 Generation, Verification, and
Reproducibility

GR-Bench instances are generated programmati-
cally from task-specific generation scripts rather
than manually authored. @A master generation

39002



script coordinates six family-specific generators,
one for each task family, using a fixed default
seed. The main split contains a frozen below-256K
benchmark, while the 256K-512K and 512K-
1M splits are independently generated from larger-
scale configurations. The scale-up splits are not
produced by padding or duplicating main-split in-
stances; their length comes from native graph and
task structure, such as larger host graphs, addi-
tional decoys, deeper BFS constructions, larger
rule-execution graphs, and more near-miss paths.

Generation is controlled by task-specific param-
eters. MOTIF controls the number and type of
local three-node structures, decoy degree patterns,
hubs, and noise edges. BFS controls target depths,
frontier sizes, distractors, noise nodes, and aux-
iliary edges. PATH controls graph size, invalid-
chain prefixes, path budget, and length constraint.
ART controls the number of components, lobes,
lobe sizes, detours, and target articulation counts.
SUBISO controls host-graph size, decoy blocks,
pattern size, and pattern-edge count. RULE con-
trols graph size, listed-edge count, and the number
of synchronous update rounds. These parameters
allow the same task mechanisms to be instantiated
at different prompt and graph scales.

Each generated instance is paired with an ex-
act symbolic oracle. MOTIF uses local struc-
tured motif enumeration, BFS computes exact-
depth frontier sets, PATH enumerates bounded
source—target paths under the task-specific filters,
ART computes articulation points under the spec-
ified constraints, SUBISO constructs and verifies
non-induced subgraph matches, and RULE simu-
lates the synchronous non-monotone threshold dy-
namics for the specified number of rounds. Gold
answers are computed from the generated graph by
these oracles, not from model outputs or manual
annotation.

We apply validity and consistency checks during
construction. Retained instances must satisfy task-
specific structural constraints, fall within the target
prompt-length bucket, and have non-empty oracle
answers. The prompt graph and oracle graph are
checked for consistency, and gold answers must
have the expected structured type: motif triples,
node sets, path sets, articulation-point sets, sub-
graph match sets, or active-node sets. Across the
current splits, the empty-output rate is zero, so
models cannot obtain high scores by defaulting to
an empty answer.

Outputs are canonicalized before release and

scoring. Duplicate answer objects are removed, un-
ordered sets are sorted, paths are represented as full
node sequences, and subgraph matches are normal-
ized into canonical host-node-set representations.
The same normalization logic is applied to ora-
cle answers and parsed model predictions, which
supports precision, recall, macro-F1, and exact-
match evaluation. Unparseable or structurally in-
valid model outputs are assigned zero score for the
corresponding instance.

The benchmark is designed to reduce data-
leakage risk. All graphs are synthetic, node identi-
fiers are random-looking strings without semantic
content, and answers depend on the exact gener-
ated edge list and task operation. This does not
eliminate all leakage risk after release, but it re-
duces dependence on memorized natural-language
facts, named entities, or public real-world graph
datasets.

The GR-Bench data release! contains the 1,800
benchmark instances, split assignments, prompts,
reference answers, and per-instance metadata, in-
cluding task family, prompt length, graph statistics,
answer size, and generation configuration. The ac-
companying code release” provides the evaluation
parser and the canonicalization, scoring, resump-
tion, and offline re-scoring utilities. The data and
code are released under CC BY 4.0 and MIT, re-
spectively.

A.3 Overlap Analysis with Closely Related
Benchmarks

GR-Bench is closest to recent LLM graph-
reasoning benchmarks that evaluate text-serialized
graph traversal, broad graph computation, or gen-
eral graph-theoretic reasoning. Table 4 focuses
on the three most direct points of overlap: Graph-
Walks, GraphArena, and GraphOmni. Other graph
and structured-reasoning benchmarks cover impor-
tant but less directly comparable settings, includ-
ing graph representation learning, algorithm-trace
prediction, graph transformation, graph coding,
and GraphLLM method evaluation (Dwivedi et al.,
2022; Velickovié et al., 2022; Peltonen et al., 2025;
Markeeva et al., 2024; Li et al., 2024b,a; Yuan
et al., 2025; Markowitz et al., 2025; Wang et al.,
2024b; Zhang et al., 2024; Wu et al., 2025).

The purpose of this comparison is not to claim
that GR-Bench subsumes prior benchmarks. In-

'https://huggingface.co/datasets/topostruct/
GR-Bench
*https://github.com/Ryou-code/GR-Bench
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Benchmark

Closest overlap with
GR-Bench

Task / mechanism cov-
erage

Interface and output

Scoring / evaluation target

GraphWalks

(OpenAl, 2025a)

GraphArena

(Tang et al., 2024)

Text-serialized graph
inputs and traversal-
style graph reasoning.

Broad graph-
computation problems
for LLMs.

Closest to BFS-like
traversal, but does not
compare a broad set
of distinct topological
mechanisms.

Covers  polynomial-
time and NP-complete
graph tasks, but with
heterogeneous  prob-
lem formulations and
solver objectives.

GraphOmni (Xu General graph- Covers diverse graph
et al., 2025) theoretic LLM evalua- tasks and explicitly
tion. studies graph types, se-
rialization formats, and

prompting schemes.
GR-Bench Controlled graph- Six mechanisms: local
structured  reasoning motif enumeration,
over explicit graph exact-depth BFS,
inputs. bounded path enu-

meration, articulation-
point identification,
non-induced sub-
graph matching, and
non-monotonic  rule

Text edge-list interface
with traversal-oriented
answers.

Natural-language
problem-solving inter-
face; answer format
varies by task.

Interface varies with
serialization and
prompt design.

Shared text-only exe-
cutable interface; struc-
tured set-valued out-
puts normalized into
canonical forms.

Oracle-checkable traver-
sal performance; mainly
tests long-context graph

following rather than cross-
mechanism transfer.
Solver-oriented evalua-
tion, including correctness,
feasibility, optimality/subop-
timality, and hallucination
behavior.

Task-specific metrics; useful
for broad graph evaluation
and interface sensitivity, but
not designed to hold inter-
face and scoring fixed while
varying only the mechanism.
Exact symbolic oracles
and macro-F1 over nor-
malized outputs, enabling
mechanism-level  compar-
ison under matched input,
output, and scoring condi-
tions.

execution.

Table 4: Overlap analysis between GR-Bench and the closest existing LLM graph-reasoning benchmarks. GR-
Bench overlaps with prior work in graph input modality, graph-computation tasks, and graph-theoretic evaluation,
but differs by fixing the interface, output normalization, and scoring protocol while varying the graph-topological

mechanism itself.

stead, GR-Bench isolates a different evaluation
variable: it fixes the executable text interface, or-
acle construction, output normalization, and set-
based scoring protocol, while varying the graph-
topological mechanism being tested.

GR-Bench therefore targets a narrower but more
controlled question than broad graph benchmark
suites: whether the same LLM can execute distinct
graph-topological mechanisms under matched in-
put, output, and scoring conditions. This de-
sign reduces confounds from heterogeneous seri-
alization schemes, prompt formats, answer types,
and task-specific metrics, making cross-task dif-
ferences more directly interpretable as mechanism-
level variation.

B Uncertainty Analysis

We estimate uncertainty over instance-level vari-
ation using nonparametric bootstrap resampling.
For each model and task family, we resample the
100 instances with replacement and recompute the
mean instance-level F1. For overall macro-F1, we
use stratified bootstrap resampling within each task

family and average the six bootstrapped task means.
Table 5 reports 95% confidence intervals for all
model-mechanism scores.

We also report selected bootstrap comparisons
in Table 6. Reasoning-mode comparisons are
paired over shared benchmark instances. Cross-
mechanism contrasts are computed using indepen-
dent nonparametric resampling within each task
family, since instances are not paired across mech-
anisms.
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Model Overall MOTIF BFS PATH ART SUBISO RULE

GPT-5.4 thinking 0.266 [0.252,0.280]  0.447 [0.422, 0.472
Claude-Opus-4.6 thinking ~ 0.500 [0.475, 0.525]  0.589 [0.567, 0.610
Gemini-3.1-Pro thinking 0.462[0.437,0.488]  0.545 [0.486, 0.601

0.019[0.011,0.028]  0.317[0.271,0.366]  0.643 [0.607,0.677]  0.062 [0.026,0.103] ~ 0.108 [0.074, 0.145]
0.283[0.202,0.369]  0.718 [0.663, 0.771]  0.608 [0.550, 0.665]  0.564 [0.483,0.640]  0.238 [0.194, 0.282]
0.352[0.264,0.441]  0.249[0.190,0.314]  0.776 [0.728,0.822]  0.526 [0.458,0.592]  0.326 [0.284, 0.368]

[ 1

[ ]

[ ]
Claude-Opus-4.6 0.097[0.092,0.101]  0.069 [0.059,0.079]  0.000 [0.000,0.000]  0.041 [0.037,0.045]  0.016 [0.003,0.032]  0.000 [0.000, 0.000]  0.453 [0.431, 0.474]
Gemini-3.1-Pro 0.099 [0.085,0.114]  0.011 [0.000,0.029]  0.030 [0.000,0.069]  0.033 [0.026, 0.040]  0.003 [0.000,0.010]  0.233 [0.167,0.300]  0.285 [0.238, 0.331]
DeepSeek-V3.2 0.019[0.015,0.024]  0.031[0.023,0.040]  0.010[0.000,0.026]  0.054 [0.039,0.070]  0.008 [0.001, 0.018]  0.000 [0.000, 0.000]  0.011 [0.002, 0.023]
MiniMax M2.5 0.021[0.016,0.027]  0.044 [0.027,0.064]  0.000 [0.000,0.000] ~ 0.017 [0.010,0.025]  0.014 [0.005, 0.026]  0.009 [0.000, 0.025]  0.041 [0.022, 0.062]
GLM-5 0.124[0.109,0.140] ~ 0.085[0.051,0.124]  0.022 [0.006,0.043]  0.309 [0.254,0.365]  0.212[0.162,0.264]  0.025 [0.004, 0.052]  0.092 [0.064, 0.121]
Qwen3-Max thinking 0.027[0.021,0.032]  0.016[0.011,0.021]  0.000 [0.000,0.000]  0.079 [0.057,0.103]  0.025 [0.015,0.037]  0.000 [0.000, 0.000]  0.040 [0.021, 0.061]

Table 5: Bootstrap 95% confidence intervals for GR-Bench macro-F1. Task-level intervals are computed by non-
parametric resampling over the 100 instances within each task family. Overall intervals are computed by stratified
bootstrap resampling within task families and averaging the six resulting task means.

Comparison type Contrast Task(s) A F1 with 95% CI
Reasoning mode Claude-Opus-4.6 thinking — Claude-Opus-4.6 MOTIF 0.520 [0.496, 0.543]
Reasoning mode Claude-Opus-4.6 thinking — Claude-Opus-4.6 BFS 0.283 [0.204, 0.369]
Reasoning mode Claude-Opus-4.6 thinking — Claude-Opus-4.6 PATH 0.677 [0.620, 0.729]
Reasoning mode Claude-Opus-4.6 thinking — Claude-Opus-4.6 ART 0.592 [0.530, 0.653]
Reasoning mode Claude-Opus-4.6 thinking — Claude-Opus-4.6 SUBISO 0.564 [0.485, 0.642]
Reasoning mode Claude-Opus-4.6 thinking — Claude-Opus-4.6 RULE -0.215 [-0.261, -0.170]
Reasoning mode Claude-Opus-4.6 thinking — Claude-Opus-4.6 Overall 0.403 [0.379, 0.428]
Reasoning mode Gemini-3.1-Pro thinking — Gemini-3.1-Pro MOTIF 0.534 [0.473, 0.594]
Reasoning mode Gemini-3.1-Pro thinking — Gemini-3.1-Pro BFS 0.322[0.228, 0.416]
Reasoning mode Gemini-3.1-Pro thinking — Gemini-3.1-Pro PATH 0.216 [0.155, 0.280]
Reasoning mode Gemini-3.1-Pro thinking — Gemini-3.1-Pro ART 0.773 [0.721, 0.821]
Reasoning mode Gemini-3.1-Pro thinking — Gemini-3.1-Pro SUBISO 0.293 [0.212, 0.374]
Reasoning mode Gemini-3.1-Pro thinking — Gemini-3.1-Pro RULE 0.042 [-0.008, 0.090]
Reasoning mode Gemini-3.1-Pro thinking — Gemini-3.1-Pro Overall 0.363 [0.336, 0.391]
Mechanism contrast ~ Claude-Opus-4.6 thinking: PATH — BFS PATH-BFS 0.434 [0.330, 0.533]
Mechanism contrast ~ Claude-Opus-4.6 thinking: SUBISO — BFS SUBISO-BFS 0.280 [0.160, 0.395]
Mechanism contrast Gemini-3.1-Pro thinking: ART — PATH ART-PATH 0.527 [0.449, 0.602]
Mechanism contrast Gemini-3.1-Pro thinking: ART — RULE ART-RULE 0.450 [0.384, 0.515]
Mechanism contrast GPT-5.4 thinking: ART — BFS ART-BFS 0.624 [0.587, 0.659]

Table 6: Selected bootstrap comparisons for reasoning-mode effects and mechanism-level contrasts. Reasoning-
mode comparisons are paired over shared instances. Mechanism contrasts use independent resampling within each
task family because instances are not paired across different mechanisms.

C Prompt Sensitivity Analysis single prompt template.

To test whether prompt-template quality could con-
found the observed cross-task pattern, we eval-
vated GPT-5.4 on the same 20 fixed instances
from each of the six task families under three
prompt variants: instruction paraphrases, removal
of format examples, and structured edge (source,
target) serialization. Instances, gold answers,
decoding settings, reasoning budget, and output
constraints were otherwise fixed. Table 7 reports
macro-F1 in percent.

Prompt variants affect absolute scores, with the
largest shift occurring for RULE, but preserve a
broadly similar cross-task ordering (mean p =
0.924). ART and MOTIF remain the strongest
families, while exact-depth BFS remains difficult
across all variants. This stability indicates that the
observed cross-task pattern is not an artifact of a
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Family Orig. Paraph. Noex. Struct.
MOTIF 52.0 47.6 47.6 482
BFS 1.8 3.5 22 1.9
PATH 18.7 26.8 21.1 241
ART 68.3 67.5 741 639
SUBISO 14.5 5.8 92 142
RULE 139 1.7 73 26.1
Mean 28.2 255 269 297
pvs.original — 0.943 1.000 0.829

Table 7: Prompt-sensitivity results on 20 fixed instances
per task family. Columns correspond to the original,
paraphrased, no-example, and structured-edge prompts;
values are GPT-5.4 macro-F1 (%). The final row gives
Spearman’s p across the six family-level scores relative
to the original prompts.

D Additional Result Visualization

Figure 3 provides a grouped view of the main GR-
Bench results by mechanism and model family.
This visualization complements Table 1 by mak-
ing the cross-mechanism heterogeneity more ex-
plicit: models with similar overall scores can still
show substantially different strengths across MO-
TIF, BFS, PATH, ART, SUBISO, and RULE.

E Additional Failure Visualization

Figure 4 visualizes the two failure modes analyzed
in Section 6: frontier-state collapse in exact-depth
BFS and premature search closure in subgraph
matching.

F Failure-Mode Frequency Analysis

To assess whether the qualitative case studies
reflect broader patterns, we conduct a sampled
failure-mode analysis over incorrect outputs from
the main evaluation split. We sample 30 incor-
rect outputs for each task family and each of the
three proprietary reasoning models, yielding 540
analyzed errors in total. For each item, we inspect
the final answer and, when available, the reason-
ing trace, and assign one dominant failure mode ac-
cording to the first identifiable mismatch between
the model output or trace and the oracle task re-
quirement.

Table 8 shows that failures are concentrated
in structural execution errors rather than mal-
formed outputs. Across all sampled errors, in-
complete enumeration is the most common cate-
gory, followed by premature search termination
and intermediate-state loss. The distribution also
varies strongly by task family. ART and PATH

failures are dominated by incomplete enumeration,
BFS and RULE show many premature-termination
and state-loss errors, and SUBISO is split between
premature search termination and incomplete enu-
meration. This pattern supports the interpretation
that different GR-Bench mechanisms induce differ-
ent failure profiles, rather than reflecting a single
generic inability to follow graph prompts.

G Representation-Level Analysis Details

This appendix provides the full setup and addi-
tional visualization details for the representation-
level analysis summarized in Section 7.

G.1 Model Setup

Our primary analysis uses last-layer hidden rep-
resentations from DeepSeek-R1-0528-Qwen3-8B
with a 64x sparse autoencoder (SAE) trained on
the openai/graphwalks training split. The SAE
is aligned to layer 35 of the base model, whose hid-
den size is 4096; the corresponding latent dimen-
sion is 262,144. Following the SAE architecture
used in our checkpoint, hidden states are mapped
into latent space by an encoder, passed through a
ReLU nonlinearity, and sparsified with TopK selec-
tion (K = 512). We additionally evaluate the same
difficulty-linked separability trend with SmollLM3-
3B and Llama-3.2-3B-Instruct as cross-model ro-
bustness checks.

G.2 Dataset Setup

The analysis dataset is a controlled motif-based
shortest-path benchmark in which each instance be-
longs to one of five topology classes: path, cycle,
star, barbell, and twocomm. The task inter-
face is fixed across conditions: the model is al-
ways asked to predict the shortest-path length be-
tween a designated source node and target node.
Difficulty is not varied by changing the question
format, but by motif-specific graph construction
that increases the effective source—target distance.
In the multi-motif generator, easy, medium, and
hard correspond to increasing depth settings (d €
{5,15,25}); this yields shortest-path targets of d
for path, cycle, and star, d 4+ 1 for barbell,
and d + 3 for twocomm.

G.3 Measurement Setup

For each motif—difficulty cell, we sample 50 in-
stances and encode the corresponding op_end ac-
tivations with the SAE. We then compare within-
motif and between-motif pairwise cosine distances
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Figure 3: Grouped visualization of GR-Bench performance by mechanism and model family. The chart highlights
substantial mechanism-level variation even among models with relatively similar overall scores, reinforcing that
graph reasoning performance is not well captured by a single aggregate number alone.

Failure mode MOTIF BFS PATH ART SUBISO RULE Total
Objective mis-specification 1 11 0 0 3 0 15
Premature search termination 0 58 13 2 46 50 169
Intermediate-state loss 33 13 9 5 2 34 96
Incomplete enumeration 56 5 64 83 38 3 249
Spurious / hallucinated outputs 0 3 0 0 1 2 6
Malformed or unparsable output 0 0 4 0 0 1 5
Other / unclear 0 0 0 0 0 0 0

Table 8: Dominant failure modes over 540 sampled incorrect outputs from the main evaluation split. We sample
30 incorrect outputs for each task family and each of the three proprietary reasoning models, yielding 90 errors per
task family. Each output is assigned one dominant failure mode based on the first identifiable mismatch between
the model output or trace and the oracle task requirement.

in SAE latent space. For each difficulty regime, ~G-4 Cross-Model Robustness

we sample 50,000 within-motif pairs and 50,000 Model Difficulty Amean AUC KS
between-motif pairs, and summarize separability DeepSeck-8B  Easy 0.003491 0.8130 0.5135
with three statistics: (i) Amean, the gap between Medium  0.001269 0.6947 0.3031
e g Hard 0.000273 0.5469 0.0750
the mean between-motif distance and the mean
Hhin. f i L : SmolLM3-3B Easy 0.068 0.721 0.354
within 'n?otlf distance; (ii) AUC, interpreted as th.e Medium 0054 0703 0.94
probability that a randomly chosen between-motif Hard 0.004 0513 0.022
pair is father apart .t.l.lan arandomly chosen w.1th1n— Llama-3.2-3B Easy 0127 0743 0390
motif pair; and (iii) the Kolmogorov—Smirnov Medium  0.096  0.671 0.270
(KS) statistic between the two distance distribu- Hard 0.002  0.505  0.023

tions. Higher values indicate stronger topology-

sensitive separability. Table 9: Cross-model topology-separability summaries.

DeepSeek-8B denotes DeepSeek-R1-0528-Qwen3-8B
and is the mean across the five motifs in Table 2. Be-
cause SAE latent scales are model-specific, Amean is
interpreted within model; AUC and KS are scale-free.

For visualization, we additionally project the
full 262,144-dimensional SAE latent activations
into two dimensions using a global TruncatedSVD
projection fit over all analyzed instances. This
projection is used as a qualitative view of motif-
level organization; the quantitative separability re-
sults are computed from pairwise cosine distances
in SAE latent space rather than from the two-
dimensional projection.
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Mechanism-Specific Failure Patterns

(a) Frontier-State Collapse in Exact-Depth BFS (b) Premature Search Closure in Subgraph Isomorphism
Depth®  Depth1 Depth2 Depthd ... Depthi2 Ciiterl Hostgragh’
B+ - O}f e
(@) (®) (®) )] Correct e . o 113 Correct
requirement: b SOy g \ requirement:
O o O L nodes first | enumerate all
@ @ O © [ ] discovered at )| valid embeddings
exactly depth 12 .
O O 0 [ .
: ] s o Gold answer:
; match 1 match 2 match
(@) (@) O [ ] g 3 embeddings
M e id
Model failure: frontier state collapsed into Model failure: search closes after the
“all discovered so far” by depth 7-8 first verified embedding

DepthO  Depth1 Depth2 Depth3 ... Depth7  Depth8

“All reachable

|
0 0 O O i nodes discovered One valid Iid No:ther .
O O O O ! by depth 7—8" ne vali valid con |guratl0ns
1 embedding found after
0 @ 0 O : i verified exhaustive search”
(>0 »0 »0 >0 X
]
Q—mR—+'E) O @ —> STOP —
= T Predicte:
O © © O ; [ one match only ]
Failure diagnosis: frontier-state collapse Failure diagnosis: premature search closure
The model identifies the right procedure family, The model checks local structure correctly,
but fails to preserve the explicit frontier state but turns one correct verification into an unjustified
needed for exact-depth correctness. claim of exhaustive completeness.

Figure 4: Visual summary of the two mechanism-specific failure patterns analyzed in Section 6. Left: In exact-
depth BFS, the model initially follows traversal expansion but fails to preserve the explicit frontier state required for
exact-depth correctness, and instead substitutes a guessed global depth bound. Right: In subgraph isomorphism, the
model correctly verifies one valid embedding but terminates enumeration prematurely, confusing local correctness
with exhaustive completeness.

G.5 SVD Projection Visualization

Figure 5 shows the global two-dimensional Trun-
catedSVD projection of the SAE latent activations.
The projection provides an illustrative view of
motif-level organization across difficulty regimes,
complementing the quantitative separability scores
and distance-distribution analysis in Section 7.
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Figure 5: Global two-dimensional TruncatedSVD projection of the full 262,144-dimensional SAE latent activations
at the op_end readout. Each point is one instance and colors denote motif families. This projection provides
a qualitative view of motif-level organization across difficulty regimes; the quantitative separability results are
computed from pairwise cosine distances in the original SAE latent space.

H Prompt Templates

This appendix reports the prompt templates used
for all six task families in GraphReason-Bench.
Placeholders such as [DIRECTED EDGE LIST],
[START _NODE], and [K] are instantiated with
example-specific values during data generation.

H.1 Articulation Point Identification

You will be given a graph as a list of

— undirected edges. All nodes are at least
— degree 1. You will also get a description
— of an operation to perform on the graph.
Your job is to execute the operation on the
graph and return the set of nodes that the
operation results in. If asked to find
articulation points, only return the nodes
whose removal (removing the node and all
its incident edges) increases the number
of connected components of the graph.
Treat the edge list as a simple undirected

— graph: ignore self-loops and duplicate

— edges.

R

Here is an example:
<begin example>

The graph has the following edges:
aaaa -- bbbb

bbbb -- cccc
cccc —-- aaaa
cccc -- dddd
dddd -- eeee
Example 1:
Operation:

Find all articulation points.
Final Answer: [cccc, dddd]

The graph has the following edges:

plil -- p222
p222 -- p333
p333 -- piil
Example 2:

Operation:
Find all articulation points.
Final Answer: []

<end example>

Here is the graph to operate on:
The graph has the following edges:
[UNDIRECTED EDGE LIST]

Operation:
Find all articulation points.

You should immediately return the set of nodes
that the operation results in, with no
additional text. Return your final answer
as a list of nodes in the very last line
of your response. The order does not
matter. Duplicates will be ignored. For
example, if the operation returns the set
of nodes [nodel, node2, node3], your
response should be:

Final Answer: [nodel, node2, node3]

If the operation returns the empty set, your
— response should be:

Final Answer: []

R

H.2 Breadth-First Search

You will be given a graph as a list of

— directed edges. All nodes are at least

« degree 1. You will also get a description
— of an operation to perform on the graph.
Your job is to execute the operation on the
graph and return the set of nodes that the
operation results in. If asked for a
breadth-first search (BFS), only return
the nodes that are reachable at that
depth, do not return the starting node.

rrerrd

Here is an example:
<begin example>

The graph has the following edges:
uvwx -> alke
abcd -> uvwx
abcd -> efgh
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efgh -> uvwx

Example 1:

Operation:

Perform a BFS from node abcd with depth 1.
Final Answer: [uvwx, efghl]

Example 2:

Operation:

Perform a BFS from node alke with depth 1.
Final Answer: []

<end example>

Here is the graph to operate on:
The graph has the following edges:
[DIRECTED EDGE LIST]

Operation:
Perform a BFS from node [START_NODE] with
— depth [K].

u should immediately return the set of nodes
that the operation results in, with no
additional text. Return your final answer
as a list of nodes in the very last line
of your response. For example, if the
operation returns the set of nodes [nodel,
node2, node3], your response should be:

Final Answer: [nodel, node2, node3]

If the operation returns the empty set, your

— response should be:

Final Answer: []

rrrerrrs

H.3 Bounded Path Enumeration

You will be given a graph as a list of

< directed edges. All nodes are at least

— degree 1. You will also get a description
— of an operation to perform on the graph.
Your job is to execute the operation on the
graph and return the set of paths that the
operation results in. If asked to
enumerate paths from node u to node v with
length <= K, only return directed paths
that start at u and end at v and use at
most K edges.

Lereid

Each path should be represented as a list of
— node strings [u, ., v].

Do not output duplicate paths (treat each path
— as a full node sequence).

Deduplicate and sort the list of paths

— lexicographically (compare paths as tuples
— of node strings).

Here is an example:
<begin example>

The graph has the following edges:
aaaa —> bbbb
aaaa -> cccc
bbbb -> dddd
cccc -> dddd
bbbb -> eeee
eeee —> dddd

Example 1:

Operation:

Enumerate all directed paths from node aaaa to
— node dddd with length <= 3.

Final Answer: [[aaaa, bbbb, dddd], [aaaa,
< bbbb, eeee, dddd], [aaaa, cccc, dddd]]

Example 2:

Operation:

Enumerate all directed paths from node dddd to
— node aaaa with length <= 3.

Final Answer: []

<end example>

Here is the graph to operate on:
The graph has the following edges:
[DIRECTED EDGE LIST]

Operation:
Enumerate all directed paths from node [U] to
< mnode [V] with length <= [K].

You should immediately return the set of paths
that the operation results in, with no
additional text. Return your final answer
as a list of paths in the very last line
of your response. For example, if the
operation returns the paths [[u, x, v],
[u, y, z, vl], your response should be:
Final Answer: [[u, x, v], [u, y, z, v]]

If the operation returns the empty set, your
— response should be:

Final Answer: []

rrrred

H.4 Rule Execution

You will be given a graph as a list of

— directed edges. All nodes are at least

— degree 1. You will also get a description
— of an operation to perform on the graph.
Your job is to execute the operation on the
graph and return the set of nodes that the
operation results in. If asked for rule
execution, apply the update rule
synchronously for the given number of
steps K: an INACTIVE node becomes ACTIVE
at t+1 if it has at least TH_ON ACTIVE
IN-neighbors at time t; an ACTIVE node
stays ACTIVE at t+1 only if it has at
least TH_KEEP ACTIVE IN-neighbors at time
t, otherwise it becomes INACTIVE.

G

R

Here is an example:
<begin example>

The graph has the following edges:
uvwx -> alke
abcd -> uvwx
abcd -> efgh
efgh -> uvwx

Example 1:

Operation:

Execute rule execution with K = 1, TH_ON
«— TH_KEEP = 0, and initial ACTIVE set
— [abcd].

Final Answer: [abcd, efgh, uvwx]

1]
-
M

Example 2:

Operation:

Execute rule execution with K = 2, TH_ON
— TH_KEEP = 0, and initial ACTIVE set
— [abcd].

Final Answer: [abcd, alke, efgh, uvwx]

1]
-
M
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Example 3:

Operation:

Execute rule execution with K = 1, TH_ON = 2,
— TH_KEEP = 0, and initial ACTIVE set [abcd,
— efgh] .

Final Answer: [abcd, efgh, uvwx]

Example 4:

Operation:

Execute rule execution with K = 1, TH_ON = 2,
— TH_KEEP = 1, and initial ACTIVE set

« [alke].

Final Answer: []

<end example>

Here is the graph to operate on:
The graph has the following edges:
[DIRECTED EDGE LIST]

Operation:

Execute rule execution with K = [K], TH_ON =
< [TH_ON], TH_KEEP = [TH_KEEP], and initial
— ACTIVE set [[NODE_1], [NODE_2], ...].

u should immediately return the set of nodes
that the operation results in, with no
additional text. Return your final answer
as a list of nodes in the very last line
of your response. For example, if the
operation returns the set of nodes [nodel,
node2, node3], your response should be:

Final Answer: [nodel, node2, node3]

If the operation returns the empty set, your

— response should be:

Final Answer: []

rreeeesd

H.5 Subgraph Matching

You will be given a host graph G and a pattern
«» graph T as lists of undirected edges. All
— nodes are at least degree 1.

You will also get a description of an

— operation to perform on the graphs.

Your job is to execute the operation and

— return the set of matches that the

— operation results in.

A match is represented ONLY by the set of

— mnodes in G that are used to match all

< nodes of T (so each match is a list of

< |T_nodes| node strings).

The order of nodes inside a match does not

< matter, and the order of matches does not
— matter.

Do not output duplicate matches (treat each
< match as a node set).

Here is an example:
<begin example>

The host graph G has the following edges:
aaaa -- bbbb
bbbb -- cccc
cccc -- aaaa
cccc -- dddd

The pattern graph T has the following edges:
t111 -- t222
£222 -- t333
t333 -- ti111

Example 1:

Operation:

Enumerate all subgraph-isomorphic matches of T
< in G (non-induced).

Final Answer: [[aaaa, bbbb, ccccl]

The host graph G has the following edges:
aaaa -— bbbb
bbbb -- cccc
cccc —- dddd

The pattern graph T has the following edges:
t111 -- t222
t222 -- t333
t333 -- ti111

Example 2:

Operation:

Enumerate all subgraph-isomorphic matches of T
< in G (non-induced).

Final Answer: []

<end example>

Here is the host graph G to operate on:
The host graph G has the following edges:
[HOST UNDIRECTED EDGE LIST]

Here is the pattern graph T:
The pattern graph T has the following edges:
[PATTERN UNDIRECTED EDGE LIST]

Operation:
Enumerate all subgraph-isomorphic matches of T
< in G (non-induced).

You should immediately return the set of

— matches that the operation results in,

— with no additional text.

Return your final answer as a list of matches
— in the very last line of your response.
— For example, if the operation returns the
< matches [[nodel, node2, node3], [node4,
< nodeb, node6l], your response should be:
Final Answer: [[nodel, node2, node3], [node4,
< nodeb5, node6]]

If the operation returns the empty set, your
— response should be:

Final Answer: []

H.6 Main-Split Local Motif Enumeration

You will be given a graph as a list of

— directed edges. All nodes are at least

— degree 1. Edges may contain duplicates and
— self-loops.

Your job is to find all directed triangles in
— the graph.

Definition:

- A directed triangle is a triple of three
«» distinct nodes [a,b,c] such that a->b,
— b->c, and c->a all appear.

Output format (canonicalization):

1) Write each triangle in cycle order as

— [a,b,c].

2) Rotate each triangle so that the

— lexicographically smallest node string is
— first.
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3) Deduplicate and sort all triangles
— lexicographically.

Here is an example:
<begin example>

The graph has the following edges:
aaaallll11l -> bbbb222222
bbbb222222 -> cccc333333
cccc333333 -> aaaalllilill
2222999999 -> zzzz999999
aaaalll11l -> dddd444444
dddd444444 -> eeeeb55555

Operation:
Find all directed triangles.

Final Answer: [[aaaal11111, bbbb222222,
< ¢cce333333]]

<end example>

Here is the graph to operate on:

The graph has the following edges:

[DIRECTED EDGE LIST; DUPLICATES/SELF-LOOPS MAY
< APPEAR]

Operation:
Find all directed triangles.

You should immediately return the complete
— result with no additional text. Return
— your final answer as a list of triangles
— 1in the very last line of your response.
If there are no triangles, your response

— should be:

Final Answer: []

Otherwise, your response should be:

Final Answer: [[nodeA, nodeB, nodeC], ...]
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