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Abstract

Soft latent reasoning extends chain-of-thought
reasoning beyond discrete token sequences by
using continuous concept tokens. However,
effectively training models in this space re-
mains challenging: conventional reinforcement
learning methods mainly optimize sampled
rollout-action likelihoods and therefore under-
use the full distributions produced during soft
rollouts. We propose Full-Distribution Self-
Distillation (FDSD), an off-policy training
framework that treats stochastic soft rollout dis-
tributions as dense pseudo-labels. FDSD aligns
the current model distribution with advantage-
weighted rollout targets via KL minimiza-
tion and importance correction, enabling the
model to learn from the full rollout distribu-
tion rather than only from sampled-action like-
lihoods. Experiments on GSM8K, MATH-500,
OlympiadBench, and out-of-domain bench-
marks show that FDSD achieves consistent
average improvements in mathematical rea-
soning across model scales while preserving
OOD generalization, with only modest compu-
tational overhead. These results suggest that
full-distribution alignment is a promising train-
ing direction for soft latent reasoning.

1 Introduction

Large language models (LLMs) have demonstrated
strong reasoning abilities across tasks such as
mathematical problem solving and code genera-
tion (Chen et al., 2025; Hou et al., 2025; Nezhad
et al., 2025). A key technique behind these ad-
vances is chain-of-thought (CoT) reasoning, which
elicits intermediate reasoning steps in natural lan-
guage (Wei et al., 2022; Feng et al., 2023; Dutta
et al., 2024). However, CoT confines reasoning to
discrete token sequences. This discrete linguistic
bottleneck may limit the model’s ability to repre-
sent abstract intermediate states, explore multiple
reasoning paths, and express computations that are

®Correspondence to Zixia Jia and Zilong Zheng.

not naturally aligned with human language (Zhang
et al., 2025).

Recent work has therefore explored reasoning
in continuous latent spaces. In particular, the Soft
Thinking paradigm replaces discrete intermediate
tokens with continuous concept tokens, typically
constructed as probability-weighted combinations
of vocabulary embeddings (Zhang et al., 2026).
Such representations allow the model to maintain
soft superpositions of multiple reasoning directions
rather than committing to a single token at each
step. We refer to this setting as soft latent reasoning.
Theoretically, continuous thoughts can support par-
allel exploration and solve graph reachability more
efficiently than discrete CoT (Zhu et al., 2026). Em-
pirically, training-free soft latent reasoning meth-
ods have shown promising gains in accuracy and
token efficiency (Wu et al., 2025; Zhuang et al.,
2025).

Despite these advances, effectively training mod-
els for soft latent reasoning remains challenging.
Most existing Soft Thinking methods are training-
free and rely on the latent capabilities already
present in pretrained models. Reinforcement learn-
ing offers a natural way to improve reasoning by
favoring high-reward trajectories, but conventional
policy-gradient methods are mainly designed for
sampled discrete actions (Schulman et al., 2017;
Shao et al., 2024). In soft latent reasoning, each
rollout step produces a full distribution on the vo-
cabulary simplex. Optimizing only the likelihood
of the sampled rollout action discards rich distri-
butional information and can lead to high-variance
updates (Sutton et al., 1999; Butt et al., 2025).

This limitation naturally motivates a distribution-
matching perspective: rather than learning only
from a sampled action, the policy can be directly
aligned with a target distribution that retains richer
information about alternative actions. Existing
distribution-matching methods typically construct
such targets from stronger teacher models (Agar-
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Figure 1: Overview of the proposed Full-Distribution Self-Distillation framework, adapted from Wu et al. (2025).
Given an input sequence, the policy model produces the original token distribution g; at each reasoning step. A
stochastic soft rollout strategy generates an exploratory distribution p,, which is used to construct continuous
concept tokens c; for subsequent reasoning. After rollout, standardized rewards provide advantages that weight
the KL-based distillation loss between the exploratory rollout distribution and the current model distribution. The
policy is then updated by aligning its full output distribution with high-reward soft rollout targets.

wal et al., 2024), privileged supervision (Zhao et al.,
2026), or reward-improved policies (Peters et al.,
2010; Abdolmaleki et al., 2018; Song et al., 2019),
and then update the current policy toward these tar-
gets under divergence constraints. However, these
targets are not designed for soft latent reasoning,
where each rollout step itself produces a stochas-
tic soft distribution over the vocabulary. Conse-
quently, existing approaches do not directly exploit
these per-step rollout distributions as dense, self-
generated supervision.

In this work, we propose Full-Distribution Self-
Distillation (FDSD), an off-policy training frame-
work that optimizes soft latent reasoning through
advantage-weighted distribution matching. As il-
lustrated in Figure 1, stochastic soft rollout strate-
gies generate exploratory distributions on the vo-
cabulary simplex during rollout. FDSD treats these
distributions as soft pseudo-labels and distills high-
reward rollout distributions back into the current
model, aligning the model’s output with the full
rollout distribution rather than only optimizing the
likelihood of the sampled rollout action. This pro-
vides denser supervision, reduces the variance of
sample-based updates, and better matches the con-
tinuous nature of soft latent reasoning.

Our contributions are summarized as follows:

1. We formulate soft latent reasoning optimiza-
tion as an advantage-weighted self-distillation
problem over full rollout distributions.

2. We propose FDSD, a full-distribution self-
distillation objective that provides dense pol-
icy supervision from exploratory soft rollout
distributions.

3. We empirically demonstrate that FDSD im-
proves mathematical reasoning performance
and maintains strong out-of-domain robust-
ness compared with standard RL baselines.

2 Related Work

2.1 Latent Reasoning

Latent reasoning aims to move intermediate rea-
soning beyond discrete token sequences by us-
ing hidden states, continuous concept tokens, or
vocabulary-space superpositions. Theoretical work
shows that continuous chain-of-thought can sup-
port parallel exploration and solve certain rea-
soning problems more efficiently than discrete
CoT (Zhu et al., 2026). This provides a theoret-
ical basis for representing intermediate reasoning
states in latent spaces rather than committing to a
single natural-language token at each step.
Training-free methods introduce such represen-
tations at inference time without updating model
parameters. Soft Thinking (Zhang et al., 2026) con-
structs concept tokens from probability-weighted
vocabulary embeddings, allowing the model to pre-
serve uncertainty over multiple reasoning direc-
tions. However, this approach may suffer from the
“Greedy Pitfall”, which motivates Gumbel-Softmax
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randomization for better exploration (Wu et al.,
2025). Mol (Zhuang et al., 2025) further com-
bines sampled observations with the model dis-
tribution through Bayesian estimation, preserving
uncertainty while maintaining low inference over-
head.

Other work trains models to perform latent
reasoning. Supervised methods including CO-
CONUT (Hao et al., 2024), CODI (Shen et al.,
2025), and Latent-SFT (Deng et al., 2025) learn
latent representations from CoT demonstrations or
align latent and token spaces through distillation.
Although effective, these methods still depend on
discrete reasoning traces, which may limit their
performance ceiling.

RL-based methods such as SOFT-TOKEN (Butt
et al., 2025) and HRPO (Yue et al., 2026) attempt
to learn latent reasoning through exploration. How-
ever, their policy updates still primarily optimize
the likelihood of sampled rollout actions, and there-
fore do not fully exploit the soft distributions pro-
duced during latent reasoning. These limitations
motivate more efficient training strategies that can
directly learn from soft rollout distributions.

2.2 Distribution Matching

Our work is also related to distribution matching in
policy learning. Instead of updating a policy only
through sampled actions, distribution-matching
methods construct target distributions from teacher
policies, reward-improved policies, or advantage-
weighted samples, and then optimize the current
policy toward these targets.

On-policy distillation reduces offline distribu-
tion mismatch by training on student-generated
trajectories while still relying on a stronger teacher
model (Agarwal et al., 2024). On-policy self-
distillation removes the external teacher, yet its su-
pervision often depends on privileged information
such as ground-truth answers or verified reasoning
traces (Zhao et al., 2026). Self-Distilled RLVR
uses verifiable rewards to guide self-distillation,
but it is still limited to tasks with reliable verifica-
tion signals and remains centered on discrete token
trajectories (Yang et al., 2026).

KL-constrained policy optimization methods, in-
cluding REPS (Peters et al., 2010), MPO (Abdol-
maleki et al., 2018), and V-MPO (Song et al., 2019),
stabilize policy learning by constructing reward-
improved policies and projecting the current policy
toward them under divergence constraints. These
methods provide a useful perspective on policy im-

provement as distribution matching. However, they
are not designed for soft latent reasoning, where
each rollout step naturally produces a dense distri-
bution on the vocabulary simplex.

FDSD differs by treating stochastic soft roll-
out distributions as dense pseudo-labels and di-
rectly aligning the model distribution with these
advantage-weighted targets, without requiring ex-
ternal teachers or privileged reasoning traces.

Therefore, our contribution is not a new KL for-
mulation itself, but the construction and use of the
full stochastic soft rollout distribution as a dense
training target for soft latent reasoning.

3 Preliminaries

3.1 Standard Discrete Token Generation

LetV = {v1,..., vy} denote the vocabulary and
E € RIVI*4 the token embedding matrix, where
e; is the embedding of token v;. Given an input
sequence X<; = [Z1,...,2], an autoregressive
LLM produces a hidden state h; and projects it
to vocabulary logits z; € RIVl. The next-token
distribution is

exp(2t5)

Grj = Plwes = vj | x<)) = —pr
SV exp(zik)
(1)

Standard generation samples a single token from
q; and feeds its embedding into the next step. This
discrete commitment collapses the model’s uncer-
tainty into one token, discarding alternative reason-
ing directions encoded in the remaining probability
mass.

3.2 Soft Thinking in Continuous Concept
Space

Soft Thinking (Zhang et al., 2026) relaxes this dis-
crete commitment by using continuous concept to-
kens for intermediate reasoning. Instead of feeding
the embedding of one sampled token, it constructs a
weighted combination of vocabulary embeddings:

V|
cir1=> pijej =p; B, )
j=1

where p; € AV isa probability distribution over
the vocabulary. E is the embedding matrix. The
resulting vector c¢1 is termed a soft concept to-
ken. Since it is a convex combination of token
embeddings, it remains on the vocabulary embed-
ding simplex while preserving multiple possible
reasoning directions.
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The model continues reasoning conditioned on
previous soft concept tokens and generates new soft
concept tokens, and then finally returns to standard
discrete generation to produce the answer after a
termination token reaches the highest probability.

In the training-free setting, one can directly set
pP: = q:. However, this deterministic construc-
tion provides limited exploration and is not directly
suited for reinforcement-learning-style optimiza-
tion, which relies on stochastic trajectories and
reward comparison.

3.3 Stochastic Rollouts

To enable exploration in continuous concept space,
a stochastic rollout strategy can be used to generate
a soft distribution p; from the model distribution

q::
p: ~ 7(- | Q). 3)

Here, q; is the original distribution produced by
the model, while p; is the rollout distribution used
to construct the next concept token.

Different rollout strategies instantiate different
forms of 7(p; | q¢), such as Gumbel-Softmax sam-
pling (Wu et al., 2025), Dirichlet sampling, Gaus-
sian sampling (Butt et al., 2025), and Mixture of
Inputs (Zhuang et al., 2025). Their detailed sam-
pling procedures and probability computations are
provided in Appendix C.

A rollout therefore produces a trajectory of soft
distributions and concept tokens. After the fi-
nal response is evaluated by a reward function,
the trajectory-level reward or advantage provides
the supervision signal used for optimization. The
next section introduces how these stochastic roll-
out distributions are used for full-distribution self-
distillation.

4 Methodology

We propose Full-Distribution Self-Distillation
(FDSD) for optimizing soft latent reasoning. Given
trajectories generated by an old rollout policy 7y, ,,
FDSD treats the rollout distribution p; at each rea-
soning step as a soft training target. During update,
we replay the same soft concept-token trajectory
and evaluate the current model distribution qg
at the corresponding reasoning step. This gives
an off-policy distillation setting, where targets are
generated by 7y, while the current policy g is
optimized toward them.

4.1 Advantage-Weighted Self-Distillation

Let gy denote the current model distribution at
reasoning step t, and let p; denote the rollout distri-
bution generated during exploration. Instead of op-
timizing only the likelihood of the sampled rollout
action, FDSD aligns qg ; with the full rollout dis-
tribution p; by minimizing an advantage-weighted
KL divergence:

L(0) = Ep,~ry,, [At - wi(0) - Dxr, (pe || 9o,t)]
“4)
where .
wi(0) = =21 5)
Tho1a,t

is the importance sampling ratio between the cur-
rent policy and the rollout policy. Here, g ; de-
notes the probability of generating the rollout dis-
tribution p; under the current model, and g, ;
denotes the corresponding probability under the
old rollout policy.

Expanding the KL divergence gives

4

Z DPtj IOg

Dk, (Pt || ao.¢)

|V|
= (prjlogpr; — prjloggas;)-

j=1
(6)
Since the entropy term of p; is independent of 6,
Eq. (6) is equivalent to minimizing the advantage-
weighted cross-entropy:

Vi
> prjlogaqey,

j=1
(N
Thus, p; acts as a full-distribution pseudo-label,
allowing FDSD to preserve the distributional infor-
mation discovered during stochastic rollout.

E(Q) = EptNﬂ-eold —At . wt(G)

4.2 Practical Implementation

In our main experiment, the rollout distribution is
generated by Mixture of Inputs (Mol). At step ¢,
we first restrict computation to the top- K token set
S; and normalize the model distribution over this
set. Mol then samples a discrete observation

i ~ Categorical(qy), yej =17 =1). (8)

Let

Z qt,j lOg qt,j ©))

logK )
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be the normalized entropy of q; over S;. Mol con-

structs the soft rollout distribution as
_ Higrj + (B+1—Hy)y,;

pt,] - /8 + 1 )

j €S

(10)
This distribution preserves the uncertainty in q
while incorporating the sampled observation. Since
p: is deterministically determined by q; and the
sampled index ¢, the rollout probability reduces to

1D

This makes Mol suitable for off-policy FDSD, be-
cause the importance ratio can be computed with-
out estimating an unstable continuous probability
density.

For the update, we apply top-K distillation and
PPO-style clipping to the importance weight:

7o+ = Prob(p: | ds,t) = qa,1,4-

wt(e) = clip (wt(e)v l—¢l1+ 6) ) (12)

and define the clipped advantage coefficient as

At(g) = min (wt(G)At,th(H)At) . (13)

We set € = 0.1 in all experiments and removing
clipping has little effect on final performance, sug-
gesting that it primarily serves as a conservative
stabilization mechanism rather than a critical hy-
perparameter.

In implementation, we stop the gradient through
A;(0) and use it only as a scalar weight. The prac-
tical objective is

T
cli 1 A
LYUP(9) =E ~7 ZAt(H) Z Pt,; 108 qo 1,
t=1 JESt
(14)

4.3 Gradient Analysis

To understand the update direction, we examine the
gradient with respect to the current model logit z; ;.
Treating the importance ratio as a stop-gradient
coefficient, the gradient of Eq. (7) is

Vo L£00) = Ap - wi(0) (g0,,5 — Prj) -

This gradient has a direct distribution-matching
interpretation. When A; > 0, the model distribu-
tion is pulled toward the rollout distribution; when
Ay < 0, the update direction is reversed.

Therefore, FDSD provides a dense token-level
learning signal over the full rollout distribution,
rather than only increasing the likelihood of the
sampled rollout action.

15)

4.4 Connection to GRPO

FDSD reduces to standard sample-based policy op-
timization when the rollout distribution degenerates
into a one-hot distribution. Suppose the sampled
token index is ¢, and the rollout target becomes
pe; = 1(j = 1). (16)
In this case, the probability of generating the rollout
target is simply the probability of sampling token ¢,
namely
(17)

ot — %,t,h TOg1a,t — QGold,t,i-

Substituting Eq. (16) into Eq. (15), we obtain

q46.t,i
qeold 7t,7:

Ve L(0) = At - (qo.t5 —1(j = 1)),

(18)
which matches the update direction of GRPO. Thus,
FDSD can be viewed as a full-distribution gener-
alization of GRPO: it recovers the discrete action-
likelihood update for one-hot rollouts and distills
the entire distribution for soft rollouts.

5 Experiments

5.1 Setup

Tasks and Datasets. We evaluate mathematical
reasoning on three benchmarks: GSM8K (Cobbe
et al., 2021), MATH-500 (Hendrycks et al., 2021),
and OlympiadBench (He et al., 2024). GSM8K
consists of elementary-level mathematical word
problems, MATH-500 is a 500-question subset of
the MATH test set, and OlympiadBench contains
675 olympiad-level problems with definitive final
answers and no figure-based content.

For training, we use the standard GSMS8K train-
ing split for GSM8K evaluation. For the more chal-
lenging MATH-500 and OlympiadBench bench-
marks, we train models on the MATH training split.
This setting allows us to evaluate both in-domain
mathematical reasoning on MATH-500 and gener-
alization to the more challenging OlympiadBench.

To assess out-of-domain (OOD) generaliza-
tion, we additionally evaluate the models
trained on MATH on HellaSwag (Zellers et al.,
2019), ARC-Challenge (Clark et al., 2018), and
MMLU (Hendrycks et al.), using accuracy as the
evaluation metric.

Base Models. Following Butt et al. (2025), we
evaluate FDSD across multiple model scales us-
ing Qwen2.5-1.5B-Instruct, Qwen2.5-3B-Instruct,
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GSMSK MATH-500 OlympiadBench

Model Method Greedy Sample Greedy Sample Greedy Sample

pass@1 pass@1 pass@1 pass@1 pass@1 pass@1
GRPO 76.3+0.5 75.1+05 | 5424+04 53.7+£03 | 189+1.0 18.8+£0.2
Qwen2.5- HRPO 722+£08 722+03 | 53.8£0.7 53.0+£0.7 | 15.0£0.7 144+1.0
1 5B-Instruct SOFT-TOKEN | 73.1+£1.0 723412 | 53.3+£05 5234+04 | 169+02 164+0.5
’ SOFT-INFER 76.0+£0.3 75.0+04 | 53.9+£0.5 54.4+0.2 19.6+0.6 18.8=£0.2
SOFT-FDSD 772+04 763+02|566+02 54.7+02 | 196+05 19.2+0.2
GRPO 8.2+04 849+02 | 603£09 624+£03 | 25.84+-0.8 25.1+0.2
Qwen2.5- HRPO 84.8+12 84.0+08 | 61.0+£09 61.0£06 | 21.0+1.0 20.0£0.7
3B-Instruct SOFT-TOKEN | 84.24+08 828#+1.0 | 623+04 625+£0.2 | 25.1+06 25.2+04
SOFT-INFER 85.5+0.5 845+02 | 60.7+£05 625+£0.2 | 255+06 254+£0.3
SOFT-FDSD 86.1+05 857+02|634+10 634+03 | 25.1+£0.3 255+£04
GRPO 91.44+04 91.2+04 | 70.8+£06 71.2+04 | 349+05 33.8+£04
Qwen2.5- SOFT-TOKEN | 91.5+08 91.3+04 | 71.6+1.0 71.44+03 | 323+0.5 33.3+0.2
7B-Instruct  SOFT-INFER 91.3+08 914+05 | 721+£07 71.7+£03 | 35.0+05 33.9+£04
SOFT-FDSD 920+04 91.8+03 | 729+05 71.8+03 | 353+03 34.6+0.2
GRPO 91.8+0.6 91.0+0.3 | 726£08 73.0£0.3 | 334£09 344+04
Qwen3- SOFT-TOKEN | 89.5+0.9 89.14+0.7 | 69.3+£04 69.1+0.6 | 302+05 29.5+04
4B-Base SOFT-INFER 91.5+£0.5 909+03 | 726£06 73.0+£0.2 | 33.5+£04 34.3+0.3
SOFT-FDSD 921+05 91.3+03 | 73.0+05 73.6+03 | 33.8+£06 342+0.2

Table 1: Test accuracy on mathematical reasoning benchmarks under task-specific training settings. Models are
trained on the GSMS8K training set for GSM8K evaluation, and on the MATH training set for MATH-500 and
OlympiadBench evaluation. Best results in each setting are bolded.

Qwen2.5-7B-Instruct (Team, 2024), and Qwen3-
4B-Base (Team, 2025).

We choose Qwen3-4B-Base rather than Qwen3-
4B-Instruct (Team, 2025) to provide a cleaner set-
ting for isolating the effect of RL training. Qwen3-
4B-Instruct has undergone substantial post-training
and already exhibits strong reasoning performance
on GSM8K/MATH-style tasks, leaving limited
headroom for additional improvement through RL.

Baselines and Settings. In our experiments, we
evaluate five primary configurations: (1) standard
GRPO training, (2) HRPO (Yue et al., 2026),
(3) SOFT-TOKEN (Butt et al., 2025), (4) SOFT-
INFER, which applies soft latent reasoning dur-
ing inference directly on the GRPO-trained model
without additional training, and (5) our proposed
SOFT-FDSD.

In SOFT-FDSD, we use Mol as the default roll-
out strategy, as described in Section 4.2, because it
yields a simple categorical rollout probability and
a stable importance ratio.

We reproduce HRPO and SOFT-TOKEN under
our training and evaluation pipeline, and align their
key hyperparameters with ours as much as possi-
ble, including prompt templates, batch sizes, roll-
out settings, and training epochs. This allows a
more controlled comparison among different latent-
reasoning training strategies.

Each experimental configuration is evaluated

across three independent runs. In each run, we per-
form thirty-two stochastic sampling trials and one
greedy decoding trial during testing. The reported
results are the mean and standard deviation over
these independent runs. Detailed hyperparameter
settings are provided in Appendix A.

5.2 Results

Mathematical Reasoning. Table 1 reports re-
sults on GSMS8K, MATH-500, and Olympiad-
Bench. Overall, SOFT-FDSD achieves the best av-
erage performance and remains competitive in most
individual settings. Compared with GRPO, SOFT-
FDSD improves the average accuracy over the six
evaluation settings by 1.1%, 0.9%, 0.9%, and 0.3%
on Qwen2.5-1.5B, Qwen2.5-3B, Qwen2.5-7B, and
Qwen3-4B, respectively. The gains are most ev-
ident on GSM8K and MATH-500, where SOFT-
FDSD consistently outperforms other settings. On
OlympiadBench, SOFT-FDSD also remains com-
petitive and obtains the best sampled accuracy for
most Qwen2.5 models. These results demonstrate
the effectiveness of full-distribution self-distillation
for improving mathematical reasoning.

Statistical Significance. To examine whether the
observed gains are systematic, we additionally
conduct Welch’s t-tests between SOFT-FDSD and
GRPO. SOFT-FDSD achieves statistically signif-
icant improvements in most mathematical reason-
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Model Method | Hellaswag ~ ARC-Challenge MMLU | Average
no-finetune 51.74+0.0 52.14+0.0 46.0 = 0.0 49.9
GRPO 58.4+0.2 66.9 £ 0.1 51.6 £0.1 59.0
Qwen2.5- HRPO 57.1£0.1 63.6 £0.2 50.1 £0.2 56.9
1.5B-Instruct SOFT-TOKEN | 55.5+ 0.2 53.5+ 0.5 49.54+04 52.8
SOFT-INFER 58.0+ 0.1 67.0 £0.2 52.0 £ 0.1 59.0
SOFT-FDSD 58.2+ 0.1 67.1+0.1 52.1+0.1 59.2
no-finetune 62.9 £0.0 79.2+£0.0 62.0+ 0.0 68.0
GRPO 62.7 £ 0.1 79.2+0.1 61.5+0.1 67.8
Qwen2.5- HRPO 58.6 £ 0.2 76.7+0.2 58.5 £ 0.2 64.6
3B-Instruct SOFT-TOKEN | 60.14+0.2 79.0 £ 0.2 61.2+0.3 66.8
SOFT-INFER 62.4 +0.1 79.3+0.2 60.9 £ 0.1 67.5
SOFT-FDSD 65.3 +0.2 79.44+0.1 61.7+ 0.1 68.8
no-finetune 75.1 +0.0 86.4 +£0.0 69.4 +0.0 77.0
Qwen2.5- GRPO 76.4 1+ 0.3 86.5 £ 0.2 68.4+0.1 77.1
7B-Instruct SOFT-TOKEN | 75.44+0.3 86.3 £0.1 69.0 £ 0.2 76.9
SOFT-INFER 76.3 + 0.1 86.5 £ 0.2 68.3 +£0.3 77.0
SOFT-FDSD 76.5+0.1 87.1+0.3 69.5 +0.2 7T
no-finetune 18.8 £0.0 33.4+£0.0 31.7+£0.0 28.0
Qwen3- GRPO 61.1 £0.1 85.5+0.2 67.2+0.1 71.3
4B-Base SOFT-TOKEN | 61.44+0.4 82.5+0.3 66.2 +£ 0.2 70.3
SOFT-INFER 61.6 +0.2 85.6 £0.2 67.0 £ 0.1 71.4
SOFT-FDSD 61.2 0.1 85.6 +0.1 67.6 0.1 71.5

Table 2: Out-of-domain generalization results. All models are trained on the MATH training set and then evaluated
on HellaSwag, ARC-Challenge, and MMLU. Best results in each setting are bolded.
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Figure 2: Training efficiency of GRPO and FDSD on Qwen?2.5-1.5B-Instruct with GSM8K using a single NVIDIA
A100 GPU. From left to right: generation time per iteration, actor-update time per iteration, and average response
length. FDSD incurs only about 7% additional training time while producing approximately 5% shorter responses

after convergence.

ing settings, particularly across the Qwen2.5 model
family. For Qwen3-4B-Base, the improvements
are significant under both GSM8K decoding set-
tings and MATH-500 sampled decoding, whereas
neither OlympiadBench setting reaches statistical
significance. We assume that this benchmark is
substantially more challenging and differs from
the MATH training distribution, resulting in higher
evaluation variance and less stable gains. Detailed
results are provided in Appendix B.

Out-of-Domain Generalization. Table 2 shows
results on HellaSwag, ARC-Challenge, and
MMLU after training on the MATH training set.
SOFT-FDSD achieves the highest average OOD
accuracy across all evaluated model scales and im-
proves over GRPO in 11 of the 12 individual OOD

settings. Although the absolute gains are moder-
ate, they are consistent across model scales and are
obtained without increasing inference-time com-
plexity. These results suggest that SOFT-FDSD
improves mathematical reasoning while better pre-
serving OOD generalization than GRPO.

6 Analysis

Efficiency. FDSD introduces additional compu-
tation in two places: the rollout phase, where the
soft rollout distribution is constructed, and the ac-
tor update phase, where the importance weight and
advantage-weighted distillation loss are computed.
These operations are lightweight compared with
the forward and backward passes of the language
model, so the overall training overhead remains
limited.
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Rollout-Update 1.5b instruct  3b instruct Rollout \ Update GRPO FDSD
(HARD -) GRPO  75.1+0.5 84.9 4+ 0.2 Discrete Sampling  75.1 0.5 —
HARD - FDSD 75.7+0.2 85440.2 Mixture of Inputs 75.6+0.3 76.3+0.2
SOFT - GRPO 75.6£03 85.4+0.2 Dirichlet Sampling 65.24+0.7 71.9£0.8
SOFT - FDSD 76.3+0.2 85.7+0.2 Gumbel-Softmax 748+04 75.7+0.3
Table 3: Component ablation on GSMS8K. Sepa- Table 4: Effect of rollout strategies on GSM8K with

rately introducing soft rollouts (SOFT-GRPO) or full-
distribution updates (HARD-FDSD) improves over
GRPO, while combining both yields the best perfor-
mance on Qwen2.5-1.5B/3B-Instruct.

Figure 2 reports the per-iteration efficiency on a
single NVIDIA A100 GPU. During stable training,
GRPO requires approximately 82 seconds for gen-
eration and 40 seconds for actor update. FDSD
requires approximately 88 seconds and 43 sec-
onds for the corresponding phases, resulting in
only about a 7% increase in total training time.
Moreover, the average response length of FDSD is
about 5% shorter than that of GRPO after conver-
gence, suggesting that FDSD improves reasoning
performance without substantially increasing com-
putational cost.

Ablation Study on FDSD Components. To ana-
lyze the contribution of each component, we con-
struct two variants by separately modifying the
rollout strategy and the policy update objective:

1. SOFT-GRPO: uses soft rollout distributions
during generation, but updates the policy
through the GRPO objective based on the
probability of the sampled rollout action.

2. HARD-FDSD: uses discrete token sampling
during rollout, but constructs a posterior dis-
tribution as the distillation target and updates
the policy with the FDSD objective.

Table 3 shows that both components contribute
to the final performance. SOFT-GRPO improves
over the baseline, indicating that soft rollout distri-
butions provide better exploration than discrete to-
ken sampling. HARD-FDSD also improves perfor-
mance, showing that full-distribution updates pro-
vide a stronger training signal than rollout-action
likelihood updates. Combining both components,
SOFT-FDSD achieves the best results, suggesting
that soft rollout exploration and full-distribution
self-distillation are complementary.

Effect of Rollout Strategies. FDSD is compat-
ible with different rollout strategies for which the

Qwen2.5-1.5B-Instruct. FDSD benefits from informa-
tive soft rollouts and outperforms discrete-sampling
GRPO with both Mol and Gumbel-Softmax.

likelihood or probability density of the generated
rollout distribution can be evaluated. Besides Mol,
we also evaluate Dirichlet sampling and Gumbel-
Softmax sampling (Wu et al., 2025). Details of
these rollout strategies and their probability com-
putation are provided in Appendix C.

Table 4 reports the results on Qwen2.5-1.5B-
Instruct with GSMS8K. For discrete sampling,
FDSD reduces to the standard GRPO update, as
discussed in Section 4.4; therefore, we report only
the GRPO result for this setting.

These results show that rollout quality is impor-
tant for both GRPO-style RL and FDSD, since
both learn from trajectories generated during explo-
ration. Among the strategies, Mol achieves the best
performance, while Gumbel-Softmax also remains
competitive. The substantially weaker performance
of Dirichlet sampling is consistent with prior anal-
ysis of stochastic Soft Thinking (Wu et al., 2025).
Dirichlet sampling has difficulty balancing random-
ness and softness, and may produce either overly
sharp, noisy distributions or distributions too close
to the original model distribution. Mol avoids this
trade-off by combining the sampled observation
with the original model distribution, thereby pre-
serving model uncertainty while introducing con-
trolled stochasticity.

Importantly, the gains are not specific to Mol:
both Mol and Gumbel-Softmax combined with
FDSD outperform discrete-sampling GRPO. This
suggests that the benefit comes from combin-
ing informative stochastic soft rollouts with full-
distribution updates, rather than from a particular
rollout strategy alone.

Training with a Hybrid Loss. To study the rela-
tion between sample-based policy optimization and
full-distribution distillation, we further consider a
hybrid loss:

Lhybria = @Lgrro + (1 — a)Lrpsp,  (19)
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Model Accuracy vs Alpha Value

—e— GSM8K
»— MATH500

Accuracy Deviation from Task Mean

4

Alpha

Figure 3: Interpolation between FDSD (o = 0) and
GRPO (o = 1) on Qwen2.5-1.5B. Intermediate coeffi-
cients can further improve GSM8K and MATH perfor-
mance, indicating complementary full-distribution and
sampled-action training signals.

where o € [0, 1] controls the interpolation between
the two objectives. When o = 1, the objective
reduces to GRPO; when o = 0, it becomes pure
FDSD.

This interpolation has a direct distributional in-
terpretation. Assume that the sampled rollout ac-
tion corresponds to token index 7 in the discrete
case. The hybrid objective is equivalent to using
an effective target distribution that interpolates be-
tween the one-hot sampled-action target and the
soft rollout distribution:

pj = (1 —a)p;+al(j =1). (20)

Accordingly, the gradient with respect to logit z;
can be written as

7T ~
Vzt’jﬁhybrid(e) = Aﬂ-ie (Q9,j - pj) )

Oo1d

2D

Thus, varying o smoothly changes the training
target from a full soft distribution to a one-hot sam-
pled action, providing a continuous connection be-
tween FDSD and standard sample-based policy
optimization.

Figure 3 illustrates this interpolation on
Qwen2.5-1.5B. The results show that intermedi-
ate values of « can further improve performance
in some settings, suggesting that sampled-action
likelihood optimization and full-distribution distil-
lation provide complementary training signals.

Note that the purpose of this experiment is not
to identify a universally optimal «, but to demon-
strate that FDSD can be smoothly combined with
the standard sampled-action objective. The main
method studied throughout this work remains pure
FDSD, corresponding to o = 0.

7 Conclusion

We propose Full-Distribution Self-Distillation
(FDSD), an off-policy framework for optimizing
soft latent reasoning. FDSD aligns the model
distribution with advantage-weighted soft rollout
distributions, providing denser supervision than
rollout-action likelihood optimization. We show
that FDSD generalizes GRPO: it recovers the stan-
dard update when the rollout target is one-hot, and
distills the full distribution when the target is soft.

Experiments across mathematical reasoning and
OOD benchmarks show that FDSD provides con-
sistent, statistically reliable improvements in most
settings with modest computational overhead. Our
analysis further shows that the effectiveness of full-
distribution optimization depends on informative
soft rollout targets, with Mol and Gumbel-Softmax
providing stronger targets than Dirichlet sampling.
These results suggest that full-distribution align-
ment is a promising direction for training soft latent
reasoning models.

8 Limitations

Vocabulary-Space Constraint. FDSD con-
structs latent reasoning states as convex combina-
tions of token embeddings. This restricts the latent
states to the convex hull of vocabulary embeddings
and may limit exploration beyond this region.

Dependence on Rollout Quality. Like other
RL methods that learn from sampled trajectories,
FDSD depends on the quality of exploration. In
FDSD, this dependence is especially relevant be-
cause the rollout distribution also serves as the dis-
tillation target. Developing more robust and adap-
tive soft rollout strategies remains an important
direction for future work.

Evaluation Scope. Our primary evaluation fo-
cuses on mathematical reasoning, where reliable
verifiable rewards are available. Although our
OQOD experiments suggest that FDSD preserves
broader language and reasoning abilities, they do
not establish generalization to open-ended genera-
tion, human-preference alignment, or multimodal
reasoning. We leave these settings for future work.
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A Hyperparameter

Our experimental parameters are primarily con-
figured based on the HRPO settings but are im-
plemented under the VERL (Sheng et al., 2024)
framework. Key modifications include a reduction
of the learning rate from 5 x 1076 to 1 x 107,
and an increase of the total training batch size by a
factor of eight. To ensure an equivalent number of
training steps, we correspondingly scale the train-
ing epochs by eight times. Furthermore, as our
training process remains stable, we do not incor-
porate a KL divergence penalty, aiming to further
facilitate the model’s acquisition of latent reasoning
capabilities.

For GSMB8K, we generate four responses per
question, with a maximum response length of 512
tokens. For more challenging benchmarks, MATH-
500 and OlympiadBench, we generate eight re-
sponses per question and set a longer maximum
response length of 1024 tokens.

When running the baselines (GRPO, HRPO,
Soft-Token), we ensured that all hyperparame-
ters remained consistent with our own experimen-
tal setup. Additionally, the same prompt, "Let’s
think step by step and output the final answer after
H#H##HP " was prepended to every problem across
all tasks. To evaluate the correctness of model gen-
erations, we extracted the content following the
first occurrence of "####" in the model output and
compared it exactly with the ground-truth answer:
a perfect match yields a score of 1, otherwise 0.

All datasets, base models, and software frame-
works used in this work are publicly available, and
we follow their original licenses and terms of use.

B Statistical Significance Analysis

To further evaluate statistical significance, we con-
duct additional independent evaluations and apply
two-sided Welch’s t-tests to the resulting run-level
accuracies. Table 6 reports the cell-level signifi-
cance results.

C Rollout Strategies and Probability
Computation

At decoding step ¢, the LLM first outputs logits 2.
We select the top-£ token set

Sy = TopK(z, k),
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Parameter Value

Algorithm FDSD

Epochs 8

Optimizer AdamW 8bit
Optimizer Momentum 51, B2 = 0.9,0.99
Weight Decay 0.01

Learning Rate le-6

Clipping Coefficient € 0.1

Mol 1.0

Gradient Accumulation Step 4

N Response Per Question 478

Total Train Batch Size 256 /512

Prompt Length 512

Completion Length 512/1024
Temperature 0.6

LR Scheduler Cosine with Warmup
Warmup Ratio 0.1

Precision (WA) BF16-mixed
LoRA Modules query, key, value, dense
LoRA Rank 32

LoRA « 64

Table 5: Experiment hyperparameter settings.

Model GSMB8K MATH-500 OlympiadBench
Greedy Sample Greedy Sample Greedy Sample
Qwen2.5-1.5B  1.22e—7"** 3.26e—8"** 1.91e—15""* 9.16e—11*** 2.00e—2* 4.41le—6***
Qwen2.5-3B 9.47e—5"** 2.22e—9"** 7.40e—8*** 1.57e—6™* 1.47e—1 1.44e—3**
Qwen2.5-7B 4.0de—4** 1.44e—2* 1.08e—5"** 1.4le—4** 4.36e—2* 1.67e—6"**
Qwen3-4B-Base 3.22e—2*  4.29e¢—2* 4.45e—1  1.29e—4*** 1.78e—1 3.69e—1

Table 6: Welch’s ¢-test results comparing SOFT-FDSD with GRPO. Each cell reports the p-value. Significant results

are bolded. ***p < 0.001, **p < 0.01, *p < 0.05.

and apply softmax within .S; to obtain the normal-
ized distribution

exp 2t

qti = s 1€ St.
ZjeSt €xp Ztvj

A rollout strategy then samples or constructs a roll-
out distribution p; over S;. The next input embed-
ding is obtained by

e = Zpt,iEia
€St
where F; denotes the embedding of token 7.

AddNoiseDirichlet. AddNoiseDirichlet samples
the rollout distribution directly on the top-k prob-
ability simplex. Given a concentration coefficient

A > 0, we define
ati = AGti, @€ St
and sample

p ~ Dirichlet(ay).

The probability density of the sampled rollout dis-
tribution is

F(Z S, ati) o i—1
Prob(pilar) = = ="— | [ vy
Hiest [(o:) ZEHSt b
AddNoiseGumbel. AddNoiseGumbel  adds
Gumbel noise to the top-k logits:
gti ~ Gumbel(0,1), i€ S,
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Zti = log gt + gi-
The rollout distribution is obtained by applying a

temperature-controlled softmax:

B exp(Z,i/T)
Pt = X )
> jes, exp(2;/7)

i € S,

where 7 > 0 is the temperature.
The probability density of rollout distribution is
given by
—7—1
k1 [Lics, Qt,iPy ;
z
(Zjest quﬂ%,f)

AddNoiseGaussian. AddNoiseGaussian adds
Gaussian noise to the top-k logits:

Prob(pi|q:) = T'(k)T

et,iNN(()?O-?)a iESt,

Zti = 2t + €t
The rollout distribution is then computed by

exp 2

= 7 €5
ZjeSt eXp Ztvj

Pt =

We compute the probability on the perturbed logits:

=11

1€St

Prob(Z | z¢)

1
V2moy

Mixture of Inputs. Mixture of Inputs also con-
structs a soft rollout distribution p;, but it does not
add continuous noise to logits. Instead, it first sam-
ples a token from the distribution g;:

i ~ Categorical(qy),

and denotes the corresponding one-hot observation
as

Ytj = H(.] = Z.)a .7 € St-

The normalized entropy of ¢; is

H, = logk: Z Gt 108 qt,5-
JES

The prior concentration is defined as

oy ;= Hyqy j,

and the sampled token contributes the observation
count

cj = (B+1— H)y.

exp (- (20— 2t4)?
20752 '

The rollout distribution is given by the posterior
mean:

Q5+ Ctj
Zggst(at,é + Ct,é)
_ Hgrj+ (B+1—Hyyj
B B+1 ‘

pt)j:

Since p; is deterministically computed from ¢; and
the sampled token ¢, the probability of generating
p¢ equals the probability of sampling token ¢:

Prob(pt|qt) = ¢4,

AddNoiseGaussianOnLatent. AddNoiseGaus-
sianOnLatent perturbs the latent embedding
directly. First, an unperturbed soft embedding is
constructed from ¢;:

= Z Qt,iEz

1E€St
Then Gaussian noise is added in the latent space:
e ~ N(0,021),

0
e = e; + €.

The probability density of the perturbed latent em-
bedding is
lles — €?ll3
20’t ’

where d is the embedding dimension.

1
Prob(et ’ 6?) = Wexp <—
t

42073



