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Abstract

A chain-of-thought (CoT) rationale can be co-
herent and answer-consistent while remain-
ing causally unused. We call this phenomenon
shortcut reasoning: the model appears to reason
through CoT, but its answer does not depend
on the expressed trace. We formalize shortcut
reasoning as causal redundancy and propose a
dual-disruption framework for measuring short-
cut tendencies in CoT by testing two comple-
mentary aspects of causal explanation: neces-
sity and sufficiency. We operationalize them
as two behavioral signals: whether the answer
changes under CoT disruption, and whether the
answer can be recovered from the CoT after
masking the original input. We instantiate this
framework with CORD (Causal Redundancy
of Reasoning via Disruption), an instance-level
score that combines both signals. The two axes
reduce complementary ambiguities in single-
axis tests: answer preservation under CoT dis-
ruption can reflect shortcut use or redundant
truthful reasoning, while early answer recovery
can reflect shortcut use or a compact truthful ra-
tionale. Across 6 models and 2 datasets, CORD
reveals a training-paradigm effect: R1-Distill
models exhibit roughly twice the shortcut ten-
dency of non-distilled models, while the two
axes capture related but distinct signals. To-
gether, these results motivate joint tests of ne-
cessity and sufficiency for detecting shortcut
tendencies that can remain hidden behind cor-
rect answers.!

1 Introduction

Large Language Models (LLMs) have rapidly ad-
vanced in reasoning ability through the combina-
tion of large-scale, high-quality pre-training cor-
pora (Kaplan et al., 2020; Brown et al., 2020; Hoff-
mann et al., 2022; Penedo et al., 2024) and Chain-
of-Thought (CoT) prompting (Wei et al., 2022; Ko-
jima et al., 2022). Beyond improving task perfor-
mance, CoT has been widely viewed as a useful

'Code: https://github.com/JiwooKimAR/cord-cot.

trace through which humans can inspect how a
model arrives at its answer.

However, it is not guaranteed that the trace
reflects the process that actually determines the
model’s answer. Recent studies show that final an-
swers can remain unchanged even when reasoning
steps are modified or removed, and that models can
generate plausible rationales that do not faithfully
reflect the actual decisions (Turpin et al., 2023;
Lanham et al., 2023; Arcuschin et al., 2025). We
refer to this behavior as shortcut reasoning in CoT.

To make this failure mode measurable, we for-
mulate shortcut reasoning as causal redundancy of
the CoT for the final answer. In other words, we ask
whether the CoT causally contributes to producing
the answer. We assess this causal role through two
complementary aspects of causal explanation: ne-
cessity and sufficiency. In our setting, the CoT M
is the candidate cause and the final answer Y is
the effect. Necessity asks whether changing the
expressed reasoning path changes the resulting an-
swer. Sufficiency asks whether, once the direct con-
tribution of the original input X is removed, the
reasoning path itself can sustain the answer.

These causal questions, however, are not directly
identifiable from autoregressive generation. We
therefore translate them into disruption-based test-
ing. On the necessity side, we ask whether the an-
swer remains unchanged when the CoT is disrupted
while the input is preserved. On the sufficiency side,
we remove the input and ask whether the baseline
answer can already be recovered from only a short
CoT prefix. These serve as behavioral proxies for
necessity and sufficiency.

Crucially, neither signal is diagnostic on its own.
Answer preservation under CoT disruption can re-
flect either shortcut use or redundant truthful rea-
soning, while early answer recovery can reflect
either shortcut use or a compact truthful rationale.
We therefore jointly test necessity and sufficiency,
operationalizing them with inverse decoding for
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Figure 1: Correctness and shortcut tendency are independent axes. Top: CORD combines two disruptions of a
CoT M. M-disruption corrupts a span while keeping X visible; answer preservation indicates reduced dependence
on the disrupted rationale. X /M-mask hides X and reveals only the first p% of M early recovery indicates that the
answer is recoverable from a short rationale prefix. Grid: four GSMS8K examples from DeepSeek-R1-Distill-Qwen-
7B, with rows showing correctness and columns CORD. A correct answer can still exhibit strong shortcut tendency,
showing that correctness alone cannot detect shortcut reasoning.

CoT disruption and X-mask recovery for isolating
answer recovery from the CoT itself. We combine
the resulting signals into CORD (Causal Redun-
dancy of Reasoning via Disruption), an instance-
level measure of shortcut tendency.

Applying this framework to 6 models across 2
datasets, we find that CORD reveals systematic
differences across training paradigms. In particu-
lar, R1-Distill models exhibit approximately twice
the CORD of non-distilled models, and this separa-
tion is not explained by task accuracy: models with
comparable or higher accuracy can exhibit substan-
tially lower CORD. The two CORD components
are positively associated in every model-task cell
but remain non-interchangeable (mean Spearman
p = 0.659), supporting their complementary roles
in the dual-disruption framework. Finally, we vali-
date CORD through self-refine: when refinement
behaves consistently with X -only stochastic resam-
pling and leaves the answer unchanged, CORD ex-
hibits the predicted near-zero shift (A = 40.0019).
Together, these findings show that CORD captures
a dimension of functional CoT use not reducible to
accuracy or disruption axis alone.

Contributions.

Our contributions are as follows.

¢ Causal-redundancy formulation of short-
cut reasoning. We formalize shortcut reason-
ing as a state in which the CoT is causally
redundant for the final answer, distinguishing
it from related notions such as spurious corre-
lation and hallucination.

* CORD: a dual-disruption measure of short-
cut tendency. We propose CORD, a dual-
disruption framework that jointly tests answer
robustness to CoT perturbation and answer
recovery from CoT without the original in-
put. CORD operationalizes these diagnostics
through inverse decoding and input-masked
recovery, and summarizes their conjunction
as an instance-level behavioral score.

* Empirical measurement across models and
datasets. Across 6 models and 2 datasets,
we identify a clear training-paradigm effect:
R1-Distill models show substantially higher
CORD than non-distilled models, with related
but non-redundant components. We further
validate CORD through self-refine.
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2 Related Work

2.1 Faithfulness Evaluation in LLMs

Recent studies on CoT faithfulness question
whether generated rationales reflect the reasoning
underlying a model’s answer. Lanham et al. (2023)
show that final answers can remain unchanged even
after CoT steps are modified or removed, providing
evidence that generated reasoning can be unfaithful
to the model’s answer-generation process. Subse-
quent perturbation-based work extends this line
with additional forms of CoT disruption (Aravin-
dan and Kejriwal, 2026). In a complementary line
of work, Turpin et al. (2023) show that CoT can
serve as a rationalization mechanism under syco-
phantic bias and Arcuschin et al. (2025) report that
unfaithful reasoning persists even in frontier mod-
els. Together, these studies establish that a coherent
or answer-consistent CoT need not faithfully reflect
the basis of a model’s answer. However, shortcut
reasoning remains underspecified as a target con-
struct: it is often discussed alongside adjacent phe-
nomena such as spurious correlation, hallucination,
and post-hoc rationalization, without an explicit for-
mulation of what makes a reasoning trace shortcut-
like. Therefore, existing perturbation-based tests
provide evidence of CoT sensitivity or robustness,
but do not by themselves specify when such be-
havior constitutes shortcut reasoning. Our work
addresses this construct-level gap by formalizing
shortcut reasoning as causal redundancy.

2.2 Causal Frameworks for LLM Inference

A growing body of work analyzes the causal role
of CoT within formal causal frameworks. Paul et al.
(2024) separate indirect and direct effects through
causal mediation analysis, and Zhang et al. (2025)
apply front-door adjustment. Fu et al. (2025a)
model CoT with a structural causal model and de-
fine step-level Average Causal Effects, while Fu
et al. (2025b) classify causal structures of LLM
reasoning through intervention experiments. How-
ever, it remains unclear whether the identification
assumptions are satisfied in autoregressive LLMs.
Beyond this issue, Yee et al. (2024) identify unfaith-
ful error recovery, where models reach the correct
final answer despite invalid reasoning induced by
errors introduced into the CoT. Somov et al. (2026)
further report that, even in controlled settings where
the mediator and output are linked by a determin-
istic function, model outputs often fail to reflect
the manipulated mediator. These findings compli-
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(a) Genuine reasoning (b) Shortcut reasoning

Figure 2: LLM inference as a structural causal model
(SCM). X denotes the query, 6 the model parameters,
M the generated CoT, and Y the final answer.

cate treating manipulations of a generated rationale
as clean interventions on the underlying reason-
ing process. We instead adopt a disruption-based
causal testing perspective: a reasoning component
that functionally matters should leave a measur-
able behavioral consequence when deliberately dis-
rupted. This follows the general logic of lesion stud-
ies and gene knockouts (Vaidya et al., 2019; Hall
et al., 2009): if damage to a brain region impairs
a behavior, or deletion of a gene alters a pheno-
type, the resulting change provides evidence about
the functional role of the disrupted component. We
apply the same logic to CoT, using controlled dis-
ruptions to probe whether the expressed reasoning
path functionally contributes to the model’s answer.

3 Methodology

3.1 Shortcut Reasoning in CoT
3.1.1 Structural Causal Model

We model CoT generation in an LLM using the
structural causal model (SCM) in Figure 2(a). Let
X denote the input, M the baseline CoT, Y the
answer, and 0 the model parameters. The reasoning
path M is sampled from 0 and X, i.e., M ~ Py(- |
X),and Y is a function of 6, X, and M. Because a
decoder-only Transformer can directly attend to the
input tokens when generating an answer, the direct
edge X — Y is structurally available. This edge
captures the possibility that the model produces an
answer without causally relying on the expressed
reasoning path M. We denote the domains of X,
M,and Y by X, M, and ), respectively, and use
lowercase x, m,y for individual realizations. All
notation is summarized in Appendix A.1.

3.1.2 Shortcut Reasoning as Causal
Redundancy

Shortcut reasoning in CoT refers to cases where
a model generates M, but its content does not
causally contribute to Y, and the answer is deter-
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mined primarily through the path X — Y «+ 0
(Figure 2(b)). We define this behavior as

P(Y | X,M)~ P(Y | X). (1)

That is, given X, the expressed rationale M con-
tributes little additional causal influence on Y; M
is causally redundant for the answer. Causal redun-
dancy is a spectrum: at one extreme the answer
is fully X-determined and M is post-hoc; at in-
termediate levels, the answer is formed early in
M and the remaining reasoning steps are function-
ally redundant; at the opposite end, the answer de-
pends on the reasoning path and M is not causally
redundant. CORD measures tendency along this
spectrum rather than a binary shortcut/non-shortcut
judgment. This definition is related to, but distinct
from, adjacent notions. Spurious correlation con-
cerns reliance on spurious features in the data rather
than the causal role of AM; hallucination concerns
the factual correctness of M or Y'; and post-hoc
rationalization is one instance of shortcut reasoning
under this general definition.

3.1.3 Why Direct Measurement is Difficult

Directly operationalizing the causal redundancy
in Equation 1 is difficult in autoregressive LLMs
because there is no clean observable condition cor-
responding to “the same inference process with-
out the causal contribution of M .” Simply remov-
ing the CoT does not isolate the effect of M: be-
cause Y is generated conditioned on the preced-
ing tokens, removing M changes the generation
context and induces a different inference trajec-
tory. Likewise, explicitly prompting the model
to answer without CoT changes the prompt it-
self, inducing a different conditioning distribution,
P(Y | X,prompt,, ~,r). We therefore do not
measure causal redundancy by directly comparing
the baseline with a single no-CoT condition. In-
stead, we decompose the causal role of M into
two complementary facets of causal explanation
— necessity and sufficiency. This decomposition
recasts the causal question underlying Equation 1
as two questions that can subsequently be mapped
to observable behavioral signatures.

3.2 From Causal Explanation to Behavioral
Signature

3.2.1 Necessity and Sufficiency as Two Facets
of Causal Explanation

Pearl’s probabilities of causation distinguish ne-
cessity and sufficiency as two distinct facets of

causal explanation (Pearl, 1999). In our setting,
the expressed reasoning path M is the candidate
cause and the final answer Y is the effect. Assess-
ing whether M is causally involved in producing Y
therefore requires two complementary questions:

* Necessity: Does changing M change Y'?

* Sufficiency: After removing the direct contri-
bution of X, can M sustain Y?

These two questions define the conceptual causal
target of our framework. We next translate them
into observable behavioral proxies (Section 3.2.2),
and then instantiate those proxies with concrete
disruption operators (Section 3.3).

3.2.2 Behavioral Proxies and Single-Axis
Ambiguity
As discussed in Section 2.2, we adopt a disruption-
based causal testing perspective. For each causal
facet, we design a targeted disruption and use the
resulting behavioral response as a proxy for the
corresponding behavior, without interpreting these
responses as formally identified causal effects.
The necessity-side behavioral proxy measures
how much the answer changes when M is dis-
rupted:

A4(DA):=d(P(Y|X, DA(M)), P(Y|X, M),
(@)

where D4 is a disruption operator, D4 (M) is a dis-
rupted version of M, and d(-, -) is a distributional
distance. A small A 4(D*) indicates answer preser-
vation despite changes to M, providing evidence
of necessity failure.

The sufficiency-side behavioral proxy measures
whether the baseline answer can be recovered from
M after suppressing the direct access to X:

Ap(Dy) == P(Y =y* | D}(X,M)), (3)

where y* is the baseline answer, Df denotes a dis-
ruption that suppresses access to X and to the suffix
of M after position p, leaving only the M -prefix
(M 0:p]) visible. A high Ap(DZ) at a small p in-
dicates that the baseline answer can be recovered
from only an early portion of the reasoning path
after direct access to X is suppressed, yielding a
shortcut-consistent signal.

Neither axis is diagnostic of shortcut reason-
ing on its own. Answer preservation under M-
disruption can arise not only from shortcut rea-
soning, but also from a redundant yet truthful ratio-
nale whose content is not necessary for the answer.
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Conversely, early recovery under the sufficiency-
side masking disruption can arise from shortcut
reasoning or from a compact truthful rationale. Im-
portantly, these alternatives are complementary: re-
dundant truthful reasoning can mimic the shortcut
signature on the necessity side, whereas compact
truthful reasoning can mimic it on the sufficiency
side. A stronger shortcut signature therefore re-
quires both shortcut-consistent behaviors to occur
jointly—robustness to M -disruption and early re-
covery from M when X is masked. We formalize
this complementary ambiguity and delineate the
scope of the conjunction in Appendix A.2. This
conjunctive structure motivates a joint aggregation
operator that assigns a high score only when both
axes provide strong shortcut-consistent evidence,
while penalizing cases in which only one axis is
strong.

3.3 Operationalization

We instantiate the two axes with disruption opera-
tors: inverse decoding and attention masking.

Necessity-side diagnostic via inverse decoding.
For a fixed input instance z, we replace its gen-
erated rationale m with a disrupted version m/’
and re-decode the answer. We instantiate the dis-
ruption operator D* with inverse decoding, defin-
ingm’ = D;ﬁr (m). For a rationale length L, let
k(p,L) = |pL/100] denote the token boundary
corresponding to percentage position p. For each
position ¢,

m/ o myg, ? S k(pv L)7
’ Rank, (PQ( ‘ $7m<i))> ©> k(p> L)7
C))
where Rank, returns the token at rank r. The po-
sition grid p € P4 specifies the position at which
disruption begins. We define the necessity-side sig-
nal as

a(p,r;z) = L[yap,r;2) = yo(z)], ()

where yo(x) is the baseline answer and y4(p, r; z)
is the answer after disruption. If a(p,r;x) = 1,
the answer is preserved under disruption, corre-
sponding to a shortcut-consistent signal of neces-
sity failure. Because inverse decoding selects re-
placement tokens from the model’s own next-token
distribution, it is adaptive to both the instance and
the model, and contrastive by construction. De-
tailed analyses and ablations are provided in Ap-
pendix B.1.

Sufficiency-side diagnostic via attention mask-
ing. For a fixed input instance x and its generated
rationale m, we instantiate Df by applying atten-
tion masking to the entire input x and to the ratio-
nale suffix after position p, leaving only the prefix
m[0:p] visible for answer decoding. We define the
sufficiency-side signal as

b(p;x) := L[yp(p;z) = wo(z)].  (6)

If b(p;z) = 1, the baseline answer is recovered
from m[0:p] while the input and the remaining suf-
fix are masked. In particular, recovery at a small p
indicates that the remainder of the reasoning path
is not required for recovering the baseline answer
under this condition, yielding a shortcut-consistent
signal. While sufficiency concerns whether M can
sustain the answer after suppressing the direct con-
tribution of X, shortcut reasoning is particularly
indicated when this sufficiency emerges from only
a small portion of M. We therefore operational-
ize the sufficiency-side proxy as a prefix-recovery
profile over p.

The X-mask component of Df is a design
choice intended to isolate recovery from m by sup-
pressing access to the original input. If the input x
remains visible, recovery may result either from m
or from the direct contribution of the input itself.
We therefore suppress the direct X — Y contribu-
tion through attention masking during the recovery
test and measure how early the baseline answer can
be recovered from an M -prefix alone.

3.4 CORD: Causal Redundancy of Reasoning
via Disruption

The two grid-level indicators, a(p, r; ) and b(p; ),
exhibit qualitatively different curve shapes on real
LLM rationales. The a-matrix changes gradually
across positions and ranks, whereas the b-curve is
approximately step-shaped. We therefore combine
the two axes using functional forms that preserve
their respective information structures: integration
over the full grid for the A-axis and a saturation
position for the B-axis.

A-component. Let P4 C [0, 100] denote the po-
sition grid and R the rank grid. We define

1
a(z) = ——— ,riz) €[0,1].
(N

A larger value indicates that the answer is preserved
more often under M -disruption.
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B-component. Let Pp C [0,100] denote the
visible-prefix percentage grid. We define the satu-
ration position as

pp(z) :==min{p € Pp : b(p;z) =1}. (8)

If the threshold is never reached, we set pf, :=
max(Pp). We further define the normalized recov-
ery score as ¢5 () := 1 —ppx(x)/100 € [0,1], and
use it as the B-component of CORD. This value is
larger when the baseline answer is recovered from
a shorter M -prefix.

Combination. We combine the two components
using their harmonic mean:

CORD(z) :i= H(a(), gh(x)), ()

where H(x,y) = 2zy/(x + y) when x + y > 0,
and H(0,0) = 0. A value of CORD — 1 indicates
a strong shortcut signature, while CORD — 0
indicates a weak signature.

Because the harmonic mean is low whenever
either argument is small, CORD implements the
dual-disruption conjunction in continuous form.
The B-component depends on the saturation po-
sition pJ;: once the prefix recovers the baseline
answer, the recovery position is fixed and any later
region of M does not enter the metric. Appendix B
details CORD’s design, while Appendix C tests
robustness to length, early answer appearance, and
rationale transformations.

4 Experiments

4.1 Setup

Models. We evaluate six models spanning
three training paradigms. R1-distilled reasoning:
DeepSeek-R1-Distill-Qwen-7B and DeepSeek-R1-
Distill-Llama-8B (DeepSeek-Al, 2025), fine-tuned
on reasoning traces generated by the RL-trained
DeepSeek-R1 from Qwen2.5-Math-7B-Base and
Llama-3.1-8B-Base, respectively. Math-domain
SFT: Qwen2.5-Math-7B-Instruct (Yang et al.,
2024b) and DeepSeek-Math-7B-Instruct (Shao
et al., 2024). Plain instruction-tuned: Qwen2.5-
7B-Instruct (Yang et al., 2024a) and Llama-3.1-
8B-Instruct (Grattafiori et al., 2024). R1D-Qwen
and R1D-Llama denote R1-Distill-Qwen-7B and
R1-Distill-Llama-8B, respectively.

Datasets. We use two benchmarks that differ sys-
tematically in reasoning depth. GSMS8K (full test
split, n = 1,319) (Cobbe et al., 2021) consists of

Dataset Model Base acc. CORD
RID-Qwen 0.907 0.686
R1D-Llama 0.883  0.669
Qwen-Math 0955 0411
GSMBK 5 en-7B 0912 0.374
Llama-3.1 0.868  0.308
DeepSeek-Math 0.815  0.304
RID-Llama 0.746  0.590
RID-Qwen 0.738  0.569
Qwen-Math 0.686 0422
MATH-500 Qwen-7B 0.672  0.402
Llama-3.1 0518 0273
DeepSeek-Math 0.392  0.262

Table 1: Mean CORD and baseline accuracy.

elementary-level word problems requiring only a
few arithmetic steps, making it a natural setting in
which shortcut reasoning is plausible. MATH-500
(n = 500) (Lightman et al., 2024) is a stratified sub-
set of the MATH benchmark spanning seven sub-
ject areas across five difficulty levels, where princi-
pled multi-step inference is required. Answers are
extracted via sympy-based symbolic equivalence
to avoid surface-form mismatches.

Metrics. We report two metrics: base accuracy,
the fraction of instances where the model’s final
answer matches the ground truth, and CORD (Sec-
tion 3.4), our primary measure of shortcut tendency.
Higher CORD values indicate stronger shortcut be-
havior. All cross-model comparisons are paired by
instance to control for problem-level variance.

Measurement grid. We use a grid P x R with
intervention positions P = {0,5,10,...,100}
(21 points, as % of M) and disruption ranks R €
{bottom-1, bottom-5, bottom- 10, top-5, top-10}
denoting likelihood-rank choices for M -disruption,
where bottom-k/top-k selects the corresponding
low-/high-likelihood token under the model’s
next-token distribution. More details on the
experimental setup are in Appendix B.7.

4.2 Shortcut Profiles Across Paradigms and
Tasks

Finding 1: CORD captures a paradigm-level
signal independent of accuracy. The six mod-
els separate cleanly by training paradigm: R1-
Distill models average CORD = (.63, nearly
twice that of the math-tuned (= 0.35) and plain
instruction-tuned (= 0.34) groups. This separa-
tion is not driven by accuracy. On GSM8K, Qwen-
Math achieves the highest accuracy (0.955) yet
only an intermediate CORD (0.411), while R1D-

47793



Pair-mean CoT-length quartile

Task Contrast Overall A Q1 Q2 Q3 Q4
GSMSK R1D-Llama vs. Llama-3.1 +0.361  +0.296"  +0.3237  +0.3797  +0.449%
GSMSK R1D-Qwen vs. Qwen-Math +0.275  +0.2717  +0.288" +0.3107  +0.230%
MATH-500 RID-Llama vs. Llama-3.1 +0.317  +0.298"  +0.349"  +0.3517  +0.2691
MATH-500 RI1D-Qwen vs. Qwen-Math +0.148  +0.1277  +0.216"  +0.2267  +0.021

Table 2: CORD differences (A = R1-Distill — non-distilled) after stratifying instances by pair-mean baseline CoT
length. All 16 quartile cells preserve the positive paradigm-level gap; 15 of 16 satisfy p < 1076 under paired
two-sided Wilcoxon tests (fp < 1075). The only non-significant cell is RID-Qwen vs. Qwen-Math on MATH-500

Q4 (A = +0.021, p = 0.32).

Task Contrast A P
R1D-Llama vs. Llama-3.1  40.361 10~2!%

MS8K
GSM8 R1D-Qwen vs. Qwen-Math +0.275 10~'79%
R1D-Llama vs. Llama-3.1 +0.317 107°'%

MATH-
500 R1D-Qwen vs. Qwen-Math +0.148 10722%

Table 3: Headline paired Wilcoxon comparisons for the
base-family-aligned R1-Distill and non-distilled model
pairs. A = mean(m;) — mean(ms) on instance-level
CORD. Bonferroni correction is applied over the 15
pairwise comparisons within each dataset; ¥ denotes p <
0.05/15 ~ 0.00333. Full results are in Appendix C.3.

Qwen achieves a lower accuracy (0.907) but the
highest CORD (0.686). More broadly, all six mod-
els operate in a high-accuracy regime on GSM8K
(> 0.81), yet their CORD values span 0.30 to
0.69. CORD thus reflects how a model reasons,
not merely whether it succeeds. We interpret this
signal as functional redundancy of the reasoning
path along a spectrum from pure shortcut to early
answer formation with extended elaboration. The
paradigm gap is robust to baseline CoT length: af-
ter stratifying base-family-aligned model pairs by
pair-mean CoT length, R1-Distill retains higher
CORD in all 16 quartile cells, with 15 of 16 sig-
nificant at p < 1076 (Table 2). The sole atten-
uation occurs in the longest R1D-Qwen versus
Qwen-Math MATH-500 quartile, whereas the R1D-
Llama gap on GSMS8K increases monotonically
with length. Full stratification details are provided
in Appendix C.1. Appendix C.2 further stress-tests
a distinctive R1-Distill behavior: these models tend
to state their answers early and continue the CoT
afterward. Even after deliberately assigning the
minimum B-side score whenever recovery coin-
cides with the first availability of the complete an-
swer, all four base-family-aligned contrasts remain
positive and statistically significant (A = +0.043
to +0.176). Together, these results show that the

paradigm-level separation cannot be explained by
baseline CoT length or by R1-Distill’s tendency to
state answers early.

Finding 2: R1-Distill separation is consistent
across models and tasks. We compare model
pairs using paired Wilcoxon signed-rank tests on
instance-level CORD differences, where A =
mean(m;) — mean(mg) for the first model m;
and the second model mo (Table 3). The R1-
Distill separation is highly consistent. Across the
exhaustive pairwise analysis, all 16 R1-Distill ver-
sus non-distilled contrasts are positive and remain
significant after within-dataset Bonferroni correc-
tion (« = 0.05/15). On GSM8K, these differ-
ences range from A = 40.258 to +0.381, and
on MATH-500 from A = +0.148 to +0.327.

The base-family-aligned comparisons show the
same pattern: R1D-Llama exceeds Llama-3.1 by
+0.361 on GSM8K and +0.317 on MATH-500,
while R1D-Qwen exceeds Qwen-Math by +0.275
and +0.148, respectively. In contrast, the two R1-
Distill models themselves are much closer (+0.016
on GSM8K and —0.020 on MATH-500), with no
detectable difference on MATH-500 (p = 0.92).
Thus, the salient regularity is a consistent R1-Distill
signature: across model identity, backbone, and
task, R1-Distill models systematically occupy the
higher-CORD regime. Full pairwise results are
provided in Appendix C.3.

4.3 Framework Validation via Self-Refine

Self-refine provides a CORD-independent vali-
dation condition. We validate the framework us-
ing self-refine (Madaan et al., 2023), which we first
characterize without using CORD (Appendix D.1).
Two tests show that self-refine in this setting be-
haves consistently with X -only stochastic resam-
pling. First, changing or removing the rationale M,
preceding answer ¥, critique C', or refinement in-
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Subset Base Refine A p

Full (n=464) 0432 0391 —0.0410 +0.814
Unchanged (n=319) 0.492 0.494 +0.0019 —

Table 4: CORD on baseline versus refined CoT
(Qwen2.5-Math-7B x MATH-500). The full set in-
cludes instances where refinement changes the an-
swer. The answer-unchanged subset is the direct valida-
tion condition, where CORD shifts by only +0.0019.
Component-level results are in Appendix D.2.

struction changes the overall answer-change rate
by at most 1.04 percentage points. Second, re-
finement almost never changes the answer on in-
stances that are stable under independent X -only
resampling (0.0%-5.4%), and 97.3%~100.0% of
refinement-induced changes occur in the X -only-
unstable subset. These results do not imply that
the refinement inputs are never used on individual
instances; rather, they show that the observed refine-
ment behavior is dominated by instability already
present under X -only inference.

This characterization gives a direct prediction for
CORD. When self-refine leaves the final answer
unchanged, the baseline and refined rationales may
differ, but both lead to the same X -driven answer.
A measure of the rationale’s functional role should
therefore change very little between them.

CORD recovers the predicted near-zero shift.
We compute CORD on the refined CoT and com-
pare it with the original baseline measurement (Ta-
ble 4). Across the full set (n = 464), baseline
and refined CORD values remain strongly aligned
at the instance level (Spearman p = 40.814), al-
though their means differ (A = —0.0410); this set
also includes cases where refinement changes the
answer. The direct validation condition is therefore
the answer-unchanged subset (n = 319). Here,
CORD changes by only +0.0019, and the two
CORD components likewise show near-zero shifts
(JA] < 0.01; Appendix D.2). Thus, CORD recov-
ers the prediction derived independently from the
X-only characterization of self-refine.

Beyond this validation, we examine whether the
magnitude of CORD provides a graded signal for
refinement selection (Appendix D.3). A thresh-
old sweep shows that higher-CORD subsets are
more enriched for cases where refinement leaves
the answer unchanged, with the clearest pattern on
MATH-500. We treat this analysis as exploratory
rather than as part of the framework validation.

S Analysis

We next examine two questions about the measure-
ment itself. First, do the necessity- and sufficiency-
side components provide complementary empirical
information, as required by the dual-disruption con-
struction? Second, how does CORD relate to Early
Answering (EA), a closely related prefix-recovery
diagnostic? The full component and method-level
analyses are provided in Appendix B.4-B.6.

5.1 The Two Axes Are Related but
Non-Redundant

Section 3 motivates the two disruption axes through
their complementary single-axis ambiguities. This
conceptual argument does not, however, determine
how strongly the two signals should be associated
on real model outputs. If they were nearly inter-
changeable, the second axis would add little empir-
ical information; if they were unrelated, combin-
ing them as measurements of a common shortcut-
consistent regime would be difficult to motivate.

We therefore analyze the two components that
enter CORD directly: the necessity-side full-grid
answer-preservation score a and the sufficiency-
side early-recovery score ¢%. Across all six models
and both datasets, the two components are consis-
tently positively associated. Instance-level Spear-
man correlations range from 0.532 to 0.798 across
the 12 model-task cells, with a mean of 0.659; Pear-
son correlations show the same pattern (r = 0.438-
0.791, mean 0.624) (Appendix B.4.1). Thus, in-
stances whose answers are more robust to rationale
disruption also tend to permit earlier recovery from
the rationale prefix under the X -masked test.

The correspondence is nevertheless incomplete.
Normalized mutual information (NMI) ranges from
0.110 to 0.311 with a mean of 0.197, showing
that neither component determines the other at
the instance level. The strength of this coupling
also varies across model families (Table 5): R1-
Distill models show the strongest association (mean
p = 0.765, NMI = 0.280), whereas Math-tuned
and Plain models exhibit more moderate coupling
(p = 0.607/0.604, NMI = 0.156/0.155). The rel-
evant distinction is therefore not whether the axes
are related—all 12 cells are positively associated—
but how tightly their responses co-vary.

A cross-task robustness check gives a com-
plementary result. Ranking the six models in-
dependently on GSM8K and MATH-500 yields
Kendall 7 = 4-0.600 for the position-based A-only
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Model family =~ Mean Spearman p ~ Mean NMI
R1-Distill 0.765 0.280
Math-tuned 0.607 0.156
Plain 0.604 0.155

Table 5: Relationship between the two CORD compo-
nents, averaged within model families over GSM8K
and MATH-500. Full model-task statistics are in Ap-
pendix B.4.

summary, +0.733 for the B-only summary, and
40.867 for CORD (Appendix B.5.2). Thus, the
final construction not only combines two related
but non-interchangeable signals, but also gives the
strongest preservation of the model ordering across
tasks.

5.2 Relation to Early Answering: Convergent
but Operationally Distinct

Early Answering (EA) (Lanham et al., 2023) pro-
vides a natural external comparison because it also
measures how early the baseline answer can be
recovered from a rationale prefix. Across all 12
model-task cells, CORD and EA are positively as-
sociated (Table 6): Spearman p ranges from 0.592
to 0.859, with a mean of 0.755. Thus, instances
assigned higher CORD also tend to be instances on
which EA recovers the answer earlier.

The two tests nevertheless differ in a central
information condition. EA keeps the original in-
put X visible while varying the amount of CoT,
whereas CORD’s sufficiency-side test masks X
and asks whether the visible rationale prefix itself
can sustain the baseline answer. At p = 0, where
no rationale token is visible, EA still reproduces
the baseline answer on 8.8-30.1% of GSMS8K in-
stances and 15.1-32.4% of MATH-500 instances
across models. These recoveries can therefore arise
through the retained input X rather than through
the rationale prefix.

EA nevertheless captures the same broad early-
recovery tendency. At p = 50 on GSMB8K, the two
R1-Distill models recover their baseline answers
on 0.911 and 0.848 of instances, compared with
0.140-0.389 for the four non-distilled models; on
MATH-500, the corresponding rates are 0.714 and
0.680 versus 0.233-0.412. Together with the sub-
stantial CORD-EA correlations, these results show
cross-method convergence while clarifying why the
two diagnostics are not equivalent: EA measures
early recovery with X available, whereas CORD
removes direct access to X to isolate recovery sup-

Model GSM8K  MATH-500
RID-Qwen 0.724 0.760
R1D-Llama 0.859 0.856
Qwen-Math 0.737 0.830
Qwen-7B 0.753 0.825
DeepSeek-Math 0.694 0.717
Llama-3.1 0.712 0.592
Mean 0.755

Table 6: Instance-level Spearman p between CORD and
the Early Answering score. The association is positive
in every model-task cell.

ported by the rationale prefix itself. Full recovery
profiles are reported in Appendix B.6.2.

6 Conclusion

We formalized shortcut reasoning in CoT as causal
redundancy of the expressed rationale for the fi-
nal answer and argued that neither necessity- nor
sufficiency-side evidence is sufficient on its own.
We instantiated their conjunction with inverse de-
coding and X -masked prefix recovery, combining
the resulting signals into CORD. Across 6 models
and 2 datasets, R1-Distill models occupy a sub-
stantially higher-CORD regime than non-distilled
models, with all 16 pairwise contrasts positive and
significant after within-dataset correction. The di-
rection is preserved across all 16 CoT-length strata,
with 15 of 16 significant, and all four base-family-
aligned contrasts remain significant after conser-
vatively removing the B-side advantage associated
with early answer appearance.

The measurement analyses further support the
dual-disruption design. The two CORD compo-
nents are positively associated in every model-task
cell while remaining non-interchangeable (mean
Spearman p = 0.659; mean NMI = 0.197),
and CORD gives the strongest cross-task rank-
ing preservation (Kendall 7 = 0.867). CORD
also converges with Early Answering (mean p =
0.755), while its X -masked sufficiency test distin-
guishes rationale-supported recovery from recovery
through the input. Finally, in the answer-unchanged
self-refine condition, CORD exhibits the predicted
near-zero shift (A = 40.0019). Together, these
results position CORD as an instance-level behav-
ioral measure of joint shortcut-consistent signatures
and show that correct or coherent CoT alone does
not establish that the expressed reasoning path func-
tionally determines the answer.
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Limitations

Methodological scope. Our measurements are
subject to three practical constraints. (i) Answer
extraction is highly reliable on GSMS8K but more
challenging on MATH-500, where greater variation
in mathematical expressions and output formats
may introduce residual extraction error. (ii) The
self-refine validation (Section 4.3) covers only the
one-round critique-and-refine setting of Madaan
et al. (2023); whether the same characterization
extends to multi-round refinement or other itera-
tive inference procedures remains open (deploy-
ment cost and cold-start scope are discussed in
Appendix D.4). (iii) The disruption-operator com-
parison is limited to the nine operators examined in
Appendix B.1, including inverse-decoding ranks,
random and KL-divergent replacement, filler, and
Early Answering, and does not include broader
LLM-based rewrite operators such as Adding Mis-
takes. Paraphrasing is examined separately as a ro-
bustness transformation in Appendix C.4. Broader
operator families would provide a stronger test of
operator-level generalization.

Epistemic scope. We do not claim strict causal
identification. (i) The two disruption axes and
CORD are behavioral proxies rather than direct
estimates of Pearl-style counterfactual probabili-
ties or causal effects; under autoregressive entan-
glement, there is no clean observable counterpart
of removing only the causal contribution of M
(Appendix A.3). (ii) CORD measures whether the
expressed rationale is behaviorally redundant for
the answer, but does not identify the source of that
redundancy. In particular, it does not distinguish re-
dundancy supported by an X-mediated route from
input-independent tendencies encoded in the model.
(iii)) The conjunction addresses the two single-
axis ambiguities formalized in Appendix A.2—
redundant truthful reasoning and compact truth-
ful reasoning—but does not exclude every possi-
ble mechanism that may produce the same behav-
ioral signature; additional alternatives may require
additional disruption axes. (iv) CORD therefore
complements rather than replaces mediation-based
or mechanistic accounts of model reasoning (Paul
et al., 2024; Fu et al., 2025b).
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A Framework foundation

This appendix consolidates the foundations of the framework in §3, including notation, formal results,
and epistemic positioning.

A.1 Notation

We summarize the notation used throughout the framework below. Uppercase letters denote causal
variables, lowercase letters their realizations, and calligraphic letters their respective domains or disruption
operators. Position p is expressed as a percentage of the rationale length; m[0:p] denotes the corresponding
prefix up to that position.

Causal variables, domains, and realizations.

Symbol Definition

XeXx Input question.

MeM Generated chain-of-thought rationale.

Ye)y Final answer.

T, m,y Realizations of X, M, Y, respectively.

m = (mi,...,mgp) Realized baseline rationale of length L tokens.

m[0:p] Prefix of m visible up to position p under the sufficiency-side masking disruption.

Model and baseline generation.

Symbol Definition
0 Parameters of the LLM.
Py(-]-) Conditional generation distribution of the model.

Baseline answer obtained from the model’s original generation for input . All instance-
yo(zx) .

level measurements are anchored to agreement with yo(z).

Answer re-decoded after applying the necessity-side inverse-decoding disruption starting
ya(p,r;x) at Dositi : -

position p with rank choice 7.

yB(p; x) Answer re-decoded under the sufficiency-side masking disruption at position p.
y* Baseline answer used as the target outcome in the sufficiency-side behavioral proxy.

Disruption operators.

Symbol Definition

DA Necessity-side disruption operator applied to M.

DA Inverse-decoding instantiation of D, parameterized by disruption position p and token-
P rank choice 7.

m = ”D;?’T(m)

DB

P

Disrupted rationale produced by inverse decoding. Tokens before p remain unchanged,
while tokens from p onward are replaced according to Equation 4.

Sufficiency-side masking disruption applied jointly to (X, M). It masks access to the
entire input X and to the suffix of M beyond position p, leaving only the M -prefix M [0:p]
visible for answer decoding.

Behavioral proxies.

Symbol

Definition

Necessity-side behavioral proxy (Equation 2). A small value in-

AA(DA) = d(P(Y | X, DA(M))7 P(Y | X, M)) dicates answer preservation despite disruption of M, providing

Ap(Dp) = P(Y =y | DJ(X, )

shortcut-consistent evidence of necessity failure.

Sufficiency-side behavioral proxy (Equation 3). A large value at
a small p indicates that the baseline answer is recoverable when
direct access to X and most of the later reasoning path are masked.
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Disruption grids.

Symbol Definition

Pa Position grid specifying where inverse-decoding disruption begins along M.
R Replacement-token rank grid used by inverse decoding.

Ps Visible-prefix percentage grid used by the sufficiency-side masking disruption.
Pa xR Necessity-side disruption measurement space.

Rank,(+) Operator that returns the token at rank r from a next-token distribution.

In our experiments, P4 = Pp = {0,5,10,...,100}, and R = {bot-1, bot-5, bot-10, top-5, top-10}.
CORD averages over all five ranks in R, with bot-1 denoting the lowest-likelihood rank.

Instance-level behavioral signals.

Symbol Definition

alp, 7 @) i= L[ya(p,r;7) = yo(z)] Answer-preservation indicator under the necessity-side disruption. A value of 1
Py &)= RYAlp, 15 E) = Yo indicates that the baseline answer is preserved after inverse decoding.

Answer-recovery indicator under the sufficiency-side masking disruption. A

b(p; x) := 1ys(p; ) = yo(z)] value of 1 indicates that the baseline answer is recovered with only the M -prefix

up to p visible.

CORD components and instance-level aggregation.

Symbol Definition
_ . 1 ) Full-grid aggregation of the necessity-side answer-preservation signal
a(e) = |Pal|R| Z Z a(p, r; ) (Equation 7).

pEPA TER

First position at which the baseline answer is recovered under the
pp(z) = min{p € Pp : b(p;z) = 1} sufficiency-side masking disruption (Equation 8). If recovery never oc-
curs, pp(x) is set to max(Pp).

N pi(z) Normalized early-recovery score. Larger values correspond to recovery
gp(x) =1- 100 from a shorter M -prefix.
H(u,v) = 2uv Harmonic-mean aggregation operator for v + v > 0, with H(0,0) = 0.
U+ v
CORD(z) = H(a(z), g5 () Instance-level CORD score (Equation 9). Larger values indicate a stronger
- » 4B

joint shortcut-consistent signature across the two disruption axes.
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Class Mechanism A(z) B(z)
C1 Shortcut 1 1
C2a  Redundant truthful 1 0
C2b  Compact truthful 0 1
Co Genuine reasoning 0 0
C3 Brittle extraction 0 0

Table 7: Five representative mechanisms mapped to the
four behavioral regions induced by the two disruption
axes. C2a shares the necessity-side signature of C1,
whereas C2b shares its sufficiency-side signature.

A.2 Behavioral Partition and
Complementarity

This section formalizes why the two disruption axes
are complementary. The argument concerns the be-
havioral signatures induced by the two diagnostics
rather than formal causal identification.

For exposition, let

A(z) :=1[a(z) > 74],

B(z) :=1{gp(x) = 78],

where A(z) = 1 denotes robustness to necessity-
side M -disruption and B(z) = 1 denotes early
recovery under the sufficiency-side masking dis-
ruption. The thresholds 74 and 75 are used only to
state the behavioral partition; CORD itself remains
continuous and does not require these thresholds.

A.2.1 Two-axis behavioral partition

The two binary attributes induce four behavioral re-
gions. Table 7 maps five representative mechanisms
discussed in our framework to these regions. Two
distinct mechanisms, genuine reasoning (C0) and
brittle extraction (C3), occupy the same low—low
region but for different reasons.

The intended interpretations are as follows. C1
represents the target shortcut signature: the answer
is robust to disruption of M, yet is recoverable
from only an early M -prefix when direct access to
X and the remaining rationale suffix are masked.
C2a represents a redundant but truthful rationale
whose content is robust to local disruption, while
recovery still requires a substantial portion of the
reasoning path. C2b represents a compact truthful
rationale whose answer is recoverable early, but
whose reasoning content is not robust to disrup-
tion. CO and C3 exhibit neither shortcut-consistent
attribute.

This partition is not intended to enumerate every
possible mechanism that can produce a given be-
havioral signature. Its role is to formalize the com-

plementary ambiguities motivating the two-axis
design.

A.2.2  Single-axis ambiguity

Observation 1 (Single-axis ambiguity). Within the
behavioral partition of Table 7, neither axis alone
distinguishes shortcut reasoning from both truthful
alternatives. C1 and C2a share the same necessity-
side signature, whereas C1 and C2b share the same
sufficiency-side signature.

Proof. Consider the necessity side first. Both C1
and C2a satisfy A(x) = 1: the baseline an-
swer remains robust to M-disruption. Their un-
derlying interpretations differ—C1 is shortcut-
consistent, whereas C2a represents redundant truth-
ful reasoning—but the necessity-side signature
alone does not distinguish them.

Likewise, both C1 and C2b satisfy B(xz) = 1:
the baseline answer is recoverable from an early
M -prefix under the sufficiency-side masking dis-
ruption. In C1 this is shortcut-consistent, whereas
in C2b it arises because a compact truthful rationale
reaches the answer-determining step early. Thus
the sufficiency-side signature alone does not distin-
guish these mechanisms.

Therefore, each single axis admits a dis-
tinct truthful alternative with the same shortcut-
consistent behavioral signature. O

A.2.3 Complementarity of the two axes

Observation 2 (Complementarity of the conjunc-
tion). Within the behavioral partition of Table 7,
the two truthful alternatives that mimic the shortcut
signature on one axis are excluded by the other axis.
Consequently, only C1 occupies the high—high re-
gion

A(z)=1 AN B(z) =1

among the mechanisms represented in the partition.

Proof. C2a matches C1 on the necessity side, with
A(z) = 1, but differs on the sufficiency side: re-
covery requires a larger portion of the reasoning
path, so B(x) = 0. Hence C2a does not satisfy the
conjunction.

Conversely, C2b matches C1 on the sufficiency
side, with B(z) = 1, but differs on the necessity
side: its answer is sensitive to disruption of the
reasoning path, so A(z) = 0. Hence C2b also does
not satisfy the conjunction.

CO and C3 lie in the low—low region and there-
fore satisfy neither condition. Thus, within the
stated partition, requiring both shortcut-consistent
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signatures simultaneously excludes the single-axis
alternatives and selects the C1 region. O

Relation to continuous CORD. The observa-
tions above are stated using binary attributes only
to make the complementarity explicit. CORD im-
plements the same conjunctive structure continu-
ously:

CORD(z) = H(a(x), ¢5(z)),

where both components increase in the shortcut-
consistent direction. Because the harmonic mean
penalizes imbalance between its arguments, a
strong value requires both substantial robustness
to M-disruption and early recovery under the
sufficiency-side masking disruption. Accordingly,
CORD should be interpreted as a continuous mea-
sure of the joint behavioral signature, not as formal
identification of an underlying causal class.

A.3 Epistemic Positioning of
Disruption-Based Causal Testing

A.3.1 Relation to Prior Disruption-Based
Faithfulness Tests

From the perspective of our framework, the tests of
Lanham et al. (2023) can be interpreted as single-
disruption diagnostics. Adding Mistakes, Para-
phrasing, and Filler Tokens modify the content of
M while keeping X available, and are therefore
closely aligned with our necessity-side diagnostic:
they test whether the answer remains robust when
the expressed reasoning path is disrupted.

Early Answering instead varies how much of
M is available by truncating the rationale while
keeping X visible. It is therefore related to the
prefix-recovery dimension of our sufficiency-side
diagnostic, but differs in an important respect: be-
cause X remains available, successful answer re-
covery may arise either from the visible M -prefix
or from direct access to X. Our sufficiency-side
disruption addresses this ambiguity by masking ac-
cess to X together with the suffix of M, leaving
only the selected M -prefix visible.

Thus, prior perturbation and early-answering
tests provide informative single-axis evidence,
whereas CORD combines complementary disrup-
tion responses designed to reduce the distinct am-
biguities associated with either axis alone (Obser-
vation 1).

A.3.2 Epistemic Scope

CORD is a disruption-based behavioral diagnos-
tic of causal redundancy, not a formally identified

causal effect. Its interpretation is therefore delib-
erately narrower than identification in the sense of
Pearl’s do-calculus.

What the framework supports. First, within the
behavioral partition of Section A.2, the two axes
address complementary single-axis ambiguities: re-
dundant truthful reasoning can mimic the shortcut
signature on the necessity side, whereas compact
truthful reasoning can mimic it on the sufficiency
side. Their conjunction excludes these alternatives
on different axes (Observation 2). Second, CORD
provides a continuous instance-level measure of
this joint shortcut-consistent signature, enabling
ranking and paired comparisons across models and
conditions. More generally, the framework follows
the logic of disruption-based functional testing: if
deliberately disrupting a candidate reasoning route
produces a characteristic behavioral response, that
response provides evidence about the route’s func-
tional role.

What the framework does not establish. The
framework does not claim that the conjunction
uniquely identifies shortcut reasoning against ev-
ery conceivable mechanism; additional behavioral
alternatives may exist beyond those represented in
our partition. Nor is the X-mask assumed to be
formally equivalent to an intervention in which X
is causally absent. It is an operational design that
suppresses direct access to X during answer recov-
ery. Finally, A 4, A, and CORD are behavioral
proxies grounded in necessity- and sufficiency-side
disruption tests; they should not be interpreted
as Pearl-style probabilities of causation, average
causal effects, or other formally identified causal
estimands.

B Methodology Details

This appendix provides the design evidence un-
derlying the final CORD measurement. We ex-
amine why inverse decoding is used for the
necessity-side disruption (Appendix B.1), why the
sufficiency-side test masks the original input X
(Appendix B.2), why the two response profiles
are summarized differently (Appendix B.3), how
the resulting components relate empirically (Ap-
pendix B.4), and why they are combined with a
harmonic mean (Appendix B.5). We then compare
CORD with Early Answering (EA) (Appendix B.6)
and report the measurement environment (Ap-
pendix B.7).
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B.1 Necessity-Side Disruption: Operator
Choice and Robustness

The necessity-side diagnostic asks whether the
baseline answer remains stable when the expressed
reasoning path M is disrupted while the original
input X remains available. A useful diagnostic
should capture a consistent answer-preservation
signal without relying on a particular form of ra-
tionale corruption. We therefore compare inverse
decoding with several qualitatively different disrup-
tion operators and then examine robustness within
the inverse-decoding rank family.

B.1.1 Robustness across disruption operators

All operators use the same intervention-position
grid and preserve X throughout the test. Inverse
decoding replaces the rationale suffix using tokens
selected by likelihood rank under the model’s own
next-token distribution. Random replacement sam-
ples suffix tokens uniformly from the vocabulary,
KL-divergent replacement selects tokens that max-
imally change the predictive distribution, and filler
overwrites the suffix with ellipsis tokens. Early
Answering (EA) truncates the suffix and asks the
model to answer from X and the remaining ra-
tionale prefix; its relation to the sufficiency-side
prefix-recovery test is discussed separately in Ap-
pendix B.6.

Table 8 compares these operators on RI1D-
Qwen and Qwen-Math over GSM8K. The table
reports two complementary views of the compari-
son. The left panel summarizes the raw necessity-
side response: the mean answer-preservation rate
a for each model, together with their ratio,
mean(arip)/mean(aqwen). A ratio above one
therefore indicates that R1D-Qwen preserves its
baseline answer more often under the correspond-
ing rationale disruption.

The right panel asks whether this operator choice
changes the resulting model-level CORD separa-
tion. For each instance, we compute CORD using
the operator-specific A-axis measurement while
keeping the B-axis measurement fixed. We report
A = meani[CORDRlD(aci) - CORDQWQH(ZL‘Z')},
Cohen’s d for these paired instance-level differ-
ences, and the significance of a two-sided paired
Wilcoxon signed-rank test as —log;,p. Thus,
larger A and d indicate stronger R1D-Qwen—Qwen-
Math separation, while larger — log;, p indicates
stronger statistical evidence against a zero paired
difference.

The raw necessity-side signal is consistent across

all nine operators: R1D-Qwen has a higher mean
answer-preservation rate than Qwen-Math, with
mean-q ratios ranging only from 1.34 to 1.42. The
corresponding paired cross-model differences are
also large under every operator. On the baseline-
correct paired subset (n = 1,172), the abso-
lute mean CORD difference ranges from 0.283
to 0.316, with Cohen’s d between 1.52 and 1.86.
Thus, the necessity-side separation is preserved
across substantially different ways of disrupting
the rationale.

B.1.2 Why inverse decoding?

We instantiate the necessity-side operator with in-
verse decoding because it defines rationale disrup-
tion directly from the evaluated model’s own pre-
dictive distribution. At each disrupted position ¢,

m} = Rank, (Py(- | x,m<;)),

where Rank, returns the token at rank ». This con-
struction provides three useful properties.

* Model-relative disruption. Replacement to-
kens are defined relative to each model’s own
next-token distribution rather than by a fixed
external corruption rule. The same rank there-
fore has a consistent model-relative interpre-
tation across models.

* Instance-conditioned disruption. The re-
placement at each position depends on the
current input and rationale context. Disruption
is therefore adapted locally to the trajectory
being evaluated, without requiring an external
semantic-distance metric or a second model.

* Controlled rank family. The rank parameter
provides a common scale for varying the type
of replacement within a single operator fam-
ily. Bottom-k tokens move the continuation
toward low-likelihood alternatives, while top-
k tokens provide higher-likelihood contrasts
under the same construction.

These properties make inverse decoding a con-
venient common instrument for the necessity-side
measurement. The operator comparison above fur-
ther shows that the observed answer-preservation
pattern is shared by other disruption families rather
than being specific to the inverse-decoding con-
struction.
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Mean answer preservation a

Paired cross-model separation

Operator RID-Qwen Qwen-Math Ratio  |A| Cohen’sd —log,,p
Inverse, bottom-1 0.735 0.538 1.37 0.297 1.66 177.69
Inverse, bottom-5 0.733 0.539 1.36 0.296 1.64 176.93
Inverse, bottom-10 0.733 0.537 1.36 0.297 1.63 176.33
Inverse, top-5 0.686 0491 140 0.287 1.54 172.90
Inverse, top-10 0.701 0.524 1.34 0.283 1.52 172.50
Random uniform 0.742 0.535  1.39 0.302 1.67 177.61
KL-divergent 0.743 0.537 1.38 0.302 1.67 177.99
Filler (*...”) 0.797 0.560 142 0316 1.86 184.34
Early Answering 0.785 0.564 1.39 0.309 1.84 184.36

Table 8: Necessity-side disruption comparison on GSM8K (R1D-Qwen vs. Qwen-Math). The left panel reports
the raw A-axis response on the full set (n = 1,319): mean a is the position-averaged answer-preservation rate, and
Ratio is mean(ar1p)/mean(aqwen ). The right panel reports the paired CORD separation on instances for which
both models produce a correct baseline answer (n = 1,172), with the corresponding operator used for the A-axis
and the B-axis held fixed. A is the mean paired difference CORDr1p — CORDQwen; Cohen’s d is its standardized
paired effect size; and — log, p is based on a two-sided Wilcoxon signed-rank test. All nine operators preserve a

large positive cross-model separation.

B.1.3 Robustness across inverse-decoding
ranks

CORD averages the necessity-side response over
R = {bot-1, bot-5, bot-10, top-5, top-10}.

We examine each rank separately to verify that the
resulting model contrast does not depend on one
particular point in this rank set.

Table 9 shows a highly consistent pattern. On
the full GSM8K set, the R1D-Qwen—-Qwen-Math
difference ranges from +0.266 to +0.279 across
the five ranks. On the paired baseline-correct subset,
it ranges from +0.284 to 4-0.298. Averaging the
five ranks gives the main values of 40.275 and
+0.292, respectively.

The instance-level rankings are also stable
within the low-likelihood portion of the rank family:
Spearman correlations among bottom-1, bottom-5,
and bottom-10 range from 0.948 to 0.959. Correla-
tions between bottom-k and top-k variants remain
positive but are more moderate (0.685—0.724), in-
dicating that the higher-likelihood ranks provide
related but non-identical perturbation responses.
Averaging across the five ranks therefore preserves
the common necessity-side signal while incorporat-
ing variation across disruption severity.

B.2 Sufficiency-Side Disruption: Why Mask
X?

The sufficiency-side question is different from the
necessity-side question. Here we ask whether the
baseline answer can be recovered from the rationale
itself after suppressing direct access to the original

input. This requires distinguishing two possible
sources of answer recovery: the visible rationale
prefix M [0:p] and the original input X .

The empirical recovery profiles illustrate this
ambiguity. With EA, the model can reproduce the
baseline answer even at p = 0, where none of the
rationale is available but X remains visible. By con-
trast, the X-masked condition has approximately
zero recovery at p = 0 in our measurements. Thus,
answer recovery in an X -keep test cannot by itself
establish that the visible rationale prefix sustains
the answer: the model may simply regenerate the
answer directly from X.

This motivates the X /M -mask used by CORD.
For each prefix position p, attention masking sup-
presses the entire input x and the rationale suffix
after p, leaving only myg., available for answer
decoding. The corresponding indicator is

b(p; ) = 1 [ys(p;z) = yo(x)] -

Recovery therefore measures what the visible ratio-
nale prefix can sustain without direct access to the
original problem.

B.3 From Disruption Profiles to CORD
Components

The two disruptions produce qualitatively different
response profiles. The necessity-side matrix a(p, r)
changes gradually over intervention positions and
ranks, whereas the sufficiency-side curve b(p) is
approximately step-shaped: recovery is typically
absent before some position and present afterward.
CORD therefore summarizes the two axes with
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Full set (n = 1,319)

Baseline-correct (n = 1,172)

Rank R1D-Qwen Qwen-Math A RID-Qwen Qwen-Math A
bottom-1 0.694 0415 +40.279 0.714 0417  +0.297
bottom-5 0.693 0414  +0.278 0.713 0417 +0.296
bottom-10 0.693 0414  40.279 0.714 0.416  +0.298
top-5 0.665 0.396  +0.269 0.685 0.399  +0.287
top-10 0.674 0.408 +0.266 0.695 0411 +0.284
5-rank average 0.686 0411 +0.275 0.706 0414 +0.292

Table 9: Rank-wise robustness of CORD for R1D-Qwen versus Qwen-Math on GSM8K. For each row, CORD
is recomputed using the corresponding rank-specific necessity-side response while keeping the sufficiency-side
measurement fixed. All five ranks preserve a large positive model difference; the last row uses the five-rank average

adopted by CORD. All paired rank-specific comparisons satisfy p < 1.1 x 10~

172

Test X

Prefix implementation

Visible rationale What recovery can use

Early Answering  visible text truncation M]0:p] X and/or M[0:p]
M -mask visible attention masking M]0:p] X and/or M[0:p]
CORD B-axis masked attention masking M][0:p] M0:p] only

Table 10: Comparison of prefix-recovery tests. Early Answering exposes a rationale prefix by textually truncating
the suffix, whereas M -mask and the CORD B-axis suppress the suffix through attention masking. Early Answering
and M-mask keep X visible, leaving the direct X — Y route available; the CORD B-axis additionally masks X,

so recovery can rely only on the visible rationale prefix.

different functionals rather than forcing them into
an identical form.

A-component: full-grid answer preservation.
For the necessity side we retain the complete re-
sponse surface,

a(z) = Z Z a(p,r;x)

pGP reR

|77AH

A larger @ means that the baseline answer is pre-
served over a larger fraction of rationale disrup-
tions.

B-component: earliest answer recovery. For
the sufficiency side we use the first prefix position
at which the baseline answer is recovered,

pp(z) =min{p € Pp : b(p;x) =1},

with p}; = max(Pp) if recovery never occurs. The
normalized score is

*
-1

A larger g% therefore means that the baseline an-
swer can be recovered from a shorter rationale pre-
fix.

B.3.1 Why not truncate the A-axis at p};?

The B-axis is summarized by the first position p}; at
which the baseline answer is recovered. A natural

question is whether the A-axis should also ignore
all measurements after this position.
CORD uses the full-grid A-component

P2 2 alpria).

pG'PA reER

") =

We compare this with an adaptive alternative
that uses exactly the same answer-preservation sig-
nal but discards positions after the B-side recovery
point:

1
Guap(@) = s D, D alpria),
P<py @RI PEP<py (a) TER
where
P<pi@) ={p € Pa:p < pp(x)}.

The two quantities therefore differ in only one
respect: a uses the entire A-side response surface,
whereas a,qp retains only the region before answer
recovery in Experiment B. This gives a direct test of
whether A-side responses after p%; are informative
or can be treated as post-recovery noise.

Truncating the A-axis at p}; weakens both com-
parisons. This indicates that A-side responses after
B-side answer recovery are not simply uninforma-
tive tail measurements. Experiment A and Experi-
ment B ask different questions: recovering the an-
swer from an M-prefix in Experiment B does not
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A-component

a (adopted)

aadp

EA p Refine AUROC

+0.741 0.676
+0.665 0.657

Table 11: Comparison of the full and adaptively trun-
cated A-side summaries, averaged over the four non-
R1-Distill model cells on MATH-500 (Qwen-Math,
Qwen-7B, DeepSeek-Math, and Llama-3.1). EA p is
the instance-level Spearman correlation with the Early
Answering score, and Refine AUROC measures predic-
tion of whether self-refinement changes the answer.

imply that later portions of the rationale cease to
affect the model’s response when they are indepen-
dently disrupted in Experiment A.

We therefore retain the full-grid mean a as the A-
component of CORD, while summarizing the step-
shaped B-side response by its recovery position

Ph-

B.4 Empirical Relationship Between the Two
Axes

The two disruption experiments target complemen-
tary behavioral signatures, but both are intended to
characterize the same shortcut-consistent regime. If
the two components were empirically interchange-
able, they would induce nearly the same instance-
level ordering. Conversely, if they captured unre-
lated behavior, their association would approach
zero.

B.4.1 Related but non-redundant at the
instance level

Table 12 reports Pearson correlation, Spearman
rank correlation, and normalized mutual informa-
tion (NMI) between a and ¢} separately for every
model-task cell. Pearson r measures linear associ-
ation, Spearman p measures monotonic agreement
in instance rankings, and NMI provides a comple-
mentary measure of statistical dependence without
restricting the relationship to a linear or monotonic
form.

The relationship is positive in every one of the
twelve cells. Pearson correlations range from 0.438
to 0.791, and Spearman correlations range from
0.532 to 0.798, with means of 0.624 and 0.659,
respectively. Thus, instances with stronger answer
preservation under A-side disruption also tend to
permit earlier recovery under the B-side test. The
two signatures are therefore systematically related
rather than behaving as unrelated measurements.

At the same time, the correspondence is far from

one-to-one. Even the strongest rank correlation is
0.798, and NMI ranges from 0.110 to 0.311 with
a mean of 0.197. Hence, knowing an instance’s re-
sponse on one axis does not determine its response
on the other. The empirical pattern is therefore con-
sistent with the intended dual-axis construction:
the two components share a common behavioral
tendency while retaining axis-specific variation.

B.4.2 The degree of coupling varies across
model families

The strength of the cross-axis relationship is itself
structured across model families. Table 13 averages
the cell-level statistics above within each training
family.

R1-Distill models exhibit the strongest relation-
ship between the two axes, with mean Spearman
p = 0.765 and mean NMI = 0.280. The corre-
sponding associations are more moderate for Math-
tuned (p = 0.607, NMI = 0.156) and Plain mod-
els (p = 0.604, NMI = 0.155). The distinction
is therefore not whether the two axes are related—
they are positively associated in every model-task
cell—but how tightly their instance-level responses
are coupled. This coupling varies across model
families.

Taken together, these results motivate treating a
and ¢ as complementary rather than interchange-
able components. Both track a common shortcut-
consistent behavioral tendency, but neither sub-
sumes the other at the instance level. The next sec-
tion therefore considers how to combine the two
components into a single score while preserving
the requirement that both signatures be present.

B.5 Combining the Two Axes

Appendix B.4 shows that the two CORD compo-
nents are systematically related but not interchange-
able at the instance level. A scalar shortcut score
should therefore retain information from both axes
while reflecting the conjunctive structure of the
shortcut definition. For compactness, let

v = qp(x).

CORD combines them using the harmonic mean,

u=aa),

2uv

CORD(z) = H(u,v) =
0, u=v=
B.5.1 Conjunctive aggregation via the
harmonic mean

The scalar aggregation should preserve the inter-
pretation of the two components. A larger u indi-
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Model Task n Pearsonr Spearman p NMI
RID-Owen GSMSK 1,319 0.786 0.768 0.254
MATH-500 500 0.788 0.776 0.299

RID-Llama GSMSK 1,319 0.791 0.798 0.255
MATH-500 500 0.726 0.716 0.311

Qwen-Math GSMSK 1,319 0.438 0.532 0.119
en-Ma MATH-500 500 0.662 0.669 0.209
GSMSK 1,319 0.442 0.574 0.111

DeepSeck-Math 1 iy 500+ 500 0.582 0.654 0.183
Qwen-7B GSMSK 1,319 0.460 0.559 0.110
MATH-500 500 0.721 0.720 0.216

Llamasi GSMSK 1,319 0.536 0.589 0.119
: MATH-500 500 0.550 0.549 0.175
Mean across 12 cells - 0.624 0.659 0.197

Table 12: Instance-level relationship between the two CORD components, @ and g3, across six models and two
tasks. All twelve model-task cells exhibit positive linear and rank associations. NMI measures complementary
statistical dependence; larger values indicate greater dependence but should not be interpreted as a literal fraction of

shared information.

Model family Meanr Meanp  Mean NMI
R1-Distill 0.773 0.765 0.280
Math-tuned 0.531 0.607 0.156
Plain 0.567 0.604 0.155

Table 13: Cross-axis association averaged within model
families over GSM8K and MATH-500. R1-Distill mod-
els show stronger coupling between the two CORD
components, while Math-tuned and Plain models ex-
hibit more moderate association.

cates greater answer preservation under rationale
disruption, and a larger v indicates earlier answer
recovery from the rationale prefix alone. We require
the combined score to satisfy four corresponding
properties, summarized in Table 14.

Al and A2 ensure that strengthening either
shortcut-consistent signature cannot lower the re-
sulting score. A4 fixes the opposite endpoint:
CORD = 1 when both signatures are maximal.
The central property is A3. The shortcut signature
requires evidence from both disruption axes, so a
strong response on only one axis should not by it-
self produce a positive joint score. The harmonic
mean implements this requirement directly:

H(u,0) = H(0,v) =0.

For comparison, an arithmetic mean would give
AM(1,0) = 0.5, assigning a substantial score
when one of the two required signatures is entirely
absent.

The harmonic mean also preserves the scale of
the two components when they agree:

H(t,t)=t, tel0,1].

Thus, equal evidence on the two axes remains on
the same [0, 1] scale, while imbalance between
them lowers the combined score. CORD therefore
acts as a continuous conjunction: high values re-
quire both frequent answer preservation under A-
side disruption and early recovery under the B-side
test.

B.5.2 Cross-task rank preservation

As an empirical robustness check, we ask whether
different dual-axis summaries induce a consistent
ordering of the six models across GSM8K and
MATH-500. The comparison is performed in three
steps: we first construct each metric at the instance
level, average it within each model-task cell, and
then compute Kendall’s 7 between the resulting
six-model rankings on the two tasks.

Position-based summaries. For the A-axis, we
define a rank-specific saturation position as the first
intervention position at which the binary answer-
preservation indicator becomes zero:

p;‘,r(‘r) = min {p €Pa: a(p,r;x) = 0}7
with p% () = 100 if no such position exists. The
instance-level A-side position summary averages
this cutoff over the five inverse-decoding ranks,

* 1 *
reR

We orient it so that larger values indicate the
shortcut-consistent direction:

v\ Pal®)
h(r) = TO() .
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Property Requirement Harmonic-mean verification
H 202

Al: Monotonicity in A Vv € (0,1], u = H 1 %—u = (uJ:]v)Q >0
H 2u?

A2: Monotonicity in B Vu € (0,1], v 1= H 7 687 = ﬁ >0

A3: Zero boundary u=0Vv=0= H =0 numerator 2uv =0

A4: Upper boundary uv=1Av=1=H=1 H(1,1)=1

Table 14: Properties required of the scalar combination of the two CORD components. A1-A2 preserve the
direction of each shortcut-consistent signal; A3 implements the dual-axis conjunction by assigning zero when either
component is absent; and A4 fixes the upper endpoint when both components are maximal.

For the B-axis, the recovery position is

pp(x) =min{p € Pg: b(p;z) = 1},

again setting p7;(x) = 100 when the cutoff is never
reached. Its oriented score is

j =1- .

Compared metrics. Using these quantities, we
construct three instance-level scores:

ah
53(93) =qp
CORD(z) = H(a(z), g5(z)),

where H denotes the harmonic mean. Thus, S4 and
Sp use a single position-based axis, and CORD
replaces the A-side position summary with the full-
grid answer-preservation component @ established
in Appendix B.3.1.

For each metric s, we first average the instance-
level scores within each model-task cell,

m,t ‘Dt| Z Sm

€Dy

Il
ol

and rank the six models by 5,,; separately
on GSM8K and MATH-500. Table 15 reports
Kendall’s 7 between these two six-model rankings.

All three constructions yield positively associ-
ated model rankings across the two tasks. The
position-only summaries give 7 = +0.600 for
S 4 and 40.733 for Sp. The final CORD construc-
tion shows the strongest cross-task agreement, with
T = +0.867.

Because the comparison contains only six mod-
els, these rank correlations are best viewed as a ro-
bustness check rather than a separate statistical val-
idation criterion. Together with the analytic prop-
erties above, they support the final construction
CORD = H(a, qp)-

Metric Cross-task Kendall 7
S 4-only +0.600
Sp-only +0.733
CORD +0.867

Table 15: Cross-task preservation of the six-model rank-
ing between GSM8K and MATH-500. Each metric is
constructed per instance and then averaged within each
model-task cell before ranking the six models. S4 and
Sp use the A- and B-side position summaries, respec-
tively; and CORD combines the full-grid A-component
a with the B-side recovery component ¢5. Higher
Kendall 7 indicates stronger preservation of the model
ordering across the two tasks.

B.6 Relation to Early Answering

Early Answering (EA), introduced by Lanham
et al. (2023), provides a natural external compari-
son for CORD because it also measures how early
the baseline answer can be recovered from a ratio-
nale prefix. For an instance z, let bga (p; ) indicate
whether the baseline answer is reproduced when
the model receives the original input X together
with the prefix M[0:p]. We summarize the resulting
recovery curve as

1
EEA(x):/ bea (100u; x) du,
0

with the integral evaluated over the measured pre-
fix grid. Larger values indicate earlier and more
persistent answer recovery.

EA and CORD are expected to be related be-
cause both are sensitive to early recoverability of
the baseline answer. Their information conditions,
however, differ in an important respect: EA keeps
X available throughout the test, whereas CORD’s
B-axis masks X and measures whether the visi-
ble rationale prefix alone supports recovery. We
examine this relationship through both instance-
level agreement and the underlying EA recovery
profiles.
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B.6.1 Cross-method convergence at the
instance level

We first measure the instance-level Spearman cor-

relation between CORD and the EA score within

each of the six models and two tasks. Table 16

reports the resulting twelve correlations.

Model GSM8K  MATH-500
R1D-Qwen 0.724 0.760
R1D-Llama 0.859 0.856
Qwen-Math 0.737 0.830
Qwen-7B 0.753 0.825
DeepSeek-Math 0.694 0.717
Llama-3.1 0.712 0.592
Mean 0.755

Table 16: Instance-level Spearman correlation between
CORD and Early Answering. The two measurements
are positively associated in every model-task cell (p =
0.592-0.859; mean 0.755).

CORD and EA are positively associated in every
model—task cell, with Spearman p ranging from
0.592 to 0.859 and a mean of 0.755. Thus, in-
stances receiving higher CORD scores also tend
to permit earlier answer recovery under EA. The
association remains substantial across both tasks
and all six models, indicating that the two diag-
nostics capture a shared instance-level behavioral
tendency.

The correspondence is nevertheless incomplete
in every cell. This is consistent with their different
information conditions: EA retains X while vary-
ing the visible rationale prefix, whereas CORD’s
B-axis removes direct access to X. The positive
but imperfect correlations therefore establish cross-
method convergence without making the two mea-
surements interchangeable.

B.6.2 Early-Answering recovery profiles

The recovery trajectories make this relationship
more concrete. Table 17 reports the fraction of
instances for which EA reproduces the baseline
answer at selected rationale-prefix positions.

The trajectories show a clear difference in how
early the model families recover their baseline an-
swers. On GSMSK, the two R1-Distill models al-
ready reach recovery rates of 0.911 and 0.848 at
p = 50, whereas the four non-distilled models
range from 0.140 to 0.389. The same pattern ap-
pears on MATH-500: at p = 50, R1D-Qwen and
R1D-Llama reach 0.714 and 0.680, compared with
0.233-0.412 for the remaining models. By p = 75,
the R1-Distill recovery rates reach at least 0.83 on

both tasks, whereas the other models recover more
gradually.

The p = 0 column also exposes the key
information-condition difference between EA and
CORD’s B-axis. With no rationale prefix visible,
EA still recovers the baseline answer on 8.8-30.1%
of GSMSK instances and 15.1-32.4% of MATH-
500 instances. At p = 0, the only task-specific
information available to EA is the original input
X; the visible rationale contributes nothing. These
nonzero recovery rates therefore show that EA can
succeed through direct access to X, independently
of information supplied by the rationale prefix.

This observation explains why EA is an informa-
tive comparison but not a substitute for CORD’s
sufficiency-side test. EA asks how early the an-
swer can be recovered when X remains available,
whereas CORD masks X to ask whether the ratio-
nale prefix itself is sufficient to support the answer.
The two diagnostics consequently exhibit substan-
tial empirical convergence while imposing different
information requirements.

Taken together, the two experiments provide
complementary evidence. The consistently posi-
tive CORD-EA correlations establish convergence
at the instance level, while the recovery trajectories
show both the shared early-recovery pattern and
the role of direct access to X in EA. Early Answer-
ing therefore serves as an external behavioral com-
parison for CORD, whereas the X -masked B-axis
isolates the distinct sufficiency condition required
by the dual-disruption framework.

B.7 Experimental Setup Details

Environment. All measurements were run
on VLLM 0.19.0 (Kwon et al.,, 2023), with
transformers 4.57.6 (PyTorch 2.10.0) for tok-
enization, model loading, and the attention-masked
forward passes, under Python 3.12. Each measure-
ment cell (one model x one dataset) was run on
a single A6000 (48 GB), with all six models in
bfloat16. The two R1-Distill models are given
a 24,576-token context and a 16,384-token gen-
eration budget so that a long CoT is never trun-
cated; the other four use 2,048 tokens on GSM8K
and 4,096 on MATH-500. All CORD generations
used greedy decoding (temperature = 0): the base-
line answer yo (), the disrupted answer y 4 (p, r; ),
and the X -mask answer ypz(p; x) are reproduced
rather than sampled, so instance-level comparisons
carry no sampling noise.
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GSMBK MATH-500
Model p=0 p=25 p=50 p=75 p=100 p=0 p=50 p=75 p=100
R1D-Qwen 0.237 0.401 0911 0980 0.998 0.256 0.714 0.846  0.988
R1D-Llama 0.088 0.309 0.848 0.983 0.999 0.151 0.680 0.830 0.992
Qwen-Math 0.301 0.309 0.389 0.709 1.000 0.324 0.412 0.574 0.988
Qwen-7B 0.236 0.243 0306 0.731 1.000 0.268 0.359 0.544 0.994
DeepSeek-Math  0.186 0.179 0.258 0.542  1.000 0.205 0.233 0.394 0.996
Llama-3.1 0.139 0.112 0.140 0.602 1.000 0.168 0.287 0.437 0.996

Table 17: Early Answering recovery rates under the X -keep condition at selected rationale-prefix positions. Each
entry is the fraction of instances for which the model reproduces its baseline answer from the original input X and

the visible prefix M [0:p].

Inference budget. CORD costs 127 model-
generation calls per instance: 105 A-side disruption
calls (|P| x |R| = 21 x 5 = 105), 21 B-side disrup-
tion calls (|P| = 21), and one baseline generation.

Use of AI Assistance We used a generative Al
tool for language polishing and writing assistance.
All technical content and research conclusions were
developed and verified by the authors.

C Robustness of CORD and the Main
Findings

This appendix stress-tests the main findings of Sec-
tion 4.2 and examines the robustness of CORD.
Appendices C.1 and C.2 test whether Finding 1
can be explained by baseline CoT length or R1-
Distill’s tendency to state answers early, while
Appendix C.3 reports the complete set of 30
paired Wilcoxon contrasts underlying Finding 2.
Appendix C.4 examines CORD under meaning-
preserving paraphrasing and progressive rationale
compression. Method-specific analyses of disrup-
tion design, component construction, aggregation,
and Early Answering are provided in Appendix B.

C.1 Length-stratified robustness check

A natural concern about the paradigm-level CORD
gap reported in Section 4 is that R1-Distill mod-
els produce substantially longer chains-of-thought
than their non-distilled counterparts. One possible
explanation is therefore that the observed gap re-
flects instance-level reasoning demand rather than
a training-paradigm difference: problems that elicit
longer reasoning traces may also systematically
induce larger CORD differences, producing an ap-
parent paradigm-level separation.

Why stratification rather than forced length
matching. Directly forcing all models to gener-
ate CoTs of the same length would not provide a

clean control for this concern. CoT length is itself
an outcome of the model’s generation policy, so
constraining it would intervene on the reasoning
behavior being measured rather than merely con-
trol an observed covariate. Truncating longer traces
or forcing shorter traces to continue would likewise
alter the native generation trajectory. We therefore
retain each model’s naturally generated baseline
CoT and address the length concern through paired
stratification.

Setup. We use two within-base-family con-
trasts: R1D-Llama versus Llama-3.1-8B-Instruct,
and R1D-Qwen versus Qwen2.5-Math-7B-Instruct.
In the Llama family, both models are derived
from Llama-3.1-8B-Base; in the Qwen family,
both are derived from Qwen2.5-Math-7B-Base.
The contrasts therefore compare R1-distilled and
instruction-tuned descendants of the same base-
model family, providing a natural setting for testing
whether the paradigm-level CORD gap survives
length stratification.

For each instance i, let /1P and ¢2°" denote the
baseline CoT token counts of the two models in a
contrast. We define the pair-mean baseline length as
Z Z’ILKID _,'_Z?on

2

P = . Instances are divided into quartiles
according to /;, and the paired CORD difference
is recomputed separately within each quartile. The
pair-mean stratifier preserves pairing: both models
are evaluated on exactly the same instances within
each stratum, so the within-quartile Wilcoxon com-
parison remains well-defined. At the same time,
stratification reduces variation in the amount of rea-
soning elicited by the instance across the model
pair.

The test targets a specific alternative explanation.
If the overall R1-Distill CORD gap were mainly
produced by a different mixture of short- and long-
reasoning instances, the gap should substantially
attenuate or disappear when comparisons are re-
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stricted to instances with comparable pair-mean
baseline CoT lengths.

Results. The length-stratified analysis pro-
vides strong evidence against a simple length-
composition explanation of the paradigm-level
CORD gap. Across the two datasets and two
base-family-aligned contrasts, R1-Distill has
higher mean CORD in all 16 quartile cells, and
15 of the 16 differences remain significant at
p < 10~ (Table 2). Thus, the aggregate separation
does not collapse when the comparison is repeated
within substantially narrower regimes of naturally
generated pair-mean CoT length.

On GSMB8K, R1D-Llama remains above Llama-
3.1 in every quartile: +0.296, 40.323, +0.379,
40.449, with all four comparisons satisfying p <
10751, The gap increases monotonically with
length quartile rather than attenuating among in-
stances that elicit longer reasoning. Thus, for this
contrast, the aggregate separation cannot be ex-
plained simply by a different mixture of short- and
long-reasoning instances.

R1D-Qwen versus Qwen2.5-Math shows the
same robust separation on GSM8K, with quartile
differences of +0.271, +0.288, +0.310, +0.230,
and all four comparisons satisfying p < 1072,
Although the effect is somewhat smaller in Q4,
a substantial positive gap remains across the full
range of pair-mean reasoning lengths.

On MATH-500, R1D-Llama likewise exceeds
Llama-3.1 in every quartile: +0.298, +0.349,
+0.351, +0.269, with all four comparisons satisfy-
ing p < 10~7. The paradigm-level separation there-
fore persists across both short- and long-reasoning
strata for the Llama family on both datasets.

For R1D-Qwen versus Qwen2.5-Math on
MATH-500, the first three quartiles, with differ-
ences of +0.127, +0.216, and +0.226, also retain
clear positive differences, with all three satisfy-
ing p < 107, In the longest quartile, however,
the contrast attenuates to A = +0.021, p = 0.32.
This single null cell indicates that the R1-Distill
effect is not invariant to reasoning length: for R1D-
Qwen and Qwen2.5-Math, the separation can van-
ish in the extreme long-trace regime of MATH-500.
Importantly, however, this is the only attenuation
among the 16 stratified comparisons; the other 15
preserve both the direction of the headline effect
and strong statistical support.

The stratification itself spans a broad range of
naturally occurring CoT lengths (Table 18). The

ratio between the Q4 and Q1 upper bounds ranges
from 11.0x to 17.3x across the four task—contrast
combinations. The persistence of the CORD gap
across these widely separated length regimes there-
fore argues against the possibility that the main
paradigm-level result is merely an artifact of con-
centrating one model family in longer-reasoning
instances.

Conclusion. The paradigm-level CORD separa-
tion is robust to stratification over a broad range of
naturally generated pair-mean CoT lengths. R1-
Distill has higher mean CORD in all 16 quar-
tile cells, with 15 of 16 differences significant at
p < 1075, even though the strata span 11.0x—
17.3x from the shortest to longest quartile bounds.
These results provide strong evidence that the main
separation in Section 4.2 is not merely an artifact
of instance-level reasoning demand as reflected in
baseline CoT length. The single attenuation for
R1D-Qwen versus Qwen2.5-Math in the longest
MATH-500 quartile further shows that length can
modulate the magnitude of the effect in an extreme
long-trace regime, without accounting for the over-
all paradigm-level pattern.

C.2 Stress-testing the early-answer behavior
of R1-Distill models

R1-Distill models exhibit a distinctive generation
behavior: they tend to state the answer relatively
early and continue the CoT afterward. Table 19
makes this pattern explicit. On GSMS8K, the com-
plete answer appears somewhere in the CoT for
nearly all models, but its median first-occurrence
position is only 0.39-0.40 for R1-Distill, compared
with 0.91 for the non-distilled models. The same
pattern holds on MATH-500, where the correspond-
ing medians are 0.30 versus 0.87-0.88. Thus, what
distinguishes R1-Distill is not simply whether the
answer appears in the rationale, but how early it is
stated.

This behavior is itself a meaningful model char-
acteristic. An R1-Distill model may form and state
its answer early and then continue with verification,
explanation, or elaboration. At the same time, it
raises a strong alternative explanation for the high
CORD scores in Finding 1 in Section 4.2. Because
the B-axis searches for the earliest prefix that re-
covers the baseline answer, stating the answer early
could reduce p}; and thereby increase CORD. The
question is therefore whether the paradigm-level
separation is driven primarily by this R1-Distill-
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Task Contrast Ql Q2 Q3 Q4 Q4/Ql1
GSMSK R1D-Llama vs. Llama-3.1 533 668 911 9,216 17.3x
GSMSK R1D-Qwen vs. Qwen-Math 581 707 901 9,216 15.9x
MATH-500 RI1D-Llama vs. Llama-3.1 895 1,434 3,799 10,240 11.4x
MATH-500 RI1D-Qwen vs. Qwen-Math 924 1,387 2,701 10,160 11.0x

Table 18: Pair-mean baseline-CoT-length quartile upper bounds, in tokens. The Q4 upper bound is 11.0x-17.3x
the Q1 upper bound across the four task—contrast combinations, showing that the stratification covers substantially

different reasoning-length regimes.

Model Task Answer in CoT (%)  First-answer position

Mean Median
RID-Llama GSMSK 98.9 0.37 0.39
R1D-Llama MATH-500 79.8 0.31 0.30
RID-Qwen  GSMSK 98.6 0.38 0.40
R1D-Qwen  MATH-500 772 0.30 0.30
Llama-3.1 GSM8K 96.7 0.83 0.91
Llama-3.1 MATH-500 71.4 0.68 0.88
Qwen-Math  GSMSK 98.7 0.84 0.91
Qwen-Math MATH-500 83.0 0.66 0.87

Table 19: Early answer appearance in generated CoTs. “Answer in CoT” is the fraction of instances in which the
complete baseline-answer string appears in the rationale. First-answer position is its normalized first-occurrence
position among such instances, where 0 and 1 denote the beginning and end of the CoT, respectively.

specific behavior.

A conservative stress test. We test this explana-
tion under an intentionally unfavorable treatment
of R1-Distill’s early-answer behavior. Let py;; de-
note the first grid position at which the complete
baseline-answer string becomes visible in the CoT
prefix, and let p%; denote the original B-axis satura-
tion position.

If piiy > pJ;, recovery already occurs before the
answer literal appears, so early answer availabil-
ity cannot explain the saturation. Likewise, if the
answer is visible by pj; but b(pyt) = 0, its pres-
ence is not sufficient to explain the later recovery.
We therefore identify answer-aligned recovery only
when

and b(piit) = 1,

i.e., recovery is already successful at the first posi-
tion where the complete answer becomes available.

For every such instance, we deliberately remove
the entire B-side advantage by assigning the mini-
mum possible B-component:

it < PR

100, pis < pp A b(pie) = 1,

*

va

* _
pB,stress - .
otherwise.

This is a particularly stringent stress test because
we do not attempt to distinguish literal reuse from

genuine early answer formation. Even if the model
genuinely reaches its conclusion early, writes the
answer, and then continues reasoning, we remove
that B-side signal entirely. The test therefore asks
whether the R1-Distill separation survives after
deliberately excluding the behavioral component
most favorable to producing early B-axis recovery.

Results. As shown in Table 20, this treatment
reduces the magnitude of the R1-Distill advantage,
indicating that early-answer behavior accounts for
part of the raw separation. Crucially, however, it
does not remove the paradigm-level effect. All four
R1-Distill contrasts remain positive and statistically
significant after the stress test, with differences
ranging from +0.043 to +0.176.

The reduction is substantial in some compar-
isons, which is consistent with the pronounced
early-answer behavior observed in Table 19. R1-
Distill models state the complete answer much
earlier in their CoTs: their median first-answer
positions are 0.39-0.40 on GSM8K and 0.30 on
MATH-500, compared with 0.91 and 0.87-0.88, re-
spectively, for the base-family-aligned non-distilled
models. This early placement can naturally favor
smaller p}; and hence contribute to higher CORD.

The stress test deliberately removes this source
of B-side advantage whenever recovery is already
successful at the first availability of the complete
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Task Contrast Original A Stress-test A Gap retained
GSMSK R1D-Llama vs. Llama-3.1 +0.361  +0.099 (p = 2 x 10729) 27.4%
GSMSK R1D-Qwen vs. Qwen-Math +0.275 +0.176 (p = 2 x 1077°) 64.0%
MATH-500 RI1D-Llama vs. Llama-3.1 +0.317  +0.130 (p = 4 x 1071?) 41.0%
MATH-500 R1D-Qwen vs. Qwen-Math +0.148  +0.043 (p =2 x 1073) 29.1%

Table 20: Stress test of the RI1-Distill early-answer behavior. A denotes mean CORDgip minus mean
CORDy,on-distilled- For every instance in which recovery is already successful when the complete answer first
becomes visible, we assign the minimum possible B-side score, regardless of whether the behavior reflects literal
reuse or genuine early answer formation. Although the R1-Distill advantage decreases, all four contrasts remain pos-
itive and statistically significant. “Gap retained” reports the stress-test difference relative to the original difference.

answer. As Table 20 shows, the resulting gaps be-
come smaller, substantially in some comparisons,
but the paradigm-level separation remains: all four
base-family-aligned contrasts are still positive and
statistically significant, with stress-test differences
ranging from +0.043 to +-0.176. Thus, the higher
CORD of R1-Distill models cannot be explained
solely by their tendency to state answers earlier.

Accordingly, we retain the original CORD as the
primary measure. Stating an answer early and con-
tinuing with verification or elaboration can itself be
a genuine characteristic of the model’s reasoning
behavior and is compatible with the functional-
redundancy spectrum targeted by CORD. The
stress-test score intentionally removes this behavior
together with any possible advantage from literal
answer availability. It should therefore be inter-
preted not as a corrected version of CORD, but as
a deliberately stringent robustness test: even after
excluding the R1-Distill behavior most favorable
to early B-axis recovery, the paradigm-level sepa-
ration persists.

C.3 Full paired Wilcoxon analysis

To characterize the model-level separation more
completely, we report all pairwise CORD compar-
isons across the six models and the two datasets
in Table 21. With six models, each dataset yields

(S) = 15 model pairs.

Paired test. All comparisons are performed at
the instance level. For each model pair (m1,m2)
and an instance x;, we compute

di = CORDm1 (:L'Z) — CORDm2 (.%'Z)

and apply a two-sided Wilcoxon signed-rank test.
We use a paired non-parametric test because the
instance-level CORD distributions need not be nor-
mally distributed and contain substantial mass near
zero.

For each comparison, we report

Amean = mean; d;, Amedian = median; di7

where positive values indicate higher CORD for the
first model. Because each dataset contains 15 pair-
wise comparisons, we apply Bonferroni correction
separately within each dataset:

0.05
OBonf = 5 ~ 0.00333.

Results. The clearest pattern is the consistency
of the R1-Distill separation. Every R1-Distill ver-
sus non-distilled comparison is positive on both
datasets. On GSMSK, the eight contrasts range
from Apean = +0.258 to +0.381; on MATH-
500, they range from +0.148 to +0.327. All 16
R1-Distill versus non-distilled comparisons remain
significant after Bonferroni correction within each
dataset.

By comparison, the difference between the two
R1-Distill models is much smaller. R1D-Qwen ex-
ceeds R1D-Llama by only +0.016 on GSM8K,
and the ordering reverses on MATH-500 (—0.020).
The GSMS8K difference is statistically detectable
given the large paired sample (p = 8.2 x 10~11),
but its magnitude is small relative to the R1-Distill
versus non-distilled gaps. On MATH-500, the two
R1-Distill models are statistically indistinguishable
(Apedian = +0.001, p = 0.92).

The non-distilled models exhibit additional
model-specific variation, but this pattern is less uni-
form. For example, Qwen-Math exceeds Qwen-7B
by only +0.037 on GSM8K and +0.020 on MATH-
500, whereas some other non-distilled contrasts are
larger. DeepSeek-Math and Llama-3.1 are nearly
indistinguishable in mean CORD on both datasets
(—0.004 on GSM8K and —0.011 on MATH-500),
and neither comparison survives the Bonferroni
threshold.

Taken together, the full paired analysis reveals a
highly consistent R1-Distill signature. Across both
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Task

Contrast n Amean Amedian w p
R1D-Qwen vs. RID-Llama 1319  +0.016  +0.039 340371 8.2 x 10~ !¢
R1D-Qwen vs. Qwen-Math 1319 +0.275 40312 40496 4.8 x 1071794
RID-Qwen vs. Qwen-7B 1319 +0311  +0.333 20940 5.1 x 107197¢
RID-Qwen vs. DeepSeek-Math 1319 +0.381  +0.400 8227 5.4 x 107209%
R1D-Qwen vs. Llama-3.1 1319 +0.378 +0.392 6580 1.4 x 1072104
R1D-Llama vs. Qwen-Math 1319  +0.258  +0.282 52367 2.3 x 1071684
GSMSK R1D-Llama vs. Qwen-7B 1319  +0.295 +0.303 21541 2.8 x 1071964
R1D-Llama vs. DeepSeek-Math 1319 +0.365  +0.381 9789 1.2 x 107207%
R1D-Llama vs. Llama-3.1 1319 +0.361 +0.362 6387 6.0 x 1072114
Qwen-Math vs. Qwen-7B 1319  +0.037 +0.017 340772 1.4 x 107%
Qwen-Math vs. DeepSeek-Math 1319 +0.107 +0.079 185298 1.1 x 1077
Qwen-Math vs. Llama-3.1 1319 +0.103 +0.074 192330 4.2 x 10767¢
Qwen-7B vs. DeepSeek-Math 1319  +0.070  +0.066 230988 3.8 x 10747*
Qwen-7B vs. Llama-3.1 1319  +0.066  +0.050 237904 8.0 x 1074
DeepSeek-Math vs. Llama-3.1 1319 -0.004 -0.013 395285 1.5 x 1072
RID-Qwen vs. R1D-Llama 500 -0.020  +0.001 57414 9.2x 107t
RID-Qwen vs. Qwen-Math 500 +0.148  +0.148 28602 1.5 x 10722
R1D-Qwen vs. Qwen-7B 500 +0.168 +0.195 25772 4.2 x107%"¢
R1D-Qwen vs. DeepSeek-Math 500 +0.307  +0.323 10744 6.5 x 107°%%
R1D-Qwen vs. Llama-3.1 500 +0.296  +0.350 14344 4.2 x 107484
R1D-Llama vs. Qwen-Math 500 +0.168 +0.171 27727 8.6 x 10724
MATH.500 R!D-Llama vs. Qwen-7B 500 +0.188  +0.197 23526 4.5 x 1073
R1D-Llama vs. DeepSeek-Math 500  +0.327 +0.368 9522 7.9 x 107%%¢
p
R1D-Llama vs. Llama-3.1 500 +0.317 +0.372 12245 2.0 x 107°%
Qwen-Math vs. Qwen-7B 500  +0.020  +0.005 44822 1.8 x 1072
Qwen-Math vs. DeepSeek-Math 500 +0.159 +0.093 25937 4.8 x 107234
Qwen-Math vs. Llama-3.1 500 +0.149  +0.095 28693 2.4 x 1071%
Qwen-7B vs. DeepSeek-Math 500 +0.139  +0.085 27022 7.6 x 1072*
Qwen-7B vs. Llama-3.1 500 +0.129  +0.084 31003 3.7 x 107'7*
DeepSeek-Math vs. Llama-3.1 500 -0.011 +0.000 50060 6.3x 107!

Table 21: Full paired Wilcoxon signed-rank comparisons of CORD across all six models. A ean and Apedian
denote paired instance-level differences, with positive values indicating higher CORD for the first model. Bonferroni
correction is applied separately within each dataset over its 15 pairwise comparisons (agons = 0.05/15 2 0.00333);
¥ denotes comparisons that remain significant after correction. All 16 R1-Distill versus non-distilled contrasts are

positive and satisfy the corrected threshold.

GSMS8K and MATH-500, both R1-Distill models
have higher CORD than every non-distilled com-
parator, and all 16 pairwise contrasts remain sig-
nificant after within-dataset Bonferroni correction.
This consistency across model identity, backbone,
and task supports the paradigm-level interpretation
of CORD.

C.4 Robustness to Paraphrasing and
Compression

We further examine whether CORD is sensitive
to changes in the surface realization of a ratio-
nale. We compare two transformations of the base-
line rationale M : paraphrasing, which rewrites the
solution while preserving its content and answer,
and compression, which produces progressively
shorter versions of the same solution. The com-
parison asks whether CORD remains stable un-
der meaning-preserving re-expression and how its

response changes as the rationale is increasingly
compressed.

Setup. We evaluate two representative R1-Distill
settings: R1D-Qwen on GSMS8K and R1D-Llama
on MATH-500. For each setting, we divide in-
stances into low-, mid-, and high-CORD strata ac-
cording to their baseline CORD scores. Because
rationale length may differ across these strata, we
restrict the candidate instances to a shared baseline-
length range before sampling 20 instances from
each stratum, yielding 60 instances per setting.

Our primary analysis uses the overlap of the
20th—80th percentile rationale-length ranges across
the three strata (¢20), which provides a tighter
length-matched comparison. We additionally re-
peat the experiment using the broader overlap
between the minimum and maximum rationale
lengths (full). For every selected baseline ratio-

47814



nale, we generate three paraphrases and three com-
pressed variants targeting 75%, 50%, and 25% of
the original length. All retained variants preserve
the baseline answer and satisfy the corresponding
transformation constraints.

Paraphrasing largely preserves CORD. CORD
changes little when the same rationale is para-
phrased. Across the four settings, the median ab-
solute change is only 0.015-0.019. The instance-
level ordering is also highly stable: Spearman
correlations between the original CORD and the
paraphrase-averaged CORD range from 0.963 to
0.987 (Table 22). Thus, the measurement is largely
preserved under the paraphrase transformations
considered here.

Compression systematically lowers CORD. In
contrast to paraphrasing, compression consistently
shifts CORD downward, with larger changes under
stronger compression. Under the primary q20 anal-
ysis, the median |ACORD)| increases from 0.028
to 0.036 to 0.058 on GSM8K and from 0.049 to
0.062 to 0.087 on MATH-500 as the target length
decreases from 75% to 50% to 25% of the orig-
inal rationale. The broader full-support analysis
shows the same directional pattern, with the largest
change again occurring under the strongest com-
pression.

At the 25% compression level, the CORD
change is 3.4x and 5.4x larger than the para-
phrase effect in the two q20 settings, respectively.
The same contrast holds under the full support,
where the corresponding ratios are 2.3x and 5.9x.
Thus, across both tasks and both support defini-
tions, CORD remains comparatively stable under
paraphrasing, whereas stronger compression pro-
duces progressively larger downward changes.

Taken together, the two transformations yield
a consistent contrast: CORD changes little un-
der paraphrasing, while compression lowers the
score and produces larger changes as compression
becomes stronger. These results reduce the con-
cern that CORD is uniformly sensitive to changes
in rationale wording or form. They do not, how-
ever, identify which specific properties of the com-
pressed rationales are responsible for the observed
decrease.

D Self-Refine Validation and Application

This appendix provides the detailed self-refine anal-
ysis used in Section 4.3. We use self-refine as an

external setting for validating CORD.

The validation has two steps. First, we examine
what actually drives self-refine. In particular, we
ask whether refinement depends on the previous
rationale M, previous answer g, critique C, and re-
finement instruction, as the critique-and-revise pro-
cedure suggests. We test this without using CORD.
Second, based on the behavior found in the first
step, we derive a simple prediction for CORD and
test it in Appendix D.2.

The first step gives two results. Changing or re-
moving the information supplied to refinement has
little effect on how often the answer changes, while
almost all refinement-induced answer changes oc-
cur on instances that are already unstable under
X-only resampling. Together, these results show
that self-refine in this setting behaves consistently
with X -only stochastic resampling. We then test
whether CORD recovers the corresponding predic-
tion, and examine its exploratory use for refinement
selection. In particular, we sweep the CORD thresh-
old to test whether higher CORD scores provide a
graded signal of when refinement can be skipped.
Finally, we summarize the cost of this use case and
clarify that the selector is most appropriate when
CORD has already been computed, rather than as
a cold-start online policy.

D.1 Self-Refine Behaves Consistently with
X-Only Resampling

Self-refine (Madaan et al., 2023) first generates a
critique of the original solution and then asks the
model to produce a revised solution. The refine-
ment stage therefore appears to use several pieces
of information: the original rationale M, the orig-
inal answer v, the critique C, and the refinement
instruction.

We ask whether these inputs actually determine
whether refinement changes the answer. We use
two tests. First, we modify or remove each refine-
ment input and measure how much the answer-
change rate changes. Second, we test whether re-
finement changes occur on the same instances that
are unstable when the model is sampled from X
alone.

D.1.1 Self-refine protocol and controlled
ablations

Self-refine consists of a critique stage and a refine-
ment stage. For each instance, we first generate the
critique using the original problem, rationale, and
answer:
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Support Task Para. P C75 C50 C25 (C25/Para.
q20 GSMSK 0.017 0.963 0.028] 0.036] 0.058] 3.4x
q20 MATH-500 0.016 0.987 0.049) 0.062] 0.087] 5.4x
full GSMSK 0.019 0.979 0.025] 0.039] 0.044] 2.3x%
full MATH-500 0.015 0.972 0.042] 0.053] 0.088] 5.9x%

Table 22: Robustness of CORD to paraphrasing and compression. Para. is the median instance-level |ACORD|
between the original rationale and the mean of its three paraphrases; p is the Spearman correlation between original
CORD and paraphrase-averaged CORD. C75, C50, and C25 report the median |[ACORD| under increasingly
strong compression, while | denotes a downward shift in CORD. C25/Para. gives the ratio between the strongest-
compression and paraphrase effects. The q20 rows use the 20th—80th percentile common length support; full uses

the broader min/max common support.

Below is a math problem and a proposed
solution.

Problem: {query}
Solution: {baseline_cot}
Answer: {y_0}

Review the solution step by step.
Identify any errors

in reasoning or calculation.
Critique:

Importantly, the critique is generated only once
for each instance and then cached. The same cri-
tique is used in every refinement ablation. We do
not regenerate the critique after changing the refine-
ment prompt. This ensures that differences across
ablations come only from the refinement inputs be-
ing tested, rather than from differences in newly
generated critiques.

The real refinement condition uses the following
prompt:

Based on the critique below, provide
a refined solution.

Problem: {query}

Original solution: {baseline_cot}
Original answer: {y_0}

Critique: {critique}

Refined solution. After your reasoning,
you MUST end with the final answer

in this exact format on a

separate line:

Final Answer: \boxed{ANSWER?}

where ANSWER is your final answer
(number, expression,
or multi-character text).

Refined solution:

We then change one part of this refinement
prompt at a time, as summarized below.

Condition Change from the real prompt

real
trigger anti

No change.

First line replaced with The solution
is likely correct; restate unless
certain.

First line replaced with The solution
has clear errors that must be

trigger strong

fixed.
M = Original solution: is replaced with
[omitted] [omitted].
Yo removed The Original answer: {y_0} line is re-
moved.
critique Critique: is replaced with [omitted].
= [omitted]

Table 23: Refinement-input ablations. All conditions
use the same cached critique for each instance. Only the
indicated part of the refinement prompt is changed.

We use three additional controls. First, the trig-
ger prompts are length-matched: their lengths are
restricted to 10—12 tokens around the 11-token real
trigger, and this is checked at execution time. This
prevents a trigger comparison from being driven
simply by prompt length. Second, when removing
M or C, we replace its value with [omitted] in-
stead of deleting the field, so that the overall prompt
structure remains unchanged. The yg ablation in-
tentionally removes the entire answer line. Third,
the real condition is checked to be byte-identical
to the original REFINE_PROMPT, ensuring that the
ablation experiment does not change the reference
condition.

All refinement generations use greedy decoding.
The same model-prompt condition is not indepen-
dently rerun across the analyses below. In particu-
lar, the same real-refinement outputs are reused in
the subsequent tables.
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Ablation n  Change rate A vs. real
real 464 0.3125 —
trigger anti 467 0.3062 —0.0063
trigger strong 466 0.3069 —0.0056
M = [omitted] 480 0.3229  4-0.0104
2o removed 464 0.3103  —0.0022
critique = [omitted] 475 0.3137  40.0012

Table 24: Input ablation of self-refine on Qwen2.5-Math-
7B x MATH-500. Change rate is the fraction of valid in-
stances for which Yiefine 7# Yo. A is the difference from
the real refinement condition. All ablations use the same
cached critique. Across the five ablations, the largest
absolute change is 0.0104 (1.04 percentage points). The
value of n differs because each ablation changes the
deterministic prompt and therefore changes the number
of instances that pass the length and answer-extraction
filters.

D.1.2 Changing the refinement inputs has
little effect

We first test how much each input affects whether
refinement changes the answer. Table 24 reports
the results for Qwen2.5-Math-7B x MATH-500.

Under the real prompt, refinement changes the
answer on 31.25% of valid instances. The rate
changes very little under any ablation. Telling the
model that the solution is likely correct changes the
rate by —0.63 percentage points, while telling it
that the solution clearly contains errors changes it
by —0.56 points. Removing the original answer
changes the rate by only —0.22 points, and re-
moving the critique changes it by +0.12 points.
Even replacing the entire original rationale with
[omitted] changes the rate by only +1.04 per-
centage points.

Table 24 does not prove that these inputs are
never used on any individual instance. Different
instances could change under different ablations
even when the overall rates are similar. The result is
narrower: changing the rationale, answer, critique,
or instruction has very little effect on the overall
rate at which self-refine changes its answer.

This raises the next question: if these refinement
inputs have little effect on the change rate, which
instances actually change?

D.1.3 Refinement changes are concentrated in
the X -only-unstable subset

We next ask whether the instances changed by self-
refine are the same instances that are already unsta-
ble when the model is sampled from X alone.

For each instance, we independently sample
K = 10 answers using only the original input X

(with no rationale, critique, or refinement context),
with temperature 0.7, top-p = 1.0, and a fixed seed
of 42. We define an instance as X-only unstable
(U = 1) if at least one valid resampled answer
differs from the baseline greedy answer yg, and sta-
ble (U = 0) otherwise; samples for which answer
extraction fails are excluded from this comparison.
Thus, U = 1 denotes X -only resampling instabil-
ity and R = 1 denotes that refinement changes the
original answer.

If refinement behaves primarily as another
stochastic inference from X, we expect a direc-
tional asymmetry: refinement should rarely change
the answer when the instance is stable under X-
only resampling, whereas instability under X may
not by itself be sufficient to produce a refinement
change.

Table 25 shows exactly this pattern. Across
all four MATH-500 cells, the probability of a
refinement-induced answer change on X-only-
stable instances is very small,

P(R=1|U=0)=0.0%-5.4%.
By contrast, among X -only-unstable instances,
P(R=1|U=1) = 32.0%-62.0%.

Correspondingly, 97.3-100.0% of all observed re-
finement changes occur inside the X -only-unstable
subset.

The asymmetry is important. X -only instabil-
ity is close to a necessary behavioral condition for
a refinement-induced answer change: when an in-
stance is stable under X -only resampling, refine-
ment almost never changes its answer. The reverse
does not hold. Only 32.0-62.0% of unstable in-
stances change under refinement, so X -only insta-
bility is not sufficient for a refinement change.

The base rates in Table 25 also matter for in-
terpreting the final column. For Qwen-Math and
Qwen-7B, only 50.4% and 60.0% of instances
are X -only unstable, making the concentration of
98.8-100.0% of refinement changes in this sub-
set strongly selective. DeepSeek-Math and Llama-
3.1 have much higher instability rates (89.7% and
82.3%), so P(U | R) is less informative by itself
in these cells. The informative comparison there is
the near absence of refinement changes among the
remaining stable instances: P(R | —-U) = 0.0%
and 5.4%, respectively.

Together, the two tests point to the same interpre-
tation from different directions. Changing the ratio-
nale, answer, critique, or refinement instruction has
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Model n P(U) P(R|U) P(R|-U) P(U|R)
Qwen-Math 464 504%  62.0% 00%  100.0%
Qwen-7B 497 60.0%  56.0% 1.0%  98.8%
DeepSeek-Math 439 89.7%  32.0% 00%  100.0%
Llama-3.1 417 823%  41.7% 54%  97.3%

Table 25: Relationship between refinement-induced answer changes and X -only resampling instability on MATH-
500. U = 1 denotes an instance that is unstable under X -only resampling, and R = 1 denotes an instance whose
answer changes under self-refine. P(U) gives the base rate of X -only instability. Refinement changes are rare when
U=0(P(R|-U) = 0.0-5.4%), while 32.0-62.0% of unstable instances change under refinement. Consequently,
97.3-100.0% of all refinement-induced changes occur inside the X -only-unstable subset (P(U | R)).

little effect on the overall answer-change rate (Ta-
ble 24), while the answer changes that do occur are
almost restricted to instances that are independently
unstable under X -only resampling (Table 25). We
therefore describe self-refine in this setting as be-
haviorally consistent with X -only stochastic resam-

pling.
D.2 CORD Recovers the X-Only Prediction

Appendix D.1 showed, without using CORD, that
self-refine behaves consistently with X -only resam-
pling. This gives a simple prediction. If refinement
leaves the answer unchanged, Yiefine = Yo, then
the original and refined rationales may differ, but
they still lead to the same X -driven answer. CORD
should therefore change very little between the two
rationales.

Table 26 tests this prediction. We report both
the full set and the answer-unchanged subset. The
latter is the direct test of the prediction.

On the full set, the refined measurements are
lower on average, because this set also contains in-
stances where refinement changes the answer itself.
Nevertheless, baseline and refined measurements
remain strongly correlated (p = 4-0.794—+0.822).

The direct test is the answer-unchanged subset.
Here, all four shifts are close to zero, and CORD
changes by only +0.0019. CORD therefore recov-
ers the near-zero shift predicted by the indepen-
dently established X -only behavior of self-refine.

D.3 Exploratory Refinement Selection

We next ask whether the magnitude of CORD pro-
vides useful information for deciding when refine-
ment can be skipped. We define a thresholded pol-

icy
CORD(X) >t = skip refinement,
and evaluate the fixed grid

7€{0,0.1,...,0.6}.

We report the full threshold grid in Table 27.

As 7 increases, fewer and higher-CORD in-
stances are selected for skipping. If CORD pro-
vides a graded signal of refinement stability, these
higher-CORD subsets should contain a larger frac-
tion of instances for which refinement would leave
the answer unchanged. To separate this effect from
the trivial benefit of changing the skip rate, we also
compare the resulting policy against random selec-
tors that skip exactly the same number of instances.

Table 27 shows two representative models,
Qwen-Math and Llama-3.1. Qwen-Math illustrates
the strong ceiling effect on GSM8K and the clear
graded pattern on MATH-500, while Llama-3.1
provides a GSMS8K cell with substantially more
room for enrichment. Qwen-Math and Llama-3.1
are shown as representative cases; the remaining
models show the same overall trend of stronger
non-change enrichment at higher CORD thresh-
olds.

The pattern is clearest on MATH-500. As
the threshold increases, the skipped set becomes
smaller but more concentrated on instances for
which refinement would not change the answer.
For Qwen-Math, for example, the enrichment over
the cell-wide non-change rate increases from +4.4
percentage points at 7 = 0 to more than 411 points
around 7 = 0.3-0.5. Llama-3.1 shows the same
overall pattern, with enrichment increasing from
+3.6 points at 7 = 0 to roughly +9-11 points over
much of the higher-threshold region.

The result is not specific to these two examples.
On MATH-500, all four non-distilled models show
positive non-change enrichment across the thresh-
old sweep. More importantly, the CORD selector
outperforms same-rate random selection in policy
accuracy at every reported threshold for all four
models. The largest gains occur at intermediate
thresholds: +0.0289 for Qwen-Math, and +0.0190
for Llama-3.1. These values are not used to select
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Measurement Baseline Refine A Spearman p
Full set (n = 464)

a (A-side) 0497 0.443 —0.0542 +0.794
M -mask (X visible) 0.500 0.457 —0.0428 +0.822
X /M-mask (B-side) 0.415 0384 —0.0303 +0.810
CORD 0.432 0391 —-0.0410 +0.814
Answer-unchanged subset (n = 319)

a (A-side) 0.555 0.549 —-0.0062 —
M -mask (X visible) 0.574 0.573 —0.0004 —
X/M-mask (B-side) 0473 0.483 +0.0099 —
CORD 0.492 0.494 +0.0019 —

Table 26: Baseline versus refined CoT on Qwen2.5-Math-7B x MATH-500. The answer-unchanged subset is the
direct validation condition. In this subset, all four measurements shift by less than 0.01 in absolute value, and CORD

changes by only 4+0.0019.

operating thresholds; the entire grid is reported to
avoid model-specific threshold tuning.

GSMBSK exhibits a weaker effect because refine-
ment already leaves the answer unchanged on 94.8—
98.6% of instances for three of the four models.
There is therefore little room for higher-CORD
subsets to improve further. Llama-3.1, whose base
non-change rate is lower at 84.0%, provides the
clearest exception: enrichment increases to +3.3
percentage points at 7 = 0.3, and the same-rate
random comparison is also positive at moderate
thresholds. At very high thresholds, however, the
skipped subset becomes small (e.g., ngkip = 48 at
7 = 0.6), making the tail less stable. We therefore
report ngip, explicitly and do not extend the sweep
beyond 7 = 0.6.

A threshold-free analysis gives the same over-
all conclusion. Using CORD to rank instances by
whether refinement leaves the answer unchanged
yields AUROC above chance in all eight model-
dataset cells: 0.569—0.703 on GSM8K and 0.637—
0.676 on MATH-500.

Overall, these results show that the magnitude of
CORD provides a graded signal of refinement sta-
bility: higher-CORD instances are generally more
likely to be cases in which refinement leaves the
answer unchanged. We treat this as an exploratory
behavioral result rather than a deployment claim;
the cost of computing CORD is discussed in the
next section.

D.4 Cost and Practical Scope

The selector analysis above assumes that CORD
scores are already available. In the Qwen-Math
x MATH-500 cell, full CORD requires about
127 model calls per instance, compared with two
calls for one self-refine round (critique and refine-

ment), giving a call-count ratio of roughly 63 x. Be-
cause CORD calls are much shorter, the generated-
token ratio is substantially smaller: about 16,933
tokens for CORD versus 1,101 for self-refine, or
approximately 15x. These ratios are not wall-clock
measurements, but they show that computing full
CORD solely to decide whether to run a single re-
finement round still carries substantial cold-start
overhead. We therefore treat the selector as an ex-
ploratory application for offline or re-evaluation
settings where CORD has already been computed,
rather than as a cost-effective online serving pol-

icy.
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Task Model T Skip (n) Non-change (Apase) Gain vs. random
0.0 99.8% (1310) 98.6% (+0.1p) 0.0000

0.1 96.8% (1271) 98.7% (+0.2p) +0.0007

0.2 86.2% (1132) 99.1% (+0.6p) +0.0005

Qwen-Math 0.3 64.2% (843) 99.2% (+0.6p) +0.0003

0.4 42.6% (559) 99.5% (+0.9p) +0.0006

0.5 29.9% (392) 99.5% (+0.9p) +0.0005

GSM8K 0.6 19.6% (257) 99.6% (+1.1p) +0.0003
0.0 98.2% (1295) 84.6% (+0.6p) +0.0009

0.1  94.0% (1240) 84.9% (4-0.9p) +0.0070

0.2  77.6% (1024) 85.5% (+1.5p) +0.0115

Llama-3.1 0.3 49.1% (647) 87.3% (+3.3p) +0.0082

0.4 23.8% (314) 86.0% (+2.0p) +0.0049

0.5 8.9% (118) 81.4% (—2.6p) +0.0038

0.6 3.6% (48) 70.8% (—13.2p) +0.0024

0.0 86.6% (402) 73.1% (+4.4p) +0.0187

0.1 75.2% (349) 75.4% (+6.6p) +0.0194

0.2 62.5% (290) 77.9% (+9.2p) +0.0229

Qwen-Math 0.3 53.9% (250) 80.0% (411.3p) +0.0289

0.4 45.5% (211) 80.6% (+11.8p) +0.0226

0.5 38.8% (180) 80.0% (+11.3p) +0.0191

MATH-500 0.6 34.5% (160) 78.8% (+10.0p) +0.0122
0.0 81.1% (338) 68.3% (+3.6p) +0.0054

0.1 68.8% (287) 73.5% (+8.8p) +0.0099

0.2 49.2% (205) 75.6% (4+10.9p) +0.0190

Llama-3.1 0.3 35.0% (146) 74.0% (+9.2p) +0.0080

0.4 26.1% (109) 75.2% (+10.5p) +0.0064

0.5 21.3% (89) 73.0% (+8.3p) +0.0086

0.6 16.3% (68) 76.5% (+11.7p) +0.0069

Table 27: Representative CORD threshold sweeps for refinement selection. Refinement is skipped when
CORD(X) > 7, using the fixed grid 7 € {0,0.1,...,0.6}; no best threshold is selected. Skip reports the skip rate
and the number of skipped instances. Non-change is the fraction of skipped instances for which Yiefinea = Yo,
with its percentage-point difference from the cell-wide non-change rate in parentheses. Gain vs. random is the
policy-accuracy difference from the mean of 100 random selectors with the same skip count. Qwen-Math and
Llama-3.1 are shown as representative cases; the remaining models show the same positive selection pattern on

MATH-500.
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