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Abstract

Transformer-based models have achieved re-
markable performance. However, their struc-
tural characteristics—multiple layers and at-
tention heads—introduce efficiency challenges
in inference and deployment. To address
these challenges, various pruning methods have
recently been proposed. Notably, gradient-
based methods using Head Importance Scores
(HIS) have gained traction for interpretability,
efficiency, and ability to identify redundant
heads. However, HIS alone has limitations
as it captures only the gradient-driven contri-
bution, overlooking the diversity of attention
patterns. To overcome these limitations, we in-
troduce a novel pruning criterion, HIES (Head
Importance-Entropy Score), which integrates
head importance scores with attention entropy,
providing complementary evidence on per-head
contribution. Empirically, HIES-based pruning
yields a 1.13% improvement in model qual-
ity and 3.52% improvement in stability over
the HIS-only method on average, substantially
reducing the accuracy and stability cost of ag-
gressive compression. Code will be released
upon publication.

1 Introduction
Recent advances in Large Language Models (LLMs)
have led to remarkable performance. In pursuit of
better modeling of long-range dependencies, LLMs
have scaled up both context lengths and attention
head counts, guided by empirical scaling laws that
correlate model capacity with performance (Kaplan
et al., 2020; Chen et al., 2025b). This scaling, how-
ever, incurs substantial computational and memory
costs during inference, resulting in prohibitive la-
tency and energy consumption (Yang et al., 2020;
Kim and Wu, 2020; Hoefler et al., 2021; Zhou et al.,
2024). These constraints become critical barriers
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when LLMs are deployed to resource-constrained
environments such as consumer-grade mobile de-
vices or edge devices, for applications including
real-time translation, intelligent voice assistants,
and personalized recommendation systems.

To improve deployability of LLMs for resource-
constrained environments, various pruning meth-
ods have been proposed (Ma et al., 2023; Yang
et al., 2024b). Typically, these methods selectively
reduce computations by removing less important
weights, channels, or attention heads. Among them,
head pruning has gained considerable attention
due to its structural simplicity, interpretability, and
ability to directly target redundancy within the at-
tention mechanism. Existing head pruning methods
typically identifies less important heads based on
Head Importance Score (HIS), which quantifies the
gradient-based contribution of each head to the loss
function. By leveraging gradient-based sensitivity
to the loss, HIS prioritizes heads that have the most
direct impact on accuracy of model inference.

However, HIS-based methods often exhibit lim-
ited stability in their performance. For clarity, prior
works (Bair et al., 2024; Blanchet et al., 2024) mo-
tivate treating stability as a practical surrogate for
robustness—namely, a model’s resilience to input
perturbations and pruning-induced distributional
shifts. Such stability is crucial in real-world de-
ployments where distribution shifts are common
and aggressive compression is often required. In
our observations, this instability appears to stem
from two key factors. First, existing HIS-based
methods solely rely on the loss gradient with re-
spect to each head’s output, which fails to capture
token-level attention allocation or its alignment with
the task’s empirical distribution. Consequently, a
concentrated head and a diffuse head can yield sim-
ilar important scores, concealing their functionally
distinct roles on the task-specific data manifold.
Second, a uniform, layer-agnostic criterion pre-
cludes layer-specific adaptation despite evidence
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that different layers require distinct attention be-
haviors (Ben Artzy and Schwartz, 2024). Lacking
such layer-specific characteristics often results in
imbalanced pruning—preserving redundant heads
in some layers while removing functionally critical
ones in others. This imbalance not only degrades
accuracy but also undermines stability, leading
to unpredictable performance fluctuations across
inputs or compression levels, particularly under
aggressive pruning ratios.

This work aims to address the aforementioned
limitations by proposing an Entropy-Aware Prun-
ing Criterion, termed HIES (Head Importance-
Entropy Score), which jointly considers a head’s
gradient-based contribution to the loss and the dis-
tributional structure of its attention—specifically,
the extent to which its attention is concentrated or
dispersed across input tokens. We compute the
HIS to quantify a head’s loss relevance and Atten-
tion Entropy (AE) to measure how evenly a head
distributes attention over input tokens. Their prin-
cipled combination in HIES enables layer-adaptive
pruning decisions and preserves functionally impor-
tant heads. This allows for more balanced pruning
across layers, improving both accuracy and stability
under aggressive compression. Empirically, HIES
pruning yields a 1.13% improvement in model qual-
ity and 3.52% improvement in stability over the
HIS-only method on average. By preserving both
accuracy and stability even under aggressive prun-
ing ratios, HIES represents a more practical and
robust solution compared to existing pruning meth-
ods. It is expected to offer more stable performance
in resource-constrained environments.

2 Background

Attention head pruning. To compress large lan-
guage models efficiently, structured pruning meth-
ods (Han et al., 2015; Wang et al., 2019; Xia et al.,
2022; Ma et al., 2023; Ashkboos et al., 2024), which
remove specific architectural components from
Transformer models, have been widely adopted.
Among these, attention head pruning has gained
traction. This is largely because it directly reduces
attention FLOPs and memory requirement 1 while

1Note that the memory benefit of head pruning is
architecture-dependent. Under multi-head attention (MHA),
pruning a head removes its key and value projections and
corresponding KV-cache footprint. On the other hand, under
grouped-query attention (GQA), pruning individual query
heads does not reduce the shared KV cache unless an entire
group is removed.

preserving the layer topology, thereby simplify-
ing checkpoint compatibility and serving integra-
tion (Li et al., 2021; Behnke and Heafield, 2020).
Consequently, large-scale studies adopt head-level
pruning as a practical axis in LLM compression
pipelines (Jaradat et al., 2024; Muralidharan et al.,
2024)2. Attention head pruning removes selected
heads from a trained Transformer’s multi-head atten-
tion with minimal impact on end-task performance
(Vaswani et al., 2017). A widely adopted criterion
is the HIS of Michel et al. (2019), which introduces
mask variables 𝑚ℎ ∈ {0, 1} multiplying the output
of head ℎ and defines importance as the expected
first-order loss increase under masking:

HISℎ = E𝑥∼D

���� 𝜕L(𝑥)𝜕𝑚ℎ

���� = E𝑥∼D

����Aℎ (𝑥)⊤ 𝜕L(𝑥)𝜕Aℎ (𝑥)

���� , (1)

where D denotes an input sample drawn from
the data distributionD, L(𝑥) is the loss for sample
𝑥, and Aℎ (𝑥) is the output of head ℎ. The second
equality follows from the chain rule and the observa-
tion that gating scales the head’s activation. Heads
are then ranked by HISℎ and pruned in ascending
order of importance.
Attention Entropy and Stability. Zhai et al. (2023)
quantify the concentration of each attention head’s
focus over input tokens via the entropy of its at-
tention weight distribution AEℎ = (𝐻 (

𝑝 (ℎ)
)
=

−∑𝑛
𝑖=1 𝑝

(ℎ)
𝑖 log 𝑝 (ℎ)𝑖 , where 𝑝 (ℎ)𝑖 is the normal-

ized attention probability assigned by head ℎ to
the 𝑖-th input token subject to

∑𝑛
𝑖=1 𝑝

(ℎ)
𝑖 = 1.

Higher entropy indicates a diffuse focus over the
sequence, whereas lower entropy corresponds to
highly concentrated attention patterns. Their em-
pirical findings reveal a strong correlation between
persistently low entropy (i.e., entropy collapse)
and instability during training, including oscilla-
tions in the loss landscape and even divergence
across various model scales and tasks. During
inference, pruning introduces structured perturba-
tions to the original attention mechanism, which
can lead to instability in model predictions. To
quantify this inference stability, we measure predic-
tion agreement (equivalently, fidelity to the original
model; its complement is prediction churn) be-
tween the pruned and original models: Stability =

1
|D |

∑
𝑥∈D 1

[
𝑦pruned(𝑥) = 𝑦original(𝑥)

]
.

3 Motivation
Pruning Transformer models is most commonly
driven by gradient-based criteria, such as HIS and

2For more detailed discussions on related work, please
refer to Appendix A.
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Figure 1: Analysis of accuracy degradation and head behaviors under HIS-based pruning. In our diagnostic study,
we analyze the phenomena of pruning by HIS on BERT, focusing on detailed attention head behaviors during
inference. (a) Accuracy curves of HIS-based pruning on CoLA and SST-2. The bold color highlights the sharp-drop
regime of HIS-based pruning. (b) Head-level analysis on SST-2 with a validation example misclassified by the
HIS-pruned model. The attention score heatmap shows heads on each column, where pruned low-HIS heads are
indicated with colored layer–head labels and unpruned high-HIS heads with gray table. It then shows token-wise
distributions, where tokens deemed important for classification (e.g., sentiment-discriminative tokens in SST-2)
are marked with O, and non-critical tokens with X. The left plot shows the distribution of heads by normalized
HIS, and the right plot shows the distribution by normalized AE, where pruned low-HIS heads are highlighted with
red boxes and unpruned high-HIS heads with gray boxes . See Appendix C for experimental setup details.

variants used in recent pruning frameworks (e.g.,
LLM-Pruner) (Michel et al., 2019; Ma et al., 2023).
While gradient-based methods are often effective
at moderate sparsity, they exhibit sharp accuracy
degradation once the pruning ratio exceeds a certain
threshold, as shown in Figure 1 (a). Such sharp-
drops have been widely observed across various
attention variants and tasks (Ma et al., 2023; Li
et al., 2023a; Ghattas et al., 2025), underscoring
the generality of this phenomenon.

We focus on this “sharp-drop” regime and con-
trast two groups of heads. The first group con-
sists of low-HIS heads that are pruned during the
sharp-drop of accuracy. The second group con-
sists of high-HIS heads that remain unpruned. The
attention score heatmap in Figure 1 (b) reveals
that some pruned heads (red table) assign high
attention scores—i.e., the weights computed by
the softmax over token-token similarity that indi-
cate how strongly a token attends to another—to
sentiment-discriminative tokens (tokens relevant for
classification). Nonetheless, these heads are pruned
due to their low HIS values and end up causing the
sharp accuracy drop observed in Figure 1 (a). In
contrast, some unpruned heads (gray table) often
allocate strong attention to non-informative tokens.
These heads, however, have high HIS values and
thus remain unpruned, though they contribute little
to overall model quality. These analysis results
demonstrate that the gradient-based HIS is insuf-
ficient to capture the token-level attention score

distributions (the detailed mathematical analysis
is provided in Section 4.2.1), thereby resulting in
suboptimal pruning decisions for heads focusing
on decisive tokens.

The sharp-drop observed in pruning can be in-
terpreted as a collapse of structural diversity in
attention behaviors, caused by the elimination of
heads that concentrate on decisive tokens. To
capture and prevent such collapse of structural di-
versity in attention, we employ attention entropy,
a measure widely used to prevent policy collapse
in reinforcement learning (Bharadhwaj et al., 2020;
Xiao et al., 2021; Wang et al., 2026a). As shown in
the bottom-right plots of Figure 1 (b), incorporating
AE helps retain low-entropy heads by recognizing
their concentrated focus on decisive tokens, thereby
preventing them from being pruned and mitigating
the sharp-drop in accuracy.

Building on our analysis, we posit that attention
entropy captures structural signals that reflect un-
stable behavior during deployment, leading to the
following hypothesis:

Attention entropy serves as an indicator of inference-time
stability, mitigating accuracy sharp-drops

In particular, low-entropy heads may correlate with
increased sensitivity to input perturbations, leading
to unstable predictions under distribution shifts.
This perspective motivates our investigation of en-
tropy as a proxy for robustness and consistency
during inference.
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4 Proposed Method
Figure 2 provides an overview of our proposed
Head Importance–Entropy Score (HIES). Figure 2
(a) outlines the Transformer architecture, where
HIS computes the importance score of each of the ℎ
attention heads. Figure 2 (b) displays the heatmap
of the first-order, loss-based HIS. Combining the
normalized HIS and AE yields the HIES heatmap
in Figure 2 (c), which integrates complementary
signals provide a more stable assessment of atten-
tion heads across layers. This design captures the
key intuition of HIES: HIS can be reinforced by
AE, providing a more robust basis for pruning head
selections. Section 4.1 formalizes HIES, and Sec-
tion 4.2 develops a risk-decomposition analysis that
clarifies the complementary roles of HIS and AE
and motivates HIES as a robust criterion for head
selection in pruning.

4.1 Head Importance Entropy Score
We define the Head Importance–Entropy Score
(HIES) as a linear combination of the normalized
HIS and AE deficit:

HIESℎ = 𝛼 ĤISℎ + (1 − 𝛼) (1 − ÂEℎ), (2)

where 𝛼 ∈ [0, 1) is a mixing coefficient3.
This form is motivated by the risk decompo-

sition developed in Section 4.2. Pruning trades
off two complementary objectives: minimizing
loss sensitivity, captured by a first-order gradient
score (Molchanov et al., 2019), and preserving spe-
cialized, low-entropy heads, captured by 1−AE. A
weighted-sum scalarization of the two recovers the
full set of Pareto-optimal trade-offs under convex
conditions (Boyd and Vandenberghe, 2004). The
loss-increase bound (Lemma 4.1) identifies ĤISℎ
as the quantity a pruning criterion should preserve,
while the stability-based generalization-gap bound
(Eq. (6); Bousquet and Elisseeff, 2002) shows that
the retained heads’ aggregate entropy deficit con-
trols the generalization gap; the complementary
term 1 − ÂEℎ is motivated by the diagnostic analy-
sis in Section 3. The two terms’ gradient directions
are orthogonal in expectation (Lemma 4.3), so the
two signals combine linearly without gradient con-
flict (Yu et al., 2020), and Remark 4.2 notes that,
because this surrogate is modular, top-𝑘 selection
by HIES exactly minimizes it under the cardinality
constraint.

3The 𝛼-selection protocol is described in Section 5.1;
sensitivity is analyzed in Appendix D.8, and fixed-𝛼 results
across model families are presented in Appendix D.10.

Min-Max Normalization Directly comparing raw
HIS and AE is inherently problematic, as the two
metrics reside on different scales and encode dis-
tinct types of signals. To enable meaningful integra-
tion and ranking, we apply min–max normalization
to both metrics, rescaling their values to the in-
terval [0, 1]: ĤISℎ = HISℎ−min(HIS)

max(HIS)−min(HIS) , ÂEℎ =
AEℎ−min(AE)

max(AE)−min(AE) .This distribution-agnostic normal-
ization improves cross-criterion interpretability;
lower normalized scores denote higher pruning pri-
ority. We prefer min–max scaling to 𝑧-score stan-
dardization because its bounded co-domain [0, 1]
makes 𝛼 an interpretable mixing weight between
two commensurate quantities, whereas 𝑧-scores are
unbounded and signed, so a fixed 𝛼 would not
correspond to a fixed trade-off. Broad empirical
comparisons of scaling techniques report no uni-
versally optimal choice (de Amorim et al., 2023;
Lima and Souza, 2023).

4.2 Theoretical Analysis
We analyze pruning through a risk decomposition
that combines a loss-increase term controlled by
HIS, with a generalization-gap term upper-bounded
in terms of AE via its token-wise deficit. We further
show that the gradients of HIS and AE are orthogo-
nal in expectation, indicating complementary axes:
magnitude of contribution (HIS) and dispersion
of attention (AE). This perspective motivates the
composite importance measure HIES. Retaining
heads with high HIES targets both terms of this
decomposition through a single linear surrogate.
Conceptually, this analysis formalizes importance-
based selection into a principled framework and
clarifies why HIES is a sensible criterion.

4.2.1 Loss-Increase Control via Head
Importance (HIS)

Setup. Let 𝑛 be the sequence length, |H| the
number of heads, 𝑑𝑣 the value dimension per head,
and 𝑑 = |H| 𝑑𝑣 the model width (i.e., hidden size).
For head ℎ, let 𝐴ℎ ∈ R𝑛×𝑑𝑣 denote the head output,
i.e., the value-projected attention representation
𝐴ℎ = softmax

(
𝑄ℎ𝐾

⊤
ℎ√

𝑑𝑘

)
𝑉ℎ, where 𝑄ℎ = 𝑋𝑊𝑄

ℎ ∈
R𝑛×𝑑𝑘 , 𝐾ℎ = 𝑋𝑊𝐾

ℎ ∈ R𝑛×𝑑𝑘 , and 𝑉ℎ = 𝑋𝑊𝑉
ℎ ∈

R𝑛×𝑑𝑣 are the query, key, and value projections of
the input 𝑋 ∈ R𝑛×𝑑model , with parameter matrices
𝑊𝑄
ℎ ∈ R𝑑model×𝑑𝑘 , 𝑊𝐾

ℎ ∈ R𝑑model×𝑑𝑘 , and 𝑊𝑉
ℎ ∈

R𝑑model×𝑑𝑣 .
We then define y = Concat(𝐴1, . . . , 𝐴 |H |) ∈

R𝑛×𝑑 as the pre-projection representation, which

46898



Figure 2: Design overview of Head Importance-Entropy Score (HIES). Darker cells correspond to values closer to 1,
while lighter cells correspond to values closer to 0. Note the heatmap utilizes each metric across attention heads in
BERT on the CoLA dataset.

is subsequently projected through 𝑊𝑂 ∈ R𝑑×𝑑.
Head removal is modeled by mask variables
𝑚ℎ ∈ {0, 1}: 𝛿𝐴ℎ = −(1 − 𝑚ℎ)𝐴ℎ and
𝛿y = Concat(𝛿𝐴1, . . . , 𝛿𝐴 |H |). Formal defini-
tions and implementation notes are deferred to
Appendix B.1.2.

Head Importance Score (HIS). We define

HISℎ := E𝑥∼D

���� 𝜕L(𝑥)𝜕𝑚ℎ

���� = E𝑥∼D
�� 〈∇𝐴ℎ (𝑥 )L(𝑥), 𝐴ℎ (𝑥)

〉
𝐹

��
= ED

[ �� ⟨∇𝐴ℎL, 𝐴ℎ⟩𝐹
�� ] .

(3)
This quantity is a first-order activation–gradient

correlation whose absolute value prevents cross-
sample cancellation, yielding the additive upper
bound

∑
ℎ HISℎ on the loss (cf. Appendix B.1.6).

Lemma 4.1 (Loss-increase upper bound under head
masking). Let 𝛽𝑦 := ∥∇2

yL∥2. For any mask vari-
ables {𝑚ℎ} |H |ℎ=1,

ΔL := ED
[L(y + 𝛿y) − L(y)]

≤
|H |∑︁
ℎ=1
(1 − 𝑚ℎ) HISℎ +

𝛽𝑦

2

|H |∑︁
ℎ=1
(1 − 𝑚ℎ) ∥𝐴ℎ ∥2𝐹 .

Equivalently, writing the bound with the curvature
made explicit,

ΔL ≤
|H |∑︁
ℎ=1
(1 − 𝑚ℎ) HISℎ +

𝛽𝑦

2

|H |∑︁
ℎ=1
(1 − 𝑚ℎ) ∥𝐴ℎ ∥2𝐹 . (4)

Remark. 𝛽𝑦 is the curvature of the loss with respect
to the pre-projection representation y. Since the
map from y to the classifier logits is not a single
linear layer, we do not bound 𝛽𝑦 in closed form; the
standard cross-entropy curvature bounds (1

4 binary,
1
2 multiclass) apply at the logits and are stated in
Appendix B.1.4 for reference.

Implication for pruning. Eq. (4) shows that, for
a fixed pruning fraction 𝜌 = 1

|H |
∑
ℎ (1 − 𝑚ℎ), se-

lecting heads with the smallest HISℎ minimizes the
dominant first-order term, while the quadratic term
is controlled by 𝛽𝑦 and token-averaged activations.
Under standard normalization, the quadratic con-
tribution is typically dominated by the first-order
term (cf. Appendix B.1.5), justifying the use of
HISℎ as a practical surrogate importance for head
pruning.

However, since 𝐴ℎ = Attnℎ𝑉ℎ, HISℎ in Eq. (3)
depends solely on 𝐴ℎ and ∇𝐴ℎL, without explicitly
incorporating the distribution Attnℎ. Consequently,
two heads with very different attention patterns
(e.g., sharply focusing on tokens versus spreading
over tokens) can yield similar HISℎ whenever the
resulting 𝐴ℎ is comparable. This is supported by
our empirical analysis in Section 3.

4.2.2 Generalization Gap and Attention
Entropy (AE)

Setup. Let S = {(𝑥𝑖 , 𝑦𝑖)}𝑁𝑖=1∼D. We write ES
and ED for empirical and population expectations.
We assume the per-example loss ℓ is 𝐿ℓ-Lipschitz in
its first argument, a standard assumption that yields
stability-based generalization bounds (Bousquet
and Elisseeff, 2002; Shalev-Shwartz and Ben-David,
2014; Hardt et al., 2016).
Notation (attention entropy deficit). For head
ℎ and query token 𝑡 ∈ [𝑛(𝑥)], let α(ℎ)𝑡 (𝑥) ∈
Δ𝑛(𝑥 )−1 denote the attention over keys and 𝐻 (p) :=
−∑ 𝑗 𝑝 𝑗 log 𝑝 𝑗 . We define the token-averaged,
length-normalized deficit (AD)

ADℎ (𝑥) :=
1

𝑛(𝑥) log 𝑛(𝑥) ×
𝑛(𝑥 )∑︁
𝑡=1

(
log 𝑛(𝑥) − 𝐻(α(ℎ)𝑡 (𝑥)) )

= 1 − AEℎ (𝑥) ∈ [0, 1] .
(5)
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Main bound (loss–entropy link). Let
𝑀 := maxℎ max 𝑗 ∥𝑉ℎ ( 𝑗 , :)∥2 and 𝐶AE :=√

8𝑀
√︁
|H| (1 − 𝜌) log 𝑛 for a representative

effective length 𝑛. For the pruned model 𝑓S,𝑚, the
expected generalization gap (G) satisfies

G := ED
[
ℓ( 𝑓S,𝑚 (𝑥), 𝑦)

] − ES
[
ℓ( 𝑓S,𝑚 (𝑥), 𝑦)

]

≤ 2𝐿ℓ 𝐶AE

√√√ |H |∑︁
ℎ=1

𝑚ℎ ES
[
ADℎ (𝑥)

] + 𝐵

𝑁
.

(6)

Interpretation. Eq. (6) bounds the generalization
gap of the retained sub-network: pruned heads are
absent from 𝑓S,𝑚 and contribute nothing, so the
perturbation is carried by the heads with𝑚ℎ = 1 and
is controlled by their aggregate entropy deficit. The
bound therefore constrains how much generalization
the surviving heads can lose, but it does not by itself
prescribe which heads to remove; our use of 1 −
ÂEℎ as a selection signal is motivated empirically
in Section 3 and Appendix D.8. Proof details,
operator-norm assumptions, and variable-length
handling are deferred to Appendix B.2.

4.2.3 Selection Surrogate and HIES
Minimization

Composite Selection Surrogate. Given the HIES
above, we define the linear selection surrogate

J (𝑚) :=
|H |∑︁
ℎ=1
(1 − 𝑚ℎ) HIESℎ (7)

Eq. (7) is a heuristic linear scalarization of the two
analyses above rather than an upper bound on the
risk: the generalization term of Eq. (6) enters under
a square root and carries explicit constants, and the
min–max normalization makes HIESℎ invariant to
a rescaling of L to which ΔL is not. We adopt it
because it is the simplest score that is monotone
in both signals and admits an exact top-𝑘 solution
(Remark 4.2).

Pruning Objective (fixed budget). Let 𝑘 := (1−
𝜌) |H| be the number of heads to retain. We solve
the cardinality-constrained selection problem

min
𝑚∈{0,1} |H|

|H |∑︁
ℎ=1
(1 − 𝑚ℎ) HIESℎ s.t.

|H |∑︁
ℎ=1

𝑚ℎ = 𝑘. (8)

Remark 4.2 (Exact minimizer of the selection sur-
rogate). Because (7) is modular in 𝑚, selecting the
𝑘 heads with the largest HIES values (equivalently,
pruning the |H| − 𝑘 heads with the smallest HIES
values) exactly minimizes (7) subject to (8).

4.2.4 Orthogonality and Complementarity
Lemma 4.3 (Orthogonality). Let 𝑢ℎ :=
sign

(
α(ℎ)⊤𝑔ℎ

)
𝑔ℎ, 𝑣ℎ := 1 + logα(ℎ) , 𝑢̃ℎ :=

𝑃 𝑢ℎ, 𝑣̃ℎ := 𝑃 𝑣ℎ, where 𝑃 := 𝐼 − 1
𝑛11⊤ projects

onto {𝑤 : 1⊤𝑤 = 0}. Assume Cov(𝑢̃ℎ, 𝑣̃ℎ) = 0
(the cross-covariance matrix is zero). If, in ad-
dition, either ES [𝑢̃ℎ] = 0 or more generally
⟨ES [𝑢̃ℎ], ES [𝑣̃ℎ]⟩ = 04, then

ES
[〈∇̃α(ℎ)HISℎ, ∇̃α(ℎ)AEℎ

〉]
= 0, (9)

i.e., the two gradient directions are orthogonal in
expectation5.
Complementarity. Because the gradients point
along statistically orthogonal directions, HIS cap-
tures the magnitude of loss sensitivity whereas AE
captures the dispersion of attention. Thus, they
serve complementary roles: HIS emphasizes the
magnitude of contribution, while AE character-
izes distributional concentration. Combined, they
balance pruning minimally influential heads and
preserving heads important for generalization, un-
derpinning HIES’s effectiveness.

5 Experimental Results
5.1 Experimental Setup
Model and Dataset. We extensively evaluate HIES
across 9 model architectures and 21 datasets span-
ning language, vision, and multimodal tasks; de-
tailed model and dataset descriptions are provided
in Appendix C.2.
Baselines. We compare HIES against seven repre-
sentative pruning methods spanning three granular-
ities. At the head level we consider Random (uni-
form head removal), L2-Norm (heads with smaller
ℓ2 weight magnitudes are pruned first), HIS (Michel
et al., 2019) (first-order gradient-based head impor-
tance, pruned in ascending order), and Attention
Deficit (AD; 1−Attention Entropy) (Zhai et al.,
2023) (heads with smaller attention entropy, i.e.,
more concentrated patterns, are pruned last). At the
channel and block level, LLM-Pruner (Ma et al.,
2023) provides two variants restricted to attention
layers: a channel-wise version that prunes attention
channels by first-order Taylor importance, and a
block-wise version that applies the same criterion
at attention-block granularity while retaining the

4We provide an empirical sanity check supporting the
assumption, which is consistently validated on both BERTbase
and LLaMA-27B in Appendix D.1.

5Detailed derivations and preliminaries are deferred to
Appendix B.4.
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Table 1: Experimental results with BERTbase on natural language understanding task. We report percentage
improvements over the Random baseline in blue. For the two correlation-based tasks (CoLA, Matthews; STS-B,
Pearson) we report the correlation rescaled to [0, 100] as (𝑐 + 1)/2 × 100, so that every column shares a common
range; the raw correlation is recovered as 2𝑣/100 − 1. Appendix Table 9 uses the same rescaled axis for CoLA but
reports STS-B as a raw Pearson correlation.

Pruning Method SST-2 CoLA MRPC QQP STS-B QNLI MNLI RTE Average
Ratio Acc. Matthews corr F1 Score Acc. Pearson corr Acc. Acc. Acc.

0% BERTbase 92.43 76.69 91.35 91.27 94.02 91.54 84.57 72.56 86.80

10%

Random 92.09 75.25 89.90 91.00 93.88 89.87 82.62 70.76 85.67 0.00%
AD 92.55 75.48 90.56 91.10 93.65 90.87 83.50 70.40 86.01 +0.40%
HIS 91.74 77.21 90.65 91.23 94.04 90.63 84.04 71.84 86.42 +0.88%
L2 90.37 74.00 83.78 69.23 83.12 60.81 67.75 49.82 72.36 -15.54%

LLM-Pruner (Channel) 91.97 76.05 79.19 83.53 93.06 87.39 80.46 67.51 82.40 -3.82%
LLM-Pruner (Block) 91.06 76.69 89.83 84.96 93.77 87.42 82.03 64.62 83.80 -2.19%
SliceGPT (w/o tune) 51.38 49.86 81.46 63.18 58.92 53.91 36.84 49.46 55.63 -35.07%
SliceGPT (w/ tune) 86.47 61.87 82.30 88.28 62.47 83.45 77.34 54.51 74.59 -12.94%

HIES (ours) 92.66 75.48 91.04 91.93 94.00 91.03 84.04 71.84 86.50 +0.97%

30%

Random 90.29 69.02 85.27 84.00 92.90 79.80 75.15 60.29 79.59 0.00%
AD 86.58 50.00 84.53 84.57 81.94 67.82 77.00 56.68 73.64 -7.47%
HIS 89.56 73.17 89.37 89.95 93.82 89.04 82.25 68.59 84.47 +6.13%
L2 86.58 67.52 81.58 64.83 76.52 51.09 56.00 50.90 66.88 -15.97%

LLM-Pruner (Channel) 88.53 70.36 86.89 81.23 92.50 67.38 66.67 64.26 77.23 -2.97%
LLM-Pruner (Block) 88.99 73.93 84.76 80.09 93.40 82.68 78.33 66.79 81.12 +1.92%
SliceGPT (w/o tune) 50.80 53.29 78.05 63.18 54.64 53.18 34.90 51.99 55.00 -30.90%
SliceGPT (w/ tune) 83.49 60.14 81.80 85.80 60.89 67.36 75.50 54.87 71.23 -10.49%

HIES (ours) 91.86 74.97 88.81 90.37 93.89 89.13 82.50 70.04 85.20 +7.04%

50%

Random 78.74 61.02 72.53 66.25 91.40 67.53 67.32 53.79 69.82 0.00%
AD 82.91 50.00 54.50 76.18 75.00 68.94 68.00 55.96 66.44 -4.84%
HIS 87.27 59.48 86.52 85.91 92.61 82.68 78.67 62.82 79.50 +13.84%
L2 82.80 60.98 85.30 64.83 69.76 50.54 44.42 47.29 63.24 -9.39%

LLM-Pruner (Channel) 86.47 61.64 83.92 81.47 89.74 60.66 67.42 62.82 74.27 +6.37%
LLM-Pruner (Block) 87.84 70.09 83.84 78.80 92.69 72.60 73.60 61.73 77.65 +11.20%
SliceGPT (w/o tune) 50.92 52.79 81.22 63.19 47.70 50.98 34.93 50.90 54.08 -22.54%
SliceGPT (w/ tune) 83.49 57.45 81.37 82.16 55.05 65.79 71.70 51.62 68.58 -1.78%

HIES (ours) 90.71 68.52 86.80 85.73 92.65 82.68 79.00 65.34 81.43 +16.63%

Table 2: Stability results with BERTbase on GLUE tasks. We report stability (%) against the unpruned model.
Percentage improvements (in blue) are relative to HIS within each pruning ratio.

Pruning Ratio Method SST-2 CoLA MRPC QQP STS-B QNLI MNLI RTE Average

10%

HIS 97.71 96.55 94.36 97.30 99.47 95.79 95.66 94.22 96.38 0.00%
L2 95.18 76.41 26.72 68.63 21.87 60.33 72.44 39.71 57.66 -40.17%
AD 98.51 96.36 93.63 97.80 89.07 97.25 96.15 94.95 95.47 -0.94%

LLM-Pruner 97.02 85.81 75.25 85.40 39.53 90.39 84.98 86.28 80.58 -16.39%
HIES (ours) 98.17 96.36 94.12 97.80 96.67 97.25 95.74 93.50 96.20 -0.19%

30%

HIS 94.38 90.03 90.03 94.77 78.93 92.95 91.56 87.36 90.00 0.00%
L2 90.94 83.13 26.72 63.90 20.73 50.39 59.23 42.24 54.66 -39.27%
AD 88.53 81.21 78.68 87.90 24.53 63.04 79.07 69.68 71.58 -20.47%

LLM-Pruner 92.66 63.09 84.80 82.37 62.13 68.70 68.29 70.04 74.01 -17.77%
HIES (ours) 97.13 93.38 89.46 94.97 86.67 93.23 91.56 88.81 91.90 +2.11%

50%

HIS 90.02 40.84 83.33 88.80 69.13 85.54 81.47 78.70 77.23 0.00%
L2 86.47 82.26 26.72 63.90 20.40 49.81 45.58 34.30 51.18 -33.73%
AD 52.18 81.21 51.72 72.33 21.87 73.49 68.49 62.82 60.51 -21.65%

LLM-Pruner 89.68 41.32 78.19 83.27 44.13 61.58 67.52 75.81 67.69 -12.35%
HIES (ours) 95.07 83.13 84.56 88.27 75.20 85.54 78.29 81.23 83.91 +8.65%

first three and final layers, as in prior work. At the
subspace level, SliceGPT (Ashkboos et al., 2024)
projects activations onto principal components esti-
mated from calibration data and removes directions
corresponding to less-important subspaces.

Mixing coefficient. For HIES, we select 𝛼 once per
model on a 32-example HellaSwag calibration set
held out from the evaluation subset (Appendix D.3),
based on the highest mean calibration accuracy
across pruning ratios, and then keep it fixed across
tasks and pruning ratios. Because HIS and AE
come from one shared calibration pass, the search
only recombines the two cached scores and adds no
model passes: requiring only 66 ms on LLaMA-27B
and 9 ms on BERT.

5.2 Main Results
We evaluate HIES using two key metrics: model
quality and stability (Table 1), with additional eval-
uation on recent GQA-based decoder models in
Section 5.3.46. As reported in Table 1, averaged
over the three pruning ratios HIES improves model
quality by 8.21% over Random pruning and by
1.13% over HIS. Table 2 further demonstrates a
3.52% average stability gain over HIS. Notably, on
CoLA at a pruning ratio of 50%, HIES achieves
gains of up to 15.2% in model quality and 2.04× in

6Experimental details are provided in Appendix C. We
also conduct sensitivity analysis across multiple random seeds
and observe consistent improvements for both BERTbase and
LLaMA-27B. Details are provided in Appendix D.2. Note that
we use a calibration size of 32 for computing HIES; additional
analyses are reported in Appendix D.3.
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Figure 3: Comparison of HIES (Ours) and HIS on HellaSwag, Winogrande, ARC-e, ARC-c, and OBQA across
pruning ratios from 10% to 60% (x-axis). The top row reports task accuracy, while the bottom row reports stability.
The rightmost panels summarize the mean over tasks.

Figure 4: Head-level pruning patterns on the CoLA
dataset across pruning ratios from 30% to 50% pruning
ratios. Pruned heads are shaded in gray.

stability relative to HIS. These results corroborate
our theoretical analysis, demonstrating that HIES
preserves end-task performance while markedly
enhancing robustness; HIES achieves a 1.42× in-
ference speedup at a 50% pruning ratio and a se-
quence length of 4096, with potentially larger gains
for longer contexts. Detailed efficiency analysis is
provided in Appendix E.

5.3 Extended Experimental Results
5.3.1 Head Removal Patterns (Heatmap)
In our main results, HIES exhibits more stable
performance gains than HIS at aggressive pruning
ratios (e.g., ≥ 30%). At lower ratios (e.g., ≤ 10%),
HIS and HIES perform comparably, while HIS
achieves marginally higher accuracy in a few cases.
We posit distinct prioritization. HIS, a gradient-
based metric tends to retain redundant, low-risk
heads at low sparsity, while HIES adds attention
entropy to capture stability, thereby preserving spe-
cialized low-entropy heads that enhance robustness.

Pruning heatmap analysis provides empirical
support for this distinction. As shown in Figure 4,
HIS (left panels) tends to remove heads primarily
from the lower layers, producing an approximately
bottom-up pattern. This behavior is guided by a
one-step gradient saliency, which estimates the im-
portance of each attention head based on a single
backward pass through the model— this assigns
higher importance to heads whose activations have
a larger immediate effect on the loss. Meanwhile,
HIES (right panels) yields a more dispersed se-
lection spanning lower, middle, and upper layers
— other tasks also exhibit similar patterns (details
are provided in Appendix D.4). We attribute this
to the entropy-aware term, which leverages struc-
tural properties of the attention distribution (con-
centration vs. dispersion) in addition to gradient
sensitivity, thereby promoting diversity across lay-
ers in pruning decisions. Consequently, HIES
exhibits more stable performance across pruning ra-
tios, yielding flatter accuracy–sparsity curves than
HIS.

5.3.2 Scalability to Larger Models
On LLaMA-27B, we evaluate pruning on Hel-
laSwag, Winogrande, ARC-e, ARC-c, and OBQA,
comparing HIES with HIS across pruning ratios
of 10–60% (Figure 3). HIES improves accuracy
by up to +10.54% and stability by up to +6.21%
relative to HIS, averaged over tasks. This advantage
persists uniformly across pruning ratios, indicating
that the same pruning mechanism scales effectively
to larger models with higher head counts. Notably,
ARC-c is the most difficult benchmark in this suite,
as reflected by its lowest base accuracy. Even under
this challenging setting, HIES achieves consistent
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Table 3: Experimental results with ViTLarge on image classification benchmarks and LLaVA-1.57B on multi-modal
tasks. Relative improvements of HIES (Ours) over HIS are shown in blue.

Vision Transformer Model (ViTLarge) Vision-Language Model (LLaVA-1.57B)

Image Classification Visual Question Answering Complex Multimodal

ImageNet1k CIFAR-100 Avg. VizWiz-VQA MM-Vet Avg.
HIS HIES (Ours) HIS HIES (Ours) HIS HIES (Ours) HIS HIES (Ours) HIS HIES (Ours) HIS HIES (Ours)

10% 86.40% 84.40% 91.40% 92.40% 88.90% 88.40% -0.56% 10% 48.00% 47.33% 41.20% 39.40% 44.60% 43.37% -2.76%
20% 44.80% 80.20% 65.60% 85.20% 55.20% 82.70% 49.82% 30% 44.00% 47.00% 29.80% 34.00% 36.90% 40.50% 9.76%
30% 6.20% 55.40% 19.40% 40.00% 12.80% 47.70% 272.66% 50% 32.67% 39.67% 24.60% 25.20% 28.64% 32.43% 13.23%

Qwen2.57B Qwen38B

Method 10% 30% 50% 10% 30% 50%

Random 54.11 44.37 33.07 54.59 47.33 39.99
AD (1−AE) 32.77 32.65 31.57 51.69 35.63 32.94
L2 36.81 33.80 32.48 52.09 47.83 38.19

HIS 55.56 51.56 46.60 53.76 49.04 45.50
AMP 54.00 50.32 40.46 54.97 51.24 44.23
HARP 54.41 50.12 43.81 52.87 48.75 41.11
GISP 55.02 50.04 41.59 54.51 52.85 44.11
HIES (ours) 56.22 52.61 48.84 53.81 51.47 46.87

Table 4: Experimental results with Qwen2.57B and
Qwen38B compared to concurrent works. Note that we
report average zero-shot accuracy under fixed-𝛼 head
pruning.

and often larger accuracy gains relative to HIS,
underscoring its robustness not only on easier tasks
but also on the hardest ones.

5.3.3 Generalizability Across Architectures
and Tasks

Table 3 evaluates the generalizability of HIES across
attention variants and task domains, spanning vision
classification with ViTLarge and visual-language
reasoning with LLaVA-1.57B.

First, across attention-based variants, HIES con-
sistently shifts the sharp accuracy-drop region to
more aggressive sparsity levels: on ViTLarge at 20%
sparsity, HIES raises average accuracy from 55.20%
to 82.70%, a 49.82% relative gain over HIS.

Second, the gains carry over to multi-modal tasks:
on VizWiz-VQA and MM-Vet, HIES improves
accuracy by 13.23% at 50% sparsity over HIS.

Third, HIES continues to outperform HIS on
large-scale reasoning (Appendix D.6) and down-
stream image tasks (Appendix D.7).

Finally, to verify generality across recent decoder-
only architectures, we additionally evaluate HIES
on seven models from the Qwen2.5 (Yang et al.,
2024a), Qwen3 (Yang et al., 2025), LLaMA-
3.1 (Grattafiori et al., 2024), DeepSeek-R1 (Guo
et al., 2025), and OLMo-3 (Team Olmo et al.,
2025) families, spanning Grouped-Query Atten-

tion (Ainslie et al., 2023) and standard MHA with
parameter sizes from 1.7B to 8B. Using a sin-
gle fixed 𝛼 per model (no per-task tuning), HIES
outperforms HIS at every pruning ratio across all
seven models. Detailed results are reported in
Appendix D.10.

5.3.4 Comparison with Concurrent Works
Table 4 compares HIES against recent structured
pruning baselines (Mugnaini et al., 2025; Liu and
Liu, 2025; Wang et al., 2026b) on HellaSwag, Wino-
grande, ARC-e, and ARC-c. In the aggressive
pruning ratio (i.e., 50%), HIES achieves the best
performance on both models (48.84 and 46.87), out-
performing the strongest baseline by +5.0 and +2.6,
respectively. While AMP (Mugnaini et al., 2025)
and GISP (Wang et al., 2026b) slightly outperform
HIES at low sparsity on Qwen3-8B, their perfor-
mance drops sharply at 50% pruning on Qwen2.57B
(40.46 and 41.59). In contrast, HIES mitigates
this sharp accuracy degradation at high sparsity by
preserving low-entropy specialized heads through
its entropy-aware criterion.

6 Conclusion
In this paper, we presented HIES, a pruning crite-
rion that combines gradient-based head importance
with attention entropy to capture both loss sen-
sitivity and structural specialization of attention
heads. Across diverse Transformer architectures
and tasks, HIES outperforms HIS and other base-
lines in accuracy and inference-time stability under
aggressive pruning (≥ 30%), while performing com-
parably at mild ratios (≤ 10%). We believe HIES
offers a principled direction for efficient pruning of
Transformer-based models, extendable to broader
structured sparsity and large-scale deployment.

Limitations
While HIES yields consistent improvements at ag-
gressive pruning ratios across diverse Transformer
architectures and tasks, its scope is bounded in three
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ways. First, head pruning is a composable compres-
sion axis rather than a standalone solution: because
feed-forward layers dominate Transformer compu-
tation, pruning 50% of attention heads removes
only about 20% of total FLOPs (Appendix E.1),
and the memory benefit is further limited under
GQA, where pruning individual query heads leaves
the shared KV cache intact. HIES is therefore best
deployed alongside orthogonal techniques rather
than pushed to extreme head sparsity alone. Sec-
ond, our evaluation focuses on standard multi-head
and grouped-query attention. HIES depends only
on per-query-head attention probabilities and gra-
dients, which remain well-defined under expert
routing. We therefore expect it to transfer to
mixture-of-experts (MoE) Transformers with mini-
mal modification, though empirical verification is
left for future work. Third, HIES is in principle
orthogonal to other compression techniques such
as weight quantization and distillation: it can be
applied alongside them, preserving its inference-
time stability gains at the pruning stage without
affecting their compression objectives. Favorable
results are therefore expected from combining HIES
with such methods, and an empirical study of these
compositions is left for future work.
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A Related Work

Model Compression. Language models (Devlin
et al., 2019; Liu et al., 2019; Lewis et al., 2020) have
rapidly advanced in scale and capability, intensify-
ing the demand to reduce their parameter sizes and
inference latency (Molchanov et al., 2017; Gordon
et al., 2020). To compress large language models
efficiently, various approaches have been explored,
including pruning (Liu et al., 2021; Kurtic et al.,
2022; Xu et al., 2021), knowledge distillation (Sun
et al., 2019, 2020; Pan et al., 2021), quantization
(Bai et al., 2021; Yao et al., 2022; Zafrir et al.,
2019; Chen et al., 2025a), and other techniques,
like low-rank approximation methods (Saha et al.,
2024; Li et al., 2023b; Wong et al., 2025) or weight
space decomposition methods such as (Ashkboos
et al., 2024).

Structured Pruning. Among these, structured
pruning—which removes entire architectural com-
ponents rather than individual weights— can be
performed at various granularities, such as whole
layers (Fan et al., 2020), multi-head attention mod-
ules (Michel et al., 2019; Voita et al., 2019), or
feed-forward networks (Lagunas et al., 2021; Hou
et al., 2020). Recently, attention head pruning has
gained particular traction in the context of large lan-
guage models. It directly reduces attention FLOPs
and KV-cache size by lowering the number of active
heads while preserving the layer topology, thereby
simplifying checkpoint compatibility and serving
integration. Consequently, several large-scale stud-
ies adopt head-level pruning as a practical axis in
LLM compression pipelines (Ma et al., 2023; Jara-
dat et al., 2024; Muralidharan et al., 2024). Ma et al.
(2023) propose a unified framework that integrates
structured head pruning into the training pipeline
of large language models, achieving substantial
sparsity without accuracy degradation.

Entropy in Reinforcement Learning and
Transformers. Entropy has long been employed in
reinforcement learning (RL) as a means of encour-
aging exploration and preserving policy diversity.
By introducing an entropy term into the policy
objective, RL methods prevent premature conver-
gence to deterministic strategies and mitigate policy
collapse (Bharadhwaj et al., 2020; Xiao et al., 2021;
Wang et al., 2026a). Extensions of this idea include
parameter-space entropy regularization to explicitly
control diversity (Han et al., 2023), large-deviation
interpretations of entropy-regularized RL (Arriojas
et al., 2023), and state-distribution entropy regular-

ization for improved robustness and generalization
(Ashlag et al., 2025).

In Transformer architectures, attention entropy
(AE) has been introduced to quantify the concentra-
tion of each head’s focus across input tokens. Zhai
et al. (2023) report that persistently low AE—an
“entropy collapse” state—correlates strongly with
training instabilities such as oscillations in the loss
surface and divergence across model scales. Their
theoretical analysis ties AE to the spectral norm of
attention logits, and they propose 𝜎Reparam to pre-
vent collapse by enforcing a lower bound on entropy.
More recent work identifies variance sensitivity in
the softmax transformation as another source of
entropy collapse (Hong and Lee, 2025). Together,
these findings highlight attention entropy as a criti-
cal factor for stability, motivating its integration as
a complementary signal in pruning frameworks.
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B Proofs and Details
Overview. This appendix collects the formal analyses that underpin Section 4.2 and fixes notation
and technical conventions used throughout. We first develop loss-increase control for head pruning via
gradient-based HIS, derive operator-norm curvature bounds for the cross-entropy objective, and justify the
first-order approximation by quantifying when quadratic terms are negligible (Appendix B.1).

We then turn to generalization: starting from token-averaged notation and a neighboring-dataset con-
struction, we link perturbations of attention distributions to output deviations and establish an entropy–total
variation inequality that couples attention entropy with stability, culminating in a stability–generalization
connection and practical constraints (Appendix B.2).

Building on these components, we present the linear selection surrogate whose exact minimization
yields the proposed HIES top-𝑘 rule, and we make explicit that this surrogate is a heuristic scalarization
rather than an upper bound on the risk (Appendix B.3). Finally, we prove an orthogonality result between
the centered HIS and entropy directions, showing their complementarity and explaining why combining
the two signals improves robustness across pruning regimes (Appendix B.4).

Collectively, these results provide (i) loss-control guarantees under operator-norm curvature, (ii) an
entropy-based route from stability to generalization, and (iii) a unified, risk-motivated (though heuristic)
selection objective for HIES.

B.1 Loss-increase Control via Head Importance (Section 4.2.1)
B.1.1 Loss Bound with Operator-Norm Control
We write 𝛽𝑦 := ∥∇2

yL∥2 for the operator-norm curvature at the representation y.
Consider the second-order Taylor expansion in y:

L(y + 𝛿y) ≤ L(y) + ⟨∇yL, 𝛿y⟩𝐹 + 1
2
𝛿y⊤∇2

yL 𝛿y.

Taking expectations and using the operator-norm bound yields

ΔL := ED
[L(y + 𝛿y) − L(y)] ≤ E

[⟨∇yL, 𝛿y⟩𝐹
] + 𝛽𝑦

2
E
[∥𝛿y∥2𝐹 ] .

Since 𝛿y = Concat(𝛿𝐴1, . . . , 𝛿𝐴 |H |), ∥𝛿y∥2𝐹 =
∑
ℎ ∥𝛿𝐴ℎ∥2𝐹 and 𝛿𝐴ℎ = −(1 − 𝑚ℎ)𝐴ℎ, the quadratic term

equals 𝛽𝑦
2
∑
ℎ (1 − 𝑚ℎ)∥𝐴ℎ∥2𝐹 . For the first-order term, using the absolute value in the HIS definition and

head-wise triangle inequality,

E
[⟨∇yL, 𝛿y⟩𝐹

]
= −

∑︁
ℎ

(1 − 𝑚ℎ) E
[⟨∇𝐴ℎL, 𝐴ℎ⟩𝐹

] ≤ ∑︁
ℎ

(1 − 𝑚ℎ) HISℎ,

hence

ΔL ≤
|H |∑︁
ℎ=1
(1 − 𝑚ℎ) HISℎ +

𝛽𝑦

2

|H |∑︁
ℎ=1
(1 − 𝑚ℎ) ∥𝐴ℎ∥2𝐹 . (10)

On the curvature constant 𝛽𝑦 . 𝛽𝑦 := ∥∇2
yL∥2 is the curvature at the pre-projection representation y,

which for a Transformer encoder is an intermediate hidden state rather than the classifier logits: between
y and the logits sit the residual connection, LayerNorm, the feed-forward block, the remaining layers,
and the classification head. We therefore treat 𝛽𝑦 as a constant of the trained network and estimate it
numerically, rather than bounding it in closed form. The familiar cross-entropy curvature bounds (1

4 for
binary, 1

2 for multiclass softmax; Appendix B.1.4) hold at the logits and are reported there for reference
only; none of our reported results depends on a particular numeric value of 𝛽𝑦 , since the head ranking is
driven by the first-order term.

B.1.2 Norms and Inner Products
We use token-averaged Frobenius norms and inner products: ∥𝐴ℎ∥2𝐹 = 1

𝑛

∑𝑛
𝑖=1 ∥𝐴ℎ (𝑖)∥22 and ⟨𝑈,𝑉⟩𝐹 =

1
𝑛

∑𝑛
𝑖=1⟨𝑈 (𝑖), 𝑉 (𝑖)⟩ (with batching: replace 1

𝑛 by 1
𝐵𝑛 ).
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B.1.3 Estimating ∥𝑊𝑂∥2 and Blockwise Norms via Power Iteration
The spectral norm of a matrix 𝑀 ∈ R𝑚×𝑛 is defined as

∥𝑀 ∥2 := max
∥𝑥 ∥2=1

∥𝑀𝑥∥2,

which measures the maximum ℓ2-amplification factor over all unit vectors. By the singular value
decomposition (SVD), 𝑀 = 𝑈Σ𝑉⊤, where Σ = diag(𝜎1, 𝜎2, . . . ) with 𝜎1 ≥ 𝜎2 ≥ · · · ≥ 0, we have

∥𝑀 ∥2 = 𝜎max(𝑀),

i.e., the spectral norm equals the largest singular value. This follows since 𝑈 and 𝑉 are orthogonal
and preserve the ℓ2-norm, so the maximization reduces to aligning 𝑥 with the right singular vector
corresponding to 𝜎max. Exact computation via full SVD costs 𝑂 (min{𝑚2𝑛, 𝑚𝑛2}), which is prohibitive
for large 𝑀 . Instead, we approximate 𝜎max(𝑀) using the power iteration method: starting from a random
unit vector 𝑣0, iterate

𝑢𝑡 ← 𝑀𝑣𝑡
∥𝑀𝑣𝑡 ∥2 ,

𝑣𝑡+1 ← 𝑀⊤𝑢𝑡
∥𝑀⊤𝑢𝑡 ∥2 .

After 𝑇 iterations, ∥𝑀𝑣𝑇 ∥2 converges to 𝜎max(𝑀), and 𝑣𝑇 approximates the corresponding right singular
vector. We apply this procedure to𝑊𝑂 and, for a tighter quadratic term in our bound, to its head-wise
column blocks𝑊𝑂

(:,Iℎ ) , forming
∑︁
ℎ

(1 − 𝑚ℎ)∥𝑊𝑂
(:,Iℎ ) ∥

2
2 ∥𝐴ℎ∥2𝐹 .

Here, Iℎ ⊂ {1, . . . , 𝑑} denotes the set of column indices in𝑊𝑂 corresponding to the 𝑑𝑣 output dimensions
of head ℎ. Thus,𝑊𝑂

(:,Iℎ ) ∈ R
𝑑×𝑑𝑣 is the column block of𝑊𝑂 mapping the 𝑑𝑣-dimensional output of head

ℎ to the 𝑑-dimensional model space.

B.1.4 Cross-Entropy Curvature and Propagation to y
Logit-space Hessian (binary vs. multiclass). Binary (sigmoid) CE. For a single logit 𝑧 with 𝑝 = 𝜎(𝑧),

𝑑2L
𝑑𝑧2

= 𝑝(1 − 𝑝) ≤ 1
4 ,

hence ∥∇2
zL∥2 ≤ 1

4 .

Multiclass softmax CE. For logits z ∈ R𝐶 and p = softmax(z),

∇2
zL = diag(p) − pp⊤, ∥∇2

zL∥2 ≤ 1
2 .

Proof sketch. For any unit vector 𝑣, 𝑣⊤(diag(𝑝) − 𝑝𝑝⊤)𝑣 =
∑
𝑖 𝑝𝑖𝑣

2
𝑖 − (

∑
𝑖 𝑝𝑖𝑣𝑖)2 = Var𝑝 (𝑣). By

Popoviciu’s inequality, Var𝑝 (𝑣) ≤ (max𝑖 𝑣𝑖−min𝑖 𝑣𝑖 )2
4 ≤ 1

2 for ∥𝑣∥2 = 1. Tightness holds at 𝐶 = 2,
𝑝 = ( 12 , 1

2 ).

Scope of these constants. The bounds above are properties of the classifier logits z. They do not transfer
to 𝛽𝑦 := ∥∇2

yL∥2 by composing with the attention output projection alone: y𝑊𝑂 is a hidden state of
width 𝑑 (e.g., 𝑑 = 768 for BERTbase), not a logit vector, and the map from it to the logits traverses the
residual connection, LayerNorm, the feed-forward block, the remaining layers, and the classification head.
Accordingly we keep 𝛽𝑦 as an explicit constant of the trained network (Appendix B.1.1) and do not claim
a closed-form bound of the form 𝑐 ∥𝑊𝑂∥22.
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B.1.5 Why the Quadratic Term Is Typically Negligible
We first note

HISℎ = E
[ |⟨∇𝐴ℎL, 𝐴ℎ⟩𝐹 |

]
= E

[ | cos 𝜙ℎ | ∥∇𝐴ℎL∥𝐹 ∥𝐴ℎ∥𝐹
]
,

where the expectation is over 𝑥∼D with token-averaging as in Appendix B.1.2. Assume there exists 𝑔 > 0
such that, for all heads under consideration,

HISℎ ≥ 𝑔 E
[∥𝐴ℎ∥𝐹 ] ,

e.g., define
𝑔 := min

ℎ∈{1,...,|H|}
E
[ | cos 𝜙ℎ | ∥∇𝐴ℎL∥𝐹

]
,

where cos 𝜙ℎ := ⟨∇𝐴ℎ
L, 𝐴ℎ ⟩𝐹

∥∇𝐴ℎ
L∥𝐹 ∥𝐴ℎ ∥𝐹 denotes the cosine alignment between the head’s gradient and activation.

Then

quadratic
first-order

≤
𝛽𝑦
2
∑
ℎ (1 − 𝑚ℎ) E[∥𝐴ℎ∥2𝐹]∑
ℎ (1 − 𝑚ℎ) HISℎ

≤ 𝛽𝑦

2
· maxℎ E[∥𝐴ℎ∥𝐹]

𝑔
,

where the second inequality uses
∑
ℎ (1−𝑚ℎ)E[∥𝐴ℎ∥2𝐹] ≤

(
maxℎ E[∥𝐴ℎ∥𝐹]

) ∑
ℎ (1−𝑚ℎ)E[∥𝐴ℎ∥𝐹] and

the per-head lower bound HISℎ ≥ 𝑔 E[∥𝐴ℎ∥𝐹].
The ratio is thus controlled by the curvature 𝛽𝑦 together with the activation scale and the alignment floor 𝑔:

quadratic
first-order

≤ 𝛽𝑦

2
· maxℎ E[∥𝐴ℎ∥𝐹]

𝑔
.

A blockwise refinement further tightens this by replacing ∥𝑊𝑂∥22 with maxℎ ∥𝑊𝑂
(:,Iℎ ) ∥

2
2. Since (i)

LayerNorm controls token-wise activation scales (thus maxℎ E[∥𝐴ℎ∥𝐹]), and (ii) 𝑔 is bounded away
from zero under non-degenerate alignment, the ratio is typically small. Hence the first-order term
dominates in practice, while the second-order term remains explicitly controlled by the plug-in bounds in
Appendix B.1.1.

B.1.6 Remarks on HIS with Absolute Values
The absolute value in (3) is part of the definition to prevent cancellation across samples; consequently,
the triangle inequality turns the first-order term into an additive upper bound

∑
ℎ (1 − 𝑚ℎ) HISℎ (cf.

Appendix B.1.1). If ⟨∇𝐴ℎL, 𝐴ℎ⟩𝐹 < 0 on some samples, masking that head could locally decrease the
loss; the metric remains conservative by construction.

B.2 Generalization Gap and Attention Entropy (Section 4.2.2)
B.2.1 Notation and Token Averaging
For head ℎ and query token 𝑡 ∈ {1, . . . , 𝑛(𝑥)}, let α(ℎ)𝑡 (𝑥) ∈ Δ𝑛(𝑥 )−1 denote the attention distribution over
keys, and 𝐻 (p) := −∑ 𝑗 𝑝 𝑗 log 𝑝 𝑗 the entropy. Define the token-averaged, length-normalized entropy and
deficit by

AEℎ (𝑥) :=
1

𝑛(𝑥) log 𝑛(𝑥)
𝑛(𝑥 )∑︁
𝑡=1

𝐻
(
α(ℎ)𝑡 (𝑥)

) ∈ [0, 1],

ADℎ (𝑥) :=
1

𝑛(𝑥) log 𝑛(𝑥)
𝑛(𝑥 )∑︁
𝑡=1

(
log 𝑛(𝑥) − 𝐻(α(ℎ)𝑡 (𝑥)) ) = 1 − AEℎ (𝑥) ∈ [0, 1] .

For neighboring datasets (S,S′), write the symmetric aggregation

ADℎ (𝑥) := 1
2
(
ADℎ (𝑥) + AD′ℎ (𝑥)

)
.

All token averages exclude padding positions and use the effective context length for causal masking(cf.
Appendix B.2.1). Here (S,S′) are neighboring datasets that differ in one example.
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B.2.2 Neighboring Datasets and Why They Appear
We call two datasets 𝑆 = (𝑧1, . . . , 𝑧𝑁 ) and 𝑆′ = (𝑧1, . . . , 𝑧𝑖−1, 𝑧

′
𝑖 , 𝑧𝑖+1, . . . , 𝑧𝑁 ) neighboring if they differ

in exactly one example.

Why neighboring datasets?

• Symmetrization. Introduce an i.i.d. ghost sample 𝑆′∼D𝑁 to rewrite the expected generalization
gap as an average of sample-wise differences, e.g., E𝑆,𝑆′

[ 1
𝑁

∑𝑁
𝑖=1

(
ℓ( 𝑓𝑆; 𝑧𝑖) − ℓ( 𝑓𝑆′ ; 𝑧′𝑖)

) ]
, which is

amenable to concentration and stability arguments.

• Replace-one stability. Measure sensitivity to a single replacement by comparing 𝑓𝑆 with 𝑓𝑆 (𝑖←𝑧′ ) ,
where 𝑆 (𝑖←𝑧′ ) replaces 𝑧𝑖 by 𝑧′𝑖; under 𝛾-uniform stability and bounded loss 𝐵, this yields E𝑆 [G(𝑆)] ≤
2𝛾 + 𝐵

𝑁 .

• Symmetric inequalities. Our entropy–total variation (TV) control is symmetric in two distributions
(𝛼, 𝛼′); we thus aggregate via ADℎ (𝑥) := 1

2
(
ADℎ (𝑥) + AD′ℎ (𝑥)

)
, which streamlines notation and

tightens constants in the perturbation bound.

B.2.3 From Attention Perturbation to Output Perturbation
For token 𝑡, the head output is 𝑎ℎ (𝑡) =

(
α(ℎ)𝑡

)⊤
𝑉ℎ ∈ R𝑑𝑣 , hence for neighboring datasets,

Δℎ (𝑡) := 𝑎ℎ (𝑡) − 𝑎′ℎ (𝑡) =
(
α(ℎ)𝑡 −α′(ℎ)𝑡

)⊤
𝑉ℎ .

With ∥𝑉ℎ∥∞→2 := max 𝑗 ∥𝑉ℎ ( 𝑗 , :)∥2 and ∥𝑉ℎ∥∞→2 ≤ 𝑀 ,

∥Δℎ (𝑡)∥2 ≤ ∥α(ℎ)𝑡 −α′(ℎ)𝑡 ∥1 · ∥𝑉ℎ∥∞→2 ≤ 𝑀 ∥α(ℎ)𝑡 −α′(ℎ)𝑡 ∥1. (11)

Averaging over tokens and applying the mask 𝑚ℎ,

∥Δ(𝑥)∥2 :=
1
𝑛(𝑥)

𝑛(𝑥 )∑︁
𝑡=1

|H |∑︁
ℎ=1

𝑚ℎ |Δℎ (𝑡) |2.

B.2.4 Entropy–Total Variation (TV) Control
Lemma B.1 (Entropy–TV inequality). For p, q ∈ Δ𝑛−1 and u uniform, ∥p − q∥21 ≤ 4

[
𝐻 (u) − 𝐻 (p) +

𝐻 (u) − 𝐻 (q)] .
Proof. Triangle inequality and (𝑎 + 𝑏)2 ≤ 2(𝑎2 + 𝑏2) give ∥p − q∥21 ≤ 2(∥p − u∥21 + ∥q − u∥21). Pinsker
w.r.t. u yields ∥p − u∥21 ≤ 2(log 𝑛 − 𝐻 (p)) and likewise for q. □

Applying Lemma B.1 to (11) token-wise and averaging,

1
𝑛(𝑥)

𝑛(𝑥 )∑︁
𝑡=1
∥α(ℎ)𝑡 −α′(ℎ)𝑡 ∥1 ≤

√√√
1
𝑛(𝑥)

𝑛(𝑥 )∑︁
𝑡=1
∥α(ℎ)𝑡 −α′(ℎ)𝑡 ∥21 ≤

√︁
8 log 𝑛(𝑥)

√︃
ADℎ (𝑥).

Therefore,

∥Δ(𝑥)∥2 ≤ 𝑀
√︁

8 log 𝑛(𝑥)
|H |∑︁
ℎ=1

𝑚ℎ

√︃
ADℎ (𝑥).

By Cauchy–Schwarz and
∑
ℎ 𝑚ℎ = |H| (1 − 𝜌),

∥Δ(𝑥)∥2 ≤
√

8𝑀
√︁
|H| (1 − 𝜌) log 𝑛(𝑥)︸                              ︷︷                              ︸
=: 𝐶AE (𝑥 )

·

√√√ |H |∑︁
ℎ=1

𝑚ℎ ADℎ (𝑥). (12)
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B.2.5 Stability and Generalization
Let 𝛾 := 𝐿ℓ ES [∥Δ(𝑥)∥2]. By on-average replace-one stability (Bousquet and Elisseeff, 2002),

ES
[G(S)] ≤ 2𝛾, G(S) ≤ 2𝛾 + 𝐵

𝑁 .

Using (12) and Jensen for √·,

𝛾 ≤ 𝐿ℓ ES
[
𝐶AE(𝑥)

] ·
√√√ |H |∑︁
ℎ=1

𝑚ℎ ES
[
ADℎ (𝑥)

]
.

Taking a representative 𝑛 (e.g., average/max effective length) yields the main-text constant 𝐶AE =√
8𝑀

√︁
|H| (1 − 𝜌) log 𝑛 and Eq. (6).

B.2.6 Constants and Practical Remarks
• Operator norm. ∥𝑉ℎ∥∞→2 := max 𝑗 ∥𝑉ℎ ( 𝑗 , :)∥2; take 𝑀 := maxℎ ∥𝑉ℎ∥∞→2 (controlled by Layer-

Norm/weight norms).

• Sequence length. For padding/causal masking, replace 𝑛(𝑥) by the effective context length; averages
exclude padded positions.

• Deficit aggregation. On-average: ADℎ = 1
2 (ADℎ + AD′ℎ); Uniform: ADℎ = max{ADℎ,AD′ℎ}.

• Do not pool entropies. Since using 𝐻 ( 1
𝑛

∑
𝑡 𝛼𝑡 ) can underestimate deficit (Jensen) and weaken

control, token-wise entropies are required.

B.3 Selection Surrogate and HIES Minimization (Section 4.2.3)
Proof. Let supp(𝑚) := {ℎ : 𝑚ℎ = 1} denote the set of retained heads. Suppose an admissible mask
𝑚′ with | supp(𝑚′) | = 𝑘 is not optimal. Then there exist 𝑖 ∈ supp(𝑚′) and 𝑗 ∉ supp(𝑚′) such that
HIES 𝑗 > HIES𝑖. Consider the mask 𝑚̃ that swaps 𝑖 and 𝑗 (retain 𝑗 , prune 𝑖); the constraint in (8) is
preserved. The objective in (7) changes by

ΔJ =
[
HIES𝑖

] − [
HIES 𝑗

]
< 0,

since 𝑗 was contributing to the sum (pruned) and 𝑖 was not (retained). Hence 𝑚̃ has a strictly smaller
objective, contradicting the minimality of 𝑚′. Therefore retaining the 𝑘 heads with the largest HIES is
optimal; equivalently, pruning the |H| − 𝑘 smallest HIES is optimal. □

B.4 Orthogonality and Complementarity (Section 4.2.4)
Preliminaries. For head ℎ, let α(ℎ) ∈Δ𝑛−1 be the attention probability vector, 𝑉ℎ ∈R𝑛×𝑑𝑣 the value
matrix, and

𝐴ℎ = α(ℎ)𝑉ℎ ∈ R1×𝑑𝑣 .

Define

𝑔ℎ := 𝑉ℎ
(∇𝐴ℎL

)⊤ ∈ R𝑛, HISℎ =
��α(ℎ)⊤𝑔ℎ��, AEℎ = −

𝑛∑︁
𝑗=1
𝛼 (ℎ)𝑗 log𝛼 (ℎ)𝑗 .

Gradients w.r.t. attention (interior points). For 𝛼 (ℎ)𝑗 > 0,

∇α(ℎ)HISℎ = sign
(
α(ℎ)⊤𝑔ℎ

)
𝑔ℎ, ∇α(ℎ)AEℎ = −

(
1 + logα(ℎ)

)
,

where log is applied elementwise. (At α(ℎ)⊤𝑔ℎ = 0, any subgradient in {𝑠 𝑔ℎ : 𝑠 ∈ [−1, 1]} is valid; this
does not affect the result in expectation.)
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Simplex projection. Since α(ℎ) ∈Δ𝑛−1, we project onto the tangent space with 𝑃 := 𝐼 − 1
𝑛11⊤ and define

∇̃HISℎ := 𝑃 ∇HISℎ, ∇̃AEℎ := 𝑃 ∇AEℎ .

Proof. By definition, 𝑢ℎ := sign(α(ℎ)⊤𝑔ℎ) 𝑔ℎ, 𝑣ℎ := 1 + logα(ℎ) , and 𝑢̃ℎ := 𝑃𝑢ℎ, 𝑣̃ℎ := 𝑃𝑣ℎ. Then

∇̃α(ℎ)HISℎ = 𝑃 ∇α(ℎ)HISℎ = 𝑢̃ℎ, ∇̃α(ℎ)AEℎ = 𝑃 ∇α(ℎ)AEℎ = −𝑣̃ℎ .

Hence
ES

[ ⟨∇̃HISℎ, ∇̃AEℎ⟩
]
= ES

[⟨𝑢̃ℎ, −𝑣̃ℎ⟩] = − tr
(
ES

[
𝑢̃ℎ 𝑣̃
⊤
ℎ

] )
.

Decomposing the second moment,

ES
[
𝑢̃ℎ 𝑣̃
⊤
ℎ

]
= Cov(𝑢̃ℎ, 𝑣̃ℎ) + ES [𝑢̃ℎ] ES [𝑣̃ℎ]⊤.

Under Cov(𝑢̃ℎ, 𝑣̃ℎ) = 0 and ⟨ES [𝑢̃ℎ], ES [𝑣̃ℎ]⟩ = 0 (or the stronger ES [𝑢̃ℎ] = 0), we obtain

ES
[ ⟨∇̃HISℎ, ∇̃AEℎ⟩

]
= 0.

□

Technical remarks. (i) At α(ℎ)⊤𝑔ℎ = 0, use any subgradient of | · | for ∇α(ℎ)HISℎ. (ii) Since
α(ℎ) = softmax(·), we have 𝛼 (ℎ)𝑗 > 0, so logα(ℎ) (elementwise) is well-defined. (iii) “Cov(𝑥, 𝑦) = 0”
denotes the cross-covariance matrix being zero, not merely componentwise uncorrelatedness. (iv) If
one omits the projection 𝑃, the same argument applies with 𝑢ℎ, 𝑣ℎ replacing 𝑢̃ℎ, 𝑣̃ℎ under the analogous
conditions Cov(𝑢ℎ, 𝑣ℎ) = 0 and ⟨ES [𝑢ℎ], ES [𝑣ℎ]⟩ = 0.
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C Experimental Setup

C.1 Experimental Setup for Motivation Study

We analyze accuracy degradation and head behav-
iors under HIS-based pruning. In our diagnostic
study, we analyze the phenomena of pruning by
HIS on BERT, focusing on detailed attention head
behaviors during inference. Following prior work
analyzing BERT’s attention geometry and mech-
anisms (Clark et al., 2019; Rogers et al., 2020;
Wang et al., 2024), we further explore attention
head pruning dynamics.

C.2 Model and Dataset

Model. We use publicly available BERTbase
checkpoints that have been fine-tuned by prior
work (Devlin et al., 2019), and LLaMA-27B
checkpoint from Hugging Face (Touvron et al.,
2023). To examine the generalizability to at-
tention variants and tasks, we further employ
ViTLarge (Dosovitskiy et al., 2021), LLaVA-1.57B
(Liu et al., 2023), Qwen2.5-3B / 7B (Yang et al.,
2024a), Qwen3-1.7B / 8B (Yang et al., 2025),
LLaMA-3.18B (Grattafiori et al., 2024), DeepSeek-
R1-Distill-LLaMA-8B (Guo et al., 2025), and
OLMo-37B (Team Olmo et al., 2025). Table 5
summarizes the parameters and architecture of the
four primary models.
Datasets. We evaluate on various widely-
adopted benchmarks: GLUE (Wang et al.,
2018), HellaSwag (Zellers et al., 2019), Wino-
grande (Sakaguchi et al., 2021), the AI2 Reasoning
Challenge—ARC-e/ARC-c (Clark et al., 2018),
OBQA (Mihaylov et al., 2018), ImageNet1k (Deng
et al., 2009), CIFAR-100 (Krizhevsky, 2009), Food-
101 (Bossard et al., 2014), Fashion MNIST (Xiao
et al., 2017), MMLU (Hendrycks et al., 2021),
GSM8K (Cobbe et al., 2021), VizWiz-VQA (Gu-
rari et al., 2018), and MM-Vet (Yu et al., 2024).

C.3 Computing Resources

Our experimental setup leverages two RTX 4090
GPUs with 24GB memory for NLU tasks using
BERT and for image classification tasks using ViT.
Experiments involving LLMs such as LLaMA and
multi-modal VLMs such as LLaVA were conducted
on H100 GPU with 80GB memory. For the MM-Vet
benchmark, we evaluated model responses using the
OpenAI API to handle open-ended answer scoring.

C.4 Dataset Statistics
C.4.1 Natural Language Understanding Task
We present the dataset statistics of GLUE (Wang
et al., 2018) in Table 6.

C.4.2 Image Classification Task
Table 6 lists dataset statistics for the image classifi-
cation task in the Computer Vision (CV) domain.

C.4.3 Reasoning Task
To evaluate the effectiveness of our pruning
method on reasoning tasks, we use two bench-
mark datasets: GSM8K (Cobbe et al., 2021) and
MMLU (Hendrycks et al., 2021).

GSM8K: is a dataset of 8.5K high quality, lin-
guistically diverse grade school math word prob-
lems. GSM8K supports the task of question an-
swering on basic mathematical problems requiring
multi-step reasoning.

MMLU: is a massive multitask benchmark con-
sisting of multiple-choice questions spanning di-
verse domains, including the humanities, social sci-
ences, and hard sciences. The benchmark covers 57
tasks such as elementary mathematics, U.S. history,
computer science, and law, and requires models to
possess broad world knowledge and strong problem-
solving abilities to achieve high performance.

By using both GSM8K and MMLU, we evaluate
our pruning methods from complementary perspec-
tives: GSM8K assesses mathematical reasoning
under multi-step computation, while MMLU mea-
sures the preservation of broad world knowledge
and multi-domain problem-solving ability.

C.4.4 Multi-modal Vision-Language Task
To evaluate the effectiveness of our pruning method
on multi-modal vision-language models (VLMs),
we use two benchmark datasets: VizWiz-VQA (Gu-
rari et al., 2018) and MM-Vet (Yu et al., 2024). The
evaluation was conducted using the LLaVA1.57B
model.

VizWiz-VQA: is designed for Visual Question
Answering (VQA) in the context of assisting peo-
ple who are blind. Each visual question originates
from a real-world setting where blind users cap-
tured images and recorded spoken questions, and
is accompanied by ten crowdsourced answers. The
dataset poses two evaluation tasks: predicting the
correct answer given an image and question, and
detecting whether a question cannot be answered.

MM-Vet: is a benchmark for evaluating large
multimodal models on complex tasks requiring
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Table 5: Summary of model parameters and architectures.

Model Parameters # Layers # Attention Heads Architecture / Key Details

BERTbase 110M 12 12 Transformer encoder; pre-trained on masked lan-
guage modeling and next sentence prediction tasks.

LLaMA-27B 7B 32 32 Transformer decoder-only; trained on large-scale
text corpora for general-purpose language model-
ing.

ViTLarge 307M 24 16 Vision Transformer; patch-based image tokeniza-
tion (16×16), pre-trained on ImageNet for image
classification tasks.

LLaVA-1.57B 7B 32 32 Multi-modal LLaMA variant integrating a visual
encoder; capable of joint image-text understanding
and generation.

Table 6: Summary of the NLU and CV benchmarks.

NLU Benchmark

Dataset # Train # Valid # Test # Label Task Evaluation Metric

Single-Sentence Classification (GLUE)

CoLA 8,551 521 522 2 Acceptability Matthews corr
SST-2 66,349 1,000 872 2 Sentiment Accuracy

Pairwise Text Classification (GLUE)

MNLI 392,702 9,832 9,815 3 NLI Accuracy
RTE 2,490 138 139 2 NLI Accuracy
QQP 362,846 1,000 40,431 2 Paraphrase Accuracy
MRPC 3,668 204 204 2 Paraphrase F1 score
QNLI 103,743 1,000 5,463 2 QA/NLI Accuracy

Regression (GLUE)

STS-B 5,749 750 750 1 Similarity Pearson corr

CV Benchmark

Dataset # Train # Valid # Test # Label Task Evaluation Metric

ImageNet1k 1,281,167 50,000 100,000 1,000 Classification Accuracy
CIFAR-100 45,000 5,000 10,000 100 Classification Accuracy
Fashion MNIST 54,000 6,000 10,000 10 Classification Accuracy
Oxford Flowers 1,020 1,020 6,150 102 Classification Accuracy

multiple vision-language capabilities. It defines
six core VL skills and their combinations, using
an LLM-based evaluator for unified scoring across
diverse question and answer formats.

By using both VizWiz-VQA and MM-Vet, we
evaluate our pruning method across real-world vi-
sual questions, multimodal reasoning, and diverse
answer styles. Note that our evaluation is conducted
on a subset of the datasets, and we provide example
entries from both benchmarks for illustration.
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Table 7: Orthogonality analysis using BERTbase on the GLUE benchmark.

Task E[ũ] E[ṽ] Cov(ũ,ṽ) E[〈ũ,ṽ〉] Correlation

COLA 6.94E-03 4.08E-01 -1.40E-05 2.82E-03 -1.54E-02
SST2 6.94E-03 4.42E-01 -3.60E-05 3.03E-03 -3.41E-02
MRPC 6.94E-03 5.27E-01 2.41E-04 3.90E-03 2.32E-01
STSB 6.94E-03 4.30E-01 -1.96E-04 2.79E-03 -1.65E-01
QQP 6.94E-03 5.05E-01 1.56E-04 3.67E-03 1.95E-01
MNLI 6.94E-03 4.89E-01 1.73E-04 3.57E-03 2.27E-01
QNLI 6.94E-03 4.62E-01 1.53E-04 3.36E-03 2.23E-01
RTE 6.94E-03 5.05E-01 2.15E-04 3.72E-03 2.88E-01

Table 8: Orthogonality analysis using LLaMA-27B on 5 tasks.

Task E[ũ] E[ṽ] Cov(ũ,ṽ) E[〈ũ,ṽ〉] Correlation

HellaSwag 9.77E-04 7.56E-01 -1.47E-04 5.92E-04 -1.44E-01
Winogrande 9.77E-04 7.66E-01 -1.85E-04 5.63E-04 -1.66E-01

ARC-e 9.77E-04 7.76E-01 -1.42E-04 6.16E-04 -1.44E-01
ARC-c 9.77E-04 7.71E-01 -1.27E-04 6.26E-04 -1.33E-01
OBQA 9.77E-04 8.01E-01 -1.29E-04 6.53E-04 -1.61E-01

D Additional Experimental Results
D.1 Orthogonality Analysis
We provide an empirical check of the uncorrelatedness hypothesis used in Lemma 4.3. Note that the
quantities measured here are the per-head HIS and AE scores, not the token-space attention gradients
𝑢̃ℎ, 𝑣̃ℎ of the lemma; this check therefore probes the weaker condition Cov = 0 and not the zero-mean
condition, which we assume. Experiments use TinyBERT on SST-2 (Vishnou/TinyBERT_SST2). For
each head we compute layerwise-normalized HIS and AE scores, stack them into vectors 𝑢 and 𝑣, and
form the centered versions 𝑢̃ and 𝑣̃ by subtracting each vector’s mean (a finite-sample proxy for projection
onto the zero-sum subspace). The following sample statistics were obtained:

Ĉov(𝑢̃, 𝑣̃) = 0.030853, 𝑢 = 3.73 × 10−9, 𝑣 = 1.61 × 10−8.

Consequently,

Ê
[⟨𝑢̃, −𝑣̃⟩] = −0.030853 = −(Ĉov(𝑢̃, 𝑣̃) + 𝑢 𝑣) (up to numerical precision).

The covariance magnitude is small on this batch, indicating weak coupling between the two directions and
lending empirical support to the “(near) uncorrelatedness” assumption. We stress that this is evidence
for Cov(𝑢̃, 𝑣̃) ≈ 0 only; the second hypothesis ⟨E[𝑢̃],E[𝑣̃]⟩ = 0 is assumed rather than verified, and
Lemma 4.3 should be read as conditional on it.

We further extend the uncorrelatedness analysis across models, with results reported in Table 7 and
Table 8. In those two tables the score vectors are normalized but not mean-centered, so the reported
E[𝑢̃] and E[𝑣̃] columns (and hence E[⟨𝑢̃, 𝑣̃⟩], which includes the mean-product term) are not zero by
construction; the columns relevant to the hypothesis tested here are Cov and Correlation, whose magnitudes
remain small across all tasks and both models.

46920



D.2 Seed Sensitivity
We evaluate the seed sensitivity of HIS and HIES,
with results reported in Table 9 and Table 10. For
BERTbase we report the per-seed standard deviation;
for LLaMA-27B we report the mean over five seeds.

D.3 Effect of Calibration Dataset Size
We analyze the effect of calibration dataset size on
the performance and stability of HIES. Tables 11
and 12 report accuracy and standard deviation
across calibration sizes ranging from 1 to 1024
samples for BERTbase and LLaMA-27B, respec-
tively. Across both model families, HIES exhibits
stable performance once a modest number of cali-
bration samples is used. In particular, increasing
the calibration set size beyond small values yields
diminishing returns in accuracy, while the variance
across random seeds remains low. These results
indicate that HIES does not require large calibra-
tion datasets to obtain reliable head-level statistics,
supporting its practical applicability in low-cost
calibration settings.

D.4 Heatmap of Importance Scores and
Pruning Results

Figure 5 shows the head-importance heatmaps of
HIS and HIES on four GLUE tasks (CoLA, MRPC,
QNLI, QQP). We analyze the pruning patterns and
performance dynamics of HIS- and HIES-based
methods across varying sparsity levels. This section
highlights the fundamental distinctions in head
selection strategies and the underlying mechanisms
responsible for the observed performance inversion.

D.5 3D Analysis of Attention Head
Importance Scores

Figure 6 presents the head-importance scores as
3D surfaces over the layer–head grid, which makes
their layer-wise distribution easier to compare.

D.5.1 Difference in Pruning Patterns
As shown in Figure 7, Pruning heatmaps reveal
systematic differences between the methods. HIS-
based pruning tends to remove heads primarily
from the lower layers, producing an approximately
bottom-up pattern consistent with its one-step gra-
dient saliency. In contrast, HIES yields a more
dispersed selection spanning lower, middle, and
upper layers. We attribute this to the entropy-aware
term, which leverages structural properties of the at-
tention distribution (concentration vs. dispersion) in

addition to gradient sensitivity, thereby promoting
diversity across layers in pruning decisions.

D.5.2 Performance Inversion Across Sparsity
Regimes

We identify two distinct pruning regimes:

Redundancy Regime (≤ 10% pruning). In the
early pruning phase, the model contains a substan-
tial number of redundant heads. Here, gradient-
based HIS is sufficient to identify and remove low-
sensitivity heads, as they reflect the immediate
(one-step) loss change. Consequently, HIS and
HIES perform comparably under light pruning:
HIS retains a small stability edge and is marginally
more accurate on some individual tasks, while the
task average slightly favors HIES.

Specialization Regime (≥ 30% pruning). As
pruning becomes more aggressive, redundant heads
are mostly exhausted, and specialized heads begin
to be targeted. In this regime, HIS alone struggles to
distinguish critical heads from less important ones,
as gradient magnitudes no longer capture long-term
utility. In contrast, HIES leverages attention en-
tropy to preferentially preserve highly concentrated
(low-entropy) heads—which are typically more spe-
cialized—and prune high-entropy, less task-specific
heads. This leads to superior accuracy and stability
under higher pruning ratios.

Summary

• Pruning ≤ 10%: Redundancy regime⇒ HIS
and HIES are comparable (HIS holds a small
stability edge).

• Pruning ≥ 30%: Specialization regime ⇒
HIES outperforms HIS.

These findings demonstrate that HIS and HIES pri-
oritize head preservation differently—HIS reflects
short-horizon gradient sensitivity, whereas HIES
incorporates extended inference-time stability by
preserving low-entropy specialized heads.

D.6 Experimental Results on Large-scale
Reasoning Tasks

Figure 8 reports reasoning performance on GSM8K
and MMLU with LLaMA-27B, comparing HIES
against HIS-based pruning. Across both bench-
marks, HIES consistently outperforms HIS across
pruning regimes, achieving an average accuracy im-
provement of 14.67% and demonstrating improved
robustness on reasoning tasks.
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D.7 Experimental Results on Downstream
Tasks

Figure 9 reports downstream evaluations of HIES
versus the HIS baseline on CIFAR-100, Food-101,
and Fashion-MNIST. Across all three benchmarks,
HIES consistently sustains higher accuracy under
aggressive pruning, whereas HIS exhibits rapid
degradation once the pruning ratio exceeds 20%.
On CIFAR-100, HIS collapses beyond moderate
sparsity, while HIES exhibits slower degradation
and retains substantially higher accuracy relative to
HIS even at 40–50%. Food-101 reveals a similar
trend, with HIES delivering substantial and consis-
tent gains over HIS across all pruning levels. On
Fashion-MNIST, HIS undergoes steep drops after
20% pruning, in contrast to the stable performance
of HIES up to 50%. These results demonstrate
that HIES reliably mitigates sharp-drop phenomena
and delivers robust, stable improvements over HIS
across heterogeneous downstream tasks.

D.8 Sensitivity Analysis - Ablation on 𝛼
We sweep the mixing coefficient 𝛼 ∈ [0, 1) that
interpolates the gradient-based HIS and AE signals
in HIES,

HIESℎ (𝛼) = 𝛼 ĤISℎ + (1 − 𝛼) (1 − ÂEℎ).

As expected, larger 𝛼 upweights HIS and preserves
heads with strong task relevance, whereas smaller
𝛼 upweights AE and retains low-entropy, focused
heads. For the main results we select 𝛼★ per task on
a held-out validation split and keep it fixed across
pruning ratios; the resulting accuracy–sparsity pro-
files are shown in Figure 10.

D.9 Evaluation Results under Input
Perturbations

We add robustness probes at matched pruning ratios,
spanning character/word-level perturbations (Mor-
ris et al., 2020; Niu et al., 2020) (Tables 13, 14) and
out-of-distribution (OOD) target tasks (ANLI (Nie
et al., 2020), SWAG (Zellers et al., 2018), Truth-
fulQA (Lin et al., 2022)) in Table 15. Under noisy
input, our Head Importance-Entropy Score (HIES)
improves average accuracy over the Head Impor-
tance Score (HIS) by +1.6/+3.2 points at 30%/50%
pruning, with comparable or better prediction sta-
bility (Table 13). Under controlled perturbation on
the larger LLaMA-2-70B, HIES consistently out-
performs HIS in both average accuracy (+0.9/+2.9
points) and prediction stability (+1.4/+1.7 points)

at 30%/50% pruning (Table 14). HIES also achieves
higher accuracy (+2.0/+2.0 points) and prediction
stability (+10.1/+3.5 points) than HIS on the OOD
tasks at 30%/50% pruning (Table 15). These re-
sults demonstrate that HIES improves both accuracy
and prediction stability even under noisy inputs,
controlled perturbations, and out-of-distribution
settings.

D.10 Evaluation with a Single Fixed 𝛼 Across
Model Families

The main results in Section 5.1 use a per-task
tuned 𝛼. To verify that HIES’s gains do not hinge
on this tuning, we additionally evaluate it with
a single 𝛼 per model, fixed across all tasks and
pruning ratios, on seven recent decoder-only mod-
els spanning Grouped-Query Attention (Ainslie
et al., 2023) and standard MHA, with parameter
sizes from 1.7B to 8B: Qwen2.5-3B / 7B (Yang
et al., 2024a), Qwen3-1.7B / 8B (Yang et al., 2025),
LLaMA-3.18B (Grattafiori et al., 2024), DeepSeek-
R1-Distill-LLaMA-8B (Guo et al., 2025), and
OLMo-37B (Team Olmo et al., 2025). In GQA,
each query head still produces its own attention
distribution over keys, so α(ℎ)𝑡 and AEℎ remain
well-defined per query head and HIES applies with-
out modification. Across all seven models and
three pruning ratios, HIES outperforms HIS on
the macro-averaged score, with the gap widening
at more aggressive pruning—consistent with the
specialization-regime analysis in Appendix D.5.2.
Table 16 reports Qwen2.5-7B and Qwen3-8B, and
Table 17 reports the remaining five models.

D.11 Combining Attention Entropy with
Other Importance Signals

To examine the applicability of AE beyond gradient-
based scores, we combine it with a different im-
portance signal based on the L2 norm of attention
outputs. This experiment assesses the generality of
AE and verifies that it can serve as a complemen-
tary stabilization term under different importance
signals.

Figure 11 reports the impact of combining
AE with the L2-norm–based importance score on
LLaMA-27B across five benchmarks: HellaSwag,
Winogrande, ARC-e, ARC-c, and OBQA. Across
all benchmarks, incorporating AE consistently mit-
igates performance degradation under aggressive
pruning, indicating that the stabilizing effect of AE
is not restricted to a particular importance formula-
tion.
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E Efficiency Analysis
E.1 Computational Efficiency and FLOPs

Reduction
As the pruning ratio increases, the total FLOPs
decrease approximately linearly: removing 10% of
attention heads yields an ≈4% reduction in FLOPs,
while pruning 50% of heads achieves an ≈20% re-
duction. Under HIS-only pruning, model accuracy
on TinyBERT with SST-2 sharply degrades beyond
a 42% pruning ratio, at which point only an ≈16%
FLOPs reduction can be attained without critical
performance loss. In contrast, HIES-based pruning
maintains at least 80% validation accuracy up to
a 60% pruning ratio, corresponding to an ≈23%
FLOPs reduction relative to the original model.
Extending the feasible pruning regime from 42% to
60% therefore delivers an additional ≈7 percentage-
point reduction in FLOPs, demonstrating that HIES
enables substantially greater computational effi-
ciency without compromising task performance.

E.2 Runtime Overhead and Implementation
Details

The above efficiency gains are achieved with only a
small computational overhead. HIES is computed
using lightweight forward hooks attached to the at-
tention modules. Specifically, HIS reuses gradients
produced during standard backpropagation, while
AE is obtained directly from attention probabilities
in the forward pass. Both signals are collected
via non-intrusive forward hooks without modifying
model internals or introducing additional forward
or backward passes. As a result, the runtime over-
head is minimal—typically on the order of a few
seconds— with negligible additional memory cost
beyond a small buffer for storing per-head statis-
tics. This scoring cost is incurred once, before
pruning, and is negligible relative to methods that
additionally require a recovery fine-tuning pass
(e.g., SliceGPT with tuning), which HIES does not
use. End-to-end wall-clock latency of the pruned
model is reported in Appendix E.3.

E.3 End-to-End Inference Latency
The FLOPs accounting in Appendix E.1 is
hardware-independent, so we additionally measure
end-to-end wall-clock latency on an NVIDIA H100
GPU with 80 GB of memory (Appendix C.3), the
same hardware used for our LLaMA experiments,
in fp16. Table 18 reports inference latency of
LLaMA-27B at 30% and 50% head pruning for

three input lengths. Head pruning yields a 1.14–
1.26× speedup at 1024 tokens, widening to 1.23–
1.42× at 4096 tokens. The attention computation
that pruning removes grows quadratically with se-
quence length, whereas the FLOPs reduction of
Appendix E.1 is dominated by the unpruned feed-
forward layers and is therefore length-independent;
long-context serving is thus the regime in which
head pruning pays off most.

These latency gains follow from the head-pruning
ratio itself and are shared by any head-pruning
criterion at a matched ratio. What HIES contributes
is sustaining accuracy and prediction stability at
the aggressive ratios where the gains are realized
(Appendix D.10), so the measured speedups are
attainable rather than nominal.

46923



Table 9: Accuracy and standard deviation across 5 random seeds for BERTbase on the GLUE benchmark. STS-B is
reported here as the raw Pearson correlation (×100), whereas Table 1 rescales it to [0, 100]; that column is therefore
not directly comparable between the two tables. CoLA is on the same rescaled [0, 100] axis in both tables.

Pruning Ratio (%) HIS HIES (ours)
Accuracy (%) Standard Deviation Accuracy (%) Standard Deviation

CoLA

10 74.18 1.60E-02 75.85 1.21E-02
20 74.18 5.44E-04 73.04 1.09E-02
30 72.70 6.91E-03 75.17 2.82E-03
40 70.28 5.52E-03 70.20 3.68E-02
50 60.37 2.18E-02 71.17 5.29E-03

MNLI

10 84.13 0.00E+00 84.06 1.64E-01
20 82.93 9.13E-02 82.87 0.00E+00
30 82.40 0.00E+00 82.29 3.58E-01
40 81.46 2.39E-01 81.39 1.98E-01
50 79.47 4.34E-01 78.87 3.27E-01

MRPC

10 90.29 4.58E-03 90.97 8.04E-04
20 89.69 4.50E-03 89.17 3.55E-03
30 88.79 2.36E-03 89.52 3.69E-03
40 88.02 7.41E-03 87.12 9.06E-03
50 86.85 1.65E-02 87.19 1.66E-02

QNLI

10 90.55 8.69E-02 90.51 1.34E-01
20 90.23 3.48E-01 90.05 2.73E-01
30 88.33 7.47E-01 88.15 7.43E-01
40 84.75 1.45E+00 85.02 8.90E-01
50 80.81 3.51E+00 82.83 1.74E+00

QQP

10 90.68 2.33E-02 91.26 8.00E-03
20 90.56 1.52E-01 90.56 7.31E-02
30 89.84 3.67E-01 89.72 3.45E-01
40 88.07 1.84E-01 87.96 2.54E-01
50 85.33 9.93E-01 85.90 6.97E-01

RTE

10 72.42 2.89E-01 72.13 2.70E-01
20 71.91 5.78E-01 70.76 9.69E-01
30 71.26 1.18E+00 71.34 1.47E+00
40 67.94 2.10E+00 66.79 1.92E+00
50 65.99 1.36E+00 65.42 1.56E+00

SST-2

10 91.86 1.62E-01 92.64 4.59E-02
20 91.77 2.22E-01 92.11 1.69E-01
30 91.19 3.03E-01 92.20 1.92E-01
40 88.67 1.62E+00 90.96 7.16E-01
50 86.31 1.35E+00 90.55 1.24E+00

STS-B

10 87.85 1.88E-03 87.95 3.37E-03
20 87.33 3.52E-03 87.35 2.06E-04
30 86.82 2.15E-03 86.76 3.25E-03
40 85.89 4.49E-03 85.87 4.41E-03
50 83.38 8.95E-03 82.27 1.37E-02

Avg.

10 85.25 7.30E-02 85.67 7.98E-02
20 84.82 1.75E-01 84.49 1.87E-01
30 83.92 3.26E-01 84.39 3.90E-01
40 81.89 7.00E-01 81.91 5.04E-01
50 78.56 9.62E-01 80.53 6.99E-01
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Table 10: Mean accuracy across 5 random seeds for LLaMA-27B on HellaSwag, Winogrande, and ARC-c. Relative
improvements of HIES over HIS are shown in blue.

Pruning Ratio (%) HIS HIES (ours)
Accuracy (%) Accuracy (%)

HellaSwag

10 53.63 53.98 0.66%↑
20 51.70 52.36 1.28%↑
30 49.00 49.84 1.71%↑
40 45.27 46.27 2.20%↑
50 37.01 36.13 2.37%↓

Winogrande

10 66.38 67.01 0.95%↑
20 64.07 66.27 3.42%↑
30 63.03 64.67 2.60%↑
40 60.16 61.06 1.50%↑
50 56.16 55.83 0.59%↓

ARC-c

10 33.15 35.05 5.73%↑
20 33.15 36.27 9.41%↑
30 32.34 35.46 9.64%↑
40 29.69 34.24 15.30%↑
50 25.29 28.95 14.48%↑

Avg.

10 51.05 52.01 1.88%↑
20 49.64 51.63 4.01%↑
30 48.12 49.99 3.88%↑
40 45.04 47.19 4.76%↑
50 39.49 40.30 2.07%↑
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Table 11: Accuracy and standard deviation in accuracy for different calibration dataset sizes (1, 16, 32, 64, 128, 512,
1024) for BERTbase on GLUE Benchmarks. Note that we use a default size of 32 in the main results.

Pruning Ratio (%) HIS HIES (ours)
Accuracy (%) Standard Deviation Accuracy (%) Standard Deviation

CoLA
10 74.46 1.33E-02 75.71 1.34E-02
30 74.09 8.40E-03 75.10 3.04E-03
50 62.01 3.37E-02 71.04 1.13E-02

MNLI
10 84.13 0.00E+00 84.13 0.00E+00
30 82.40 0.00E+00 82.35 3.48E-01
50 78.93 5.72E-01 78.65 1.98E-01

MRPC
10 90.52 2.82E-03 91.05 2.08E-03
30 89.12 5.97E-03 89.61 2.94E-03
50 86.45 1.55E-02 86.92 1.44E-02

QNLI
10 90.51 9.57E-02 90.54 1.25E-01
30 88.25 5.97E-01 88.01 5.53E-01
50 80.50 2.96E+00 81.97 1.39E+00

QQP
10 90.74 7.25E-02 91.24 4.16E-02
30 90.12 2.31E-01 90.01 2.37E-01
50 84.75 6.91E-01 85.60 4.29E-01

RTE
10 72.36 4.09E-01 72.25 3.25E-01
30 71.17 1.13E+00 70.81 1.13E+00
50 65.45 1.14E+00 65.50 2.13E+00

SST-2
10 91.79 1.30E-01 92.56 1.68E-01
30 90.78 4.53E-01 92.12 2.06E-01
50 85.76 2.30E+00 90.33 1.16E+00

STS-B
10 87.98 7.08E-04 87.96 2.88E-03
30 86.87 2.03E-03 86.75 2.64E-03
50 83.53 6.39E-03 82.80 1.37E-02

Avg.
10 85.31 9.06E-02 85.68 8.48E-02
30 84.10 3.04E-01 84.34 3.10E-01
50 78.42 9.63E-01 80.35 6.68E-01
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Table 12: Accuracy and standard deviation in accuracy for different calibration dataset sizes (1, 16, 32, 64, 128, 512,
1024) for LLaMA-27B on HellaSwag, Winogrande, and ARC-c. Note that we use a default size of 32 in the main
results.

Pruning Ratio (%) HIS HIES (ours)
Accuracy (%) Standard Deviation Accuracy (%) Standard Deviation

HellaSwag

10 53.54 1.57E-03 54.09 1.02%↑ 1.99E-03
20 51.44 3.51E-03 52.37 1.82%↑ 1.93E-03
30 49.09 4.54E-03 50.22 2.30%↑ 1.66E-03
40 44.66 2.80E-03 45.59 2.09%↑ 4.20E-03
50 34.91 3.60E-03 34.43 1.36%↓ 8.42E-03
60 28.46 4.47E-03 28.91 1.57%↑ 2.64E-03

Winogrande

10 65.87 5.51E-03 67.42 2.35%↑ 3.14E-03
20 64.31 9.97E-03 66.42 3.27%↑ 4.20E-03
30 63.21 5.59E-03 65.42 3.49%↑ 5.50E-03
40 60.38 9.65E-03 61.47 1.81%↑ 5.67E-03
50 56.17 7.89E-03 56.66 0.86%↑ 5.77E-03
60 51.23 8.90E-03 51.33 0.18%↑ 1.06E-02

ARC-c

10 34.51 1.66E-02 34.41 0.29%↓ 8.51E-03
20 33.83 6.95E-03 35.68 5.46%↑ 6.61E-03
30 33.02 7.73E-03 34.75 5.24%↑ 1.19E-02
40 31.25 1.50E-02 33.47 7.10%↑ 4.42E-03
50 26.10 1.58E-02 26.86 2.92%↑ 1.24E-02
60 22.17 2.37E-02 23.64 6.65%↑ 6.78E-03

Avg.

10 51.31 7.90E-03 51.97 1.29%↑ 4.54E-03
20 49.86 6.81E-03 51.49 3.27%↑ 4.25E-03
30 48.44 5.95E-03 50.13 3.49%↑ 6.35E-03
40 45.43 9.17E-03 46.85 3.12%↑ 4.76E-03
50 39.06 9.11E-03 39.32 0.66%↑ 8.85E-03
60 33.95 1.23E-02 34.63 1.98%↑ 6.66E-03

Table 13: Robustness under noisy inputs on LLaMA-27B. Accuracy and prediction stability (%) are reported under
two pruning ratios.

Accuracy (%) Stability (%)

Prune% Method ARC-C ARC-E PIQA OBQA WinoG Avg ARC-C ARC-E PIQA OBQA WinoG Avg

30% HIS 31.5 62.7 74.0 21.0 63.0 50.4 81.7 83.7 93.7 81.7 83.3 84.8
HIES (ours) 33.2 62.3 75.3 23.0 66.0 52.0 79.3 86.3 93.0 79.3 81.7 83.9

50% HIS 23.7 49.7 63.7 14.0 56.0 41.4 61.7 65.0 78.7 65.3 66.3 67.4
HIES (ours) 27.1 53.3 65.7 17.0 59.7 44.6 64.4 66.0 80.7 64.3 70.0 69.1

Table 14: Robustness under input perturbations on LLaMA-270B. Accuracy and prediction stability (%) are reported
under two pruning ratios.

Accuracy (%) Stability (%)

Prune% Method ARC-C ARC-E PIQA OBQA WinoG Avg ARC-C ARC-E PIQA OBQA WinoG Avg

30% HIS 35.6 72.0 76.0 24.7 72.7 56.2 83.1 90.3 93.3 82.0 89.3 87.6
HIES (ours) 38.0 70.7 76.7 26.3 73.7 57.1 85.4 90.7 94.7 84.3 89.7 89.0

50% HIS 29.2 60.7 73.3 20.7 62.7 49.3 73.2 77.3 88.0 76.0 73.3 77.6
HIES (ours) 33.6 66.3 74.3 22.7 64.3 52.2 76.9 79.0 89.7 80.7 70.3 79.3
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Figure 5: Heatmaps of head-importance scores across four GLUE tasks (CoLA, MRPC, QNLI, QQP). Left: HIS;
Right: HIES (ours). Rows = layers (L0–L11); columns = heads (H0–H11).

46928



Figure 6: 3D Analysis of Attention Head Importance Scores
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Figure 7: CoLA: heatmaps of head importance and pruning across sparsity levels. For each pruning ratio (10%,
30%, 50%, 70%), we show HIS (left) and HIES (right). Rows = layers (L0–L11); columns = heads (H0–H11).
Dark/grey cells mark heads pruned at the target ratio.
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Figure 8: Results on GSM8K (math word-problem reasoning) and MMLU (10-task knowledge reasoning) with
LLaMA-27B.

Figure 9: Evaluation of HIES on the image classification benchmarks. HIES consistently outperforms baseline,
demonstrating robust and stable performance across downstream tasks.
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Figure 10: HIES sensitivity to the mixing coefficient 𝛼 on GLUE. For each task, we sweep 𝛼 and report three
choices—𝛼best, 𝛼median, 𝛼worst—selected by weighted AUC (wAUC) across pruning ratios. Curves plot performance
versus pruning ratio for these three settings.
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Table 15: Robustness on out-of-distribution target tasks using LLaMA-27B. Accuracy and prediction stability (%)
are reported under two pruning ratios.

Accuracy (%) Stability (%)

Target Task Prune% Method ARC-C ARC-E PIQA OBQA WinoG Avg ARC-C ARC-E PIQA OBQA WinoG Avg

ANLI-R1
30% HIS 26.0 26.3 27.7 26.3 26.3 26.5 36.3 37.3 42.0 38.0 36.3 38.0

HIES (ours) 36.7 32.3 32.0 29.0 35.0 33.0 58.3 54.3 59.3 45.7 56.3 54.8

50% HIS 26.0 26.0 26.0 26.0 25.7 25.9 36.3 37.3 36.3 36.3 36.3 36.5
HIES (ours) 26.3 26.3 30.7 31.7 27.7 28.5 39.0 40.0 47.3 42.3 43.3 42.4

ANLI-R2
30% HIS 34.0 34.0 33.0 34.3 33.3 33.7 42.3 42.0 47.0 42.0 43.7 43.4

HIES (ours) 35.3 36.7 32.7 33.3 33.0 34.2 60.7 56.0 56.0 51.0 54.3 55.6

50% HIS 34.0 33.7 34.3 34.3 34.0 34.1 42.3 42.7 42.7 42.3 42.0 42.4
HIES (ours) 36.3 35.7 38.3 37.0 36.3 36.7 43.0 44.3 46.0 42.3 46.0 44.3

ANLI-R3
30% HIS 36.3 37.0 34.7 37.0 37.7 36.5 39.0 41.0 45.7 42.0 40.3 41.6

HIES (ours) 37.7 40.7 37.7 39.3 40.3 39.1 62.7 62.3 59.3 59.0 60.7 60.8

50% HIS 37.0 36.3 37.0 36.7 36.7 36.7 38.0 37.3 37.0 36.7 37.0 37.2
HIES (ours) 38.0 38.3 35.3 33.7 39.0 36.9 36.3 40.0 39.3 43.7 42.3 40.3

SWAG
30% HIS 53.7 53.0 53.0 53.7 52.7 53.2 91.7 90.3 91.3 92.7 92.3 91.7

HIES (ours) 53.7 53.7 54.0 54.3 54.0 53.9 93.3 93.3 93.3 94.7 94.0 93.7

50% HIS 42.0 40.0 40.0 41.7 41.3 41.0 78.3 77.0 77.0 77.7 78.0 77.6
HIES (ours) 45.0 43.7 40.7 45.7 46.7 44.4 84.3 83.0 80.0 84.0 83.7 83.0

TruthfulQA
30% HIS 22.7 23.3 23.0 24.7 23.7 23.5 82.0 81.0 79.0 78.7 80.7 80.3

HIES (ours) 22.7 22.3 22.3 22.7 25.0 23.0 81.0 82.0 80.7 79.7 80.3 80.7

50% HIS 21.0 21.3 21.0 20.3 21.3 21.0 65.0 65.7 63.3 62.7 65.3 64.4
HIES (ours) 22.0 21.3 22.3 22.7 23.3 22.3 65.3 68.3 61.0 65.3 68.3 65.6

Table 16: Reasoning benchmarks on recent GQA-based architectures at 10/30/50% head pruning. A single fixed 𝛼
is used per model without per-task tuning (𝛼=0.9 for Qwen2.5-7B, 𝛼=0.7 for Qwen3-8B). HIES outperforms HIS
across all pruning ratios on both models.

Pruning Method HellaSwag ARC-C ARC-E Winogrande Avg.

Qwen2.5-7B (GQA, 28Q/4KV, 𝛼=0.9)

10% HIS 57.25 38.98 59.56 66.46 55.56
HIES (ours) 57.25 39.66 61.20 66.77 56.22

30% HIS 53.10 35.59 55.74 61.80 51.56
HIES (ours) 52.85 39.66 57.56 60.38 52.61

50% HIS 45.00 33.56 54.64 53.20 46.60
HIES (ours) 45.25 38.98 56.65 54.46 48.84

Qwen3-8B (GQA, 32Q/8KV, 𝛼=0.7)

10% HIS 53.65 41.36 57.92 62.12 53.76
HIES (ours) 54.45 40.68 56.83 63.30 53.81

30% HIS 48.75 35.93 50.64 60.85 49.04
HIES (ours) 51.70 37.63 53.73 62.83 51.47

50% HIS 41.35 32.88 50.46 57.30 45.50
HIES (ours) 42.00 35.25 53.55 56.67 46.87
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Table 17: Reasoning benchmarks on additional recent architectures at 10/30/50% head pruning. A single fixed 𝛼 is
used per model without per-task tuning. HIES outperforms HIS across all pruning ratios on all five models.

Pruning Method HellaSwag ARC-C ARC-E Winogrande Avg.

Llama-3.1-8B (GQA, 32Q/8KV, 𝛼=0.1)

10% HIS 55.30 35.59 67.94 69.85 57.17
HIES (ours) 55.50 36.27 67.76 69.77 57.33

30% HIS 48.60 32.88 64.12 62.59 52.05
HIES (ours) 51.50 33.22 66.48 64.33 53.88

50% HIS 31.30 25.08 49.18 53.20 39.69
HIES (ours) 36.30 28.14 57.74 55.88 44.51

DeepSeek-R1-Distill-Llama-8B (GQA, 32Q/8KV, 𝛼=0.1)

10% HIS 35.00 23.05 37.16 51.07 36.57
HIES (ours) 35.50 25.42 41.53 51.78 38.56

30% HIS 28.40 21.02 32.97 49.49 32.97
HIES (ours) 30.30 22.03 34.24 51.22 34.45

50% HIS 25.30 20.68 27.14 48.07 30.30
HIES (ours) 25.60 24.75 32.24 48.93 32.88

OLMo-3-7B (MHA, 32Q/32KV, 𝛼=0.6)

10% HIS 50.40 35.59 61.02 61.88 52.22
HIES (ours) 50.80 33.90 63.21 62.51 52.60

30% HIS 46.60 33.22 59.93 59.51 49.81
HIES (ours) 47.50 33.90 61.38 61.48 51.07

50% HIS 34.50 27.46 55.92 56.27 43.54
HIES (ours) 38.50 29.15 55.01 55.25 44.48

Qwen3-1.7B (GQA, 16Q/8KV, 𝛼=0.9)

10% HIS 43.10 31.86 59.02 57.14 47.78
HIES (ours) 43.20 32.20 59.93 56.35 47.92

30% HIS 35.90 27.12 56.10 53.20 43.08
HIES (ours) 38.20 31.86 61.02 55.56 46.66

50% HIS 25.90 14.58 28.96 50.67 30.03
HIES (ours) 25.80 23.05 34.97 49.64 33.37

Qwen2.5-3B (GQA, 16Q/2KV, 𝛼=0.4)

10% HIS 50.40 33.90 66.48 64.56 53.84
HIES (ours) 51.30 37.29 67.58 64.01 55.04

30% HIS 29.30 33.22 47.18 51.14 40.21
HIES (ours) 46.50 30.17 60.29 62.51 49.87

50% HIS 25.10 20.34 28.60 50.43 31.12
HIES (ours) 28.20 24.07 37.34 50.28 34.97
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Figure 11: Accuracy and stability improvements when combining AE with gradient L2-norm–based importance
scores, compared to using the L2-norm alone. We conduct experiments on LLaMA-27B for HellaSwag, Winogrande,
PIQA, ARC-e, ARC-c, and OBQA.

Table 18: End-to-end inference latency of LLaMA-27B under head pruning (fp16), measured on the H100 GPU
described in Appendix C.3. Speedup is relative to the unpruned model at the same sequence length.

SeqLen Pruning Latency (ms) Speedup

1024
Dense (0%) 293.57 1.00×
30% 256.55 1.14×
50% 232.33 1.26×

2048
Dense (0%) 683.36 1.00×
30% 570.09 1.20×
50% 505.20 1.35×

4096
Dense (0%) 1586.07 1.00×
30% 1287.03 1.23×
50% 1118.82 1.42×
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