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Abstract

Activation steering controls language model be-
havior at inference time by injecting behavior-
relevant directions into internal representations.
In the standard steering interface, a steering di-
rection is estimated once before generation and
then applied throughout decoding. However,
during multi-step reasoning, the model’s inter-
nal state shifts continuously as reasoning pro-
gresses, while standard steering continues to ap-
ply the same fixed direction across these chang-
ing states. This creates a mismatch between
the model’s evolving reasoning state and the
static intervention applied to it. To address this
mismatch, we introduce State-Conditioned
Steering (SCS), which recomputes the addi-
tive update itself from the hidden states encoun-
tered during generation while keeping the same
additive intervention interface. Rather than
adapting when or how strongly to intervene,
SCS re-estimates the update from intermediate
reasoning states as generation proceeds. In a
paired comparison setting, we compare fixed
and state-conditioned updates and find that pre-
defined directions often exhibit unstable effects,
while SCS yields more consistent intervention
behavior across decoding steps. Across rea-
soning benchmarks with explicit step structure
and three instruction-tuned backbones, SCS
achieves larger average gains than prompting-
only decoding and baseline activation steering
methods.

1 Introduction

Activation steering provides an interface for con-
trolling language model behavior at inference time
(Subramani et al., 2022; Turner et al., 2023; Zou
et al., 2023; Li et al., 2023; Rimsky et al., 2024).
Rather than modifying model weights, it controls
generation by adding task- or behavior-specific di-
rections to internal representations during decod-
ing (Li et al., 2023; Rimsky et al., 2024; Chen
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Figure 1: Evolving Reasoning States and Local In-
tervention Effects. Results shown for Gemma2-9B-IT
on GSMBK. (a) visualizes evolving latent states using a
two-dimensional PCA projection. The bold blue line is a
representative trajectory. (b) shows the change in proba-
bility assigned to the correct answer tokens over relative
reasoning progress scaled between 0 and 1 within each
trace.

et al., 2025; Li et al., 2025b). Early methods relied
on a single, static steering direction applied uni-
formly across decoding positions. To enhance this
framework, recent work has moved toward adap-
tive or task-specific interventions. Some studies
leverage steering to improve multi-step reasoning
capabilities (Chen et al., 2025; Li et al., 2025b),
while others design intervention policies that adapt
dynamically to input semantics or task contexts
(Wang et al., 2025; Stoehr et al., 2024; Scalena
et al., 2024).

However, the model’s internal representations
can change as intermediate steps are generated
(Lightman et al., 2024; Zhou et al., 2026; Belrose
et al., 2023). From this perspective, existing steer-
ing methods often rely on a representative direction
estimated before generation and apply it across the
entire generation trace, without explicitly consid-
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ering how reasoning states change within a single
trace. As the model’s internal representations shift
continuously throughout the reasoning progress, a
predefined direction may become misaligned with
the states encountered later in the trace. This mis-
match can induce undesirable behavior. Figure 1(a)
illustrates this intuition. Reasoning is represented
as a trajectory in the representation space. In our
visualization, this trajectory is not summarized by
a single straight line from the query to the final
answer state. Instead, it passes through locally
varying states, suggesting that repeatedly applying
the direction without considering evolving states
fails to address the dynamic reasoning trace. This
intuition leads us to hypothesize that conditioning
the steering vector on the state can reduce the mis-
match between a fixed intervention direction and
the evolving states during reasoning.

To address this mismatch, we propose State-
Conditioned Steering (SCS), which preserves the
additive intervention interface while adjusting up-
dates as reasoning progresses. We train a predictor
by mapping representations extracted from visited
reasoning states to their observed displacement
to the subsequent state. During decoding, SCS
predicts a direction from the state and refreshes
the steering direction at each subsequent reasoning
step. This keeps the intervention in the same ad-
ditive form used by prior steering methods, while
shifting the source of the vector from a predefined
quantity to one directly derived from the model’s
current progress.

By tracking steering behavior over reasoning
progress, Figure 1(b) demonstrates that predefined
directions can vary in their influence across inter-
mediate states, whereas SCS maintains a more sta-
ble steering effect. Diagnostics at visited states fur-
ther support this trend, where state-conditioned up-
dates yield more favorable local intervention effects
on answer-related proxies compared to static pre-
defined directions. Empirically, SCS consistently
improves over prompting-only decoding across
reasoning benchmarks and backbones, including
Llama3-8B (Grattafiori et al., 2024), Qwen2.5-7B
(Yang et al., 2025), and Gemma2-9B (Gemma
Team et al., 2024), and achieves higher average
gains than existing steering baselines.

We summarize our contributions as follows:

1. We study the mismatch between static inter-
ventions and evolving reasoning states as a
limitation of predefined additive directions in

multi-step reasoning, showing that their ef-
fects can vary across the intermediate states
reached within generated traces.

2. We propose State-Conditioned Steering,
which preserves the standard additive inter-
vention interface while recomputing the ad-
ditive update itself from reasoning states at
coarse reasoning steps.

3. We evaluate SCS across multi-step reasoning
benchmarks with explicit step structure and
instruction-tuned backbones, showing consis-
tent end-task gains and more favorable answer-
related effects at visited states than predefined-
direction baselines.

2 Related Work

Inference-time methods for LLM reasoning. A
broad line of work improves LLM reasoning at in-
ference time without updating model parameters.
Prompting and decoding methods elicit, aggregate,
or structure intermediate reasoning steps through
the model’s input-output interface (Brown et al.,
2020; Wei et al., 2022; Kojima et al., 2022; Wang
et al., 2023; Zhou et al., 2023; Yao et al., 2023a,b;
Besta et al., 2024). A complementary line of work
studies activation-level control, where behavior-
relevant directions are identified in representation
space and added to internal states during genera-
tion (Subramani et al., 2022; Turner et al., 2023;
Rimsky et al., 2024; Li et al., 2023; Zou et al.,
2023). Our work belongs to this line of activation
steering research, with a specific focus on adapting
interventions to intermediate states visited during
multi-step reasoning.

Interpreting intermediate model states. Inter-
mediate computations in LLM reasoning contain
structured signals that can be inspected at both rep-
resentation and reasoning-step levels. Hidden-state
analyses show that internal representations expose
evolving prediction states and latent knowledge
during decoding (Belrose et al., 2023; Ghandehar-
ioun et al., 2024; Burns et al., 2023; Azaria and
Mitchell, 2023). Process supervision, reasoning-
step analyses, and CoT faithfulness studies further
indicate that intermediate reasoning steps contain
information about answer support and reasoning
dependence beyond final-answer correctness alone
(Lightman et al., 2024; Chen et al., 2024; Lan-
ham et al., 2023; Tanneru et al., 2024; Paul et al.,
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Figure 2: Overview of State-Conditioned Steering for evolving reasoning traces. (a) illustrates the mismatch
problem where a predefined update can become locally mismatched as reasoning states evolve. (b) summarizes the
State-Conditioned Steering (SCS) pipeline, with offline training from generated traces on the left side and steering

interface during decoding on the right side.

2024). At the same time, studies on unfaithful
rationales and monitorability suggest that surface-
level text traces do not always faithfully reflect
internal decision-critical factors, motivating more
direct inspection of latent states (Turpin et al., 2023;
Bentham et al., 2024; Wang et al., 2026). These
findings motivate our approach to evaluating and
guiding steering behavior based on the local states
visited as reasoning unfolds.

Adaptive activation steering. Recent work has
explored ways to make activation steering more
adaptive. Some frameworks derive reasoning-
relevant intervention signals from chain-of-thought
traces (Chen et al., 2025; Nguyen and Le, 2026;
Hg jer et al., 2025; Li et al., 2025b; Cho et al.,
2026; Li et al., 2025a), while others condition steer-
ing behavior on input semantics, inference-time
calibration, or localized sparse components (Wang
et al., 2025; Stoehr et al., 2024; Scalena et al., 2024,
Kang and Kim, 2026; Feng et al., 2026; Doan et al.,
2026; Arad et al., 2025; Soo et al., 2025; Gao et al.,
2025; Marks et al., 2025). These methods differ in
what they adapt. Some adjust intervention timing
or strength, while others gate interventions using in-
put semantics, external verifiers, or geometric drift
signals. For instance, verifier-guided latent steer-
ing rescales interventions using an external verifier
(Nguyen and Le, 2026), whereas manifold-based at-
tention steering intervenes when a proximity thresh-
old indicates that activations have drifted from a
correctness manifold (Li et al., 2026). In contrast,

SCS focuses on a narrower question of whether the
additive update itself should be recomputed. SCS
therefore retains the standard additive interface and
changes the source of the update, rather than de-
tecting drift, selecting among alternative reasoning
paths, or revising the current trajectory.

3 State-Conditioned Steering

In this section, we first define the additive steer-
ing interface in Section 3.1 and present State-
Conditioned Steering (SCS). Our core motivation
is to align the steering vector with the model’s on-
going reasoning progress, thereby mitigating the
mismatch between a predefined update and the
evolving reasoning state. Figure 2(a) illustrates
this motivation by depicting how a predefined up-
date can provide only a coarse summary of the
evolving hidden states. The key distinction is that
SCS estimates the additive vector from the cur-
rent reasoning state rather than using a predefined
vector. Finally, we describe how SCS learns state-
conditioned updates from collected representations
in Section 3.2 and applies them during decoding in
Section 3.3.

3.1 Additive Activation Steering

We adopt the standard additive steering inter-
face, where an intervention vector is added to the
model’s internal representation during decoding
(Rimsky et al., 2024; Li et al., 2023). For hidden

state hgg) € R? at token position ¢ and selected
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layer ¢, the intervention is written as
WO 4w, (1)

where v € R? is the intervention direction and «
controls the intervention strength. In this setting,
the direction v is fixed before generation and reused
across intervention positions. This provides a sim-
ple and model-agnostic control interface, but it fails
to address state shifts during reasoning, thereby in-
ducing a mismatch between the predefined vector
and the evolving states. To mitigate this mismatch,
we propose an approach where the steering vector
is adaptively estimated from the visited state.

3.2 Offline Training from Reasoning Traces

This section briefly outlines the offline training
pipeline as illustrated in Figure 2(b). We begin by
collecting representations and training a predictor
that estimates steering directions.

3.2.1 Constructing Dataset from Reasoning
Text

To train our predictor, we collect hidden state repre-
sentations. Given a training example, we divide the
textual solution into sentence- or step-level units.
For each unit, we obtain a representation u,, € R?
by mean pooling hidden states at a selected layer
£ over the tokens corresponding to that unit. We
group adjacent units into coarser reasoning seg-
ments to make the training simple.

We compute a local coherence score ¢, =
coS( U, Cm ), Where ¢, is the average of the neigh-
boring unit representations Uy, —1, Um, and Uy, +1,
measuring how well a unit aligns with its local con-
text. For segmentation, the relevant signal is not
the absolute coherence of a single unit but whether
coherence drops sharply between adjacent units.
We therefore use the change Agm, = Gm+1 — ¢m
as a boundary signal, identifying a local coherence
drop and inserting a segment boundary when Ag,,
falls below a threshold 7. Thus 7 controls the gran-
ularity of the coarse reasoning-state segments used
for representation collection, and is not a test-time
steering threshold. This procedure produces sets
of unit indices P, ..., Px. The segment repre-
sentation is then computed by averaging the unit
representations:

1
Sk—@ Zurm

me Py

speRY ()

The target displacement is defined as the latent dis-
placement toward the next segment representation:

d, = Sg41 — Sk- 3)

Each segment and target displacement pair yields a
training pair (s, dx), mapping a reasoning state to
its subsequent latent displacement.

3.2.2 Predictor Training for Spatial
Displacements

Given a source state s;, we train a predictor f
to output an additive update ¥, = f,(sx) € R%
It is trained to match the observed displacement
dy, = Sg+1 — Sk using

ﬁpred = Z [MSE(’[)I@’ dk)
k 4)
+ Acos (1 — cos(0g, di)) |-

The first term matches the displacement magni-
tude, while the second term encourages directional
alignment.

3.3 Steering with State-Conditioned Updates

Figure 2(b) briefly illustrates the steering procedure
of SCS during inference. During decoding, we
define the update checkpoints 7, using text markers,
such as newlines or step-delimiters. Whenever a
checkpoint r is encountered, we extract the hidden
states corresponding to the text generated since the
previous checkpoint, and mean-pool them to obtain
the segment representation s;. The predictor then
takes sy to estimate the displacement vector, which
is applied to the residual stream for the subsequent
tokens until the next checkpoint is reached. We
substitute the static direction v in Eq. (1) with a
state-conditioned vector Uy:

hgg) — hgz) +aty, 1T <t<rgr1. (5)
Because each update 7y, is derived from the gener-
ated prefix, SCS does not require access to future
tokens. Additional implementation and configura-
tion details are provided in Appendix A.

4 Experimental Setup

Models and Datasets We evaluate State-
Conditioned Steering (SCS) on three instruction-
tuned backbones: Llama3-8B (Grattafiori et al.,
2024), Qwen2.5-7B (Yang et al., 2025), and
Gemma2-9B (Gemma Team et al., 2024). This
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Model Method GSMSK MATHS00 StrategyQA Avg.
prompting-only 78.85 29.60 86.20 64.88
CAA 79.53 1068 28.20 _1.40 87.44 1124 65.06 10.18
SEAL 79.00 1015 26.40 320 - -
Llama3-8B SADI 78.09 076 30.60 4100 88.53 1233 65.74 4086
SAE-free 79.15 +0.30 30.40 +0.80 86.67 +0.47 65.41 +0.53
Q2AHS 79.38 +0.53 26.40 -3.20 87.51 +1.31 64.43 -0.45
Ours 81.20 +2.35 30.00 +0.40 87.05 +0.85 66.08 +1.20
prompting-only 89.99 74.80 90.46 85.08
CAA 90.74 1075 75.20 1040 90.93 047 85.62 4054
SEAL 91.13 +1.13 75.80 +1.00 - -
Qwen25-7B g pp 90.22 4023 74.40 .40 92.95 549 85.86 0.7
SAE-free 91.13 +1.14 75.40 +0.60 91.01 +0.55 85.85 +0.77
QZAHS 90.67 +0.68 73.80 _1.00 89.93 53 84.80 8
Ours 91.66 +1.67 76.60 +1.80 91.63 +1.17 86.63 +1.55
prompting-only 87.34 45.20 93.57 75.37
CAA 87.34 .0.00 46.00 1050 93.57 +0.00 75.64 1027
SEAL 87.64 1030 44.60 .60 - -
Gemma2-9B SADI 87.04 30 43.80 140 94.26 060 75.03 034
SAE-free 87.72 138 45.40 4020 93.57 0.00 75.56 4019
QZAI]S 87.34 +0.00 45.00 -0.20 93.41 -0.16 75.25 -0.12
Ours 87.72 +0.38 47.20 +2.00 93.80 +0.23 76.24 +0.87

Table 1: Exact-match (EM) accuracy on GSM8K, MATHS500, and StrategyQA. Bold indicates the best result
within each model block and evaluation column. Subscripts indicate absolute gains or losses in percentage points
relative to Prompting-only. “=" denotes settings not applicable under our evaluation pipeline.

allows us to test the method across multiple model
families under the same evaluation protocol. We
evaluate on three reasoning benchmarks. GSM8K
(Cobbe et al., 2021) consists of grade-school
math word problems. MATHS500 (Lightman
et al., 2024) contains competition-level math
problems that often require longer reasoning
chains. StrategyQA (Geva et al., 2021) is a multi-
hop question answering benchmark with shorter,
compositionally structured reasoning chains.
Together, these datasets cover arithmetic reasoning,
competition-level mathematical reasoning, and
compositional question answering.

Baselines We compare SCS against prompting-
only decoding and representative activation-
steering baselines. Prompting-only generates an-
swers using deterministic greedy decoding with-
out any hidden-state intervention. CAA (Rimsky
et al., 2024) represents predefined contrastive steer-
ing, adding a single static contrastive direction uni-
formly during decoding. SEAL (Chen et al., 2025)
is a reasoning-calibration method that applies a pre-
computed steering signal during generated reason-

ing steps. SAE-free CoT steering (Li et al., 2025b)
constructs reasoning-oriented steering directions
from chain-of-thought traces, but keeps the direc-
tion static across token positions once generation
begins. SADI (Wang et al., 2025) represents input-
adaptive steering, where the intervention signal
depends on input-specific activation patterns rather
than being recomputed from intermediate reason-
ing states reached within the same generated trace.

We also include Q2Ans as an internal diagnostic
reference rather than a primary baseline. Q2Ans
estimates a single coarse query-to-answer displace-
ment direction and reuses it throughout decoding,
allowing us to test whether SCS gains can be ex-
plained by a coarse start-to-end representation shift
rather than by conditioning updates on the interme-
diate states visited during generation.

Evaluation Protocol To comprehensively assess
both end-task outcomes and localized interven-
tion dynamics, we evaluate our approach through
two complementary perspectives. First, to verify
whether our activation steering leads to enhanced fi-
nal reasoning performance, we report exact-match
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Setting Mean Local Effect (SCS) Mean Local Effect (CAA)  Pairwise Win Ratio  Mean Effect Difference
Qwen2.5-7B / GSM8K 0.0188 -0.1019 3.63 [2.94, 4.49] 0.1207
Qwen2.5-7B / StrategyQA 0.0695 0.0146 1.73 [1.45, 2.09] 0.0549
Llama3-8B / GSM8K 0.0044 -0.0076 3.72 [3.03, 4.68] 0.0120
Gemma2-9B / GSM8K 0.0192 -0.0475 2.82[2.33,3.50] 0.0667

Table 2: Sample-level comparison of local intervention effects. For each sample, the local intervention effect
(Am) is averaged across visited checkpoints. The pairwise win ratios (Wingcs/Wincaa) are reported with 95%

bootstrap confidence intervals in brackets.
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Figure 3: Distributions of local intervention effects. The answer-related proxy change (Am) measures the
immediate impact at each visited checkpoint. Compared to the static baseline, State-Conditioned Steering (SCS)

shifts the distribution toward positive local gains.

(EM) accuracy under a shared prompt, decod-
ing configuration, and answer-extraction pipeline
across all methods. Second, we investigate how in-
terventions immediately modify answer-related out-
put behavior during generation. We define a local
proxy m at each visited checkpoint. For GSMS8K,
m is the probability mass assigned to the correct
numeric answer tokens. For StrategyQA, m is the
probability margin between the correct and incor-
rect binary labels, which we use as an output-level
proxy for local answer support (Kadavath et al.,
2022). These answer-related local proxies m are
used only as diagnostics of intervention behavior,
not as substitutes for final exact-match evaluation.
This diagnostic is motivated by prior work that
probes intermediate reasoning traces for answer
support and reasoning dependence (Lanham et al.,
2023; Paul et al., 2024). However, our approach

differs in that these probes are evaluated online at
visited checkpoints, rather than on separately con-
structed partial prefixes. Third, we report efficiency
using generated-token throughput (tokens/sec) as
the primary cost metric, since total wall-clock time
also reflects differences in generated length and
run variation. Because prompting-only, CAA, and
SCS share the same generation loop, this compar-
ison is controlled. Averaged across backbones,
SCS reduces throughput by roughly 8% relative
to prompting-only, while the predictor is trained of-
fline in about one minute per setting and leaves the
backbone unchanged. Details on our intervention
configurations and cost measurements are provided
in Appendix A and Appendix I.
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Figure 4: Local intervention effects across reasoning progress. Mean proxy change (Am) is plotted against the
relative position in the reasoning trace. Compared to the static baseline, State-Conditioned Steering (SCS) exhibits

a more favorable trajectory of positive local gains.

5 State-Conditioned Updates in
Reasoning Traces

As mentioned above, we evaluate SCS from two
perspectives. We first report end-task exact-match
accuracy under a shared decoding and answer-
extraction protocol. We then analyze how additive
updates behave at the intermediate states where
they are applied. For these local analyses, we use
the answer-related proxy m defined in Section 4.
At each visited state, we measure the local inter-
vention effect as

(6)

Am = men — moft,

where mqg and m,, denote the proxy m measured
with and without the intervention at the same state.
A positive Am indicates that the intervention in-
creases the answer-related proxy at the point where
it is applied. We interpret Am as an intermedi-
ate probe of answer support, not as a standalone
measure of final correctness. We use CAA as the
predefined-direction comparator for this diagnostic.
To make this comparison controlled, SCS and CAA
are evaluated on the same examples, at the same
intervention layer, and with the same configured in-
tervention strength for the corresponding run. Our
local answer-related proxy analyses are computed
on a fixed 500-example subset.

5.1 End-Task Performance as Behavioral
Validation

To evaluate whether intermediate intervention ef-
fects are reflected in final reasoning outcomes, we
report exact-match accuracy. As reported in Ta-
ble 1, SCS improves over prompting-only decoding
in all evaluated settings and increases the average
accuracy for each backbone. While baselines rely-
ing on predefined or static directions show incon-
sistent gains across datasets, SCS provides positive
improvements over prompting-only across all eval-
uated backbone—dataset combinations, supporting
the benefit of conditioning the intervention on the
current reasoning state rather than reusing a fixed
direction.

5.2 Local Effects at Visited Checkpoints

To track the shift in the answer-related proxy
caused by interventions, we compute the local ef-
fect Am at visited checkpoints. As illustrated by
the distributions of Am in Figure 3, SCS shifts the
overall distribution toward more favorable, positive
local changes compared to the predefined direc-
tion baseline. This shift indicates that updates esti-
mated from intermediate reasoning states are better
matched to the states at which they are applied.
To ensure that this distributional advantage is not
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Model Prompting Noise Opposite SCS
Llama3-8B 78.85 79.61 79.53 81.20
Qwen2.5-7B 89.99 89.69 89.99 91.66
Gemma2-9B 87.34 87.19 86.81 87.72

Table 3: Directional controls on GSMS8K. Exact-match
accuracy for State-Conditioned Steering and directional
controls.

Model Prompting Shuffled-update  SCS
Llama3-8B 78.85 78.92 81.20
Qwen2.5-7B 89.99 90.37 91.66
Gemma2-9B 87.34 87.11 87.72

Table 4: State-pairing control on GSM8K. Exact-
match accuracy for the strict shuffled control and State-
Conditioned Steering.

merely driven by a small number of large shifts,
we complement this view with a paired comparison
across examples. For this analysis, we average
these Am values over all valid checkpoints within
each generated response, allowing us to evaluate
how frequently SCS outperforms the baseline on
the exact same instance. As reported in Table 2,
SCS yields a favorable intervention effect across
most examples. This diagnostic suggests that the
local advantage of state conditioning is distributed
across diverse inputs rather than concentrated on a
few outliers.

5.3 Effects Along Reasoning Progress

To investigate whether intervention effectiveness
is sustained as generation progresses, we group
the visited checkpoints by their relative position
and analyze the mean Am conditioned on scaled
relative reasoning progress. Figure 4 shows that
local steering effects vary over the course of rea-
soning progress. The predefined-direction baseline
exhibits less stable local gains across several in-
termediate intervals, showing that a single reused
direction fails to provide uniform effect as the state
shifts, whereas SCS maintains a comparatively sta-
ble and favorable effect throughout the sequence.
This pattern aligns with the geometric analysis in
Appendix B, where state-conditioned update cen-
troids become increasingly separated across distant
progress intervals. Because the effect of an additive
update varies across reasoning progress, estimat-
ing updates from visited states provides a better
matched intervention than reusing a static direc-
tion.

5.4 Vector Control

To isolate the source of these performance gains,
we conduct matched-scale controls while preserv-
ing the intervention schedule and vector scale. In
this section, we report the GSM8K controls and
provide additional directional-control results across
all evaluation datasets in Appendix F. These con-
trols test whether SCS gains can be explained by
simpler alternatives, such as matched-norm ran-
dom perturbations, reversed update directions, or
unpaired predicted updates.

5.4.1 Directional Controls

To test whether the orientation of the predicted up-
date matters beyond perturbing the hidden states,
we use matched directional controls that keep the
intervention schedule and vector norm but remove
or reverse the learned direction (noise and opposite-
direction). As shown in Table 3, SCS outperforms
both across all three backbones, so the gains are not
explained by a norm-matched nonzero vector and
the update carries task-relevant directional struc-
ture. Results on other datasets are in Appendix F.

5.4.2 State-Pairing Control

We next test whether the learned update distribu-
tion alone suffices, or whether each update must
be paired with the state it was predicted from. Our
shuffled-update control replaces each predicted up-
date with a substitute drawn from updates at the
same progress position on other reasoning paths,
rescaled to the original norm. This keeps the
progress position and scale but breaks the state-
update pairing, and is stricter than noise since the
substitutes come from the learned distribution. As
shown in Table 4, SCS outperforms this baseline
across all three backbones, where shuffling often
neutralizes the gains. State-update matching is
therefore a key factor behind the gains, beyond
the learned distribution alone.

5.5 Reliability across Difficulty and Length

We break down accuracy by problem difficulty and
generation length for Qwen2.5-7B on MATHS500
(Appendix D). The largest observed gains oc-
cur in the mid-difficulty and medium- and long-
generation bins, while the gains are smaller in the
short-generation bin and negative at the easiest and
hardest difficulty levels. These subgroup results
are descriptive and do not by themselves establish
why the effectiveness of SCS varies with difficulty
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or generation length. A qualitative LS example fur-
ther shows that SCS can follow a fluent but invalid
reasoning trace (Table 16). This example illustrates
a possible failure mode rather than explaining the
aggregate performance on L5 problems.

6 Conclusion

We studied activation steering for multi-step rea-
soning from the perspective of evolving interme-
diate states, focusing on benchmarks whose rea-
soning traces have explicit step structure. State-
Conditioned Steering preserves the standard addi-
tive intervention interface while recomputing the
additive update itself from visited reasoning states
during generation, rather than reusing a single pre-
defined direction. Across GSM8K, MATHS500,
and StrategyQA, SCS improves over prompting-
only decoding in all evaluated backbone—dataset
settings. Local diagnostics and control experiments
further suggest that the gains depend not only on
injecting vectors of comparable scale, but also on
the learned orientation of the update and its pair-
ing with the visited state. These results point to a
promising direction for dynamic steering methods
that account for the model’s evolving internal states
while retaining the simplicity of additive interven-
tions.

7 Limitations

State-Conditioned Steering is evaluated on reason-
ing benchmarks whose traces exhibit relatively ex-
plicit textual structure. In our main experiments,
update checkpoints are defined using simple sur-
face cues such as line breaks or step delimiters. Al-
though the fixed-interval ablation shows that these
markers are not intrinsic to state-conditioned updat-
ing, their availability provides convenient refresh
points. How well SCS transfers to implicit, irregu-
larly segmented, non-monotonic, or non-reasoning
generation remains open. Such settings may re-
quire learned boundary detection or continuous
update scheduling rather than manually specified
textual cues.

SCS conditions its update on the currently vis-
ited trajectory but does not determine whether that
trajectory is correct. In particular, it neither selects
among competing hypotheses nor revises an earlier
reasoning decision. This limitation becomes im-
portant in forking or garden-path settings, where
several continuations may remain plausible and the
appropriate path cannot be inferred from the cur-

rent state alone (Bigelow et al., 2025). A failure
case on an L5 problem illustrates that SCS can fol-
low the model into a fluent but incorrect branch.
Addressing such cases would require an additional
path-selection, verification, or uncertainty-aware
mechanism. These capabilities are complementary
to the state-conditioned update studied here.

Our experiments also use deterministic greedy
decoding to isolate intervention effects from sam-
pling variance. SCS is not intrinsically restricted to
greedy decoding because its update is applied be-
fore token selection, but we have not systematically
evaluated its interaction with nucleus sampling,
beam search, or self-consistency. Under stochastic
decoding, different sampled continuations may in-
duce different visited states and update sequences,
while search-based decoding may require maintain-
ing separate state-conditioned updates for multiple
hypotheses. Evaluating these interactions is an im-
portant direction for future work.

Our empirical claims are restricted to the eval-
uvated 7B-9B backbones and per-setting predic-
tors. A single larger-scale feasibility check using
Llama3-70B on MATHS00 changes accuracy only
marginally from 50.8 to 51.2. We therefore do
not treat this result as evidence of favorable scal-
ing, and whether the update mismatch persists or
attenuates in substantially larger models remains
unresolved. The predictor is also trained separately
for each backbone—dataset setting and behaves as
a task-calibrated transition module. Cross-dataset
transfer between GSM8K and MATH500 produces
positive but non-uniform gains below in-domain
SCS, so the current predictor should not be as-
sumed to generalize across models or datasets with-
out recalibration.

Finally, SCS summarizes intermediate states
through mean pooling and learns displacements
between adjacent segment representations. These
choices provide a simple controlled interface but
may discard token-level structure or represent mul-
tiple plausible transitions with a single averaged
update. Moreover, our segment construction uses
cosine similarity to measure local coherence be-
tween adjacent reasoning units and identify seg-
ment boundaries. Because cosine similarity in
contextual representation spaces can be dominated
by a small number of rogue dimensions (Timkey
and van Schijndel, 2021), the resulting bound-
aries may be sensitive to the representation geom-
etry and the selected threshold. Comparing stan-
dardized cosine similarity with dot-product, Eu-
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clidean, learned, and subspace-based boundary cri-
teria could clarify how sensitive the segmentation
is to the choice of similarity measure. More ex-
pressive state summaries, alternative segmentation
criteria, and mixture-based or distributional transi-
tion targets are therefore natural extensions.

Ethical Considerations

Like other steering methods, state-conditioned ac-
tivation steering alters internal representations at
inference time and could be used to change model
behavior in ways that are hard for users to observe.
The diagnostics here are intended to characterize in-
tervention behavior on controlled reasoning bench-
marks, not to certify the safety or reliability of
steering in deployment. We therefore view SCS
as an analysis and intervention framework that re-
quires task-specific validation before practical use,
and we do not evaluate it in high-stakes or safety-
critical settings.
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A Implementation Details

Hardware and decoding. All experiments were
conducted on an NVIDIA RTX A6000 GPU with
48GB memory. For open-ended generation, we
use greedy decoding with a maximum generation
length of 2048 tokens. Unless otherwise stated,
all methods use the same prompt format, decoding
configuration, and answer extraction procedure.

Dataset construction and segmentation. For
GSMS8K and MATH-style reasoning tasks, we use
annotated training solutions for predictor training.
For StrategyQA, we use generated reasoning traces
from 1,000 training examples for predictor train-
ing and evaluate the model on the remaining 1,290
held-out examples. Given a reference reasoning
text, we construct segment representations using
the procedure described in Section 3.2. For seg-
ment construction, we set the segmentation bound-
ary threshold 7 to —0.03. The final unit is always
used as the endpoint of the last segment. In our ex-
periments, we also include the displacement from
the question representation to the first reasoning
segment as the initial training target.

Predictor. For State-Conditioned Steering, we
train a predictor for each backbone—dataset set-
ting. The predictor takes a segment representation
sp € R? as input and outputs an additive update
01, € R, The update prediction module is imple-
mented with MLP layers using SiLU activations
and hidden dimension H = 512. Dropout with
rate 0.1 is applied within the encoder and decoder,
and the final layer of the decoder is initialized to
zero so that the initial predicted update is the zero
vector. During training, we apply annealed pertur-
bations to the intermediate latent representation as
a regularizer, while inference uses the deterministic
prediction path. Shared predictor-training settings
are summarized in Table 5. The values of \..s used
for predictor training are reported in Table 6.

Intervention configurations. During online de-
coding, update checkpoints determine when the
completed reasoning segment is summarized and
a new additive update is estimated. We instan-
tiate checkpoints using textual cues in the gen-
erated reasoning trace. For GSM8K and Strate-
gyQA, line-break patterns provide the main cue.
For MATHS500, we also use step headers, with
conservative filtering for displayed math and La-
TeX blocks. At the beginning of decoding,

Item Value
Optimizer AdamW
Learning rate 1074

Weight decay 0.01

Batch size 128

Epochs 100
Learning-rate schedule  OneCycleLR
Hidden dimension 512
Activation SiLU
Dropout 0.1

Validation split
Checkpoint selection
EMA decay

10% of training pairs
Lowest validation loss
0.995

Table 5: Predictor training configuration. Shared
training settings used for all predictors unless otherwise
stated.

Backbone GSM8K MATHS00 StrategyQA
Llama3-8B 2.0 2.0 2.0
Qwen2.5-7B 5.0 3.0 2.0
Gemma2-9B 2.0 2.0 2.0

Table 6: Values of A .5 used in Eq. 4.

SCS initializes the intervention from the avail-
able prompt prefix and then updates it at subse-
quent checkpoints. For exact-match evaluations,
we use the final layer as the target intervention
layer across all EM reports. Rather than op-
timizing the depth for each backbone individu-
ally, we made this choice based on identifying
the overarching average validation trends across
all models. Specifically, we conducted a prelim-
inary sweep over three relative-depth candidates,
{0.5,0.75,1.0}, on a 500-example validation sub-
set of GSMS8K under varying steering strengths
a € {0.1,0.5,1.0}. After identifying the fi-
nal layer (1.0) as the most robust region on av-
erage, we fixed this target layer and selected «
for each backbone—dataset setting on its corre-
sponding held-out validation split using the search
grids reported in Table 7. Our code is avail-
able at https://github.com/Tae-Won-Kim96/
State-Conditioned-Steering.

B Update Geometry Across Reasoning
Progress

We further examine whether predicted updates re-
main geometrically similar as generation proceeds.
Following the analysis in Section 5, we group vis-
ited checkpoints by relative reasoning progress and
compare the geometry of predicted updates across
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Figure 5: Principal angle geometry of predicted updates across reasoning progress. Predicted vectors are
grouped by relative reasoning progress intervals. For each interval, we estimate an update subspace from the
predicted updates and compute principal angles between subspaces from different intervals.

Backbone Search grid GSMSK MATH500 StrategyQA
Llama3-8B {0.05,0.1,0.15,0.2,0.3} 0.15 0.15 0.2
Qwen2.5-7B {0.5,0.75,1.0,1.25,1.5} 1.25 0.75 1.25
Gemma2-9B  {0.5,0.75,1.0,1.5,2.0} 1.0 15 15

Table 7: Steering strengths for exact-match evalua-
tion. Search grids and selected values of « used at the
target layer for SCS in final EM reports.

Backbone Gapl Gap2 Gap3 Gap4
Qwen2.5-7B  0.061 0.146  0.266  0.475
Llama3-8B 0202 0412 0.672 0936

Table 8: Predicted-update geometry across reason-
ing progress. We divide the reasoning trace into five
sequential intervals (0 to 4) based on relative progress.
We compute the cosine distance between the predicted-
update centroids of any two intervals, and average these
distances by the distance gap between the intervals.

progress intervals. This diagnostic tests whether
the learned updates are well described by a single
progress-invariant distribution or instead vary over
the generated reasoning trace. For each relative
reasoning progress interval, we collect predicted
updates and estimate a low-dimensional update sub-
space using PCA. We then measure principal angles
between update subspaces from different intervals.
Smaller angles indicate more similar update sub-
spaces, while larger angles indicate greater differ-
ences between the directions spanned by predicted
updates across reasoning progress. We treat these
analyses as update vector geometry diagnostics
rather than evidence for discrete reasoning stages.
Figure 5 shows the principal angle structure for

Backbone Spearman p  Bootstrap 95% CI
Qwen2.5-7B 0.146 [0.062,0.229]
Llama3-8B 0.235 [0.151,0.313]
Gemma2-9B 0.161 [0.071,0.242]

Table 9: Consistency between local effects and final
output proxies. For each sample, we compute the mean
local intervention effect over visited checkpoints and
correlate it with the final answer-related proxy. We
report Spearman rank correlations with bootstrap 95%
confidence intervals.

Qwen2.5-7B and Llama3-8B. Table 8 confirms this
geometric shift at the centroid level, where the co-
sine distance between respective update centroids
grows substantially as the interval gap increases.
This monotonic increase indicates that intervals far-
ther apart in the generation trace employ predicted
updates with progressively distinct average direc-
tions. Together, these results suggest that predicted
updates vary over the generated reasoning trace,
supporting the view that the learned update is not
described as a single progress-invariant direction.

C Local Effects and Final Output Proxies

We additionally examine whether intermediate
answer-support diagnostics show any association
with final output behavior. Prior work suggests that
intermediate reasoning traces can carry information
about answer support and final-answer dependence,
while cautioning that such signals should not be
treated as definitive evidence of faithful reasoning
(Lanham et al., 2023; Paul et al., 2024). Motivated
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Model Dataset Prompting-only Noise Direction = Opposite Direction SCS
GSMS8K 78.85 79.61 79.53 81.20
Llama3-8B MATHS500 29.60 27.80 30.00 30.00
StrategyQA 86.20 86.51 86.59 87.05
GSM8K 89.99 89.69 89.99 91.66
Qwen2.5-7B MATH500 74.80 75.80 76.00 76.60
StrategyQA 90.46 90.93 91.01 91.63
GSMS8K 87.34 87.19 86.81 87.72
Gemma2-9B MATH500 45.20 44.80 45.20 47.20
StrategyQA 93.57 93.72 93.64 93.80

Table 10: Directional-control analysis across models and datasets. Exact-match accuracy comparing Prompting-
only, Noise direction, Opposite direction controls, and State-Conditioned Steering (SCS).

Model Prompting-only  Unit-level updat S t-level updat:
Llama3-8B 78.85 80.06 81.20
Qwen2.5-7B 89.99 90.67 91.66
Gemma2-9B 87.34 87.49 87.72

Table 11: Ablation of coherence-based segment con-
struction on GSMS8K. The unit-level variant removes
coherence-based grouping and trains updates between
adjacent reasoning units.

by this view, we use this analysis only as a post-hoc
consistency check.

For each sample 7, we compute the mean local
intervention effect over visited checkpoints:

_ 1
Ay = g 3 (mr,; - m;f,ﬁ) e

where K; denotes the total number of update check-
points visited during the generation of sample 7,
and £ € {1,2,...,K;} indexes the sequential
checkpoints. The terms m;",. and mffg represent
the answer-related proxies measured with and with-
out the intervention at visited checkpoint k. We
intentionally exclude the final checkpoint K; from
this average to prevent measuring the local effect
and the final output proxy at the identical decod-
ing position. We then measure the final answer-
related proxy m?nal at the end of the trace for the
same sample. We report Spearman rank correla-
tions between Am; and mfi"a!, with bootstrap 95%
confidence intervals over samples. The resulting
associations are positive across all three backbones,
but small in magnitude. We therefore interpret this
result as a weak consistency signal between local
answer-related gains and final output behavior.

Split Prompting-only SCS
= Short 91.02 91.62.0.60
g Medium 82.04 84.43,2.40
—  Long 51.20 53.61,0.41
:: Easy (L1-2) 90.98 90.23.075
2 Mid(L34) 77.68 82.40,47
5 Hard (LS) 53.73 52.99_()_75

Table 12: Reliability by generation length and prob-
lem difficulty (Qwen2.5-7B, MATH500). Exact-match
accuracy with gains over Prompting. Length bins split
all 500 examples into equal-size groups, and difficulty
follows the MATH levels.

D Reliability across Difficulty and Length

Table 12 breaks down accuracy by problem dif-
ficulty and generation length on MATH500 with
Qwen2.5-7B. To construct the length bins, we sort
all 500 examples by generation length and divide
them into three equal-sized groups. SCS improves
over prompting-only in all three bins, with larger
gains in the medium and long bins. Across diffi-
culty levels, the largest gain occurs on mid-level
(L3-4) problems, while performance decreases
slightly on easy (L1-2) and hard (L5) problems.
These results show that the overall improvement
is concentrated in medium- and long-generation
examples and mid-level problems. SCS does not
consistently improve performance at the easiest or
hardest difficulty levels.

E Layer Sensitivity

Figure 6 reports layer-sensitivity results for State-
Conditioned Steering. The purpose of this analysis
is to examine whether the observed gains are re-
stricted to a single favorable deployment layer. The
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Layer sensitivity: EM gain over prompting-only

Qwen / GSM8K

Qwen / MATH500

EM gain (pp)

Gemma / GSM8K

Gemma / MATH500

0.6 0.7 0.8
Relative layer position -2

Figure 6: Layer sensitivity of State-Conditioned
Steering. We report EM gains over prompting-only
decoding across relative layer depths. Rows correspond
to backbone—dataset settings, columns correspond to
relative layer depths, and each cell shows the absolute
EM gain in percentage points.

best layer varies across backbones and datasets, and
some mid-layer settings underperform prompting-
only decoding. However, the late layer deployment
used in the main experiments remains competitive
across the evaluated settings.

F Additional Directional-Control Results

Table 10 reports additional directional-control re-
sults across all evaluation datasets. The controls
use the same intervention schedule and matched
vector norms as State-Conditioned Steering, but
replace the predicted update with either a random
vector or the opposite direction. These controls oc-
casionally improve individual settings, consistent
with prior observations that non-targeted activa-
tion perturbations can affect generation behavior
(Rimsky et al., 2024; Wang et al., 2025). How-
ever, in our experiments, the directional controls
do not consistently yield the performance gains
achieved by State-Conditioned Steering. Overall,
State-Conditioned Steering remains the strongest
or tied for the strongest across all settings, suggest-
ing that the learned update provides a more reliable
intervention signal than generic perturbations.

We apply the same matched-norm noise and
opposite-direction controls to the SAE-free CoT
baseline on GSMS8K (Table 13). The original SAE-
free update achieves higher accuracy than both con-
trols on all three backbones, although the margins
are small. This result provides a directional sanity
check showing that neither matched-norm noise
nor the opposite direction reaches the performance
of the original update.

Model SAE-free Noise Direction Opposite Direction
Llama3-8B 79.15 78.85 79.00
Qwen2.5-7B 91.13 90.97 90.52
Gemma2-9B 87.72 87.49 87.57

Table 13: Directional controls for SAE-free CoT on
GSMBSK. Exact-match accuracy for the original SAE-
free update and its matched-norm noise and opposite-
direction controls.

Model Prompting SCS (checkpoint) SCS (fixed token)
Llama3-8B 78.85 81.20 80.97
Qwen2.5-7B 89.99 91.66 90.67
Gemma2-9B 87.34 87.72 87.64

Table 14: Checkpoint cue ablation on GSM8K. Exact-
match accuracy when updates are refreshed at textual
checkpoints or every 16 generated tokens.

G Checkpoint Ablation

SCS refreshes its update at checkpoints defined by
textual cues such as newlines and step delimiters.
These markers provide practical refresh points but
are not intrinsic to the method, whose core oper-
ation is to re-estimate the update from a visited
state. We replace these textual checkpoints with
checkpoints placed every 16 generated tokens on
GSMS8K (Table 14). The fixed-interval variant
remains above prompting-only on all three back-
bones. Explicit textual markers therefore provide
useful timing cues but are not required for state-
conditioned updating.

H Ablation on Segment Construction

To understand the effect of our segment construc-
tion, we compare our segment-level approach
against a unit-level variant. In this setup, we do
not group adjacent units into segments. Instead,
the predictor is trained on the displacements be-
tween adjacent mean-pooled unit representations.
As shown in Table 11, the unit-level variant outper-
forms prompting-only across all three backbones,
while the segment-level approach further improves
over the unit-level variant. This result indicates that
steering does not depend entirely on the specific
segmentation rule, although grouping states into
coherent segments can provide a clearer training
signal.

I Inference and Training Cost

Table 15 reports inference cost across all backbone—
dataset settings. We use generated-token through-
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GSMS8K MATHS00 StrategyQA

Model Method Wall  tok/s Wall  tok/s Wall  tok/s
Prompting  1:09:12 35.18 1:17:06 3537 0:44:17 35.40
Llama3-8B CAA 1:07:07 3537 1:10:19 3556 0:44:00 35.54
SCS 1:14:15 3227 1:07:33 32.78 0:48:00 32.57
Prompting  1:45:21 3932 1:58:06 3827 1:08:11 38.65
Qwen2.5-7B CAA 1:45:30  39.18  2:02:20 39.18 1:10:17 38.67
SCS 1:53:38 3597  2:09:20 3621 1:15:04 35.30
Prompting  2:07:46 2532 1:35:12 25.65 1:31:16 13.86
Gemma2-9B CAA 2:10:34 2469  1:34:45 2560 1:28:31 1432
SCS 2:20:53 2292 1:46:52 22.86 1:41:28 1245

Table 15: Inference cost across datasets. For each backbone and method we report wall-clock time and generated-
token throughput (tok/s) on GSM8K, MATHS00, and StrategyQA.

put as the primary metric because wall-clock time
also varies with output length. Prompting-only,
CAA, and SCS use the same intervention-aware
generation loop. Across the nine evaluated settings,
SCS reduces throughput by approximately 8% rel-
ative to prompting-only. Its predictor is trained
offline once for each backbone—dataset setting, re-
quiring 28-76 seconds in our experiments, while
the backbone parameters remain unchanged.

J Qualitative Case Studies

We provide qualitative case studies on GSM8K and
MATHS500 to illustrate how SCS affects generated
reasoning traces. Tables 17-22 report output com-
parisons across backbone—dataset settings.
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Problem

Prompting-only output

SCS output

In triangle ABC, AB = 17, AC = 8,
and BC' = 15. Let D be the foot of the alti-
tude from C' to A B. Find the area of triangle
ACD.

Gold: 3840/289

The altitude h is the same as the length of C'D. Since D is the
foot of the altitude from C to AB, triangle AC'D is a right tri-
angle with C'D as the height and AD as the base. . . . AD? 4+
(120/17)% = 82 AD? = 64 — 14400/289 = 4096/289,
so AD = 64/17. Areaof triangle ACD = % * AD«CD =
% * 64/17 * 120/17 = 3840/289. The final answer is
3840/289. (correct)

Since AB2 = AC? + BC’2, triangle ABC'is a ri§hl triangle
with the right angle at C'. The area of triangle ABC'is 5 * AC =
BC = % * 8 x 15 = 60. Since D is the foot of the altitude
from C' to A B, the area of triangle AC'D is half the area of triangle
ABC, because D divides A B into two segments and the altitude
from C'is shared. Thus the area of triangle AC' D = % *60 = 30.
The final answer is 30. (incorrect)

Table 16: SCS follows a fluent but geometrically invalid area-bisection shortcut, while prompting-only reaches
the correct answer. This case illustrates that SCS can follow the visited reasoning trajectory without detecting
or revising an incorrect reasoning branch.

Question

Prompting-only output

SCS output

Luke is spending time at the beach building
sandcastles. He eventually notices that each
level of a sandcastle will have half the square
footage as the level below it. If he makes a
4 leveled sandcastle where the top level has
a square footage of 16, what is the average
square footage of a level?

Step 1: Determine the square footage of each level.

- The top level has a square footage of 16.

- The second level has half the square footage of the top level, so it’s
16/2 = 8.

- The third level has half the square footage of the second level, so it’s
8/2 =4.

- The fourth level has half the square footage of the third level, so it’s
4/2 = 2.

Step 2: Calculate the total square footage of the sandcastle.

- Total square footage = 16 + 8 4+ 4 + 2 = 30.

Step 3: Calculate the average square footage of a level.

- Average square footage = Total square footage / Number of levels
=30/4 =T7.5.

The final answer is 7.5.

Step 1: Determine the square footage of each level.

- The top level has a square footage of 16.

- The second level has twice the square footage of the top level, so
16 * 2 = 32.

- The third level has twice the square footage of the second level, so
32 % 2 = 64.

- The fourth level has twice the square footage of the third level, so
64 x 2 = 128.

Step 2: Calculate the total square footage.

- Total square footage = 16 + 32 + 64 + 128 = 240.

Step 3: Calculate the average square footage.

- Average square footage = Total square footage / Number of levels.
- Average square footage = 240/4 = 60.

The final answer is 60.

Table 17: Qualitative output comparison on GSMS8K / Qwen2.5-7B.

Question

Prompting-only output

SCS output

Mrs. Tatiana owns a grocery store that sells
different fruits and vegetables, which includes
carrots. The price of carrots in the grocery
store increases by 5% of the original price ev-
ery year. What would be the price of carrots af-
ter three years if it was $120 initially? (Round
to the nearest integer)

A: The initial price of carrots is $120.

The price increases by 5% each year.

To find the new price after 1 year, multiply the initial price by 1.05:
120 * 1.05 = 126

The new price is $126.

To find the new price after 2 years, multiply the new price by 1.05
again:

126 * 1.05 = 131.7

The new price is $131.7 (round to the nearest integer: $132).

To find the new price after 3 years, multiply the new price by 1.05
again:

132 % 1.05 = 138.6

The new price is $138.6 (round to the nearest integer: $139).

The final answer is 139.

A: The initial price of carrots is $120.

The price increases by 5% each year.

To find the new price after 1 year, multiply the initial price by 1.05
(100% + 5%):

$120 * 1.05 = $126

The new price is $126.

To find the new price after 2 years, multiply the new price by 1.05
again:

$126 * 1.05 = $131.7

The new price is $131.7.

To find the new price after 3 years, multiply the new price by 1.05
again:

$131.7 * 1.05 = $137.585

Rounded to the nearest integer, the final answer is:

The final answer is 138.

Table 18: Qualitative output comparison on GSMS8K / Llama3-8B.

Question

Prompting-only output

SCS output

Melanie is a door-to-door saleswoman. She
sold a third of her vacuum cleaners at the green
house, 2 more to the red house, and half of
what was left at the orange house. If Melanie
has 5 vacuum cleaners left, how many did she
start with?

Here’s how to solve this problem step-by-step:

*#*]. Orange House:** Melanie had 5 vacuum cleaners left after
selling half at the orange house, so she had 5 * 2 = 10 vacuum
cleaners before that.

#*¥2. Red House:** Before selling to the red house, she had 10+2 =
12 vacuum cleaners.

*##3. Green House:** Before selling at the green house, she had
12 %= 3 = 36 vacuum cleaners (since she sold a third at the green
house).

**The final answer is 36.%*

Here’s how to solve this problem step-by-step:

*%]. Work backward:** Since Melanie has 5 left, and half of what
was left at the orange house was sold, she had 5 * 2 = 10 vacuum
cleaners before the orange house.

#%2. Add back the red house sales:** Before selling to the red house,
she had 10 + 2 = 12 vacuum cleaners.

*#3. Calculate the initial amount:** She sold a third of her vacuum
cleaners at the green house, meaning the 12 she had represents two-
thirds of her original amount. Let x be the original number of vacuum
cleaners. So, (2/3) * ¢ = 12

##4, Solve for x:** Multiply both sides of the equation by (3/2) to
isolate x: = 12 % (3/2) = 18

The final answer is 18.

Table 19: Qualitative output comparison on GSM8K / Gemma2-9B.
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Problem

Prompting-only output

SCS output

Let

«® 432" 4 = p1(2)p2(x) - - pi (),

where each non-constant polynomial p; (z)
is monic with integer coefficients, and cannot

be factored further over the integers. Compute

p1(1) +p2(1) + -+ + pr(1).

To solve the problem, we start by factoring the polynomial z8 +
3z% — 4. We can make a substitution to simplify the polynomial.
Lety = x*. Then the polynomial becomes:

y? +3y— 4.
We can factor this quadratic polynomial as follows:

P43y —d=(y+Hy-1).

4

Substituting back y = x~, we get:

2% + 3z —4= (14 + 4)(14 —1).

4

Next, we factor ® — 1 further. We recognize that it is a difference

of squares:

1= (J:2 + 1)(372 —1).
The term #2 — 1 is also a difference of squares and can be factored
as:

2 _1=(z+1)(z—1).

So, the complete factorization of the original polynomial is:

432 —4= (' + 1)@+ 1)@+ 1)@ - 1).
We need to check if any of these factors can be factored further over
the integers. The polynomial x4 ~+ 4 cannot be factored further over
the integers because it does not have any real roots (the discriminant
of the corresponding quadratic in z2 is negative). The polynomials

2 + 1,2 + 1,and x — 1 are already in their simplest forms.
Thus, the factorization of 28 + 324 — 4 into monic polynomials
with integer coefficients is:

¥ 432t —a=@'+EP+ D)@+ (@ -1).

We are asked to find the sum of the values of these polynomials
evaluated at z = 1:

p1(1) +p2(1) +p3(1) +pa(1) = 1* +4) + (1% + 1)
+(1+1)4+(1-1)
=54+24+24+0=0.

Therefore, the answer is:

To solve the problem, we start by factoring the polynomial z8 +
3z% — 4. We can make a substitution to simplify the polynomial.
Lety = x*. Then the polynomial becomes:
y> + 3y — 4.
‘We can factor this quadratic polynomial as follows:
2
+3y—4=(@y+49y-1).
Substituting back y = z4, we get:
+4)(z* = 1).

18+3z474:(z4

Next, we factor each of these terms further. The term z* — lisa

difference of squares:
1= @2+)E2-1).

The term 22 — 1 is also a difference of squares:

2 _1=(z+1)(z—1).
So, we have:

1 =@2 4+ 1) (z+1)(z - 1).
The term 2% + 4 can be factored using the Sophie Germain identity:
z4+4: (12+21+2)(z2 — 2z + 2).

Thus, the complete factorization of the original polynomial is:

+ 22 + 2)(2?
+ 1)+ D@ — 1)

28 4 32% — 4 = (22 — 2z +2)

(=*

The polynomials p1 (), p2 (z), . . . , pj (x) are 2 + 2z + 2,

2 _ 2x+2,3c2 + 1,z 4+ 1,and x — 1. We need to find the
sum of the values of these polynomials evaluated at x = 1:
pr(1)=1242.142=1+4+242=>5,

pa()=12—-2.142=1-2+2=1,
ps()=12+1=1+1=2,

pa(l)=1+1

ps(1) =1-1

2,

0.
Adding these values together, we get:

p1(1) + p2(1) + p3(1) + pa(l) + p5(1)
=5+1+2+2+40=10.

Therefore, the answer is:

Table 20: Qualitative output comparison on MATHS500 / Qwen2.5-7B.

Problem

Prompting-only output

SCS output

For some real numbers a and b, the equation

82° + 4az® + 2z +a =0

has three distinct positive roots. If the sum of
the base-2 logarithms of the roots is 5, what is
the value of a?

A: Let the roots be 71, 2, and r3. Then, we thE that r; + 7o +
r3 = _47a = —%2 and ryrors = —<. Since the sum of
the base-2 loganthms of the roots is 5, we thE that logy 71 +
logy 72 + logy 73 = 5. Using the property of logarithms, we
have that logo (r17r273) = 5,50 logs (— %) = 5. This implies

thata = —2° = —32.

Final Answer:

A: Let the three roots be 7‘1 79, and r3. Then, we have that ry +
ro +1r3 = — a = _5 and ryror3y = _§ Since the sum
of the base-2 Ingdrllhms of the roots is 5, we have that logy 71 +
logy 72 4 logy 73 = 5. Using the property of logarithms that
logo 71 + logg ro + logy 3 = logg(r17273), we have
that logy(—§) = 5. Taking 25 to both sides, we have that

a < —_
-8 = 32,s0a =

Final Answer:

Table 21: Qualitative output comparison on MATHS500 / Llama3-8B.
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Problem

Prompting-only output

SCS output

‘What is the smallest positive integer n such

tha}]t all the roots of z* + 22 + 1 = 0are
[i
n/

roots of unity?

Here’s how to solve this problem:
##]. Recognize the Pattern**

The equation 24 + 22 + 1 = 0 looks like a quadratic if we make
a substitution. Let w = z2. Substituting, we get:

w2+w+l:0

##2. Solve the Quadratic**
This quadratic doesn’t factor easily, so we use the quadratic formula:

Here’s how to solve this problem:

*##]. Recognize the Pattern**

The equation 2 + 22 + 1 = 0 looks like a quadratic if we let
y = 22 Substituting, we get:

v +y+1=0

#%2. Solve the Quadratic**
This quadratic doesn’t factor easily, so we use the quadratic formula:

2-1 2 2

*#*3. Find the Roots of the Original Equation**
Since w = 22, the roots of the original equation are:
. _ ) —1+iV3

2=/ —5=

—1—iV3

* z = — - V9

##4, Determine the Order of Roots of Unity**

These roots are complex numbers. Notice that they are all complex
conjugates of each other. This means they lie on the unit circle in
the complex plane. Furthermore, they are evenly spaced around the
circle.

To find the order of these roots of unity, we need to find the smallest
integer m such that raising each root to the nth power gives us 1.
Since there are four roots evenly spaced around the unit circle, the
smallest n that works is *#4%%,

Final Answer: n =

—1++12-4.1-1 —1++-3 —144v3
= = y

—1+y12-4-1-1 —1+£y/=3 —-14iV/3

2-1 2 2

*##3. Find the Roots of the Original Equation**
Since y = 22, the roots of the original equation are:

oy — /71451.«/5

¥y — —14+iV/3
z=—\—5—

S e

##4, Determine the Order of Roots of Unity**

These roots are complex numbers, and they are all sixth roots of unity.
You can verify this by raising each root to the power of 6 and seeing
if you get 1.

*%5. The Answer**

The smallest positive integer n for which all the roots are nth roots

of unity is E]
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Table 22: Qualitative output comparison on MATH500 / Gemma2-9B.



