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Abstract

Chain-of-thought prompting improves math-
ematical reasoning, but generated reasoning
chains can appear locally plausible while being
globally inconsistent. Later steps may derive
equations inconsistent with claims asserted ear-
lier. We propose SAGE, a training-free decod-
ing approach that treats symbolic consistency
as probabilistic conditioning over mathemati-
cal claims, conditioning each new claim on the
symbolic state accumulated from earlier steps.
SAGE approximates this conditional distribu-
tion online by resampling at mathematical span
boundaries: candidate continuations are parsed
into formal claims and selected according to
satisfiability with the accumulated symbolic
state. This statement-level decoding avoids
intractable token-level constrained decoding
while still using solver feedback online, before
a complete solution has been generated. Across
MATH-500, Gaokao, and Minerva, SAGE im-
proves LLaMA, DeepSeek, and Qwen models
over temperature sampling. On MATH-500, it
improves accuracy by up to 6.3% and by 3.1%
on average across four models. On Gaokao and
Minerva datasets, SAGE yields consistent gains
across models, improving Gaokao and Minerva
pass@3 by up to 2% and 3%, respectively.
We release our code at https://github.
com/tamannahossainkay/sage

1 Introduction

Chain-of-thought prompting has been pivotal to im-
proving the performance of language models (LMs)
on mathematical and symbolic reasoning tasks by
eliciting intermediate reasoning steps (Wei et al.,
2022; Kojima et al., 2022). However, producing
more reasoning tokens also creates more opportuni-
ties for symbolic inconsistency: a reasoning trace
may derive one value for a quantity, only to later
assign it a different value, or perform an algebraic
simplification contradicting constraints established
earlier in the solution. This observation suggests

Problem. What is the sum of the values of a satisfying

(3) 52 − 4(5− a)2 ÷ 3 = 63?

LM + SAGE generates:

Steps 1 – 2 expand & distribute

75− 100− 40a+ 4a2

3
= 63

Steps 3 – 4 multiply by 3

225− 100 + 40a− 4a2 = 189

↓ model samples 5 candidates inside #...# for next step ↓
× Rejected [UNSAT]

−4a2 + 40a +36 = 0

✓ Selected [SAT]

−4a2 + 40a+ 125 = 189

(3 further candidates also UNSAT)

Continuing from selected candidate:
Step 5

−4a2 + 40a+ 125 = 189

=⇒ −4a2 + 40a− 64 = 0

Step 6

a =
−40±

√
1600− 1024

−8
=

−40± 24

−8

Step 7
a = 2, a = 8 =⇒ 2 + 8 = 10 ✓

Figure 1: SAGE performs span constrained resam-
pling. At a math span, the LM proposes several candi-
date simplifications; each is checked against the sym-
bolic state induced by earlier accepted steps. Here, the
rejected candidate is UNSAT as it simplifies 225−100−
189 to 36 instead of −64, while the selected candidate
preserves satisfiability, leading to the correct answer.

a formal lens. If the mathematical claims in a rea-
soning trace are extracted as constraints, then one
basic requirement is satisfiability: there should ex-
ist an assignment under which all accepted claims
are simultaneously true.

Prior work has proposed to augment satisfiabil-
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ity with mathematical reasoning in LMs. However,
this is typically carried out in a post-hoc manner,
with the solver outside the decoding loop: they
either use satisfiability to filter or rank complete
Best-of-N reasoning traces (Zhou et al., 2024), or
delegate reasoning to a solver after the LM trans-
lates the problem into declarative constraints (Ye
et al., 2023). While such approaches demonstrate
the value of satisfiability as a reasoning signal, they
only apply this signal after a full solution or full
formalization has already been generated. In con-
trast, incorporating satisfiability during decoding
allows inconsistencies to be detected and corrected
locally at mathematical spans, avoiding the need to
repeatedly generate and score complete traces.

We introduce Satisfiability-Guided Decoding
(SAGE), a training-free, inference-time approach
for guiding LM reasoning traces toward symbolic
self-consistency. The core idea underlying SAGE

is statement-level constrained resampling: rather
than constraining the next-token distribution di-
rectly, SAGE constrains the distribution over math-
ematical statements. At each mathematical span
boundary, the LM proposes candidate continua-
tions from its local span distribution; a lightweight
parser maps each parseable span to formal claims;
and a solver checks whether adding those claims
to the accumulated symbolic state preserves sat-
isfiability. Generation resumes from a satisfiable
candidate. Figure 1 gives an approach overview.

SAGE uses satisfiability as an online decoding
signal rather than as a post-hoc filter over com-
pleted solutions (Figure 2). Our intuition is that
even when the LM’s preferred next mathemati-
cal claim is inconsistent, nearby samples from the
same local span distribution may remain compati-
ble with the trace constructed so far. SAGE there-
fore does not replace LM reasoning with solver-
based reasoning; it locally resamples the model’s
immediate mathematical claims subject to consis-
tency with the accumulated symbolic state. Unlike
approaches that autoformalize an entire solution
into a theorem-prover input, SAGE extracts con-
straints directly from intermediate statements and
checks them incrementally during generation. This
yields a lightweight, model-agnostic method for
improving symbolic self-consistency at inference
time, without fine-tuning or a trained verifier.

We evaluate SAGE across MATH-500, Gaokao,
and Minerva, finding consistent gains for LLaMA
and DeepSeek models over temperature sampling
without any fine-tuning or trained verifier (§4). On

MATH-500, SAGE improves accuracy by up to 6.3
percentage points and by 3.1 points on average
across four models. Gains persist across subject
areas and difficulty levels, with the largest improve-
ments concentrated at intermediate difficulty levels.
On the harder Gaokao and Minerva benchmarks,
SAGE improves pass@3 by up to 2 and 3 points.

In a compute-matched comparison, SAGE out-
performs majority voting over three complete so-
lutions (MV@3) by 3.1 percentage points overall,
even though MV@3 is given a larger 3× token-
generation budget compared to SAGE’s approxi-
mately 2× overhead. Gains are observed in every
dataset–model setting, with non-overlapping mean
± standard-deviation intervals in 7 of 12 settings.
Diagnostics of the last-fork solver status further
show that correct solutions have more SAT out-
comes, while incorrect solutions have more UN-
SAT outcomes, indicating that solver verification
provides a meaningful correctness signal.

Together, these results show that mathematical
reasoning improves when generation is constrained
to remain globally consistent. SAGE enforces this
consistency online, checking each new mathemat-
ical claim against the symbolic state built from
earlier steps and steering the model away from con-
tinuations that contradict its own reasoning.

2 Preliminaries and Notation

2.1 A Language Model Induces a Distribution
Over a Problem’s Reasoning Traces

Let s denote a problem statement and let y1:T :=
[y1y2 . . . yT ] denote a reasoning trace of arbitrary
length T , where yi is the instantiation of random
variable Yi over tokens at time i and takes values
from a vocabulary V = {1, . . . , V }. An autore-
gressive LM pθ defines a distribution over traces

pθ(y1:T | s) =
T∏

t=1

pθ(yt | s,y<t). (1)

In standard decoding, one samples, greedily or
stochastically, tokens w.r.t. the next-token condi-
tionals until the <EOS> token is encountered.

In this work, we are interested in reasoning
traces containing explicit mathematical statements.
We prompt the model to delimit such statements us-
ing #...#. This induces a natural decomposition
of the trace into ordinary text and mathematical
spans. Let x1:t be the textual prefix preceding a
mathematical span, then the LM also induces a
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Question
sum of a: . . . = 63

LM
prefix tokens

# span open

sample K candidates
LM prob.

c1 4a2 − 40a − 125 = −189

c2 −4a2 + 40a + 76 = 189

c3 −4a2 + 40a + 125 = 189

c4 −4a2 + 40a − 64 = 36

cK −4a2 + 40a = 189

✓ SAT

✗ UNSAT

✓ SAT

✗ UNSAT

✗ UNSAT

SMT solver
checks each candidate

Symbolic state
prior accepted spans

75 − (. . . )/3 = 63

225+40a−4a2 = 189

commit c3 −4a2 + 40a + 125 = 189 #

span close

resume LM
a = 2, a = 8

answer
2 + 8 = 10

append to state

Figure 2: SAGE intercepts at math-span boundaries (#) to enforce arithmetic consistency during generation.
Inside a span, K complete candidate continuations are sampled from the LM’s distribution (bars at left), and each is
checked by an SMT solver against the symbolic state accumulated from prior accepted spans. The solver partitions
candidates by satisfiability: here c1 and c3 both pass, while c2, the LM’s highest-probability continuation, is UNSAT
and would have introduced an error. SAGE commits a satisfiable candidate (c3) using the LM’s own preference
among them, appends its equation to the symbolic state for downstream spans, and resumes generation. SAGE
recovers the correct answer, 2 + 8 = 10, which would have been otherwise missed by temperature sampling.

local distribution over possible span continuations,

z ∼ pθ(· | x1:t,#), (2)

where z denotes a complete candidate span gener-
ated till the closing delimiter is encountered. SAGE

operates on this span-level distribution rather than
directly constraining the next-token distribution.

We will write parse(z) to denote the output of a
parser that maps a mathematical span z to a set of
formal claims. For a candidate span zi, we write

Ψi = parse(zi), (3)

where Ψi corresponds to the set of claims: equali-
ties, inequalities, implications, or other formalized
mathematical relations, extracted from the span zi.

2.2 Satisfiability and SMT Solvers

We adopt the standard model-theoretic definition
of satisfiability for first-order logic (Enderton,
2001). Let L be a logical language and let Φ =
{φ1, . . . , φn} be a finite set of formulas, then

Definition 1 (Satisfiability). Φ is satisfiable if there
exists a modelM such thatM |= φ for all φ ∈ Φ.
Otherwise, we say that Φ is unsatisfiable.

Satisfiability Modulo Theories (SMT) solvers
check satisfiability of first-order formulas inter-
preted over background theories such as linear in-
teger arithmetic, real arithmetic, bit-vectors, arrays,
and strings. In this work, we primarily use real
arithmetic as the background theory T. We write

SATT(Φ)

for the solver status obtained by checking whether
Φ is satisfiable modulo T, with possible outcomes
such as SAT, UNSAT, or UNKNOWN. We use the
Z3 (de Moura and Bjørner, 2008) SMT backend.

Example 1. Let

Φ = {x+ y = 5, x > 0, y > 0} (4)

over integer arithmetic. Then Φ is satisfiable: for
instance, we can see that the assignment x 7→
2, y 7→ 3 satisfies every formula in Φ. In contrast,

Φ′ = {x+ y = 5, x+ y = 7} (5)

is unsatisfiable, since no assignment makes both
equations simultaneously true. For a given LM-
generated reasoning trace, the same kind of in-
consistency can arise when mathematical claims
introduced across steps are jointly unsatisfiable.
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Definition 2 (Symbolic self-consistency). Let y
be a reasoning trace, and let Φ(y) denote the set
of formal claims extracted from the mathematical
spans of y. We say that y is symbolically self-
consistent modulo background theory T if Φ(y) is
satisfiable modulo T. Otherwise, we say that the
reasoning trace y is symbolically self-inconsistent.

3 Satisfiability-Guided Decoding

3.1 Problem Formulation

Let s denote a problem statement, and let ỹ ∼
pθ(· | s) be a reasoning trace sampled from an LM.
The trace ỹ consists of natural-language text inter-
leaved with mathematical statements. We instruct
the model to delimit mathematical statements using
#...#, allowing the decoder to identify mathemat-
ical span boundaries throughout the generation.

A generated reasoning trace may successfully
dictate a promising high-level approach to a
given problem, while being symbolically self-
inconsistent in the sense given in Definition 2.
In what follows, we posit an unobserved self-
consistent trace y associated with the model’s sam-
pled trace ỹ. Intuitively, we wish to project ỹ onto
the solution space defined by the SMT solver, yield-
ing a self-consistent reasoning trace that respects
the spirit of the high-level approach (i.e., remains
plausible w.r.t. the LM’s distribution) while sat-
isfying the symbolic constraints induced by the
reasoning traces’ own mathematical claims. In this
light, satisfiability-guided decoding can be viewed
as conditional inference over LM-generated rea-
soning traces: preserve the LM’s distribution over
plausible traces while conditioning on the joint sat-
isfiability of the extracted mathematical claims.

3.2 Symbolic Consistency as Conditioning

Given a reasoning trace y, let Φ(y) denote the set
of formal claims extracted from its mathematical
spans. A minimal symbolic self-consistency re-
quirement is that these claims be jointly satisfiable:

consistent(y) = 1{[Φ(y) sat modulo T]} .
(6)

where 1{·} denotes the indicator function. The
ideal distribution over symbolically self-consistent
reasoning traces can therefore be given by

pθ(y | s, consistency) (7)

=
pθ(y | s) · consistent(y)∑
y′ pθ(y′ | s) · consistent(y′)

, (8)

where consistency := {y | consistent(y)}
denotes the set of all consistent reasoning traces.
This formalizes the objective of preserving the LM
distribution as an imperfect reasoner over plausi-
ble reasoning traces while restricting attention to
symbolically self-consistent reasoning traces.

Directly sampling from this full-trace condi-
tional distribution is intractable. One might instead
hope to enforce satisfiability using standard token-
level constrained decoding. However, tokenwise
constrained decoding requires a next-token viability
oracle: given the current symbolic state Φt and a
partial mathematical span, it must determine which
tokens v ∈ V admit some future span completion
z whose parsed claims remain satisfiable:

∃z SATT (Φt ∪ parse(v ◦ z)) = SAT. (9)

This is feasible for many syntactic constraints,
which can be compiled into automata, grammars,
or incremental parsers. SMT-based consistency
constraints do not expose this interface. An SMT
solver can check whether a proposed set of formal
constraints is satisfiable, but it does not efficiently
characterize which of the |V| next tokens can even-
tually complete to a satisfiable mathematical claim.

3.3 Locally Constrained Span Resampling
Since sampling from the full-trace conditional dis-
tribution is intractable, SAGE instead factorizes
the constraint along mathematical span boundaries,
conditioning on satisfiability one span at a time.
Suppose the LM has generated prefix x1:t, and let
Φt be the symbolic state induced by the claims ac-
cepted so far. At a new math span, the LM induces
a local distribution over complete candidate spans,

z ∼ pθ(· | x1:t,#).

A candidate span is parsed into claims Ψ =
parse(z). Self-consistency entails adding these
claims while still retaining satisfiability:

consistentt(z) = 1
[
SATT

(
Φt ∪Ψ

)
= SAT

]
,

yielding the locally-constrained span distribution

qt(z) ∝ pθ(z | x1:t) consistentt(z).

Using rejection sampling, one can sample spans

z1, . . . , zK ∼ pθ(· | x1:t),

parse each span, reject inconsistent candidates, and
select uniformly among the satisfiable candidates.
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This yields self-consistent spans that are faithful to
the target conditional LM distribution.

Hard rejection is brittle with small K: candi-
dates may fail to parse, the SMT solver may return
UNKNOWN, or a span may contain only partially
checkable claims. We thus relax the binary consis-
tency event into a soft satisfiability verifier. Fig-
ure 2 summarizes this span-resampling procedure.

During decoding, SAGE maintains a symbolic
state Φt containing the claims extracted from pre-
viously selected mathematical spans. A candidate
span z, with extracted claims Ψ = parse(z), is
locally compatible with the trace so far if

SATT(Φt ∪Ψ) = SAT.

3.4 A Soft Measure of Self-Consistency

The definition of self-consistency in Equation (6)
treats each candidate span as either consistent or
inconsistent with the current symbolic state. This
is too brittle in practice because the verifier is in-
complete: a consistent mathematical span may fall
outside the supported parser fragment, mix formal
and informal claims, trigger a solver timeout, or
receive an UNKNOWN outcome. Thus, failure to
verify a span need not prove it as inconsistent.

We therefore replace the binary indicator with a
soft verifier vT (Φt,Ψi) ≥ 0. The verifier assigns
higher weight to spans that are satisfiable or locally
valid, zero weight to spans that are explicitly con-
tradictory, and lower positive weight to undecided
or malformed spans. In this manner, we take into
account a measure of the span’s self-consistency in
addition to its likelihood under the LM.

Given a set of spans z1, . . . , zK ∼ pθ(· | x1:t),
with Ψi = parse(zi), SAGE approximates the
verifier-tilted distribution by resampling from the
finite candidate set according to verifier weights:

Pr(z⋆ = zi) =
vT(Φt,Ψi)∑K
j=1 vT(Φt,Ψj)

.

The LM probability enters through the proposal
step: high-probability spans are more likely to ap-
pear among the samples. The verifier then con-
tributes only the local compatibility weight. In the
hard-verifier case, this reduces to uniform resam-
pling among sampled candidates that preserve sat-
isfiability. We also consider a deterministic variant
that selects the most compatible candidate

z⋆ ∈ argmax
zi

vT(Φt,Ψi),

Algorithm 1 Satisfiability-Guided Decoding

Require: LM pθ, prompt s, parser parse, verifier
vT, candidates K

1: x← s, Φ← ∅
2: while not stopped do
3: Generate tokens until <EOS> or delimiter
4: if <EOS> reached then return x
5: end if
6: Sample spans z1, . . . , zK ∼ pθ(· | x)
7: for i = 1, . . . ,K do
8: Ψi ← parse(zi)
9: wi ← vT(Φ,Ψi)

10: end for
11: if

∑
iwi > 0 then

12: Sample z⋆ using weights wi

13: else
14: Select z⋆ using diagnostic fallback
15: end if
16: x← x ◦ # ◦ z⋆ ◦ #
17: Φ← Update(Φ, parse(z⋆))
18: end while
19: return x

with ties broken by diagnostic priority or local
model score. This deterministic rule is not an
unbiased sampler from qt; rather, it is a mode-
seeking approximation that favors the most solver-
compatible continuation among the LM’s local
proposals. This distinction separates two uses of
the same verifier: faithful constrained sampling
from the locally conditioned span distribution, and
accuracy-oriented constrained decoding.

3.5 The SAGE Algorithm

Algorithm 1 summarizes the common decoding
framework underlying the two SAGE variants. Gen-
eration proceeds normally outside mathematical
spans. When the model opens a span, SAGE sam-
ples K complete candidate spans, parses each into
claims, scores each candidate with the verifier vT,
resuming generation from a compatible candidate.

3.6 Inference-Time Overhead

The overhead of SAGE is localized to mathematical
spans. Otherwise, decoding is identical to standard
LM generation. Let N be the number of tokens
in the selected reasoning trace, Lmath the number
of those tokens that fall inside mathematical spans,
and K the number of candidate spans generated
at each fork. If CLM is the cost of one LM decod-
ing step, then standard decoding costs O(NCLM),

49653



while SAGE incurs a cost of

O((N − Lmath) · CLM +K · Lmath · CLM) .

Thus, the additional LM cost is

O((K − 1) · Lmath · CLM) .

Equivalently, let ρ = Lmath/N be the fraction of
tokens inside mathematical spans, then we have
that the idealized compute ratio is approximately

CSAGE

Cbase
≈ 1 + (K − 1)ρ,

up to parser and solver overhead.
The parser and SMT solver add little GPU cost.

Parsing is lightweight and roughly linear in span
length, while Z3 checks are small CPU-side queries
over the candidate claims and accumulated sym-
bolic state. These calls do not consume GPU mem-
ory or GPU compute, so the dominant practical
overhead is sampling the extra LM spans. Since
typical reasoning traces contain relatively few de-
limited mathematical spans, Lmath ≪ N in prac-
tice, and the overhead is substantially smaller than
multiplying the full decoding cost by K.

4 Experiments

We empirically evaluate the effectiveness of the
proposed approach across mathematical reason-
ing benchmarks and open-source instruction-tuned
models, comparing standard temperature sampling
to two variants of our method.

Models. We evaluate four open-source
instruction-tuned LLMs across model fami-
lies: LLaMA-3.2-3B-Instruct (Meta, 2024),
LLaMA-3.1-8B-Instruct (Dubey et al., 2024),
Qwen3-4B-Instruct (Yang et al., 2025), and
DeepSeek-Math-7B-Instruct (Shao et al., 2024).

Methods. We compare against two baselines:
standard temperature sampling1 and compute-
matched majority voting. Because solver cost
is negligible relative to generation, we measure
SAGE’s overhead as the total number of LM-
generated tokens, including the final response and
discarded candidate spans sampled at mathemat-
ical forks. For a conservative compute-matched
majority-voting baseline, we round this overhead
up to the next odd integer and use that many com-
plete solutions. We discuss the incompatibility of
using SATLM as a baseline in Appendix F.

1HuggingFace implementation

We evaluate two variants of SAGE: SAGE-Rank,
which ranks candidate continuations using both
solver feedback and model likelihood, and SAGE-
Sample, which samples from a solver-weighted
distribution over candidates. Unless otherwise
specified, SAGE denotes SAGE-Rank, the default
variant used in the main comparison.

SAGE-Rank. At each step, prose tokens (non-
math text) are generated via top-k sampling. When
the model emits a math delimiter, generation forks:
one candidate span is generated greedily and N −1
additional candidates are generated via top-k sam-
pling. All N candidates are evaluated by a Z3
solver, which parses all equations from the prefix
and candidate and checks their logical consistency.
If the greedy candidate passes the solver check (i.e.,
its status is satisfiable, valid, or produces no con-
strainable equations), it is retained unchanged. Oth-
erwise, the remaining candidates are ranked jointly
by solver status priority (Table 7) and average to-
ken log-probability, and the top-ranked candidate
is selected.

SAGE-Sample. Prose tokens are generated iden-
tically to SAGE-Rank via top-k sampling. At each
math delimiter, all N candidates are generated by
sampling — there is no greedy anchor. Each can-
didate is evaluated by the same Z3 solver. Rather
than rank-based selection, a candidate is drawn ran-
domly with probability proportional to its solver
status priority score (Table 7).

For temperature sampling and both variants of
SAGE, we generate five samples per problem using
matched random seeds, with temperature T = 1
and top-k = 20. We construct the majority-voting
baselines from subsets of the temperature-sampled
solutions. For both SAGE variants, we addition-
ally generate five candidate continuations at each
mathematical expression span. We use the same
system prompt in all settings, which specifies that
mathematical expressions should be enclosed in #
signs; these expression delimiters are required by
SAGE for equation-span sampling and extraction.

Benchmarks. We evaluate on three mathematical
reasoning benchmarks. MATH-500 (n = 500) is a
curated 500-problem subset of MATH (Hendrycks
et al., 2021), spanning seven categories (Algebra,
Prealgebra, Number Theory, Geometry, Counting
& Probability, Intermediate Algebra, Precalculus)
and five difficulty levels. GaoKao (n = 385) is
based on China’s National College Entrance Ex-
amination and contains challenging high-school-
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Accuracy Pass@2 Pass@3

Dataset Model Sampling SAGE Sampling SAGE Sampling SAGE

MATH-500

LLaMA-8B 33.4 39.7 46.6 51.2 53.6 57.0
LLaMA-3B 37.5 39.9 48.0 50.5 53.6 56.3
DeepSeek-7B 35.6 38.6 46.7 50.0 53.0 55.8
Qwen3-4B 52.6 53.2 57.2 57.7 59.6 60.0

Gaokao

LLaMA-8B 32.4 35.1 41.8 44.2 46.9 48.9
LLaMA-3B 31.6 32.8 41.4 42.4 46.8 47.6
DeepSeek-7B 33.2 35.4 43.9 45.2 49.5 49.9
Qwen3-4B 47.4 48.0 50.4 50.6 51.6 51.6

Minerva

LLaMA-8B 15.0 15.8 23.0 25.3 28.6 31.6
LLaMA-3B 13.2 14.8 21.1 23.5 26.9 29.2
DeepSeek-7B 19.4 20.3 29.2 30.1 35.2 36.5
Qwen3-4B 24.6 24.4 29.0 29.6 31.7 32.8

Table 1: Performance of Sampling and SAGE across three benchmarks. Accuracy is the mean over seeds.
Pass@k (k ∈ {2, 3}) uses the unbiased estimator over seeds; bold = best between the two methods within each
metric. LLaMA-8B and LLaMA-3B correspond to the 3.1 and 3.2 model families, respectively.

level mathematics problems requiring algebraic,
geometric, symbolic, and multi-step quantitative
reasoning (Zhang et al., 2023). Minerva (n = 272)
is a collection of university-level quantitative rea-
soning problems introduced by Lewkowycz et al.
(2022), emphasizing advanced STEM reasoning
across mathematics, physics, engineering, and re-
lated technical domains.

Metrics. We report two evaluation metrics. First,
accuracy measures whether the model’s final an-
swer matches the ground-truth answer. Because
each method generates five samples per problem,
we report accuracy averaged across samples. Sec-
ond, pass@k measures the probability that at least
one of k sampled solutions is correct, estimated
using the unbiased estimator (Chen et al., 2021).
For a problem with n generated samples, of which
c are correct,

p̂ass@k = 1−
(
n−c
k

)
(
n
k

) ,

with the value defined as 1 when n− c < k.

4.1 Results
Table 1 compares SAGE against standard tempera-
ture sampling across three mathematical reasoning
benchmarks and four instruction-tuned language
models. Overall, SAGE consistently improves over
standard sampling across both average accuracy
and Pass@k, indicating that solver-guided contin-
uation selection improves not only the expected
correctness of individual samples but also the prob-
ability of obtaining at least one correct solution
among multiple attempts.

The largest improvements occur on MATH-500,
where SAGE improves every model and metric,
with average gains of 3.1% in accuracy, 2.7% in
Pass@2, and 2.3% in Pass@3. The strongest gains
are observed for LLaMA-8B, which improves by
6.3% accuracy points, 4.6% Pass@2 points, and
3.3% Pass@3 points. A finer-grained breakdown
shows that the improvements persist across subject
areas (Table 8). By difficulty level, the largest gains
are concentrated at intermediate difficulty levels
(L2–L3) across all models: LLaMA-8B improves
by 11.6% at L2 and 8.8% at L3, LLaMA-3B by
5.1% and 3.3%, DeepSeek-7B by 3.8% and 7.7%,
and Qwen’s highest gains at L2 of 1.8% (Figure 8).

On the harder GaoKao and Minerva datasets,
gains are consistent but more modest. The highest
gains on GaoKao were for LLaMA-8B, which im-
proves by 2.7% on accuracy, and 2.5% on Pass@2.
On Minerva, the highest accuracy gain was 1.5%
for LLaMA-3B, 2.4% for pass@2 for LLaMa-3B,
and 3% for pass@3 for LLaMa-8B. The only ac-
curacy regression is a small −0.1 point change
for Qwen3-4B on Minerva, while its Pass@2 and
Pass@3 still improve by 0.5% and 1.2%.

Compute-matched majority voting. Across
models, datasets, and seeds, SAGE incurs an av-
erage token-generation overhead of approximately
2×. Because a strict majority vote requires an odd
number of samples, we compare against majority
voting over three complete solutions, giving the
baseline a generous 3× compute budget. Averaged
over all three-sample subsets of the temperature-
sampled solutions, SAGE outperforms MV@3 by
3.1 percentage points, with improvements observed
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Dataset Model MV@3 SAGE ∆

MATH

LLaMA-8B 32.5±1.7 39.7±1.8 +7.2
LLaMA-3B 37.0±1.4 39.9±1.8 +2.8
DeepSeek-7B 34.3±1.3 38.6±1.2 +4.2
Qwen3-4B 52.2±0.6 53.2±0.8 +1.0

Gaokao

LLaMA-8B 31.5±0.9 35.1±2.3 +3.6
LLaMA-3B 30.6±1.3 32.8±0.7 +2.2
DeepSeek-7B 32.6±1.0 35.4±2.5 +2.8
Qwen3-4B 47.9±0.6 48.0±0.7 +0.1

Minerva

LLaMA-8B 11.7±1.0 15.8±1.9 +4.2
LLaMA-3B 9.4±1.1 14.8±2.3 +5.4
DeepSeek-7B 17.2±1.1 20.3±1.4 +3.1
Qwen3-4B 23.8±1.0 24.4±1.4 +0.6

Table 2: Compute-matched baseline. Comparison of
majority voting and SAGE, with results reported as ac-
curacy ± standard deviation. Majority voting is given
a generous 3× compute budget, compared with the ap-
proximately 2× generation overhead of SAGE. ∆ de-
notes differential. boldface denotes higher accuracy.

in every dataset–model setting (Table 2). In 7 of
the 12 dataset–model settings, the mean ± one-
standard-deviation intervals do not overlap, sug-
gesting that the gains are not attributable solely to
sampling variability.

4.2 Effect of Candidate Selection Strategy

Table 6 compares two variants of SAGE against stan-
dard temperature sampling, reporting deltas relative
to the sampling baseline. SAGE-Rank, our default,
ranks candidates using solver feedback and model
likelihood, whereas SAGE-Sample samples from
a solver-weighted distribution over candidates.

Overall, SAGE-Rank performs substantially bet-
ter: averaged across all model–dataset settings,
it improves accuracy by 1.8%, Pass@2 by 1.8%,
and Pass@3 by 1.7%, compared to 0.5%, 0.3%,
and 0.2% for SAGE-Sample. SAGE-Sample
occasionally performs better, most notably for
DeepSeek-7B on MATH-500 and Minerva under
Pass@k, but it also produces many more regres-
sions, especially on Gaokao and Minerva, while
SAGE-Rank is positive in nearly all cases.

4.3 Diagnostics

To understand the mechanisms behind SAGE’s
gains, we examine some diagnostic questions.

What is the distribution of solver statuses? Fig-
ure 3 shows the distribution of the solver status of
the selected candidate at the final math-span fork,
collapsing non-SAT/UNSAT outcomes such as un-
known, parse errors, unsupported expressions, and

Position SAT UNSAT Unverified

Early 6.9 29.0 64.1
Mid 2.5 39.2 58.3
Late 1.2 43.6 55.3

Table 3: Verification outcomes of overridden forks by
relative position in the solution trace. Earlier corrections
are more likely to yield a SAT candidate, whereas later
corrections are more frequently UNSAT.

missing equations into Unverified. Correct solu-
tions consistently contain a higher fraction of SAT
outcomes than incorrect solutions, while incorrect
solutions tend to have higher UNSAT rates, indicat-
ing that solver verification provides a meaningful
correctness signal.

The signal is weaker on Minerva. For Qwen3-
4B, the pattern even reverses, coinciding with the
observed regression in this setting. This suggests
that the current parser and/or solver may be less
compatible with Qwen3-4B generated reasoning
chains over Minerva’s scientific content.

The largest category overall is Unverified often
accounting for 36% - 63% of outcomes, showing
that many generated reasoning steps fall outside the
solver’s coverage. Since our results show a mean-
ingful signal between successfully parsed solver
statuses and correctness, future work can build on
SAGE by enriching our simple rule-based parser
and integrating solvers with broader coverage.

What is the average number of math spans per
solution? Across models and datasets, the num-
ber of math spans per solution averages 12.4.

How often does SAGE change or reject the
greedy candidates? 62.1% across models and
datasets, so it is a common occurrence. This indi-
cates that SAGE frequently departs from the greedy
span, so the gains cannot be explained solely by
always retaining a greedy math-span candidate.

What are the positions of corrections? We de-
fine the relative position of fork i in a solution trace
containing F forks as i/F . We divide this measure
into terciles: early (first third), mid (middle third),
and late (final third). Pooled across settings, over-
ridden forks occur 25.0% early, 36.1% mid, and
38.9% late, indicating that corrections are modestly
concentrated toward the end of the trace. However,
earlier corrections are more likely to result in a SAT
candidate than later ones (Table 3).
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Figure 3: Solver Status. Distribution of solver statuses at the final math-span fork for correct and incorrect solutions.
Non-SAT/UNSAT outcomes are grouped as Unverified. Correct solutions generally have higher SAT rates, whereas
incorrect solutions have higher UNSAT rates, suggesting that solver status is informative of correctness.

5 Related Work

Augmenting LMs with solvers. Zhou et al.
(2024) autoformalize complete LM-generated math
solutions and verify them with a theorem prover,
retaining verified solutions for majority voting.
SATLM (Ye et al., 2023) instead translates the in-
put problem into a declarative satisfiability spec-
ification that is solved by Z3, while He-Yueya
et al. (2023) interleave natural-language reasoning
with variables and equations handled by symbolic
equation solvers. Related approaches use theorem
provers or symbolic inference engines for logical
reasoning (Olausson et al., 2023; Pan et al., 2023).
These methods either verify completed solutions or
use the LM to produce a solver-readable representa-
tion. In contrast, SAGE uses the solver as an online
decoding signal, checking intermediate mathemati-
cal claims against the accumulated symbolic state.

Controllable generation. Our work also relates
to methods that steer LM generation toward syn-
tactic, logical, or semantic constraints by modify-
ing the decoding distribution (Ahmed et al., 2023,
2025b; Zhang et al., 2024; Geh et al., 2024; Willard
and Louf, 2023; Koo et al., 2024; Ahmed et al.,
2025a; Yidou-Weng et al., 2025; Zhao et al., 2024;
Yang and Klein, 2021; Dathathri et al., 2020; Liu
et al., 2021, inter alia). SAGE is particularly close
in spirit to locally constrained resampling (Ahmed
et al., 2025b): it samples local continuations from
the LM and uses an external constraint to restrict
their selection. The key distinction is the constraint
interface: SAGE conditions complete mathemati-
cal spans on compatibility with the symbolic state
accumulated during the reasoning trace.

Constrained decoding. Constrained decoding
methods enforce syntactic, lexical, or semantic

properties during generation (Scholak et al., 2021;
Lu et al., 2021, 2022; Poesia* et al., 2022; Agrawal
et al., 2023). Recent work extends this paradigm to
reasoning. Logically Constrained Decoding (Ma
and Hu, 2025) restricts token-level continuations
using formal domain rules, while CRANE (Baner-
jee et al., 2025) alternates between unconstrained
reasoning and constrained generation of formal
outputs. SAGE instead preserves free-form gen-
eration and applies SMT checks at mathematical-
span boundaries, constraining the compatibility of
successive mathematical claims with the symbolic
state induced by earlier claims rather than the va-
lidity of individual tokens w.r.t. a formal language.

6 Conclusion

We introduced SAGE, a satisfiability-guided decod-
ing method for improving the consistency of math-
ematical reasoning chains. Rather than verifying
complete solutions post hoc or constraining every
token, SAGE applies symbolic checks at equation-
span boundaries, favoring continuations consistent
with accumulated constraints. Across three math-
ematical reasoning benchmarks, this approach im-
proves sampling-based performance across multi-
ple model families, showing that solver guidance
can make free-form reasoning chains more globally
consistent. In addition, SAGE outperforms major-
ity voting in a compute-matched setting, indicating
that the gains are not solely due to extra generation
budget. Final-fork solver status (SAT vs. UNSAT)
also correlates with correctness, suggesting that
solver outcomes provide a meaningful correctness
signal. SAGE is limited by the coverage of the rule-
based parser and solver-supported mathematical
fragments. Extending to context-sensitive parsing
and broader solver theories is promising.
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Limitations

Z3 Solver Our method can only enforce con-
straints that the backend solver can express and
decide reliably. Although Z3 supports many use-
ful theories, including arithmetic, bit-vectors, ar-
rays, datatypes, strings, and uninterpreted func-
tions, it is not a complete decision procedure for ar-
bitrary mathematics. Some reasoning patterns that-
appear in natural-language solutions—for exam-
ple, higher-order arguments, induction, geometry-
specific facts, combinatorial reasoning, or difficult
nonlinear/integer constraints—may fall outside the
supported or practically decidable fragments. In
such cases, the solver may fail to prove inconsis-
tency, return unknown, or require encodings be-
yond the scope of our method. Consequently, our
constraints improve local mathematical consistency
but do not amount to full formal verification of the
solution.

Rule-Based Parser. The effectiveness of our con-
strained decoding procedure also depends on cor-
rectly extracting and parsing equation spans from
generated text. We use a deterministic rule-based
parser, which avoids introducing an additional neu-
ral formalization step but is limited to expressions
that can be recognized from surface form. This
parser can miss mathematical statements that re-
quire semantic understanding of context, implicit
quantities, units, or references to earlier text. It may
also fail on unusual notation, underspecified vari-
able bindings, or reasoning steps expressed in prose
rather than explicit equations. Consequently, our
method only constrains the parts of the generation
that are successfully extracted and parsed, leaving
other forms of mathematical reasoning unchecked.
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A Computational Resources

All experiments were carried out on a cluster of
NVIDIA RTX A6000 (48 GB VRAM) GPUs.

B AI Assistant Usage

The authors used AI assistance in a limited capac-
ity for implementation support and paper writing.
Claude Code (Anthropic, 2025) and Codex (Ope-
nAI, 2025b) were used primarily for debugging,
refactoring, and localized implementation sugges-
tions. ChatGPT (OpenAI, 2022) was used for writ-
ing assistance, limited to editing. All research
ideas, experiments, analyses, claims, and final text
were reviewed and approved by the authors, who
take full responsibility for the content of the paper.

C Inconsistencies in Reasoning Chains

Figure 4: Solution-level inconsistency prevalence.
Among solutions with incorrect final answers, more
than 75% contain at least one inconsistency across the
three benchmarks.

Figure 5: Step-level inconsistency prevalence. Across
datasets more than 30% of steps in incorrect solutions
contain some type of inconsistency.

To motivate SAGE, we briefly examine how
frequently inconsistencies occur in the reasoning
chains produced by LLMs for mathematical prob-
lems. We use the open-source Llama-3.1-8B-
Instruct model to generate solutions to problems
from AIME 2023 (n = 15), MATH (n = 500), and
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Figure 6: Distribution of inconsistency types. Logic
gaps and semantic misunderstandings are the most com-
mon inconsistency types, accounting for 27.5% and
26.0% of all error tags, respectively.

a random sample of 100 problems from GSM8K
(n = 100). We then use GPT-5 (OpenAI, 2025a)
to annotate the reasoning chains of solutions with
incorrect final answers, identifying whether each
solution contains an inconsistency and the reason-
ing steps in which inconsistencies occur.

We find that inconsistencies are common across
all evaluated datasets. On AIME every solution
with an incorrect final answer contains at least one
inconsistency, while the corresponding proportion
exceeds 75% on the remaining datasets (Figure 4).
At a finer level of granularity, more than 30% of
reasoning steps across datasets contain some form
of inconsistency (Figure 5).

The inconsistencies also take several forms.
Across datasets, 27% of reasoning steps contain
gaps in logic (Figure 6). Another common cat-
egory, accounting for 26% of inconsistent cases,
involves a semantic misunderstanding of either the
problem statement or an intermediate reasoning
step (Figure 6). Other observed inconsistencies
include arithmetic errors and incorrect algebraic
manipulations.

Table 4 presents an example of a semantic in-
consistency. The problem asks for the total amount
charged by Patty’s Plumbing, which includes a flat
visit fee, an hourly labor fee, and the cost of parts.
The key detail is that labor is billed “per hour or
part thereof,” meaning that any fractional hour must
be rounded up to the next full hour. Because the job
takes slightly more than two hours, the customer
should be billed for three hours of labor. However,
the generated solution directly uses 2.25 hours in
its first step, leading to an incorrect final answer.

Inconsistencies can also occur in reasoning

Question Patty’s Plumbing charges $40 to visit a house
to make a repair, plus $35 per hour, or part
thereof, for labor, plus parts. One job took
2.25 hours and used $60 in parts. How much
did Patty charge?

LLM
solution

Step 1: Calculate the labor cost.
The labor cost is $35 per hour, and the job
took 2.25 hours. Thus, the labor cost is

$35× 2.25 = $78.75.

Step 2: Add the labor cost, parts, and visit
charge.
The total charge is the sum of the labor cost,
parts, and visit charge:

78.75 + 60 + 40 = 178.75.

Therefore, the final answer is $178 . ✗.

Table 4: Semantic misunderstanding. An example of
a case where the LLM final answer is incorrect and there
is also an inconsistency within the solution. The model
fails to account for the phrase “per hour, or part thereof,”
and therefore bills 2.25 hours rather than rounding the
labor time up to three hours.

chains whose final answers are correct. Table 5
shows an example for the following problem: What
is the smallest positive perfect cube that can be
written as the sum of three consecutive integers?

A correct solution first represents the three con-
secutive integers algebraically using an integer vari-
able, say m. Their sum is then equated to a perfect
cube, say n3. Because the resulting cube must
be divisible by three, n must itself be divisible by
three. The smallest valid value is therefore n = 3,
yielding n3 = 27. The model-generated solution
arrives at the same final answer, but nevertheless
contains several inconsistencies. It initially uses
the same variable, n, to represent both the consecu-
tive integers and the cube root. These quantities are
distinct: in the correct derivation, the variable rep-
resenting the consecutive integers takes the value
m = 9, whereas the cube root is n = 3. The
remainder of the reasoning contains additional er-
rors, including incorrectly concluding that n2 = 3
implies n = 3 or n = −3. Despite these inconsis-
tencies, the model ultimately produces the correct
final answer, 27. Standard answer-based evaluation
would mark this solution as correct because its fi-
nal answer is correct. This can overestimate model
performance and create serious risks in high-stakes
settings, including education, scientific discovery,
and military applications.
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Question: What is the smallest positive perfect cube that can be written as the sum of three consecutive integers?

Correct solution LLM-generated solution

Step 1: Express the sum of three consecutive integers
algebraically.
Let the three consecutive integers be m− 1, m, and m+ 1.
Their sum is

(m− 1) +m+ (m+ 1) = 3m.

Step 2: Relate this to a perfect cube.
We are looking for the smallest positive perfect cube, say n3,
that can be written in this form. Thus, we require

3m = n3.

This shows that n3 must be divisible by 3.
Step 3: Determine when a cube is divisible by 3.
A cube n3 is divisible by 3 if and only if n is divisible by 3.
Thus, the smallest positive integer n that makes n3 divisible
by 3 is n = 3.
Step 4: Compute the cube.
Therefore,

n3 = 33 = 27.

Step 1: Express the sum of three consecutive integers
algebraically.
Let the smallest positive perfect cube be n3. We can express
three consecutive integers as n− 1, n, and n+ 1. The sum
of these three consecutive integers can be written as

(n− 1) + n+ (n+ 1) = 3n.

Step 2: Solve for n.
We are given that the sum is a perfect cube. Thus,

3n = n3.

Dividing both sides by n gives

3 = n2.

Step 3: Solve for n.
Since 3 = n2, we can find the value of n by taking the square
root of both sides. However, since we are looking for the
smallest positive value, we only consider the positive square
root.
Step 4: Solve for n.
We know that

√
3 is not a perfect square, so we need to find a

value of n that satisfies 3 = n2. This means we must round
up to the nearest whole number that gives us 3 when squared.

Step 5: Solve for n.
The smallest whole number n that satisfies the equation is
n = 3 or n = −3. But the smallest positive perfect
cube will be the smallest value of n3 where n is positive.
Therefore, the final answer is

33 = 27.

Table 5: Correct answer with inconsistent reasoning. The LLM arrives at the correct final answer despite the
reasoning trace containing many inconsistencies, highlighted in red.

D System Prompt

Figure 7 shows the system prompt used in all ex-
periments in Section 4. The prompt specifies that
complex problems should be solved step-by-step,
all mathematical expressions should be enclosed in
# signs, and the final answer should be reported in
a LaTeX box.

E Variants

We consider two variants of SAGE: SAGE-Rank,
which ranks candidate continuations using both
solver feedback and model likelihood, and SAGE-
Sample, which instead samples candidates ac-
cording to a solver-weighted distribution. Solver
status priority scores used for ranking and selecting
candidates can be found in Table 7.

F SATLM

SATLM (Ye et al., 2023) is a neuro-symbolic rea-
soning approach that uses few-shot prompting to
make an LLM produce a declarative parse of the
input problem as a Z3-compatible constraint pro-
gram. Rather than solving the problem directly, the
LLM declares writes constraints relating them; Z3
then performs the reasoning by finding assignments
that satisfy the resulting constraint system

Setup. We evaluate SAT-LM using the authors’
original codebase with minimal modification: their
OpenAI API calls are replaced with a local Hug-
gingFace inference endpoint. We test Llama-3.2-
3B-Instruct, Llama-3.1-8B-Instruct, and DeepSeek-
Math-7B-Instruct on MATH-500, Gaokao, and
Minerva at temperatures τ ∈ {0.6, 1.0}. All other
settings—few-shot prompt, prompting style, and
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Accuracy Pass@2 Pass@3

Dataset Model Rank Sample Rank Sample Rank Sample

MATH-500

LLaMA-8B +6.3 +2.5 +4.6 +1.0 +3.3 +0.1
LLaMA-3B +2.4 +1.3 +2.5 +1.6 +2.7 +1.6
DeepSeek-7B +3.0 +2.7 +3.3 +3.5 +2.9 +3.8
Qwen3-4B +0.6 -0.5 +0.5 -0.8 +0.4 -0.7

Gaokao

LLaMA-8B +2.7 -0.6 +2.5 -0.9 +2.0 -1.3
LLaMA-3B +1.2 +0.2 +1.0 -0.3 +0.8 -1.2
DeepSeek-7B +2.2 +1.3 +1.3 +0.1 +0.4 -0.2
Qwen3-4B +0.5 -0.1 +0.2 -0.2 +0.0 -0.1

Minerva

LLaMA-8B +0.8 +0.1 +2.3 -0.5 +3.0 -1.0
LLaMA-3B +1.5 -0.7 +2.4 -0.4 +2.3 -0.3
DeepSeek-7B +0.9 +0.2 +0.9 +1.0 +1.3 +2.1
Qwen3-4B -0.1 -0.4 +0.5 -0.4 +1.2 -0.3

Table 6: Variant Performance. SAGE-Rank, and SAGE-Sample performance across three benchmarks. Accuracy
is the mean over seeds. Pass@k (k ∈ {2, 3}) uses the unbiased estimator over n=5 seeds. All values are deltas
relative to Sampling, computed before rounding. LLaMA-8B and LLaMA-3B correspond to the 3.1 and 3.2 model
families, respectively.

Solver status Score Description

sat 6 All equations in the prefix are mutually satisfi-
able

valid 6 The claim is logically valid
valid_equivalence 6 Two expressions are proven equivalent
valid_implication 6 One expression is proven to imply another
valid_chain 6 A chain of equalities or inequalities is valid
no_equations 4 No constrainable equations found in the span
ignored_fragment 4 Span is too incomplete to form a checkable claim
unknown 2 Solver could not determine satisfiability
parse_error 1 Equation could not be parsed into a solver-

readable form
error 1 Runtime error encountered during solving
unsat 0 Equations are mutually contradictory
invalid_equivalence 0 Two expressions are proven not equivalent
invalid_implication 0 The implication is proven not to hold
invalid_chain 0 A step in the equation chain is invalid

Table 7: Solver status priority scores used for candidate ranking and weighted selection.

evaluation—are unchanged from the original pa-
per. The 8-shot prompt consists of the math word
problems from the original paper.

Results. Accuracy is 0% in every condition
across all three datasets, models, and tempera-
tures. The models failed to produce executable
Z3-compatible specifications. Common failures in-
clude missing variable declarations and malformed
constraints, causing the generated programs to
fail before Z3 could solve them. This failure
may reflect differences from the original SATLM
setup: Ye et al. (2023) conduct their main ex-
periments with code-davinci-002, a code-
oriented model. Applying SATLM to smaller open-
source instruction-tuned models may therefore re-
quire additional prompt engineering, stronger for-
mat instructions, or manually crafted exemplars

tailored to each benchmark.

G Subject and Difficulty Analysis

We analyse SAGE’s performance on MATH-500, a
500-problem benchmark spanning seven problem
types (Algebra, Counting & Probability, Geometry,
Intermediate Algebra, Number Theory, Prealgebra,
and Precalculus) and five difficulty levels (L1–L5).
For each of the four models we compare Sampling
and SAGE averaged over four to five random seeds,
breaking results down both by difficulty level and
by problem type to understand where the solver-
guided decoding provides the most benefit.

Both Sampling and SAGE exhibit a consistent
monotonic decrease in accuracy from L1 to L5
across all four models. On Sampling, accuracy
ranges from 66–89% at L1 down to 11–23% at L5

49663



System Prompt

Solve the following math problem efficiently and clearly:

For simple problems (2 steps or fewer):
Provide a concise solution with minimal explanation.

For complex problems (3 steps or more):
Use this step-by-step format:

## Step 1: [Concise description]
[Brief explanation and calculations]

## Step 2: [Concise description]
[Brief explanation and calculations]

Mathematical statements should be written in equations
and enclosed in # signs.

· · ·
Regardless of the approach, always conclude with:

Therefore, the final answer is: answer . I hope it is
correct.

Where [answer] is just the final number or expression
that solves the problem.

Figure 7: System prompt used for all model inference.

depending on the model. SAGE preserves this or-
dering while shifting the curves upward, but the
magnitude of the gain is not uniform across levels.
Across all models, the largest gains tend to oc-
cur at intermediate difficulty levels L2 and L3.
LLaMA-8B improves by 11.6 pp at L2 and 8.8 pp
at L3, LLaMA-3B by 5.1 pp at L2 and 3.3 pp at
L3, and DeepSeek-7B by 3.8 pp at L2 and 7.7 pp
at L3. Qwen3-4B, the strongest model, follows the
same pattern but benefits least overall, with gains
of at most +1.8 pp and near-zero or negative deltas
at L4 and L5.

Table 8 breaks down accuracy by problem type
on MATH-500. SAGE improves over Sampling
for the large majority of subjects across models.
The largest gains include LLaMA-8B on Counting
& Probability (+13.2 pp) and LLaMA-8B on Al-
gebra (+9.7 pp). Three small regressions appear:
DeepSeek-7B on Prealgebra (-2.0 pp), LLaMA-3B
on Precalculus (-1.4 pp), and Qwen3-4B on Num-
ber Theory (-0.3 pp).

Competition-Level Math Consistent with this
pattern, on AIME 2023 (Balunović et al., 2025),
LLaMA-3.1-8B-Instruct achieves 0% accuracy un-
der both standard sampling and SAGE. This sug-
gests that SAGE is most useful when the base
model can reach a plausible reasoning trajectory: at
floor performance, there are few recoverable paths

for local symbolic correction to improve. Evalu-
ating SAGE on AIME and other competition-level
benchmarks with larger, frontier-scale models is
an important direction for future work, but was
beyond our compute budget.
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Figure 8: Accuracy (%) by difficulty level on MATH-500 for Sampling and SAGE, averaged across seeds.

Subject LLaMA-8B LLaMA-3B DeepSeek-7B Qwen3-4B

Sampling SAGE Sampling SAGE Sampling SAGE Sampling SAGE

Algebra 46.9 56.6 55.8 58.7 53.7 58.2 72.7 73.1
C&P 24.2 37.4 33.2 33.7 25.8 28.4 58.4 59.5
Geometry 28.8 30.2 26.8 29.3 29.3 33.2 42.9 42.9
Int. Alg. 14.8 19.4 17.7 18.6 14.6 19.2 21.0 22.9
Num. Th. 35.5 36.8 31.6 37.7 33.5 35.8 54.8 54.5
Prealgebra 50.2 56.8 55.1 58.8 55.9 53.9 75.6 75.9
Precalculus 18.2 23.6 22.9 21.5 15.3 19.6 30.2 30.2

Table 8: Accuracy (%) by problem type on MATH-500. Bold = best within each column pair.
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