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Abstract

Training tool-use agents typically relies on
outcome-based filtering: Supervised Fine-
Tuning (SFT) on successful trajectories and
Reinforcement Learning (RL) on pass-rate-
selected tasks. However, this paradigm ig-
nores interaction dynamics—successful trajec-
tories may lack error recovery or exhibit re-
dundancy, while pass rates fail to distinguish
structurally informative tasks from trivial ones.
To bridge this gap, we propose TopoCurate,
an interaction-aware framework that shifts the
paradigm from linear outcome filtering to topo-
logical interaction modeling. By projecting
multi-trial rollouts into a unified semantic quo-
tient topology within the same task, we con-
struct a structured manifold that explicitly cap-
tures the divergence between success and fail-
ure pathways across tool invocations and en-
vironmental responses. Leveraging this repre-
sentation, we introduce a dual-selection mecha-
nism: for SFT, we prioritize trajectories demon-
strating reflective recovery, semantic efficiency,
and strategic diversity to mitigate covariate
shift and mode collapse; for RL, we select
tasks with high error branch ratios and strate-
gic heterogeneity, maximizing gradient Signal-
to-Noise Ratio to address vanishing signals
in sparse-reward settings. Evaluations on BF-
CLv3 and Tau2 Bench show that TopoCurate
achieves consistent gains of 4.2% (SFT) and
6.9% (RL) over state-of-the-art baselines.

Keywords: Tool-use Agent, Data Curation,
Topological Modeling

1 Introduction

The advent of agentic intelligence has shifted the
paradigm for large language models (LLMs) from
static text generation to proactive engagement in
multi-turn, tool-based interactions with environ-
ments(Team et al., 2025a; Liu et al., 2025; Yang

*These authors contributed equally. Corresponding au-
thors: Qi Gu and Kun Kuang.

et al., 2025a; Team et al., 2026). Consequently,
the efficacy of agent training—whether via Super-
vised Fine-Tuning (SFT) or Reinforcement Learn-
ing (RL)—is strictly bottlenecked by the struc-
tural quality of the interaction data (Team et al.,
2025b). However, prevailing paradigms (Li et al.,
2025b; Xu et al., 2025b; Yang et al., 2025b) re-
main predominantly linear outcome-centric: SFT
trajectories are selected based on binary success,
and RL tasks by pass-rate thresholds from isolated
trajectories. While scalable, these metrics are inher-
ently myopic to interaction dynamics (Gooding and
Grefenstette, 2025), treating reasoning processes as
flat, linear chains and obscuring the critical struc-
tured dependencies—such as error recovery and
state transitions—that govern robust agency.

This reliance on outcomes creates a critical
misalignment between data selection and learn-
ing value, a phenomenon we term the Outcome
Equivalence Illusion. Our topological analysis re-
veals two core deficiencies:(i) SFT Selection Bias:
Standard outcome filtering selects successful tra-
jectories indiscriminately, ignoring process robust-
ness, efficiency, and strategic diversity. This di-
lutes critical error-recovery patterns with simple
paths (Lan et al., 2025), while redundant loops and
homogenized solutions lower training value (Zhu
et al., 2025). Consequently, the agent suffers from
covariate shift, semantic inefficiency, and mode
collapse (Yan et al., 2026), overfitting to narrow
behaviors.(ii) RL Gradient Vanishing: In sparse-
reward RL, tasks with identical pass rates mask
divergent structural training potentials. Tasks that
yield homogeneous rollouts (identical outcomes
regardless of action variations) produce vanishing
policy gradients (low Advantage). In contrast, tasks
with structural bifurcation—where sharp decision
boundaries lead to outcome divergence—provide
high-contrast signals, yielding a high Signal-to-
Noise Ratio (SNR) for efficient optimization.

The root cause of this illusion is the prevailing
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linear, isolated view of trajectories. Evaluating
each rollout independently obscures the latent struc-
ture—the branching points, recovery paths, and
state convergence—that defines robust agent be-
havior. To break this illusion, we propose TopoCu-
rate, a framework that shifts the paradigm from
linear outcome filtering to topological interaction
modeling. Our core innovation is to transcend the
isolated analysis of trajectories by projecting multi-
trial rollouts from the same task into a unified se-
mantic topology. By merging semantically equiva-
lent action-observation states across trials, we con-
vert a sparse forest of linear traces into a structured,
global manifold—a Directed Acyclic Graph (DAG).
This topology explicitly visualizes the divergence
between success and failure pathways and densi-
fies visitation statistics, enabling the first rigorous,
quantitative analysis of interaction process quality.

Leveraging this topological representation, we
introduce a principled, dual-selection mechanism:
For SFT, we define topological metrics for Reflec-
tive Recovery (prioritizing error correction), Seman-
tic Efficiency (penalizing redundancy), and Distri-
butional Diversity (combating mode collapse) to
curate a dataset that approximates a robust, strate-
gic expert policy. For RL, we propose metrics
for Error Branch Ratio and Strategic Heterogene-
ity to select tasks that maximize gradient SNR by
prioritizing those with high structural complexity
and diverse valid solutions, directly addressing the
vanishing signal problem.

Our contributions are threefold:

• We introduce TopoCurate, a framework that
shifts agent data curation from outcome-based
filtering to topological interaction modeling.
By projecting linear rollouts into a semantic
quotient topology, we provide a rigorous for-
malism for capturing the interactions that out-
come metrics neglect.

• We devise a topology-driven dual-selection
mechanism theoretically grounded in learning
dynamics. For SFT, we introduce Reflective
Recovery, Semantic Efficiency, and Distribu-
tional Diversity to mitigate covariate shift and
mode collapse. For RL, we propose structural
task selection based on Error Branch Ratios
and Strategic Heterogeneity, which maximize
gradient SNR by prioritizing tasks with criti-
cal decision boundaries.

• Extensive evaluations on BFCLv3 and Tau2

bench consistently demonstrate the effective-
ness of our proposed method, achieving aver-
age gains of 4.2% (SFT) and 6.9% (RL) over
state-of-the-art baselines.

2 Related Work

2.1 Tool Use Data Synthesis and Selection

Multi-Agent Simulation (MAS) is the prevailing
paradigm for tool-use synthesis (Zhang et al.,
2025a), encompassing approaches from social sim-
ulation (Tang et al., 2025) to committee-based val-
idation (Prabhakar et al., 2025). While systems
like Kimi K2 (Team et al., 2025a) and Simia (Li
et al., 2025b) scale MAS or simulate environmental
feedback, their data selection remains heuristic and
outcome-centric. Pipelines such as APIGen-MT
(Prabhakar et al., 2025) and Simia (Li et al., 2025b)
rely on terminal checks or rule-based filtering, treat-
ing trajectories as flat sequences (Xu et al., 2025a);
similarly, MUA (Zhao et al., 2025) selects RL tasks
solely by pass-rate. Although works like ToolPRM
(Lin et al., 2025) and ToolPRMBench (Li et al.,
2026) employ fine-grained process supervision,
they focus on optimizing search or reward models
rather than fundamentally assessing training data
quality. Consequently, current paradigms neglect
the interaction topology—its structural decision
points and error recoveries—failing to separate ro-
bust process quality from stochastic success (Zhang
et al., 2026). In contrast, our TopoCurate frame-
work addresses this gap by shifting to process-
aware topological modeling, explicitly selecting
data that maximizes structural learning value for
both SFT and RL without external reward models.

2.2 Tool-Use Evaluation

The evaluation of tool-use agents has progressed
from static syntax checks to dynamic, multi-turn
interaction. Benchmarks like BFCL (Yan et al.,
2024) and ACEBench (Chen et al., 2025a) assess
multi-step tool invocation and error correction. Tau-
Bench (Yao et al., 2024) and its successor τ2-bench
(Barres et al., 2025) simulate dual-control environ-
ments where user and agent actions co-evolve the
state, testing policy adherence in complex domains.
Concurrently, evaluation metrics have shifted from
greedy accuracy (Pass@1) to distributional robust-
ness (Pass@k) (Yu, 2025; Li et al., 2025b). Pass@k
measures an agent’s capacity to discover diverse
valid solutions within a stochastic search space,
which serves in our work as a proxy for strategic
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heterogeneity—indicating whether the model has
learned multiple pathways rather than overfitting
to a single behavior.

3 Preliminaries

In this section, we formalize the multi-turn tool-use
process as a sequential decision-making problem
and clarify the data selection of SFT and RL train-
ing as our optimization object.

3.1 Definition of Multi-Turn Agentic Tool Use

Interaction Process. We formulate the interac-
tion between a tool-use agent and an environment
as a Partially Observable Markov Decision Process
(Kurniawati, 2022). Define task as a tuple T =
(q, C, E), where q denotes the user intent, C repre-
sents the context, and E is the evaluation protocol.
At each step t, the agent receives an observation ot
and generates an action unit zt = (rt, at), compris-
ing internal reasoning rt (e.g., Chain-of-Thought)
and a structured tool action at. The interaction his-
tory is denoted as ht = (T , z1, o1, . . . , zt−1, ot−1).
The goal is to learn a policy πθ(zt|ht) that maxi-
mizes the task success.

Interaction Turns and Semantic Topology. To
model the agent-environment feedback loop, we de-
fine a complete interaction turn as ẑt = (rt, at, ot),
comprising the agent’s reasoning, action, and the
environmental observation. To capture the latent
structure of tasks, we define a semantic equivalence
relation over the space of complete turns Ẑ . Two
turns ẑi, ẑj are considered equivalent if their ac-
tions and observations are semantically similar, in-
dicating they represent the same logical state. This
relation induces a quotient structure, compressing
scattered linear trajectories into a unified Directed
Acyclic Graph (DAG) where nodes represent clus-
ters of semantically equivalent behaviors.

3.2 Data Selection for Agentic Tool Use

We consider a scenario with a large-scale task pool
Qpool and a set of synthesized trajectories. Our
goal is to select high-quality subsets to optimize
the agent’s performance.

Trajectory Selection for SFT. Let Dpool =
{(Ti, τi,j)} be a dataset containing multiple can-
didate trajectories for each task. The data selection
problem seeks a subset Dselect ⊂ Dpool (represented
by weights wi,j ∈ [0, 1]) to maximize validation
performance under a budget constraint B:

max
w

E(T ,τ)∈Dval

[
R(τ | πθ∗)

]

s.t. θ∗ = argmin
θ

∑

i,j

wi,j LSFT(πθ, τi,j),

∑

i,j

wi,j ≤ B.

(1)

Limitations. Conventional filtering sets wi,j =
I[R(τi,j) = 1]. However, this linear outcome ap-
proach ignores the interaction topology that may
lead to model collapse and covariate shift, e.g., A
successful trajectory may still contain redundant
loops, lack error recovery mechanisms, or represent
a narrow solution path. The detailed discussions
can be shown in Appendix C.2. Our objective is
to derive a topological prior wi,j that harmonizes
execution optimality with process robustness, se-
mantic efficiency, and strategic diversity.

Task Selection for RL. This objective is to cu-
rate a subset QRL ⊂ Qpool that maximizes gradient
efficiency. Adopting Group Relative Policy Op-
timization (GRPO) as the training algorithm, the
policy is updated by sampling a group of K tra-
jectories for each task and maximizing the relative
advantage as Eq. 2, where Â(τk) is the standard-
ized advantage from sparse outcome rewards.

J(θ) = ET ∼Pselect(T )E{τ1:K}∼πθ(·|T )[
1

K

K∑

k=1

πθ(τk)

πold(τk)
Â(τk)

]
(2)

Limitations. Standard approaches define
Pselect(T ) based solely on pass rates. However,
this overlooks structural training potential. Tasks
yielding homogeneous rollouts produce vanishing
advantages (Â ≈ 0), providing minimal gradient
information (low Signal-to-Noise Ratio, SNR). The
detailed discussions can be shown in Appendix C.3.
Our framework constructs Pselect(T ) to prioritize
tasks with high Error Branch Ratios and Strategic
Heterogeneity, maximizing the contrastive signal
of the policy gradient within the topology.

4 Methodology

4.1 Overview
As illustrated in Figure 1, our proposed framework
operates in three systematic stages: (i) Topological
Modeling (Sec. 4.2): We aggregate raw interac-
tion turns into a Directed Acyclic Graph (DAG),
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Figure 1: Overview of the TopoCurate Framework. Our method operates in three stages: (Left) Topological
Modeling transforms disjoint rollouts into a unified state-transition graph by defining states via action-observation
tuples and aggregating semantically equivalent turns; (Middle) Trajectory Selection for SFT applies three
process-aware metrics—Reflective Recovery (resilience), Semantic Efficiency (economy), and Strategic Diversity
(exploration)—to prioritize high-quality trajectories; (Right) Task Selection for RL evaluates tasks using Error
Branch Ratio and Strategy Heterogeneity to select structurally complex tasks that maximize gradient efficiency.

defining states by both tool actions and environ-
mental observations. This structure reveals the
Success Potential of each state; (ii) Trajectory
Selection for SFT (Sec. 4.3): Instead of simple
outcome filtering, we select trajectories based on
three topological process metrics—Reflective Re-
covery (resilience), Semantic Efficiency (economy),
and Strategic Diversity (exploration)—to distill a
robust expert policy; (iii) Task Selection for RL
(Sec. 4.4): We prioritize tasks that exhibit high
structural complexity. By filtering for high Error
Branch Ratios and Strategic Heterogeneity, we se-
lect tasks that provide sharp decision boundaries
and diverse solution paths, maximizing training
efficiency in sparse-reward settings.

4.2 Modeling Agentic Dynamics via Quotient
Topology

Unlike static reasoning chains, agentic tool use is
driven by the environment’s feedback loop. While
the agent outputs zt = (rt, at), the semantic state
is determined jointly by the action and the envi-
ronment’s response ot. To rigorously evaluate this
process, we define a complete interaction turn as
ẑt = (rt, at, ot) and compress the space of these
turns Ẑ into a dense state space V via a quotient
map π : Ẑ → V .

Why Merge? The Necessity of State Aggrega-
tion. In long-horizon agentic tasks, the action
space is combinatorial, and slight variations in tool

arguments result in a disjoint, sparse forest. This
sparsity prevents statistical analysis. By defining
a semantic equivalence relation ∼ and merging
equivalent turns, we achieve two critical goals:

• Densification for Potential Estimation: Aggre-
gating sparse visits into dense node clusters
allows us to robustly estimate the Success Po-
tential Field Φ(v) = P (Success|v). Without
merging, Φ(v) would be binary or undefined.

• Revealing Causal Convergence: Merging re-
veals states reached by diverse paths. This
“equifinality" uncovers the underlying causal
structure of the environment, enabling us to
compare the efficiency of different strategies
(e.g., shortcuts vs. detours) that arrive at the
same intermediate state.

Observation-Driven State Abstraction. A key
insight is that agent state is critically defined by
observation ot. For instance, in retail scenarios,
modify_order(id="123") leads to distinct states
depending on whether ot returns "Success" or
"Error: User Confirmation Required". Let
sim(·, ·) denote the cosine similarity between em-
beddings. We define the equivalence relation ẑi ∼
ẑj as a conjunction of view-specific constraints:

ẑi ∼ ẑj ⇐⇒ (simtool(ai, aj) ≥ δtool)

∧ (simresult(oi, oj) ≥ δresult) .
(3)
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We utilize a high-performance embedding model
(e.g., jina-embeddings-v2-base-en (Günther
et al., 2023) and Qwen3-0.6B-Embedding
(Zhang et al., 2025b)) with default thresholds
(δtool ≈ 0.95, δresult ≈ 0.90) to ensure the reason-
ability of quotient topology. More detailed robust-
ness analysis can be shown in Appendix B.3.

4.3 Topological Trajectory Selection for SFT
Standard SFT filtering selects all trajectories with
R(τ) = 1, implicitly assuming a uniform quality
distribution. To solve the constrained optimiza-
tion problem defined in Eq. (2), we propose a
second-stage refinement that approximates the op-
timal weights w(τ) using topological signals.

Metric Formulation. We derive three topologi-
cal signals to quantify process quality:

• Reflective Recovery (Sref): Prioritizes trajec-
tories where the agent recovers from nega-
tive feedback (Dip-Recovery Pattern). A re-
flection event occurs when potential drops
(Φ(vt) ≪ Φ(vt−1)−ϵdip) and is subsequently
restored:

Sref(τ) =
∑

t∈jumps

Φ(vt+k)− Φ(vt)

k
. (4)

This metric captures agent resilience in dual-
control dynamics. For instance, in a telecom
task, a trajectory encountering a Destination
Unreachable error but recovering via device
reboot yields high Sref, whereas abandoning
the task incurs penalty.

• Semantic Efficiency (Seff): Penalizes redun-
dant loops by comparing actual path length to
the geodesic distance on the graph:

Seff(τ) = min
(u,v)∈Convergence(τ)

DG(u, v)
len(τu→v)

. (5)

This serves as a regularizer. In an airline book-
ing context, it penalizes agents that redun-
dantly query get_flight_details for the
same ID without state changes, favoring con-
cise information gathering.

• Distributional Diversity (Srare): Maximizes
entropy by weighting the inverse branch popu-
larity P (v) with the local success rate Acc(v):

Srare(τ) =
1

|τ |
∑

v∈τ

Acc(v)
log(1 + P (v))

. (6)

This metric prevents mode collapse by prior-
itizing trajectories that traverse rare but suc-
cessful decision branches, ensuring the policy
learns diverse strategies.

Trajectory Selection Strategy. To balance these
objectives, we define the selection weight w(τ) as:

w(τ) = λref ·S̃ref(τ)+λrare ·S̃rare(τ)+λeff ·S̃eff(τ),
(7)

where S̃ denotes the normalized score (via z-score
standardization across the candidate pool), and
{λref, λrare, λeff} are hyperparameters that control
the relative importance of each metric. We select
trajectories based on their composite scores w(τ),
ensuring a balanced representation of robustness,
diversity, and efficiency. Detailed hyperparameter
sensitivity analysis are provided in Appendix B.4.

4.4 Topological Task Selection for RL
Standard task selection based solely on pass rates
overlooks structural complexity. We propose a
topology-driven task selection mechanism.

Metric Formulation. We evaluate the structural
complexity of each task’s solution space:

• Error Branch Ratio (Vstruct): The proportion
of decision branches leading to failure (where
potential drops below a threshold ϵfail), repre-
senting contrastive difficulty:

Vstruct(T ) =
1

|B|
∑

v∈B

|{u ∈ children(v) : Φ(u) < ϵfail}|
|children(v)| . (8)

High Vstruct indicates critical decision nodes.
In a retail “Modify Order" task, the state bifur-
cates at the check_status node: respecting
the “Shipped" status leads to success, while ig-
noring it triggers an irreversible failure branch.
Such sharp contrasts provide high-fidelity gra-
dient signals for policy adherence.

• Strategic Heterogeneity (Vdiv): The Unique
Chain Ratio (UCR), measuring the number
of valid distinct tool sequences. High UCR
indicates multiple valid workflows, preventing
mode collapse:

Vdiv(T ) =
|{τ : R(τ) = 1}|
|{τ : sampled}| . (9)

For example, a flight rebooking request might
be solvable via two distinct topological paths:
a direct modify_flight call or a composite
cancel followed by book. Training on such
tasks fosters policy plasticity and generaliza-
tion.
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Table 1: Baseline Comparison. All methods start with
outcome-based filtering; TopoCurate further refines via
topological metrics.

Method Trajectory
Selection (SFT)

Task
Selection (RL)

APIGEN-MT (Prabhakar et al., 2025) Outcome (r = 1) N/A

MUA (Zhao et al., 2025) Outcome (r = 1) Pass Rate

Simia-Tau (Li et al., 2025b) Outcome (r = 1) N/A

TopoCurate (Ours)
Outcome (r = 1)
↓ Topological

Sref , Seff , Srare

Pass Rate
↓ Topological
Vstruct, Vdiv

Task Selection Strategy. We construct the task
sampling distribution Pselect(T ) to favor structural
richness:

Pselect(T ) ∝ exp

(
Vstruct(T ) + αVdiv(T )

T

)
,

(10)
where α is a balancing coefficient and T is the
temperature.

5 Experiments

5.1 Experimental Setup
Backbones. We employ the Qwen3 series (Yang
et al., 2025a) (thinking mode, scaling from 8B to
32B) as our foundational backbones.

Seed Data Construction. We construct the ini-
tial pool using a pipeline adapted from APIGen-MT
(Prabhakar et al., 2025), tailored to Tau2 Environ-
ment. Tasks are stratified by Qwen3-32B’s pass
rate: fundamental tasks (high pass rate) are distilled
into expert trajectories via Claude-4.5-Sonnet (An-
thropic, 2024) to seed the SFT pool, while complex
tasks (moderate pass rate) are reserved for the RL
pool. Crucially, this generation establishes a raw
candidate set. TopoCurate is subsequently applied
to select SFT trajectory and RL tasks. The Details
are provided in Appendix B.1.

Baselines. We select baselines related to τ -bench
environment: (i) APIGEN-MT (Prabhakar et al.,
2025), which employs LLM committee validation
for successful trajectories; (ii) MUA (Zhao et al.,
2025), which selects trajectories via outcome filter-
ing; and (iii) Simia-Tau (Li et al., 2025b), which
applies rule-based post-validation for correctness.
While all methods perform outcome-based filter-
ing as the primary selection criterion, TopoCurate
adopt a two-stage refinement (Table 1). After the
initial outcome filter following previous works, we
construct a quotient topology from the candidate set
and apply process-aware metrics (Sref , Seff , Srare

for SFT; Vstruct, Vdiv for RL) to select data with
high structural quality. This design rigorously iso-
lates the contribution of topological curation and
verifies its flexibility.

Evaluation Benchmarks. We evaluate our ap-
proach on two challenging benchmarks: (i) Tau2
Bench (In-Domain). For each test, we conduct 8
repeated tests to achieve pass@1, pass@4, pass@8
for stable evaluation; and (ii) BFCL v3 Multi-
Turn (Out-of-Domain), the Berkeley Function Call-
ing Leaderboard, in order to keep the same set-
tings with baselines (Zhao et al., 2025) to assess
the model’s generalization across unseen APIs and
long interactions. Moreover, we report the results
on the advanced BFCL v4 in Appendix B.6 to fur-
ther verify the effectiveness of our method.

5.2 Main Results
TopoCurate can consistently achieve better
performance and generalization than previous
methods due to the topological refinement. As
shown in Table 2, our empirical evaluation con-
firms that TopoCurate consistently establishes new
state-of-the-art performance, outperforming lead-
ing baselines on both in-domain and OOD bench-
marks. Specifically, (i) Superiority over In-Domain
Baselines: Despite sharing the same τ -bench gener-
ation environment as APIGen-MT and Simia-Tau,
TopoCurate-SFT achieves higher Pass@1 scores
across all domains. This validates our core premise
that data quality, defined by topological richness,
outweighs mere generation quantity. By filtering
out redundant or spurious trajectories, TopoCurate
distills a denser training signal, enabling robust
learning from fewer examples; and (ii) Generaliza-
tion to OOD Tasks: On the BFCL v3 benchmark,
our method demonstrates superior generalization
(e.g., lower parameter miss rates), indicating that
the reasoning primitives learned from topologically
curated data are transferable to unseen APIs, rather
than being mere domain heuristics.

Pass@k Analysis and Scaling Behavior. We
evaluate Pass@k performance across sampling bud-
gets (Figure 2) to validate TopoCurate’s robustness.
Key findings include:(i) Superior Intrinsic Capabil-
ity. TopoCurate-SFT achieves substantially higher
Pass@1 baselines across all domains. For 32B
models, gains over the base model reach +23%
(Airline: 0.53 vs. 0.43), +17% (Retail: 0.62 vs.
0.53), and +116% (Telecom: 0.54 vs. 0.25). Simi-
lar improvements hold for 8B models (+43% Air-
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Table 2: Performance comparison on Tau2 Bench (IID) and BFCL v3 Multiturn (OOD). Models are trained on Tau2
environments. Gray rows denote TopoCurate variants. Bold indicates best results.

Model Tau2 Bench (IID) BFCL V3 Multiturn (OOD)

Airline Retail Telecom Base Long Context Miss Func Miss Param

32B Size Models

Qwen3-32B-Thinking 0.435 0.525 0.248 0.340 0.210 0.155 0.245

APIGen-MT-SFT 0.347 0.592 0.202 0.375 0.215 0.175 0.205
MUA-SFT 0.311 0.582 0.193 0.350 0.195 0.210 0.285
MUA-RL 0.454 0.673 0.283 0.420 0.215 0.200 0.300

TopoCurate-SFT (w/o Topology) 0.483 0.591 0.521 0.410 0.235 0.125 0.245
TopoCurate-SFT 0.526 0.623 0.539 0.430 0.265 0.135 0.295
TopoCurate-RL (w/o Topology) 0.531 0.643 0.721 0.450 0.245 0.165 0.260
TopoCurate-RL 0.558 0.687 0.784 0.480 0.295 0.225 0.325

8B Size Models

Qwen3-8B-Thinking 0.297 0.389 0.244 0.230 0.135 0.045 0.135

APIGen-MT-SFT 0.229 0.491 0.126 0.245 0.140 0.050 0.170
MUA-SFT 0.160 0.314 0.090 0.240 0.100 0.110 0.165
MUA-RL 0.190 0.498 0.218 0.210 0.110 0.115 0.150
Simia-Tau-SFT 0.395 0.522 0.145 0.045 0.020 0.005 0.080
Simia-Tau-RL 0.405 0.529 0.156 0.040 0.025 0.015 0.075

TopoCurate-SFT (w/o Topology) 0.436 0.500 0.418 0.265 0.135 0.075 0.150
TopoCurate-SFT 0.445 0.529 0.435 0.265 0.125 0.090 0.160
TopoCurate-RL (w/o Topology) 0.467 0.518 0.533 0.255 0.145 0.105 0.160
TopoCurate-RL 0.481 0.545 0.595 0.295 0.160 0.135 0.180

line, +33% Retail, +83% Telecom), demonstrating
that topological curation fundamentally enhances
model capability rather than merely improving sam-
pling efficiency.(ii) Consistent Gains at Higher Bud-
gets. As sampling increases (Pass@4, Pass@8),
TopoCurate maintains its advantage. In Telecom
(32B), TopoCurate’s Pass@8 (0.89) outperforms
w/o Topology (0.88) and substantially exceeds the
base model (0.51), indicating enhanced distribution
quality over viable solution paths. These results
validate that topological curation distills robust ex-
pert policies capable of adaptive navigation across
diverse solution trajectories. Further evidence from
Appendix 5 corroborates these findings.

5.3 Ablation Studies

Trajectory Selection for SFT: We dissect the
contribution of our three topological SFT metrics
(Table 3). Removing Reflective Recovery consis-
tently degrades performance, validating that “dip-
recovery" patterns are essential for resilience. Ef-
ficiency plays a critical role in Retail, where its
removal drops accuracy by 6.1% (0.529 → 0.468),
while Diversity is pivotal for Airline, with a 5.2%
drop (0.445 → 0.393). The full TopoCurate method
harmonizes these objectives, achieving the highest
average accuracy (0.470), confirming that an opti-
mal policy must balance resilience, diversity, and

economy; Task Selection for RL: As shown in
Table 4, we observe that filtering by Structural
Complexity (Vstruct) is the dominant factor. Tasks
with high error branch ratios provide the necessary
contrastive signals—distinguishing optimal actions
from critical failure modes—that are absent in triv-
ial tasks. Strategic Heterogeneity (Vdiv) acts as a
vital regularizer, preventing the policy from overfit-
ting to a narrow set of solution paths.

5.4 Model Behavior and Training Dynamics

Model Behavior Analysis. We analyze three
behavioral dimensions as Figure 3 in Appendix.
(i) Reflection: TopoCurate-SFT agents exhibit
markedly higher reflection scores, particularly in
Telecom where the reflection rate increases from
∼0.15 to ∼0.28, confirming the internalization of
self-correction mechanisms; (ii) Efficiency: We
observe a shift from fragile brevity to robust per-
sistence. Measured by turns per success (lower is
better), our method reduces interaction turns across
domains by roughly ∼0.5–2 turns per success, indi-
cating higher efficiency at a superior success rate;
(iii) Strategic Plasticity: The consistently higher
Unique Chain Ratio indicates that our topologi-
cal diversity metric effectively mitigates mode col-
lapse, fostering a policy capable of adaptively se-
lecting from a diverse repertoire of tool chains.
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Figure 2: Pass@k Comparison across three settings: the Qwen3-Instruct backbone (Thinking mode), a baseline
SFT model trained on standard outcome-filtered data (w/o Topology), and our TopoCurate-SFT. The results
demonstrate that TopoCurate consistently achieve higher pass@k across all domains and model scales.

RL Training Dynamics Analysis. We conduct
two controlled experiments to validate topological
curation’s impact on SFT initialization and RL task
selection from the training dynamic perspective.
(i) SFT Initialization. We compare RL runs from
different SFT checkpoints (TopoCurate-selected
vs. outcome-filtered) using the same RL task pool.
Figure 5 (left) shows the topologically-initialized
model achieves a higher starting reward (0.29 vs.
0.22) and superior results (0.63 vs. 0.61 at step 60).
Evaluation accuracy (Figure 4, left) confirms con-
sistent gains across domains; (ii) RL Task Selection.
Starting from the same SFT checkpoint, we com-
pare topologically-selected tasks versus uniform
sampling. Figure 5 (right) reveals identical start-
ing points (∼0.25) but divergent outcomes (0.65
vs. 0.61 at step 60). Evaluation accuracy (Figure
4, right) shows w/ Topology consistently outper-
forms across domains (Airline: 0.545 vs. 0.535;
Retail: 0.642 vs. 0.632; Telecom: 0.565 vs. 0.551
at step 60). These experiments across two stages
consistently verify the effectiveness of TopoCurate.

5.5 Complexity and Robustness Analysis.
We provide complexity analysis for introduced
topology modeling in Appendix C.1. We can ob-
serve that the extra 10%-30% data selection time
is clearly less than the basic outcome filtering time.

Table 3: Ablation Study (SFT). Impact of topological
metrics on Pass@1 accuracy (Qwen3-8B-Thinking as
backbone). “Ref", “Div", and “Eff" denote Reflection,
Diversity, and Efficiency.

Method Components Tau2 Pass@1
Ref Div Eff Airline Retail Telecom Avg

TopoCurate-SFT (w/o Topology) × × × 0.436 0.500 0.418 0.451

w/o Reflection × ✓ ✓ 0.436 0.510 0.422 0.456
w/o Diversity ✓ × ✓ 0.393 0.472 0.428 0.431
w/o Efficiency ✓ ✓ × 0.401 0.468 0.435 0.435

TopoCurate-SFT (Ours) ✓ ✓ ✓ 0.445 0.529 0.435 0.470

Table 4: Ablation Study (RL). Impact of topological
metrics on Pass@1 accuracy (Qwen3-32B-Thinking as
backbone). “Struct" and “Div" denote Error Branch
Ratio and Strategic Heterogeneity.

Method Components Tau2 Pass@1
Struct Div Airline Retail Telecom Avg

TopoCurate-RL (w/o Topology) × × 0.531 0.643 0.721 0.632

w/o Structure × ✓ 0.542 0.661 0.748 0.650
w/o Diversity ✓ × 0.547 0.668 0.756 0.657

TopoCurate-RL (Ours) ✓ ✓ 0.558 0.687 0.784 0.676

More importantly, the rl task set could also be re-
duced to 75% compared with outcome filtering,
which will reduce RL training time by 30% while
achieving superior training performance. More-
over, the selection of embedding models and metric
weights for data curation are also discussed in Ap-
pendix to strengthen the robustness of our method.
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6 Conclusion

In this work, we introduce TopoCurate, a data cu-
ration framework shifting the paradigm from out-
come filtering to topological interaction modeling.
By projecting linear rollouts into a quotient topol-
ogy, TopoCurate breaks the outcome equivalence
illusion to distill robust behaviors—such as reflec-
tive recovery—ignored by standard metrics. Our
dual-stage curation mitigates covariate shift in SFT
training and maximizes gradient SNR in RL train-
ing, establishing new state-of-the-art performance
on Tau2 and BFCLv3 benchmarks. This work es-
tablishes structure-aware curation as a key driver
in building more resilient and adaptable agents.

Limitations

We conduct experiments in tool-use settings, in-
cluding multi-turn function calling and API in-
teraction, which demonstrate the effectiveness of
TopoCurate in structured agent-environment sce-
narios. Nevertheless, its applicability to other
agentic settings, such as search, remains to be fur-
ther explored. Since these scenarios often involve
longer contexts, extending embedding-based topol-
ogy modeling to them may require more careful in-
vestigation. We leave this direction to future work.
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A More Details about Related Work

A.1 Discussion with Structured Rollout
Strategy

Regarding Structured Rollout Strategies, current
approaches have developed a highly efficient “On-
line Exploration Engine." Techniques such as tree-
based sampling and prefix sharing ((Ji et al., 2025;
Li et al., 2025a; Tran et al., 2025; Wu et al., 2025)),
along with lookahead branching and critical node
search ((Xing et al., 2025; Dihan et al., 2025; Shen
et al., 2025; Zhong et al., 2026)), have significantly
broadened the scope of exploration and made pre-
liminary strides in addressing the challenge of gran-
ular credit assignment in sparse reward settings.
However, these methods are fundamentally cen-
tered on Online Local Optimization, typically treat-
ing tree structures as transient vehicles for imme-
diate gradient estimation or trajectory generation.
This focus leaves a critical gap in the Offline Global
Valuation of interaction data. As a result, valuable
computational resources are often wasted on se-
mantically redundant branches or samples with low
signal-to-noise ratios.

In contrast, our TopoCurate framework intro-
duces a novel approach with Offline Topological
Analysis. By aggregating and projecting histori-
cal interaction trajectories into a unified Seman-
tic Quotient Topology, we can precisely pinpoint
high-value structures characterized by reflective
recovery from a global perspective in an offline set-
ting, thereby drastically improving data utilization
efficiency. Consequently, our method enables a pro-
found synergy with existing online strategies. The
frontend leverages Structured Rollout techniques
to efficiently generate rich, tree-based candidate
trajectories, while the backend employs TopoCu-
rate for offline structural distillation. This “Online
Generation + Offline Selection" paradigm ensures
that the model updates its parameters solely based
on the most topologically instructive paths, thereby
maximizing the marginal benefit of training.

A.2 Discussion with Environment Scaling

Current approaches to environment scaling, such as
AutoForge (Cai et al., 2025), RandomWorld (Sul-
livan et al., 2025), and AgentScaler (Fang et al.,
2025), have successfully established a powerful
expansion engine. By leveraging automated envi-
ronment synthesis, procedural task generation, and
API community detection techniques, these meth-
ods have tackled the challenges of limited inter-
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action scenarios and insufficient domain coverage
in agent training. However, they are still confined
by an outcome-centric filtering paradigm, where
SFT trajectories are selected based solely on binary
success signals, and RL tasks are chosen based on
pass-rate thresholds.

In contrast, our TopoCurate framework funda-
mentally disrupts this outcome equivalence illu-
sion by introducing topological interaction model-
ing. This innovation shifts the focus of selection
from “whether it succeeds" to “how it succeeds."
Specifically, TopoCurate projects multi-trial tra-
jectories into a unified Semantic Quotient Topol-
ogy, constructing Directed Acyclic Graphs (DAGs)
to rigorously capture decision bifurcations, error
recovery paths, and the causal structure of state
transitions—dynamics that existing outcome-based
metrics often overlook.

As a result, our method perfectly complements
environment scaling pipelines. While expansion
techniques provide a vast and varied pool of tasks,
TopoCurate performs a structural distillation, en-
suring that synthetic data is not ingested blindly.
Instead, it is carefully filtered through behavioral
dynamics, effectively transforming the benefits of
environment scaling into robust decision-making
capabilities for agents.

B More Details about Experiments

B.1 Seed Data Construction and Topological
Filtering

This appendix provides implementation details for
the seed data construction pipeline.

Multi-Agent Synthesis Framework :We adapt
a multi-agent collaborative framework inspired by
APIGen-MT (Prabhakar et al., 2025) to generate
task blueprints and trajectories. The system em-
ploys seven specialized agents coordinated by a
MasterAgent as follows:

• UserProfileAgent: Generates diverse user per-
sonas with domain-specific consumption histo-
ries.

• InstructionAgent: Creates user instructions via
two complementary paths:

– Requirement-First: Directly generates com-
plex user intents based on target difficulty.

– Tool-Chain-First: Constructs tool sequences
via random walks over API dependency

graphs, then converts them to natural lan-
guage.

• EnvironmentAgent: Synthesizes environment
states aligned with instruction complexity.

• RubricAgent: Defines task success criteria and
constraint verification rules.

• ValidatorAgent: Performs format, logic, and
quality validation.

• DeduplicatorAgent: Removes redundancy via
semantic embeddings.

Data Volume and Domain Distribution : (i)
Airline & Retail Domains.For Airline and Retail
domains, we synthesize 1,000 expert trajectories
each for SFT training and 250 tasks for RL training
respectively. Tasks are generated using the multi-
agent framework and stratified by difficulty levels
(simple, moderate, complex);(ii)Telecom Domain.
Due to the dual-control nature of Telecom tasks
(requiring agent-user coordination for device op-
erations), we do not synthesize tasks from scratch.
Instead, we select high-quality Telecom train tasks
from the open-source Tau2 official source (differ-
ent from test task set) and distill expert trajecto-
ries using Claude-4.5-Sonnet for both SFT and RL
training.

Pass-Rate-Based Stratification and Our Topo-
logical Filtering : After synthesizing the raw
corpus, we stratify tasks based on their empirical
pass rates using Qwen3-32B-Instruct (without fine-
tuning):(i) SFT Pool (High Pass Rate): Tasks with
pass rate ≥ 0.7 are classified as fundamental and
allocated to the SFT pool. For these tasks, we
distill expert trajectories using Claude-4.5-Sonnet
with few-shot prompting and policy constraints.
This yields approximately 3000 candidate trajecto-
ries (Airline: 1000, Retail: 1000, Telecom: 1000).
TopoCurate then applies topological filtering (Sec.
4.3) to select ∼2400 high-quality trajectories based
on Sref, Seff, and Srare metrics; (ii) RL Pool (Mod-
erate Pass Rate).Tasks with pass rate ∈ [0.1, 0.7]
exhibit sufficient difficulty and are allocated to the
RL pool, yielding approximately 600 candidate
tasks. Crucially, the final RL task selection de-
pends on the SFT-trained model’s pass rate:We
first train an SFT model using the curated SFT
data.Then, We re-evaluate the RL task pool using
the SFT-trained model to compute updated pass
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rates pSFT(T ); TopoCurate then applies topolog-
ical task selection (Sec. 4.4) within the subset
{T : pSFT(T ) ∈ [0.1, 0.7]} to select ∼480 tasks
with high structural complexity (Vstruct, Vdiv).

Quality Assurance : Each generated sample un-
dergoes three-stage validation:(i) Format Valida-
tion: Schema compliance checks;(ii)Logic Vali-
dation: Constraint consistency verification; (iii)
Quality Validation: Semantic coherence assess-
ment;(iv) Semantic deduplication is performed us-
ing embedding-based similarity matching (thresh-
old: cosine similarity > 0.92), reducing redun-
dancy by approximately 12%.

B.2 Training Configurations
Supervised Fine-Tuning Configuration. All ex-
periments are conducted on the Tau2 benchmark en-
vironment with mixed-domain training across Air-
line, Retail, and Telecom tasks. For SFT, we fine-
tune the Qwen3-Thinking models using a global
batch size of 256. The learning rate is selected from
the range 5e-6, 7e-6 via grid search on the valida-
tion set. We train for 3 epochs using the AdamW
optimizer with weight decay 0.01. The learning
rate schedule employs linear warmup for 10% of
total steps followed by cosine decay (Wang et al.,
2025; Chen et al., 2025b). The mixed-domain train-
ing strategy ensures the model learns generalizable
tool-use patterns across diverse task distributions.

Reinforcement Learning Configuration. For
RL training, we apply Group Relative Policy Opti-
mization (GRPO) on the SFT-trained model using
a rollout batch size of 1,024. Each rollout iteration
samples 60 tasks in total, with 20 tasks from each
domain (Airline, Retail, and Telecom) to maintain
balanced exploration. For each sampled task, we
generate 16 trajectories to compute group-relative
advantages. The reward function is binary sparse:
r = 1 for task success and r = 0 otherwise. We
use the AdamW optimizer with a learning rate of
1e-6 and train for 80 steps(8 epoch), at which point
convergence is observed based on training reward
curves.

B.3 Embedding Model Selection for Topology
Modeling

We conducted ablation experiments with two open-
source embedding models of varying scales across
99 tasks equally sampled from Tau2 domains.
Through detailed embedding and statistical analy-
sis of the merging results. Take Jina as the base-

line, we can observe that all three models show
high agreement on the Tier construction (merging
feature) and the final decision of "which trajecto-
ries should be selected as training data". These
results can consistently verify the robustness of our
method.

Table 5: Embedding Model Selection. Comparison
of different embedding models used in the Tier con-
struction phase.† represents the correlation coefficient
between the selected trajectories and the ground truth
ranking.

Model Params Dim Context Tier Agreement Spearman ρ†

Jina-v2-base-en 137M 768 8,192 — —

Owen3-Embedding-0.6B 600M 1,024 32,768 87.8% 0.945

B.4 Sensitivity Analysis of Metric Weights

During the trajectory selection phase, we con-
ducted a systematic sensitivity analysis on the
weights of the selection metrics. As presented in
Table 6, where our default weight configuration is
α = 0.4, β = 0.3, γ = 0.3, we introduced per-
turbations to the weights to evaluate performance
stability. The comparison reveals that the set of
selected trajectories and key statistical metrics re-
mained largely stable across different settings. The
patterns of trajectory retention/exclusion and the
overall selection outcomes exhibited only minor
fluctuations without affecting the primary findings.
These results demonstrate that the proposed trajec-
tory selection method exhibits strong robustness to
weight settings and does not depend on fine-grained
weight tuning to achieve stable performance.

Table 6: Sensitivity Analysis of Trajectory Selection
Metric Weights. The weight settings are denoted as
(α, β, γ), corresponding to the weights for Efficiency,
Diversity, and Reflection metrics, respectively.

Weight Settings (α, β, γ) Airline Retail Telecom Avg

(0.4, 0.3, 0.3) 0.445 0.529 0.435 0.470
(0.4, 0.2, 0.4) 0.413 0.549 0.420 0.461
(0.3, 0.4, 0.4) 0.415 0.517 0.424 0.452

B.5 RL Training Dynamics.

To validate topological curation’s effectiveness
across the training pipeline, we conduct two con-
trolled experiments on Qwen3-32B-Thinking, iso-
lating the impact of (i) SFT initialization and (ii)
RL task selection. Impact of SFT Initializa-
tion Quality. We compare two RL runs starting
from different SFT checkpoints: one trained on
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Figure 3: Model Behavior Analysis. We compare the behavioral patterns of TopoCurate-SFT (Ours) vs. the
baseline SFT (w/o Topology). (a) Ours demonstrates significantly higher reflective recovery rates, particularly in
the complex Telecom domain. (b) In terms of the number of interaction turns (lower is better), Ours achieves higher
efficiency overall, while maintaining success rate across all domains. (c) Ours consistently generates more diverse
tool chains (Unique Chain Ratio), mitigating mode collapse.

TopoCurate-selected trajectories (w/ Topology) and
another on outcome-filtered data (w/o Topology),
using the same RL task pool. As shown in Figure 5
(left), the topologically-initialized model exhibits
significantly higher starting training reward (0.29
vs. 0.22 at step 0) and converges to a superior
plateau (0.64 vs. 0.61 at step 60), demonstrating
that high-quality SFT provides a stronger founda-
tion for policy optimization. Evaluation accuracy
on Tau2 (Figure 4, left) corroborates this: the w/
Topology model consistently outperforms the base-
line across all domain;Impact of RL Task Selec-
tion. To isolate the effect of task selection, we train
two models from the same SFT checkpoint (ensur-
ing identical initial training rewards of ∼0.25) but
vary the RL task pool: one selected via topologi-
cal metrics (Vstruct, Vdiv) and another via uniform
sampling. Figure 5 (right) reveals that while both
start identically, topologically-selected tasks yield
steeper learning curves and higher final rewards .
Evaluation accuracy (Figure 4, right) confirms this:
the w/ Topology model achieves consistent gains
across all domains, with Telecom showing substan-
tial improvement , validating that topological task
selection maximizes gradient SNR.

These experiments establish a causal chain: topo-
logical SFT curation → robust initialization → im-
proved RL starting point; topological task selection
→ high-SNR gradients → accelerated convergence.
Together, they demonstrate TopoCurate’s compo-
sitional impact—both stages contribute indepen-
dently and synergistically to final performance.

B.6 More Evaluation on BFCLv4

We further evaluated on BFCL v4 as shown in
Table 7, a comprehensive benchmark covering

single/multi-turn function calling, live API invo-
cation, agentic memory tasks, and hallucination
detection. Results on Qwen3-32B can further ver-
ify the effectiveness of our method.

Table 7: BFCL v4 Results on Qwen3-32B. Evaluation
across multiple sub-tasks. The best result in each col-
umn is highlighted in bold.

Method NON_LIVE LIVE MULTI_TURN AGENTIC HALLUCINATION

Qwen3-32B-Thinking (Base) 0.475 0.700 0.215 0.197 0.724
TopoCurate-SFT (w/o Topology) 0.531 0.799 0.253 0.201 0.703
TopoCurate-SFT 0.550 0.790 0.261 0.227 0.713
TopoCurate-RL (w/o Topology) 0.539 0.798 0.301 0.255 0.783
TopoCurate-RL 0.562 0.805 0.325 0.261 0.803

B.7 Topology Construction Statistics.
We agree that detailed topology statistics are es-
sential for assessing whether the quotient topology
is dense enough to support reliable Success Poten-
tial estimation. Table 8 reports the construction
statistics across all three Tau2 domains, computed
over the full RL candidate pool with 16 rollouts
per task and default thresholds δtool = 0.92 and
δresult = 0.88.

Table 8: Topology construction statistics across Tau2
domains. We report the average number of rollouts
per task, raw turns before merging, merged nodes after
quotient construction, and the resulting compression
ratio.

Domain Avg Rollouts/Task Raw Turns (Mean) Merged Nodes (Mean) Compression Ratio

Airline 16 392 87 4.5×
Retail 16 428 102 4.2×
Telecom 16 526 138 3.8×

The average number of rollouts per task is set
to K = 16, establishing the baseline sample vol-
ume to ensure sufficient coverage of diverse deci-
sion pathways, including both success and failure
branches. The raw turns reflect the cumulative num-
ber of interaction steps across all rollouts before
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Figure 4: Evaluation Accuracy on Tau2 for RL. (Left) Impact of SFT initialization quality on downstream
RL performance across Airline, Retail, and Telecom domains. Models initialized with topological SFT exhibit
consistently higher accuracy. (Right) Impact of RL task selection on final performance. Topologically-selected tasks
lead to superior convergence across all domains, with the most pronounced gains in Telecom.
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Figure 5: Training Reward Curves for RL. (Left)
Comparison of models initialized with topologically-
curated SFT (w/ Topology) vs. outcome-filtered SFT
(w/o Topology), using the same RL task pool. (Right)
Comparison of models trained on topologically-selected
RL tasks (w/ Topology) vs. uniformly-sampled tasks
(w/o Topology) from the same SFT checkpoint. Topo-
logical curation improves both initialization quality and
task selection efficiency.

merging, and the relatively high counts (392–526)
highlight the long-horizon complexity of the multi-
turn environments. The merged nodes denote the
cardinality of the unique state space after applying
the semantic equivalence relation in Eq. (3), where
each node represents a semantically distinct logical
state, such as a specific API milestone or environ-
mental response. The compression ratio, computed
as raw turns divided by merged nodes, ranges from
3.8× to 4.5×, indicating that the quotient topol-
ogy removes redundant behaviors while preserving
critical, parameter-sensitive decision states. This
balance supports reliable estimation of the Success
Potential Field Φ(v).

These statistics confirm that the topology
achieves sufficient densification for Φ(v) estima-
tion without over-merging semantically distinct
states. The conservative compression ratios re-
flect the dual-constraint design in Eq. (3), which
preserves important distinctions such as different
API parameters. More importantly, the visitation
statistics show a clear practical pattern: a subset of
semantically central nodes, such as user verifica-
tion, product search, or order checkout, is revisited
multiple times across different rollouts and thus

accumulates sufficient empirical evidence. Mean-
while, sparse leaf nodes remain low-count and are
handled conservatively in downstream scoring, pri-
marily contributing to the diversity-oriented term
Srare. This is the regime in which empirical Suc-
cess Potential estimation becomes meaningful. We
will add this table and the accompanying visitation
analysis to Section 5.5 in the revision.

B.8 Comparison with Curriculum RL /
DUMP.

TopoCurate is a structural refinement on top of pass-
rate selection and is complementary to curricula
such as DUMP. Our RL pool is already restricted to
the medium-difficulty band pSFT ∈ [0.1, 0.7] (Ap-
pendix B.1), which is the regime curriculum meth-
ods typically target, and TopoCurate adds structural
filtering within this band.

The key motivation is the Outcome Equivalence
Illusion: tasks with the same pass rate or advan-
tage magnitude can still have very different train-
ing value, since advantage is only a scalar variance
signal and cannot capture genuine bifurcation or
solution-path diversity. To validate this, we added
a DUMP-style advantage-UCB baseline. Table 9
reports the Tau2 Pass@1 results on Qwen3-32B.

Table 9: Comparison with curriculum RL / DUMP
on Qwen3-32B (Tau2 Pass@1). The best result in each
column is highlighted in bold.

Method (RL task selection) Airline Retail Telecom Avg

w/o Topology (uniform / pass-rate) 0.531 0.643 0.721 0.632
DUMP (advantage-UCB curriculum) 0.540 0.656 0.744 0.647
TopoCurate-RL (Ours) 0.558 0.687 0.784 0.676

TopoCurate-RL achieves 0.676 versus 0.647 for
DUMP, showing that structural selection adds gains
beyond difficulty-based curriculum alone. This re-
sult supports the claim that topology-aware filter-
ing provides additional benefits beyond curriculum
learning based only on task difficulty.
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B.9 Robustness to Extremely Low Selection
Ratios.

We further evaluated TopoCurate under extremely
low selection ratios of 5%, 10%, and 20% for SFT
on Qwen3-8B. For a fair comparison, we keep
the amount of training data the same between the
Outcome-based method and TopoCurate on the
Tau2 benchmark. Table 10 summarizes the results.

Table 10: Robustness of TopoCurate under low selec-
tion ratios on Qwen3-8B. The best result in each row
is highlighted in bold.

Selection Ratio Outcome-based TopoCurate-SFT Relative Gain

5% 0.312 0.389 +24.7%
10% 0.368 0.421 +14.4%
20% 0.405 0.448 +10.6%

The reported results verify that TopoCurate con-
sistently outperforms the Outcome-based method
across all tested selection ratios. This demonstrates
that TopoCurate remains robust even when only a
small fraction of the data is retained. We will add
this analysis to Section 5.3 in the revision.

C More Details about Method

This appendix provides formal theoretical justifi-
cations for TopoCurate’s trajectory and task selec-
tion mechanisms, grounding our empirical design
choices in learning-theoretic principles.

C.1 Computational Complexity of Topology
Construction.

Constructing the quotient topology involves pair-
wise comparisons of interaction turns. A naive
implementation scales quadratically O(N2

turn). To
ensure scalability, we employ Locality-Sensitive
Hashing (LSH) on the multi-view embeddings to re-
trieve candidate equivalent turns, reducing the com-
plexity to O(Nturn logNturn). Furthermore, since
topological curation is an offline pre-processing
step, it incurs zero computational overhead during
the actual training loop.

Time Cost Analysis. We acknowledge that con-
structing a semantic quotient topology will intro-
duce an additional processing stage compared with
standard outcome-based filtering. But the extra
time cost during data selection could be accept-
able or meaningful in some way as the following
table shows.

Take the task selection for rl training for exam-
ple, previous pass-rate-selected (outcome-based fil-
tering) strategy also needs the process of generating

Table 11: Time consumption comparison for topology
construction and filtering on three domains.

Telecom Retail Airline

Construction_Topology 38.3 min 33.3 min 40.1 min
Outcome_Reward_Filtering 300.5 min 233.6 min 227.2 min

multi-trial rollouts, while we just further provide
a simple but effective topology analysis to evalu-
ate the training potential of training tasks. We just
introduce extra 10%-30% data selection time, the
rl task set could also be reduced to 75% compared
with outcome filtering, which means will reduces
RL training time by 30% while achieving superior
training performance (6.9% performance gain).

C.2 Mitigate the Covariate Shift and Mode
Collaps through Trajectory Selection

Our mechanism can be viewed as a generalized
Rejection Sampling scheme. While standard Out-
come Filtering assumes a uniform prior (p(τ) ∝
I[R = 1]), TopoCurate modulates this prior using
the topological potential:

p(τ) ∝ I[R = 1] · exp(w(τ)) (11)

This effectively shifts the sampling distribution
towards the process quality, suppressing sub-
optimal lucky guesses. Formally, SFT min-
imizes the negative log-likelihood LSFT =
−Eτ∼p(τ)[log πθ(τ)]. By reweighting the data dis-
tribution, our method explicitly minimizes the KL
divergence DKL(πθ∥πexpert) between the learned
policy and an ideal robust expert that balances
recovery, efficiency, and diversity. This realign-
ment mitigates Covariate Shift (by including error-
recovery patterns) and Mode Collapse (by enforc-
ing diversity), addressing the dual deficits of out-
come filtering.

Problem Formulation: SFT as Distribution
Matching. Supervised Fine-Tuning minimizes
the forward KL divergence between the policy πθ
and the empirical data distribution p̂data:

LSFT(θ) = Eτ∼p̂data

[
− log πθ(τ)

]

= DKL(p̂data∥πθ) + const.
(12)

Standard outcome filtering defines p̂data(τ) ∝
I[R(τ) = 1], implicitly assuming all successful tra-
jectories are equally valuable. This uniform weight-
ing ignores critical distinctions in process quality,
leading to three pathologies:
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Pathology 1: Covariate Shift from Fragile Tra-
jectories. Consider a task with two solution
paths: τfragile succeeds via a lucky sequence that
avoids constraint checking, while τrobust explic-
itly validates constraints before proceeding. Stan-
dard filtering assigns equal weight: p̂(τfragile) =
p̂(τrobust). However, at test time, environment
perturbations (e.g., stricter error handling) render
τfragile invalid, causing distribution shift. Formally,
let ptest denote the test distribution. The expected
test loss suffers from:

Eτ∼ptest [ℓ(πθ, τ)] ≥ Eτ∼p̂data [ℓ(πθ, τ)]

+DTV(ptest, p̂data)
(13)

where DTV is the total variation distance. By
prioritizing τrobust via Reflective Recovery (Sref),
TopoCurate explicitly reduces DTV(ptest, p̂data) by
aligning the training distribution with robust behav-
iors that generalize under perturbations.

Pathology 2: Token Inefficiency from Redun-
dant Loops. Let τverbose contain redundant API
calls (e.g., querying the same flight ID thrice) while
τconcise achieves the same outcome efficiently. Stan-
dard filtering weighs them equally, but inference
cost scales linearly with trajectory length. The ex-
pected inference cost is:

Cinfer = Eτ∼p̂data [|τ |] · ctoken (14)

where ctoken is the per-token cost. By penalizing
τverbose via Semantic Efficiency (Seff), TopoCurate
minimizes E[|τ |], directly optimizing for token
economy. Empirically, this reduces inference la-
tency by up to 20% (see Sec. 5.3).

Pathology 3: Mode Collapse from Solution Ho-
mogeneity. Suppose 80% of successful trajecto-
ries follow a dominant path τcommon, while 20%
explore alternative strategies {τrare,i}. Uniform
weighting biases the policy toward τcommon, sup-
pressing exploration. This manifests as mode col-
lapse: the policy fails on tasks requiring τrare. For-
mally, the entropy of the learned policy is bounded
by:

H(πθ) ≤ H(p̂data) + logNsupport (15)

where Nsupport is the effective support size of p̂data.
By upweighting τrare via Distributional Diversity
(Srare), TopoCurate increases Nsupport, maximizing
H(πθ) and mitigating mode collapse.

Optimality of Weighted Sampling. TopoCurate
reweights the data distribution as:

p̂TopoCurate(τ) ∝ I[R(τ) = 1] · exp(w(τ)) (16)

where w(τ) = λrefSref(τ) + λeffSeff(τ) +
λrareSrare(τ). This can be viewed as tilted impor-
tance sampling with target distribution p∗(τ) ∝
pexpert(τ), where pexpert is a hypothetical robust ex-
pert policy. The KL divergence between the learned
policy and the expert is:

DKL(πθ∥pexpert) = Eτ∼pexpert

[
log pexpert(τ)

]

− Eτ∼pexpert

[
log πθ(τ)

]

(17)
By aligning p̂TopoCurate with pexpert, TopoCurate di-
rectly minimizes this divergence, ensuring the pol-
icy internalizes robust, efficient, and diverse strate-
gies.

C.3 Maximizing Signal-to-Noise Ratio
through Task Selection

In GRPO, the policy gradient’s informativeness is
determined by the variance of advantages Var[Â].
Tasks yielding homogeneous rollouts (all succeed
or all fail) produce Var[Â] ≈ 0, resulting in van-
ishing gradient updates. Our structural metrics
Vstruct and Vdiv serve as tractable proxies for the
Signal-to-Noise Ratio (SNR) of the gradient: tasks
with high Vstruct exhibit sharp decision boundaries,
leading to large advantage gaps and high-variance
gradients. Formally, the Fisher information matrix
I(θ) = E[∇ log π∇ log π⊤] quantifies the sensi-
tivity of the policy to parameter changes. Tasks
with high structural variance E[Var(Φ)] maximize
I(θ), ensuring each gradient update carries max-
imal information about the optimal policy. Thus,
our task selection directly maximizes gradient SNR
by prioritizing tasks where outcomes significantly
diverge based on critical actions, effectively ad-
dressing the fundamental vanishing signal problem
in sparse-reward settings.

Problem Formulation: RL Gradient Informa-
tiveness. In sparse-reward RL with Group Rela-
tive Policy Optimization (GRPO), the policy gradi-
ent is:

∇θJ(θ) = ET ∼Ptask
E{τk}Kk=1∼πθ(·|T )

[

K∑

k=1

∇θ log πθ(τk) · Â(τk)
] (18)
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where Â(τk) = r(τk) − r̄ is the group-relative
advantage. The gradient’s Signal-to-Noise Ratio
(SNR) is:

SNR =
∥E[∇θJ ]∥2
Var[∇θJ ]

(19)

Standard task selection (e.g., uniform sampling or
pass-rate thresholds) fails to account for the struc-
tural properties of tasks that determine SNR, lead-
ing to two failure modes:

Failure Mode 1: Vanishing Gradients from
Homogeneous Rollouts. Consider a task Ttrivial
where all K rollouts yield identical outcomes (ei-
ther all succeed or all fail). The advantage variance
is:

Var[Â] =
1

K

K∑

k=1

(Â(τk)− 0)2 = 0 (20)

since Â(τk) = r − r̄ = 0 for all k. Consequently,
∇θJ ≈ 0, providing no learning signal. The ex-
pected gradient magnitude is bounded by:

∥E[∇θJ ]∥ ≤ ∥∇θ log π∥ · Var[Â]1/2 (21)

For tasks with Var[Â] ≈ 0, the gradient vanishes
regardless of the policy’s capacity. TopoCurate
avoids such tasks by prioritizing high Error Branch
Ratio (Vstruct), ensuring Var[Â] ≫ 0.

Failure Mode 2: Low Gradient Variance from
Mode Collapse. Consider a task Tsingle-path solv-
able via only one tool sequence. All successful
rollouts follow the same path, leading to low policy
entropy:

H(πθ|T ) = −
∑

τ

πθ(τ |T ) log πθ(τ |T ) → 0

(22)
Low entropy implies the policy has converged pre-
maturely to a single mode, suppressing exploration.
The Fisher information matrix I(θ) quantifies the
sensitivity of the policy:

I(θ) = Eτ∼πθ
[∇θ log πθ(τ)∇θ log πθ(τ)

⊤] (23)

For single-mode distributions, I(θ) has low rank,
limiting gradient diversity. TopoCurate selects
tasks with high Strategic Heterogeneity (Vdiv), en-
suring I(θ) remains full-rank and gradient updates
explore diverse directions.

Optimality of Structural Metrics. TopoCurate
defines the task sampling distribution as:

Pselect(T ) ∝ exp

(
Vstruct(T ) + αVdiv(T )

T

)

(24)
This prioritizes tasks where:

• High Vstruct ensures sharp decision boundaries,
maximizing Var[Â] and gradient magnitude.

• High Vdiv ensures multiple valid solution
paths, maximizing rank(I(θ)) and preventing
premature convergence.

The expected SNR under TopoCurate’s distribution
is:

ET ∼Pselect [SNR] ∝ E[Vstruct] · E[Vdiv] (25)

Maximizing this expectation directly optimizes for
gradient informativeness.

Connection to Fisher Information and Natural
Gradients. The Fisher information matrix I(θ)
defines the natural gradient:

∇̃θJ = I(θ)−1∇θJ (26)

Natural gradients converge faster than standard gra-
dients by accounting for the curvature of the policy
manifold. Tasks with high Vstruct and Vdiv increase
the smallest eigenvalue λmin(I(θ)), reducing the
condition number κ = λmax/λmin and accelerat-
ing convergence. Formally:

∥θ(t+1) − θ∗∥ ≤
(
1− η

κ

)
∥θ(t) − θ∗∥ (27)

where θ∗ is the optimal policy. By improving κ,
TopoCurate accelerates RL training.

Sample Efficiency Bounds. For standard task
selection with uniform sampling, the sample com-
plexity to achieve ϵ-optimal policy is:

Ntasks = O

( |A|2|S|2
ϵ2(1− γ)4

)
(28)

where |A|, |S| are the action and state space sizes,
and γ is the discount factor. TopoCurate reduces
this by a factor proportional to the average SNR:

N
TopoCurate
tasks = O

( |A|2|S|2
ϵ2(1− γ)4 · E[SNR]

)
(29)
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Robustness to Task Distribution Shift. In de-
ployment, the test task distribution ptest(T ) may
differ from training. Tasks with high structural
diversity (high Vdiv) provide better generalization.
Formally, the generalization gap is bounded by:

ET ∼ptest [J(θ)]− ET ∼ptrain [J(θ)]

≤ C ·DKL(ptest ∥ ptrain)
(30)

TopoCurate minimizes this gap by training on struc-
turally diverse tasks, reducing the effective DKL
through improved coverage of the task manifold.

Robustness in Low Data Regimes: In scenar-
ios where trajectory data is sparse, the topological
structure may be underdeveloped. In such cases,
TopoCurate naturally degrades to a uniform sam-
pling strategy (as Φ(v) becomes uniform), provid-
ing a safe fallback mechanism.

D Case Studies

D.1 Trajectory Comparison for Agent
Behaviours

At the trajectory level, we compare multiple suc-
cessful trajectories within the same task. Regard-
ing diversity, different correct trajectories for the
same task exhibit distinct step-by-step procedures
and reasoning paths, such as what information is
checked first, how the problem is decomposed, and
how the agent transitions between subtasks. Re-
garding efficiency, we contrast pairs of trajectories
that share the same starting conditions and reach
the same successful outcome. Despite achieving
identical results, they differ in their intermediate
steps and overall length, reflecting distinct ways of
organizing the process like using a single consoli-
dated processing loop versus a phased multi-turn
progression.

D.2 Task Comparison for Training Potential
Evaluation

At the task level, we observe that even when two
tasks have a similar number of correct trajectories
or comparable success rates, they may still show
significant differences in the number of valid Solu-
tion Families they contain. This reveals the varying
degrees of convergence or diversity manifested in
the overall structure of the tasks.

E E Ethics and Resource Statement

Dataset. Our experiments use public bench-
marks including Tau2Bench, BFCLv3 and BF-
CLv4. Synthetic task trajectories are adapted from
the APIGen-MT pipeline on the Tau2 environment.
No human annotations are collected.

Models. We use Qwen3-8B /
Qwen3-32B-Thinking as our backbone
model. Claude-4.5-Sonnet is used for dis-
tilling seed expert trajectories. Embedding
models include Jina-embeddings-v2-base-en and
Qwen3-0.6B-Embedding.

LLM Usage. Large-language models are used
for paper writing polishing only and not for gener-
ating core experimental results.

Computation. Experiments are conducted
on GPU clusters for SFT and GRPO
reinforcement-learning training.
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Trajectory Comparison | Diversity

Task: Change the existing flight/reservation from JFK to LAX to a flight to the Bay Area
(SFO or OAK), and strongly prefers not to cancel and rebook.

Trajectory 1: Treat the issue as a "rules/system boundaries" problem. First, clearly explain
whether the destination can be changed, and then move on to the next steps.

Typical steps: Collect identity and order information → Confirm facts/background → Clarify
hard constraints → Provide actionable solutions within the constraints

Trajectory 2: Quickly reject infeasible requests, then immediately provide the information
needed for the user’s decision (flights/prices).

Typical steps: Collect identity and order information → Provide a quick conclusion → Immedi-
ately present alternative solutions → Give guidance for the next step

Comparison: Trajectory 1: First, explain the rules thoroughly, then proceed.
Trajectory 2: Directly give the conclusion, then provide the alternative flight prices.

Trajectory Comparison | Efficiency

Task: The user needs to modify the pending order, changing the T-shirt size from M to L
and the shoe color from black to blue. Confirm the price difference and use the
$75 gift card balance to cover any extra cost.

Current
State:

The user wants to modify the pending order and has completed email verification.
The next step is to locate the order and process the changes and price difference
payment.

Trajectory 1: After email verification, merge the process for a single cycle, shorter.

Typical steps: Email verification → Locate pending order → Check product variants / calculate
price difference → Confirm gift card balance can cover → User confirmation →
Submit modification and return success result

Trajectory 2: After email verification, proceed in phases, with additional calculation steps,
resulting in multiple cycles, longer.

Typical steps: Email verification → Output order status / summary and confirm pending →
User clarifies modification request → Check product variants + additional price
difference calculation → Confirm gift card availability → User confirmation →
Submit modification and return success result

Comparison: With the same user introduction and goal,
Trajectory 1: Combine processing (locating the order and addressing modification
requests in one step), making it shorter.
Trajectory 2: Use "phased processing (first confirming the order, then having the
user restate their request) + additional calculation steps," making it longer.
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Task Comparison

Task 1: The user is unable to send MMS (multimedia messages) and needs to troubleshoot
and restore functionality.

Solution type: Type 1: Connectivity → permissions closure: restore connectivity first (enable
mobile data, reseat SIM, etc.), then identify missing SMS permission and enable it
to fix MMS.
Type 2: SIM-first → permissions convergence: fix SIM/no-signal issues first, then
enable missing SMS permission to resolve MMS.

Task 2: The user is in France and experiencing slow or intermittent mobile data, requesting
"excellent speed."

Solution type: Type 1: Usage/limit-first + settings optimization: refuel/add data first, then enable
data roaming and disable Data Saver, reaching “excellent” speed in a speed test.
Type 2: Settings-first (roaming → data saver): enable Data Roaming first, then
disable Data Saver to improve speed.
Type 3: Settings-first (data saver → roaming): disable Data Saver first, then enable
Data Roaming.
Type 4: Recovery/backtracking type: after a setting change causes loss of connec-
tivity or user anxiety, proceed with step-by-step checks/restart, and still end up
with the combo fix.

Comparison: Task 1: 8 correct trajectories, 2 types, more "convergent" (most correct trajectories
fall into a few ending shapes).
Task 2: 8 correct trajectories, 4 types, ending shapes are more dispersed (more
types).

42006


