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process-level evaluation without introducing
costly process reward models. Specifically,
BRPO leverages high entropy lexical markers
to segment reasoning trajectories into discrete
intermediate prefixes, evaluating their problem-
solving potential through forced answer com-
pletions. Building on this, we introduce Bin
Normalization along with a length-aware ad-
justment to map prefixes into process bins, dy-
namically calibrating rewards and regulating
length constraints based on reasoning stages
and visual complexity. Experiments on six
multimodal math benchmarks show that our
method improves both accuracy and efficiency:
on Qwen2.5-VL-7B, it raises average accuracy
from 47.8% to 53.6% while reducing the aver-
age response length by 39.0%.

1 Introduction

Recent advancements in Vision-Language Models
(VLMs) have made substantial progress in mul-
timodal reasoning. By leveraging algorithms like
Group Relative Policy Optimization (GRPO) (Shao
et al.,, 2024) to incentivize explicit chains of
thought, VLMs can solve highly complex visual
problems (Wei et al., 2023; Zhang et al., 2024b;
Deng et al., 2025; Wang et al., 2025a). However,
this ability also brings a tendency to overthink:
even when the visual evidence is simple or already
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Figure 1: Comparison of average accuracy and response
length across six benchmarks.

sufficient, VLMs may continue producing lengthy
reasoning chains. Such redundant reasoning not
only increases inference cost but also introduces
spurious premises that harm final answers (Zhou
et al., 2026; Cuesta-Ramirez et al., 2025; Sui et al.,
2025).

A straightforward way to discourage overthink-
ing is to add length penalties during reinforcement
learning (Shen et al., 2026; Ling et al., 2025; Xi-
ang et al., 2025). However, because mainstream
algorithms like GRPO rely exclusively on outcome-
level rewards to judge the final answer, existing
formulations can only apply these penalties glob-
ally across the entire reasoning trajectory. This
setup makes it exceptionally challenging to dis-
cern which segments of a Chain of Thought (CoT)
provide genuine intellectual value and which are
merely redundant.

In this paper, we address the overthinking issue
from the perspective of process-level rewarding.
Without introducing costly process reward models,
we propose Binned Relative Policy Optimization
(BRPO), which enables process-level evaluation
through a lightweight prefix splitting mechanism.
Grounded in the insight that high entropy lexical
markers often signify uncertainty, deliberation, or
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strategic shifts, we utilize a predefined set of pivot
phrases (e.g., wait, but, however) as demarcation
points to segment the generated reasoning text into
distinct intermediate prefixes. To assess the prob-
lem solving potential of each prefix, we compel the
model to truncate its ongoing reasoning to directly
produce final answers, subsequently verifying the
correctness of their outcomes.

At the core of our proposed BRPO is the Bin
Normalization technique. Standard GRPO com-
putes vanilla Group Normalization across multiple
full length outputs sampled from the same prompt.
However, directly applying such global normaliza-
tion to process-level prefix rewards is inherently
flawed. The underlying value of an intermediate
reasoning prefix is tightly coupled with its temporal
stage: a moderate reward early in the trajectory may
signal a promising reasoning direction, whereas the
same reward near the sequence end implies stagna-
tion. To rectify this, we introduce the prefix ratio,
defined as the length of the current prefix relative
to the total response length, as a topology-agnostic
proxy for the reasoning stage. BRPO then maps
each prefix to its corresponding progress bin based
on its prefix ratio, and subsequently normalizes
rewards independently within each localized bin.
The bin boundaries are initialized uniformly and
dynamically adjusted using batch statistics to coun-
teract uneven prefix distributions.

To promote efficiency without inducing prema-
ture shortcuts, we further introduce a length-aware
reward mechanism. Rather than enforcing a static,
uniform penalty, we dynamically regularize each
prefix contingent on its bin-conditioned perfor-
mance. Specifically, brevity is credited only when a
prefix outperforms the specific bin average baseline,
whereas excessively long reasoning is penalized if
its performance falls below the average. This ad-
justment is adaptively scaled by the prefix ratio,
imposing mild length pressure during early visual
grounding but accelerating the constraint toward
the sequence end, where protracted generation typ-
ically stems from redundant verification or delayed
termination. Moreover, a visual-complexity coef-
ficient is added to modulate the compression in-
tensity, enforcing concise deduction on straightfor-
ward tasks while safeguarding an ample reasoning
budget for intricate scenes.

We validate our method on six prominent multi-
modal mathematical reasoning benchmarks: Math-
Vision (Wang et al., 2024a), MathVerse (Zhang
et al., 2024a), MathVista (Lu et al., 2024), Dy-

naMath (Zou et al., 2025), MM-Math (Sun et al.,
2024), and WeMath (Qiao et al., 2024). Built upon
Qwen2.5-VL-7B (Bai et al., 2025), our method im-
proves the average accuracy from 47.8% to 53.6%
while achieving a 39.0% reduction in average re-
sponse length. Outperforming both general rea-
soning methods and competitive adaptive/efficient
thinking baselines, our model delivers superior
accuracy with remarkable conciseness (Figure 1).
These outcomes underscore that our method con-
currently optimizes reasoning quality and computa-
tional efficiency, rather than settling for a simplistic
trade-off via response shortening.

2 Related Work

Process Rewards. Process supervision improves
multi-step reasoning by providing feedback to in-
termediate steps rather than only final answers (Ue-
sato et al., 2022; Lightman et al., 2023; Wang et al.,
2024b). Recent works scale process rewards with
automated verification, Monte Carlo rollouts, and
learned PRMs (Setlur et al., 2024; Wang et al.,
2025c; Chen et al., 2026). However, most meth-
ods treat step scores as directly comparable scalar
rewards. We instead calibrate process rewards by
reasoning progress, comparing each prefix only
with prefixes at a similar stage.

VLM Reasoning and Overthinking. Chain-of-
thought reasoning improves the reasoning ability
of LLMs (Wei et al., 2023; Kojima et al., 2023) and
has been extended to VLMs for multimodal mathe-
matical and visual reasoning (Zhang et al., 2024b;
Peng et al., 2025; Wang et al., 2025a; Huang et al.,
2026; Li et al., 2026). Recent methods encour-
age longer reasoning through RL, self-reflection,
or tool use (Deng et al., 2025; Wu et al., 2026).
While beneficial for hard problems, long reasoning
can cause overthinking, redundant verification, and
visual hallucination (Zheng et al., 2024; Cuesta-
Ramirez et al., 2025). Our work focuses on reduc-
ing redundant reasoning while preserving useful
visual reasoning.

Length Penalties and Adaptive Thinking.
Length penalties and adaptive thinking methods
aim to reduce unnecessary reasoning by controlling
token budgets or adjusting thinking length accord-
ing to difficulty (Shen et al., 2026; Xiao and Gan,
2025; Han et al., 2025; Wen et al., 2025). These
methods show that reasoning length should vary
across problems. However, outcome-level length
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penalties are coarse-grained and cannot identify
where redundancy occurs. We introduce a process-
level, quality-gated length adjustment that rewards
concise prefixes only when they outperform a bin-
conditioned baseline, with strength modulated by
prefix ratio and visual complexity.

3 Binned Relative Policy Optimization

3.1 Framework

Given a visual reasoning problem =z = (I,q),
where I is the image and ¢ is the question, a policy
model 7y generates multiple reasoning responses,
denoted as Y = {y®}2V_,. Each response is a token
sequence y* = (y{,...,y%a), where T is the re-
sponse length. Our goal is to train the model to pro-
duce responses that are both accurate and efficient.
Instead of only assigning an outcome-level reward
to the final answer, we construct process-level re-
wards for intermediate prefixes of the response and
use them to guide policy optimization.

The overview of our method is shown in Figure 2.
It consists of three steps. First, we extract interme-
diate reasoning prefixes and assess their problem-
solving potential by forcing the model to complete
final answers from each prefix and verifying the
completed answers. Second, we calibrate the raw
prefix-level rewards by comparing each prefix only
with prefixes at a similar reasoning stage. Third,
we add a quality-gated length adjustment to encour-
age concise reasoning without rewarding premature
shortcuts. The calibrated process rewards are then
propagated to token-level advantages and used to
optimize the policy model.

3.2 Prefix Thinking Verification

For a generated response y* = (y{,...,y%a) to
problem ¢, we first identify a set of intermediate
reasoning prefixes. Following prior observations
that high entropy lexical markers often correspond
to uncertainty, deliberation, or transitions in reason-
ing (Wang et al., 2025b; Yue et al., 2025), we con-
struct a predefined set of high entropy words and
phrases, including wait, but, and however, among
others. These markers indicate points where the
model may revise, branch, or consolidate its rea-
soning, and thus serve as natural boundaries for
process-level evaluation.

Concretely, we scan the generated reasoning text
for occurrences of these high entropy markers and
use their positions as candidate prefix boundaries.
Let {t¢}"* denote the resulting prefix positions

for response y?, ordered from left to right such
that 1 < ¢f < --- <, < T where 7 indexes
the prefix, and m,, is the number of extracted pre-
fixes. Each prefix y%,. = (y{,...,yj) is treated
as a partial reasoning 'state. To evaluate whether
this partial state can support solving the problem,
we perform prefix-conditioned answer verification.
Specifically, we append a stop-thinking suffix, e.g.,
</think>, after the prefix to prompt the model to
terminate reasoning and produce final answers. For
each prefix, we sample multiple answers and verify
whether they match the ground truth answer. The
raw prefix-level reward r7 is defined as the answer
accuracy among these sampled answers:

72}1

where o is the k-th sampled answer from prefix
y%,a, 0" is the ground-truth answer, and n is the
number of sampled answers.

Intuitively, rj" measures whether the current pre-
fix has accumulated sufficient and useful reasoning
evidence to recover the correct answer. However,
raw prefix-level rewards are not directly compara-
ble across different responses. A prefix near the
end of a response is usually closer to the answer
and may receive a higher score even if the addi-
tional reasoning is redundant. We therefore cali-
brate prefix-level rewards according to reasoning
progress.

k—O (D

3.3 Adaptive Progress Bin Partition

We use the relative position of a prefix as a proxy
for its reasoning stage. For prefix y<,., we define
its prefix ratio as o
a

= @
where t{ is the prefix position and 7' is the length
of the full response y®. To compare prefixes at
similar progress, we maintain K progress bins over
[0,1], with bin boundaries {bj}£ . The bound-
aries are initialized uniformly as b = k/K. Each
prefix y<¢, is assigned to the bin whose interval
contains its prefix ratio p;, so prefixes with similar
relative positions are compared within the same
progress bin. Since observed prefix ratios may be
unevenly distributed during training, we update the
bin boundaries using prefix ratio statistics from the
current batch:

b, < Abg + (1 — \) Quantile <7—[p, 2) N E))
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Figure 2: Overview of our method framework. We identify intermediate reasoning prefixes using high entropy
markers, estimate prefix-level accuracy by forcing the model to answer from each prefix and verifying the sampled
answers, and assign each prefix to an adaptive progress bin according to its prefix ratio. Within each bin, raw prefix
accuracy and prefix length are normalized into relative signals. The final process reward combines bin-conditioned
relative accuracy with a quality-gated, vision-aware length adjustment, and sparse rewards are accumulated into

token-level advantages for policy optimization.

where k = 1,..., K — 1, H, denotes the set of
prefix ratios computed from all prefixes extracted
from all responses to all problems in the current
batch, Quantile(H,, k/K) is the empirical k/ K-
quantile of this set, and A is an exponential moving
average coefficient. This Exponential Moving Av-
erage (EMA) update keeps bins aligned with the
actual distribution of reasoning steps while avoid-
ing abrupt boundary changes.

3.4 Binned Relative Accuracy Reward

We denote the collection of the raw rewards of all
prefixes that belong to the same progress bin as:

Rj={ri | B(p{) =j,1 <i<mq,1<a<N},

“4)
where B(-) denotes the bin assignment function,
which maps a prefix ratio to the progress bin con-
taining it. We then compute the mean f; and stan-
dard deviation o of the rewards in R;. For all
prefixes in the j-th bin, the binned relative reward
is computed as

a__ .
=t 5)
oj+¢€

where € is a small constant for numerical stability.
This Bin Normalization changes the meaning of
the reward. A prefix is no longer judged by whether

its raw accuracy is high in absolute value, which
would naturally favor later prefixes. Instead, it is
judged by whether it performs better than other
prefixes solving the same problem at a similar rea-
soning stage. Thus, progress binning helps identify
genuinely useful intermediate steps rather than as-
signing positive credit mainly to prefixes that are
simply closer to the final answer.

3.5 Binned Relative Length Reward

Bin-conditioned calibration improves the compa-
rability of process rewards, but it does not explic-
itly encourage efficiency. We therefore introduce a
length-aware adjustment that favors concise reason-
ing only when it is supported by reliable process
quality.

Similarly, for each prefix y<ta, we normalize its
absolute length ¢ = t¢ using comparable prefixes
in the same progress bin. Let y ; and aj denote the
mean and standard deviation of prefix lengths in
the j-th progress bin. We define

jo — M (6)
Uf—i—e

Formally, a positive Zf indicates that the prefix ex-
hibits superior brevity relative to its peers within
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the same bin, whereas a negative value reflects ex-
cessive length.

However, directly rewarding shorter prefixes
may favor premature stopping rather than efficient
reasoning. We therefore gate the length signal by
the quality-conditioned reward:

a max(l?,O), 7% >0,
9; = . R (7)
min(l¢,0), 7¢ <O0.

Thus, brevity is rewarded if a prefix surpasses
the average performance baseline while remain-
ing shorter than the mean length of its peer prefixes
within the same bin. Conversely, excessive length
is penalized when a prefix both underperforms the
baseline and exceeds the average bin length. This
safeguard ensures the model is not incentivized
for superficial brevity at the expense of reliability,
while simultaneously preventing it from expanding
trailing, erroneous reasoning trajectories.

We further scale the length signal by the prefix
ratio p§. Early prefixes often correspond to visual
grounding and exploratory reasoning, where ad-
ditional tokens may be necessary. Late prefixes
are more likely to contain redundant verification
or delayed termination. Multiplying by p{ = ;—Z
therefore weakens length pressure early in the re-
sponse and strengthens it near the end.

Finally, we modulate the strength of the length
adjustment using a visual-complexity coefficient.
Specifically, we use Gemini-3.1-Pro-Preview to as-
sess the visual complexity of each example condi-
tioned on both the image and the question, directly
producing a score ¢ € [0, 1]. We define

/B(C) = ﬁmax + (ﬁmin - Bmax)@ (8)

where Spax > Bmin. Simple images receive
stronger compression pressure, while complex im-
ages retain a larger reasoning budget.

The final calibrated process reward is

7 = clip (7 + B(c)pfgfs —Tmax: Tmax) - (9)

3.6 Token-Level Advantage and Training

The calibrated process rewards are defined for in-
termediate prefixes, while policy optimization is
performed at the token level. We therefore first
place each reward back onto the response token
sequence. For a prefix y2,. ending at position ¢,
its calibrated process reward T is assigned to the
boundary token yi., i.e., the last token of the prefix
that triggers the cérresponding prefix verification.

The final answer reward is first normalized within
the GRPO group for the same problem, yielding
T, and is then assigned to the last valid response
token yFa.

Following DeepSeekMath (Shao et al., 2024),
we convert these sparse token-level rewards into
token-level advantages using a return-to-go style ac-
cumulation. For each token position u in response
1%, we compute its token-level advantage by ac-
cumulating all future process rewards that occur
after this token, together with the normalized final
answer reward. We denote the last process-reward
position in response y* as ¢, , and define the index
of the first prefix boundary not earlier than token
position u as:

Sq(u) = min{i : t§ > u}. (10)
The advantage is defined as
Ma
>+, u<tl,,
Acul = 1=8q(u) (1)
TFa s u >t .

This accumulation assigns each token the sum of
all future process and outcome rewards that occur
after it. Intuitively, a token should receive credit
for later verified reasoning states and the final an-
swer that it helps produce, but not for rewards that
have already occurred before the token is generated.
Compared with assigning rewards only at the ver-
ified boundary tokens, return-to-go accumulation
allows sparse process feedback to supervise all pre-
ceding tokens that contribute to useful intermediate
reasoning states.

By combining bin-conditioned process rewards,
quality-gated efficiency adjustment, and return-to-
go advantage accumulation, our method encour-
ages VLMs to preserve useful visual reasoning
while reducing redundant reasoning.

4 Experiments

4.1 Setup

Training Setup. We train our model on
ViRL39K from VL-Rethinker (Wang et al., 2025a).
Before reinforcement learning, we clean the train-
ing set by removing duplicated problems and filter-
ing examples with extreme difficulty. We directly
perform reinforcement learning on Qwen2.5-VL
series models without an additional supervised fine-
tuning stage.
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Method MathVision =~ MathVerse =~ MathVista ~ DynaMath MM-Math WeMath Ave. Ace.  Ave. Len.
Acc./Len.  Acc./Len. Acc./Len. Acc./Len. Acc./Len. Acc./Len.
Closed-Source Model
GPT-40 29.2 /- 50.0/- 63.8/- 62.7 /- 31.8/- 69.0 /- 51.1 -
Gemini2.5Pro 733/ - 60.3 /- 84.6/— 68.8 /- 552/- 78.0/ - 70.0
QwenVLMax 264 /- 473 /- 73.2 /- 623 /- 434/ - 45.6 /- 49.7 -
Base Qwen2.5-VL-3B: General Reasoning Methods
Base 21.9/469.5 37.2/352.6 62.5/2009 482/270.7 28.4/623.9 39.4/270.1 39.6 364.6
LMM-R1 25.1/470.8 41.2/333.7 64.2/180.5 53.4/252.6 33.6/701.6 49.9/260.2 44.6 366.6
VLAA 24.1/581.7 42.2/4245 64.0/167.3 52.1/227.7 304/668.4 47.4/468.5 434 423.0
Ours-3B 27.0/366.2 43.5/304.6 65.4/1584 54.5/2214 35.0/459.1 56.6/264.8 47.0 295.7
Base Qwen2.5-VL-7B: General Reasoning Methods
Base 26.3/525.1 49.0/307.7 68.4/2034 528/2159 349/654.8 55.4/311.0 47.8 369.7
MM-R1 31.0/12455 51.2/783.9 71.3/649.4 57.1/562.2 34.4/13039 60.2/728.8 50.9 879.0
VisionR1 —/- 52.4/9799 73.4/507.3 59.0/725.1 36.1/1347.8 -/- - -
R1-OneVision 30.7/464.0 46.2/411.8 65.9/256.6 552/369.2 30.1/611.9 52.8/308.6 46.8 403.0
OpenVLThinker 30.6/439.0 49.7/362.9 72.5/2059 589/367.5 37.8/546.6 60.0/341.2 51.6 377.2
Base Qwen2.5-VL-7B: Adaptive and Efficient Reasoning Methods
VSRM-7B 27.7/405.3 49.7/310.7 69.0/194.6 54.9/348.6 359/494.8 55.6/296.9 48.8 341.1
DAST-7B 27.0/481.1 485/280.1 72.1/158.0 57.8/328.1 37.6/644.8 61.5/198.9 50.8 348.5
FAST-7B 31.0/448.1 50.8/309.1 72.8/134.9 58.6/153.9 40.1/570.6 62.1/248.2 52.6 310.8
Ours-7B 32.2/266.7 51.2/204.7 73.9/147.7 59.9/2034 40.2/357.2 64.1/173.2 53.6 225.5

Table 1: Comparison with existing VLM reasoning,

adaptive and efficient reasoning methods on multimodal

mathematical reasoning benchmarks. Each benchmark cell reports Acc. / Len. Avg. Acc. and Avg. Len. are
computed over all six benchmarks when all results are available. Higher Acc. and lower Len. are better. Response

lengths are not reported for closed-source models. The
are underlined.

Evaluation Benchmarks. We evaluate the
trained models on six widely used multimodal
mathematical reasoning benchmarks: MathVision,
MathVerse, MathVista, MM-Math, DynaMath, and
WeMath. These benchmarks cover a broad range
of visual reasoning scenarios, including diagram
understanding, geometry, chart reasoning, visual
mathematical problem solving, and dynamically
composed multimodal questions.

Baselines. We compare our method with a range
of general reasoning models, including LMM-
R1 (Peng et al., 2025), VLAA-Thinker-3B (Chen
et al., 2025a), MM-R1 (Liang et al., 2025), Vi-
sionR1 (Huang et al., 2026), R1-OneVision (Yang
et al., 2025), and OpenVLThinker (Deng et al.,
2025), as well as adaptive and efficient reason-
ing methods such as VSRM (Yue et al., 2025),
DAST (Shen et al., 2026), and FAST (Xiao and
Gan, 2025). For all models, we report answer ac-
curacy and the average generated response length.

4.2 Main Results

As shown in Table 1, our method consistently im-
proves the accuracy-efficiency trade-off across both
model scales. Ours-3B achieves the best accuracy
on all six benchmarks among Qwen2.5-VL-3B-

4

best results are shown in bold, and the second-best results

based methods. Compared with the base model, it
improves the average accuracy by 7.4 points while
reducing the average response length by 68.9 to-
kens, corresponding to an 18.9% reduction. This
shows that our method does not merely shorten
responses, but also improves reasoning correctness.
The improvement is more pronounced in the 7B
setting. Compared with the base model, Ours 7B
model improves the average accuracy by 5.8 points
and reduces the average response length by 144.2
tokens, corresponding to a 39.0% reduction. Com-
pared with the strongest 7B general reasoning base-
line with complete results, OpenVLThinker, Ours-
7B improves the average accuracy by 2.0 points
and reduces the average response length by 151.7
tokens, corresponding to a 40.2% reduction. Com-
pared with the strongest adaptive and efficient rea-
soning baseline, FAST-7B, Ours-7B improves the
average accuracy by 1.0 point and reduces the av-
erage response length by 85.3 tokens, correspond-
ing to a 27.4% reduction. By calibrating process
rewards according to reasoning progress and apply-
ing a quality-gated length adjustment, our method
effectively balances correctness and efficiency.

We also compare with closed-source models to
contextualize the remaining gap. Ours-7B achieves
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Model MathVision MathVerse MathVista Acc. Len.
Qwen-2.5-VL-7B 26.3 49.0 68.4 479 3775
Naive GRPO 29.0 50.8 724 50.7 3533
w/o BinNorm 28.6 49.5 69.3 49.1 327.0
w/o Len Reward 32.1 53.0 73.4 52.8 413.1
w/o prefix ratio

Fix 0.1 31.1 51.3 72.3 51.5 3987
Fix 0.5 30.5 50.4 70.3 504 356.8
Fix 1.0 28.7 48.2 68.5 48.5 2674
Ours 322 51.2 73.9 524 2064

Table 2: Ablation results on multimodal math bench-
marks. Acc. denotes the average accuracy over Math-
Vision, MathVerse, and MathVista. Len. denotes the
average generated response length across these three
benchmarks.

an average accuracy of 53.6%, outperforming
GPT-40 and QwenVLMax in average accuracy,
while still lagging behind Gemini2.5Pro. Notably,
our model is trained purely with reinforcement
learning, without distilling reasoning traces or
answers from closed-source models. These re-
sults suggest that bin-conditioned process rewards
can narrow the gap to stronger VLMs while main-
taining a substantially more efficient reasoning pro-
cess.

4.3 Ablation Study

The ablations are shown in Table 2. Removing bin
normalization, i.e., normalizing all prefix-level re-
wards together without considering prefix progress,
leads to clear performance degradation across all
benchmarks. This confirms that raw prefix-level re-
wards are not directly comparable across reasoning
stages, and that comparing prefixes within simi-
lar progress bins is important for identifying gen-
uinely useful intermediate steps. We next remove
the length reward while keeping progress-binned
reward normalization. This variant achieves com-
parable accuracy to our full method, but its aver-
age response length increases substantially from
206.4 to 413.1 tokens. This result shows that our
length-aware reward effectively removes redundant
reasoning while preserving the useful reasoning be-
havior. Finally, we study the role of the prefix ratio
scaling factor in the length reward. We replace the
adaptive prefix ratio with fixed constants 0.1, 0.5,
and 1.0. When the factor is fixed to 0.1, the length
pressure remains weak throughout the response,
resulting in insufficient suppression of late-stage
redundancy and much longer outputs. When it is
fixed to 1.0, the length pressure becomes too strong
even during early visual grounding and exploration,

Acc [ MathVision [ MathVerse [l MathVista - Length Length

o r350
™ \

50

300

r250

TR

0.1 02 0.3 Beta 04 05 0.6

Figure 3: Effect of the length-reward coefficient 3.
Larger /3 imposes stronger efficiency pressure. Moder-
ate values achieve a better accuracy-efficiency trade-off,
while too small S fails to reduce redundant reasoning
and too large 8 over-compresses useful reasoning.

Mapping MathVision MathVerse MathVista Acc. Len.
Concave 32.8 50.4 73.3 522 2421
Convex 324 51.9 72.6 52.3 2237
Linear 322 51.2 73.9 524 2064

Table 3: Effect of different mappings from visual com-
plexity to the length-reward coefficient 5.

leading to accuracy drops on all three benchmarks.

4.4 Analysis

Effect of Complexity-Aware Length Control.
Since our main method uses a visual-complexity-
dependent coefficient 3(c), we first isolate the ef-
fect of compression strength by replacing it with
fixed constants. Figure 3 shows that larger 3 gen-
erally reduces response length, but accuracy is not
monotonic: weak length pressure fails to suppress
redundant reasoning, whereas overly strong pres-
sure over-compresses useful reasoning. We there-
fore use an adaptive range [0.2,0.5]. We further
compare concave, convex, and linear mappings
from visual complexity to 3(c) in Table 3. Since
all mappings perform similarly, we adopt the lin-
ear mapping for its simplicity and stable trade-off,
applying stronger compression to simple examples
while preserving more reasoning budget for com-
plex ones.

Training Dynamics of Response Length. Fig-
ure 4 shows that the average generated length
steadily decreases during training, indicating that
the model learns to suppress redundant reasoning
while keeping necessary reasoning. The examples
further compare Global Normalization and Bin
Normalization. Global normalization compares
steps across all reasoning stages, which tends to
assign lower rewards to early shorter prefixes be-
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200 )
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Figure 4: Training length dynamics and reward cali-
bration. The average response length decreases during
training, while Bin Normalization better reflects local
step quality than Global Normalization.

Strategy MathVision MathVerse MathVista Acc. Len.
Freeze 32.8 50.6 72.4 51.9 286.7
Divide Equally 30.3 50.5 71.3 50.7 2832
EMA 322 51.2 73.9 52.4 206.4

Table 4: Effect of different bin boundary update strate-
gies. Freeze keeps uniform bin boundaries; Divide
Equally chooses boundaries so that each bin contains a
similar number of prefixes; EMA denotes our moving-
average percentile update.

cause their raw accuracy is naturally lower. In con-
trast, Bin Normalization compares each step with
prefixes at similar reasoning progress, making the
reward better reflect local step quality. This helps
preserve useful early reasoning while discouraging
unnecessary late-stage verification.

Effect of Bin Boundary Updating. We compare
three bin boundary strategies: our proposed EMA,
which updates each boundary with 0.9 times the old
boundary and 0.1 times the empirical percentile;
Freeze, which keeps eight uniformly divided bins;
and Divide Equally, which adjusts boundaries so
that each bin contains a similar number of detected
prefixes. As shown in Table 4, EMA achieves the
best overall trade-off, obtaining the highest average
accuracy and the shortest average response length
among the three strategies. This suggests that EMA
better balances statistical stability and stage con-
sistency: it uses empirical percentiles as adaptive
targets to avoid having most detected prefixes con-
centrated in a few bins, but updates the boundaries
gradually rather than enforcing equal-count bins.
In this way, EMA provides more stable normal-
ization while preserving the coarse semantics of
reasoning progress.

Number MathVision MathVerse MathVista Acc. Len.
2 Bins 28.1 49.8 69.8 49.2 3369
4 Bins 29.3 50.5 70.2 50.0 320.1
6 Bins 31.2 51.5 72.4 51.7 230.6
8 Bins 32.2 51.2 73.9 524 2064
10 Bins 30.9 50.8 73.0 51.6 2324

Table 5: Effect of the number of initial progress bins.

Method Time/Step Conv. Epochs Conv. Time
Plain GRPO 192 s 3 213h
BRPO 281s 2 21.5h
VisualPRM-based 322s 2 26.0 h

Table 6: Wall-clock training cost and convergence effi-
ciency of different process-reward strategies.

Effect of the Number of Initial Progress Bins.
We further study the effect of the number of initial
progress bins. As shown in Table 5, using too
few bins leads to worse performance and longer
responses. With only 2 or 4 bins, prefixes from
substantially different reasoning stages are grouped
together, making reward normalization less precise.

Increasing the number of bins improves both ac-
curacy and efficiency. Moving from 4 to 6 bins
substantially reduces the average response length,
and 8 bins achieves the best average accuracy and
the shortest responses. This suggests that a finer
partition of reasoning progress provides more com-
parable prefix groups and more reliable relative
reward estimation.

However, using too many bins does not bring
further gains. With 10 bins, the accuracy drops
compared with 8 bins, likely because each bin con-
tains fewer comparable prefixes and the reward
statistics become less stable. We therefore use 8
bins as the default setting.

Training-Time Overhead and Convergence Ef-
ficiency. To quantify the overhead of forced-
answer verification, we compare the wall-clock
cost of plain GRPO, BRPO, and VisualPRM-based
training. VisualPRM (Wang et al., 2025¢) is an
8B multimodal process reward model trained on
approximately 400K process-supervision samples.
As shown in Table 6, BRPO requires 281 seconds
per step, corresponding to 1.46 x the cost of plain
GRPO (192 seconds), but remains cheaper than
VisualPRM-based training (322 seconds). Despite
its higher per-step cost, BRPO evaluates multiple
intermediate reasoning states and extracts denser
process-level supervision from each rollout trajec-
tory, enabling stable convergence in approximately
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Method MathVision MathVerse MathVista Acc. Len.

Model MMMUval EMMA MEGA-Bench Acc. Len.

Qwen2.5-VL-7B 26.3 49.0 68.4 479 3715
BRPO 32.2 51.2 73.9 524 2064
BRPO w/ Qwen3.5-9B 320 52.3 73.6 52.6 246.0

Table 7: Effect of different visual-complexity scorers.
Acc. and Len. denote the average accuracy and response
length over the three benchmarks, respectively.

two epochs, compared with three epochs for plain
GRPO. Consequently, BRPO and plain GRPO re-
quire comparable total training times of 21.5 and
21.3 hours, respectively. BRPO also converges
4.5 hours (17.3%) faster than VisualPRM-based
training while avoiding a separately trained process
reward model.

Open-Source Visual-Complexity Scorer. To ex-
amine whether BRPO depends on a proprietary
visual-complexity estimator, we conduct an addi-
tional experiment using Qwen3.5-9B, a lightweight
open-source multimodal model, to score all train-
ing examples without requiring a commercial API.
As shown in Table 7, the resulting model achieves
an average accuracy of 52.6%, comparable to the
52.4% obtained with the Gemini-based scorer. This
indicates that BRPO’s accuracy improvement is
not tied to a particular proprietary estimator and
remains robust to the choice of scoring model.

The average complexity scores produced by
Gemini-3.1-Pro-Preview and Qwen3.5-9B are 0.34
and 0.42, respectively. Under our mapping 3(c) =
Bmax + (Bmin — Bmax)¢, the higher score yields
weaker compression pressure, which helps explain
the increase in average response length from 206.4
to 246.0 tokens. This difference suggests that the
scorer’s calibration can influence the degree of com-
pression, even when reasoning accuracy remains
comparable. Nevertheless, the open-source variant
remains substantially shorter than the base model
(246.0 vs. 377.5 tokens) while improving its aver-
age accuracy from 47.9% to 52.6%. These results
support the reproducibility of BRPO with an open-
source visual-complexity scorer while preserving
its accuracy-efficiency benefits.

Transfer to General Multimodal Tasks. To
evaluate whether BRPO generalizes beyond
multimodal mathematics, we conduct addi-
tional experiments on MMMUval (Yue et al.,
2024), EMMA (Hao et al., 2025), and MEGA-
Bench (Chen et al., 2025b). These benchmarks
cover substantially more diverse multimodal sce-
narios. MMMUval evaluates multidisciplinary un-

Qwen2.5-VL-7B 52.7 233 342 36.7 2157
R1-OneVision 474 23.8 27.1 32.8 4692
OpenVLThinker 52.6 26.8 11.2 302 4459
BRPO 55.6 27.8 36.7 40.0 1489

Table 8: Generalization results on general and non-math-
specific multimodal benchmarks. Acc. and Len. denote
the average accuracy and response length over the three
benchmarks, respectively.

derstanding over charts, diagrams, and scientific
figures. EMMA covers integrated reasoning across
mathematics, science, and coding, while MEGA-
Bench contains more than 500 real-world tasks
spanning document understanding, visual ground-
ing, spatial reasoning, and diverse output formats.

As shown in Table 8, BRPO achieves the high-
est accuracy on all three benchmarks, obtaining
55.6% on MMMUval, 27.8% on EMMA, and
36.7% on MEGA-Bench. Its average accuracy
reaches 40.0%, outperforming Qwen2.5-VL-7B,
R1-OneVision, and OpenVLThinker by 3.3, 7.2,
and 9.8 percentage points, respectively. BRPO also
produces the shortest responses, with an average
length of 148.9 tokens, compared with 215.7, 469.2,
and 445.9 tokens for the three baselines. These
results demonstrate that the accuracy-efficiency im-
provements of BRPO transfer beyond multimodal
mathematics to broader multidisciplinary and real-
world multimodal reasoning tasks.

5 Conclusion

We present a bin-conditioned process reward frame-
work for efficient multimodal reasoning. Instead of
relying on coarse outcome-level length penalties or
directly optimizing uncalibrated step rewards, our
method compares intermediate prefixes at similar
reasoning progress and converts raw prefix-level
feedback into stage-aware relative rewards. We
further introduce a quality-gated length adjustment,
modulated by prefix ratio and visual complexity, to
reduce redundant reasoning without encouraging
premature shortcuts. Experiments on six multi-
modal mathematical reasoning benchmarks show
that our method improves the accuracy-efficiency
trade-off, achieving higher accuracy with substan-
tially shorter responses than strong VLM reasoning
and adaptive thinking baselines. These results sug-
gest that calibrating raw prefix-level rewards by
reasoning progress is an effective way to preserve
useful visual reasoning while mitigating overthink-

ing.
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Limitations

Despite the effectiveness of our method, several
limitations remain. First, due to computational
constraints, our experiments are conducted mainly
on relatively small VLMs, i.e., Qwen2.5-VL-3B
and Qwen2.5-VL-7B. With more computational re-
sources, we plan to scale our method to larger VLM
backbones in future work. Second, our vision-
aware length adjustment uses an external closed-
source model to estimate image complexity. Future
work may replace it with a lightweight open-source
model to reduce the cost of complexity estimation.
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A Implementation Details

We implement our method on the Qwen2.5-VL se-
ries, including Qwen2.5-VL-3B and Qwen2.5-VL-
7B. Unless otherwise specified, both model sizes
use the same training and reward-construction hy-
perparameters. We train the policy with a clipped
policy-gradient objective. For each training prob-
lem, we sample N = 5 full reasoning responses
from the current policy. The rollout temperature
is set to 0.6, top-p to 0.95, and the maximum
response length to 7424 tokens. The maximum
prompt length is 32768, and overlong prompts are
filtered with left truncation.

For prefix verification, each detected prefix is ap-
pended with </think> to force answer generation.
We sample n = 5 answer completions for each pre-
fix and use the fraction of verified correct answers
as the raw prefix accuracy. Prefix-verification com-
pletions use the same temperature and top-p as the
main rollout, with a maximum generation length of
768 tokens.

We use K = 8 progress bins initialized uni-
formly over [0, 1]. During training, bin boundaries
are updated with an exponential moving average
toward empirical prefix ratio quantiles from the
current batch, with EMA coefficient A = 0.9. The
prefix ratio history buffer contains up to 4096 ob-
served prefix ratios. We set the numerical stability
constant to € = 1075, clip the calibrated process
reward to [—3, 3], and clip the normalized length
signal to [—1, 1]. For the vision-aware length coef-
ficient, we use SBmin = 0.2 and SBpax = 0.5.

For optimization, we use a training batch size of
256 prompts, with 5 responses sampled per prompt.
The policy learning rate is 1 x 107°, weight decay
is 0.01, and the policy is updated for one epoch
per batch. We use a mini-batch size of 128 and a
per-GPU micro-batch size of 8. The clipping range
is 0.2, the loss is aggregated by token mean, and
the entropy coefficient is set to 0. We include a
reference-model KL loss with coefficient 0.01 and
use the low-variance KL form. Training runs for
3 epochs on 8 GPUs with FSDP, parameter and
optimizer offloading, gradient checkpointing, and
vLLM rollout generation.

B Visual complexity assessment prompt

We compute visual-complexity scores offline using
a strong multimodal model. The scoring prompt,
shown in Figure 5, explicitly separates figure-
reading burden from mathematical difficulty, and

requires a scalar output in [0, 1].

C Case Study

Figures 6 and 7 provide qualitative examples of the
generated reasoning traces. In Figure 6, all mod-
els answer the hexagon-folding problem correctly.
However, Base-7B and VisionR1 produce longer
responses with redundant geometric descriptions,
using 267 and 312 tokens, respectively. In con-
trast, Ours-7B directly captures the key symmetry
relation and reaches the same correct answer with
only 100 tokens. This shows that our method can
reduce unnecessary reasoning while preserving the
essential visual evidence.

Figure 7 further shows that shorter reasoning
alone does not guarantee correctness. Base-7B
generates a long response with both redundant ver-
ification and incorrect area estimates, leading to
a wrong answer. FAST-7B shortens the response
compared with the base model, but still introduces
an incorrect area assignment and predicts the wrong
segment. By contrast, Ours-7B keeps the reasoning
concise, focuses on the correct area relationship
induced by the diagonal partition, and produces the
correct answer with fewer tokens. These examples
suggest that our method does not simply truncate
reasoning, but encourages the model to retain use-
ful visual reasoning while suppressing redundant
or misleading intermediate steps.

D Potential Risks

This work aims to improve the efficiency of mul-
timodal reasoning by reducing redundant reason-
ing. A potential risk is that excessive compression
may remove necessary intermediate reasoning, es-
pecially for visually complex examples. To miti-
gate this, our method gates the length adjustment
by process quality and modulates its strength using
visual complexity. Another risk is that more con-
cise reasoning may make model errors harder to
diagnose. Therefore, the method should be used
with caution in high-stakes applications, and final
answers should still be verified by external tools or
human experts when reliability is critical.

E Artifacts

We use publicly available pretrained VLMs, train-
ing data, evaluation benchmarks, and evaluation
tools. Specifically, our base models are Qwen?2.5-
VL-3B and Qwen2.5-VL-7B. The training data
is derived from VIRL39K from VL-Rethinker.
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The prompt for evaluating the visual complexity of mathematical problem figures.

You are an assistant for evaluating the visual complexity of mathematical problem figures. You will be given a math problem statement and its accompanying
figure.

Your task is to evaluate only the overall complexity of the figure, considering how much visual information must be read and understood.
You may use the problem statement to judge the figure-reading requirement, but you must not solve the problem, judge correctness, infer the answer, or output any
answer choice.
The complexity score should consider:
1. Visual information density
- Number of visual elements, such as points, lines, angles, curves, regions, axes, grids, labels, arrows, colors, legends, or annotations.
- Whether the figure has multiple subfigures, coordinate systems, objects, views, or a complex layout.
- Whether there is overlap, occlusion, dense labeling, or visually confusing structure.

2. Figure-reading cost
- Whether the solver must read precise values, labels, proportions, lengths, angles, areas, coordinates, or trends.
- Whether the solver must match multiple visual elements or understand nontrivial geometric, spatial, or ordering relationships.
- Whether careful inspection of the figure is necessary to understand the problem.

3. Text-figure coupling
- Whether the problem statement can be understood without the figure.
- Whether variables, objects, or conditions in the text depend heavily on the figure.
- Whether the solver must repeatedly cross-reference the text and figure.

Scoring rules:

- The score must be in [0, 1] and rounded to two decimal places.

- 0 means an extremely simple or nearly unnecessary figure.

- 0.10-0.30 means simple: few elements and light figure-reading.

- 0.30-0.50 means moderately simple: some labels or relationships need to be read.

- 0.50-0.70 means moderately complex: many elements or substantial text-figure correspondence.

- 0.70-0.90 means complex: dense information, multiple relationships, or high risk of misreading.

- 0.90-1.00 means extremely complex: very dense, highly structured, and requiring extensive fine-grained reading.

Important constraints:

- Evaluate figure complexity, not mathematical solution difficulty.

- A hard problem with a simple figure should receive a low score.

- A visually complex figure should receive a higher score even if the solution is simple.
- Do not output explanations, reasoning steps, answers, or extra text.

The output must be exactly one line of JSON with only one key. Example:

{"complexity":0.37}

Figure 5: Prompt for estimating figure-reading complexity in multimodal mathematical problems. The evaluator is
instructed to score only the visual complexity of the accompanying figure, conditioned on the problem statement,
and to output a scalar ¢ € [0, 1]. The score is used offline to modulate the strength of the vision-aware length reward.

a Image N

Base-7B 267 tokens é h

To determine the shape of the figure formed when a regular hexagon is folded such that its three marked vertices meet at
the center O, we need to analyze the geometric properties and the folding process. Because the original figure is a regular
hexagon, all of its sides are equal, and its vertices are arranged evenly around the center O. This means the figure has strong
symmetry before any folding takes place. When the three marked vertices are folded to meet at O, each of these vertices is
moved toward the same central point. Because these three vertices are positioned symmetrically in the hexagon, the
corresponding folds also occur in a symmetric way. As a result, the parts of the hexagon that remain visible after folding are
arranged evenly around the center. Therefore, the outer boundary of the folded figure has three equal sides and three equal
angles. Because a figure with three equal sides and three equal angles is an equilateral triangle, the shape formed by the
folding is an equilateral triangle. The correct answer is: \boxed{t}

%
. N
VisionR1 312 tokens

/ <think> Okay, let's see. The problem is about folding a regular hexagon so that three marked vertices meet at the center O.

A

-

\ The question is asking what shape is formed by this folding. The options are a six-pointed star, dodecagon, hexagon, square,
or equilateral triangle. First, | need to visualize the hexagon. A regular hexagon has six equal sides and six equal angles. The
center is point . If we fold the hexagon such that three vertices meet at O, maybe it's folding three opposite vertices

m towards the center. In a regular hexagon, if you connect the midpoints of the sides, you get a smaller hexagon inside. But
Qg Question

here, the folding is different. When you fold three vertices to the center, the image depicts displays that the folded edges
create an equilateral triangle. The key detail here is that the folded edges form triangles at the center. Since the original
hexagon is regular, all sides and angles are equal. When you fold three vertices to the center, the lines connecting these

1 1 vertices to the center would be equal in length because the hexagon is regular. This creates three equal triangles meeting at
A piece of paper in the Shape ofa reglﬂar hexagon’ the center. An equilateral triangle has all sides equal and all angles 60 degrees. So the shape formed by the folded edges
as Shown’ is folded so that the three marked \shou\d be an equilateral triangle. The answer should be E. </think><answer> Final Answer:E </answer> /

vertices meet at the centre O of the hexagon. What ~
is the shape of the figure that is formed? Ours-78B 100 tokens é
Choices:(A) Six-pointed star (B) Dodecagon (C) <think>To determine the shape formed when the three marked vertices of a regular hexagon are folded to meet at the
Hexagon (D) Square (E) Equilateral Triangle e e e e e e e Vo e e e o

the shape of the figure formed is an equilateral triangle.</think>The correct answer is \boxed{E}

Figure 6: Qualitative comparison on a hexagon-folding problem. Green text marks redundant reasoning, and blue
text marks correct key reasoning. Compared with Base-7B and VisionR1, Ours-7B removes unnecessary geometric
descriptions and reaches the correct answer with fewer tokens.
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a relate to their positions on the diagonal. The total area of the square is 30 cm?. The dmgonal of lhe >quare splits it into two
ingled triangles eacl o d

:cgmtnls can be d
segments, the segment corresponding o the largest area will be the longest. Comparing the areas: =2 em® b5 cm* ¢ =9
d cm? d=4cm?® e =6 cm® The largest area is 9 cm?, which corresponds to segment c. Therefore, the longest segment is c. The/

\\answer is \boxed {C}

4 Image N e "
Base-7B 503 tokens
2cm? To determine which segment of the diagonal a, b, ¢, d, e is the longest, we need to understand how the areas of the triangles

th an area of 15 enr’. The diag

ant. Therefore, the areas of the triangles along
ea of the square is 30 c?, so the sum of

cd by the areas of the manglcs lhcy rorm Sma the ar are propomonal to the lcnglh> of the

@@ Question

A square with area 30 is split into two by its
diagonal and then Split into triangles as shown in

\_ e ) [ Fast-7B

To determine which line segment of the diagonal is the longest, we need to understand the relationship between the areas of
the triangles formed by the diagonal of a square. The diagonal of a square splits it into two congruent right triangles, a
area of each triang]
triangle b is 5. Th angle
formed by the diagonal are pmpm[mn;\l to the lengths of the segments of the diagonal lhcy form. Therefore, the longest
segment of the diagonal corresponds to the largest area. The arcas of the triangles are: a=2,b=5,c =9, d =4, ¢ = 10. The
largest arca is 10, which corresponds to segment e. Thus, the longest line segment of the diagonal is ¢. The correct answer is:
(E)

371 tokens

s half the arca of the square. Given: The area of the square is 30. The area of triangle a is 2. The
¢ is 9. The area of triangle d is 4. The area of triangle ¢ is 10. The areas of the trian;

the diagram. Some of the areas of the triangles are

given in the diagram. Which of the line segments a,
b, c, d, e of the diagonal is the longest?
Choices:(A)a(B)b(C)c(D)d (E) e

<think>To determine which line segment of the diagonal is the longest, we need to understand the relationship between the
areas of the triangles formed by the diagonal of the square. Because the arcas are proportional o the corrc<pondmg dlagonal

hﬁsarcali \ rea of tria \‘L;
o s (o, D s 9 o <Ahink> Thus,the longest line segment of the diagonal is 'boxed (D

Ours-7B 288 tokens

gmmshowsmmzmamsmmcmngusmgucnaszun 5 on’, 9 cm?, and 4 e’ S
=4 . The diagonaldivdesth squre ino two squal iangles.Since th square are s %0, cauh half
i, Thersfoe,the longest segment of th diagona s the ane

%

Figure 7: Qualitative comparison on a diagonal-segment problem. Red text marks incorrect reasoning, green text
marks redundant reasoning, and blue text marks correct key reasoning. Ours-7B avoids misleading area assignments
and produces the correct answer with a shorter response than Base-7B and FAST-7B.

We evaluate on MathVision, MathVerse, Math-
Vista, DynaMath, MM-Math, and WeMath using
VLMEvalKit. We cite the original papers or reposi-
tories for all datasets, models, and evaluation tools.
Our use of these artifacts is limited to research pur-
poses and follows their intended use as publicly
released research assets. We cite all used artifacts
and discuss their intended research use.

F Data Privacy

The datasets used in this work consist of multi-
modal mathematical reasoning problems and are
not designed to contain personal information. We
do not collect new human-subject data or scrape
user-generated content. To check potential privacy
and content-safety issues, we manually inspect a
subset of the training and evaluation examples and
verify that the data mainly consists of math ques-
tions, diagrams, charts, and answer annotations.
We do not observe personally identifying informa-
tion or offensive content in the inspected examples.
Since we do not create or redistribute a new dataset,
no additional anonymization procedure is applied.
We also do not release any data containing personal
identifiers.

G Dataset Documentation and Statistics

We provide the sources, domains, and split statis-
tics of the training and benchmark datasets used

Dataset Domain Split Size
ViRL39K Multimodal RL training data 38,870
MathVision Visual math reasoning 3,040
MathVerse Diagram-based visual math reasoning 3,940
MathVista Visual mathematical problem solving 1,000
DynaMath Dynamic visual math reasoning 5,010
MM-Math Multimodal middle-school math 5,901
WeMath Knowledge-aware visual math reasoning 1,740

Table 9: Statistics of the training and evaluation datasets.

in our experiments in Table 9 to support repro-
ducibility and clarify the scope of our evaluation.
The datasets used in this work are primarily En-
glish multimodal mathematical reasoning datasets.
They mainly cover visual mathematical problem
solving, diagram understanding, geometry reason-
ing, chart reasoning, and knowledge-aware visual
reasoning. Since these datasets consist of math
problems rather than user-authored personal text,
demographic attributes of speakers or annotators
are not applicable to our analysis.

H Reporting Variance and Experimental
Robustness

We report results from a single evaluation run due
to the high cost of random seeds across six mul-
timodal reasoning benchmarks. To improve relia-
bility, we evaluate the trained model on multiple
benchmarks and report both average accuracy and
response length. We also include ablations and
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Package / Toolkit ~ Version

Transformers 4.51.0
Accelerate 1.10.1
vLLM 0.8.3
TRL 0.24.2
FlashAttention 2.7.4
SwanLab 0.7.8

Table 10: Main packages used in our experiments.

sensitivity analyses over 3, the number of progress
bins, and bin-boundary update strategies.

I Packages

Our experiments are implemented with commonly
used open-source libraries for multimodal model
training and inference. Specifically, we use Trans-
formers, Accelerate, vLLM, TRL, FlashAttention,
and SwanLab. These packages are used for model
loading, distributed training, rollout generation, ef-
ficient attention computation, and experiment track-
ing. The main software packages and toolkits are
summarized in Table 10.

J Human Annotation and Human
Subjects

Not applicable. We do not recruit human annotators
or conduct human-subject experiments.

K Use of AI Assistants

We used Al writing assistants to help improve lan-
guage clarity and polish paper drafts. The research
ideas, experiments, analyses, and final claims were
designed and verified by the authors. The authors
take full responsibility for all content in the paper.
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