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Abstract

Post-training is essential for adapting Large
Language Models (LLMs) to real-world appli-
cations. Deploying post-trained models faces
significant challenges due to substantial mem-
ory overhead and noticeable inference latency.
Existing work has identified significant redun-
dancies in LLMs and proposed efficient archi-
tectures, namely intra-layer KV sharing and
cross-layer KV sharing. However, these meth-
ods still result in high inference time over-
head, remaining suboptimal for post-training
pre-trained LLMs. In this paper, we identify
that the Softmax operation is a primary bottle-
neck for LLM inference and discover that it is
actually highly redundant during post-training.
We propose Softmax Unification in Attention
(UniAttn), a novel post-training method that
unifies Softmax activations across transformer
blocks to reduce LLM inference costs. Ad-
ditionally, UniAttn adopts a linear projection
to refine the approximation induced by Soft-
max unification. Experiments show that Uni-
Attn matches the performance of standard post-
training while significantly reducing inference
costs, outperforming existing efficient architec-
tures during post-training.

1 Introduction

Post-training (Lambert et al., 2024) has become a
critical step in developing advanced LLMs for both
general-purpose tasks (OpenAI, 2023; Liu et al.,
2023) and domain-specific tasks (Thirunavukarasu
et al., 2023; Wu et al., 2023; Shao et al., 2024).
It typically refers to performing supervised fine-
tuning (SFT) or domain-specific continual pre-
training on pre-trained LLMs using a text corpus
different from the original pre-training dataset. Cur-
rent post-training approaches for real-world appli-
cations involve fine-tuning popular base models
(Dubey et al., 2024; Jiang et al., 2023; Rivière et al.,
2024) with standard decoder-based architectures
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that have scaled to trillions of parameters. How-
ever, these approaches face two widely recognized
challenges in model deployment (Xiao et al., 2024;
Wang et al., 2024a; He et al., 2024; Brandon et al.,
2024; Chen et al., 2024): (1) the substantial mem-
ory overhead required for KV-cache storage, and
(2) the computational latency, which leads to no-
ticeable inference time.

To address those deployment challenges, re-
cent research has introduced architecture-time KV-
cache sharing designs during pre-training. Depend-
ing on the granularity of redundancies, there are
two mainstream paradigms: intra-layer KV shar-
ing and cross-layer KV sharing. Intra-layer KV
sharing, such as MQA (Shazeer, 2019) and GQA
(Ainslie et al., 2023), reduces redundancy across
attention heads within the same layer by sharing
keys and values, and is now widely adopted in mod-
ern LLMs. Beyond that, cross-layer KV sharing,
such as CLA (Brandon et al., 2024) and YOCO
(Sun et al., 2024), further shares keys and values
across multiple layers to pursue additional mem-
ory reduction. However, cross-layer sharing is less
established in mainstream deployed LLMs and is
particularly difficult to retrofit in the post-training
regime: directly applying cross-layer KV sharing
during post-training can cause noticeable perfor-
mance degradation and still translate poorly to wall-
clock speedups at deployment (see Figure 1).

To obtain a more comprehensive understanding
of inference costs and cross-layer behaviors in de-
ployed LLMs, we empirically analyze major archi-
tectural modules inside them. First, we systemat-
ically profile the FLOPs contributions and TTFT
latency proportions for MHA and FFN. Table 1
shows that the Softmax operation in MHA signifi-
cantly contributes to inference costs, although ac-
counting for less than 1% of total FLOPs. Simi-
lar observations have also been reported in other
Transformer-based architectures (Koohpayegani
and Pirsiavash, 2024; Liu et al., 2024). Second,
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Figure 1: Comparisons of our UniAttn and directly
applying cross-layer KV sharing (CLA) during post-
training. “A-X” represents modifying total of X layers
when applying A.

we also observe that Softmax activations exhibit
high cross-layer similarity in the top half layers
across various open-source pre-trained LLMs and
post-training datasets. For instance, the average
cross-layer similarity exceeds 0.9 on the top half
layers in LLaMA-3.1 8B (Dubey et al., 2024) when
evaluated on the Tulu3 (Lambert et al., 2024) train-
ing set (see Figure 2 for detailed results). This
observation encourages us to reformulate efficient
LLM design from the perspective of Softmax re-
dundancies, and to exploit it during post-training.

In this paper, we propose to post-train LLMs
with Softmax Unification in Attention (UniAttn).
Specifically, we firstly define “Superblock” as a
group of consecutive LLM blocks in which each
layer shares similar Softmax activations. We then
propose to unify the Softmax activations of all
blocks in each Superblock. Such unification can
greatly reduce the K-cache size and softmax com-
putations, thus significantly reducing memory and
time costs. Additionally, to refine the approxima-
tion introduced by Softmax unification, we add a
lightweight linear projection. With a simple and
effective training scheme, this simple design effec-
tively absorbs the approximation deviation induced
by unification. To better interpret the performance
gains of UniAttn, we present a theoretical analysis
comparing it with existing cross-layer KV sharing
methods. Our analysis reveals that UniAttn better
preserves the benefits associated with model depth
(Wang et al., 2024b) in deployed LLMs.

We conduct extensive experiments on four open-
source pre-trained LLMs across two post-training
scenarios: enhancing domain-specific capabilities
and improving general capabilities. Our results
show that UniAttn consistently achieves perfor-
mance comparable to standard post-training while
reducing inference costs. Compared to existing KV-

Model
FLOPs (%) TTFT (%)

FFN MHA (Softmax) FFN MHA (Softmax)

LLaMA-2 7B 66.8 33.2 (1.0) 0.2 99.8 (81.8)
LLaMA-3.1 8B 80.8 19.2 (0.9) 0.1 99.9 (83.9)
Mistral 7B 79.6 20.4 (0.9) 0.6 99.4 (80.1)
Gemma-2 9B 77.8 22.2 (1.0) 0.4 99.6 (79.1)

Table 1: Breakdown of FLOPs and TTFT time propor-
tions (%) for major operations across different LLMs.
Results are measured under a 8192 context length.

cache sharing baselines, UniAttn achieves better
performance with 5× more time reduction. Fur-
thermore, our UniAttn can be combined with intra-
layer KV sharing and KV-cache compression meth-
ods to further cut down the memory overhead,
showing strong practicality for real-world appli-
cations.

Overall, we summarize our contribution as:

• We find that, although yielding high infer-
ence costs, Softmax activations in pre-trained
LLMs exhibit significant redundancy, sharing
high cross-layer similarities.

• We propose a post-train method, Softmax
Unification in Attention (UniAttn). Specif-
ically, we define Superblocks to group LLM
blocks with similar Softmax activations, and
unify Softmax activations within each Su-
perblock. Additionally, we leverage a
lightweight linear projection to refine unifi-
cation approximation. We also show theo-
retically that UniAttn better preserves model
capabilities than cross-layer KV sharing.

• Extensive experiments show that UniAttn
matches standard post-training performance
while reducing inference costs, and is more
robust than retrofitting cross-layer KV sharing
during post-training.

2 Related Works

2.1 Post-Training LLMs

Building frontier LLMs for real-world applications
involves two crucial stages: pre-training and post-
training. Since pre-training data and methodolo-
gies are often proprietary, the research community
has extensively explored post-training upon open-
source pre-trained LLMs (Dubey et al., 2024; Riv-
ière et al., 2024; Jiang et al., 2023) to enhance their
general or domain-specific capabilities for deploy-
ment (Lian et al., 2024). Post-training is typically
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performed on instruction-following or domain-
specific datasets. Recently, various datasets have
been curated to equip LLMs with specific abili-
ties, including general instruction-following mod-
els (Teknium et al., 2024; Lambert et al., 2024;
BAAI, 2024), medical QA models (Wu et al., 2023;
Gururajan et al., 2024; Singhal et al., 2023), legal
QA models (Huang et al., 2023; Zhou et al., 2024),
and models with strong mathematical problem-
solving capabilities (Liu and Low, 2023).

Existing research on post-training mainly fo-
cuses on creating specific datasets for equipping
open-source LLMs with specific capabilities. Dif-
ferently, we investigate the redundancies in pre-
trained LLMs and leverage them for post-training
inference-efficient LLMs.

2.2 KV-Cache Sharing Architectures

Unlike existing pruning and quantization ap-
proaches (Bolya et al., 2023; Xiong et al., 2024),
efficient KV sharing architectures utilize structural
redundancies to create inference-efficient model
for deployment, and can be grouped into two cat-
egories: intra-layer KV sharing, including MQA
(Shazeer, 2019) and GQA (Ainslie et al., 2023), and
cross-layer KV sharing, including CLA (Brandon
et al., 2024) and YOCO (Sun et al., 2024). Specifi-
cally, MQA (Shazeer, 2019) simplifies the attention
mechanism by utilizing multiple query heads and a
single KV head. GQA (Ainslie et al., 2023) takes
a step further by organizing query heads as mul-
tiple groups and assigning different KV heads to
each group. CLA (Brandon et al., 2024) proposes
a cross-layer sharing mechanism to further reduce
KV-cache memory overhead by sharing KV-cache
across different layers. YOCO (Sun et al., 2024)
transforms the original structure into self-decoders
and cross-decoders, and adopts a global KV-cache
across decoders.

Existing intra-layer KV sharing works have been
adopted by various open-source LLMs (Dubey
et al., 2024; Jiang et al., 2023; Rivière et al., 2024).
Although cross-layer KV sharing introduces more
aggressive memory reduction, according to our
analysis in Section 1 and Section 3.3, it still suf-
fers from efficiency and performance issues. To
address this, we propose UniAttn, which achieves
promising performance for post-training LLMs and
outperforms competing methods.

3 Methodology

3.1 Preliminaries
In this paper, we focus on mainstream decoder-only
LLM transformers. Each transformer block in an
LLM features a multi-head self-attention (MHA)
module and a feed-forward network (FFN). Given
an input sequence x ∈ Rl×d where l denotes the
sequence length and d denotes the hidden size,
both MHA and FFN generate an output sequence
with identical length and shape. We focus on the
MHA module. Formally, we denote MHA output
in layer i as x′

i, where x′
i = MHA(Norm(xi))+xi.

“Norm(·)” denotes the Pre-Norm, a component
adopted by mainstream open-source LLMs (Dubey
et al., 2024; Jiang et al., 2023; Rivière et al., 2024;
Bai et al., 2023). In the MHA module in layer i,
each token in the input sequence xi is first projected
by WQ,i, WK,i, and WV,i, forming Qi,Ki ∈ d×dk
and Vi ∈ d× dv. Then, the Softmax activation si
is calculated by:

si = softmax(
QiK

T
i√

dk
). (1)

Subsequently, si is projected using Vi and the out-
put weight matrix Wo,i of the i-th layer, and the
input to MHA is added through a residual connec-
tion to produce the MHA output x′

i:

x′
i = siViWo,i + xi (2)

3.2 UniAttn: Softmax Unification in Attention
Although existing KV-cache sharing methods, such
as intra-layer and cross-layer KV sharing, can re-
duce the memory footprint, they offer limited in-
ference time reduction (as shown in Figure 1). To
achieve both memory-efficiency and inference ac-
celeration, we investigate the Softmax operation be-
cause (1) calculating Softmax consumes a large por-
tion of KV-cache with about 50% cache memory;
and (2) Softmax operation leads to high inference
latency, as validated by Table 1 and multiple studies
(Geng et al., 2018; Koohpayegani and Pirsiavash,
2024). To intuitively understand the redundancy of
Softmax activations in LLMs, we conduct empiri-
cal analysis on the similarity of Softmax activations
between layers. To ensure the generalizability of
our study, we employ post-training datasets PMC
(Wu et al., 2023), Infinity Instruct (Math) (BAAI,
2024), Tulu3 (Lambert et al., 2024), and long sam-
ples (F15K) provided by (Su, 2023), and utilize
LLaMA-2 7B (Touvron et al., 2023), LLaMA-3.1
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Figure 2: Cosine similarity results of average Softmax
activations. Across all settings, the average Softmax
activations of the top half of layers (i.e., the right half
of each heatmap bar) share a high cosine similarity.

8B (Dubey et al., 2024), Mistral 7B (Jiang et al.,
2023), and Gemma-2 9B (Rivière et al., 2024). We
collect all Softmax activations, i.e., the si vectors
in Equation (1), and compute the cosine similar-
ity Sim(i) = cos(si, si−1) for each sequence. We
then average Sim(i) over all sequences.

Observation: As shown in Figure 2, Softmax
activations in top half layers share a high cross-
layer similarity across different settings, showing
that Softmax operations are highly redundant in
LLMs. See Section C for quantitative analysis.

Motivated by such redundancy, we propose Soft-
max Unification in Attention (UniAttn) for post-
training LLMs. Specifically, UniAttn groups con-
secutive decoder blocks in LLMs as “Superblocks”,
and unifies the Softmax activations inside each Su-
perblock to reduce the full Softmax operations and
KV-cache size during inference. Additionally, to
address the approximation induced by Softmax uni-
fication, we introduce a lightweight linear projec-
tion during post-training. UniAttn simultaneously
reduces the GPU memory and inference latency
while achieving competitive performance. Differ-
ent from cross-layer KV sharing, UniAttn does
not diminish the “depth factor”. We show this in
Section 3.3.

Unify Softmax Activations in Superblocks. To
apply UniAttn, we first define “Superblock” as a
group of consecutive LLM blocks in which each
layer shares Softmax activations. As shown in Fig-
ure 2, Superblocks can be created in the top half
layers of many pre-trained LLMs. For simplicity,
we create SuperBlocks of the same size. Inside

each SuperBlock, we only let the bottom block em-
ploy the Softmax operation. Other blocks simply
re-use the Softmax activation matrix s calculated
by the bottom block in the SuperBlock. Formally,
for layer i+ b that re-use the Softmax activation si
from layer i:

x′
i+b = siVi+bWo,i+b + xi+b (3)

Since only the bottom block contribute to calcu-
lating the Key projection, other blocks that reuse
Softmax activations do not store their correspond-
ing K-cache, leading to GPU memory-efficiency.
Moreover, removing Softmax calculations in those
layers also contribute to inference latency reduc-
tion. Similar to cross-layer KV sharing, UniAttn
is also orthogonal to intra-layer KV sharing. In
Section 4, we employ pre-trained LLMs with GQA
to evaluate UniAttn.

Linear Compensation. Simply unifying Soft-
max activations unavoidably introduces approxima-
tion in the forward pass. Formally, the error ϵ in
layer i+ b is:

ϵ = xori ′
i+b − xuni ′

i+b = (xori
i+b − xuni

i+b)

+ (softmax(
Qi+bK

T
i+b√

dk
)− si)Vi+bWo,i+b

(4)

where xori
i+b and xUni

i+b denote the input to layer i+ b
in the original model and the model with UniAttn
applied, respectively. According to (Koohpayegani
and Pirsiavash, 2024), calculating linear projec-
tions yield significantly lower latency compared
to the Softmax operation. And thus we study the
effectiveness of compensating ϵ with a linear pro-
jection matrix Wc. To compensate for ϵ, we apply
Wc to each layer with unified Softmax activations
as:

x′
i+b = siVi+bWo,i+b + xi+b + xi+bWc,i+b (5)

To find a proper initialization for Wc in a training-
free manner, we propose to directly compensate
ϵ:

Theorem 3.1. The initialization for Wc that incurs
minimal error when compensating E(ϵ) satisfies:

Wc = V Σ+UTE(ϵ), (6)

where UΣV T denotes the SVD decomposition of
E(xi+b), Σ+ denotes the pseudoinverse of Σ.

We leave the proof in the Appendix. In prac-
tice, we forward a small portion of training data
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from the post-training datasets, and use the average
values x̄i+b and ϵ̄ as estimations of E(xi+b) and
E(ϵ). Considering that compensating for errors in
previous layers would influence the calculation in
subsequent layers, we calculate the initialization of
Wc bottom-up. Experiments on the F15K dataset
(Su, 2023) with sequence length 5,120 show that,
after linear compensation, the approximation error
ϵ in the top layer for LLaMA-2 7B and LLaMA-3.1
8B are reduced to 2.9% (382.87→11.09) and 6.4%
(89.58→5.76) of the original errors without such
compensation, respectively. This clearly demon-
strates the effectiveness of the linear compensation.
Please refer to Section I for more theoretical in-
sights on the linear compensation.

To better train the linear transformations, we
adopt a two-stage post-train pipeline. In the first
stage, we only fine-tune the Wc weights with early
stop and keep other weights frozen. We then con-
duct a full fine-tuning in the second stage. We
formalize a detailed pipeline in Algorithm 1 in the
Appendix.

3.3 Theoretical Analysis
Existing Methods Analysis. Existing KV-cache
sharing methods can be mainly categorized as intra-
layer and cross-layer KV sharing. Intra-layer KV
sharing can be directly combined with UniAttn (see
Section 4 for detailed results). While cross-layer
KV sharing achieves a more aggressive memory re-
duction rate, through theoretical analysis, we show
that it diminishes the impact of model depth on
model activations through directly sharing the same
KV-cache across layers. This negatively affects the
capabilities of pre-trained LLMs, as model depth
is a critical factor in determining their overall per-
formance (Wang et al., 2024b).

Existing research (Razzhigaev et al., 2024) has
shown that LLM layers can be approximated as lin-
ear transformations. Together with the conslusion
on training gradient dynamics (Xiong et al., 2020),
we first give a reasonable assumption:

Assumption 3.2. In top layers of pre-trained Pre-
Norm LLMs:

xi+1 = xi + δi, where ||δi|| ≪ ||xi||. (7)

We define δ as the “depth factor” that model
applies on activations for further discussion. δ rep-
resents the extent to which model depth influences
activations. Please refer to Section E for theoretical
insights on proposing this assumption.

Analysis on Cross-layer KV Sharing: We
adopt Assumption 3.2 to analyze the cross-layer
KV sharing architecture, in which KV-cache is
shared across multiple consecutive layers. Sup-
pose layer i+ 1 shares the KV-cache from layer i,
the MHA operation in layer i+1 can be written as:

x′
i+1 = softmax(

QKT
i√

dk
)ViWo,i+1 + xi+1, (8)

where Ki and Vi are the K and V matrices from
layer i. We propose that:

Proposition 3.3. In pre-trained Pre-Norm LLMs,
cross-layer KV sharing diminishes the “depth fac-
tor” δ on activations.

Please refer to Section G for detailed proof.
Proposition 3.3 gives a rigorous proof showing
that cross-layer KV sharing diminishes the impact
of model depth on model activations. To offer
an intuitive understanding of how KV sharing al-
ters the structure of QKV computation within self-
attention, we reformulate the operation as follows:

QKV-Compi+1 = softmax(Ai)Vi

= softmax(
xiWq,i+1K

T
i√

dk
)Vi.

(9)
Compared to QKV-compi in the previous layer,
the only difference lies in the use of distinct Wq

matrices, suggesting that the QKV computation
in layer i + 1 can be viewed as introducing an
additional query head applied to the same KV pairs
as in layer i. In this sense, cross-layer KV sharing
implicitly transforms QKV computation in different
layers into additional query heads.

UniAttn Analysis. Our UniAttn reduces both
memory cost and inference latency simultaneously.
We underscore that unlike cross-layer KV sharing,
our UniAttn does not diminish the “depth factor” δ
in the forward pass. Please refer to Section H for
detailed proof.

Proposition 3.4. In pre-trained Pre-Norm LLMs,
the “depth factor” in UniAttn is unignorable.

4 Experiments

4.1 Experimental Settings
Post-Training Settings. We consider two post-
training settings to validate our UniAttn: fine-
tuning on domain-specific datasets and on general
instruction following datasets. We choose PMC
(Wu et al., 2023) as the domain-specific dataset
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Figure 3: Pipeline comparison between standard decoder-based transformers, CLA (Brandon et al., 2024) (block size
3), and UniAttn (Superblock size 3). UniAttn shares the Softmax activations across layers in grouped Superblocks
and adds linear transformation Wc to refine the unification approximation. For simplicity, only the self-attention
calculation is illustrated for CLA and UniAttn.

and evaluate fine-tuned models on PubMedQA (Jin
et al., 2019), MedMCQA (Pal et al., 2022), and
MedQA (Jin et al., 2020). We choose Tulu3 (Lam-
bert et al., 2024) as the general instruction follow-
ing dataset and evaluate fine-tuned models on SIQA
(Sap et al., 2019) and CommonsenseQA (Talmor
et al., 2019). We employ (Gao et al., 2024) to per-
form those benchmark evaluations. Additionally,
to further test whether UniAttn generalizes beyond
standard short-context benchmarks, we conduct a
long-context evaluation on the Niah Multikey task
in RULER (Hsieh et al., 2024). Following the long-
context training recipe of LongAlign (Bai et al.,
2024), we post-train LLaMA-2 7B (as it does not
possesss long-context capabilities) and evaluate se-
quence lengths of 4,096, 8,192, 16,384, and 32,768.
Those experiments are conducted with FlashAtten-
tion (Dao et al., 2022), which allows us to examine
whether UniAttn is compatible with widely used
acceleration kernels.

Model. We post-train 4 open-source pre-trained
LLMs for evaluating our UniAttn: LLaMA-2 7B
(Touvron et al., 2023), LLaMA-3.1 8B (Dubey
et al., 2024), Mistral 7B (Jiang et al., 2023), and
Gemma-2 9B (Rivière et al., 2024). These mod-
els cover both non-GQA and GQA architectures,
allowing us to evaluate whether UniAttn remains
effective when intra-layer KV sharing has already
been adopted. We use base models that have under-
gone only pre-training.

Implementation details. We adopt the pattern

in Figure 2 and apply UniAttn in the top half of lay-
ers. Unless otherwise noted, we adopt Superblock
size = 4, which yields a total of 4 Superblocks in
LLaMA-2 7B, LLaMA-3.1 8B, Mistral 7B, and 5
Superblocks in Gemma-2 9B. For competing effi-
cient architectures, we compare against LLMDrop
(He et al., 2024) and CLA (Brandon et al., 2024).
We evaluate two baseline configurations, denoted
as HALF and FULL, corresponding to either match-
ing the KV-cache retain rate of UniAttn or modi-
fying the same set of layers as UniAttn, ensuring
controlled comparisons in both memory reduction
and operated-layer budget. For all experiments, we
post-train LLMs for 1 epoch (Lambert et al., 2024).
We adopt all training hyperparameter values based
on existing research.

All training experiments are conducted on 8
H800 GPUs, covering four backbones, two post-
training scenarios, multiple efficient-architecture
baselines, TTFT profiling, end-to-end generation-
time measurement, long-context evaluation with
FlashAttention, KV-cache compression analysis,
and Superblock ablations. Under this compute bud-
get, we prioritize controlled comparisons across
architectures and deployment settings.

Efficiency evaluation. We evaluate inference
efficiency with multiple wall-clock metrics. First,
we report time to first token (TTFT), which mea-
sures the latency of the prefill stage after receiving
the input sequence. TTFT is measured on a single
H800 GPU with context length 8,192. Second, we
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Method
TTFT

(s)
KV

Cache
Medical General

PubMedQa MedMCQA MedQA AVG SIQA CommonsenseQA AVG

LLama3.1-8B (w/ GQA)

Pre-Trained 2.33 100% 75.0 56.8 59.1 63.6 46.8 71.7 59.3
Post-Train 2.33 100% 75.4 59.0 63.2 65.9 50.1 73.9 62.0

LLMDrop-Half 1.77 81.3% 75.6 57.8 61.5 65.0 51.4 75.0 63.2
LLMDrop-Full 1.47 62.5% 78.2 53.6 55.9 62.6 51.8 73.3 62.6

CLA-Half 2.29 81.3% 73.8 58.1 62.8 64.9 51.7 74.7 63.2
CLA-Full 2.22 62.5% 75.4 56.9 59.2 63.8 50.7 71.2 61.0

UniAttn (Ours) 1.48 81.3% 79.0 57.6 59.5 65.4 51.1 75.6 63.4

LLama2-7B (w/o GQA)

Pre-Trained 2.20 100% 71.4 32.2 34.7 46.1 50.2 51.1 52.7
Post-Train 2.20 100% 75.4 48.8 49.2 57.8 51.6 66.3 59.0

LLMDrop-Half 1.74 81.3% 75.2 48.4 49.8 57.8 51.7 66.7 59.2
LLMDrop-Full 1.37 62.5% 75.0 48.8 48.8 57.5 51.2 65.2 58.2

CLA-Half 2.20 81.3% 74.4 48.4 50.6 57.8 51.3 66.1 58.7
CLA-Full 2.23 62.5% 75.2 45.7 47.5 56.1 50.2 65.6 57.9

UniAttn (Ours) 1.44 81.3% 75.6 49.4 50.1 58.4 51.9 67.7 59.8

Table 2: Post-training performance (%) comparison. Bold and underline denote the best and second-best perfor-
mance of compressed models. We also report time to first token (TTFT) and KV-cache retain rate (KV Cache).

Method
Sequence Length

AVG
4096 8192 16384 32768

LLama2-7B (w/o GQA)

Pre-Trained 82.67 0 0 0 20.67
Post-Train 86.67 87 80.33 72 81.5

LLMDrop-Half 87 83.67 77.67 68.67 79.25
CLA-Half 86.67 85.67 78.67 69.33 80.08

UniAttn (Ours) 87 86.67 79.67 70.33 80.92

Table 3: Post-training performance (%) comparison on
Niah Multikey in RULER (Hsieh et al., 2024). Bold and
underline denote the best and second-best performance.

evaluate end-to-end generation time by generating
1,024, 2,048, and 4,096 tokens from an 8,192-token
context, showcasing the practical latency during au-
toregressive decoding. We additionally report the
KV-cache retain rate to characterize memory usage.

4.2 Post-Training Performance Comparison

We verify the effectiveness of UniAttn on 2 open-
source LLMs with different architectures, namely
LLaMA-3.1 8B (with GQA) (Dubey et al., 2024)
and LLaMA-2 7B (without GQA) (Touvron et al.,
2023). We use LLMDrop (He et al., 2024) and
CLA (Brandon et al., 2024) as competing efficient
architectures, as both methods exploit the cross-
layer redundancies in LLMs. For LLMDrop, we
bypass the MHA modules with the highest input-
output similarities in the top half of the layers.
For CLA, we group the top half of the layers into
CLA blocks, using the same configuration as in the

grouping of Superblocks. Since both competing
methods drop the entire KV-cache in the operated
layers, we compare two configurations: one with
the same operating layers (X-Full) and another with
the same KV-cache compression ratio (half operat-
ing layers, X-Half). We also conduct post-training
after applying these methods.

We observe same conclusions on Mistral 7B
(Jiang et al., 2023) and Gemma-2 9B (Rivière et al.,
2024). See Section C for details.

Results. We compare different efficient archi-
tectures against directly post-training the origi-
nal LLM (Post-Train) and using the pre-trained
model (Pre-Trained) as baselines, as shown in Ta-
ble 2. Among all competing architectures, our Uni-
Attn achieves the best overall performance across
model structures (with and without GQA) and post-
training datasets. Besides significantly reducing
inference costs in both time and memory, UniAttn
maintains comparable performance to directly post-
training the original model, well demonstrating
its effectiveness. When comparing UniAttn with
LLMDrop-Full, we observe that Softmax unifica-
tion provides a similar acceleration rate to bypass-
ing the entire MHA module, but it achieves sig-
nificantly better post-training performance. This
aligns with our finding that Softmax operations are
both costly and redundant.

Analysis of CLA. Compared to CLA, Uni-
Attn achieves better performance with significantly
lower inference latency, demonstrating that it is
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better suited for post-training than cross-layer KV
sharing. Since CLA only reduces the latency asso-
ciated with KV projections, its impact on TTFT
is minimal. As a result, CLA-Half, CLA-Full,
and the original model exhibit comparable TTFT
times. Furthermore, CLA achieves comparable per-
formance to LLMDrop when applied to the same
number of layers. This suggests that the cross-layer
attention mechanism employed by CLA is struc-
turally equivalent to directly bypassing the MHA
module. This observation supports our theoretical
analysis that cross-layer KV sharing methods like
CLA can diminish the depth factor in pre-trained
LLMs, limiting their performance. Different from
CLA, UniAttn avoids the issue of diminishing the
depth factor and directly reduces time-costly Soft-
max computations, leading to better performance
and lower inference latency.

Generalization to Long-Context Modeling. To
further validate the effectiveness of UniAttn on
long context modeling scenarios, we follow the
training recipe of (Bai et al., 2024) and post-train
LLaMA-2 7B, which lacks native support for ex-
tended contexts. We compare UniAttn with two
strong baselines, CLA-Half and LLMDrop-Half,
on the Niah Multikey task in the RULER bench-
mark (Hsieh et al., 2024). To successfully imple-
ment long-context modeling, here we conduct ex-
periments with FlashAttention (Dao et al., 2022)
applied. As shown in Table 3, UniAttn consis-
tently ranks in the top two (second only to full post-
training) and outperforms all competing methods,
well demonstrating its strong generalization ability
to complex long-context tasks. This also suggests
that our UniAttn is compatible with common accel-
eration frameworks such as FlashAttention.

Generation Efficiency Analysis. To further ana-
lyze inference efficiency, we present the generation
results of UniAttn against the comparing baselines,
namely CLA-Half, CLA-Full, LLMDrop-Half, and
LLMDrop-Full. We measure the end-to-end gen-
eration time with the LLaMA-3.1 8B backbone,
and with generating 1024, 2048, and 4096 tokens
using a context length of 8192. As shown in Fig-
ure 4, across all comparing methods, UniAttn con-
sistently achieves Top-2 latency, only slightly be-
hind LLMDrop-Full where all operated layers are
simply skipped. These results demonstrate that uni-
fying Softmax operations can substantially reduce
the inference overhead during generation.
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Figure 4: Generation efficiency comparison on LLaMA-
3.1 8B with 8192 context length.
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Figure 5: Comparison between baselines, UniAttn, and
UniAttn without (“w/o”) linear compensation.

4.3 Experimental Analysis

We choose LLaMA-3.1 8B (Dubey et al., 2024)
and the medical domain to conduct experimental
analysis. See Section C for more analysis.

Ablation Studies. We do controlled experiments
to evaluate the impact of each component in Uni-
Attn, namely Softmax unification, linear compensa-
tion Wc, and the initialization for Wc. The results
are shown in Table 4. We observe that after uni-
fying the Softmax activations, both adding linear
compensation and using proper initialization con-
tribute positively to the final performance. While
linear compensation consistently improves perfor-
mance across different initialization methods, ap-
propriate initialization proves critical for effectively
fine-tuning Wc.

Plain Softmax Unification v.s. Baselines. To
further substantiate the theoretical analysis and
demonstrate the effectiveness of Softmax unifica-
tion, we compare UniAttn (without linear com-
pensation, UniAttn-w/o-comp) against CLA and
LLMDrop. As shown in Figure 5, simply unifying
Softmax activations yields notable improvements
over baselines, highlighting its core contribution.
The linear projection serves as an enhancement,
bringing UniAttn closer to post-train-level results.

Further Inference Cost Reduction. To fur-
ther maximize the potential of UniAttn, we inte-
grate it with the KV-cache compression method
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Method Unify Softmax Compensation Init Wc PubMed MedMCQA MedQA AVG

Post-Train - - - 75.4 59.0 63.2 65.9

UniAttn

√ × × 77.0 55.7 58.8 63.8√ √
zero-init 78.0 55.8 58.1 63.9√ √

Theorem 3.1 78.2 57.1 58.4 64.6√ √
Theorem 3.1 + fine-tune 79.0 57.6 59.5 65.4

Table 4: Ablation study results. Bold and underline denote the best and second-best UniAttn performance.

Method TTFT (s) H2O Comp. KV-Cache AVG

Post-Train 2.33 - 100% 65.9
CLA-Half 2.29 - 81.3% 64.9
CLA-Full 2.22 - 62.5% 63.8

UniAttn 1.48 - 81.3% 65.4

UniAttn+H2O
1.48 20% 65.0% 65.2
1.46 40% 48.8% 65.0
1.46 60% 32.5% 63.3

Table 5: Results of inference costs analysis. “H2O
Comp.” denotes the compression rate introduced by
H2O and “KV-Cache” denotes the KV-Cache retain rate.
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Figure 6: Hyperparameter analysis results on average
accuracy (%) and TTFT latency (s). Left: Different
total numbers of grouped Superblocks (each with size
4). Right: Different Superblock sizes (total of 12 layers
that utilize unified Softmax activation).

H2O (Zhang et al., 2023) to further reduce mem-
ory overhead by keeping only the essential and
the recent tokens in the KV-cache. We report the
TTFT latency and the total KV-cache retain rate.
As shown in Table 5, UniAttn achieves a significant
reduction in TTFT latency compared to CLA under
the same KV-cache retain rate. When combined
with H2O, UniAttn+H2O reduces the KV-cache
retain rate to below 50% while maintaining an av-
erage performance of 65.0%, achieving both better
performance, lower inference latency, and higher
KV-cache compression rate than CLA. These re-
sults clearly demonstrate the inference efficiency
of UniAttn, highlighting its substantial benefits for
real-world deployment scenarios.

Hyperparameter Analysis. We perform a hy-
perparameter analysis on the number and the size
of Superblocks to evaluate their impact on latency
and post-training performance. First, we examine
the effect of varying the number of Superblocks.
Using a consistent Superblock size of 4, we group

different numbers of Superblocks from the top lay-
ers to the bottom layers. For instance, grouping 2
Superblocks indicates that layer 25-28 and 29-32
form the two Superblocks. The results are shown
in Figure 6 (left). From the perspective of TTFT
latency, increasing the number of Superblocks sig-
nificantly reduces latency. From the perspective
of performance, while grouping certain top layers
as Superblocks does not substantially affect model
performance, continuing to increase the number
of Superblocks leads to sharp performance drops.
Second, we analyze the impact of Superblock size.
For fair comparison, we maintain a consistent to-
tal number of layers that utilize unified Softmax
activations from preceding layers as 12. Since a
Superblock with size b unifies Softmax in b − 1
layers, we set b such that b − 1 is a factor of 12,
resulting in Superblock sizes of 2, 3, 4, 5, 7, and
13, and number of Superblocks as 12, 6, 4, 3, 2,
and 1, respectively. As shown in Figure 6 (right),
the size of the Superblocks does not significantly
affect post-training performance. For simplicity, we
use a Superblock size of 4, although fine-grained
tuning of Superblock size could further improve
post-training performance.

5 Conclusion

In this work, we explored LLM redundancies
and efficient architectures in the context of post-
training. While KV-cache sharing methods suc-
cessfully reduce the memory overhead, they yield
limited inference time reduction and degrade post-
training performance. To address this, we investi-
gated the primary bottleneck in LLMs, the Softmax
operation, and discovered significant redundancies
across various pre-trained LLMs. Based on these
findings, we proposed UniAttn, an efficient archi-
tecture that unifies Softmax activations across lay-
ers in post-training. Experiments on a series of
settings validate the effectiveness and efficiency of
UniAttn. Our UniAttn is particularly well-suited
for real-world deployments, enjoying faster infer-
ence, less memory cost, and better performance.
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Limitations

Currently, UniAttn is designed for post-training
existing pre-trained LLMs. We leave its extensions
to other training stages for future works.
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A License for Scientific Artifacts

The Training dataset PMC (Wu et al., 2023) is li-
censed under OpenRAIL license1. The Training
dataset TuLu3 (Lambert et al., 2024) is licensed
under Open Data Commons License2. The Mis-
tral model (Jiang et al., 2023), Gemma-2 model
(Rivière et al., 2024), LLaMA-2 (Huang et al.,
2023) model, and LLaMA-3.1 model(Dubey et al.,
2024) are licensed under Apache License 2.03. The
LongAlign evaluation dataset is also licensed un-
der Apache License 2.04. The evaluation datasets
(Hsieh et al., 2024; Talmor et al., 2019; Sap et al.,
2019; Jin et al., 2020; Pal et al., 2022; Jin et al.,
2019) are subject to the MIT license5. All usages
of scientific artifacts in this paper obey the corre-
sponding licenses.

B More Implementation Details for
Reproducibility

Post-Training Datasets. Regarding the medical
domain, we directly employ the instruction tuning
dataset for PMC6 (Wu et al., 2023) (i.e., training
stage-2 for PMC-LLaMA) for post-training. The
dataset consists of 513,999 instruction-input-output
pairs. Regarding the general instruction tuning
scenario, we employ the Tulu 3 SFT Mixture7 and
filter for data with only 1 round of conversation,
resulting in 896,070 input-output pairs.

Training Hyperparameters. The training hy-
perparameters for all experiments are reported in ta-
ble Table 6, Table 7 and Table 8. Note that we adopt
the learning rate and weight decay values accord-
ing to existing research, in which those pre-trained
models are post-trained under reported schedules.

Evaluation Details. For all experiments, we
evaluate the final checkpoint after post-training for

1https://www.licenses.ai/blog/2022/8/26/bigscience-
open-rail-m-license

2https://opendatacommons.org/licenses/
3https://choosealicense.com/licenses/apache-2.0/
4https://choosealicense.com/licenses/apache-2.0/
5https://choosealicense.com/licenses/mit/
6https://huggingface.co/datasets/axiong/pmc_llama

_instructions
7https://huggingface.co/datasets/allenai/tulu-3-sft-

mixture
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Method Model Learning Rate Weight Decay Batch Size Epochs Superblock Size Superblock Groups

UniAttn

LLaMA-2 7B 2e-5 0 48 1 4 [17-20], [21-24], [25-28], [29-32]
LLaMA-3.1 8B 7e-6 0 48 1 4 [17-20], [21-24], [25-28], [29-32]

Mistral 7B 1e-6 0 48 1 4 [17-20], [21-24], [25-28], [29-32]
Gemma-2 9B 1e-6 0 48 1 4 [22-25], [26-29], [30-33], [34-37], [38-41]

Table 6: Training hyperparameter details of UniAttn.

Method Model Learning Rate Weight Decay Batch Size Epochs CLA Block Size CLA Block Groups

CLA-Half

LLaMA-2 7B 2e-5 0 48 1 4 [25-28], [29-32]
LLaMA-3.1 8B 7e-6 0 48 1 4 [25-28], [29-32]

Mistral 7B 1e-6 0 48 1 4 [25-28], [29-32]
Gemma-2 9B 1e-6 0 48 1 4 [30-33], [34-37], [38-41]

CLA-Full

LLaMA-2 7B 2e-5 0 48 1 4 [17-20], [21-24], [25-28], [29-32]
LLaMA-3.1 8B 7e-6 0 48 1 4 [17-20], [21-24], [25-28], [29-32]

Mistral 7B 1e-6 0 48 1 4 [17-20], [21-24], [25-28], [29-32]
Gemma-2 9B 1e-6 0 48 1 4 [22-25], [26-29], [30-33], [34-37], [38-41]

Table 7: Training hyperparameter details of CLA.

benchmark evaluation. Regarding the medical do-
main, we report the 0-shot result on both PubMed,
MegMCQA, and MedQA datasets. Regarding the
general instruction tuning scenario, we report 0-
shot result on both SIQA and CommonsenseQA
for LLaMA-3.1 8B, Mistral 7B, and Gemma-2
9B models. For the earlier-released LLaMA-2 7B
model, since it has a shorter pre-training context
length, we report its 5-shot result as Tulu 3 mainly
enhances model performance with longer context.

Prompt for Post-Training. We employ the
same prompt for post-training in both the medi-
cal domain and general instruction tuning scenario:

"Below is an instruction that
describes a task, paired with an input
that provides further context. Write a
response that appropriately completes
the request.\n\n###
Instruction:\n{instruction}\n\n###
Input:\n{input}\n\n###
Response:{output}<EOS_TOKEN>"

We simply keep the instruction field empty if no
instruction is provided.

Experiment Packages. We report the version
numbers of used packages in Table 9.

C More Experiment Results

Main Results on Mistral 7B and Gemma-2 9B.
We adopt the settings in Table 2 and conduct the
same experiments on Mistral 7B (Jiang et al., 2023)
and Gemma-2 9B (Rivière et al., 2024). The re-
sults are shown in Table 10. Consistent with the re-
sults on the LLaMA models, our UniAttn achieves
the best overall performance on both LLMs and

1 2 3 4 5 6 7 8 9 10 11 12
Number of Dropped MHA Blocks with LLMDrop

45

50

55

60

65

70
Av

g.
 P

er
fo

rm
an

ce
 (%

)

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Ti
m

e 
(s

)

Post-Train Acc.
CLA-Full Acc.
UniAttn Acc.
TTFT Time

Figure 7: Results on further dropping UniAttn layers
(%). We present the average accuracy and time to first to-
ken (TTFT) latency under different number of dropped
MHA blocks via LLMDrop. Note that we only drop
MHA blocks with unified Softmax activations.

post-training datasets while significantly reducing
both time and memory costs. When operating the
same number of layers, UniAttn achieves similar
TTFT time to LLMDrop, well demonstrating the
effectiveness of Softmax activation unification. Al-
though CLA and LLMDrop achieve competitive
results in some settings (e.g., CLA-Half in post-
training Gemma on general instruction datasets),
they cannot provide consistent performance across
different settings. Additionally, even on the Mistral
and Gemma models, CLA achieves similar per-
formance to its corresponding LLMDrop setting,
again indicating that CLA diminishes the depth
factor in pre-trained LLMs.

Quantitative Analysis of Softmax Redundan-
cies. In Figure 2 of the main article, we observed
that Softmax activations in top half layers share a
high cross-layer similarity across different models
and datasets. To provide a more comprehensive
analysis, here we take LLaMA-3.1 8B as an ex-
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Method Model Learning Rate Weight Decay Batch Size Epochs # of Dropped Layers Index of Dropped Layers

LLMDrop-Half

LLaMA-2 7B 2e-5 0 48 1 6 23,20,32,27,22,24
LLaMA-3.1 8B 7e-6 0 48 1 6 19,22,20,21,27,23

Mistral 7B 1e-6 0 48 1 6 17,32,31,21,22,24
Gemma-2 9B 1e-6 0 48 1 8 29,26,21,30,27,40,38,31

LLMDrop-Full

LLaMA-2 7B 2e-5 0 48 1 12 23,20,32,27,22,24,31,29,25,30,28,26
LLaMA-3.1 8B 7e-6 0 48 1 12 19,22,20,21,27,23,30,29,28,26,24,25

Mistral 7B 1e-6 0 48 1 12 17,32,31,21,22,24,29,23,28,25,27,26
Gemma-2 9B 1e-6 0 48 1 15 29,26,21,30,27,40,38,31,32,33,35,39,36,37,34

Table 8: Training hyperparameter details of LLMDrop. The index of dropped layers are ordered by input-output
similarity.

Package Version Package Version

PyTorch 2.0.0 transformers 4.46.0
deepspeed 0.10.0 tokenizers 0.20.1
datasets 2.14.3

Table 9: Versions of used packages.

ample and present some statistics of the cosine
similarity of Softmax activations. As shown in
Table 11, cosine similarities appear to be consis-
tent across different datasets, with average values
ranging from 0.79 to 0.83. The maximum cosine
similarity remains consistently high at 0.97, indi-
cating that the overall range of cosine similarity
remains stable across layers and datasets. The dif-
ferences for cosine similarity between the top and
bottom halves of layers indicate that Softmax op-
erations are more redundant in deeper layers, as
noted in the main article. The standard deviation
values suggest that redundancy is fairly consistent
across datasets. Overall, these results indicate that
Softmax activations for pre-trained LLMs exhibit
high redundancies.

Empirical Statistics for the “Depth Fac-
tor”. To further support Assumption 3.2 and
the claim made in Proposition 3.3, we applied
cross-layer sharing to the top layers of LLaMA-
3.1 8B and evaluated 100 randomly selected
samples from the PMC post-training corpus.
The average results of the following terms are:
||δi||/||xi|| = 0.070, ||J(Ai)|| = 0.041, and
||J(Ai)δ̂||/||Softmax(Ai)|| = 0.038. These re-
sults support that (1) δi is small comparing to ||xi||,
validating Assumption 3.5; (2) the depth factor
is indeed diminished under cross-layer KV-cache
sharing, consistent with Proposition 3.6.

Superblock Grouping Strategy. To further in-
vestigate other grouping strategies, we consider a
redundancy–aware approach and use a similarity-
based adaptive scheme. Specifically, we assigned
Superblocks by iteratively grouping consecutive

layers with the highest average cosine similarity of
Softmax activations. As shown in Table 13, under
the same total number of “grouped layers”, this
similarity-based grouping variant achieved com-
parable performance to the default fixed-size Su-
perblock setting, indicating that the performance of
UniAttn is robust to different grouping strategies,
and that adaptive grouping does not yield meaning-
ful gains over the simpler fixed-size design.

Different Compensation Designs. To compare
different compensation designs, we attach the input
and output of the Wc transformation to different
activations. As shown in Table 12, directly com-
pensating the MHA output with its input yields the
best results. When adopting “finer compensation
granularities”, i.e., positioning the input and output
closer together (Rows 3 and 4), post-training per-
formance decreases. Similarly, adopting “coarser
compensation granularities”, i.e., moving the out-
put compensation to after the FFN (Row 2), also re-
sults in lower performance. These findings suggest
that using a linear transformation to compensate
for errors specifically within the MHA module is
the best-performing approach.

Experimental Analysis on the Impact of
Model Depth. In Section 3.3, we demonstrated
that, unlike cross-layer KV sharing methods, Uni-
Attn does not diminish the depth factor in pre-
trained LLMs. To provide experimental evidence
for this, we further apply LLMDrop to the MHA
modules that utilize unified Softmax activations
from preceding layers (a total of 12 layers in Uni-
Attn for the LLaMA-3.1 8B model) in post-trained
UniAttn models. Specifically, we compute the
input-output similarities of these MHA modules
and simply prune the top k MHA modules with the
highest similarities. The pruned model is then di-
rectly evaluated without additional fine-tuning. The
average performance w.r.t. k in shown in Figure 7.
As shown in the figure, pruning a few MHA mod-
ules from our UniAttn model still results in higher
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Method
TTFT

(s)
KV

Cache
Medical General

PubMedQa MedMCQA MedQA AVG SIQA CommonsenseQA AVG

Mistral-7B (w/ GQA)

Pre-Trained 1.94 100% 75.8 48.3 50.9 58.3 46.7 56.5 51.6
Post-Train 1.94 100% 78.8 49.7 60.3 62.9 53.7 76.6 65.2

LLMDrop-Half 1.54 81.3% 78.0 50.6 59.0 62.5 52.5 74.5 63.5
LLMDrop-Full 1.21 62.5% 79.0 50.2 56.7 62.0 51.8 73.6 62.7

CLA-Half 1.94 81.3% 78.6 56.0 58.5 64.4 52.0 77.9 65.0
CLA-Full 1.91 62.5% 78.8 55.0 55.0 62.9 50.5 75.1 62.8
UniAttn 1.23 81.3% 78.2 57.3 60.5 65.3 53.4 77.5 65.5

Gemma2-9B (w/ GQA)

Pre-Trained 2.23 100% 78.6 57.6 60.6 65.6 51.5 68.4 60.0
Post-Train 2.23 100% 78.6 58.6 61.9 66.4 54.4 75.6 65.0

LLMDrop-Half 1.94 81.0% 78.6 56.4 60.5 65.2 55.6 68.4 62.0
LLMDrop-Full 1.66 64.3% 78.2 54.8 58.7 63.9 54.8 62.9 58.9

CLA-Half 2.19 78.6% 79.2 56.6 56.3 64.0 53.5 76.0 64.8
CLA-Full 2.24 64.3% 74.0 39.3 38.5 50.6 48.3 51.8 43.4
UniAttn 1.69 82.1% 79.0 60.7 64.3 68.0 53.7 74.4 64.1

Table 10: Post-training performance comparison. Bold and underline denote the best and second-best performance
of compressed models. For each method, we report their time to first token (TTFT, in seconds) and KV-cache retain
rate (KV Cache).

Dataset Average Difference Between Top Half and Bottom Half Layers Max Min Standard Deviation

PMC 0.8347 0.1314 0.9729 0.0159 0.1955
Math 0.8243 0.1149 0.9734 0.0384 0.1860
Tulu3 0.8214 0.1212 0.9719 0.0307 0.1896
F15K 0.7927 0.1475 0.9710 0.0033 0.2109

Table 11: Statistics of the cosine similarity of Softmax activations for LLaMA-3.1 8B across different datasets.

Input to Wc Output adds to AVG

MHA input MHA output 65.4
MHA input FFN output 64.1
MHA input Activation before Wo 65.1

Activation projected by Wv Activation before Wo 64.3

Table 12: Performance comparison (%) of different
compensation designs.

performance than the CLA-Full model variant. Af-
ter pruning 10 MHA modules, UniAttn+LLMDrop
achieves an average performance of 63.8, matching
the performance of CLA-Full reported in Table 2.
This demonstrates that UniAttn better preserves the
impact of model depth compared to CLA. Further-
more, we can also conclude that the depth of the
model significantly contributes to the post-train per-
formance, thereby validating our theoretical analy-
sis.

Method Grouping PubMed MedMCQA MedQA AVG

Post-Train - 75.4 59.0 63.2 65.9

UniAttn
Fixed size (4) 79.0 57.6 59.5 65.4

Adaptive 78.8 57.3 59.5 65.2

Table 13: Performance (%) comparison of different Su-
perblock grouping methods in UniAttn for LLaMA-3.1
8B. Bold denotes the best performance of compressed
models.

D Pipeline for Applying UniAttn during
Post-Training

We provide a detailed pipeline for applying Uni-
Attn as Algorithm 1.

E Theoretical Insights for Proposing
Assumption 3.2

We first give a series of conclusions (namely
Lemma E.1, Proposition E.2, Proposition E.3, and
Proposition E.4) as preliminaries.

Lemma E.1. (A linear Pre-Norm system has
bounded growth) fi : Rn → Rn, i ∈ N are LIN-
EAR transformations and Norm(·) yields a vector
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Algorithm 1 UniAttn Pipeline

Input: Pre-trained Model M , Post-train dataset
D, SuperBlock size b, Apply SuperBlock merg-
ing from layer is to ie
Create UniAttn model Muni by creating ie−is+1

b
SuperBlocks in M
Sample a subset Dinit with 1000 samples from
D
For model M , forward all samples from Dinit,
calculate the average output activations x′

i for
each MHA block.
for i = 1 to ie−is+1

b do
for j = 1 to b− 1 do

For model Muni, forward all samples from
Dinit, calculate the average output activa-
tions x′

uni,is+(i−1)b+j and the average input
activations xuni,is+(i−1)b+j for MHA block
in layer is + (i− 1)b+ j.
Calculate the initialization for the
Wc,is+(i−1)b+j matrix in layer
is + (i − 1)b + j according to Theo-
rem 3.1.
Insert the initialized Wc,is+(i−1)b+j matrix
to layer is + (i− 1)b+ j in model Muni.

end for
end for
Freeze all training parameters other than the Wc

matrices in Muni. Train Wc with dataset D and
apply early stop when loss stops decreasing (we
consider the exponential moving average of train-
ing loss).
Conduct full fine-tuning on Muni with D.
Output: Trained UniAttn model Muni.

with unit Frobenius-norm (denoted as || · ||). Let
x0 ∈ Rn be the input to the system. Consider an
L-layer Pre-Norm architecture defined by:

xk = xk−1 + fk(Norm(xk−1)),

for k = 1, 2, . . . , L.
(10)

If the largest singular value in all transformation
matrices is bounded by λ, then:

||xL|| ≤ ||x0||+ λL (11)

Proof. Unroll the expression of xL and induc-
tively:

xL = x0 +

L∑︂

k=1

Fk(Norm(xk−1)) (12)

As ||Norm(xk)|| = 1 for all k, then:

||xL|| = ||x0 +

L∑︂

k=1

Fk(Norm(xk−1))||

≤ ||x0||+
L∑︂

k=1

||Fk(Norm(xk−1))||

≤ ||x0||+
L∑︂

k=1

||λ · Norm(xk−1))||

= ||x0||+ λL

(13)

Lemma E.1 shows that a Pre-Norm linear system
has bounded growth. The norm of output by each
layer grows at most linearly with depth L.

Proposition E.2. (Pre-trained LLMs are linear
Pre-Norm systems) Pre-trained decoder-based
LLMs exhibit a high linearity score. Formally, let
A,B ∈ Rn×d denote the normalized input and
output of a decoder block in LLM, respectively,

min
X

||AX −B|| ≈ 1 (14)

Proposition E.2 has been validated by (Razzhi-
gaev et al., 2024) on pre-trained LLMs, suggesting
that we can approximate each decoder block by a
linear transformation with bounded singular values,
thus placing pre-trained LLMs structurally “close”
to a linear Pre-Norm system as in Lemma E.1.
In the following discussion, we approximate pre-
trained LLMs with an equivalent linear Pre-Norm
system and investigate its input and output in each
layer.

Proposition E.3. (Pre-trained LLM layers primar-
ily change the magnitude of activations) The input
and output of a layer in pre-trained decoder-based
LLMs share a high cosine similarity.

Proposition E.3 has been validated by (Men et al.,
2024) on pre-trained LLMs, indicating that each
layer in LLMs predominantly change the magni-
tude of the activation. We leverage the following
conclusion for analyzing the change of activation
magnitude.

Proposition E.4. (Top layers of Pre-Norm trans-
formers have smaller singular values) Training
Pre-Norm transformers leads to top layers receiv-
ing smaller updates (gradient norms decrease from
bottom to top).
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(Xiong et al., 2020) has given both a theoretical
proof sketch and experimental evidence of Propo-
sition E.4. Based on Proposition E.2, we approxi-
mate each layer in LLMs as a linear transformation.
To further show that the approximated linear trans-
formations of the top layers in Pre-Norm LLMs
tend to have smaller singular values, we give the
following proof:

Proof. With Lemma E.1 and Proposition E.2, we
have shown that pre-trained Pre-Norm LLMs can
be approximated as linear Pre-Norm systems. Sup-
pose a pre-trained LLM operates on activations
x ∈ Rd, each layer i in the pre-trained LLM
can be treated as a linear transformation matrix
Wi ∈ Rd×d. A generic gradient-based update can
be expressed as:

W t+1
i = W 0

i −
t∑︂

t=0

η∇WiLt (15)

Hence, the norm between initial and final weights
satisfies:

||W t+1
i −W 0

i || ≤
t∑︂

t=0

||η∇WiLt|| (16)

We denote the singular value decomposition of
W t+1

i −W 0
i as W t+1

i −W 0
i = UΣV T , it is easy

to derive that:

||W t+1
i −W 0

i ||

=

√︂
tr[(||W t+1

i −W 0
i ||)(||W t+1

i −W 0
i ||)T ]

=
√︂
tr(UΣV TV ΣTUT )

=
√︂
tr(ΣΣT ) =

⌜⃓
⎷⃓

d∑︂

i=1

σ2
i

(17)
where σi denote the i-th singular value in Σ. Nor-
mally, the largest singular value σmax dominates in
the quadratic term, thus we can further write:

||W t+1
i −W 0

i || =

⌜⃓
⎷⃓

d∑︂

i=1

σ2
i ≈ σmax(W

t+1
i −W 0

i )

(18)
Based on the basic features of singular values, we
can show that:

σmax(W
t+1
i ) ≤ σmax(W

0
i ) + σmax(W

t+1
i −W 0

i )

≤
t∑︂

t=0

||η∇WiLt||+ σmax(W
0
i )

(19)

v N/A 1 2 3 4 8 16

PPL 5.914 2.890 2.871 2.835 2.850 2.822 2.837

Table 14: Perplexity results for initializations with differ-
ent v values on LLaMA-3.1 8B in the medical domain.
“N/A” represents applying Softmax Unification without
linear projections.

Due to having smaller values of ||η∇WiLt|| (i.e.,
smaller gradient norm), compared to earlier layers,
the top layers typically have smaller updates on
the largest singular value, thus tend to have smaller
σmax values.

Since pre-trained LLMs mainly change the mag-
nitude of the activation (as shown in Proposi-
tion E.3), we can use the size of the largest sin-
gular values in each layer as an indicator of the
corresponding activation magnitude change. In
Pre-Norm architectures, each layer operates on an
input with a constant norm. This leads to the as-
sumption that the top-layer transformations gener-
ally generate outputs with smaller norms, which is
Assumption 3.2 we propose in the article.

F Proof for Theorem 3.1

Proof. Solving for the initialization of Wc that in-
curs minimal compensation error is equivalent to
solving the following optimization problem:

min
Wc

||E(xi+bWc − ϵ)||. (20)

Since we use a small subset of the training dataset
(with S samples, we denote this as the initializa-
tion set) to calculate the initialization, the objective
above can be rewritten as:

min
Wc

1

S

S∑︂

j=1

||xi+b,jWc − ϵj ||||. (21)

This is a Least Absolute Deviations problem, and
can be solved with the simplex algorithm, which is
NP as shown in (Fearnley and Savani, 2015). To
guarantee that the initialization method is efficient
even in the worst case, we in turn consider the Least
Squares variant:

min
Wc

1

S

S∑︂

j=1

||xi+b,jWc − ϵj ||2. (22)

The Least Squares variant is a convex optimization
problem, and has a closed-form solution as follows:

Wc = X+E, (23)
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where X is a matrix created by concatenating all
xi+b,j instances, E is created by concatenating all
ϵj instances, and X+ represents the Moore-Penrose
inverse of X . When actually caculating for Wc, it
is time-consuming to calculate X+ as the size of
X is big. Therefore, we set the maximum instance
size of X as v. Specifically, we average x’s and
ϵ’s for every S

v instances in the initialization set,
and calculate Wc on the averaged x’s and ϵ’s. For
simplicity, we denote the averaged x’s and ϵ’s as
E(xi+b) and E(ϵ). Consequently, the calculation
for Wc is formulated as:

Wc = V Σ+UTE(ϵ), (24)

where V Σ+UT is the Moore-Penrose inverse of
E(xi+b), calculated via SVD.

To find an appropriate v value for initialization,
we have conducted preliminary experiments on
LLaMA-3.1 8B in the medical domain. Specifi-
cally, we have benchmarked the perplexity on the
initialization set after inserting all linear projec-
tions with initialized weights calculated. As shown
in Table 14, most performance contribution comes
from the act of adding initialization, and increas-
ing the number of v affects the PPL values slightly.
These experiments guided us to adopt v = 1 for
our experiments due to its simplicity.

G Proof for Proposition 3.3

Proof. For simplicity, we suppose xi+1 is already
normalized by the Pre-Norm. We can re-write
Equation (8) as:

x′
i+1 = softmax(

xi+1Wq,i+1K
T
i√

dk
)ViWo,i+1

+ xi+1

= softmax(
(xi + δi)Wq,i+1K

T
i√

dk
)ViWo,i+1

+ xi+1

= softmax(
xiWq,i+1K

T
i√

dk

+
δiWq,i+1K

T
i√

dk
)ViWo,i+1 + xi+1

(25)
Let Ai =

xiWq,i+1K
T
i√

dk
, δ̂i =

δiWq,i+1K
T
i√

dk
. By ex-

panding Softmax to the first order:

x′
i+1 =

[︁
softmax(Ai) + J(Ai)δ̂i

]︁
ViWo,i+1

+ xi+1 + o(δ̂2i ),
(26)

where J(Ai) is the Jacobian of Softmax at Ai. We
ignore the o(δ̂2i ) remainder. (Xiao et al., 2024)
has discovered that the pre-trained LLMs generally
exhibit an “attention sink” feature, in which self-
attentions heavily attend to the “sink token” at the
beginning of a sequence. We adopt such feature
to estimate ||J(Ai)||. According to the statistical
pattern concluded by (Xiao et al., 2024), attention
logits a ∈ Rl of a sequence with length l is approx-
imately:

ai = 1 (0 < i < d), aj = −1 (i ≥ d), d ≪ l
(27)

(Xiao et al., 2024) empirically adopts d = 4. For
a sequence of l = 1024, ||J(softmax(a))|| ≈
0.03 ≪ 1, and decreases as l increases. There-
fore, we can conclude that the coefficient of the δ̂
term is significantly smaller than that of the Soft-
max term, making the contribution of the “depth
factor” negligible.

H Proof for Proposition 3.4

Proof. In the forward pass of UniAttn:

x′
i+1 = si(xi+1Wv,i+1)Wo,i+1 + xi+1

= si(xi + δi)Wv,i+1Wo,i+1 + xi+1
(28)

Observing that LLM layers primarily change activa-
tion magnitudes (see Proposition E.3), we assume
xi and δ sharing similar directions, further lead-
ing to ||sixiWv,i+1Wo,i+1||

||siδiWv,i+1Wo,i+1|| ≈ ||xi||
||δi|| . Self-attention

in UniAttn maintains the relative magnitude of
the depth factor, ensuring its influence on the out-
put.

I More Insights on Linear Compensation

To demonstrate the effectiveness of our linear com-
pensation strategy, we propose the following theo-
rem:

Theorem I.1. A,B ∈ Rm×n, X ∈ Rn×n. Sup-
pose that each element from A and B are drawn
from a Gaussian distribution such that aij , bij ∼
N(0, 1). It satisfies that:

E
[︁
min
X

||AX−B||
]︁
=

{︄√︁
n(m− n), if m ≥ n,

0, if m < n.
(29)

See the following subsections for the proof. In
the article, we apply the F15K dataset (Su, 2023)
to calculate the error ϵ on LLaMA-2 7B (Touvron
et al., 2023) and LLaMA-3.1 8B (Dubey et al.,
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2024) models after inserting the initialized lin-
ear transformation Wc according to Theorem 3.1.
While the sequence length being m = 5120 and the
hidden size of applied models being n = 4096, the
error is 11.09 and 5.76 after linear compensation,
correspondingly, which are both magnitudes lower
than their expectations on random data. Those re-
sults demonstrate the effectiveness of our linear
compensation strategy.

We give the proof for Theorem I.1 in the follow-
ing subsections.

I.1 Preliminaries

To prove Theorem I.1, we adopt the notations in
Theorem I.1 and prove a series of lemmas first.

Lemma I.2. Let P = AA+, P is an orthogonal
projection and Im(P ) = Col(A).

Proof. The Moore-Penrose inverse matrix exhibits
some basic features, namely AA+A = A and
(AA+)T = AA+. Using that feature we can easily
verify that:

P 2 = AA+AA+ = (AA+A)A+ = AA+ = P
(30)

P T = (AA+)T = AA+ = P (31)

So P is an orthogonal projection.
Next, we prove Im(P ) = Col(A). For any vec-

tor v ∈ Col(A), there exists a c ∈ Rn that v = Ac.
We have:

Pv = AA+Ac = (AA+A)c = Ac = v (32)

So v ∈ Im(P ). Therefore, Col(A) ⊆ Im(P ) Since
P = AA+, it is obvious that Im(P ) ⊆ Col(A).
Hence, we can conclude that Im(P ) = Col(A).

Lemma I.3. I−P is an orthogonal projection and
Im(I − P ) = Col(A)⊥.

Proof. First, we prove that I − P is an orthogonal
projection:

(I −P )2 = I − 2P +P 2 = I − 2P +P = I −P
(33)

(I − P )T = I − P T = I − P (34)

Then, we prove that Im(I − P ) = Col(A)⊥. For
any v ∈ Im(I − P ), there exists a c ∈ Rm that
v = (I − P )c. Let d ∈ Col(A), then there exists

a w ∈ Rn that d = Aw. Computing the inner
product of v and d yields:

⟨v,d⟩ = ⟨(I − P )c, Aw⟩ = ⟨c, (I − P )Aw⟩
= ⟨c, (A−AA+A)w⟩ = ⟨c, 0⟩ = 0

(35)
This shows that v ∈ Col(A)⊥, and in turn Im(I −
P ) ⊆ Col(A)⊥.

Conversely, suppose u ∈ Col(A)⊥. Recall
Lemma I.2 that P is an orthogonal projection and
Im(P ) = Col(A), we have Pu = 0. Therefore,

(I − P )u = u− Pu = u (36)

This shows that u ∈ Im(I − P ), and in turn
Col(A)⊥ ⊆ Im(I − P ). Therefore, Im(I − P ) =
Col(A)⊥.

From Lemma I.3, we can immediately conclude
that:

Corollary I.4. rank(I − P ) = m−min(m− n)

Proof. rank(I − P ) = dim Im(I − P ) =
dimCol(A)⊥ = m− rank(A). Recall Theorem I.1
that every element from A is sampled from a Gaus-
sian distribution, so that by probability of 1 we
have rank(A) = min(m,n), which leads to the
conclusion of this corollary.

Lastly, we give a lemma on orthogonal projec-
tions to a Gaussian-sampled vector:

Lemma I.5. If b ∼ N(0, Im×m) is a standard
Gaussian in Rm and Q is an orthogonal projector
of rank k, then

E
[︁
||Qb||

]︁
=

√
k (37)

Proof. E
[︁
||Qb||2

]︁
= E

[︁
bTQTQb

]︁
=

E
[︁
bTQb

]︁
= E

[︁
tr(bTQb)

]︁
= E

[︁
tr(QbbT )

]︁
=

tr(QE
[︁
bbT

]︁
). As b ∼ N(0, Im×m),

E
[︁
bbT

]︁
= I . Therefore, using the trace

property of projectors:

tr(QE
[︁
bbT

]︁
) = tr(Q) = k (38)

In turn, we can conclude that E
[︁
||Qb||

]︁
=

√
k.

I.2 Proof
Finally, we give the proof for Theorem I.1.

Proof. According to Theorem 3.1, for given A and
B, the optimal solution X∗ that satisfies ||AX∗ −
B|| = minX ||AX −B|| is given by:

X∗ = A+B, (39)
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where A+ is the Moore-Penrose inverse of A. We
can re-write the objective as:

E(||AA+B −B||2) = E(||(I −AA+)(−B)||2)
= E(||(I −AA+)B||2)

=
n∑︂

i=1

E(||(I −AA+)bi||2)

(40)
According to Lemma I.3 and Corollary I.4, I −
AA+ is an orthogonal projection and rank(I −
AA+) = m − min(m − n). With Lemma I.5,
we know that for any i, E(||(I − AA+)bi||2) =
m−min(m−n). Therefore, we can conclude that:

E(||AA+B −B||2) =
{︄
n(m− n), if m ≥ n,

0, if m < n.
(41)

which leads to the conclusion in Theorem I.1.
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