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Abstract

Linear attention architectures enable efficient
long-context modeling by compressing se-
quence history into a fixed-size memory state.
However, dense key value updates can overload
the state as the context grows, causing mem-
ory collisions and degraded retrieval. Existing
methods rely on memory decay, rank reduc-
tion, or heuristic routing to reduce interference,
but they largely preserve dense online updates
and do not explicitly control the structural com-
plexity of memory. We introduce BregNet, a
linear sequence architecture that formulates as-
sociative memory updates as a regularized on-
line regression problem. Based on Linearized
Bregman Iteration (LBI), BregNet decouples
memory into a continuous dual accumulator
and a structurally sparse primal state. The dual
state records incoming information, while the
sparse primal state keeps only important asso-
ciations and removes noise through soft shrink-
age. Experiments show that BregNet matches
strong linear baselines in language modeling
even with high memory sparsity. In this way,
BregNet prevents the memory state from being
overloaded by dense and interfering updates.

1 Introduction

Softmax attention (Vaswani et al., 2017) is highly
expressive but scales quadratically in computa-
tion and memory with sequence length, making
it costly for long-context modeling. Linear atten-
tion (Katharopoulos et al., 2020) addresses this
bottleneck by replacing the explicit d,, X dj, atten-
tion matrix with recurrent formulations that run
in linear time and support constant-memory infer-
ence: S; = S;_1 + vtk;r . These models main-
tain a matrix-valued hidden state S; € R%*dk ag
a compact associative memory for sequence his-
tory. However, the linear efficiency comes with
a fundamental trade-off: the entire context must
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be compressed into a fixed-size state rather than
represented through explicit pairwise token inter-
actions. As the context grows, the recurrent state
with bounded capacity must absorb new key—value
associations while preserving history information
that may be needed later. When the amount of
stored information exceeds the intrinsic capacity
of the state, newly written associations interfere
with older ones, causing memory collisions (Schlag
et al., 2021).

To overcome the limitation, recent work has
sought to improve memory utilization through
more selective update rules. An effective update
rule should write useful associations, discard ob-
solete or noisy content, and preserve separable
memory directions for future retrieval. Existing
methods address this problem from different an-
gles. Gated mechanisms (Yang et al., 2024b;
Zhang et al., 2024; Team et al., 2025) introduce
data-dependent decay to erase outdated informa-
tion; delta-rule models (Yang et al., 2024c) per-
form targeted key—value replacement; rank-based
(RRQR) (Nazari and Rusch, 2026) or top-K prun-
ing (Hatamizadeh et al., 2026; Pan et al.) removes
redundant key/query channels; and normalization-
based methods (Yang et al., 2024a) reduce inter-
ference by constraining the magnitude. Although
these methods differ in implementation, they point
to the same underlying principle: long-term mem-
ory fidelity requires selective write and forget mech-
anisms that limit interference within the recurrent
state.

However, most existing approaches still evolve
through dense memory updates. Scalar decay (Sun
et al., 2023; Qin et al., 2024; Dao and Gu,
2024) forgets information uniformly, post-hoc
pruning (Nazari and Rusch, 2026) acts only after
dense states have already formed and normaliza-
tion (Yang et al., 2024b,a) mainly bounds update
magnitude rather than controlling the structural
complexity of memory. As a result, they do not
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Table 1: Comparison of different linear attention models using the framework from (Yang et al., 2024a). For
convenience, we use J3; to denote the step size of the update at time step ¢.

Method Minimization Objective Online Update

LA —(S,vik{ ) S =Si_1 + vik{

RetNet —(S,vik ) + 152 |82, St = aSi—1 +vik/

DeltaNet % HSkt — Vt”g S: =S;_1 — ﬁt(St,1kt — Vt)k;r

Gated DeltaNet & [|Sk; — vel|5 + 55 IS Si = arSi_1 — Be(Si_1ke — vi)k{
Zi="7Z¢ 1 — Bi(Se—1ke — vi)k{

BregNet AS[l: + 2[ISlI% st Ske = vy { ¢ t=1 = Fi(Se—1ke —ve)ke

St =Ta(Zy)

provide a principled trajectory that induces spar-
sity during the sequential memory-writing process
itself. This motivates a regularized online opti-
mization view of recurrent memory, where dense
overlapping updates are discouraged and salient
associations are retained in sparse memory direc-
tions.

To overcome these optimization bottlenecks,
we introduce BregNet, a linear sequence archi-
tecture grounded in Linearized Bregman Iteration
(LBI) (Osher et al., 2010). BregNet formulates
recurrent memory writing as a regularized online
optimization process with two coupled states: a
continuous dual accumulator Z; and a sparse pri-
mal memory S;. The dual state acts as a write accu-
mulator that integrates residual-correcting updates
toward the associative constraint S;k; ~ v;, while
the primal state is the filtered memory obtained
by applying the soft-shrinkage operator T (-) to
the dual state, i.e., S; = T»(Z¢). This operator
defines the selection rule, forgetting weak updates
and writing strong memory directions. To enable
chunk-wise parallelization, BregNet adopts a lazy-
update strategy: it accumulates dual updates in
matrix form within each chunk and applies soft
shrinkage only at chunk boundaries, equivalent to
one LBI step on the chunk-level loss. Table 1 com-
pares BregNet with representative linear recurrent
models from the perspective of optimization objec-
tives and memory update rules.

Our resulting architecture, BregNet, improves
linear attention across a comprehensive suite of
benchmarks, including language modeling, com-
monsense reasoning, and structured information
retrieval. Across 340M and 1.3B models trained
under matched settings, BregNet achieves compet-
itive perplexity with strong linear baselines like
Gated DeltaNet, while maintaining 20% to 50% av-
erage sparsity in the memory matrix. These results

show that LBI-induced sparse memory updates pro-
vide an effective mechanism for improving long-
context retrieval while preserving the efficiency of
recurrent linear attention. The code, configurations,
and reproduction instructions will be released at
https://github.com/Wendysigh/BregNet.

2 Background

Standard softmax attention (Vaswani et al., 2017)
models sequence interactions through a query—key—
value retrieval mechanism. Given an input se-
quence of length L, the model forms queries Q €
RExdk keys K € RE¥ and values V € REXdv,
Each query specifies what information a token
seeks, keys index the information stored by tokens,
and values contain the corresponding content. The
attention output is computed as

-
Attn(Q,K, V) = softmax(?/Ika ) V.

This formulation explicitly computes all pairwise
query—key interactions, leading to quadratic com-
putation and memory complexity with respect to L.

2.1 Linear Attention

Linear attention (Katharopoulos et al., 2020) ad-
dresses this bottleneck by replacing softmax at-
tention with a kernelized dot-product formulation.
For simplicity, we present the vanilla form with-
out normalization or query/key nonlinearities. Let
qs, ki € R%* and v; € R% denote the query, key,
and value at time step ¢. Linear attention can be
written as the recurrent update, noted as LA’s on-
line update in Table. 1, where S; € R%*d jg
a matrix-valued hidden state that stores past key—
value associations. This recurrent formulation en-
ables constant-memory streaming inference and
linear-time sequence processing.
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Recent linear attention models extend the vanilla
recurrence by introducing data-dependent decay
gates. For example, Mamba2 (Dao and Gu, 2024)
uses a scalar-valued gate to decay the recurrent
state, while RetNet (Sun et al., 2023) and Light-
ning Attention (Qin et al., 2024) adopt related de-
cay mechanisms. A common simplified form is
RetNet’s online update form in Table. 1 where
a; € (0,1) controls how much past memory is
retained. Such gates provide a simple forgetting
mechanism, but they typically decay the state uni-
formly rather than selectively modifying specific
key—value associations.

Another perspective on linear sequence model-
ing is test-time regression. DeltaNet (Yang et al.,
2024c; Schlag et al., 2021) uses the delta rule to
remove the old value associated with the current
key before writing a new one (Table. 1, DeltaNet),
where (3; controls the update strength. Gated
DeltaNet (Yang et al., 2024a) further combines
the delta rule with a data-dependent decay gate (Ta-
ble. 1, Gated DeltaNet). This progression from ad-
ditive accumulation to gated and regression-based
state updates is a key mechanism behind modern
high-performance linear attention architectures.

2.2 Linearized Bregman Iteration

Linearized Bregman Iteration (LBI) (Osher et al.,
2010) was originally developed for comput-
ing sparse or low-rank solutions to underde-
termined linear inverse problems. A canon-
ical example is basis pursuit, which seeks a
regularized solution under a linear constraint:
mingegr w(s) s.t. As=f.

LBI solves such problems through a two-step
iterative scheme that couples a dual variable z;
with a primal variable s;:

Dual update: Zi41 = 24 — BVL(st),

Primal update: St+1 = Vw*(z¢41),

where ¢ denotes the data-fidelity loss, [ is the step
size, and w* is the convex conjugate of the regu-
larizer w. The dual variable accumulates descent
information toward the constraint, while the pri-
mal variable is obtained through the regularized
mapping induced by w*.

The key mathematical tool behind LBI is the
Bregman distance, which measures discrepancy
under the geometry of a convex regularizer. For a
convex function J, the Bregman distance between
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z and s with respect to a subgradient p € 0.J(z) is
defined as

D?(s,z) =J(s)—J(z) — (s —z,p).

This geometry allows LBI to approach the feasi-
ble region while regularizing the optimization path,
often producing sparse solutions before full conver-
gence.

Prior work has developed LBI from basic /¢;-
minimization (Cai et al., 2009a) to broader struc-
tural sparsity frameworks (Cai et al., 2009b; Osher
et al., 2010; Yin, 2010). For structured problems
such as total variation and graph-regularized mod-
els, Split LBI introduces auxiliary variables whose
dynamics are closely related to Inverse Scale Space
dynamics. With early stopping, Split LBI has been
shown to provide robust regularization and model-
selection consistency under irrepresentable condi-
tions weaker than those required by the generalized
Lasso. More recent work further abstracts LBI
into a general algorithmic framework for bilevel
optimization and inverse problems, including non-
Gaussian noise models (Huang et al., 2020; Dai
et al., 2024). These analyses establish convergence
guarantees under Bregman-distance growth condi-
tions, including sublinear and linear rates for dif-
ferent LBI variants.

3 Method
3.1 Recurrent Updating Rule

To incorporate LBI into linear attention, we pro-
pose BregNet, which seeks a sparse associative
memory by solving the following elastic-net-like
constrained optimization problem:

. 1
min )\HSH1+§HSH% st. Sky=vy. (1)
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Under the LBI framework, Eq. 1 is approximated
by a two-step iterative process with a dual variable
Z, and a primal variable S;.

Dual update. Given the previous primal memory
S;_1, the dual update performs gradient descent
on the data-fidelity loss L;(S) = 3|lvi — Skq||3
by accumulating its negative gradient in the dual
variable:

Zi =741 — /Bt(st—lkt - Vt)ktT- ()

Thus, Z; acts as a residual-correcting accumula-
tor that drives the associative memory toward the
constraint Sk; = vy.

Primal update. The primal update maps the dual
variable back to the regularized memory space by
solving

. 1
s = argugn { NS} + 115 - 2. @)

This proximal problem has the closed-form solu-
tion

St = T\ (Zy) = sgn(Z;) © max(|Z;| — X, 0),
C))

where T)(-) denotes the element-wise soft-
shrinkage operator. A detailed proof is provided in
§ C4.

This dual-primal update gives BregNet an ex-
plicit write-and-select mechanism. The dual state
Z; accumulates residual-correcting evidence, in-
cluding weak or noisy signals, while the primal
state S; retains only entries that pass the thresh-
old \. In this sense, T)\(+) acts as the selection rule:
weak or inconsistent updates are suppressed to zero,
whereas strong and persistent memory directions
remain active.

3.2 Chunkwise Implementation

The goal of chunkwise implementation is to replace
token-by-token recurrent updates within a chunk
with matrix-level computation. Ideally, the model
should advance from the initial state of a chunk to
its final state using parallelizable operations, rather
than executing a sequential loop over tokens.

For token-wise BregNet, however, directly ap-
plying LBI at every token makes exact chunkwise
parallelization difficult. Substituting the primal up-
date into the dual update introduces an unfactorized
transition:

Zi =71 — B(My_1 ® Zt—l)ktktT +Btvtk;r‘
———

state-dependent transition

write term

where M, is the mask induced by the soft-
shrinkage operator in Eq. 4. The application of
M, introduces three computational obstacles for
chunkwise parallelization:

i. M, depends on the dynamic state Z;, rather
than only on the input tokens;

ii. the operator 7)\(-) introduces a non-smooth
nonlinearity into the recurrence;

iii. the Hadamard product does not generally fac-
torize through standard matrix multiplication,
e.g., (AOM,;)B # A(M,; © B).

The row-wise algorithm in § C.5 is equivalent to
the exact recurrent rule, but it does not expose suf-
ficient matrix-level computation for efficient train-
ing. To reduce overhead, we adopt a lazy-update
strategy: within each chunk, the primal memory
is kept fixed, the dual updates are accumulated in
matrix form, and soft shrinkage is applied only at
the chunk boundary. We further prove that this lazy
variant preserves sublinear convergence in terms of
the Bregman divergence.

Let the chunked objective be

c
1
Jo(8) =5 v =Sk, ()
1=1

C
VJo(8)=> (Sky, —vi,) k. (6)
i=1
Under the lazy update, the token-wise updates
within a chunk are compressed into a standard LBI
step at the chunk level, where m denotes the chunk
index.

Dual update (chunked).

Zm - mel - ﬁVJC’(Smfl)a (7)
=Zm-1—Sm_1K'BK + V' BK. (8)

Primal update (chunked). After accumulating
the dual update over the whole chunk, BregNet
applies soft shrinkage once at the chunk boundary:

S =Tx(Zn) ©)
= sgn(Zy,) © max(|Zm,| — A,0). (10

Although the lazy update seems to be simple,
it is mathematically well motivated: keeping the
primal variable S,,_; fixed within a chunk and
accumulating the dual updates over its C' tokens is
equivalent to performing one LBI step on the sum
of the corresponding convex losses.
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4 Convergence Rate and Sparsity Tuning

BregNet adopts an indirect optimization mecha-
nism that incorporates ¢; sparsity and ¢ shrinkage
through a two-step primal—dual update. This sec-
tion addresses two core questions of this indirect
optimization:
i. Convergence: Do the chunked iterates con-
verge to the optimal solution of the underlying
regularized objective?

ii. Scaling law for A: To suppress false discover-
ies in the memory matrix S, how should the
threshold parameter \ scale as training pro-
ceeds?

4.1 Preliminaries

Let the chunked objective be

1 C
i=1

with an optimal solution S satisfying V.Jc(S) = 0.
Let L denote the Lipschitz constant of VJ¢, e.g.,
Lo = | S kel
Consider the chunked LBI updates
2y =2y *BVJC(Smfl)v (11)
S = Vw*(Zy,), (12)
where w(S) = A[|S|1 + &[/S||% is strongly convex
with modulus 1, and w* is its convex conjugate.

— Sk, ||

4.2 Sublinear Convergence for Chunked
Update

Proposition 1 and Theorem 2 require a step-size
condition on  determined by L¢. This condition
clarifies why modern architectures often apply ¢2-
norm scaling to the key matrix in Fig. 1: such
scaling controls L¢ and helps guarantee monotonic
descent in Bregman divergence.
Proposition 1 (Monotonic Bregman Descent for
Chunked Update). If the step size satisfies

B < E
then the Bregman distance DZ(-,-) to the optimum
is monotonically non-increasing and obeys the one-
step descent bound:

Zn (Q Zim—1(Q g_ﬁ
Df (S,S) < Df (S,Sm-1) +
2 Lo
NIV Ie(Sm-1)l %
< Duzjm_l(g,sm_l).
(13)

Theorem 2 (Sublinear O(1/T") Convergence for
Chunked Update). Given that V J¢o is Lo-Lipschitz
continuous, if the step size satisfies § < %, then
forall T >0,

DEO(Sa SO)

Je(S) < BT+1) "

Jo(S741) —

Because the dual gradients are accumulated over
C tokens, the effective Lipschitz constant L¢ in-
creases. As a result, the recurrent single-token step
size (3 should be reduced by a factor of up to C' to
prevent divergence.

4.3 Early Stopping for Chunked Update

This subsection studies how to avoid spurious spar-
sity, known as false positives in sparse recovery for
S (Osher et al., 2016). Equivalently, we aim to keep
irrelevant features inactive and derive a scaling rule
for choosing A across training steps.

Let the ground-truth parameter be S* with sup-
port S, where S%. = 0. Assume the observation
noise €;, = vy, — S*ky, is independent, zero-mean,
and sub-Gaussian with variance proxy o2. De-
fine the oracle sequence S/, as the LBI updates re-
stricted to the true support S, enforcing S’m’ se =0
for all m.

The dual variable integrates the chunked gradi-
ents over m iterations and can be decomposed into
signal integration I,,, and noise integration W ,.
Substituting v;, = S*k;, + €;,, the dual variable
evaluated along the oracle sequence is

m—1 C
/ T
Zi=Z0—BY > (Siki,, —vi;, )k ..
7=0 i=1
m—1 C
T
—B Z Jzkt.i,i
7=0 =1

Signal Integration (I,,)

+B Zet” ti

7=0 =1

Noise Integration (W)

Theorem 3 (Early Stopping Bound for No-False—
Positive Path Consistency). Assume the inputs are
bounded: |k, ||2 < K. If the Irrepresentable Con-
dition (IRR) holds with margin n) € (0, 1],

HIm,SCHoo < (1 - 77))‘7
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then a false positive cannot occur provided
[Winselloo < nA.
Moreover, for any § € (0, 1), ensuring
P([Wm,selloo = nA) <0

is sufficient to guarantee path consistency up to the
stopping time

n\2 1 J

Mso = S
top {252021:(2 log(2d/8) C

where d denotes the dimension of the non-support
space.

Scaling law for \. To identify the true support
S and keep the non-support parameters S¢ exactly
zero, Theorem 3 requires the dual variable on the
non-support space to remain below the ¢; thresh-
old, i.e., || Zym,s¢||cc < A. Equivalently, bounding
P(||Wi,s¢|lo > nA) yields the following scaling
law for A, with details provided in § C.3:

A x fvmC log(d>. (14)

0

S Experiment

Experimental Setup Our experiment compares
standard Transformer models, linear attention mod-
els and hybrid architectures. We evaluate on com-
mon sense reasoning and context recall tasks, in-
cluding LAMBADA (Paperno et al., 2016), PiQA
(Bisk et al., 2020), HellaSwag (Zellers et al., 2019),
WinoGrande (Sakaguchi et al., 2021), ARC-easy
(ARC-e) and ARC-challenge (Arc-c) (Clark et al.,
2018). Furthermore, we also evaluate the models
real-world recall-intensive tasks following (Arora
et al., 2024), including FDA (Arora et al., 2023),
SWDE (Lockard et al., 2019). Both SWDE and
FDA focus on extracting structured information:
SWDE from raw HTML to identify semi-structured
relationships, and FDA from PDFs to retrieve key-
value pairs. All evaluations are performed with
Im-evaluation-harness (Gao et al., 2021). See
§ A for hyperparameter setting.

Common-sense reasoning. In Table 1, we
present the language modeling perplexity and zero-
shot accuracy on common-sense reasoning bench-
marks for models scaled to 340M parameters,
trained on 15B tokens. Gated DeltaNet establishes

a strong perplexity baseline on Wiki and LAM-
BADA. However, the BregNet (w/ gate) architec-
ture demonstrates superior zero-shot transfer capa-
bilities, matching or exceeding all baseline models
on LAMBADA perplexity task, while maintaining
comparable zero-shot reasoning accuracy across
COPA and SWDE, validating that the underlying
Bregman dynamics successfully manage sequence
state tracking at this scale.

| -o- BregNet - DeltaNet =~ GLA —— GSA -~ GDN|
QMSum

GovReport
30 30

> 20—
x
8
<
e 10
0 O T——T—T—T1TT17
Tk 4k 8k 12k 16k 20k 1k 4k 8k 12k 16k 20k
NarrativeQA Qasper
30 30

N
o
1

Perplexity
S
1

o

T T T T T 0 1 1 1 1 1 1
1k 4k 8k 12k 16k 20k 1k 4k 8k 12k 16k 20k

Length Length

Figure 2: Length extrapolation on four long bench-
marks.

Scaling to downstream tasks. Table. 3 extends
our evaluation to the 1B parameter scale. Consis-
tent with the 340M results, BregNet exhibits robust
generalization, achieving the lowest perplexity on
LAMBADA in pure linear models. Notably, Breg-
Net scales highly effectively, outperforming the
baseline DeltaNet by a significant margin in lan-
guage modeling perplexity. Furthermore, BregNet
tightly matches the performance of Gated DeltaNet
on key reasoning benchmarks such as PIQA and
WinoGrande, indicating that the projection mecha-
nisms governing the state updates do not bottleneck
broader semantic understanding.

Long-context ability. To better understand the
memory retention and associative recall capabili-
ties of these architectures, we evaluate the models
on the Single Needle-In-A-Haystack (S-NIAH) and
length extrapolation tasks. As shown in Table. 4,
models were trained with a 4K context window and
evaluated on sequences up to 8K tokens. BregNet
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Table 2: Commonsense reasoning and language modeling results for 340M-parameter models trained on 15B tokens,
with batch size of 0.1M tokens. All the models are trained under the same SlimPajama dataset. BregNet (w/o gate)
is the vanilla variant built on top of DeltaNet, while (w/ gate) incorporates the same gating mechanism as Gated

DeltaNet.
LM Commonsense Reasoning Context Retrieval
Model Sparsity | Wiki LMB | LMB PIQA Hella Wino ARC-e ARC-c SciQ BoolQ COPA FDA SWDE | Avg
ppll  ppll acc acc accy, acc acc accy, acc acc acc contains  contains

Transformer - 272 731 | 260 653 360 514 45.8 239 782 526 69.0 19.3 49.8 47.0
Mamba2 - 264 554 | 268 663 37.7 515 48.1 247 782 564 70.0 13.0 40.9 46.7
DeltaNet - 275 672 | 247 648 352 493 46.3 245 771 61.0 68.0 11.8 31.6 44.9
Gated DeltaNet - 264 555 | 276 652 365 524 45.9 236 787 570 65.0 9.4 30.8 44.8
Gated DeltaNet-2 - 275 506 | 29.1 646 359 513 45.6 22.7 784 542 71.0 12.9 342 454
BregNet (w/o gate) 50% 27.1 632 | 262 653 360 504 454 237 794 613 67.0 11.6 29.9 45.1

(w/ gate) 20% 26.5 485 | 301 657 364 514 46.2 240 779 579 69.0 8.2 34.0 45.5

Table 3: Commonsense reasoning, language modeling, and context retrieval performance of 1.3B-parameter models
trained with 100B tokens, batch size of 0.5M tokens. GLA, GSA, Gated DeltaNet, and BregNet variants are trained
under the same setting on the SlimPajama dataset. The hybrid H2 setting, including the 3:1 MLA ratio and Gated

@ 9

DeltaNet-H2 results, follows (Yang et al., 2024c).

indicates not applicable or not evaluated.

LM Commonsense Reasoning Context Retrieval
Model Sparsity | Wiki LMB | LMB PIQA Hella Wino ARC-e ARC-c SciQ BoolQ COPA | FDA  SWDE | Avg.
ppll  ppl) | acc acc  accy acc acc accy, acc acc acc | contains contains
Transformer - 177 186 | 4.1 699 490 550 560 283 851 622 760 | 17.1 658 | 55.0
Pure linear models
GLA - 177 197 | 403 699 489 532 553 275 805 577 700 | 120 430 | 508
GSA - 168 157 | 418 721 509 526 587 285 830 552 730 | 113 455 | 521
DeltaNet - 167 147 | 429 710 505 537 586 262 848 608 740 | 177 545 | 54.1
Gated DeltaNet - 157 128 | 446 725 552 595 595 306 869 596 750 | 219 586 | 56.7
Sparsed linear models
RRQR (DeltaNet) - 208 812|197 707 513 521 538 279 766 588 750 | 20 206 | 462
RRQR (GDN) - 171 130 | 445 729 556 564 594 293 864 571 720 | 8.7 455 | 534
BregNet (w/o gate) 50% | 158 110 | 478 728 550 583 615 290 875 572 760 | 240 584 | 57.1
(w/ gate) 20% | 156 111 | 481 727 560 592 613 300 886 590 770 | 257 619 | 58.1
Hybrid models
GDN-H2 - 155 112 | 479 732 560 571 599  30. 889 594 780 | 221 624 | 577
KDA-H2 - 154 111 | 483 721 561 585 609 289 871 474 770 | 299 747 | 58.3
BregNet-H2 (w/o gate) 50% | 158 111 | 480 722 547 578 600 294 876 537 760 | 272 692 | 578
(w/ gate) 20% | 155 118 | 464 729 564 567 607 30 878 576 740 | 244 616 | 57.1
(W/ gate, thr: from2L)  20% | 154 101 | 503 728 561 594  60.1 297 870 603 780 | 258 726 | 593
demonstrates exceptional, near-perfect associative 1007 pr=g R, % A0.005 —r- A=0.002 - A=0.001
) oo . A o— *\"k&\\v\ —&- AN=5e-4 -&- N\=2e-4 13- N=1e-4-G- A=2e-5
recall up to its training length, achieving 100.0% 5075 "~ ™= “\% ‘v"?\v i
~. \ - N\
accuracy on both the pass-key (S-NIAH-1) and nu- §0-5O- B-Fiw ‘\:\‘:Vﬁ{\j\v",k Nt T
N o Dl sBRAN .
merical (S-NIAH-2) retrieval tasks at 4K lengths. 0.25+ °\e\:‘ ;;;&\:\’éfe\?‘.‘if::_’j\:;"“*
Crucially, on the more challenging S-NIAH-2 task, 0.00 A%~ S,
0o 1 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

where target values are replaced by numbers, Breg-
Net demonstrates stronger retention capacity at 8K
context length, significantly outperforming both
Mamba?2 and Gated DeltaNet.

However, at 4K, BregNet underperforms Gated
DeltaNet on S-NIAH-3 and shows a smaller degra-
dation on S-NIAH-1. S-NIAH-3 evaluates exact
UUID memorization at the training length rather
than length extrapolation. These results suggest
a trade-off: the sparsity-inducing update can re-
duce state interference, but may also suppress in-
formation needed for exact token-level retention.
The further degradation with gating is consistent
with this interpretation, as decay may additionally
weaken such information. The expanded evalu-
ation in Table 5 provides a more complete view

Layer

Figure 3: Sparsity level as a function of the A regular-

ization strength.

across six real-world retrieval tasks. BregNet (w/
gate) achieves the highest average score of 23.85,
compared with 23.75 for Gated DeltaNet. Figure 2
further reports perplexity under length extrapola-
tion up to 20K tokens. The results again show that
BregNet consistently achieves the best perplexity
across extended context lengths.

Table. 8 provides LongBench evaluation cov-
ering single-document QA, multi-document QA,
summarization, few-shot learning, and code under-
standing. The new results provide a more realistic
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Table 4: Associative recall accuracy (%) on S-NIAH under increasing context length. Models are trained on the
same setting with context length of 4k. Results for Mamba2 are taken from (Yang et al., 2024c).

Model S-NIAH-1 S-NIAH-2 S-NIAH-3
1K 2K 4K 8K ‘ 1K 2K 4K 8K ‘ 1K 2K 4K
GLA 99.8 88.6 16.4 2.0 100.0 99.6 60.2 194 | 754 730 170
GSA 100.0  100.0 99.8 93.6 100.0  100.0  84.0 9.2 720 640 248
Mamba2 99.2 98.8 65.4 30.4 99.4 98.8 562 17.0 | 644 476 4.6
DeltaNet 100.0 100.0 100.0 100.0 100.0 100.0  67.8 192 | 8.2 740 59.6
Gated DeltaNet 100.0 100.0 100.0 100.0 100.0 1000 982 284 | 998 992 75.0
BregNet (w/o gate) 100.0  100.0 90.0 92.2 1000 100.0 984 312 | 998 994 618
(w/ gate) 100.0  100.0  100.0  100.0 100.0 1000 960 678 | 89.6 992 59.6

Table 5: Accuracy on real-world retrieval tasks with
inputs truncated to 2K tokens. SQD denotes SQuAD,
TQA denotes TriviaQA, and NQ denotes Natural Ques-

Table 7: Performance under different memory sparsity
levels for 340M BregNet (w/ gate).

tions. Sparsity ~ Sparsity  Wiki LMB  Common  Retrieval
(max) (avg) PPL], PPL| Avg. T Avg. T
Model SWDE SQD FDA TQA NQ DROP Avg. 30% 5% 26.3 48.8 513 20.3
Transformer 66.16 32.14 17.15 571 346 322 2131 54% 13% 264 45.7 514 20.1
DeltaNet 5464 3750 1779 434 335 239 20.00 64% 20% 26.5 48.5 509 211
GSA 45.18 3934 1125 791 446 338 1859 81% 28% 26.5 47.7 50.3 204
GLA 42775 2557 11.89 205 247 331  14.67 95% 39% 26.5 52.6 50.9 19.5
Gated DeltaNet 6238 4209 2250 607 673 271 23.75 98% 48% 26.7 51.2 51.2 179
BregNet (w/o gate) 5820 4152 24.18 534 573 240 2290
(w/ gate) 6157 41.12 2414 684 684 259 2385

Table 6: Threshold-scheduling comparison for 340M
BregNet (w/o gate) with 50% target mean sparsity. Scal-
ing Law follows Eq. 14; Fixed uses a constant threshold
of 0.01; L2S and S2L schedule the threshold from large
to small and small to large, respectively. DeltaNet is
included as the baseline. Common Avg. and Retrieval
Avg. are averaged over the commonsense reasoning and
context retrieval tasks in Table 2.

Wiki LMB Common Retrieval
A Type PPLy PPL| Avg. 1 Avg.t
Scaling Law 27.3 61.5 50.6 19.3
Fixed 27.1 63.2 50.5 20.7
L2S 27.1 63.3 50.4 19.2
S2L 274 70.3 50.0 17.4
DeltaNet 274 67.2 50.1 21.7

assessment of long-context capability. BregNet
remains competitive with strong linear baselines,
achieving an average score of 19.0 with gating and
18.05 without gating, compared with 19.6 for Gated
DeltaNet, and 14.2 for DeltaNet. BregNet performs
particularly well on several few-shot and code tasks,
including TriviaQA, TREC, and RepoBench-P.

A Scheduling. We first compare different strate-
gies for applying the threshold in Table 6. Scaling
Law follows Eq. 14 by adapting the effective thresh-
old using the § statistics during each forward pass,
while Fixed uses a constant threshold. We find that
Fixed achieves comparable overall performance
to Scaling Law and layer-wise schedules, while
being simpler to implement and faster to execute.

Therefore, we use the Fixed strategy in subsequent
experiments.

Sparsity. We vary the sparsity level of primal
state S by changing the fixed threshold A, as it al-
lows easier implementation and faster execution.
Table 7 shows that BregNet remains stable as the
maximum layer-wise sparsity increases from 30%
to 81%. The 54% sparsity configuration achieves
the best overall performance. Figure 3 illustrates
the sequence-level sparsity distributions generated
by the competing models. Unlike standard linear
attention or pure delta rule mechanisms, BregNet
uniquely induces high structural sparsity within its
hidden states. Because the update dynamics are
implicitly governed by the soft-shrinkage operator
T)\(z) = sign(z) max(|z| — A, 0), the model dy-
namically masks out redundant or noisy historical
tokens, storing only the most critical key-value rep-
resentations. This sparse state footprint directly
mitigates information superimposition, which ac-
counts for BregNet’s superior performance in the
high-collision environments of the S-NIAH evalua-
tions, and long benchmark’s extrapolation.

6 Conclusion

In this work, we introduce BregNet, a linear se-
quence architecture designed to improve state sat-
uration and memory overloading in standard lin-
ear recurrent models. We formulate associative
memory updates as a regularized online regression
problem and leverage Linearized Bregman Itera-
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Table 8: LongBench results across single-document QA, multi-document QA, summarization, few-shot learning,

and code understanding.

Model Single-Doc QA Multi-Doc QA Summarization Few-shot Code Avg.
NarrativeQA  Qasper MultiFieldQA | HotpotQA 2WikiMQA Musique | GovReport QMSum MultiNews | TREC TriviaQA SAMSum | LCC RepoBench-P

GSA 7.8 10.8 13.4 4.5 7.1 2.5 3.1 79 1.9 28.5 17.6 6.2 42.5 34.1 134
GLA 2.6 13.1 16.8 7.7 16.4 3.6 6.2 9.5 6.7 25.0 28.6 235 41.1 375 17.0
DeltaNet 24 2.0 13.6 22 3.0 1.7 3.7 8.7 8.5 315 274 9.9 454 38.5 142
Gated DeltaNet 2.1 3.7 14.7 5.3 9.2 32 10.7 16.3 6.8 41.0 35.1 26.5 52.3 47.5 19.6
BregNet (w/o gate) 1.7 1.9 112 3.0 4.6 1.6 3.6 12.8 52 53.5 48.1 21.9 49.9 44.2 18.8

(w/ gate) 2.9 54 10.2 5.1 9.2 3.0 2.5 78 8.7 42.0 50.9 19.1 51.7 47.8 19.0

tion (LBI) to decouple the hidden state into a con-
tinuous dual accumulator and a structurally sparse
primal state. Empirical results at the 340M and 1B
parameter scales show that BregNet outperforms
state-of-the-art linear baselines on language model-
ing, demonstrating that the induced structural spar-
sity effectively preserves memory quality. These
results highlight regularized memory updates as
a key mechanism for scalable sequence modeling
and future infinite-context architectures.

Limitations

BregNet targets scalable long-context sequence
modeling, but our current evaluation only pro-
vides an initial validation of this goal. Specifically,
our experiments focus on 340M and 1.3B mod-
els across language modeling, reasoning, and re-
trieval benchmarks, so larger-scale pretraining and
broader long-context evaluations are still needed to
fully assess its scalability and generality. As Breg-
Net is scaled to larger models and longer contexts,
its memory dynamics may also become more sen-
sitive to implementation and regularization choices.
In particular, the sparsity threshold A controls the
trade-off between memory sparsity and task per-
formance, and may require scale-specific tuning
despite being stable within a reasonable range.
Meanwhile, the chunk size determines how closely
the hardware-efficient lazy shrinkage approximates
token-wise LBI dynamics, making its impact on
sparsity evolution and retrieval quality an important
direction for further study.
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A Hyperparameter

For fair comparison, we conduct all models on the same setup setting, head dimension of 128 and employ
the Llama2 tokenizer with a vocabulary size of 32,000. For 340M models, we follow the setting in
DeltaNet (Yang et al., 2024c). Each model uses AdamW optimizer with a peak learning rate of 3 x 10~%,
weight decay of 0.1, and gradient clipping of 1.0. The learning rate follows a cosine annealing schedule
with a 0.5B token warm-up period and batch size of 0.1M tokens. For sequence modeling, we set the
training length to 2K tokens.

For 1B models, we follow the setting in Gated DeltaNet (Yang et al., 2024a) to use the AdamW
optimizer with a peak learning rate of 4 x 10, weight decay of 0.1, and gradient clipping of 1.0. The
learning rate follows a cosine annealing schedule with a 1B token warm-up period and batch size of 0.5M
tokens. For sequence modeling, we set the training length to 4K tokens, with the hybrid versions using a
sliding window size of 2K.

B Sensitivity Analysis

Extended Sparse Settings We extend Table. 7 with the dense endpoint, A = 0, and two lightly sparse
settings with 0.6% and 3% average sparsity. The results in Table. 9 reveal a clear early-saturation pattern
as the reviewer said: moving from 0% to 0.6% average sparsity improves the retrieval average from 20.0
to 27.2, while further sparsification provides smaller gains and eventually degrades retrieval.

Our original sweep focused on relatively high sparsity because we were also interested in structural
sparsity and its potential for pruning. The new results clarify that lightly sparse states are preferable for
retrieval quality, whereas higher sparsity is more suitable to the structured-pruning direction.

Table 9: Performance under different memory sparsity levels for 340M BregNet (w/ gate). Blue rows are newly
added to cover the dense-to-lightly-sparse regime.

Sparsity Sparsity  Wiki LMB Common Retrieval
(max) (avg) PPL] PPL| Avg.t Avg.t
0% (pure 12 baseline) 0% 26.4 55.5 50.3 20.0
6% 0.6% 25.2 46.2 51.9 27.2
20% 3% 25.2 44.8 51.0 23.4
30% 5% 26.3 48.8 51.3 20.3
54% 13% 26.4 45.7 51.4 20.1
64% 20% 26.5 48.5 50.9 21.1
81% 28% 26.5 47.7 50.3 20.4
95% 39% 26.5 52.6 50.9 19.5
98% 48% 26.7 51.2 51.2 17.9

Chunk Size We use a chunk size of 64 in all main experiments, which is the standard setting adopted
to efficiently utilize on-chip SRAM in modern GPU kernels. We have now clarified this implementation
detail and added a chunk-size sensitivity study in Table 10. the chunkwise implementation closely
matches the recurrent simulation, with discrepancies comparable to those of Gated DeltaNet. We further
vary C' from 16 to 512 under a fixed A\. Smaller chunks apply shrinkage more frequently and produce
slightly higher sparsity, whereas larger chunks preserve a denser state. Retrieval error remains similar
for C' = 16-128 and decreases for larger chunks. These results indicate that chunk size and A jointly
determine the effective regularization strength, we therefore use C' = 64 as the default hardware-efficient
setting.

Sparsity Levels Table. 11 shows under a wide range of sparsity levels, BregNet (Gate) maintains largely
stable performance on language modeling, commonsense reasoning, and context retrieval benchmarks. In
particular, increasing the maximum layer-wise sparsity from 29.7% to 97.7% only mildly changes Wiki
perplexity while LAMBADA perplexity gets improved. Downstream accuracy also shows no consistent
degradation trend across PIQA, HellaSwag, WinoGrande, ARC, SciQ, BoolQ, COPA, and SWDE. These
results suggest that BregNet can induce substantial sparsity while preserving competitive modeling quality,
especially on LAMBADA perplexity, which remains robust even under high sparsity.
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Table 10: Sensitivity of chunkwise BregNet. Retrieval error is averaged over layers, sequences, and query positions;
sparsity is measured at the final sequence position and averaged across layers and samples.

Recurrent vs. chunkwise implementation

Recurrent  Chunkwise Mean Relative
Model Error Error A Difference (%)
Gated DeltaNet 1.09673 1.09674 0.00001 0.00762

BregNet (w/ gate)  0.32694 0.32694 0.00000 0.00756

BregNet chunk-size sensitivity

Chunk size Retrieval Error Average Sparsity (%)
16 0.31676 6.25
32 0.32262 5.89
64 0.32694 5.82
128 0.32807 5.77
256 0.29003 5.62
512 0.24019 3.40

Table 11: Sensitivity analysis of the static threshold A for the 340M BregNet (w/ gate) model with 2K-token inputs.
We vary a fixed A and report the resulting maximum layer-wise sparsity across layers.

Sparsity LM Commonsense Reasoning Context Retrieval
A (max) Wiki LMB LMB PIQA Hella Wino ARC-e ARC-c SciQ BoolQ COPA SWDE
ppld ppll acc acc acc, acc acc acc, acc  acc acc contains
2x107° 29.7% 263 48.8 295 655 369 49.6 468 247 768 613 710 31.2
1x10™* 535% 264 457 295 655 368 534 468 242 806 598 66.0 329
2x107% 63.5% 265 485 302 655 364 513 459 242 777 578 69.0 33.6
5x107% 81.0% 265 47.7 29.7 649 369 516 473 247 786 478 710 329
1x107% 953% 265 526 286 653 365 510 455 247 785 584 700 31.8
2x1073 97.7% 267 512 283 653 361 51.1 458 228 786 604 720 28.3

Table. 12 compares different \ scheduling strategies in BregNet. In the “Type” column, Fixed uses
a constant \ across layers, L2S schedules A from large to small, S2L schedules A from small to large,
and Dynamic adapts the effective )\ from the /3 statistics during each forward pass, resulting in layer-
wise adaptive sparsity. While the Dynamic strategy obtains the best LAMBADA perplexity, the Fixed
strategy consistently provides competitive overall performance and exhibits stronger robustness and
implementation simplicity compared to layer-wise scheduling strategies such as L2S and S2L. Therefore,
we adopt the Fixed strategy in the remaining experiments as a practical trade-off between simplicity and
performance.

Effective Ranks We measure the threshold-truncated rank with € = 1073 on 20 SlimPajama samples of
length 2,048, averaging across heads for each layer. As shown in Table. 13, BregNet maintains a higher
effective rank than Gated DeltaNet across nearly all layers. This indicates that the sparse state preserves
more independent memory directions and is less dominated by overlapping state components, supporting
reduced memory interference.

C Proofs

C.1 Proof for Proposition 1

Proof. We evaluate the Bregman distance at the end of the chunk update Z,, 1 using the convex-conjugate
form in Lemma 5:

DZm+1(8,Sm+1) = W (Zn — BV I(Sm)) = (Zm — BVIc(Sm), S) + w(S).

Apply the gradient-Lipschitz upper bound to the conjugate function w*, whose gradient Vw* is 1-
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Table 12: Sensitivity analysis of A scheduling strategies for 340M-parameter BregNet trained on 15B tokens with
target 50% mean sparsity. Fixed uses a constant threshold; L2S and S2L schedule A from large-to-small and

small-to-large, respectively; Dynamic adapts the effective threshold using /3 statistics during each forward pass.
DeltaNet is included as the baseline.

LM Commonsense Reasoning Context Retrieval

Model TyPe  Wiki LMB LMB PIQA Hella Wino ARC-¢e ARC-c SciQ BoolQ COPA FDA  SWDE

ppld  ppll  acc acc acc,  acc acc accy, acc acc acc  contains contains
Fixed 27.1 632 262 653 360 504 454 237 794 613 67.0 11.6 29.9
BreoNet L2S 27.1 633 260 646 359 524 447 240 794  60.0 68.0 11.3 27.1
Teg S2L 274 703 244 639 356 511 455 236 782 584 69.0 6.6 28.2
Dynamic 27.3 615 259 643 356 538 475 224 782 551 73.0 9.8 28.8
DeltaNet - 275 672 247 648 352 493 46.3 245 711 61.0 68.0 11.8 31.6

Table 13: SVE effective rank and retrieval error of Gated DeltaNet and BregNet (w/ gate) with 128 hidden dimension.

Retrieval errors at sequence lengths 512 and 1024 are linearly interpolated from the sampled retrieval distances.
Higher SVE rank and lower retrieval error are better.

Sequence SVE Rank 1
Length Gated DeltaNet  BregNet
512 55.31 76.69
1024 54.51 79.27
1536 54.02 77.38
2048 56.00 79.78
Average | 54.96 78.28 |

smooth:

W (Zn = BV I(Sm)) < @ (Zm) = B (S, VIe(Sm)) + fHVJdSm)Hi-
Substituting this bound into the Bregman distance and regrouping the terms gives
DZm4(S,Sm41) < [w(Zim) = (Zm, S) +w(S)]
~B(VJc(Sm).Sm —~S) + ﬂ;HWc(Sm)H?

2
= DZ(8,Sm) — B(VJo(Sm),Sm — S) + %HVJC(Sm)H;-

Because Jo(S) is convex and V.J¢ is Lo-Lipschitz continuous from § C.6, and because V.Jo(S) = 0,
the Baillon—-Haddad co-coercivity theorem gives

_ 1
(Ve (Sm) Sm = 8) = 7| VJe(Sn)|[;-

Substituting this inequality yields the chunk-level descent bound:

. ) & B
ng-q- (S7 Sm+1) < DE’"(S, Sm) + <2 — LC) HVJ(j(Sm)Hi,

Step-size requirement. To guarantee monotonic descent across chunks, the additional term must be
non-positive:
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C.2 Proof for Thm. 2

Proof. By the standard three-point identity for Bregman distances, the relationship between the optimal
parameter S, the current parameter S,,,, and the next parameter S, ;1 is

DZm(S,8m) — DZ™+1(S,Spy1) — DZ™(Smt1, Sm)
= (S —=Sm+1, Zms1 — Zy) -
Substituting the dual update Zy,+1 — Z,, = —SVJc(Sy,) gives
LHS = —3(S — Si+1, VJe(Sm)) (15)
= B(Sm —8S,VJc(Sm)) = B(Sm — Smi1, VJo(Sm)) - (16)
Next, we use two standard properties of J(S). First, by convexity,

(Sm —8,VJc(Sm)) > Jo(Sm) — Je(S).

Second, since VJ¢ is Lo-Lipschitz continuous,

L
JC(Sm—H) < JC(Sm) =+ <VJC(Sm)7 Sm+1 - Sm) + 70‘|Sm+1 - SmH%

Rearranging gives

L¢

- (Sm - Sm+1>VJC(Sm)> > JC(Sm—H) - JC(Sm) - THSm—i—l - Sm”%

Substituting these two bounds into Eq. 16 gives

Dfm (S7 Sm) - ngH (S> Serl) - DEm(Serl, Sm)
2 ﬁ(JC(Sm) - JC(S)) + ﬂ(JC(Serl) - JC(Sm))
Lo

2

= B(Jc(Smt1) — Jo(S)) —

||Sm+1 - SMH%J
BLc

?HSerl - Sm”%-

Rearranging the inequality gives

/B(JC(Sm-‘rl) - JC(S)) < ng(g7 Sm) - Duzjm+1(gv Sm—i—l)

BLc

- ng(sm—i—lv Sm) + ?Hsm-&-l - SmH%

Because w(S) is strongly convex with modulus 1, Lemma 6 gives

1
DE’"(Sm_,_l, Sm) > iHSm—&-l - SmH%«“

Therefore, - - -
B(Jc(Smi1) — Jo(S)) < DZ(S,S,,) — DZm+1(S, S, 11)

BLe 1
+ (258 -3) IS = Sulh

BLc 1
<z‘z>§0'

B(Jc(Sm1) — Jo(8)) < DZ™(S,8m) — DZm+4(S, Spia).
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Summing over m =0, ...,T gives

T
> B(Jo(Smi1) — Ja(8)) < DZ°(S, So) — DZT(S, Sr41) < DZO(S, So).
m=0

Since the objective values are non-increasing under the step-size condition, the final objective error is the
smallest in the sequence. Thus,

(T + 1)B(Jo(Sr41) — Jo(S)) < DZ0(S, Sp).
Dividing by (T + 1)/ gives
- S
Jo(St1) = Jo(8) £ =

C.3 Proof for Thm. 3

Proof. Lemma D.1 shows that the actual sequence S,,, matches the oracle sequence S/, i.e., no false
positives occur, as long as the dual variables in the non-support space S¢ remain below the ¢; penalty
threshold:
HZm,chOO <A

For the parameters to remain in the oracle subspace, the Irrepresentable Condition (IRR) requires the
signal term in the non-support space I,,, sc to be bounded away from the threshold by a margin 7 (Osher
et al., 2016):

ITm,selloo < (1 —n)X  for some n € (0, 1].

Consequently, a false positive cannot occur if the accumulated noise W, satisfies
IWin.s¢]loo < DA

The accumulated noise matrix W,,, is a weighted sum of mC' independent sub-Gaussian random
variables:

mC
Wi =8 ek
t=1

Since the noise €; is sub-Gaussian, W,,, behaves as a random walk over m iterations and chunk size C,
as shown in Lemma 7. Let d be the dimension of the non-support space S¢. The variance proxy for any
single coordinate of W, is bounded by

mC
B2 ki3 < B2o*mCK>.
t=1

By the union bound, the probability that the maximal entry of the noise matrix exceeds the tolerance
nA is bounded as

B[ Wi e = 1) < 2dexp(—on VY.
’ - - 23202mCK?

To keep the false-positive probability below 4, it suffices to require
242
n°A
2d - | <.
eXp( 252a2m01{2> =

Scaling law for \. To guarantee path consistency and keep the false-positive probability below J, the
scaling law for A is, up to constants and log factors,



Stopping time for training steps. Taking logarithms and solving for m gives

¢>10 2d
28%202mCK? — &\ )

2)\2
m < " .
~ 26202CK?1og(2d/96)

Thus, to prevent the accumulated chunk noise from escaping the oracle subspace and causing overfitting,
the algorithm should stop at

\ B 772)\2 l
SOP T 98252 K2 10g(2d/6)  C

This shows that as the chunk size C' or sequence noise o2 increases, the number of safe primal updates

Mytop decreases at rate O(1/C). O

C.4 Closed-Form Solution for Eq. 3
The objective function is

1
F(S) = M[S]l1 + §||S —Z |

Because the ¢; norm and Frobenius norm decompose element-wise,

ISy = lsigl 18 = ZugallF = (50— 2:5)°
ij

.3

the optimization decouples into independent scalar problems.
For any scalar element s of S and corresponding element z of Z;1, we minimize

1
Fls) = Als| + 5 (5 — 2%
Since |s| is non-differentiable at s = 0, we set the subdifferential of f(s) to zero:
0€df(s)=A0|s|+ (s—2), z—s€N|s|

The subdifferential of the absolute value is

{1}, 5> 0,
dls| =¢{-1}, s<0,
[-1,1], s=0.

Solving z — s € A 0|s| gives three cases:

z—A, zZ> ),
5=140, |z] <A,
2+ A z2< =\
Equivalently,
s = sgn(z) max(|z] — A, 0).

Applying this scalar result element-wise gives the matrix-level closed form

Siv1 =T\(Z¢y1).
48090



C.5 Row-Wise Dual Update

Consider the update rule for row ¢ of the dual state matrix Z. Let z; be the i-th row of Z, and let r; be the
i-th row of the static chunk mask M ., unk-

The full matrix update term is
AZ = -B(M®G Z)kk'.

For row 1, the element-wise product M ® Z scales that row by r;:
(AZ)Z = —ﬁ(l‘i ® Zi)kk—l—.

Using the identity (a©® b) - ¢ = a - (b ® c), we obtain

(ri @)k =Y rijzighy = Yz (rijki) = 2 (r: O k).
J J

Define the effective read key for row ¢ as
l~<2- =r; ®k.
Then the row-wise update becomes a standard rank-one transition:
zgt) = thq) (I - ﬁtf(tyiktT) —+updates.
row-specific transition
C.6 Lipschitz Continuity of the Gradient

We compute the gradient of Jo(S) with respect to S:

C

VJo(S) =) (Ski, — vi, K/,
=1

or equivalently,

C c
VJe(S) =S8 (Z ktiktf) =) vk
1=1 i=1

Let
C
Ko = Zktiktj
=1
For any two matrices S; and So,
c c
IVJc(S81) = Vie(S2)llr = || (S1Ke - z;vtikg) — (S:Ke — z;vtikg) |
= (81 = S2)Kc|p.

Using the submultiplicative property ||AB||r < ||Al/#||B|2, where || - ||2 is the spectral norm, we
have
1(S1 = S2)Kellr < [Kell2[S1 — Sz #-

Therefore, the gradient satisfies the Lipschitz condition
IVJc(S1) = VJa(Sa)||r < Lel|S1 — S2f p,
with Lipschitz constant

Lc =

C
> kik/

=1

C
= Anax (Z ke k. ) .
2 i=1

48091



D Lemmas

D.1 Primal-Dual Sparsity Condition

Lemma 4 (Primal-Dual Sparsity Condition (Cai et al., 2009b)). Under the {1-regularized LBI framework,
if the dual variable Z,,, satisfies

1Zim. 5[0 < A

on a subspace S€, then the corresponding primal variable satisfies
Sim,se = 0.

Proof. In LBI with the ¢; regularization term \||S||;, the primal variable S,, is recovered from the dual
variable Z,, through the element-wise soft-shrinkage operator:

S =Ta(Zm),
where T}, is defined element-wise for any scalar z as
T)\(z) = sgn(z) max(|z| — A, 0).
Consider any coordinate (p, ¢) € S¢. The primal update gives
[Smlpq = s80([Zmlp.q) max(|[Zn]pq| — A, 0).

The condition

1Zm,selloo = max |[Zm]pql <A

(p.g)es®
implies that, for every (p, q) € S¢,
[Zm]p,ql — A <O0.
Therefore,
max (|[Zy]pq| — A, 0) =0,
and hence

[Smlp.q =0, Y(p,q) € S¢.

Thus, Sm75c =0.

Since the oracle sequence S/, is defined by enforcing S/ s. = 0 while applying identical updates
on the true support S, the actual sequence matches the oracle sequence, i.e., S,,, = S/, as long as the
threshold is not exceeded. 0

D.2 Dual Form for Bregman Divergence

Lemma 5 (Dual Form for Bregman Djvergence (Cai et al., 2009b)). Let w be a convex function and let
w* denote its convex conjugate. For S and S, +1 with subgradient Z,,+1 € 0w(Sy,+1), the Bregman
distance admits the dual form

DZm+1(S,Sma1) = w(S) = (Zim+1,S) + w* (Zms1)-
In particular, if Sy41 = Vw* (Zm1) and Zyy 1 = Zy, — BV Jo(Sy,), then

DZm+1(8,841) = w(S) = (Zp, — BV Ic(Si), S)
+ W (Zp — BV Ic(Sm)) -
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Proof. By definition, the Bregman distance between S and S,,,; 1 with respect to the subgradient Z,, ;1 €
Ow(Sy41) is ) ) )
DZm1(8,Simt1) = w(S) — w(Smt1) = (Zm+1,S — Sms1) -

Expanding the inner product gives
DZm1(8S,Sm41) = w(S) = w(Sm+1) = (Zimt1,S) + (Zms1, Simr1)-
Because S,,+1 and Z,, 1 form a conjugate pair, the Fenchel-Young equality gives
W(Sm+1) + W (Zmt1) = (Zmt1,Smr1)-
Thus,
—w(Sm+1) + (Zmt1,Sm+1) = W (Zmt1)-
Substituting this identity yields
DZ(8, Smi1) = w(S) = (Zin+1,S) + W (Zns1).
Finally, substituting Z,,,+1 = Z,, — 5V Jc(S,,) proves the stated expression. O

D.3 Bregman Distance Lower Bound

Lemma 6 (Lower Bound for Bregman Distance under Strong Convexity (Cai et al., 2009b)). Let w(S)
be p-strongly convex with respect to the Frobenius norm || - || p. For any Sy,11, Sy, and any subgradient
Z,, € 0w(Sy,), the associated Bregman distance satisfies

D27 (Sm+1,8m) = Sl1Sms1 = Sl
Proof. The Bregman distance generated by w is
DZ™(Spt1,Sm) = w(Sm+1) — w(Sm) = (Zm, Smt1 — Sm) -
Since w is p-strongly convex,
W(Smt1) 2 @(Sm) + (Zin St = Sm) + 5 [Sumsr — Sl

Rearranging gives
DZ™ (St Sm) 2 & Smt1 — Sl

For our choice of w, the strong convexity modulus is ¢ = 1, and therefore

1
Duzjm(sm—kla Sm) > iHSm-&-l - SmH%-

D.4 Accumulated Sub-Gaussian Noise as a Random Walk

Lemma 7 (Accumulated Sub-Gaussian Noise as a Random Walk). Let N = mC' be the total number of
processed vectors. Define the accumulated noise matrix

N
Wm = B Z Gtk:a
t=1

and the step increment
AW, = fek, .

Assume the observation noise {ft}z{\; is independent, zero-mean, and sub-Gaussian with variance proxy
02, and assume the inputs are bounded by ||k;||2 < K. Then W, is a sum of independent, zero-mean
increments. Moreover, for any scalar entry [W ], 4, its variance proxy satisfies

$? < 202 K?mC.
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Proof. Let N = mC. The accumulated noise matrix is

N
Wm = B Z Gtk:a
t=1

with increment
AWt = 5€tk;r.

Since €, is independent and zero-mean,
E[AW,] = S E[e]k, = 0.

Let 7, = o(ey,...,€,) be the natural filtration. The partial sums {W (") N_, form a discrete-time
martingale because

EW®™ | F,_1] = W™D L E[AW,, | F_q] = WD,

For a single scalar element of W,,, at row p and column ¢,

mC'
(Winlpq =5 Z[Gt]p[kt]q-
t=1

Since each [€],, is an independent sub-Gaussian variable with variance proxy o2, the variance proxy of

this linear combination is
mC

§2 = Z (5[kt]q)2a2.

t=1

Using ||k¢||2 < K, we have [kt]g < K2, and hence
mC
$? < B0? > K? =B’ K’mC.
t=1

Thus, W, is an accumulated sum of independent zero-mean increments, with coordinate-wise variance
proxy growing linearly in mC'. O

E Use of Large Language Models (LLMs)

During the preparation of this manuscript, we used Large Language Models (LLMs) for language
assistance, including grammar checking and text polishing, to improve clarity and readability.

In addition, during the experimental phase, we used LLMs to assist in generating functional scripts
(e.g., dataset preprocess, evaluation harnesses, and metric collection/statistics scripts). All such code was
reviewed, tested, and, where necessary, modified by the authors. The authors take full responsibility for
the correctness of the implementation, the experimental design, and the reported results and conclusions.
LLMs were not used to generate experimental results or to make scientific decisions.
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