When Chain-of-Thought Fails, the Solution Hides in the Hidden States

Houman Mehrafarin'?

Amit Parekh'

Ioannis Konstas!

'Heriot-Watt University, Edinburgh, United Kingdom
*University of Edinburgh, Edinburgh, United Kingdom
{h.mehrafarin, amit.parekh, i.konstas}@hw.ac.uk

Abstract

Whether intermediate reasoning is computa-
tionally useful or merely explanatory depends
on whether chain-of-thought (CoT) tokens con-
tain task-solving information. We present a
mechanistic causal analysis of CoT on GSM8K
using activation patching: transferring token-
level hidden states from an arithmetic CoT gen-
eration to a direct-answer run for the same
question, then measuring the effect on final-
answer accuracy. Across models, patching
can elicit generations that lead to correct an-
swers, revealing that individual CoT hidden
states can encode sufficient task-solving infor-
mation even when the original CoT trace is
incorrect. This information is more prevalent
in correct than incorrect CoT runs and is un-
evenly distributed across tokens, concentrat-
ing in mid-to-late layers and appearing earlier
in the reasoning trace. Moreover, patching
from language tokens such as verbs and en-
tities more frequently elicits correct reasoning
traces, whereas patches from mathematical to-
kens more often produce answer-proximal gen-
erations that rarely succeed. Further analysis
shows that earlier CoT tokens concentrate re-
coverable information, while later ones require
broader search to find the correct answer. To-
gether, these findings show that CoT encodes
recoverable, token-level task-solving informa-
tion, revealing how arithmetic reasoning is rep-
resented, accessed, and dis1rupted.1

1 Introduction

Chain-of-Thought (CoT) prompting improves per-
formance on multi-step reasoning tasks by eliciting
intermediate reasoning traces before the final an-
swer (Wei et al., 2022; Kojima et al., 2022). On
arithmetic benchmarks such as GSM8K (Cobbe
et al., 2021), this consistently yields higher ac-
curacy than direct-answer prompting (Wei et al.,

!Code is available at https://github.com/hmehrafar
in/when-cot-fails

2022; Kojima et al., 2022). However, it remains
unclear what the hidden states of generated CoT
tokens encode. In particular, whether individual
states carry task-solving information sufficient to
recover the correct answer, and where in the trace
such information resides. A further open question
is whether such information persists even when the
CoT trace is incorrect. Understanding what CoT
hidden states contain matters both for explaining
whether intermediate reasoning is computationally
useful rather than merely explanatory (Turpin et al.,
2023; Lanham et al., 2023; Zhao et al., 2026), and
for understanding how reasoning unfolds during
inference (Dutta et al., 2024).

We present a mechanistic analysis of CoT reason-
ing on GSMS8K arithmetic problems. Throughout
this work, we study generated CoT traces in the
context of arithmetic reasoning, and hypothesise
that CoT tokens differ in the task-relevant informa-
tion their hidden states encode. To test this, we use
a causal intervention framework (Vig et al., 2020;
Meng et al., 2022; Stolfo et al., 2023) that patches
hidden states from individual tokens in a CoT gen-
eration (e.g., “think step-by-step”) into the same
layer of a direct-answer run (e.g., “do not show
steps” ) for the same arithmetic problem, measuring
the effect on final-answer accuracy (see Figure 1).

We show that CoT hidden states often encode
sufficient task-solving information to elicit cor-
rect final answers in both LLaMA 3.1 8B and
Qwen 2.5 7B, including when the original CoT
generation is incorrect. Recoverable information
is substantially more distributed across correct CoT
traces than incorrect ones, concentrates in mid-to-
late layers and earlier token positions, and is un-
evenly distributed across token roles.

In particular, patches from language-associated
tokens (e.g., verbs and entities) more frequently
elicit successful reasoning generations, whereas
patches from mathematical tokens (e.g., operands
and numbers) tend to produce short answer-
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Figure 1: Illustration of our patching framework. For the same question, we transfer hidden states from individual
tokens in a source CoT generation to the final position of a direct-answer target run at the same layer. The resulting
change in model output and final-answer accuracy quantifies each token’s causal contribution. This reveals that
some CoT tokens carry recoverable task-solving information even when the original CoT run is incorrect.

proximal outputs that rarely succeed. Finally, by
jointly varying the number of patch candidates
searched and the number of tokens generated af-
ter intervention, we show that recoverability de-
pends on both patch location and generation length.
Early patches recover many examples when given
enough room to generate, while later patches re-
quire shorter generations but recover fewer exam-
ples overall. Together, these findings show that
CoT encodes recoverable, token-level task-solving
information, revealing where reasoning succeeds,
where it breaks down, and how that information
becomes usable during generation.

2 Related Work

CoT Prompting and Reasoning CoT prompt-
ing improves performance on multi-step reason-
ing benchmarks by eliciting intermediate reason-
ing steps before the final answer (Wei et al., 2022;
Kojima et al., 2022), with extensions such as self-
consistency (Wang et al., 2023b; Taubenfeld et al.,
2025) and structured search over reasoning paths
(Yao et al., 2023; Xie et al., 2023). However,
several studies question whether generated traces
faithfully reflect the model’s internal computation.
Turpin et al. (2023) and Paul et al. (2024) show
that final answers can diverge from the generated
chains, suggesting that key aspects of reasoning
may occur independently of the CoT.

Mechanistic and Causal Interpretability Mech-
anistic interpretability identifies internal circuits
responsible for specific outputs (Olah et al., 2020;
Elhage et al., 2021; Conmy et al., 2023; Nanda

et al., 2023; Wang et al., 2023a), while comple-
mentary causal approaches localise representations
that influence predictions through targeted inter-
ventions such as activation patching (Pearl, 2001;
Geiger et al., 2021; Meng et al., 2022; Zhang and
Nanda, 2024).

Interpretability for Reasoning Recent work ap-
plies mechanistic and causal interpretability tech-
niques to reasoning tasks, identifying components
and circuits involved in arithmetic and symbolic
computation (Stolfo et al., 2023; Yu and Anani-
adou, 2024; Brinkmann et al., 2024; Bertolazzi
et al., 2025) and analysing how reasoning failures
arise from incorrect intermediate states (Li et al.,
2024). Related work has also investigated whether
reasoning models encode signals associated with
answer correctness during CoT generation. Chain-
of-Probe (Wang et al., 2025) analyses changes in
answer confidence throughout generated reasoning
traces, while Zhang et al. (2025) train probes over
hidden states to predict the correctness of interme-
diate reasoning states.

Methodologically, our work is related to
activation-level probing approaches such as Patch-
scopes (Ghandeharioun et al., 2024), which use
hidden-state interventions to inspect encoded infor-
mation. However, rather than analysing confidence
trajectories or decoding correctness signals from
hidden states, we study whether generated CoT
hidden states contain causally recoverable task-
solving information by intervening on individual
hidden states and measuring their effect on subse-
quent model generation.
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Closer in objective is Chen et al. (2026), who
study CoT using sparse autoencoders and activa-
tion patching to identify latent reasoning features
and transfer them into non-CoT runs. In contrast,
we analyse the generated CoT tokens themselves,
asking which tokens and positions encode recov-
erable task-solving information and whether these
representations causally contribute to eliciting cor-
rect final answers.

3 Methodology

3.1 Model & Dataset

We use LLaMA 3.1 8B-Instruct (Grattafiori et al.,
2024) and Qwen 2.5 7B-Instruct (Yang et al., 2025)
as our base models? and evaluate on GSM8K
(Cobbe et al., 2021), a multi-step arithmetic rea-
soning benchmark containing 1,319 test examples.
We focus on GSMS8K because it provides a con-
trolled arithmetic reasoning setting in which CoT
prompting yields substantial improvements over
direct answering (Table 2). Solving each problem
requires accumulating intermediate results through
arithmetic operations, making the benchmark
well-suited for studying how reasoning-related
information unfolds across token positions. Unlike
tasks with constrained answer spaces, GSM8K
requires open-ended generation of the final
numerical answer, making successful recovery
after intervention more indicative of task-solving
information encoded in the hidden states.

3.2 Causal Intervention and Task Setup

We compare two zero-shot prompting conditions
for the same question. The source prompt elicits
CoT reasoning, and we cache the residual hidden
states (the output of each transformer block) at ev-
ery layer and token position across the generated
CoT sequence. The target prompt requests only
a final answer, with no CoT reasoning. We in-
tervene on the target forward pass via activation
patching—at a chosen layer [, replacing the hid-
den state at the final token position with the cached
hidden state of a specific source CoT token,* af-
ter which the model continues generating normally.

2We use two representative open-weight instruction-tuned
LLMs that exhibit strong CoT reasoning behaviour while also
reliably following direct-answer (non-CoT) prompting. We
refer to them as LLaMA 3.1 8B and Qwen 2.5 7B for brevity.

3We patch every other layer plus the final layer; preliminary
experiments confirmed this preserves the overall trend.

“We focus on the final target position because it yields the
strongest intervention effect empirically (see Appendix F).

Role Definition (example)

entity Token denoting a salient participant or
named/counted entity in the reasoning trace,
including coreferent pronouns when

applicable (e.g., Janet, ducks, she).

verb Action token expressing an event or operation

in the reasoning trace (e.g., lay, eats, remain).

quantity Numeric token directly attached to a counted
object or measurement unit (e.g., 3 in “3
eggs”).

Token denoting a counted object,
measurement, rate, or currency unit (e.g.,

eggs, bolts, km, hour, dollars).

unit

step Token marking explicit step structure in the

CoT (e.g., Step 1:).

Numeric token participating as an arithmetic
input (e.g., 16 and 31in 16 — 3 = 13).

Arithmetic operator, including symbolic or
textual forms (e.g., —, +, X, plus).

operand
operator

equals Equality symbol token in an arithmetic

expression (e.g., =).

result Numeric token denoting the output of an

arithmetic step (e.g., 13in 16 — 3 = 13).

number Numeric token not functioning as an explicit
quantity or arithmetic operand/result (e.g., 18

in “answer: 18”).

punctuation Standalone punctuation token not serving an

arithmetic role (e.g., 3, ., ,).
other Non-functional tokens not assigned to any

other label (e.g., the, for, with).

Table 1: Token-level labelling schema used for source-
run CoT traces. Example snippet: “Step 1: Janet’s
ducks lay 16 eggs per day. She eats 3 eggs, so 16 — 3 =
13 eggs remain... Answer: 18”

Since the model, target prompt and decoding pro-
cess are unchanged, the intervention isolates the
effect of the patched CoT hidden state on subse-
quent generation. See Appendix A.1 for examples
of both prompts.

We use the direct-answer prompt as the target
because it typically fails to solve the task (Table 2),
providing a controlled setting for measuring how
CoT representations influence generation. By vary-
ing the source CoT token and layer, we identify
where task-relevant information is encoded within
the reasoning trace and whether it is sufficient to
recover the correct answer.

3.3 Token Role Labelling

To analyse how different types of CoT tokens in-
fluence model generation, we assign each gener-
ated source token a semantic role label and group
patches accordingly. Labels are attached to source
token identities rather than to individual layer rep-
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Accuracy (%) Recoverability (%)

Model CoT  Direct Patch
o LLaMA 3.18B 84.6 8.7 99.5
vz Qwen 2.5 7B 89.2 19.8 99.7

Table 2: Accuracy (%) under CoT prompting, direct-
answer (non-CoT) prompting, alongside patch recover-
ability. Patching can recover the correct final answer in
> 99% of cases, including where CoT itself produces
the wrong answer.

resentations, such that all hidden states correspond-
ing to the same token position share the same
role label. Labels are defined using lightweight
rule-based heuristics based on the token’s func-
tional role within the reasoning trace (e.g., op-
erators, quantities, entities, verbs, or intermedi-
ate results); we discuss design choices and limi-
tations of this scheme in Limitations. For exam-
ple, the token sequence [Janet, ’s, ducks, lay, _,,
16, eggs, per, day] is assigned the role sequence
[entity, other, entity, verb, other, quantity,
unit, unit, unit], where _, denotes a standalone
whitespace token. We then analyse how interven-
tion effects vary across these groups. Implemen-
tation details and examples are provided in Ap-
pendix D, while the full set of role definitions is
summarised in Table 1.

3.4 Evaluation Metrics

We evaluate each patch p individually, consider-
ing it successful if the resulting generation pro-
duces the correct final answer (exact-match; see
Appendix A.2). Since each example yields up to
Ncor X {%1 interventions, spanning both source
CoT tokens and layers, we define several metrics
to summarise their outcomes.

Patch Recoverability is the proportion of exam-
ples for which at least one intervention recovers
the correct final answer, indicating whether task-
relevant information sufficient for answer recovery
exists anywhere in the CoT hidden states.

Patch success density of an example is the propor-
tion of all (layer, token) interventions that recover
the correct final answer, measuring how broadly
that information is distributed across the trace
rather than confined to isolated positions or layers.
Patch success rate (PSR) compares interventions
across subgroups such as layers, token roles, or
position quartiles. A group G is a subset of patches
sharing a property (e.g., all patches at layer [ or
all operator-token patches). G5 C G denotes the

100%
90%
80% |
70%
60% |
50%
40%
30%
20%
10% 81%

0%

n=1108 n=211

Patch success density

Source correct Source wrong

Figure 2: Patch success density across layer groups for
examples where the source CoT run is correct versus
incorrect in LLaMA 3.1 8B. Correct source runs show
broader and denser successful interventions, while in-
correct source runs show sparser and less consistent
recoverable signal across layers (Mann-Whitney U test:
U =191,865.5, p < 0.001).

patches in G applicable to example s, and S = {s :
Gs # (}. For instance, if example s contains no
operator tokens, then G5 = () and s ¢ S. The PSR
is the mean of per-example success rates:

ip succeeds}’

PSR(G
|G|

[{p € G,
|5! Z

Per-example normalisation gives each example
equal weight regardless of how many patches fall
within GG. Formal definitions are provided in Ap-
pendix A.2.

4 Recoverability of Information

We investigate how task-solving information is dis-
tributed across CoT hidden states, and whether tar-
geted patching can recover correct answers even
from incorrect CoT runs. We refer to a source run
as correct if the CoT generation produces the cor-
rect final answer, and incorrect otherwise. Table 2
confirms that while CoT prompting substantially
improves GSM8K accuracy—from 8.7% to 84.6%
for LLaMA 3.1 8B and from 19.8% to 89.2% for
Qwen 2.5 7B—Afailure cases persist. As shown in
Table 2, patch recoverability is near-perfect in both
models, indicating that for almost all examples, at
least one intervention recovers the correct final an-
swer. Notably, this includes examples where the
original CoT generation itself is incorrect, demon-
strating that intermediate hidden states can still
contain recoverable task-solving information de-
spite an incorrect final output. This recovery re-
flects the content of the patched hidden state rather
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Figure 3: Distribution of successful source-to-target patches across CoT source tokens for two representative
GSMSK examples in LLaMA 3.1 8B. Darker colours indicate patches that recover the correct final answer. (a) In a
correct CoT run, successful patches are broadly distributed across the chain. (b) In an incorrect CoT run, they are
sparse and irregular, indicating only intermittent encoding of answer-relevant information.

than a simple perturbation effect: when the hid-
den states behind successful patches are replaced
with norm-matched random vectors, only 20.7%
of these patches still recover the correct answer
(Appendix C).

4.1 Availability of Task-Solving Information

To understand why CoT falls short of near-perfect
accuracy, we compare the density of successful
patches in correct and incorrect CoT runs. Fig-
ure 2 shows that successful patches are substan-
tially denser in correct CoT runs than in incorrect
ones; a randomly drawn correct example has 82%
probability of having higher density than a ran-
domly drawn incorrect example.’ These results
suggest that, although representations sufficient for
the correct answer can emerge even in failing runs,
they are neither consistently propagated nor domi-
nant. Additionally, in six incorrect-CoT examples,
no intervention recovers the correct answer at any
position or layer, leaving patch recoverability at
99.5% rather than 100% (Table 2). Instead, hid-
den states that steer generation toward incorrect
outputs can dominate, leading to an incorrect final
answer despite task-solving signal recoverable else-
where in the CoT. Figure 3 illustrates this contrast
in two representative examples.

4.2 Layer-Wise Information Distribution

We examine whether task-solving information con-
centrates in particular parts of the model depth.
As individual layer-wise trends can be noisy, we
group layers into Early, Mid, and Late categories

3See Appendix E for details.

Layer Group o LLaMA 3.18B +; Qwen2.57B
Early 19.6 24.9

Mid 314 27.9

Late 30.0 33.8
Highest (%, layer) 32.7 (L17) 35.3 (L28)
Lowest (%, layer) 18.2 (L5) 24.4 (L7)

Table 3: Layer-wise patch success rate (PSR), grouped
into Early, Mid, and Late layers, with peak and mini-
mum per-layer results.

and compute PSR for each group. Table 3 shows
that recoverable task-solving information is con-
centrated in mid-to-late layers in both models.
For LLaMA 3.1 8B, the peak occurs at layer 17,
whereas for Qwen 2.5 7B, it occurs at the final
layer. This depth-dependent pattern is consistent
with prior work showing that transformer represen-
tations become increasingly task-oriented in later
layers (Zhao et al., 2024).

4.3 Token Role and Patch Success Rate

We examine whether models preferentially encode
task-solving information within particular token
roles by computing the PSR for each role cate-
gory. Table 4 shows that recoverable task-solving
information is distributed unevenly across token
roles. Semantically informative roles—entity, verb,
and other—yield higher PSR than explicitly math-
ematical tokens such as quantities, operands, oper-
ators, and equation-related symbols, with punctua-
tion contributing the least.® This pattern suggests

®For LLaMA 3.1 8B, Number is an exception: its ele-
vated PSR reflects its frequent co-occurrence with the final
numerical answer.
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Model

Verb Entity Number Unit Quantity Result Operator Equals Punctuation Step Operand Other

o LLaMA 3.1 8B 41.8 361 323 185 17.8
v Qwen2.57B 474 39.6 176 213 143

19.2 18.7 17.2 16.1 134 132
11.9 21.5 20.3

30.5

22.0 184 115 34.5

Table 4: Patch success rate for CoT tokens, grouped by role type.

Step Progress o LLaMA 3.1 8B v Qwen 2.5 7B

QI (earliest) 33.6 36.0
Q2 25.0 28.3
Q3 24.9 27.4
Q4 (latest) 22.0 232

Table 5: Patch success rate for CoT tokens, grouped by
token depth within the reasoning chain and normalised
by the number of patches in each quartile.

Other -

. 9.0
Entity -
Punctuation - as
Number - ’
Operand - . _ 80
opercor MMMNNEEN
Quantity - -75
Result -
Step - -70

Verb -

Equals —....

1 1 1 1
1357 9 MN131517 19 2123252729 3132
Layer

Figure 4: log patch effect of patching CoT tokens
grouped by entity type across layers in the target run.

that task-solving information is often encoded in
broader contextual representations rather than
solely in symbolic mathematical notation. The
strong performance of other, which groups all to-
kens not assigned a specific role, suggests that role
labels alone do not fully explain where task-solving
information concentrates. We therefore turn to to-
ken position as a complementary account.

4.4 Token Position and Patch Success Rate

To explore how the relative position of a token
within the source CoT influences where the task-
solving information is localised, we first group to-
ken positions into quartiles (Q1 earliest, Q4 latest)
and compute the PSR for each.

Table 5 shows that task-solving information con-
centrates in earlier CoT tokens, with PSR declining
monotonically from Q1 to Q4. This suggests that
the model encodes information most useful for
correct answer prediction in the initial stages of

Output type Description

Full CoT Complete multi-step natural-language
reasoning.

Step 1: 16 eggs/day. . .
Predominantly symbolic or arithmetic
expressions with minimal prose.
16-3-4=9]9%2=18

Abbreviated one-step reasoning.

after eating and baking, she has 9 eggs left.
9x2=18

Direct answer; typically a single numeric
output and a few words (less than 10 tokens)
10

Non-answer prose without a valid final
numeric answer.

day at the farmers’ market.

Mostly noise-like generations; often
dominated by symbol-like fragments or
token repetition.

)$

Empty generation.

Final answer is: $18

Equation-Only

Partial CoT

Final Only

Text Only

Noise

None

Table 6: Taxonomy of post-patch generation types, with
representative outputs.

the reasoning chain, with later tokens contributing
little new information.

5 Post-Patch Generation Behaviour

Patching can substantially alter the model’s gen-
eration behaviour. Because subsequent generation
proceeds from the patched representation, the
resulting outputs reflect the information encoded
in that hidden state and provide a behavioural
lens into the nature of the transferred task-relevant
information. We therefore analyse post-patch
behaviour in two ways: by quantifying the causal
effect of the intervention, and by examining the
generations it induces.’

5.1 Patch Effect

We adopt the notion of a patch effect (PE) from
Zhang and Nanda (2024) and adapt it to our setting.
Their formulation measures how much patching
a clean activation restores performance in a cor-
rupted run; ours measures how much patching a

"Since the output behaviour of both LLaMA 3.1 8B and
Qwen 2.5 7B is similar, we report results only for the former.
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Figure 5: Generation behaviour and patch success rate by token role for LLaMA 3.1 8B. (a) Distribution of output
types per role. (b) PSR per role—output-type combination; for example, patches from Verb tokens that elicit Full

CoT achieve a PSR above 60%.

CoT state moves the target run away from the an-
swer it would otherwise give, since our two runs
differ by prompt condition rather than by corrup-
tion. For example, if the model assigns probability
0.90 to the answer token “18” before patching and
0.05 after, PE is 17, meaning the original answer
retains roughly one eighteenth of its previous prob-
ability, a substantial shift away from the model’s
original prediction (see Appendix F for details).
Figure 4 shows the log PE across entity types
and layers.® Overall, PE is high across all entity
types, which we attribute to the final target posi-
tion being the most causally sensitive location for
patching (Appendix F). The effect is strongest in
mid-to-late layers, suggesting these layers hold the
representations most effective at redirecting the
model’s output. Numeric entity types—number,
operand, quantity, and result—show a com-
paratively smaller shift, likely because the target
prompt primes the model towards numeric out-
puts, meaning that these patches tend to swap one
number-oriented representation for another.

5.2 Generation Behaviour

We classify each post-patch generation into one of
seven output types (Table 6) and jointly examine
their distribution and PSR across token roles (Fig-
ure 5) and step-position quartiles (Table 7). We use
these generations as a behavioural probe into the
nature of the task-relevant information transferred

8We use log-scaling to handle the wide-spread of values.

Full Eq. Partial Final Text

Step Progress CoT Only CoT Only Only None Noise
— QI (earliest) 219 195 86 329 71 63 3.7
T Q 142 202 74 384 65 93 4.0
2 Q3 139 18.5 75 400 70 93 3.9
_ Q4 (latest) 9.8 153 59 486 6.1 11.0 3.4
_ QI (earliest) 67.1 56.0 40.0 91 00 00 24
e Q2 56.6 51.4 383 84 00 00 26
S Q3 599 50.1 357 88 00 00 3.2
& Q4 (latest) 559 482 327 153 00 0.0 3.6
PSR 62.5 518 366 108 00 0.0 3.0

Patch recoverability 99.0 97.0 942 927 00 0.0 292

Table 7: Generation behaviour distribution and patch
success rate (%) by step-progress quartile and genera-
tion type for LLaMA 3.1 8B. Distribution rows report
100 x P(generation type | quartile). PSR rows report
success rate conditioned on quartile and generation type.

by patching.

Generation type reveals the nature of the trans-
ferred information. Full CoT and Partial CoT
represent reasoning-oriented information, Equation
Only corresponds to structured arithmetic informa-
tion, and Final Only indicates answer-proximal
information (Table 6). Although Final Only is
the most frequent output type (Figure 5a), this
largely reflects the target prompt’s bias toward
short numeric answers rather than the reliability
of answer-proximal information. Table 7 shows
that reasoning-oriented generations are much more
reliable: Full CoT, Equation Only, and Partial CoT
achieve PSRs of 62.5%, 51.8%, and 36.6%, respec-
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Figure 6: Patch recoverability as a function of source-CoT quartile, intervention, and post-patch generation budget.

tively, compared with only 10.8% for Final Only
and near-zero success for non-answer forms (7ext
Only, None and Noise).

Language tokens encode richer task-solving
information than mathematical tokens. Verb,
entity, and other tokens produce the highest pro-
portions of Full CoT and Equation Only outputs
and attain the highest PSR within those forms (Fig-
ure 5b). Verb tokens elicit Full CoT in 30.4%
of interventions with a PSR exceeding 60%, the
highest of any role—output combination. By con-
trast, numeric tokens (result, number, quantity,
operand) concentrate in Final Only outputs (69—
81%, Figure 5a), and even when they elicit Full
CoT, their PSR remains substantially lower than
that of language tokens (Figure 5b), implying that
the performance bottleneck lies in the encoded in-
formation rather than the output form. Operator
is a partial exception: it produces the highest Equa-
tion Only rate (42.5%) but its PSR within that form
remains below language tokens, suggesting its hid-
den state encodes a local arithmetic plan without
sufficient context to derive the correct answer.

Earlier source positions yield richer outputs and
higher success. Table 7 shows that across posi-
tion quartiles, Full CoT decreases monotonically
from Q1 to Q4 (21.9% — 9.8%) while Final Only
increases (32.9% — 48.6%). This trend indicates
that earlier positions are capturing more reasoning-
oriented content. The PSR within Full CoT also
declines from Q1 to Q4 (67.1% — 55.9%), in-
dicating that earlier tokens more frequently elicit
reasoning-based outputs and encode information
that more reliably steers that reasoning toward the
correct answer.

5.3 Generation Budget and Patch Search

Full patch recoverability in Table 2 combines two
factors: how many patch candidates are searched,

and how many tokens the model may generate af-
ter patching. Figure 6 separates these factors by
varying both.

For each panel, we select patch candidates greed-
ily. Starting from an empty set, we iteratively add
the relative token—layer location that recovers the
largest number of examples not already covered.
A candidate fixes a relative source position and
layer, but the patched hidden state is taken from
each example’s own generated CoT. Thus, if adding
source CoT position O at layer 17 gives the largest
marginal gain, that relative location is added to the
candidate set.

The z-axis therefore measures cumulative cover-
age under an increasingly broad greedy search, not
random intervention samples.

With relaxed generation budgets (Figures 6c¢
and 6d), Q1 separates from later quartiles: the best
single token—layer location recovers 71% and 80%
of examples, respectively, compared with < 24%
for all other quartiles. Early patches therefore carry
reasoning-oriented signal that is more consistently
aligned across examples. They need enough gen-
eration space to unfold into multi-step solutions.
Task-solving information is concentrated in Q1.

With fewer than 25 tokens available (Figure 6a),
successful patches must contain the final answer.
Q4 achieves the highest recoverability, but only
after searching over > 50 candidates. While later
CoT tokens are more answer-proximal, they are
less consistently aligned to shared relative token—
layer locations across examples.

Together, these results reveal a tradeoff: early
patches are more concentrated but need longer con-
tinuations, whereas late patches are more answer-
proximal but require broader search.

6 Conclusion

Through patching, we showed that the CoT gen-
erated by a model frequently contains recoverable
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task-solving information, even when that model
ultimately answers incorrectly. This information
is unevenly distributed: correct traces are denser
and more widely accessible, while incorrect ones
are sparser but often still sufficient. Patching also
reshape subsequent generation behaviour, with
patches from certain source tokens producing much
shorter outputs while still leading to a successful
reasoning. Together, these findings suggest that
full natural-language CoT is not always optimal for
solving arithmetic questions, and that strong rea-
soning can persist in internal states even when not
fully reflected in the generated chain—motivating
future work on making reasoning both more effec-
tive and efficient.

Limitations

Our framework enables causal analysis of how CoT
hidden states contribute to final-answer prediction;
we demonstrate it on GSM8K, where step-by-step
reasoning is central and answer correctness is un-
ambiguous. The intervention method itself is task-
general, and extending the analysis to broader rea-
soning domains is a natural direction for future
work.

Our token-role taxonomy is purpose-built as an
auxiliary analysis tool for arithmetic reasoning on
GSMBS8K. The causal intervention itself is defined
over token position and layer: we patch single-
token hidden-state vectors from a generated CoT
trace into a target run. Token roles therefore do not
determine the intervention; rather, they provide an
interpretable grouping over otherwise anonymous
token-indexed vectors, allowing us to ask whether
recoverable task-solving information is associated
with functional token types that arise in arithmetic
CoT traces.

Existing reasoning-step taxonomies (Li et al.,
2025) operate at the sentence or step level and are
designed to classify stages of reasoning, not the
contribution of individual token states. Because
our interventions act on single-token hidden states,
we require token-level distinctions aligned with
the structure of GSMS8K solutions, such as entities,
verbs, quantities, operators, operands, and interme-
diate results. We therefore combine spaCy pars-
ing with rule-based heuristics to assign lightweight
arithmetic-specific role labels. These labels are
not intended as a general linguistic semantic role
labelling scheme, nor as a universal taxonomy of
reasoning tokens. Boundary cases are inevitable,

but the labels are used only post hoc to aggregate
and interpret causal effects across source tokens;
the effects themselves are measured by the model’s
behavioural response to hidden-state patching.

Our classification of post-patch generation be-
haviour into discrete output types relies on rule-
based criteria applied to surface-level properties
of the generated text. While this scheme captures
the dominant generation patterns observed in prac-
tice, boundaries between categories are not always
sharp. For instance, the distinction between Partial
CoT and Equation Only can be ambiguous when
generations contain minimal but non-zero prose.
Such edge cases may introduce noise into the dis-
tribution statistics reported in §5.2, though they are
unlikely to affect the broader conclusions given
the magnitude of the observed differences across
output types.

Finally, we focus on token-level hidden-state
interventions and do not analyse the latent monose-
mantic features that may underlie these represen-
tations. Understanding how such internal features
relate to the recoverable task-relevant information
identified in this study remains an important direc-
tion for future work.
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A Implementation Details

All experiments use LLaMA 3.1 8B’ and
Qwen 2.5 7B in instruction-tuned variants, and
are run on NVIDIA H200 GPUs. Decoding is
greedy (do_sample=False), with seed 42 and de-
terministic PyTorch settings, ensuring full repro-
ducibility across patch runs. All runs use batch size

*https://huggingface.co/meta-1lama/Llama-3.1
-8B-Instruct

1Ohttps: //huggingface.co/Qwen/Qwen2.5-7B-Instr
uct
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1 and a maximum generation length of 400 tokens,
with patches applied at the final non-padding to-
ken of the target prompt. For Qwen 2.5 7B source
runs, the generation length is extended to 800 to-
kens to prevent truncation before the final answer
is produced.

A.1 Prompt Details

Table 9 presents the full prompt templates for both
models across source and target conditions.

A.2 Evaluation

To evaluate GSMS8K examples we extract the last
generated numerical value from the model output;
this follows a common flexible answer-extraction
strategy for GSMS8K-style reasoning evaluation,
though extraction details vary across prior work
(Maurya et al., 2025; Kojima et al., 2022; Ling
et al., 2023). As an implementation example, the
verl!! GSMS8K evaluation utility provides both
strict and flexible extraction modes; the lat-
ter searches the generated response for the final
numerical answer.

B Patching Setup

Formally, let 2. and xy denote the input token
sequences to the source (CoT) and target (direct-
answer) runs, respectively, for the same question.
At each transformer block [ € {1,..., L} and to-
ken position 7, the hidden state is computed as:

az('l) _ hz('l_l) + Attn® (Norm(h(ii_l)))

hgl) = a@(l) +MLp?) <Norm(a§l)>>

EO) is the token embedding, Norm denotes

RMSNorm (Zhang and Sennrich, 2019), and h; )

the states at positions up to 7; the final normalisa-
tion before the unembedding is left implicit. We
denote by hY € R the hidden state at position

1,S1C
¢ and layer [ during the source run, and by h(—l)l,tgt

the corresponding state at target position —1 during

O]
—1,tgt

where h

the target run. Activation patching replaces h
A0
with h;

i.src during the target forward pass:

BO

—1,tgt 7,SIC

Layers I’ > [ at position —1 then process this sub-
stituted state, completing the forward pass, after
which the model begins generating its response.

Uhttps://github.com/verl-project/verl/

o 1.00 0.75 0.50 0.25 0.00
Success (%) 100.0 82.5 67.0 33.3 20.7

Table 8: Direction-noise control in LLaMA 3.1 8B.
Each originally successful patch is replaced by a norm-
matched state at cosine similarity « to the original; o =
1 is the unperturbed patch and o = 0 a fully random
direction with the original magnitude. The table reports
the proportion that still recovers the correct final answer.

C Noise Control

To show that recovery depends on the content of
the patched hidden state, and is not an effect of the
intervention that any random vector could produce,
we repeat patching with the source state rotated
away from its original direction while its norm is
held fixed.

For a source hidden state h, we construct a per-
turbed state /1 with the same norm as & and a con-
trolled cosine similarity « to it:

h=|n| (aﬁ—i— V1o 04211)

where i = h/||h|| is the unit vector along % and @
is a random unit direction orthogonal to h. Lower
« gives a noisier patch. At o = 1 the intervention
is the original one, and at a = 0 the patched vector
is a fully random vector matching only the norm of
the original hidden state.

We run the control on 100 randomly drawn ex-
amples of GSMS8K in LLaMA 3.1 8B and restrict
it to interventions that already succeeded under the
unperturbed procedure, approximately 65k patches.
Noise applied to originally unsuccessful patches
could turn failures into successes by chance and
would inflate the result.

Table 8 reports the proportion of these patches
that still recover the correct final answer at each
level of a. Success declines monotonically as the
direction of the patched state is degraded, falling to
20.7% once the direction is fully random. Recovery
therefore depends on the content of the transferred
hidden state rather than on perturbation at the target
position as such. The a = 0 condition also quan-
tifies how much of the effect generic perturbation
accounts for, roughly a fifth, leaving the remainder
attributable to the content of the source state.

D Token Role Labelling

We assign a single role to each token in the Chain-
of-Thought trace using a deterministic rule-based
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Component o LLaMA 3.1 8B

v; Qwen 2.5 7B

System <|start_header_id|>system<|end_header_id|> <|im_start|>system
(Source) you are a step-by-step reasoner, finish the reason- you are a step-by-step reasoner, finish the reason-
ing with Final Answer: #### [number] ing with Final Answer: #### [number]
<|eot_id|> <|im_end|>
System <|start_header_id|>system<|end_header_id|> <|im_start|>system
(Target) Answer only with the final numeric result. Do not Answer only with the final numeric result. Do not
show steps. show steps.
<|eot_id|> <|im_end|>
User <|start_header_id|>user<|end_header_id|> <|im_start|>user
Question: [guestion] Answer: Question: [question]  Answer:
<|eot_id|> <|im_end|>
Assistant <|start_header_id|>assistant <|im_start|>assistant
<|end_header_id|>
Question Janet’s ducks lay 16 eggs per day. She eats three for breakfast every morning and bakes muffins for her
(shared) friends every day with four. She sells the remainder at the farmers” market daily for $2 per fresh duck egg.

How much in dollars does she make every day at the farmers’ market?

Table 9: Prompt templates for source and target conditions. Monospace tokens are model-specific chat delimiters;
system instructions differ by condition but are identical across models. The user turn and assistant prefix are shared
across conditions. LLaMA 3.1 8B prepends <|begin_of_text|> to the full prompt; this is omitted here for brevity.

postprocessing pipeline. The role taxonomy is
given in Table 6. The labelling procedure is ap-
plied after source CoT generation, using the origi-
nal question and generated reasoning trace.

At a high level, the labeller first builds a ques-
tion context by running the question through spaCy
and extracting non-stopword tokens whose part-of-
speech tag is NOUN or PROPN. Both the token lemma
and lowercase surface form are stored, so later
mentions in the reasoning trace can be matched
by either normalised form. These question-derived
entities are then used to mark matching mentions
in the reasoning trace as Entity, with a small set
of third-person pronouns also treated as entity ref-
erences. The reasoning trace is then processed with
the same spaCy English pipeline to obtain token
boundaries, lemmas, part-of-speech tags, and de-
pendency relations.

The rules are applied in the following fixed or-
der:

1. All reasoning tokens are initialised as Other.

2. Tokens matching the extracted question enti-
ties are labelled Entity.

3. Selected third-person pronouns are labelled
Entity.

4. Verbs and auxiliaries are labelled Verb.

5. Basic numerical and unit expressions are iden-
tified: numeric tokens are labelled Number,

while currency, measurement, and rate-unit
tokens are labelled Unit.

6. Compound units and rate expressions, such as
“miles/hour” or “per day”, are labelled Unit.

7. Explicit reasoning-step markers, such as Step
1: or numbered line prefixes, are labelled
Step.

8. Quantity expressions are identified using de-
pendency relations, promoting numeric modi-
fiers to Quantity and their associated counted
nouns to Unit where appropriate.

9. Textual arithmetic operators such as “plus”,
“minus”, or “times” are labelled Operator,
and nearby numeric arguments are promoted
to Operand.

10. Symbolic arithmetic is labelled: symbols
such as +, -, %, /, x, and \times are la-
belled Operator; equality symbols are la-
belled Equals; nearby left-hand-side num-
bers are labelled Operand; and right-hand-
side equation numbers are labelled Result.

11. Remaining punctuation is labelled Punct,
while any token not captured by the preceding
rules remains Other.

Although the rules are applied in this order, the
final label is determined by a priority scheme rather
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than by simple overwrite order. When a rule pro-
poses a new label, the label is accepted only if it
has higher priority than the token’s current label.
This makes the assignment deterministic and en-
sures that more specific mathematical or structural
roles override broader linguistic categories. In par-
ticular, arithmetic roles such as Operator, Equals,
Result, and Operand take precedence over general
labels such as Number, Entity, Verb, and Punct.
Thus, for example, a numeric token may initially
be recognised as a Number, but later be promoted
to Operand or Result if it participates in an arith-
metic expression.

Because the model tokenisation does not neces-
sarily coincide with spaCy tokenisation, labels are
assigned to model tokens through character-span
projection. The reasoning text is first labelled at
the spaCy-token level, producing labelled charac-
ter spans. These spans are then projected onto the
model’s saved source tokens: each model token re-
ceives the highest-priority label among the labelled
character spans it overlaps. This also handles sub-
word tokenisation; for example, if spaCy labels the
word “Janet” as Entity and the model tokenizer
splits it into subword tokens such as “Jan” and
“et”, both subword tokens inherit the Entity label.
This allows the same rule set to be used across to-
kenizers while preserving the exact source-token
positions used in the patching experiments.

E Patch Success Density

To verify that the difference in patch success den-
sity between correct and incorrect source CoT runs
is not attributable to chance, we conduct a Mann-
Whitney U (MWU) test. We chose this test for
two reasons: firstly, the patch success density is
bounded between 0—100% and exhibits a right-
skewed distribution, particularly in the wrong con-
dition (mean = 12.57, median = 8.10); and sec-
ondly, our groups are unequal in size (n = 1,108
vs. n = 211), thereby making rank-based compari-
son more appropriate.

As illustrated by Figure 2, we compare patch
success density across all layer groups for runs
where the source CoT is correct versus incorrect.
The MWU test yields U = 191, 865.5, p < 0.001,
confirming a statistically significant difference be-
tween the conditions. To quantify this, we report
the rank-biserial correlation effect as effect size
(r = 0.64), which constitutes a large effect under
standard conventions, indicating that in approxi-

E le1 4 =
xample 1 5
Example 17 l = 1 4
o s =
-3
- -
Example 33
E -2
Example AQI uc |
- -1
[na i
Example 64! L ] l -0
0% 50% 100%

Normalised Target Position

Figure 7: Log PE across normalised target positions
for 64 sampled GSM8K questions in LLaMA 3.1 8B,
averaged over source positions and layers. Each row
corresponds to a single example; colour intensity indi-
cates the magnitude of the patch effect.

mately 82% of pairwise comparisons, a correct-
source run exhibits a higher patch success density
than a wrong source run. These results support the
claim in §4 that correct CoT reasoning produces a
broader and more consistent causal signal across
layers, whereas incorrect reasoning yields sparser
and less transferable representations.

F Patch Effect on Target Positions

Let g denote the input to the target (direct-

answer) run, and let hg-l) denote the hidden state

at token position j of layer [ in that run. Let hglgrc
denote the hidden state of source CoT token 1 at
layer [, cached during the source run. We define rg
as the answer token generated under the unpatched
target run, with p = P(rg | 2g) its assigned
OO

7 1,S1¢?

probability. After patching h the proba-

. - ! !
bility becomes pigr = P(rtgt | Tigt; hg-) — hg,s)rc)
The patch effect (PE) measures the drop in the
probability of the model’s original prediction rela-

tive to its post-patch probability:

PE — Prgt ~_ Digt
Drgt

A large PE indicates a substantial shift away from
the model’s original prediction. Since the denomi-
nator is the post-patch probability, PE grows with-
out bound as the intervention lowers the probability
of the target’s original prediction, which is why we
report it on a log scale (Figures 4 and 7).

To determine the optimal target position j for
our experiments, we conduct a preliminary empir-
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ical analysis on a random sample of 64 GSM8K
questions. We patch hidden states from each source
position to each target position across all layers and
measure PE at each combination, identifying which
target position yields the strongest intervention ef-
fect. Figure 7 shows that the final target position
consistently yields the highest PE across examples,
motivating its use as the fixed target position j in
all experiments.

G Patch Success Outputs

Table 10 provides representative post-patch gen-
erations for examples where the source CoT run
produced an incorrect answer and patching recov-
ered the correct one.

H Dataset, Model, and Artifact Use

We use all external artifacts only for research and
evaluation. GSMS8K is used as a mathematical rea-
soning benchmark under its MIT license (Cobbe
et al., 2021); LLaMA 3.1 8B is used under the
LLaMA 3.1 Community License and its Accept-
able Use Policy; and Qwen 2.5 7B is used under
the Apache 2.0 license. Our use of these artifacts is
limited to analysing model behaviour through con-
trolled hidden-state interventions. We do not use
the datasets or models for deployment, user-facing
decision making, or any application outside the re-
search context. Any derivative artifacts produced
by our work consist only of aggregate experimental
results, analyses, and visualisations intended to sup-
port reproducibility and scientific interpretation.
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Question Source CoT x Post-Patch Generation (Behaviour) v Token Layer
Josh decides to try flipping a house. ... The value of the house is increased by 150%, so New value = $80,000 4+ increases the value of the house to increases 32
He buys a house for $80,000 and then ~ $120,000 4 $50,000 = $250,000. Profit = $250,000 — $130,000 = $200,000. He sold the house for $200,000. (34, verb)
puts in $50,000 in repairs. This $120,000 He made a profit of $70,000. (Partial
increased the value of the house by CoT)
150%. How much profit did he make?
According to its nutritional info, a ... Since there are 5 servings in the bag, multiply by the total bag weight: you have already consumed 1800 calories, each 3
bag of chips has 250 calories per 0.8 x 300 = 240¢g you have 200 calories left for the day. 200 (35, other)
serving. If a 300g bag has 5 servings, calories / 250 calories per serving = 0.8
how many grams can you eat if your servings. 0.8 servings X 300g /5 servings
daily calorie target is 2000 and you = 48g. (Full CoT)
have already consumed 1800
calories?
George has 45% more pears than ... The number of pears is 145% of 200, which is 0.145 X 200 = 29. find the number of pears George has, we ~ find 13
bananas. If George has 200 bananas,  Total fruits = 200 4 29 = 229 need to calculate 45% of 200, which is (86, verb)
how many fruits does George have? 0.45 x 200 = 90. Then, we add 90 to 200
to get the total number of pears. 200 + 90
= 290. The total number of fruits George
has is 290 + 200 = 490. (Full CoT)
A plane travels 1200 miles in 3 hours. ...Time = 2000/400 = 5 hours. Since the question asks for the Rate = 1200 miles / 3 hours = 400 miles Rate 19
At the same rate, how many additional hours, subtract the initial 3 hours: 5 — 3 = 2. per hour. Time = 2000 miles / 400 miles (27, entity)
additional hours would it take to per hour = 5 hours. (Full CoT)
travel an additional 2000 miles?
If every second, a bubbling spring ... There are 60 X 60 X 4 = 144,000 seconds in 4 hours. One spring 5% 60 x 60 x 4 ="72,000. (Equation  jelly 1
creates a new jellyfish, how many creates 144,000 jellyfish, so 5 X 144,000 = 720,000 Only) (79, entity)
jellyfish would 5 springs working at
the same rate create in 4 hours?
James decides to buy birthday ...Since James has 2 sons, he needs 2 X 2 = 4 candles. However, since he pack 3
candles for his 2 sons. One of them is needs 4 candles, he buys another pack of 5 candles, for $6 total. 12. (Final Only) (200, entity)
12 and the other is 4 years younger. A
pack of 5 candles costs $3. How
much does James spend on candles?
Imma has 3 cats. She feeds her cats ... Divide the total cat food by the daily amount: 2 X 60 = 120. Then need to find out how many days 720 grams need 15
twice a day with 60 grams of cat food. 720/120 = 6 days. of cat food will last for 3 cats. 720 grams / (13, verb)
How many days will 720 grams of cat (3 cats X 120 grams/day) = 720/ 360 =
food last? 2. (Full CoT)
Mrs. Jameson’s bamboo in the ... 20 feet x 12 inches/foot = 240 inches. Then divide the target height by 20 feet is 240 inches. 600 — 240 = 360.  find 7
backyard grows up to 30 inches a day. the daily growth rate: 600/30 = 20 days. 360 /30 = 12. (Equation Only) (85, verb)
Today, its height is 20 feet. In how
many days will its height be 600
inches?
My wife wants to evenly split the ...20% of $50 = $10. Add the tip to the bill: $50 +$10 = $60. splitting the check means you pay 50% of ~ splitting 23
check but wants me to pay an Splitting the $60 evenly gives $30. the bill, so0 50% of $50 is $25. Then you (89, verb)
additional 20% tip on our $50 dinner add a 20% tip on the $50 bill, which is $10.
bill. How much did I end up paying? So you pay $25 + $10 = $35. (Full CoT)
Maggie’s oven is malfunctioning. ... The oven is off by 18 /450 = 0.04 or 4%. Increase 520 by 4%: 468 /450 = 1.04. 520/ 1.04 = 500. temperature 11

When she sets it to 450 the actual
temperature is 468. If it’s off by the
same percentage for any recipe, what
temperature should she set it at if her
recipe calls for 520 degrees?

520 4+ 20.8 = 540.8, so Maggie should set the oven to 541.

(Equation Only)

(117, entity)

Table 10: Examples where the source CoT produces an incorrect final answer (<), but patching a single hidden state
into the target run recovers the correct answer (v). The post-patch column reports the recovered generation regime:
full cot, equation only, partial cot, and final only. The token column shows the patched source token with its source
position and token-role annotation beneath it.
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