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Abstract

Current large language models perform next-
token prediction under the implicit assump-
tion that all tokens lie in a shared Euclidean
embedding space, which treats every token
uniformly. However, natural language con-
tains rich structural relationships, including hi-
erarchical, compositional, and cyclic patterns,
which the flat geometry of Euclidean space can-
not model well. To address this limitation, we
propose rLLM (Riemannian Large Language
Modeling), which introduces a token-adaptive
positive-definite diagonal metric tensor into the
LM head. This metric dynamically adjusts the
local quadratic score for each hidden state and
its context, allowing the model to better capture
the relationships among tokens and prompts,
with less than 0.01% additional parameters. We
train rLLM from scratch across three different
scales (2.8B to 5.0B parameters), covering the
full pretraining, SFT, and RL pipeline. Ex-
tensive experiments show that rLLM improves
Base CORE, a composite of 22 in-context learn-
ing tasks, by up to +2.5pp at the two smaller
GPT scales and obtains higher ChatCORE at
all three scales, with gains up to +3.0pp af-
ter RL. These results suggest that revisiting
the geometric assumptions underlying token
representations is a promising direction for
building more expressive and capable language
models. Code is available at https://github.
com/digailab/riemannianllm.git.

1 Introduction

Large language models (LLMs) have achieved re-
markable progress across a wide range of tasks,
yet they rest on a strong and rarely questioned ge-
ometric assumption. Modern architectures such
as GPT (Radford et al., 2019; Brown et al., 2020),
LLaMA (Touvron et al., 2023), and Qwen (Qwen
Team, 2025) perform next-token prediction under
the implicit assumption that all tokens lie in a
shared Euclidean embedding space, treating ev-
ery direction uniformly. This assumption is inher-

C1 : The animal barked loudly. It was a ___.

C2: The measured temperature was ___ degrees.

(a) Standard LLM Head (b) Token-Adaptive rLLM Head (Ours)
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Figure 1: Geometric intuition. A standard LM head
uses an isotropic geometry, while rLLM uses a token-
adaptive metric that reweights semantic directions by
context.

ited almost universally across model families and
scales, despite the fact that the linguistic relation-
ships these embeddings are meant to encode are far
from geometrically uniform.

Natural language is geometrically diverse, im-
posing fundamentally different demands that a
single Euclidean metric cannot simultaneously
satisfy. On the linguistic side, analogical relations
favor parallelogram-like structures (Mikolov et al.,
2013), semantic taxonomies are better represented
in hyperbolic space (Nickel and Kiela, 2017), and
positional patterns can be modeled through rota-
tional transformations (Su et al., 2024). On the em-
pirical side, contextual embeddings across BERT,
GPT-2, and modern LLMs are highly anisotropic,
concentrating in narrow cones rather than spread-
ing across the available space (Ethayarajh, 2019;
Gao et al., 2019); hierarchical concepts are encoded
through approximately orthogonal structures (Park
et al., 2025); and representation spaces across large
vision and language models become increasingly
aligned as model capability grows (Huh et al.,
2024). A recent position paper argues that this
is a foundational issue, contending that moving be-
yond Euclidean geometry is a necessity rather than
an optional enhancement for the next generation of
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foundation models (He et al., 2025b).
Imposing a Euclidean metric on inherently

non-Euclidean structure carries concrete costs.
For hierarchical structures, Euclidean embeddings
incur geometric distortion or require high dimen-
sionality to preserve pairwise relationships (Nickel
and Kiela, 2017; Sala et al., 2018). The expres-
siveness of softmax distributions defined over Eu-
clidean inner products is also inherently bounded
by the softmax bottleneck, forcing models to rely
on ever-larger embedding dimensions to approxi-
mate the true conditional distribution (Yang et al.,
2018). Together, these observations point to a clear
research gap: the geometric foundation of the LM
head has not kept pace with our understanding of
how language is actually structured in representa-
tion space.

Riemannian geometry offers a compact way to
relax this limitation. A positive-definite metric
tensor reweights embedding directions and turns
the fixed Euclidean inner product into a learned
distance function. This view connects to geomet-
ric deep learning and prior work on Poincaré em-
beddings, hyperbolic networks, Riemannian opti-
mization, and adaptive graph metrics (Bronstein
et al., 2021; Nickel and Kiela, 2017; Ganea et al.,
2018; Bonnabel, 2013; Lou et al., 2020; Wang et al.,
2026), while existing language-model studies use
broader manifold or hyperbolic constructions; our
approach confines the geometric change to the LM
head.

We propose rLLM (Riemannian Large Lan-
guage Modeling), a language modeling frame-
work that introduces a token-conditioned
positive-definite diagonal metric in the LM head.
The resulting local quadratic score adapts to each
hidden state and its context. This adds less than
0.01% parameters relative to the base model, keep-
ing rLLM readily compatible with existing pretrain-
ing infrastructure. Figure 1 gives the geometric
intuition behind this token-adaptive prediction rule.
We evaluate rLLM extensively across three model
scales, the full pretraining, SFT, and RL pipeline,
and diverse CORE and ChatCORE tasks. rLLM im-
proves Base CORE at the two smaller GPT scales
in the reported runs and obtains higher RL Chat-
CORE at all three scales, with absolute score gains
up to 0.025 in Base CORE and 0.030 in ChatCORE
after RL.

Our contributions can be summarized as follows.
(1) A head-level Riemannian language modeling
framework at billion-parameter scale. We intro-

duce a learnable local metric head and successfully
train models with up to 5.0B parameters, achiev-
ing absolute score gains of 0.025 in Base CORE
at 2.8B and 0.030 in ChatCORE at 3.8B over
Euclidean baselines. (2) A token-adaptive met-
ric tensor for context-dependent geometry. A
lightweight module produces a per-token positive-
definite metric that dynamically adapts to each to-
ken’s context, capturing geometric relationships
inaccessible to a fixed Euclidean inner product.
(3) Improved multi-task robustness during post-
training. In the reported runs, rLLM maintains
SpellingBee performance during RL while the Eu-
clidean baseline shows a large drop, and rLLM
achieves the highest ChatCORE among the evalu-
ated heads at each scale.

2 Related Work

Geometry of language representations. Word
embeddings exhibit linear regularities (Mikolov
et al., 2013), while hyperbolic and spherical spaces
provide useful inductive biases for hierarchical and
directional structure (Nickel and Kiela, 2017; Meng
et al., 2019). Recent analyses further characterize
anisotropy, degeneration, and hierarchical concept
geometry in contextual representations (Ethayarajh,
2019; Gao et al., 2019; Park et al., 2025). Recent
surveys organize hyperbolic foundation models by
how they modify embedding spaces and model op-
erations (He et al., 2025c), with recent methods
spanning hyperbolic fine-tuning, multimodal con-
tinual learning, and fully hyperbolic Transformers
(Yang et al., 2025; Liu et al., 2026; Yang et al.,
2024; He et al., 2025a). Our work complements
these directions by retaining the Euclidean Trans-
former body and introducing token-conditioned ge-
ometry only in the output head.

Riemannian and mixed-curvature neural net-
works. Recent surveys summarize hyperbolic
graph learning methods and applications (Yang
et al., 2022b). Geometric learning has developed
manifold-valued layers for graph convolution and
recommendation (Chami et al., 2019; Yang et al.,
2022a), product manifolds (Gu et al., 2019), and
constant-curvature spaces (Bachmann et al., 2020).
More recent methods combine curvature with spec-
tral structure or adapt geometry to heterogeneous
graph topology (Grover et al., 2025; Guo et al.,
2025b; Wang et al., 2026). These approaches es-
tablish the value of flexible geometric inductive
biases for graph representation learning. In con-
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trast, rLLM targets next-token prediction at billion-
parameter scale and learns a lightweight local met-
ric conditioned on each token representation.

Representation rank and output expressive-
ness. The softmax bottleneck connects the rank
of hidden representations to the family of output
distributions a language model can express (Yang
et al., 2018). Related studies document dimen-
sional collapse and feature distortion in represen-
tation learning and fine-tuning (Jing et al., 2022;
Kumar et al., 2022). We use effective rank as a
diagnostic of the hidden-state spectrum and pair it
with task-level evaluation across pretraining and
post-training stages.

3 Method

We take a different approach from prior Rieman-
nian deep learning methods, which typically map
representations onto a curved manifold and replace
standard operations with their manifold-valued
counterparts such as exponential maps, parallel
transport, and Riemannian optimizers (Nickel and
Kiela, 2017; Ganea et al., 2018; Bonnabel, 2013;
He et al., 2025b). At LLM scale, this adds substan-
tial overhead and complicates training infrastruc-
ture. In rLLM, both the Transformer body and the
next-token prediction objective remain unchanged.
The geometric change is confined to the LM head.
Because the metric is positive definite by construc-
tion while the trainable weights remain Euclidean
parameters, standard optimizers are sufficient. Fig-
ure 2 summarizes this head-level replacement.

3.1 Preliminaries

Riemannian geometry and metric tensors. A
Riemannian manifold is a smooth space in which
each point is equipped with an inner product, called
the metric tensor, that defines local notions of
length, angle, and distance. Formally, a metric ten-
sor at a point x is a symmetric positive-definite
matrix G(x) ∈ Rd×d, and the squared length
of an infinitesimal displacement dx is given by
dx⊤G(x) dx. The Euclidean space is the special
case G(x) ≡ I , where every direction is treated
identically and distance reduces to the familiar
form ∥x − y∥2 = (x − y)⊤(x − y). Choosing
a non-identity metric reweights or rotates the co-
ordinate axes, so that some directions become ge-
ometrically closer than others. When the metric
depends on the hidden state, different contexts use
different local metric tensors. This parameteriza-

tion does not by itself assert a particular curvature
or a global manifold geometry.

3.2 A Distance-Based Reformulation of the
LM Head

From inner product to distance. We begin by
relating the standard inner-product LM head, ℓv =
h⊤
t wv, to a distance-based score, following the

distance-based classification view used in proto-
typical networks (Snell et al., 2017). Expanding
the negative squared Euclidean distance between
the hidden state ht and the classifier weight wv for
token v yields

−1
2 ∥ht−wv∥2 = h⊤

t wv − 1
2 ∥wv∥2 − 1

2 ∥ht∥2.
(1)

For a fixed context t, the same hidden state ht

is used to score every candidate token v, so the
−1

2∥ht∥2 term adds the same scalar to every vocab-
ulary logit. Since softmax is invariant to adding a
shared offset to all logits, this term does not change
the conditional distribution. The prototype term
−1

2∥wv∥2, however, varies with v and cannot be
absorbed into a shared constant. Thus the stan-
dard bias-free inner-product head and the identity-
distance head below are related but distinct:

sIdv = −1
2 (ht−wv)

⊤ I (ht−wv) + const, (2)

with the identity matrix I acting as the metric tensor
for this distance-based score. Sections 3.3 and 3.4
obtain rLLM by allowing this metric tensor to de-
part from the identity, first globally and then in a
token-adaptive way.

3.3 Generalizing to a Riemannian Metric
The formulation in Section 3.2 writes a distance-
based head as a Euclidean quadratic score with an
implicit identity metric. We now generalize this
metric to a learnable, positive-definite diagonal ten-
sor, giving the head a context-independent direction
reweighting.

From identity to learnable metric. We replace
the identity matrix in Eq. (2) with a diagonal metric
G = diag(g), where g ∈ Rd

>0, giving the Maha-
lanobis form (Xing et al., 2002; Weinberger and
Saul, 2009)

ℓv = −1
2 (ht −wv)

⊤G (ht −wv). (3)

Each component gi scales the contribution of di-
mension i to the squared distance: directions with
gi > 1 are emphasized, while directions with
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𝐡𝑡 ∈ ℝ𝑑
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(a) Standard LM Head

Predicted Next Tokens (𝑃)
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𝐠𝑡 = 1 + 𝛼 tanh(∙)

𝑮𝒕 = 𝐝𝐢𝐚𝐠 (𝒈𝒕) 

Standard LM Head rLLM Head

• Logit scoring Inner Product Riemannian Distance

• Geometry Euclidean Token-adaptive Metric

• Temperature tanh softcap linear scaling

• Overhead - < 0.01% param overhead

(b) rLLM Head (ours)

Figure 2: Method overview. rLLM keeps the Transformer body unchanged and replaces the output head with a local
quadratic score using a token-adaptive diagonal metric. (a) The standard LM head computes logits via Euclidean
inner products with tanh softcapping. (b) rLLM uses a token-conditioned local metric with a lightweight MLP
f(ht) producing a positive-definite diagonal tensor Gt = diag(gt), adding <0.01% parameters.

gi < 1 are suppressed. Compared to the iden-
tity metric, this allows the LM head to weight co-
ordinates non-uniformly and to capture direction-
dependent similarity that the Euclidean inner prod-
uct cannot express.

Why diagonal? We restrict G to be diagonal
for two reasons. First, a diagonal metric already
breaks the rotational symmetry of the Euclidean in-
ner product and captures direction-dependent simi-
larity. Second, a full d× d positive-definite matrix
would add substantial parameter and computational
overhead at the vocabulary scale, while a diagonal
G adds only d parameters, which is negligible rel-
ative to the base model.

Coverage of common geometries. Although di-
agonal, this metric family is motivated by local
tensor forms that occur in several standard geome-
tries. In conformal coordinates, both the Poincaré
ball and spherical models have metric tensors of
the form G(x) = λ(x)2I , and product mixed-
curvature spaces yield block-wise conformal di-
agonal tensors. These examples motivate local
diagonal or conformal reweightings; they do not
mean that rLLM instantiates any global constant-
curvature space. Appendix D gives the correspond-
ing tensor forms.

Limitations of a global metric. A globally fixed
g defines one shared coordinate reweighting across

the vocabulary. While more expressive than the
Euclidean baseline, it forces every token to be pre-
dicted under the same reweighting, which we find
limiting in practice (Section 6.3). Section 3.4 ad-
dresses this by allowing G to vary with the hidden
state.

3.4 Token-Adaptive Riemannian Geometry

We now let the metric depend on the hidden state,
so that different token contexts use different local
metric tensors.

Token-adaptive metric. We define the per-token
metric tensor as

gt = 1+α tanh
(︁
f(ht)

)︁
, gt ∈ [1−α, 1+α]d,

(4)
where f : Rd → Rd is a two-layer MLP with bot-
tleneck width k = 64 and a tanh output scaled by
α = 0.5, so that gt,i ∈ [0.5, 1.5] for every coordi-
nate. The local tensor Gt = diag(gt) varies with
the hidden state.

Logit scale. Distance logits still require a global
scale to match the sharpness of the output distribu-
tion. Instead of tanh softcapping (Gemma Team,
2024), which saturates large distances nonlinearly,
we use a learnable scalar temperature, as in Rad-
ford et al. (2021),

ℓv ← eτ ℓv, τ initialized to 0. (5)
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This preserves the distance geometry because it
rescales all logits linearly.

Substituting Gt into the Mahalanobis form of
Eq. (3) and applying this temperature gives the final
rLLM logit

ℓv = eτ
[︂
(ht ⊙ gt)

⊤wv

− 1
2

d∑︂

i=1

gt,iw
2
v,i − ℓ̄

]︂
,

(6)

where ℓ̄ is the vocabulary mean logit, detached
from the computation graph, subtracted for nu-
merical stability. The hidden-state-dependent term
−1

2

∑︁
i gt,i h

2
t,i is absorbed into ℓ̄ because it is con-

stant across the vocabulary dimension and therefore
does not affect the softmax distribution.

Parameter overhead. The adaptive module adds
only 295K parameters, or 0.008% of a 3.8B model,
making the overhead of moving from a Euclidean
to a token-adaptive Riemannian head effectively
negligible.

4 Experimental Setup

Model Architecture We build on
nanochat (Karpathy, 2025), an end-to-end
LLM training harness that uses a GPT-2-family
architecture enhanced with modern components:
Rotary Position Embeddings (Su et al., 2024), QK-
normalization, ReLU2 activation (Shazeer, 2020),
grouped-query attention, Flash Attention (Dao
et al., 2022), untied embeddings, and a sliding win-
dow attention pattern (three sliding-window layers
followed by one full-context layer, tiled across
depth). All hyperparameters derive from a single
depth argument via muP-style scaling (Yang et al.,
2021).

Model Scales We train at three scales using the
model sizes and token budgets in Table 1, following
the compute–data balancing principle of Hoffmann
et al. (2022). The primary GPT baseline and rLLM
runs use FP8 precision on 64 NVIDIA H100 GPUs
across 8 nodes; precision exceptions for ablations
and auxiliary studies are listed in Appendix A.

Training Pipeline and Evaluation All mod-
els follow a three-stage pipeline: pretraining on
FineWeb-Edu (Penedo et al., 2024), supervised
fine-tuning (SFT) on SmolTalk (Allal et al., 2025)
augmented with MMLU and GSM8K training data,
and reinforcement learning (RL) via a simplified

Depth dmodel Heads Params Tokens Steps

32 2048 16 2.82B 20.1B 9,601
36 2304 18 3.80B 28.4B 13,555
40 2560 20 4.99B 38.8B 18,481

Table 1: Model configurations. All models use
head_dim=128, vocabulary size ≈50,000, and se-
quence length 2048. Training uses FP8 precision with
the Muon optimizer (Jordan et al., 2024) on 64 NVIDIA
H100 GPUs.

GRPO variant (Shao et al., 2024; Guo et al., 2025a)
on GSM8K (Cobbe et al., 2021) with token-level
normalization (Yu et al., 2025). Training configura-
tion details are provided in Appendix A.

We report two composite metrics (see Ap-
pendix B for full task lists and scoring details):
CORE (primary pretrain evaluation): aggregates
22 in-context learning tasks across five categories
(language understanding, world knowledge, com-
monsense reasoning, symbolic problem solving,
and reading comprehension), with accuracy cen-
tered by random baselines, providing a compre-
hensive measure of pretrained model quality that
is unaffected by post-training choices. Chat-
CORE (post-fine-tuning evaluation): averages cen-
tered accuracies across six tasks, including ARC-
Easy and ARC-Challenge (Clark et al., 2018),
MMLU (Hendrycks et al., 2021), GSM8K (Cobbe
et al., 2021), HumanEval (Chen et al., 2021), and
SpellingBee, to measure how well pretrained rep-
resentations translate into downstream capabilities.
Together, these metrics capture both intrinsic model
quality and practical task performance.

5 Results

5.1 Main Results

Figure 3 presents results comparing the Euclidean
baseline against rLLM across three scales and the
full training pipeline.

Improved pretrain quality. rLLM improves
Base CORE, a composite of 22 in-context learning
tasks, at two of three scales: +2.5pp at 2.8B (0.354
vs. 0.329) and +1.2pp at 3.8B (0.377 vs. 0.365).
At 5.0B, Base CORE is comparable (−0.3pp).
The pretrain improvement is more pronounced at
smaller scales, where the baseline has greater room
for geometric inefficiency. Val BPB is comparable:
at 2.8B rLLM is slightly better (−0.006), while at
3.8B and 5.0B it is marginally higher (+0.003 and
+0.001, respectively).
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Figure 3: Performance comparison across three model scales and pipeline stages. Base CORE improves at 2.8B
(+2.5pp) and 3.8B (+1.2pp); at 5.0B it is comparable. RL ChatCORE improves at every scale, with +3.0pp at 3.8B
and +1.7pp at 5.0B. †Baseline 2.8B RL ChatCORE is anomalously low due to SpellingBee collapse.

Consistent post-training gains. Across scales,
rLLM achieves the highest RL ChatCORE, with
0.445 at 2.8B, 0.478 at 3.8B (+3.0pp), and 0.453
at 5.0B (+1.7pp). The positive 5.0B post-training
gain persists even though Base CORE is compa-
rable, motivating our analysis of the hidden-state
spectrum in Section 5.2. Within the main baseline
comparison, SFT ChatCORE is tied at 2.8B and
higher at 3.8B and 5.0B.

5.2 Representation Diversity: Effective Rank
We next examine how the Riemannian metric af-
fects the representational structure of hidden states.
We measure the effective rank (Roy and Vetterli,
2007) of last-layer hidden states H ∈ Rn×d across
100 GSM8K test problems:

erank(H) = exp

(︄
−
∑︂

i

pi log pi

)︄
,

pi =
σi∑︁
j σj

(7)

where σi are the singular values of H .
Figure 4 reveals a consistent spectral gap: rLLM

achieves approximately 5× higher effective rank
at the base stage and 3× after RL. The baseline
remains below 10 (out of d=2048–2560) at the
base stage, utilizing less than 0.5% of available
dimensions, while rLLM consistently reaches 44–
51. This scale-consistent pattern indicates that the
Riemannian metric enables more uniform informa-
tion distribution across embedding dimensions. We
analyze the mechanisms in Section 6.1.

5.3 Per-Task Analysis
Table 2 shows per-task RL scores at the two largest
scales.

At 3.8B, the HumanEval gap is particularly
notable: 0.140 vs. 0.085 (+5.5pp), despite Hu-
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(a) Base
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(b) After RL

Figure 4: Effective rank of hidden states measured on
100 GSM8K test inputs across three scales. rLLM
achieves approximately 5× higher effective rank at the
base stage and 3× after RL, with a consistent gap across
model sizes.

manEval being completely outside the RL train-
ing distribution (which targets only GSM8K). At
5.0B, a complementary pattern emerges: rLLM
wins on four of six tasks (ARC-E/C, MMLU,
HumanEval) but slightly trails on the RL target
GSM8K (−0.6pp), suggesting that the geometric
benefit primarily enhances out-of-distribution trans-
fer rather than in-distribution optimization.

5.4 Multi-Task Robustness During RL

Figure 5 isolates the effect of RL by showing
SFT→RL score changes across all six evaluation
tasks at three scales.

At 2.8B (Figure 5a), baseline SpellingBee de-
creases from 0.992 to 0.188 (−80.5pp), while
rLLM changes by −0.4pp. At 3.8B, rLLM shows
a distinctive profile: no non-target task decreases
by more than 0.2pp, while GSM8K increases by
10.8pp. HumanEval is completely outside the RL
distribution, yet it increases by 1.2pp, making this
the only configuration to show positive transfer. In
contrast, baseline HumanEval and SpellingBee de-
crease by 5.5pp and 3.5pp, respectively. At 5.0B,
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Scale Method ARC-E ARC-C MMLU GSM8K HumanEval SpellingBee ChatCORE

3.8B Baseline .770 .615 .427 .222 .085 .965 .448
rLLM .800 .645 .436 .228 .140 .992 .478

5.0B Baseline .746 .589 .415 .178 .104 .996 .435
rLLM .781 .606 .429 .172 .134 .988 .453

Table 2: Per-task RL scores at 3.8B and 5.0B. At 3.8B, rLLM outperforms the baseline on all six tasks and is the
only configuration to achieve this. ARC-Easy reaches 0.800, the highest across all model scales.
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(b) 3.8B (d=36)
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GSM8K

HumanEval

SpellingBee

RL target

(c) 5.0B (d=40)

Figure 5: Per-task score changes from SFT to RL (pp) at 2.8B, 3.8B, and 5.0B. The shaded column marks GSM8K
(RL target). At 2.8B, baseline SpellingBee decreases by −80.5pp (bar truncated), while rLLM changes by −0.4pp.
At 3.8B, no rLLM non-target task decreases by more than 0.2pp. At 5.0B, rLLM has the smallest sum of negative
non-target changes.
the same pattern holds: HumanEval decreases by
0.6pp under rLLM, compared with approximately
4.3pp under the baseline.

6 Analysis

6.1 Effective-Rank Observation
The effective-rank gap in Figure 4 is a consistent de-
scriptive difference between the baseline and rLLM.
One possible explanation is that the token-adaptive
metric changes the per-dimension gradient scaling,
but the current experiments do not establish this
mechanism.

Token-adaptive gradient diversification. In
rLLM, the logit computation involves the virtual
hidden state h̃ = h⊙gt, so the gradient for each di-
mension i of h is scaled by gt,i. Because gt varies
across tokens, different token types may emphasize
different dimensions in their gradient contributions:
a math token may upweight numerical dimensions
while a code token upweights syntactic ones. This
could diversify per-dimension training signals rel-
ative to a fixed inner-product head, but it remains
a hypothesis. We have no rank-matched interven-
tion and no effective-rank measurements for the
ablation heads, so the data cannot distinguish a use-

ful mechanism from a byproduct of the changed
gradient path.

6.2 Effective Rank and Prior Analyses

Prior work relates representation rank to output ex-
pressiveness and representation anisotropy, which
motivates measuring effective rank here. These
relations provide context rather than a causal expla-
nation for our task results.

Output expressiveness and token discriminabil-
ity. Yang et al. (2018) show that the expressive-
ness of softmax output distributions is bounded
by the rank of the logit matrix L = HW⊤, since
rank(L) ≤ rank(H). When H concentrates in a
low-dimensional subspace, the model may express
a narrower family of output distributions across
contexts. This is closely related to the representa-
tion anisotropy observed in standard language mod-
els (Ethayarajh, 2019; Gao et al., 2019): when hid-
den states concentrate in a low-dimensional cone,
cosine similarities between unrelated tokens be-
come artificially high, reducing discriminability. A
higher measured effective rank is consistent with
these prior motivations, but it does not by itself
establish relaxed softmax bottleneck behavior or
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Metric Scale Base +τ Adpt. Id. Glob. rLLM

Base
CORE

2.8B .329 .342 .335 .335 .341 .354
3.8B .365 .361 .379 .314 .337 .377
5.0B .376 .371 .369 .332 .332 .373

SFT
ChatCORE

2.8B .434 .414 .413 .417 .423 .434
3.8B .454 .428 .450 .406 .430 .456
5.0B .436 .434 .436 .411 .363 .443

RL
ChatCORE

2.8B .304† .422 .413 .427 .432 .445
3.8B .448 .435 .465 .417 .437 .478
5.0B .435 .442 .445 .433 .393 .453

Table 3: Ablation across three metrics and scales. Base
is the standard baseline; +τ adds learnable eτ scaling to
the inner-product head; Adpt. is adaptive linear; Id. and
Glob. are identity and global-diagonal distance heads.
†Baseline 2.8B RL is anomalous due to SpellingBee
collapse.

better task performance in our experiments. The
5.0B result provides a direct counterexample to
treating rank as sufficient for a CORE gain.

6.3 Ablation Study

To isolate the contributions of individual compo-
nents, we compare rLLM against five alternatives
spanning the inner-product and distance-based for-
mulations (Table 3). The first three methods use
the standard inner-product ℓv = h⊤wv with pro-
gressively more learnable components; the last
three use the distance-based formulation ℓv =
eτ [−d2G(h,wv)] with different metric structures.

Table 3 shows that, in these single-run compar-
isons, rLLM achieves the highest RL ChatCORE
at every scale. The adaptive-linear head is close
on Base CORE at the larger scales (.379 vs. .377
at 3.8B and .369 vs. .373 at 5.0B), so the current
ablation does not isolate the contribution of the dis-
tance term; its BF16 pretraining also differs from
the FP8 rLLM runs. The global-diagonal head per-
forms poorly at 5.0B (ChatCORE 0.363); gradient
cancellation is a possible but untested explanation.
Additional hyperparameter sensitivity analysis is
provided in Appendix E.

6.4 Cross-Architecture Generalization

To test whether the benefits of rLLM are spe-
cific to the GPT-2 architecture or reflect a more
general principle, we replicate the experiment on
Qwen3 (Qwen Team, 2025), a modern architec-
ture with distinct design choices including grouped-
query attention with different head ratios, SwiGLU
activations, and RMSNorm. We apply the same
head-swap protocol: replacing only the output pro-
jection while keeping the transformer body un-

Metric Depth Baseline rLLM

Base CORE
depth=32 .339 .348
depth=36 .358 .367
depth=40 .362 .370

SFT
ChatCORE

depth=32 .462 .465
depth=36 .478 .479
depth=40 .500 .491

RL
ChatCORE

depth=32 .479 .480
depth=36 .500 .503
depth=40 .514 .515

Table 4: Cross-architecture validation on Qwen3 at three
depths (depth 32: 1.9B, depth 36: 2.6B, depth 40: 3.6B
params; corresponding GPT-2 scales are 2.8B, 3.8B,
5.0B). rLLM improves Base CORE and RL ChatCORE
at every depth.
changed.

Table 4 shows that rLLM transfers to Qwen3
across three depths, with absolute Base CORE
gains of 0.008–0.009 and RL ChatCORE gains
of 0.001–0.003 at every depth. The consistent di-
rection across two architecturally distinct model
families suggests that the benefit of adaptive Rie-
mannian geometry in the output layer is not
architecture-specific.

7 Conclusion

We proposed rLLM, a head-level Riemannian lan-
guage modeling framework that replaces the fixed
Euclidean inner-product LM head with a learnable,
token-adaptive diagonal metric tensor. This sim-
ple modification yields an effective-rank gap of
approximately 5× at the base stage and 3× after
RL, a consistent descriptive spectral difference. In
the reported runs, it also yields higher post-training
scores and particularly strong multi-task robustness
during RL fine-tuning, while the GPT Base CORE
gain attenuates at larger scale.

44434



Limitations

Model scale. Experiments cover scales up to
5.0B parameters across two architecture families.
Whether the benefits persist at 10B+ with larger
vocabularies, longer contexts, or multi-stage pre-
training remains untested, though the negligible
parameter overhead (<0.01%) should scale favor-
ably. We leave it for future work.

Ethics Statement

This work proposes a language-model training
method using public corpora and standard bench-
marks, without human-subject data collection or a
new deployment scenario; however, models trained
with this method may inherit biases, harmful con-
tent, privacy risks, and dual-use concerns from their
training data, so dedicated safety, fairness, privacy,
and misuse evaluations are required before any real-
world deployment.
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A Training Configuration

The primary GPT baseline and rLLM models fol-
low the same three-stage pipeline (pretrain→ SFT
→ RL) and use FP8 precision on 64 NVIDIA H100
GPUs (8 nodes× 8 GPUs) with DDP. The adaptive-
linear and learned- temperature ablations and the
Qwen3 study use BF16; these precision differences
are part of the reported protocol. The SFT mix-
ture contains one epoch of SmolTalk, three repeti-
tions of MMLU, four repetitions of GSM8K, 200K
SimpleSpelling examples, and 80K SpellingBee
examples. Hyperparameters are listed below.

Hyperparameter Value

Pretraining
Data FineWeb-Edu
Training tokens Scale-specific; see Table 1
Sequence length 2048
Optim. (matrices) Muon (LR 0.02, WD 0.28)
Optim. (embeddings) AdamW (LR 0.3)
Optim. (output proj.) AdamW (LR 0.008)
LR schedule 40-step warmup, cosine to 5%
Precision FP8 (Float8Linear)

SFT
Data SmolTalk (1ep) + MMLU (3ep) +

GSM8K (4ep)
Optimizer Same as pretrain

RL (GRPO on GSM8K)
Algorithm On-policy, no KL penalty
Normalization Token-level (DAPO-style)
Advantages Mean-centered (no std div.)
Examples per step 32
Samples per example 16
Temperature / top-k 1.0 / 50

Table 5: Training configuration for the primary GPT
baseline and rLLM runs. Precision exceptions for abla-
tions and Qwen3 are described in the text.

B Evaluation Metrics and Benchmarks

B.1 CORE (Base Model Evaluation)

CORE evaluates pretrained models via in-context
learning across 22 tasks from the DCLM suite (Li
et al., 2024). For each task i with raw accuracy
ai and random baseline bi, centered accuracy is
âi = (ai − bi)/(1− bi), mapping random to 0 and

perfect to 1. CORE is the mean of all 22 centered
accuracies.

Tasks use three protocols: multiple choice
(lowest-loss option), schema (lower-loss context
for coreference), and language modeling (free-
form generation, exact match). Table 6 lists all 22
tasks.

Category Task Shots Rand.

Language
Underst.

hellaswag_zeroshot 0 25.0
lambada_openai 0 0.0
hellaswag 10 25.0
winograd 0 50.0
winogrande 0 50.0
bigbench_lang_id 10 9.1

World
Knowledge

jeopardy 10 0.0
bigbench_qa_wikidata 10 0.0
arc_easy 10 25.0
arc_challenge 10 25.0

Common-
sense

copa 0 50.0
commonsense_qa 10 20.0
piqa 10 50.0
openbook_qa 0 25.0

Symbolic
Prob. Solv.

bigbench_dyck_languages 10 0.0
agi_eval_lsat_ar 3 20.0
bigbench_cs_algorithms 10 0.0
bigbench_operators 10 0.0
bigbench_repeat_copy 10 0.0

Reading
Compr.

squad 10 0.0
coqa 0 0.0
boolq 10 62.0

Table 6: The 22 CORE tasks. Rand. = random-chance
accuracy (%).

B.2 ChatCORE (Post-Fine-Tuning
Evaluation)

ChatCORE averages centered accuracies across six
tasks: ARC-Easy, ARC-Challenge, and MMLU
(categorical: lowest-loss option); GSM8K, Hu-
manEval, and SpellingBee (generative: parsed free-
form output).

Task Random Eval Type Source

ARC-Easy 0.25 categorical (Clark et al., 2018)
ARC-Challenge 0.25 categorical (Clark et al., 2018)
MMLU 0.25 categorical (Hendrycks et al., 2021)
GSM8K 0.00 generative (Cobbe et al., 2021)
HumanEval 0.00 generative (Chen et al., 2021)
SpellingBee 0.00 generative procedural

Table 7: The six ChatCORE tasks. Random = chance-
level baseline.
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C Three-Seed Robustness Details

Table 8 gives the complete 2.8B seed study.
SpellingBee uses 256 fixed test items and greedy
decoding, so each score changes in steps of 1/256.
The reported mean and standard deviation are com-
puted over the three paired initialization seeds; they
are descriptive sample statistics, not confidence in-
tervals or estimates of a population failure proba-
bility.

D Metric Tensor Coverage

The positive diagonal family used by rLLM is mo-
tivated by local tensor forms that occur in stan-
dard geometries. The Euclidean case is G(x) = I .
In conformal coordinates, the Poincaré ball and
spherical models use tensors proportional to the
identity, and products of conformal factors yield
block-diagonal tensors. These expressions show
that diagonal or conformal local reweightings are
geometrically meaningful; they do not imply that
the bounded field learned by rLLM instantiates any
of these global constant-curvature spaces. rLLM
neither matches their conformal factors nor inte-
grates its metric along paths, and no curvature is
inferred from this parameterization.

E Hyperparameter Sensitivity

All token-adaptive variants initialize the output
layer of f to zero, so that gt ≡ 1 at the start of
training. We compare design choices at 2.8B while
holding the distance-based formulation constant
(Table 9).

Variant CORE SFT RL

tanh, k=64, α=0.5 (ours) .354 .434 .445
softplus, k=64 (unbounded) .354 .436 .439
tanh, k=512 (default d/4) .356 .432 .437
tanh, k=64, α=0.6 .344 .413 .407
residual tanh, k=64 .352 .414 .425
asymmetric (1.5/0.3) .336 .412 .428

Table 9: Hyperparameter sensitivity at 2.8B. Bounded
tanh with α=0.5 achieves the best RL ChatCORE.

Bounded metric in this study. α = 0.5 (gt ∈
[0.5, 1.5]) obtains higher RL ChatCORE than α =
0.6 in this 2.8B run (0.445 vs. 0.407). The un-
bounded softplus variant is competitive (0.439).
These are single-run sensitivity results and do not
establish that boundedness is universally essential.

Compact bottleneck suffices. A wider bottle-
neck (k=512) obtains lower RL performance

(0.437 vs. 0.445) in this run. The result is con-
sistent with, but does not prove, that a compact
token-adaptive module is sufficient.

F Additional Quantitative Results

Pretraining validation loss. Table 10 reports fi-
nal validation bits-per-byte (BPB). The distance-
based head has comparable validation BPB in these
runs: at 2.8B, rLLM is lower than the baseline,
while at 3.8B and 5.0B it is marginally higher by
0.003 and 0.001. These single-run values do not
establish a general BPB advantage or disadvantage.

Method 2.8B 3.8B 5.0B

Baseline 0.6602 0.6403 0.6401
rLLM 0.6542 0.6430 0.6412

∆ (rLLM − Baseline) −0.006 +0.003 +0.001

Table 10: Final validation BPB. Lower is better.

SFT→RL score changes. Table 11 decomposes
the RL stage effect per task. At 3.8B, the reported
rLLM run increases GSM8K by 0.108 and de-
creases no non-target task by more than 0.002; Hu-
manEval increases by 0.012. These are single-run
observations.

Scale Method ∆ARC-E ∆ARC-C ∆MMLU ∆GSM8K ∆HumanEval ∆Spell.

3.8B Baseline −0.008 −0.017 −0.006 +0.098 −0.055 −0.035
rLLM +0.008 +0.000 −0.002 +0.108 +0.012 +0.004

5.0B Baseline −0.008 +0.004 −0.004 +0.053 −0.043 −0.004
rLLM +0.002 −0.002 +0.000 +0.071 −0.006 −0.008

Table 11: SFT→RL absolute score changes computed
from full-precision task scores. Positive values indicate
that RL improved the task.

Full per-task results. Table 12 presents com-
plete per-task scores at all three scales including all
distance-head variants.
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Seed Method Base CORE RL ChatCORE ChatCORE−SB Spell. SFT Spell. RL

10 Baseline .331 .310 .326 .996 .230
10 rLLM .352 .442 .332 .996 .992
20 Baseline .335 .313 .324 .992 .258
20 rLLM .361 .453 .344 .996 .996
42 Baseline .329 .304 .327 .992 .188
42 rLLM .354 .445 .336 .996 .992

Paired absolute ∆ mean ± SD +0.0240± 0.0026 +0.1377± 0.0049 +0.0116± 0.0077 – –

Table 8: Complete 2.8B seed study. ChatCORE−SB removes SpellingBee from the six-task average. Summary
statistics are computed from full-precision scores before row-level rounding. The baseline SpellingBee SFT→RL
absolute changes are −0.766, −0.734, and −0.805; the corresponding rLLM changes are −0.004, 0.000, and
−0.004.

Method ARC-E ARC-C MMLU GSM8K HumanEval SpellingBee ChatCORE

SFT scores at 3.8B (d=36)
Baseline .778 .632 .433 .124 .140 1.000 .454
Dist. (identity) .729 .564 .395 .095 .092 1.000 .406
Dist. (global diag) .726 .603 .404 .106 .165 .996 .430
Adaptive (softplus) .777 .630 .418 .132 .122 .996 .447
rLLM .792 .645 .438 .120 .128 .988 .456

RL scores at 3.8B (d=36)
Baseline .770 .615 .427 .222 .085 .965 .448
Dist. (identity) .734 .561 .402 .208 .067 .961 .417
Dist. (global diag) .729 .594 .409 .216 .104 .992 .437
Adaptive (softplus) .772 .625 .421 .204 .067 .996 .449
rLLM .800 .645 .436 .228 .140 .992 .478

SFT scores at 5.0B (d=40)
Baseline .754 .585 .419 .125 .146 1.000 .436
Dist. (identity) .731 .583 .399 .100 .092 .988 .411
Dist. (global diag) .684 .515 .388 .046 .067 .949 .363
rLLM .779 .608 .429 .102 .140 .996 .443

RL scores at 5.0B (d=40)
Baseline .746 .589 .415 .178 .104 .996 .435
Dist. (identity) .744 .599 .406 .212 .067 .988 .433
Dist. (global diag) .682 .526 .392 .223 .024 .977 .393
rLLM .781 .606 .429 .172 .134 .988 .453

SFT scores at 2.8B (d=32)
Baseline .748 .601 .418 .106 .152 .992 .434
Dist. (identity) .738 .585 .410 .083 .110 1.000 .417
Dist. (global diag) .731 .589 .409 .093 .140 1.000 .423
Adaptive (softplus) .754 .605 .422 .099 .146 .996 .436
rLLM .766 .606 .415 .083 .140 .996 .434

RL scores at 2.8B (d=32)
Baseline .742 .588 .413 .192 .122 .188† .304†

Dist. (identity) .734 .589 .409 .202 .055 .996 .427
Dist. (global diag) .732 .585 .410 .191 .104 .996 .432
Adaptive (softplus) .754 .597 .420 .196 .085 .992 .439
rLLM .765 .614 .416 .183 .104 .992 .445

Table 12: Full per-task scores at all three scales. ChatCORE is computed from full-precision task scores before the
displayed task values are rounded. †Baseline SpellingBee decreased from 0.992 to 0.188 during RL at 2.8B.
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