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Abstract

In this paper, we study a fundamental design
problem in pretraining Large Language Mod-
els (LLMs) for low-resource language regimes,
focusing on cross-family language pairs in
which English serves as the high-resource lan-
guage. Existing works adopt multi-epoch,
multi-lingual, and multi-stage training to utilize
the limited target-language corpus efficiently,
but no prior scaling law can compare recipes
spanning these approaches under the same com-
pute budget C' and target-language corpus size
D1, leaving the optimal training setup unclear.
To address this gap, we propose the M3 Scal-
ing Law, a unified predictive model parameter-
ized by the model scale, the number of target-
corpus epochs k, the average target-language
ratio r, and the final-stage target-language ra-
tio r¢, which places monolingual single-stage,
multi-lingual single-stage, and multi-lingual
multi-stage recipes on a single target-language
validation-loss surface. Across three language
pairs (English paired with Japanese, Indone-
sian, and Swahili), it extrapolates to unseen
hyperparameter regions more accurately than
existing scaling laws. Using M3 as a surrogate
objective, we derive two practical guidelines for
low-resource LLM pretraining: (i) as Dp de-
creases, the optimal recipe shifts directly from
monolingual single-stage to multi-lingual two-
stage training at a compute-budget-dependent
threshold, with multi-lingual single-stage never
optimal in our experimental grid; and (ii) the
optimal number of epochs collapses onto a sin-
gle curve in the scarcity variable Dr/D*(C),
where D*(C) oc C*/(2+8) is the monolingual
compute-optimal corpus size.

1 Introduction

In this paper, we study a fundamental design
problem in pretraining Large Language Models
(LLMs) for low-resource language regimes, focus-
ing on cross-family language pairs in which En-
glish serves as the high-resource language and the
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Figure 1: Top: Predicted minimum validation loss land-
scape over (D, C) for the (Indonesian, English) pair,
with three regime regions separated by the compute-
optimal data size D*(C') (red dashed) and the approach
boundary (black solid) at which the optimal training ap-
proach switches from mono 1-stage to multi 2-stage as
Dt decreases. Circles show observed best loss at each
experimental (D, C') point, colored by the same scale
as the contours. Shading around the approach boundary
shows its bootstrap variability (Appendix D.4). Bottom
left: Observed minimum validation loss for each train-
ing approach at C' = Cj. Bottom right: Corresponding
predictions by the M2 Scaling Law.

target language is moderately low-resource. Given
a fixed compute budget C' and a fixed amount of
available target-language corpus Dr, the practi-
tioner faces a training-recipe design space whose
axes include the model scale together with the
hyperparameters of three well-known approaches:
multi-epoch training (Muennighoff et al., 2023)
repeats the target corpus k times; multi-lingual
training (Scao et al., 2023) mixes high-resource
data with target-language ratio r; and multi-stage
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model #epochs Ist Ist lang. 2nd 2nd lang. single- two-
scale #token ratio #token ratio stage stage
(Kaplan et al., 2020)
(Hoffmann et al., 2022) * X * X B - * X
(Muennighoff et al., 2023) * ** * v* - - * X
(Bryant and Liu, 2026) * * * - - - * X
(Chang et al., 2024) v X° v v - - v X
(Faysse et al., 2025) * X X * - - * X
(He et al., 2025)
(Shukor et al., 2025)8 * X * * B - * x
(Longpre et al., 2026) * * * * - * xt
(Sedova et al., 2026) * * * * - - * X
(Ibrahim et al., 2024) v X - - v v xo v
(Que et al., 2024)8 * X - - * * X *
(Zhang et al., 2024)} * X * - * X X *
(Liew and Kato, 2026)%
(Seto et al., 2026)8 * X * * x X *
(Goffinet et al., 2025) * X * - * * X *
(Baek et al., 2026)° v v * * Xt X * *
(Wang et al., 2025)% *l X * X * *l * *
Ours * * *i *i *i * * *

% covered by a proposed scaling law. $Focusing on adaptation to non-language domains. *Epochs and language ratio impacts
studied independently. ®Only one number of epochs per corpus budget tested. “Only tested one baseline single-stage setup
mixing all English and German corpus. fOnly monolingual single-epoch continual pretraining from a fixed multi-lingual base
model; second-stage hyperparameters are not explicitly explored. *Finetuning length is implicitly determined by early stopping
rather than explicitly analyzed. I Only one of these parameters is covered at a time. ¥These variables are not directly included in
the proposed M?> Scaling Law, but are reflected through the average language ratio and total number of tokens.

Table 1: Scope of hyperparameters explored in existing works and our study.

training (Ibrahim et al., 2024) varies r across
stages.

Existing scaling laws cannot rank competing
recipes under the same (C, D). As shown in Ta-
ble 1, prior laws cover only restricted slices of this
design space: single-stage laws (Hoffmann et al.,
2022; Longpre et al., 2026; Sedova et al., 2026)
do not extend to multi-stage training, continual
pretraining laws (Que et al., 2024; Goffinet et al.,
2025; Zhang et al., 2024) lack a common objective
with single-stage recipes, and even laws nominally
spanning both settings (Baek et al., 2026; Wang
et al., 2025) leave orthogonal axes uncovered such
as second-stage length or multi-epoch training. As
a result, no current law can compare, under the
same (C, Dr), recipes that differ along multiple
axes at once, such as whether one should repeat
the target corpus, mix high-resource data through-
out training, or use high-resource data early and
concentrate target-language data in the final stage.

We address this gap with the M3 Scaling Law,
a unified predictive model for target-language val-
idation loss parameterized by (M, Dr,k,r,r¢),
where r and r; are the average and final-stage
target-language ratios. As we show empirically, the
latter two together summarize the effect of multi-
stage schedules. The M? Scaling Law maps dif-
ferent training recipes into a single loss-prediction
surface through effective model size M’, effective

data size D’, and a dual power-law factor in (7, 7).
This makes monolingual single-stage, multi-lingual
single-stage, and multi-lingual multi-stage recipes
directly comparable under fixed (C, Dr).

We contribute in two layers. First, as empirical
modeling components: (i) in multi-stage training,
the target-language loss follows a dual power law
in (r,r¢), largely insensitive to intermediate-stage
ratios, extending He et al. (2025); (ii) in mono-
lingual multi-epoch training, the effective model
size saturates more strongly with k, captured by
a k-dependent saturation parameter R}, (k) that
recovers Chinchilla at k=1; (iii) in multi-lingual
multi-epoch training, the (k, r) interaction is mod-
eled by a language-ratio-dependent weight on high-
resource tokens, extending Longpre et al. (2026).

Second, using the M3 Scaling Law as a surro-
gate objective, we then derive two recipe-selection
rules': (a) as D decreases, the optimal approach
transitions directly from monolingual single-stage
to multi-lingual two-stage at a compute-budget-
dependent threshold, with multi-lingual single-
stage never optimal in our experimental grid; (b)
the optimal number of epochs collapses onto a
single curve in Dr/D*(C), where D*(C) is the
monolingual compute-optimal corpus size.

"Both rules minimize the predicted target-language valida-
tion loss, not downstream task performance.
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2 Experimental Setups

2.1 Problem Setup

In this paper, we focus on pretraining LLMs from
scratch for a low-resource target language under
a fixed compute budget C' and a fixed amount of
available target-language corpus of size Dr. In
addition to the target-language corpus, we assume
the availability of a high-resource language corpus.

To investigate the optimal training setup for each
budget constraint (C, D7), we pretrained LLMs
with various training setups for each (C, Dr), span-
ning multiple training approaches, namely, multi-
epoch, multi-lingual, and multi-stage training. We
adopt target-language validation loss on a held-out
corpus as our primary metric, following common
practice in scaling law research (e.g., Hoffmann
et al., 2022) and prior findings that validation loss
correlates with downstream task performance (e.g.,
Chen et al., 2025); see Appendix H for a prelimi-
nary correlation analysis on Japanese benchmarks.?

In our experiments, we cover combinations of
the following three well-known approaches for
LLM pretraining for low-resource language: Multi-
epoch training (Muennighoff et al., 2023) repeats
the target-language corpus k times during training,
assuming abundant high-resource data (no repe-
tition). Multi-lingual training mixes the target-
language corpus with a high-resource subset, with
target language ratio r = kD7 /D, where D is the
total number of training tokens. Two-stage train-
ing changes target language ratio from r; (first
stage) to 72 (second stage).

2.2 Languages and Training Configuration

In our experiments, we used three language
pairs with English as the high-resource language:
Japanese, Indonesian, and Swahili, all from differ-
ent language families. Japanese and Indonesian,
though not typically low-resource, enable system-
atic analysis across data regimes through downsam-
pling their corpora. Swahili complements these
with verification on actually lower-resource lan-
guage, although its limited availability restricts ex-
periments to smaller data settings. We used C4
(Raffel et al., 2020) for English and mC4 (Xue et al.,
2021) for the target languages, both from Com-
mon Crawl with consistent preprocessing except
for language-specific ones, minimizing the impact

’Due to compute constraints, we ran a single training run
per setup.

of data quality variations on our analysis. We re-
spectively used their original train/validation splits
with the BLOOM tokenizer (Scao et al., 2023).

We followed the training configuration of Bi et al.
(2024): a decoder-only LLaMA architecture (Tou-
vron et al., 2023) with context length S = 4096,
and their compute-dependent power-law schedules
for the learning rate, n = 0.3118 - C 01250 and
the batch size, B = 0.2920 - C%-3271. We adopted
these schedules as given and did not search over
the learning rate or the batch size ourselves. We
measured model scale by non-embedding FLOPs
pertoken M =7 2ndmodel> + 12ndmode1 S, Where
N, dmodel, and S are the number of layers, the size
of hidden states, and the sequence length, respec-
tively. For two-stage training, we re-warmed the
learning rate at the start of the second stage to the
first-stage maximum, as Ibrahim et al. (2024) found
that re-warming is effective for adaptation to new
data in the later stage. See Appendix C for detailed
training configurations.

2.3 Hyperparameter Search Space

To systematically explore the search space
across multiple orders of magnitude, we
parametrized each training setup by integer
factors (fr, far, fx, fo) defining the language ratio
r= 2%, model scale M = 21}4—]8[, number of epochs
k = 27, and compute budget C = 2/ . Cj.
The resulting target language corpus size is
Dy = 2= Frtfu—fitic . D, so setups sharing
the same (fc, fp) with fp = —fr+ far— fe + fo
have identical (C, Dr). The reference values
(Co, D19, My) follow the monolingual compute-
optimal scaling law of Bi et al. (2024). See
Appendix C.3 for the exact values and the grid of
factors explored (Table 5). A setup involves multi-
epoch training when f; > 0 and multi-lingual
training when f, > 0.

For two-stage training, we additionally speci-
fied the stage-wise language ratios (rq,7r2) with
r1 < T3, and used the average ratio r = 5171482772
(which coincides with kD7 /D from the single-
stage definition) to compute the stage proportions
via 57 = % and s5 = 1 — s1. We grid-
searched 1 € {1/2,1/4,1/8,1/16,1/32,0} and
ro € {1/4,1/2,3/4,1}, combined with the same

(fry fars fi, fo) grid as in single-stage training.
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3 Scaling Law Analysis

In this section, we integrate and extend existing
scaling laws to propose the M3 Scaling Law, a
unified scaling law that jointly covers multi-epoch,
multi-lingual, and multi-stage training.

Notation. Throughout §3, D’ and M’ denote
the effective data and model sizes, whose defini-
tions are progressively extended across subsections
(Muennighoff in Egs. 4-5; ATLAS in Eq. 6; the M3
Scaling Law in Eqgs. 11-12). Within each subsec-
tion, D’ and M’ refer to the most recent definition
unless otherwise noted. See Appendix B for a full
summary of notation.

3.1 Background

Our approach builds on two existing scaling laws.
First, He et al. (2025) showed that in single-stage
single-epoch multi-lingual training, the target lan-
guage validation loss follows a power law with
respect to the target language ratio 7:

LHe(MaD)T) = Lbase(Ma D) 'R(T), (D
B

Lyase(M, D) = e + DB

+ F, 2)
where D = kD7 /r is the total number of training
tokens, Lpase 1S the Chinchilla scaling law (Hoff-
mann et al., 2022) with coefficients A, B, expo-
nents «, (3, and irreducible loss E, R(r) = r~7 is
the language ratio factor, and -y is the power-law
exponent.

Second, Muennighoff et al. (2023) proposed the
following scaling law for monolingual single-stage
multi-epoch training, replacing M and D in Ly,
with effective sizes M’ and D’:

LMu(M/7 D/) = Lbase(M/a D/)’ (3)
D' = Dr - h(Rp; Rp), 4)
M' = Uy - h(Ru; Ry), &)

where h(R; R*) = 1+ R*- (1 —exp(—R/R*)) is
a saturation function with R* controlling the rate of
saturation. Here, Rp = k — 1 is the data repetition
count, Up; = min(G@HA)/* DrB/e M) with
G = (aA/BB)Y(@+P) is the compute-optimal
model size for D under single-epoch training, and
Ry = M /Uy — 1 is the excess model size. Long-
pre et al. (2026) extended this scaling law to the
multi-lingual setting by adding the effective data
size of other languages to D’ with a constant weight
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Figure 2: Empirical analysis of effective model size
M’ on Japanese monolingual data. (a) M’/M vs.
log, (M /Unr) with per-k R}, (k) curves (dotted, col-
ored by k) and the global constant R}, (black dashed).
(b) Per-£ fitted R}, showing a decreasing trend from
oo at k = 1 to a finite floor c; the red curve shows the
power-law fit a/(k—1)® + c. Error bars in (b) show 95%
bootstrap confidence intervals (200 resamples).

for each language. In our setup, where the high-
resource language is not repeated, this reduces to:

D' = Dy - h(Rp; Rp) + g - Dhigh,  (6)

where Dhigh = kD7 (1 — r)/r denotes the num-
ber of high-resource language tokens used during
training, and g is a constant weight.

3.2 Extending Effective Model Size of
Muennighoff Model

The Muennighoff form M’ = Ux - h(Ru; Ry)
uses a single R}, shared across all cases, but we
find that the strength of the saturation in fact de-
pends on number of epochs k. To isolate the behav-
ior of M’, we invert Ly, for each data point and
compute estimated effective model size M’ from
the observed 108s Lycra as M' = (A/(Lactual —
B/D'’ — E))Y/ with (A, B, a, 8, E) fit and fixed
from the monolingual k£ < 4 subset and D’ com-
puted via h (Eq. 4) with R}, obtained by fitting Ly,
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to all monolingual data while keeping the above
parameters fixed. As shown in Figure 2(a), while
M’ /M has a decreasing trend with M /Uy as the
Muennighoff form predicts, the trend also depends
on k. For small k, e.g., k = 1,2, M’/M shows a
small decay, while for larger k, M’ /M decreases
faster at smaller M /Uys. This suggests saturation
of M’ also depends on k in addition to M /U);.

Refitting R}, independently for each % on the
monolingual data confirms this trend (Figure 2(b)).
The estimated R}, has a trend to decrease and sat-
urate to a finite floor as k increases. We propose to
model this behavior with

Ri(k) = g5 + ¢ ™
which diverges as £ — 1 and converges to c as
k — oo.

This form has desirable limiting behavior: as
k— 1, Ry, — ooand h(Ry; Ryy) = 14+ Ry =
M /Uy, yielding M’ — M and recovering Chin-
chilla at k£ = 1. This fixes an issue of the original
Muennighoff form, where a constant 12}, predicts
M’ < M whenever M > Uy, deviating from
Chinchilla even without multi-epoch effects.

3.3 Dual Power Law for Multi-Stage Training

Here, we extend the language ratio factor R of the
He model (Eq. 1) to multi-stage training. We first
analyze two-stage as a pilot case.

3.3.1 Pilot Analysis for Two-Stage Training

We fitted Lp,se (Eq- 2) to monolingual single-epoch
data and computed Lactal / Lbase (M, D) as an em-
pirical proxy for R on k = 1 two-stage setting.
Figure 3(a) plots this ratio against r for both single-
stage (black circles) and two-stage (colored sym-
bols) setups, averaged over (M, D).

As shown in the figure, the single-stage data
follow the power law r~7 (v = 0.1070), consistent
with He et al. (2025). On the other hand, two-
stage settings systematically exhibit lower ratios at
matched 7, and those sharing the same 75 tend to
trace a common slope differing from —v. On the
other hand, Figure 3(b) shows that r; has a much
weaker effect than r and ry, with only a slight

increase at lower r1°.

3.3.2 Proposed Dual Power Law

Based on observations in §3.3.1, we propose the
following dual power law model for the language

3See Appendix E.4 for a quantitative analysis

ratio factor that unifies single-stage and multi-stage
training:

r—7 (single-stage)

r\ 2
r}” - <> (multi-stage)

Tf

®)
where 7y is the final-stage language ratio, vy is
shared with single-stage training, and -y, is an ad-
ditional exponent corresponding to the common
slope of multi-stage training. Note that when
r = ry (i.e., effectively single-stage training), the
multi-stage formula reduces to r;V =r"7,so the
two cases are consistent.

As shown in Figure 3(a), fixing v to the value
obtained from single-stage data and fitting v yields
v2 = 0.0515, which provides a good fit to the two-
stage data. The fact that y2 < ~y indicates that two-
stage training mitigates the loss increase associated
with decreasing r compared to single-stage training,
suggesting the effectiveness of concentrating target
language data in the second stage.

Rdual(ra Tf) =

3.3.3 Verification of Dual Power Law for
Multi-Stage Training

The dual power law (Eq. 8) suggests that R de-
pends only on the average language ratio r and the
final-stage language ratio r ¢, independent of inter-
mediate stage ratios. To verify that this behavior
generalizes to multi-stage training, we conducted
three-stage training experiments.

More specifically, we trained three-stage mod-
els on (Japanese, English) at £k = 1, sweep-
ing r, M, D, and the final-stage ratio r3, to-
gether with the stages 1-2 average r12. At each
matched (rs, 7, 712, M, D), we additionally com-
pared three internal split patterns: (A) (r1,72)
bracketing 12, and (B,C) r; = 0 with 73 set to
the smallest or largest valid value above r15. Since
exhaustive enumeration of all valid (r1,72) com-
binations is infeasible, these three patterns were
chosen as representative configurations spanning
the range of feasible splits. See Appendix C.4 for
implementation details.

Figure 3(a) shows that three-stage setups also
follow the dual power law with the same v and 2
fitted on two-stage data (r3 taking the role of r¢),
and panels (c,d) confirm that the ratio is insensitive
to 712 and the internal split (71, 2). These results
suggest that the same dual power law Rual (7, 7f)
governs multi-stage training in general, depending
only on the average and final-stage ratios.
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(a) Dual power law
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Figure 3: Verification of the dual power law for multi-stage training ((Japanese, English) pair, £k = 1 only). (a)
Ratio Lacwal/ Lase (M, D) vs. average language ratio r. Filled and hollow symbols denote two-stage and three-stage
setups, respectively, colored by final-stage ratio ¢ (r2 or r3). Dashed lines show r;"y(r /r¢) 77 fitted on two-stage
data. (b, ¢) Lacal/ Lvase (M, D) vs. first-stage ratio r; (two-stage) and vs. stages 1-2 average ratio 1o (three-stage),
showing near-flat trends. (d) Loss comparison across three (1, r2) patterns (A, B, C) at matched (r3, 12,7, M, D),
confirming negligible effect of the internal split. Error bars show standard deviations across different (M, D)
configurations sharing the same ratio settings; points are jittered horizontally for visibility.

3.4 Modeling Interaction of Multi-Epoch and
Multi-Lingual Training

For multi-epoch multi-lingual training, we consider
L = Lbase(Mla D/) . Rdual(r, Tf) with M’ from
Eq. (5) and D’ extending the multi-lingual form
of Longpre et al. (2026) (Eq. 6). The (k,r) depen-
dence can be carried by either R}, (through M)
or the weight g on Dyigp; preliminary experiments
indicated that placing the dependence solely on
g yields the best M-axis extrapolation at a minor
cost in k-axis accuracy, while involving R}, de-
grades M -axis extrapolation. We therefore adopt
the g-only route, keeping 12}, as a single global
constant. As epochs increase, the effective weight
of high-resource tokens is expected to decay due to
target-language data repetition; however, when r is
small, repeated target-language tokens constitute
a smaller fraction of the total training data, weak-
ening this decay. At r = 0 no data is repeated and
g should remain 1. Based on this hypothesis, we
promote ¢ to a function of (r, Rp):

g(’r, Rp; R*D,highv ¢) =
L=+ 1= (1—1r)¥] exp(—

Rp )
R*D,high ’
©))
which gives g = 1 at Rp = 0 (recovering He et al.

(2025)) and g — (1 — r)¥ as Rp — oo. Although
this means the monolingual k-dependence R}, (k)

obtained in §3.2 is not used here, it is incorporated
in a separate monolingual variant introduced in
§3.5. See Appendix E.5 for a more detailed anal-
ysis of the interaction between multi-epoch and
multi-lingual training.

3.5 Proposed Model: M3 Scaling Law

Combining the extensions in §3.2, §3.3, and §3.4,
we propose the M3 Scaling Law, a unified scaling
law that jointly captures multi-epoch, multi-lingual,
and multi-stage training:

Lyis(M, Dy, k,r,75)
A B
- <W + W + E) . Rdual(n T‘f),
where R gya is the dual power law defined in Eq. (8).
The effective data and model sizes are

(10)

D' = Dy -h(Rp; Rp) + g(r, Rp) - Dhigh,

(1)
M' = Unr - h(Rar; Ry), (12)
where Rp, Ryr, Unr, G, and Dygp, are as defined in
Egs. (4)—(6), h is the saturation function of Eq. (5),
g follows Eq. (9), and R}, is a single global con-
stant shared across all (k, 7). This form has 11 free
parameters: A, B, a, 8, E, R}, *D7high, v, Ry, s
and ~s.
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Model #P C M Dr D r k  Avg
(a) All data (1-stage + 2-stage)
Baseline models

Chinchilla 5 450 —2500 5700 0700 384 —064 .19
He 6 4205 —.040; 7803 —26,9 45, —-.604 .13
Muennighoff 7 580 0305 790 06,5 —484 18 195
ATLAS 7 5200 ST T4 =771 S4o 5200 350
Sedova 9 T84 564 804 484 754  A4lg 634
Bryant 8 520 =254 5800 2005 294 0505 23
Proposed model and ablations
M?3 Scaling Law 11 .81, .53, 854, 68,0 .7645 550 .70,
—Dual PL 10 7641 S5l 7965 49, 6405 574 .63,
—g 9 T35 584 8706 2045 TT03  A20 595
(b) I-stage data only
Baseline models
Chinchilla 5 324 =044 2800 2800 —084 =214 .09
He 6 1803 —030 8903 =39, 44, —1.185 —.02,;5
Muennighoff 7 560 340 T50 09, —-42,, 260 264,
ATLAS 7 580 5301 700 =320 2705 460 370
Sedova 9 Tl 64, 86 .68, .67, 25, .64
Bryant 8 470 —114 334 3l =390 -02, .10,
Proposed model
M? Scaling Law 11 .79, .66, .88, T4 7405 500 .72,
(¢) Multi-epoch only (monolingual, 1-stage)
Baseline models
Muennighoff 7 T84 7502 9002 .90, — 525 Ta
ATLAS 7 '67.[]“ 41 01 '90.02 '85.(]0 - '48.01 '()6 01
Sedova 9 800 52,4 880 .90, — 360 6903
Bl-ya'nt 8 '80.[]“ 59 03 '89.0() '87.(]0 — '20.01 '()7 01
Proposed model and ablation
J\'IBJFR?\J(]{) 9 89, 78, 894 93, — K I 3
M? ScalingLaw 7 .78, 7505 .90, .90, — 525 Ta

Model #P C M Drp D T Avg
(d1) Multi-lingual only (single-epoch): 1-stage test
Baseline models

He 6 49 4o 104 8343 15,05 —43.0, 2302
He +Dual PL 7 9501 T400 9700 86, .81 86,0,
Sedova 9 .65, 380 7540 3205 =477 33,
Proposed model and ablation

M? Scaling Law 8 296,00 81, 94 702 820 874

—Dual PL 7 5500 2800 TT00 =074 =344 24 5

(d2) Multi-lingual only (single-epoch): 2-stage test

Baseline models

He 6 706 A8 872 03,5 .69 .50 4
He + Dual PL 7 7605 260 940, 40, 760, 62 4,
Sedova 9 91, 76,05 944 S50, .86, 7901
2-stage-only baselines’

D-CPT Law 8 (535)  (1lgo) (B401)  (Tlo) (Blg) (.6001)
PTPP-F1 10 (8901 (4500 (900)  (:8901) (T401) (Tlo1)
PTPP-F2 10 (5203)  (1001) (86.09)  (7Llos) (-80,40) (.60.01)
PTPP-F3 12 (5902  (46,45) (9101)  (8942) (73.01) (T201)
Zhang 6 (=61y35) (=1.1949) (554) (=1.29.4) (44.40) (—427)

Proposed model and ablation

M? Scaling Law 8 8501 A48, 95, 21,5 .80 .66 03
—Dual PL 7 .84, 5500 .90 =30 77 5505
(d3) Multi-lingual only (single-epoch): both stages
Baseline models
He 6 .60 0, 140 85 090 134 36,01
He + Dual PL 7 8502 5005 960, 630 790 7401
Sedova 9 78 00 5700 8440 Al 2004 56,01
Proposed model and ablation
M? Scaling Law 8 90, 64, .96, 49, .81, 76,
—Dual PL 7 .69 o1 Al 830 =18, 224 3903

Table 2: Extrapolation accuracy (Test R?) of baseline and proposed scaling law models across Japanese, Indonesian,
and Swahili. Left: (a) All (1-stage + 2-stage) data. (b) 1-stage data only. (c) Multi-epoch only: monolingual
(r=1) data; the r axis is not applicable. Right: (d1, d2) Multi-lingual only: single-epoch (k=1) data evaluated on
1-stage and 2-stage test sets separately; the & axis is not applicable. (d3) Both stages (macro-average of (d1) and
(d2)). 2-stage-only models are trained on 2-stage data only; scores in parentheses are not directly comparable
to other models trained on the combined data. Each column shows the R? macro-averaged over held-out splits
and languages along the corresponding axis (see Appendix D.2.3 for details). Avg is the unweighted mean across
applicable axes. #P denotes the number of free parameters. We repeat every scaling law fit 5 times with different
random initialisations; each cell reports the mean over these fits, with the standard deviation as a subscript. Bold

marks the best mean in a column.

We also consider a variant that incorporates the
k-dependent R}, (k) from Eq. (7) for monolin-
gual multi-epoch settings (r = 1). In this case,
Dyigh = 0 and g does not participate, so the in-
teraction between multi-epoch and multi-lingual
training need not be considered and R}, (k) can
be incorporated without degrading M -axis extrap-
olation. We denote this variant M3 + R, (k) and
evaluate it in the monolingual multi-epoch setting.
To summarize the role of R}, across the paper: the
per-k form R}, (k) from Eq. (7) is used only in this
monolingual variant; in the main M? Scaling Law,

s 1s a single constant.

3.6 Evaluation of M3 Scaling Law

We evaluate the proposed M3 Scaling Law against
existing scaling laws—Chinchilla (Hoffmann et al.,
2022), He (He et al., 2025), Muennighoff (Muen-
nighoff et al., 2023), ATLAS (Longpre et al., 2026),
Sedova (Sedova et al., 2026), and Bryant (Bryant

and Liu, 2026)—under four settings (Table 2): (a)
all setups combined; (b) single-stage setups only,
the regime targeted by most prior work; (¢) mono-
lingual (r=1) multi-epoch setups, providing a fo-
cused comparison against methods that target data
repetition (Muennighoff et al., 2023; Sedova et al.,
2026; Bryant and Liu, 2026); and (d) multi-lingual
single-epoch (k=1) setups, where models are fit on
the combined 1-stage and 2-stage training data and
evaluated separately on 1-stage (d1) and 2-stage
(d2) test sets, as well as their macro-average (d3).
For reference, we additionally include methods fo-
cusing on continual pretraining, the D-CPT Law
(Que et al., 2024), PTPP (Goffinet et al., 2025), and
Zhang et al. (2024), fit on 2-stage training data only
and evaluated on the 2-stage test set (d2).

Extrapolation accuracy is measured by the co-
efficient of determination (R?) on a held-out test
set. To avoid sensitivity to any single train-test
split, we construct multiple splits along each of the
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Figure 4: Optimal number of epochs k* vs. target lan-
guage corpus size D7 for (Japanese, English), shown
for multi 1-stage (top) and multi 2-stage (bottom).
Dashed lines show k* predicted by numerically min-
imizing the M?® Scaling Law at each (C, Dr); filled
circles show empirical k* estimated by quadratic fitting
of L*(C, Dr, k) in log, k. Dotted lines show the small-
k approximation k* ~ D*(C")/Dr. Shading around
the predicted curves shows their bootstrap variability
(Appendix D.4). Color encodes compute budget C' via

fo =10g,(C/Cy).

training setup variables (C, M, Dy, D, r, k), aver-
age R? over splits within each language, and report
the unweighted mean across languages (see Ap-
pendix D.2 for details).

The M?3 Scaling Law achieves the best average
R? across settings (a)—(c). In setting (d), it achieves
the highest accuracy on the combined 1-stage and
2-stage evaluation (d3), outperforming all base-
lines, which demonstrates that the dual power law
enables strong extrapolation on both single-stage
and two-stage data simultaneously. On the 2-stage
test set alone (d2), the M3 Scaling Law achieves
comparable performance to methods specifically
designed for continual pretraining, despite being
trained on the combined 1-stage and 2-stage data
rather than 2-stage data alone.

Ablations clarify the contribution of each exten-
sion. The dual power law is essential for jointly

achieving good extrapolation on both single-stage
and two-stage data: in setting (d), models that in-
corporate it (He + Dual PL and M3) consistently
outperform their counterparts without it (He and
M3 —Dual PL). In the monolingual setting (c),
the M3 + R}, (k) variant—which incorporates the
k-dependent R}, (k) into M’—achieves the best
accuracy, exceeding all baselines. Finally, remov-
ing the high-resource weight g (—g in part (a)) de-
grades extrapolation along the D and k axes, while
slightly improving M -axis extrapolation.

4 Predicting Optimal Training Setups
with M3 Scaling Law

4.1 Optimal Training Approach

Since empirically v2 < -, the dual power law
(Eq. 8) at fixed r is minimized at ry = 1, giving
r~ 2 for two-stage training, which is lower than the
single-stage value »~7 at any r < 1 under matched
(M, Dp, k).

To examine which category is optimal under re-
alistic constraints, we numerically minimize the
M3 Scaling Law over training setups within each
of three categories—mono 1-stage, multi 1-stage,
and multi 2-stage—for each (C, Dr). As shown
in Figure 1, mono 1-stage is optimal at large D7
and multi 2-stage at small Dp, while multi 1-stage
is never optimal in either regime. The same pattern
holds for the empirically optimal setups across all
languages and (C, D) in our grid search.

4.2 Optimal Number of Epochs

The M3 Scaling Law predicts that the optimal num-
ber of epochs depends on (C, Dr) only through
the scarcity variable Dy /D*(C), where D*(C')
C/(a+B) is the monolingual compute-optimal cor-
pus size. Specifically, under the compute constraint
C = M D with D = kD7 /r and for a fixed ratio
schedule r = (7,71, r2) specifying the average and
per-stage target-language ratios, one obtains

* o Drp
ke (C,Dr) = Ky (D*(C’)) (13)

for some function K,*. The relation is exact for
fixed r (covering mono 1-stage) and approximate
under joint optimization of r (multi 2-stage). In the
small-k regime where the saturations of M’ and D’
are negligible, K, further reduces to k}(C, Dr) ~
D*(C) /Dy, predicting a unit-slope line passing

*The proof is given in Appendix E.6.3

49696



through £* = 1 at Dy = D*(C) in the log-log
plot.

Numerically minimizing the M? Scaling Law
over k separately for multi 1-stage and multi 2-
stage, the resulting log-log curves of k* vs. D at
different C' are nearly parallel with uniform log-
scale spacing (Figure 4), consistent with the pre-
dicted collapse along D7/D*(C') and matching
k* = D*(C)/Dr in the small-k regime. Empiri-
cal estimates from quadratic fits of L*(C, Dr, k)
in log, k broadly follow these predictions, with
non-negligible scatter likely reflecting the limited

k-grid resolution and residual fitting error.

5 Related Work

Continual pretraining, initially proposed for
encoder-only models (Chau et al., 2020; Muller
etal., 2021), has been increasingly adopted for low-
resource language LLM training (Luukkonen et al.,
2023; Lin et al., 2024; Fujii et al., 2024); our find-
ings corroborate its benefit while identifying when
it becomes optimal. As summarized in Table 1,
prior scaling law studies each cover a subset of the
axes relevant to low-resource LLM pretraining, but
none jointly addresses multi-epoch, multi-lingual,
and multi-stage training. Studies on complemen-
tary hyperparameters such as batch size, learning
rate, vocabulary size, compression rate of tokenizer,
and training data quality (Bi et al., 2024; Hu et al.,
2024b; Tao et al., 2024; Limisiewicz et al., 2026;
Zhou et al., 2026) are orthogonal to our work.

6 Conclusion

We proposed the M? Scaling Law, a unified
scaling law jointly covering multi-epoch, multi-
lingual, and multi-stage training for low-resource
language LLM pretraining. It extrapolates more
accurately than existing scaling laws across three
language pairs, and reveals that the optimal train-
ing approach is always either monolingual single-
stage or multi-lingual two-stage—never multi-
lingual single-stage—and that the optimal num-
ber of epochs is governed by the scarcity variable
Dr/D*(C).

Limitations

Evaluation Metrics: Our evaluation of LLM per-
formance is limited to the validation loss of the
language modeling task on the low-resource target

3See Appendix E.6 for the derivation and fit details.

language (§2.1), and we do not directly evaluate
downstream task performance. Our training setups
are relatively small-scale, and many downstream
tasks exhibit near-zero performance at this scale
due to the emergent nature of LLM capabilities
(Wei et al., 2022), making direct analysis on down-
stream metrics infeasible. Nevertheless, validation
loss has been shown to correlate with downstream
task performance in prior work (Brandfonbrener
et al., 2024; Chen et al., 2025; Du et al., 2024;
Gadre et al., 2025; Thrush et al., 2025), and our
preliminary analysis (Appendix H) is consistent
with this finding, supporting validation loss as a
reasonable proxy.

Beyond predicting aggregate target-language val-
idation loss, a natural extension is to ask how train-
ing recipes affect different capabilities of LLMs.
Validation loss aggregates two qualitatively differ-
ent capabilities: language-general abilities such
as reasoning, which are expected to transfer well
across languages, and language-specific knowl-
edge, which transfers less. Depending on which
capability a downstream application emphasizes,
the effect of multi-lingual or multi-stage training
on transfer may differ from what aggregate vali-
dation loss suggests. Disentangling how training
recipes differentially affect these capabilities, and
constructing scaling laws at the capability level, is
a natural direction for future work—one for which
the M3 Scaling Law could serve as a starting point.

Scope of Hyperparameters and Corpora:
While our experiments cover a broader scope of
hyperparameters than prior work relevant to low-
resource language LLM pretraining, we could not
exhaustively explore all training hyperparameters
due to compute constraints. Specifically, we did
not search over batch size or learning rate; in-
stead, we used the compute-dependent values opti-
mized in Bi et al. (2024). We also used C4 (Raffel
et al., 2020) and mC4 (Xue et al., 2021) as our
corpora throughout, chosen for their consistent pre-
processing across languages and wide adoption in
prior scaling law studies (Hoffmann et al., 2022;
Muennighoff et al., 2023), and did not consider
variations in target language corpus quality, the
use of LLM-rephrased or synthetically generated
data, or more recent multi-lingual corpora such
as MADLAD-400 (Kudugunta et al., 2023) and
CulturaX (Nguyen et al., 2024). This choice re-
flects our intent to fix reasonable defaults along
these axes and concentrate experimental resources
on the multi-epoch, multi-lingual, and multi-stage
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axes that are central to low-resource language LLM
pretraining.

A consequence of these fixed defaults is that
some aspects of recipe design fall outside our anal-
ysis. The values from Bi et al. (2024) are opti-
mized for single-stage training, and different values
may be optimal for two-stage training. Similarly,
since C4 and mC4 share consistent preprocessing
across languages, our analysis cannot character-
ize how asymmetries in corpus quality between
high- and low-resource languages—common in
practice—affect the optimal training recipe. Con-
current to our work, Zhou et al. (2026) model this
quality axis directly, jointly capturing the effects of
data quality and repetition through an information-
centric scaling law. Extending scaling-law model-
ing to jointly cover corpus quality, data selection,
and synthetic data generation, and to study how
these axes interact with the multi-lingual and multi-
stage training central to our work, is a natural di-
rection for future research. The M3 Scaling Law
offers a natural starting point for such investiga-
tions.

Scope of Languages: Our experiments used En-
glish as the high-resource language paired with
three target languages from different language
families: Japanese, Indonesian (relatively high-
resource), and Swahili (lower-resource). This se-
lection reflects three deliberate choices. First, we
prioritized pairs from different language families,
since cross-family transfer is weaker and deviates
more from the monolingual setting, making such
pairs more informative for studying how multi-
lingual and multi-stage training depart from single-
language behavior. Second, we fixed English as the
high-resource language because English is by far
the most common choice in practice for the high-
resource side of low-resource LLM pretraining
(e.g., Fujii et al., 2024). Third, we focused on mod-
erately low-resource languages rather than truly
low-resource ones, since the latter typically lack
sufficient corpus volume to support scaling-law
analysis at all; building understanding from mod-
erately low-resource settings is a natural first step.
As a result, generalization to within-family pairs,
non-English high-resource languages, or truly low-
resource languages with orders of magnitude less
data is not directly verified by our experiments.

A related limitation is that our analysis models
only the target-language validation loss and does
not model the high-resource language loss. This re-
flects our problem setup, which focuses on improv-

ing LLM capabilities for the low-resource target
language; improvements on the high-resource side
are out of scope. However, applications such as
machine translation require capabilities in both lan-
guages, and a recipe that minimizes target-language
loss alone may not be Pareto-optimal across both.
Extending the M2 Scaling Law to jointly predict
losses on both languages, and applying it across
more diverse language pairs, is a natural direction
for future work. The M? Scaling Law already ex-
poses modeling primitives such as the dual power
law exponent 7, that characterize previously un-
characterized aspects of cross-lingual transfer, and
broader language coverage in such future studies
would deepen the understanding of how these quan-
tities vary across language pairs.

Scope of Scales and Configurations: Our ex-
periments span Cy/16 < C < Cy = 10'® FLOPs
and model scales up to 9.39 x 10® non-embedding
FLOPs per token. While our evaluation requires ex-
trapolation to up to four times larger compute, eight
times larger models, and sixteen times larger tar-
get corpora than the training split (Appendix D.2),
extrapolation to billion-parameter models is not ver-
ified. Verifying the predicted recipes at such scales,
by training them alongside competing recipes un-
der the same (C, D7) and comparing downstream
task performance, is an important direction for fu-
ture work. We also fixed the architecture, tokenizer,
and corpora (LLaMA-style models, the BLOOM
tokenizer, and C4/mC4), assuming that these axes
shift only the fitted parameters rather than the func-
tional form of the scaling law.
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A Code and Data Availability

The code and data used in this work are being
prepared for public release. Once the release is
complete, a link will be posted in the comments
field of the arXiv version of this paper (https:
//arxiv.org/abs/2410.12325).

B Notation

Table 3 summarizes all symbols used in this paper.
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Algorithm 1 Determine Batch Size

1: procedure DETERMINEBATCHSIZE(C, dmodel, Niayer)
2: seg_length < 4096

3 complexity < Niayer - A2 odel

4 if complexity < 0.1 x 10° then

5: local_batch_size < 4

6: else if complexity < 0.5 x 10° then

7: local_batch_size + 2

8 else if complexity < 1.1 x 10° then

9 local_batch_size + 1

0 end if

1

: optimal_local_batch_size — 10.292 -

C°3%7 /(seq_length - 8)]

12: if optimal_local_batch_size <
local_batch_size then

13: local_batch_size —
optimal_local_batch_size

14: accumulation_step < 1

15: else

16: accumulation_step —

|optimal_local_batch_size/local_batch_size]
17: end if
18: batch_size —
accumulation_step
return batch_size
19: end procedure

local_batch_size - 8 -

C Implementation Details of LLM
Pretraining and Evaluation

Cl1

Throughout our experiments, we adopted the train-
ing configuration of Bi et al. (2024). More specif-
ically, we trained decoder-only language models
with LLaMA architecture (Touvron et al., 2023)
and set context length S = 4096. We measured
the model scale by non-embedding FLOPs/token,
M = 72ndmod612 + 12ndmode1S, where n, dmodel,
and .S are the number of layers, the size of hidden
states, and the sequence length respectively. To im-
prove the efficiency of our experiments by reusing
intermediate checkpoints, we used their multi-step
learning rate scheduler, in which we decreased the
learning rate to 31.6% and 10% after processing
80% and 90% of the total steps of each training
stage, respectively. For learning rate n and batch
size B, we adopted their power-law relationships,
n = 0.3118 - C791250 and B = 0.2920 - C0-3271,
which were fitted through extensive experiments
across different compute budgets C' to achieve near-
optimal performance in (Bi et al., 2024).° Fol-
lowing findings by Ibrahim et al. (2024) that the
learning rate of continual pretraining should be
re-warmed to that of pretraining, we set the same
maximum learning rate for both the first and second

Model Pretraining

We added minor adjustment to B to improve training
efficiency in some cases, which is detailed in Appendix C.

stages for two-stage training.

We used the Transformers library (Wolf et al.,
2020) (ver. 4.37.2, Apache-2.0 license) in our ex-
periments. We used LlamaForCausallM as the
model architecture, and set the standard deviation
for parameter initialization to 0.006. Configura-
tions of the model shape is shown in Table 4. Based
on the analysis by Kaplan et al. (2020), we only
used those model shapes with aspect ratio f”‘z—‘;‘:i
between 30 and 150. We used Adam optimizer
(Kingma and Ba, 2017) and set its parameter to
(B1, B2, €) = (0.9,0.95,10~8). We set the number
of warmup steps to 500, the weight decay to 0.1 and
gradient clipping at a norm of 1. We used Trainer
class to train our models, with all unspecified pa-
rameters left at their default values. To improve
efficiency of training, we used the batch size ad-
justed by Algorithm 1. We used a server with eight
A100 80GB GPUs to train our models.

For multi-epoch training, the order of the re-
peated data was randomized with different seeds
for each epoch.

C.2 Corpus and Tokenizer

We retrieved C4 (Raffel et al., 2020) and mC4
(Xue et al., 2021) from https://huggingface.
co/datasets/allenai/c4. We only used ja, id,
and sw subsets of mC4 and did not use ja-Latn
subsets. To reduce the cost of the evaluation, we
respectively subsampled 5%, and 6.6% of the vali-
dation corpora for Japanese, and Indonesian, while
using the full validation corpus for Swabhili.

We tokenized the corpora with BLOOM tok-
enizer. BLOOM tokenizer is available at https:
//huggingface.co/bigscience/tokenizer un-
der the BigScience RAIL License v1.0. Note that
English, Indonesian, and Swahili were used to train
the BLOOM tokenizer, while Japanese was not
used to train it.

C.3 Training Hyperparameters

Based on the scaling law of the optimal model scale
and data allocation by Bi et al. (2024), we set the
reference compute budget C), target language cor-
pus budget Dt o, and model scale M as follows:

Co = 10'8,
_ _(0.4757
Dy _52316 94757, (14)
0
My = —>.
0 D7y
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Single-stage Training: The hyperparameters
of single-stage training are the constant language
ratio r, the model scale M, and the number of
target language epochs k.

We parametrized each single-stage training setup
by four integer factors, (f., far, fx, fc), wWhere
f« € Z, and set each of its hyperparameters and
compute C and Dy as follows:

M,
7‘:%7 MZQJ’T()Ia
k= 2/ C = 2fc . C,, (15)

Dy = 2~ frtfu—fitfc -Dro .

The training setup involved multi-epoch training
when fj, > 0 and multi-lingual training when f, >
0. Multiple training setups with the same (C, D)
were created by keeping fo and fp = —f, + fyr —
frx+ fo constant. We list the search spaces for those
factors in Table 5.

Two-stage Training: For each stage of two-
stage training, we used a different constant lan-
guage ratio, 1 (for the first stage) and ry (for the
second stage), where 1 < ro. Using the propor-
tions of the first and second stage training, s; and
s9, relative to the total length of the training, we de-
fine the average language ratio as r = 5171 + S272
by slightly abusing notation. Instead of explicitly
setting s1 and s2, we used r to compute s = :22__:1
and SS9 = 1-— S1.

We parametrized each two-stage training setup
by (r1,72, fr, far, fr, fo), and used Eq. (15)
in §C3 to set r, M, and k, and com-
pute C' and Dr. We grid-searched over
rn€ {1/2,1/4,1/8,1/16,1/32,0}, ro €
{1/4,1/2,3/4,1}, and the same search space of
other factors as shown in Table 5.

C.4 Details of Three-Stage Training
Experiments

In three-stage training experiments, we trained
models with randomly sampled three-stage train-
ing setups (rs,r, M, D7) on the (Japanese, En-
glish) pair under single-epoch training (k = 1),
spanning C' € {Cy/16,...,Cp}, average ratios
r € {1/2,1/4,1/8}, and final-stage ratios 13 €
{0.25,0.5,0.75,1.0} (r3 > r) with M and Dp
drawn from the same search space as the two-stage
experiments. To isolate the effects of the interme-
diate ratios, for each (rs,r, M, Dy) we varied 71,
ro, and their average r12 and observed the result-
ing performance changes. Specifically, we sampled
ri2 < rfrom {1/4,1/8,1/16,1/32}, and for each

(rs,r,1m12) compared three representative (71, 72)
patterns: (A) the closest valid (r1,72) bracket-
ing 712, approximating a near-constant two-stage
schedule; (B) r1 = 0 with r9 set to the smallest
valid candidate above r15; and (C) r1 = 0 with r
set to the largest valid candidate between 12 and
r3.

The stage proportions sy, So, 53 for three-stage
training were determined hierarchically, extend-
ing the inverse-computation approach used for
two-stage training (§2.2). We first split the to-
tal training into a combined first-and-second stage
block and the third stage using the outer constraint
r = S12712 + S373!

(16)

where 712 is the average language ratio over stages
1 and 2. We then split s;o into stages 1 and 2

using the inner constraint r12 = (s1/s12)r1 +
(82/812)7”22
ro — 112
51 = 812 - s9 =812 —s1.  (17)

T2_T17

For each combination of (73, 712), we collected
the set of (fas, C) pairs that were feasible for all
three patterns (A, B, and C) described in §3.3,
pooled across all C' values, and randomly sampled
up to 10 pairs (with a fixed random seed). Pattern
C was omitted when r3 coincided with that of pat-
tern B, since the two patterns become identical in
that case. In total, we conducted 307 three-stage
training runs (pattern A: 117, B: 125, C: 65).

D Implementation Details of Scaling Law
Analysis

D.1 Scaling Law Model Fitting

In this paper, following Hoffmann et al. (2022),
we fit a scaling law model L(s;; §) parameterized
by 6 to the observed validation loss L; of an LLM
trained under setting s; (e.g., data size D, model
size M, language ratio r, etc.), by minimizing the
Huber loss (Huber, 1964) using the L-BFGS algo-
rithm (Nocedal, 1980):

i H log L 3 —1 Li, 1
mén; ubers(log L(s;;0) —log L;), (18)

where we used § = 0.001. The parameter bounds
during optimization were set as shown in Table
6. To mitigate sensitivity to initial values, we ran-
domly sampled initial values of 6; within the ranges
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shown in Table 6 (uniformly in log scale for A, B,
and 7, and uniformly in linear scale for other pa-
rameters), independently ran the optimization 50
times, and adopted the best fit result.

D.2 Scaling Law Model Evaluation

The extrapolation performance of scaling law mod-
els can vary depending on the choice of train-test
split. To avoid relying on a single arbitrary split,
we evaluate extrapolation performance along mul-
tiple axes of the training setups. Specifically, for
each axis, we define a threshold that partitions the
data into a training set and a held-out test set. Each
model is fit on the training set and evaluated by
the coefficient of determination (R?) on the test set,
defined as

Yier(Li — Li)®
ZieT(Li - L7')27

where 7T is the test set, L; and i}l are the ob-
served and predicted validation losses, and L =
ﬁ > ict Li is the test set mean. Note that R%is
computed in the original (non-log) scale and can be
negative when predictions are worse than predict-
ing the test set mean. We require both the training
and test sets to contain at least 10 data points, and
splits that do not meet this criterion are skipped.

R*=1- (19)

D.2.1 Held-Out Splits for Combined
Evaluation

For the main evaluation on all single-stage and two-
stage data, we define 18 train-test splits along six
axes of the training setups (Table 7). The test set
in each split contains data from regions that are
of practical interest for extrapolation: larger com-
pute budgets, larger models, larger corpora, lower
or higher target language ratios, and higher epoch
counts. To avoid dependence on any single thresh-
old, we use multiple thresholds per axis. Note that
for Swabhili, the available target language corpus
is limited to fp < —3, so no data points fall into
the test set of the three Dr-axis splits (DT_ge0,
DT_ge—1, DT_ge—2); these splits are therefore
omitted for Swabhili.

D.2.2 Held-Out Splits for Two-Stage
Evaluation

For multi-lingual single-epoch evaluation, of the
18 splits in Table 7, we use 13 for this evaluation
(Table 8). From the r-axis, only r_le0.125 and
r_ge(.5 are retained; r_le0.25 is excluded because
the two-stage data has only r € {0.125,0.25,0.5},

and training set with > 0.25 would contain only
a single r level (r = 0.5), preventing continual-
pretraining baselines trained only on two-stage data
from identifying the effect of r. Similarly, r_gel
is excluded because no monolingual (r = 1) data
exists in the two-stage experiments. All k-axis
splits are omitted since this evaluation is restricted
tok =1.

D.2.3 Aggregation of Test R? Across Splits
and Languages

For each axis (e.g., C, M), the per-axis R? reported
in Table 2 is computed in two steps. First, for each
language, we average the test R? over all held-out
splits belonging to that axis (e.g., for the C' axis,
over C_ge0 and C_ge—1). If a split is skipped for
a particular language (e.g., because the training or
test set contains fewer than 10 data points) or yields
an invalid R? (e.g., due to numerical issues in fit-
ting), it is excluded from that language’s average.
To ensure a fair comparison, whenever a split is ex-
cluded for any model, we exclude it for all models
in the same evaluation setting, so that all models
are compared on the same set of splits. Second, we
take the unweighted mean of these per-language
averages across all languages. The Avg column is
the unweighted mean of the per-axis values.

D.2.4 Two-Phase Fitting

In preliminary experiments, we found that fitting
the Chinchilla base parameters (A, B, «, 8, E)
jointly with the remaining parameters causes the
base parameters to drift, substantially degrading
extrapolation performance along the M- and D-
axis splits. To address this, we adopt a two-phase
fitting procedure for all models that build on the
Chinchilla formulation:

1. Phase 1. Fit the Chinchilla base parameters
(A, B, a, 8, E) using only monolingual (r =
1), low-epoch (k < 4) single-stage data from
the training set.

2. Phase 2. Fix the Phase 1 parameters and op-
timize the remaining parameters (e.g., [2}),
R}, v, 72) on the full training set.

D.3 Implementation of Baseline Models

This section summarizes the scaling law models
used as baselines in Table 2. All models share the
Chinchilla base Lyase(M, D) = A/M® + B/DP +
E (Eq. 2) and the saturation function h(R; R*) =
14+ R*(1 — exp(—R/R*)) (Eq. 5).
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Chinchilla (Hoffmann et al., 2022) (5P). L =
Lbase(M ) D )

He (He et al., 2025) (6P). L = Lyye(M,D) -
r—7.

He + Dual PL (7P). L = Lpwe(M,D) -
Rauai (1, 7¢), where Rqual is defined in Eq. (8).

Muennighoff (Muennighoff et al., 2023) (7P).
L = Liase(M’, D') with effective sizes D’ and M’
as defined in Egs. (4)—(5).

ATLAS (Longpre et al.,, 2026) (7P). L =
Lpase (M, D), where D' is defined in Eq. (6) with
constant weight ¢ = 7. Unlike the Muennighoff
model, ATLAS does not use the effective model
size M’, applying M directly.

Sedova (Sedova et al., 2026) (9P).

Cs  BM? o
Mﬁs ‘D/SeozS FYS 9
where Dg, = Dhigh+75- Dr-h(Rp; R}B’s). Since
this model does not contain the Chinchilla model
as a special case, all 9 parameters are fitted jointly
in a single phase, unlike the two-phase procedure
used for the other models (§D.2).

L:Es+ +

Bryant (Bryant and Liu, 2026) (8P).

h
L=FE+(Ly—F) ——
+Lo—E)- 7

he 0 b M
Mo DP Dy’

where D = kDr/r is the total number of to-
kens seen, Dyyiq = D1 + Dhign 1s the number
of unique training tokens, and the three terms of
h model undercapacity, undertraining, and overfit-
ting, respectively. The uninformed baseline loss
Lo = InV is fixed by the tokenizer vocabulary size
V' = 250,680 and is not fitted. Since this model
does not contain the Chinchilla model as a special
case without approximation, all 8 parameters are
fitted jointly in a single phase, unlike the two-phase
procedure used for the Lp,s-based models.

The following four two-stage-only baselines also
do not contain the Chinchilla model as a substruc-
ture and are fitted in a single phase.

D-CPT Law (Que et al., 2024) (8P).

A B-r%  C.

L=FE+—+—5 + —,

M« Dg T

where Do = s9D is the number of second-stage
tokens.

PTPP-F1 (Goffinet et al., 2025) (10P).
A B% o F
L=F+— — 4+ —
T DS * r} " PPt
where PTPP = D; /N is the pretraining tokens
per parameter, D1 = s1D is the number of first-

stage tokens, and NV is the number of model param-
eters.

PTPP-F2 (Goffinet et al., 2025) (10P). Same as
D-CPT Law, but with data exponent modulated by
PTPP:

A.PTPP<>
1+ PTPP¢ /)’

and D} in the D-CPT formula is replaced by D5e™.
PTPP-F3 (Goffinet et al., 2025) (12P). Same

as PTPP-F1, but with data exponent modulated by
PTPP as in PTPP-F2:

Bett = B (1

A B ¢ F
L=F+— —_t+ —
+ Ma + Dgeff 7"} + PTPP&’
where Beff = 6(1 - %), combining the

gated data exponent of PTPP-F2 with the additive
floor of PTPP-F1.

Zhang (Zhang et al., 2024) (6P). Zhang et al.
(2024) propose a multiplicative joint scaling law
over D5 and one other variable (D1 or M). Here
we evaluate a naive extension to four variables (M,
Dl, DQ, T’f)i

A

I =
Me - Df' - DS v

D.4 Bootstrap Uncertainty Bands

+ E.

Each training setup is trained once, so the fitted
loss surface, and the recipes obtained by minimiz-
ing it, inherit the run-to-run variation of the ob-
served losses. To quantify this sensitivity, we boot-
strap over the single-run results following Hoft-
mann et al. (2022). For each of 200 replicates, we
draw 80% of all loss observations without replace-
ment and refit the M2 Scaling Law with the same
two-phase, multi-start procedure (§D.2.4), keeping
the multi-start initialization fixed so that the spread
reflects the resampling rather than the parameter
initialization. From each replicate we then recom-
pute the quantity of interest, that is, the approach
boundary, k*, M*, or r*, by applying the same
recipe optimization to the refitted parameters. The
shaded bands report the resulting distribution over
replicates: the outer band spans the Sth to the 95th
percentile and the inner band the 25th to the 75th.
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Effective data multiplier: Muennighoff vs. hy,

94

23 4

22 4

h = k (no decay)
== == Muennighoff (R},=11.6)
hip (Rp=11.2, p=20.0)
® Free h(k)

214

Effective data multiplier &

20 4

20 22 2I4 2I6 28
k (epoch count)

Figure 5: Effective data multiplier comparison on
Japanese monolingual data. Black points show inde-
pendently fitted A (k) for each epoch count k; the Muen-
nighoff form A (blue dashed) saturates too early, while
the hr,, extension (red solid) with sharpness parameter
p more closely tracks the free estimates around the tran-
sition region. Error bars show 95% bootstrap confidence
intervals (200 resamples).

E Additional Scaling Law Analysis

E.1 Per-Language, Per-Split Evaluation
Results

Tables 9-12 provide the per-language, per-split test
R? values underlying the aggregated results in Ta-
ble 2. Splits where the training or test set contains
fewer than 10 data points are marked “—". For
Swahili, the Dp-axis splits (DT_ge0, DT_ge—1,
DT_ge—2) are omitted due to limited corpus avail-
ability.

E.2 M3 Scaling Law Parameters Fitted on All
Data

Table 13 shows the M3 Scaling Law parameters
fitted on the full dataset (1-stage + 2-stage) for
each language pair.

E.3 Analysis of Extending Effective Data
Multiplier

The saturation function h(Rp; R},) in the Muen-
nighoff model (Eq. 4) may not fully capture how
the effective data size D’ transitions from the lin-
ear regime to the saturation regime. To see this,
we focus on the Japanese monolingual single-stage
setting (r = 1). We first fit and fix the Chinchilla
base parameters (A, B, «, 3, E) of Ly, (Eq. 2)
using the subset with £ < 4. We then model the
effective data multiplier in D’ = Dy - h in three
ways, each fit using the Muennighoff model Ly,

(Eq. 3) on all monolingual data: (i) a discrete pa-
rameterization that fits an independent hy, for each
k, jointly with a shared R}, for M’; (ii) the para-
metric Muennighoff form h = h(Rp; R}) (Eq. 4),
fitting R}, and Rj;; and (iii) the parametric form
h = hry(Rp; R%, p) defined below, fitting R}, p,
and R?},;. As shown in Figure 5, the Muennighoff
form h(Rp; R},) captures the convergence of the
free h(k) to a constant in the large-k regime, but
does not capture the sharpness of the transition
from the linear (iL ~ k) to the saturation regime. A
sharper transition can be modeled by introducing a
sharpness parameter p:

Rp

1/p’
(%))
Rp
(20)
which preserves the same asymptotic limit 1 + R*
as the original . As shown in Table 14, replacing
h with hr, in the M3 Scaling Law improves test
R? on the full data (Avg .71 vs. .70), primarily
through improved k-axis extrapolation.

hrp(Rp; Rp, p) =1+

However, we do not adopt h,, in the proposed
model for two reasons. First, the sharp saturation
of hr, introduces non-smooth behavior in the pre-
dicted optimal number of epochs k* (Figure 6): as
Dy decreases, k™ rises smoothly until it reaches the
saturation knee of i, at which point k* plateaus
abruptly before resuming its increase—a pattern
not observed in the empirical estimates. Second,
the non-smooth transition of /17, seems intuitively
unnatural for LLM training, where data repetition
effects would be expected to degrade smoothly
rather than switching abruptly between a linear
and a saturated regime. The original Muennighoff
form h, while fitting the per-k data less tightly, pro-
duces smoother k* predictions that better match
empirical trends (Figure 4).

E.4 Effect of First-Stage Language Ratio r;

The dual power law (Eq. 8) formulates the language
ratio factor for two-stage training as Rgual = r;” .
(r/r¢)772, treating the exponent 7 as a constant
independent of the first-stage language ratio ;. As
noted in §3.3, Figure 3(b) suggests that r; has only
a minor effect: lower r; (i.e., more high-resource
language in the first stage) tends to slightly increase
the loss. Here we quantitatively assess whether
explicitly modeling this r; dependence improves
extrapolation accuracy.
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Figure 6: Same as Figure 4 but with A, replacing h in
the M3 Scaling Law. The predicted k* curves (dashed)
exhibit non-smooth behavior near the saturation knee of
hrp, unlike the more smooth curves obtained with the
original h (Figure 4). Bootstrap bands are not shown
here.

We extend 75 to depend on r; as follows:

F2(r1) = 72 + Y2 - In(rg + 1), 20

where 72 controls the strength of r; dependence
and rg is an offset to prevent divergence at r; =
0. When 2 = 0, this reduces to the constant--y»
model. The extended dual power law becomes:

r o\ 2(r)
Raval(r,71,75) = r;ﬂ/ . () (22
rf

We incorporate this extension into the M3 Scal-
ing Law (Eq. 10), adding two parameters (72 and
ro) for a total of 13. Table 15 compares the original
11-parameter model against this 13-parameter vari-
ant using the same multi-split evaluation protocol
described in §3.6.

The r1-dependent extension yields no notable
improvement in average test R? for either language.
Based on the result, we conclude that the effect
of r1 on the scaling behavior is negligible at the
current experimental scale, and adopt the constant-
72 formulation in the M?3 Scaling Law.

E.5 Trade-off Between Modeling Routes for
(k,r) Dependence

As discussed in §3.4, the (k, ) dependence of the
loss can be carried either through R}, (in M) or
through the weight g on Dygp, (in D"). We first in-
spect the per-(k, ) trends of each parameter to mo-
tivate the parametric forms, and then report the full
fitting experiments behind the trade-off observed
between these two routes.

E.5.1 Pilot Analysis: Per-(k, r) Fitting of ¢
and 17},
Starting from the multiplicative form of L =
Liase(M',D") - Raual(r,r¢) with effective sizes
M' = Uy - M(Ruy; Ryy) and D' = Drp -
h(Rp; R},) + g - Dhign, we seek to determine how
g and R}, each depend on (k,r). We fix the Chin-
chilla base parameters (A, B, «, 8, E) from the
monolingual low-epoch (k < 4) subset and then
simultaneously fit the remaining global parame-
ters together with per-(k, r) free parameters on all
single-stage data:

Case A. We fix 1%}, as a single shared constant
and fit an independent g, for each (k,r) with
r < 1(atr = 1, Dpign = 0 makes g unidentifiable),
jointly with the global parameters R7,, IR}, and 7.

Case B. We fix ¢ = 1 and fit an independent
R}, ., for each (k,r), jointly with the global pa-
rameters R7, and v.

Figure 7 shows the results. In Case A (panel
(a)), g is close to 1 at k=1 across all r, but devel-
ops k-dependent variation: for large r (r=0.5), g
decreases below 1, while for small r (r=0.125), g
increases well above 1. However, g growing above
its k=1 baseline of approximately 1 as k increases
would counterintuitively imply that repeating data
increases the effective data size beyond the non-
repeated case. To avoid this, we sought a paramet-
ric form that satisfies ¢ < 1 while allowing the
floor to depend on r. This led to the form adopted
in Eq. (9), which decays from g=1 at Rp=0 to an
r-dependent floor (1—7)¥ < 1.

In Case B (panel b), R}, is large at small k
for all r, indicating weak epoch saturation of the
effective model size, but decreases with k£ more
rapidly at larger r. This is a natural consequence:
when the fraction of repeated target-language to-
kens is higher (larger 7), multi-epoch repetition has
a stronger saturation effect on M’. Based on this
trend, we model the r-dependence as

Ry (k,7) = Ry (k) - r™ %, (23)
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Figure 7: Per-(k, r) fitting of g and R}, on (Japanese, English) single-stage data. Marker sizes are proportional to
the number of data points for each (k, ) combination. (a) Case A: R}, is a shared constant; an independent gy, - is
fitted for each (k,r) with r < 1. Atlow k, g is close to 1 for all r; at higher k, g decreases for large r but increases
for small . (b) Case B: g = 1; an independent R, , . is fitted for each (k, 7). R}, is large at small & across all r,

and decreases with k& more rapidly at larger 7.

where R}, (k) is the monolingual form from Eq. (7)
and d > 0 is a new parameter. This form yields
larger 17}, (weaker saturation) at smaller r, consis-
tent with the observed trend.

E.5.2 Experimental Setup

We compare four combinations of R}, and g forms:

* R3;(k,7)+ g = 1: (k,r) dependence is car-
ried entirely by R}, with g fixed to constant.
Here, R}, (k,r) follows Eq. (23).

* R3;(k,7) 4+ g(r,Rp): (k,r) dependence is
carried jointly by both routes, with R}, (k,r)
as above and g following Eq. (9).

* R},;(k) + g(r,Rp): R}, retains only k-
dependence (Eq. 7), with the (k,r) depen-
dence otherwise carried by g.

* R}, = const + g(r, Rp) (adopted): R}, is a
single global constant, with (k, ) dependence
carried entirely by g. This is the form adopted
in the M3 Scaling Law (§3.5).

Each variant is fit and evaluated under the same
protocol as the main scaling law evaluation (§3.6).

E.5.3 Results

Table 16 summarizes the extrapolation accuracy
of each variant. Configurations that place the
(k,r) or k dependence on R, (the first three vari-
ants) achieve better k-axis extrapolation than the

adopted form, but degrade M -axis extrapolation;
the adopted form (R}, = const with g(r, Rp))
shows the opposite tendency.

E.5.4 Hypothesis for the Trade-off

We hypothesize that this trade-off stems from an
asymmetry between the two routes: I}, enters
the loss in both monolingual (r = 1) and multi-
lingual (r < 1) settings, whereas g contributes only
through Dyen and is inactive at r = 1. Absorb-
ing (k,r) into R}, thus captures the k-dependence
from both settings, but couples the Dy;gn contri-
bution to the M-axis, which may not transfer to
unseen M at r < 1 and degrade M -axis extrapo-
lation. Absorbing (k,r) into g instead decouples
the (k,r) contribution from the M -axis, yielding
more conservative M -axis behavior, at the cost of
capturing the k-dependence only in multi-lingual
settings and weakening k-axis extrapolation.

E.6 Details of Analysis of Optimal Number of
Epochs

E.6.1 Empirical Estimation of k£* via
Quadratic Fitting

To estimate the optimal number of epochs
k*(C, Dr) from experimental data, we first com-
pute the minimum validation loss L*(C, D, k)
achieved across all training setups sharing the same
(C, D7, k). For multi 1-stage, the minimum is
taken over model scale M and r for single-stage
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setups; for multi 2-stage, it is taken over M, r, rq,
and r9 including both single-stage and two-stage
setups.

We then fit a quadratic function L* = pg f,? +
p1fr + p2 in fr, = log, k to the resulting (f, L*)
pairs for each (C, Dr), and estimate k* as the ver-
tex of the fitted parabola, i.e., f; = —p1/(2po) and
k* = 2/%. This smoothing mitigates the impact
of noise and the limited resolution of our & grid
(k € {1,2,4,...}). We exclude estimates where
(i) the fitted parabola has a maximum rather than
a minimum (pg < 0) within the observed range,
indicating a noisy fit, or (ii) the vertex lies below
the smallest observed fi and k=1 was not tested,
as the true optimum cannot be reliably determined.
When the vertex falls at or below fr=0 and k=1
is included in the search grid, we clamp k* to 1.
Figure 14 and Figure 15 illustrate the quadratic fits
for the (Japanese, English) and (Indonesian, En-
glish) pairs respectively, showing the fitted curves
together with the observed L*(C, D, k) values.

E.6.2 Results for Indonesian

Figure 8 shows the optimal number of epochs anal-
ysis for the (Indonesian, English) pair. We do not
present optimal epoch analysis for the (Swahili, En-
glish) pair, as the available D7 range is too narrow
to investigate the dependence of £* on Dt across
compute budgets.

E.6.3 Derivation of Optimal Number of
Epochs

We now prove Eq. (13) for the M? Scaling Law
in Egs. (10)—(12). Since M is defined as the non-
embedding FLOPs per token, the total compute is
simply

C =MD, p= T

(24)

In the derivation below, we restrict attention to
the fixed-r setting and optimize only over k£ under
the compute constraint. This directly covers single-
stage training, for which 7y = r; in particular, the
monolingual regime corresponds to r = 1. We
state the argument for an arbitrary fixed r because
the same homogeneity proof goes through without
modification, but we do not claim here that the glob-
ally optimal r remains fixed as D changes. Thus,
the proof is exact for fixed-r settings (especially
mono 1-stage), whereas the collapse observed for
jointly optimized multi 2-stage training should be
interpreted as empirical.
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Figure 8: Same as Figure 4 but for the (Indonesian,
English) pair.

Proposition. Fix a ratio schedule r. Then, for
the M?3 Scaling Law, the argmin over k depends
on (C,Dr) only through the scarcity variable
Dy /D*(C), where D*(C) is the monolingual
single-epoch Chinchilla-optimal data size. When
the minimizer is unique, this is written as

Dr
ki(C,Dr) = Ky . 25
Proof. Let
Dr
N CaN (26)
Then
Dy = /(@B .
Cr r (27)
M = — oB/(a+B)
kDr ¢ kx
For brevity, write
gk(T) = g(’r, k—1; R*D,highv 1/}) . (28)

Using Eq. (11) and Dyigh = kD7(1 — r)/r, the
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effective data size becomes

kDp(1 —7)

D' =Dy - h(k—1;Rp) + gi(r) - "

= Dy Wk - 1 Rp) + ")

= D7 Qp(k;r)
= ¢ Qp ki),
(29)
where
Qp(k;r)=h(k—1;Rp) + Tgk(r).
(30)
Hence
1 1
_ =B/ (a+p)
o = ¢ PQokiryp OV
Next, recall that
U = min (GOl ar), (32)
where 1 (af)
aA @
= = 33
G ( : B) | (33)
Define
) — min (GetB) e Bla T
Qu(zx, k;r) mln(G e, lm) . (34)
Then
Uy = min(g(a+ﬁ)/acﬁ/(a+ﬁ)xﬂ/a’
B/(a+B) " (35)
¢ kx)
= CPAIADQu (, k; ).
Therefore,
M r
- = 1
Fem Uy kx Qu(x, k;r) » (36)
which depends only on (z, k, 7).
Using Eq. (12),
M' = Uy - h(Rar; Ryy)
= OB Qu (ks r) h(Rars Ry) - (37)

= Cﬁ/(a+ﬁ) QM (x7 k7 ’I”),

where Qps(x, k;7) is independent of C' and Dr.

Hence

L oeB/atp)

M/a (38)

Qur(@, ;)™

Substituting the above expressions into Eq. (10)
yields

Lys = Raual(r,7¢)

39
X C’*O‘B/(O‘JFB)(I)(Q:,I@;?)#—E], 9
where
A B
d i) = .
(@, ki) Qu(z, kyr)> * 2PQp(k;r)s
(40)

Because Raual(r,7¢) > 0, C—B/(o+8) and E are
all independent of k, minimizing L3 over k is
equivalent to minimizing ®(x, k; ) over k. There-
fore, the argmin over k depends on (C, D7) only
through
Dr

~ Coflth)

It remains to connect this variable to D*(C'). Un-
der monolingual single-epoch Chinchilla training,

x

(41)

C D\* B
Lpase (D’ D> =A <C> + DF + E. (42)
Its first-order condition is
aAC*D*! = BBDA~1, (43)
which gives
. BB o ass)
D _ (= af(a
©) <04A> ¢ (44)
= G lgo/eth),
Thus,
= Galerd ¢ Dy @

Since the multiplicative constant G~! can be ab-
sorbed into the definition of the function, the
argmin over k depends on (C, Dr) only through
Dy /D*(C). When the minimizer is unique, this
proves Eq. (13). (Il

The same derivation also applies to the mono-
lingual variant M? + R}, (k), because replacing
the constant 17}, in Eq. (12) by the k-dependent
R, (k) in Eq. (7) still does not introduce any direct
dependence on C or Dr.

Remark. The proposition above is exact only for
fixed ratio schedule r. If r is jointly optimized to-
gether with £, the same collapse does not follow
from this argument alone. Therefore, for multi
1-stage and multi 2-stage, Eq. (13) should be inter-
preted as an empirical approximation rather than a
formal invariance result.
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Corollary (small-k regime). Assume that the
saturation effects in both D’ and M’ are negligible.
Then, for fixed r, the M Scaling Law reduces to
the Chinchilla form with total token count D =
kDr /r multiplied by a constant R gy, factor, and
the optimal number of epochs is approximately
proportional to D*(C')/Dr.

Proof. When k — 1 < R}, the saturation in the
target-language effective data is negligible, and
h(k —1; Rp) =~ k. (46)

Similarly, when k—1 < RJ, 1., the high-resource
weight in Eq. (9) satisfies

g(?", k — 1; R>kD,highv d}) ~ L (47)
Therefore,
D' =Dy -h(k—1;R})) + g Dhign
~ kD7 + Dhigh
1 —
_ gDy 4 PP =7) (48)
r

If the model-side saturation is also negligible, then

M ~ M. (49)

Hence Eq. (10) reduces to

Lys =~ <]\14404 + % + E> Rdual(r, Tf). (50)
For fixed r, the factor Raya (7, 7f) is constant with
respect to k. Therefore, minimizing L s over k is
asymptotically equivalent to minimizing the Chin-
chilla base loss over the total number of tokens D,
whose optimum is D*(C'). Using D = kDr/r,
we obtain

r D*(C)

k:(C, DT) ~ DT

(51

In particular, for monolingual single-stage training
(r=1,
D*(C)

k*(C, Dr) ~ (52)

This proves the unit-slope asymptote in the log-log
plot. O

Remark. Equation (52) is the monolingual spe-
cial case of Eq. (51). Thus, the statement
k*(C,Dr) ~ D*(C)/Dr is exact only in the
monolingual small-k regime. For fixed multi-
lingual » < 1, the corresponding approximation
is kX (C, Dy) ~ rD*(C)/Dp. If r is also jointly
optimized, the small-k approximation becomes

C, Dr) D*(C)
Dy '

K (C, Dp) ~ (53)
E.7 Additional Predictions of the /> Scaling
Law

E.7.1 Optimal Model Scale

Figure 9 shows the optimal model scale M™ pre-
dicted by the M3 Scaling Law as a function of Dp
for each compute budget C'. We numerically mini-
mized the predicted validation loss over all training
approaches (mono 1-stage, multi 1-stage, and multi
2-stage) and their hyperparameters (r, k, ) for
each (C, D), and report the model scale M that
achieved the minimum predicted loss. For com-
parison, we show the Chinchilla compute-optimal
model scale M*(C) = G - CP/(@+8) | as well as
two empirical estimates of M* from the exper-
imental data. The first estimate (squares) fits a
quadratic function in fj; to the minimum valida-
tion loss at each model scale: for each (C, Dr),
we compute min,. ., L at each fjp; across all
training approaches and setups sharing the same
(C, Dr), fit a quadratic function L,y (far) =
po f3; + p1 far + p2 to these per-f; minima, and
take the vertex fy, = —p1/(2po) as the estimated
optimal (clamped to the observed range of fs).
The second estimate (triangles) simply takes the
far that achieves the lowest minimum validation
loss on the discrete experimental grid.

Across all three language pairs and compute bud-
gets, the M* predicted by the M3 Scaling Law re-
mains relatively stable as Dp decreases, and the
prediction error remains within the experimental
grid resolution (A fj; = 1) for most (C, D) con-
ditions. In the regime where the optimal approach
is monolingual single-stage (large Dr), the pre-
dicted M™ increases gradually as D decreases; af-
ter the optimal approach switches to multi-lingual
two-stage training, M ™ tends to decrease slightly.
However, these predicted variations are smaller
than the grid resolution of model scales in our ex-
periments, so we cannot empirically confirm this
trend.

Overall, these results suggest that, in practice,
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Figure 9: Optimal model scale M* predicted by the M? Scaling Law (red solid) compared with the Chinchilla
compute-optimal scale M*(C') (blue dashed), empirical M* estimated by quadratic fitting in f3; (squares) and
discrete grid argmin (triangles), across three language pairs and three compute budgets. The gray band indicates
the range of model scales explored in our experiments. Shading around the predicted curve shows its bootstrap
variability (Appendix D.4). Red-bordered squares indicate points where the quadratic fit optimum lies at or beyond

the search boundary.

the compute-optimal model scale computed from
the standard monolingual data-rich setting serves
as a good starting point for low-resource language
LLM pretraining, even when Dt is substantially
smaller than the compute-optimal data size D*(C).

E.7.2 Optimal Language Ratio

Figure 10 shows the optimal language ratio r* pre-
dicted by the M3 Scaling Law for each (C, Dr).
For each condition, we numerically minimized the
predicted loss over all training approaches and their
hyperparameters (M, k,r2), and report the r that
achieved the minimum. The horizontal axis is nor-
malized by the compute-optimal data size D*(C'),
which is estimated by minimizing the M3 Scaling
Law over M under monolingual single-epoch train-
ing (r =1, kK = 1) at each C. For comparison, we
also plot the empirical r* obtained by taking the r

value that achieves the minimum validation loss on
the discrete experimental grid for each (C, Dr).

Across all three language pairs, the predicted r*
remains at r* = 1 (monolingual training is opti-
mal) as Dy decreases from D*(C'), until a thresh-
old is reached at which r* begins to decrease. Be-
low this threshold, the optimal approach is multi-
lingual two-stage training with ry = 1 (§4.1),
and log, r* decreases approximately linearly in
logy(Dr/D*(C)). The threshold at which this
transition occurs approximately aligns across differ-
ent C' when expressed in terms of D7 /D*(C'), but
does not collapse perfectly: a residual shift remains
that is approximately equally spaced in log, C'.

The predictions of the M3 Scaling Law broadly
capture the trend of the empirical optimal r*. How-
ever, due to the coarse resolution of the language
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Figure 10: Optimal language ratio 7* predicted by the M3 Scaling Law (solid lines) and empirical 7* from discrete
grid argmin (circles) as a function of log, (D /D*(C)) for each compute budget C' (colored by fc). Dotted
outlines mark the 5th and 95th percentiles of the bootstrap distribution (Appendix D.4). The red dashed line marks

Dy = D*(C).

ratio grid (r € {1,1/2,1/4,1/8}) and the limited
range of C' explored in our experiments, we cannot
confirm from the experimental data alone whether
the C'-dependence of the residual shift of the thresh-
old is a genuine trend or whether the linearity in
log-log space holds exactly.

F Recipe Selection from Small-Scale Pilot
Experiments

To apply the M3 Scaling Law to a new language
pair, one pretrains a set of small-scale pilot mod-
els on that pair, fits the M3 Scaling Law to their
losses, and numerically minimizes the predicted
loss over recipes at the budget constraint (C, D7)
of interest. The practical bottleneck is the amount
of pilot training required. In this section we ask
how far these pilot runs can be reduced, taking the
grid of setups trained in our experiments as the
pool of pilot candidates. We compare two families
of reduction: random reduction, which randomly
subsamples the pool down to a fixed fraction of the
compute, and rule-based reduction derived from
our findings. Each is assessed by the quality of the
recipe selected after the reduction.

To reflect the constraints faced in practice, we
set the budget constraint of interest to C' = Cj
with fp € {0, —1, —2}, and restrict the pilot runs
to setups that are at least four times cheaper in
compute (fc < —2) and whose target-language
corpus is no larger than Dp. Let Lg, denote the
M?3 Scaling Law fitted to a subset of the pilot runs,
and L, the one fitted to all of our data. We define

the recipe-selection regret as

Osub = arg mein Lsub(Ca Dr, 0)7 (54)
regret = Ly (C, D, Gsup)
- m@in L (C, Dr,0). (55)

The recipe 0 optimized here is the triple (M, r,ry)
of the model scale, the average target-language
ratio, and the final-stage ratio. Our experimental
grid is coarse, with factor-of-two spacing, and each
setup is a single run, so the observed losses are
noisy. To measure the gap to the best recipe over a
continuous recipe space, we therefore use the loss
surface of the M3 Scaling Law fitted to all data,
rather than the observed losses, as the reference
in the regret. We repeat each fit with ten random
seeds for the rule-based reductions, and with two
seeds for each of twenty subsamples for the random
reductions.

Random reduction selects pilot setups until their
total compute reaches a target fraction of that of the
full pool. We set the target fraction to 5, 10, 20, and
40%, and compare three selection schemes. Uni-
form draws setups uniformly at random. Stratified
treats each (fc, fp) cell as a stratum, allocates the
reduced compute budget across the cells in propor-
tion to their total compute, and draws uniformly
at random within each cell. Balanced greedily se-
lects setups one at a time: at each step it picks the
setup that minimizes the total number of times its
five factor levels (fc, fp, fr, far, fr) have already
been selected, with ties broken uniformly at ran-
dom. This keeps the marginal distribution of each
factor as close to uniform as possible, but does not
control the interactions between factors.

Rule-based reduction instead restricts the pool to
the region in which the optimal recipe is expected
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Figure 11: Recipe-selection regret against the pilot compute retained after the reduction, for (Japanese, English)
and (Indonesian, English). Lines show random reduction (uniform / stratified / balanced); markers show rule-based
reduction, where the shape encodes the candidate set (circle: all approaches, square: two only), an open marker
indicates the mband rule, and a lighter color indicates the epoch rule. The gray dashed line marks the level attained
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the fitting seeds, and the subsamples; a downward tick indicates that the lower end of the interval falls below the
axis, i.e., the regret is not distinguishable from zero. The points of the random reduction are offset horizontally for

legibility. Both axes are logarithmic.

to lie, based on our findings. We evaluate three
binary rules and all eight combinations of them.
two restricts the pilot candidates to mono 1-stage
and multi 2-stage with r; = 1 (§4.1). mband re-
stricts the model scale to between 1/2 and 2 times
the Chinchilla-optimal scale M*(C'). epoch re-
stricts the retained runs according to the ratio p =
D*(C)/Dr (§4.2): for p < 4, only mono 1-stage
runs with p/2 < k < 2p; for p > 4, mono 1-stage
and 2-stage runs with 4 < k£ < p. These bounds
follow from the approximation k* ~ D*(C')/Dr.
For p < 4, where k* empirically follows this ap-
proximation, we keep k within a factor of two of
p, and restrict the runs to mono 1-stage because
the gain from multi-lingual data is small in this
data-rich regime. For p > 4, where k* falls pro-
gressively below p, we take k£ < p as the upper
bound, and, since k* increases monotonically in p,
we take k* =~ 4 at p = 4 as the lower bound.

The monolingual, low-epoch runs (r = 1, k <
4) used in Phase 1 of the fitting procedure (§D.2.4)
account for only a small fraction of the total com-
pute of the pool, but without them the Chinchilla
base parameters cannot be estimated and the fit
cannot be carried out. Removing them also tended
to increase the regret in preliminary experiments.
We therefore retain these runs under every scheme
in the comparison below.

Figure 11 plots the regret against the pilot com-

pute retained after the reduction. Under both ran-
dom and rule-based reduction, the regret stays at
the level attained with the full pool, even at the
smallest retained fraction we tested: 5% of the to-
tal compute for random reduction, and about 9%
for the most aggressive combination of rules. The
differences between the reduction schemes, as well
as those from the full pool, mostly lie within the
error bars, and we do not identify a scheme that
is consistently better than the others. The pilot
runs can therefore be reduced substantially without
degrading the quality of the recipe selection, and
our results suggest that simple random sampling
suffices as the reduction scheme, as long as the
Phase 1 runs are retained.

G Run-to-Run Variation of the Validation
Loss

Because of compute constraints, every setup in our
experiments is trained once, so each observed vali-
dation loss carries the run-to-run variation induced
by the randomness of training. To measure the size
of this variation directly, we selected a subset of
the setups in our search space and retrained each
of them several times, changing only the random
seed.

The subset consists of 30 setups, 15 single-stage
and 15 two-stage, selected so as not to concen-

49714



trate in any particular region of the search space;
they are listed in Table 18. The same 30 setups
were trained for both the (Japanese, English) and
the (Indonesian, English) pair. Only the random
seed differs between the runs of a setup, and it
determines the model initialization together with
the order and sampling of the training data. The
validation set is identical across runs, so what we
measure is the variation on the training side alone.
Each setup was trained 5 times.

For each setup we computed the standard devi-
ation s of the validation loss across its runs and
the coefficient of variation CV = s/L, where L
is the mean loss over those runs. Table 17 aggre-
gates these per-setup values by group, and Table 18
reports them for every setup.

The median CV is 0.35% over all setups, which
corresponds to a standard deviation of 0.010. It
stays at a similar level for both language pairs and
for both single-stage and two-stage setups.

H Downstream Task Performance

H.1 Justification of Using Validation Loss as
the Primary Metric

While the most important aspect of LLM applica-
tions is downstream task performance, our choice
of validation loss on language modeling tasks as
our primary evaluation metric is motivated by three
key factors: (1) due to the emergent nature of LLM
capabilities (Wei et al., 2022), analyzing scaling
behaviors of downstream task performance with
smaller-scale experiments (10M parameters, 200M
tokens) is challenging and still under research (Hu
et al., 2024a), (2) validation loss has been shown to
correlate well with downstream task performance
in multiple studies (Brandfonbrener et al., 2024;
Chen et al., 2025; Du et al., 2024; Gadre et al.,
2025; Thrush et al., 2025), making it a reliable
proxy for downstream capabilities despite some
variance observed in models with similar valida-
tion losses (Xu et al., 2026), and (3) it has been
widely adopted in existing works that analyze scal-
ing behaviors of LLMs (Kaplan et al., 2020; Hoft-
mann et al., 2022; Bi et al., 2024). More complete
analysis including comprehensive downstream task
analysis remains an important avenue for future
work. See §H.2 for our preliminary empirical anal-
ysis.

H.2 Preliminary Attempts for Evaluating
Downstream Task Performance

While analyzing downstream model performance
for our smaller-scale models is challenging due
to the emergent nature of LLM capabilities (Wei
et al., 2022), we conducted a preliminary analysis
to investigate relationship between validation loss
and downstream task performance.

We evaluated Japanese LLMs trained in our ex-
periments on the following Japanese downstream
task benchmarks’:

* Question Answering: JAQKET (Suzuki et al.,
2020), JEMHopQA (Ishii et al., 2024), and
NIILC (Sekine, 2003)

* Reading Comprehension: JSQuAD (Kurihara
et al., 2022)

We also evaluated the models on other natural lan-
guage inference, entity linking, and commonsense
reasoning tasks in 11m-jp-eval, but exact match
scores of these tasks were almost consistently 0%
due to the small scale of our models, showcasing
difficulties of downstream task evaluation and mak-
ing these tasks unsuitable for our analysis. We
used the implementation of 11m-jp-eval (v1.4.1,
Apache-2.0 license) (LLM-jp, 2024) and set the
maximum sequence length to 4096, the number of
few shot examples to 16, and the maximum number
of samples to 100. We report character F1 scores
for these tasks.

As shown in Table 19, we observed moderate
negative correlations between validation loss and
task performance for most tasks, with a correlation
coefficient of -0.696 for the average score across
all tasks. While NIILC showed relatively weak
correlation (-0.117), other tasks demonstrated mod-
erate negative correlations, ranging from -0.378
to -0.611. This result suggests that improvements
in validation loss generally correspond to better
downstream task performance.

Furthermore, as shown in Figure 12, both single-
stage and two-stage training approaches exhibit
similar patterns in the relationship between valida-
tion loss and downstream task performance. This
similarity supports our comparative analysis of dif-
ferent training approaches based on validation loss.

It is important to note that this correlation anal-
ysis was conducted using relatively small-scale

"JAQKET, JEMHopQA, NIILC, and JSQuAD are licensed
under the CC BY-SA 4.0 license.
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models with limited absolute performance on these
tasks. While our results suggest the validity of
using validation loss as a proxy metric for model
comparison, future work with larger-scale models
would be necessary for a more precise analysis of
this relationship.

I Full Experimental Results

Figure 13 shows the minimum validation loss on
the target language achieved by different LLM
training approaches across various budget con-
straints (C, Dr).

J License Notice

This paper contains information from C4 and mC4
corpus® which is made available under the ODC
Attribution License.

8Available at https://huggingface.co/datasets/
allenai/c4.
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Compute, data, and model sizes

C Compute budget (FLOPs; C=M D)

Cy Reference compute budget (10'8)

D Total training tokens (kDr /1)

D7, D Target-language corpus size; reference
Dhign High-resource tokens (kD (1—r)/r)

Dy, Do Stage-1/2 tokens (s1.D, sa D)

M, My Model scale (non-emb. FLOPs/token); ref.
N Model parameters (PTPP baselines only)
S Sequence/context length (= 4096)

N, dmodel, Mheads ~ Layers, hidden dim, attention heads

Training-recipe hyperparameters

k Number of target-corpus epochs

r Average target-language ratio (kDr /D)
T1,T9,73 Per-stage target-language ratios

Ty Final-stage target-language ratio

12 Average ratio over stages 1-2

S1,52,53 Stage proportions rel. to total length

S12 Combined proportion of stages 1-2 (s1+s52)
r Ratio schedule (r,71,72)

n, B Learning rate, batch size

Search-grid factors

fo Compute factor: c=2/c. C,

Im Model-scale factor: M=Mq /2™

fr Epoch factor: k=2/+

fr Language-ratio factor: r=1/ 2fr

fp Target-corpus factor:

fo=—fr+fu—fitfo, Dr=2/P-Drg

Chinchilla base scaling law

Lyase(M, D) A/M*+B/DP + E

A, B Coefficients of model-/data-size terms

a, B Exponents of model/data size

E Irreducible loss

G (aA/BB)Y/ (@)

D*(C) Compute-optimal corpus size, G~1C/(@+5)

M*(C) Compute-optimal model scale, G - C%/(@+6)

Effective sizes and saturation

D', M’ Effective data/model size

M Empirically estimated M’ (inverted from loss)
Unr Compute-optimal model size at Dr
Rp Data repetition count (k—1)

Ry Excess model size (M/Up—1)

h(R; R*) Saturation function, 1+ R*(1—e~1/1")
Ry, Ry, Saturation constants for D', M’

R, (k) k-dep. form (mono): a/(k—1)+4-c

a, b, ¢ Parameters of R}, (k)

RD nign Saturation const. for Dhigp in g

hrp Sharper saturation variant (Appendix)
P Sharpness parameter in hp,

Language-ratio factor

R(r) He ratio factor, =7
Reaual (1,7¢) Dual power law (single-/multi-stage)
~ Exponent for language ratio (single-stage)
Y2 Exponent for r/r¢ (multi-stage)
Fa(r1) r1-dependent extension (Appendix)
2, T Slope and offset in 2
High-resource token weight
g Weight on Dhjgp in D’
g(r,Rp) Functional form of g:

(1=r) + [1=(1=r)*] exp(~ B/ Ry pigy)
[} Exponent controlling lower bound of g
T Constant weight in ATLAS baseline
Loss-prediction models
L Target-language validation loss
Lye, Lvu He / Muennighoff scaling laws
Lyys Proposed M? Scaling Law
Lactual Observed validation loss
L*(C, Dy, k) Min. loss over remaining hyperparams
Optimization targets
k*, ky Optimal epochs; at fixed schedule r
K, Collapse function: kj=K,(Dr/D*)
r*, M* Optimal ratio; optimal model scale
z Scarcity variable, Dy / Cco/(atp)

®, Qp, Qu, Qn  Helpers in optimal-£ derivation

Model fitting and evaluation

0, si Scaling-law params; training setting of run ¢
L, L; Observed / predicted loss for run ¢

T, I:T Test set; test-set mean loss

R? Coefficient of determination

Hubers Huber loss (6=0.001)

Po, P1, P2 Quadratic-fit coefficients for k*
p Pearson correlation (downstream)

Baseline-only symbols

Sedova: Es, Cs, Bs, s, Bs, 05, 7s, Tss R g Dse
D-CPT: C., v

PTPP: PTPP=D; /N; F,¢ (floor coeff./exp.); A, ¢, Bt
Zhang: ¢1, ¢2 (per-stage data exponents)

Optimizer (Appendix)

B, Ba, € Adam parameters

Table 3: Summary of notation.
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fm TNlayers  Tlheads dmodel M

5 2 4 128  1.49 x 107
4 128  2.99 x 107
7 224 5.85 x 107
12 384  1.18 x 108
12 384  2.36 x 108
39 624  4.70 x 108
6 39 624  9.39 x 108

S = N W A
0 0 A~ A

—_—
—

Table 4: The number of layers 7jayers, the number of
heads npeaqs, and the dimension of hidden states dodel
for each model scale factor fj,.

fell i | fu | f | fp

0 | [-1.5) [-5.2)
-1

-2 | [0.4) [05) [0,10) 6.1
3
— 1 [1,6) [-7,0)

Table 5: Search space of factors (f, far, fx) for each
compute factor f-. We grid-searched a set of factors,
(fry fas fx, fo), within those ranges and selected it for
the experiment if its corresponding fp = —f, + far —
fr + fc is within the specified range. For the (Swabhili,
English) pair, we limit the search to fp < —3 due to
limited corpus availability.
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Symbol Description Bounds Initial Sampling Range
Parameters of Chinchilla Model (Hoffmann et al., 2022)

Af Coefficient for model size term [1076,109] [1072,104

Bt Coefficient for data size term [1076,109] [1072,104]

a Exponent for model size [0.1,2.0] [0.1,0.8]

B Exponent for data size [0.01,5.0] [0.1,0.8]

E Irreducible loss [0.001,10.0] [1.0,5.0]

Parameters of Muennighoff Model (Multi-epoch) (Muennighoff et al., 2023)

R}, Saturation constant for effective data [0.1,200.0] [1.0,100.0]

Ry, Saturation constant for effective model size [0.1,100.0] [0.5,50.0]

R*Dmigh Saturation constant for high-resource language tokens in g (Eq. 9)  [0.1,200.0] [1.0,100.0]
Exponent for lower bound of g (Eq. 9) [0.01,10.0] [0.1,5.0]

Parameters of He Model (Multi-lingual) (He et al., 2025)
vy Exponent for language ratio [0.001, 1.0] [0.01,0.5]
Parameters of Searched Two-stage Models

Yo Exponent for language ratio in stage 2 [0.001, 1.0] [0.01,0.5]

rof Offset for language ratio (effective language ratio at r = 0) [1076,1.0] [107%,0.1]

Ao Slope of r;-dependent , (Eq. 21) [—0.5,0.5] [—0.2,0.2]

Table 6: Parameter bounds and initial value sampling ranges used in scaling law model fitting. Bounds define the
hard constraints during L-BFGS optimization, while sampling ranges define the narrower region from which initial
values are sampled. TSampled uniformly in log scale while other parameters are sampled uniformly in linear scale.

Axis Split name Test condition Extrapolation direc-
tion
C' (compute budget) g:ﬁ:?] j,ci i (i 1 Larger compute
M_le-1 fu<-—1
M (model scale) M_le0 <0 Larger model
M_lel <1

DT_ge0 fp>0

Dr (target corpus)  DT_ge-1 fp>-1
DT ge-2 fp>-2
D_ge34 logy D > 34

Larger target
tokens

Larger total

D (total tokens) D_ge33 logy D > 33
Dge32  logD >3 lokens
r_le0.125 r<0.125 Lower target
r_1e0.25 7 <0.25 language ratio

. r_ge0.5 r>0.5 Higher target

 (language ratio) rjel r>1.0 lan%guage rilio
k_ge32 k> 32

k (epochs) k_ge64 k> 64 Higher epoch

k_gel28 k>128

Table 7: Train-test split definitions for the combined
(1-stage + 2-stage) evaluation. Data points satisfying
the test condition form the test set; the remainder forms
the training set.

Axis Splits used

C (compute budget) C_ge0, C_ge-1

M (model scale) M_le-1, M_le0, M_lel

Dr (target corpus)  DT_ge0, DT_ge-1, DT_ge-2
D (total tokens) D_ge34, D_ge33, D_ge32

r (language ratio) r_le0.125, r_ge0.5

Table 8: Train-test split definitions for the multi-lingual
single-epoch evaluation (13 splits). Two r-axis splits
and all k-axis splits from Table 7 are excluded; see text
for rationale.
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C M Dr D T E
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Model Lag| 00 | & ¥ §|9 4 Q 2" o o oA A SR 2 R S S
Chinchilla ~ ja |39, 4409|4400 =51 09 1200|3300 5700 -33.00] —3800 3loo 21g| 2500 3loy 420" 3200°| 1640 =0l —114
Chinchilla  id |42, 3901|4109 =479 —090|.61 00 6300 5500 —4000 2900 0909| 400y A1gy 340" 090" |—1700 =270 =300
Chinchilla ~ sw  |.5540 S1gy|=0200 =120 .094*| — — —| =344 44y 400 | 4700 AT0 370" 080" | 1800 024 =06,
He ja |.5801 4604 =T780s =390 —.0705|.840 TS01 6515 —1los 4640 640y| 5505 630 —  —[=04y —28, —40,,
He id 500, 37.05[=29,1 =135 —3406|81 0 8lgy 800y =040, 434 564, 00 7000 —  —|=3lg =454 =49,
He swo .39 22, 630 48, —| —  —  —|-375.55 =65, 10| 660 =505 —  —|=67, —1.15,4 —1.59,;
Muennighoff ja 690, 61| 31, =16,  .14,4].86,, .81 .63 3lo; 56, 6700 |—1.1245 =49 45 — —| 1245 =01, 374
Muennighoff id |56, 490,|=994 0315  .390:[.8800 8302 T205| 4301 680 690|111, =500 < —  —|=094 =074 .15,
Muennighoff sw  |.61 45 54|03, 374, —| —  — —|B.08u05 —13, A2, | 0740 27, —  —| 264, 40, 44,
ATLAS ja  |5700 490s] 5001 484  Sloz|7700 7801 S4yi| —65., 124 534, Ady 55, —  —| 574  blg T
ATLAS id 620 5802 7001 5702 3005|8300 8001 T006| —6205 3501 650| 5900 6300 —  —| 424 454 S5
ATLAS sw o |43, 430, 660, T3 —| —  —  —| =6.607 =93, 190, 4845 530 — —| 43, 42, 50,
Sedova ja |84 7801| 9040 3605 51oo|-8200 8400 8200| 270 6800 7801| 500 T3 600" 480" | 614 500 4340
Sedova id 7801 6900 4o 2005 37067900 8000 Tloy| 1000 6400 T300| T600 7202 570" 34eo*| 3800 290 260
Sedova sw o |.850 Tdo| 670 6300 Slo*| — —  —| =214 624 7305 T80 7905 4665% 280" 500 384 3T,
Bryant ja |44 490, [=5T 5 3201 —005|540 5800 Sdg1| =350 330 Alys| 21 084 3605 4307 | 185 05, 03,
Bryant id 470 5200[=3501 —0820 —6214].620 6400 5T00| =304 4005 40| 355 260 3860% 29,5090 —1lg .00
Bryant SW .58, 6201 |=01g, =0lgy =470%| — — —| =21, 504 590| 4300 380 34, 084" | 235 10, .05,
M?® ja | 8ley 8log| 1707 4log 42059700 8800 6225 8lon 87010 890s| 7500 T3x  —  —| 560 65, T3
id 790 7605| 6201 6005 28149600 934y T35 | Adgy 830 87| 8500 Tlog —  —| 48, 49, 54,
sw |86 8lo| Tdos 79, —| — — | 44 0, 8205| 8605 665, —  —| 59, 50, 4d
M® —Dual PL ja |77z Tlos| 1705 3000 3343|9000 8300 5622 4700 Tl 8loo| 6201 5600  —  —| 540 670 T3
M3 —Dual PL id | 7701 Tloa| 6705 5901 23.15|.8900 8702 6825 1001 6965 8loy| 7000 5401 — —| Slo  Slg 550
M? —Dual PL sw .85, 7801 7400 7940 —| — — —| =484 5Tu T60s| T8or 6508  —  —| 580 520 AT
M? —g ja [ 790 79| 3205 A3es  A40s| 9740 8800 72.5] T001 9 Bdos| They T60  —  —| S5, 600 .69,
M3 —g id 7500 T30| 6802 6705 3515]9600 9205 TSs| 6801 TTos 8201 850 90 0—  —| 40 40, A48,
M3 —g sW |65 6707 Tlgr 81y —| — — |39 —104, 49,5 844 6l  —  —| 29, 164 174

Table 9: Per-language, per-split test R? for (a) All data (1-stage + 2-stage), corresponding to Table 2(a). Each cell
reports the mean over the repeated fits, with the standard deviation as a subscript. Splits marked with * are excluded
from the aggregation in Table 2 because at least one model failed to fit on that split for at least one seed.

C M Dr D T k

~ - s 77 - S s %
e ¢ $ g Iy 8 8 P v g ¥ 9 9 = o g 5

N2 J 9] S& & & % % % | @ 9 & & % b b

Model Lang] O © = = S| Q 9 Q Q' A N < </ S <
Chinchilla  ja 2900 3401|=0900 = 1700 2100[.23.00 28,00 2400 —0000 3700 S5dgo|=5400 2500 14" 26007 0500 =104 =229
Chinchilla  id 3201 2500|0800 =19, 0700|3100 3300 3000] =000 32450 3800|0600 =024, 180" 164" =260 —384 —504,
Chinchilla ~ sw 3801 3340|—004 —114  .00,,* — — —| —02, 404 534 194 2000 1840 144*| —045 —19, —26,
He ja 5801 394s| 2300 12 .08 02(.96.09 .88, 7414 250 450 46| 49, A4l — —| =624 —94, —1.14,,
He id 3900 14| 0505 =100z —2505].96.00 9302 8903 3600 4200 3600| 8300 70 — —| =660 -84, —1.01,
He sw o [=14,5 =29, Ol —14,, —| —  — —|-399.0 —141; —41,9| 6905 =565 — —|-1.28,, =1.74 ;5 —2.41 5,
Muennighoff ja 71002 590s| 5301 3706 A48.041.7601 8245 6647| —024; 4701 7040|=951 =346 — —| 365 360 45,
Muennighoff id S5T01 A205|- 146 264, 3506] 8100 81y 6505 —0602 5341 .6500|=77 15 =635 — —| Olgy 074 .dlg
Muennighoft sw 60,05 4704 36450 4346 —| — —  —| 18l —.09, .45,,]|-06. 21, — —| 335 300 324
ATLAS ja 665, 5602 7701 530 530207101 7800 6047 —480s 2101 .6240| 0203 .39 — —| 570 STe 67
ATLAS id 6650 S301| 560 424 A861 1. 7400 7502 6los| —8los 270 .6440| 240 474 — —| 350 364 46,
ATLAS SW 5600 49.| 640 56, —| — —  —|-3205 =50, 36| Algs .36, — —| 400 35, 43,
Sedova ja Bloy 7606| 8045 .36 .675,1.925; 914 88, T8, Thg T84 664 674 —T4.F 300.%| 2606 275 344,
Sedova id 505 6707 940 .62 .52 ,7].86,05 .81 76,45 555 7045 685 6405 59,0 —48.5% 14 %] Alg 11, 3l
Sedova SW T505 5220| 6447 62, AT — 0 —  — A3 Tlay 7605 1960 6924 =725, —065*| 21, 34, 33,
Bryant ja 3304 3805|=050s 0607 —2206]26.02 3lo 2801 =067 ADgr 5802 |=8200 =565 295" 250" 080 060 —.07.5
Bryant id AT S5203| 0905 Algy —1.3755].370 390 3402 =04, 435 5704|=390 =370 2845% A705*| =130 =124 —144,
Bryant SW 5200 5702 |=280s 3704 —1.830"| — — —| -8, 464 .61 |-.04 — 18,0, —.0350% .14,*| .09, .03, .03,
M3 ja 8892 84| T2 .66, 66029800 9149 791 800 9440 8840| 6405 .66, — —| 584 6245 T2
M3 id 8000 70.01| 740y 6001 A46,5(.9800 940s 6942  Thoo 9001 8201| 874 Bl — —| 450 A2n A
M3 SW Bloy Tlo| 7247 675 —_] - - - 175 605 78.0| .80 .69 — —| 4l A4ly 434

Table 10: Per-language, per-split test B2 for (b) 1-stage data only, corresponding to Table 2(b). Each cell reports the
mean over the repeated fits, with the standard deviation as a subscript. Splits marked with * are excluded from the
aggregation in Table 2 because at least one model failed to fit on that split for at least one seed.
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Model Lang| © O | § I|Qd Q@ Q9 | @ Q| & «
Muennighoft ja 8301 824 — Tdor 730119600 9040 7909 — 940 9lgo| 5701 684, 76,
Muennigh()ff id 8301 7206 — 7901 7304|9700 9202 84, — 9301 8301| 3801 3805 524
Muennighoft sw |.78 o, .68 05| — .76, — — — —| — 934 8700| 3841 A4l 573
ATLAS Jja T500 Tlor| — 3700 466119601 9000 Blog| — 8601 8900 5901 6001 6900
ATLAS id 6900 5902 — 4l 1500].9600 924, .8803| — 7801 78.01| 3840 3701 440
ATLAS SW | 71g3 S5T0a| — 525 — — — —| — .93, 88| 3701 3841 .50
Sedova ja B4y 8245 — 564 5653(.950 934 80,5 — 940y 8901 4502 3701 4740
Sedova id 8203 T70s| — 8305 —42.46].910; 8510 .8206| — 940, .800s| 03,5 .19, .40,
Sedova sw 82035 T502| — 7805 123" — —| — 9501 8903 2805 4514 .58
Bryant ja 8001 8000 — 6707 .59050.9601 9541 900 | — 8802 8501 =190 2501 3304
Bryant id 8301 7800 — 844, —.155/.93 01 90,02 .69 o, — 9lg1 T77.00|=20404 3161 .30,
Bryant sw o [.8300 7801 — .80, 22, — — —| — 94, .89, |-064; 48,3 .58,
]W?%»R?w(k) ja 8803 8902| — 6301 780119601 Ilgo 7510] — 9500 94o1| 6305 6409 — 1533
M34+Ry (k) id |91 860, — 80, 83019700 930 8505 — 9200 Hoo| 66, 580y 8500
Z\'15+R}‘u(k’) sw .94, .89, — 8l —| — —  —| — 9lg 96| 672 097 .85
M3 ja 8301 8201 — T4 7301|9601 9040 7909 — 9401 Olgo| 5701 6802 760
M3 id .83 7205 — 7901 T3.04] 9700 9202 84or| — 9301 8301| 3801 3845 520
M3 sw | 7802 6806] — 7645 — — —| — 9301 87.00] 3801 Alos 5Tos

Table 11: Per-language, per-split test R? for (c) 1-stage monolingual (r=1) data only, corresponding to Table 2(c).
The r axis is not applicable. Each cell reports the mean over the repeated fits, with the standard deviation as a
subscript. Splits marked with * are excluded from the aggregation in Table 2 because at least one model failed to fit
on that split for at least one seed.

C M Dr D r
~ o

e 4 4 s 3§ s ¢ F 8 8§ o

yoor| s 9 98 858 &5 S & 1Y 08
Model g o | ¥ 5 S99 9 QT
Full models (trained on I-stage + 2-stage, evaluated on I-stage test)
He ja '5303 ‘41.()1 - '10(19 '84.(]() - - - - ‘21.11 _'41.02 -
He id 57 04 450, — Al — .81 — — — — .09 05|—46.03 —
He sW — — — — — — — — — — — —
He + Dual PL ja 95 02 92 4, — Tl —1.98., — — — — 87| 7803 —
He + Dual PL id .96, 9501 — Ty —1.97 .0 — — — — 84| 84, —
He + Dual PL sw — — — — — — — — — — — —
Sedova ja 77 00 .60 4, — 330 0607700 800" .83 04" — — 3306|5511 =67 56
Sedova id 7200 Sl — A4 —12,71.73,, 8207 8200° — — 32,03 —38.4 —.606*
Sedova SW — — — — 76,5 — — — — — —| .04 ;" —
M3 ja .98 00 94 4 — 16 97 1 — — — —  T7804| 822 —
M3 id .96 .06 950, — 85 —1.96., — — — — T76.0,| 82 —
M3 sW — — — — — — — — — — — — —
M3 —Dual PL ja 6305 49, — 23, 76,05 — — — — —07.,,]-36,, —
M3 —Dual PL id .60 04 A48 0, — 324 —1.77 02 — — — — =.06,04|=310; —
M? —Dual PL sw — — — — — — — — — — — —
Full models (evaluated on 2-stage test) and 2-stage-only modelst
M ja 8501 8303 604 A4l —1.97.0 — —| =124 525 Blgg| 7601 —
M3 id .86, 860,| 435 5004 93, — —|-1.40,4 6005 .860:| .85 —
M3 SW — — — — R [ — — — — — —
D-CPT! ja 200 T201| 60 =3000 —0400[ 7902 8502 8703] 5605 T201 TTor| 1900 900
D_CP’I‘T ld 72 01 ‘72.()1 '06.(]4 _29 01 _58 03 '80.(11 89 02 '88.\!2 ‘57.03 83 01 ‘81.“1 '82.00 '91.00
D-CPTt SW 14 46 dd6| 5300 T30 Tl — — — — — —| 84, 58,
PTPP-FIf ja 5.0 TS50 4500 2701 41051904, 914 894s| 7201 8842 8940| Tlos 644,
PTPP-F1f id 760, 760, 480 3303 14451910 935 884s| 950 960 91| T2 Tl
PTPP-F1f sw 250  250| 370 766 8ly| — @0—  — — —  —| 804k 84y
PTPP’FZT ja 7201 T2 01 205 =290 —.0440].8105 8902 8803 S99 Tl 7905 7902 90,6,
PTPP-F2f id 100 Tl 0300 =3los —=5940].8300 900 8704 .50, .8lgy B4es| 824 9l
PTPP-F21 SW A3, A3 520 T30 6843 — — — — — —| 830 ST
PTPP'F:;T j‘d 5.0 5.0 45, 27 02 4507|9105 9302 Il 7605 9005 .8901| 735 .63 .00
PTPP-F31 id 7 0 TTo00| 4801 340 22401920 940 8901| 9205 9600 920i| Thdos 6940
PTPP-F3f SW 24, 2407 38os  T500  T845| — — — — — —| T70 834
Zhang? ja =275 =27,5|-2185 =97, —48.5|.6601 5345 3940|4005 =240 .6701| 590 6802
Zhang? id =245 —24,5|-3853 —1.43,5 —79.5|.7305 584 Al |-4825 —0505 7202| 356 324
ZhangT SW =1.33,00 =1.33412] =59256 =245 —21.35 - - - - - —| 425 294

Table 12: Per-language, per-split test R? for (d) Multi-lingual single-epoch (k=1) evaluation, corresponding to
Table 2(d1, d2). The k axis is not applicable. T2-stage-only models trained and tested on 2-stage data only. Each
cell reports the mean over the repeated fits, with the standard deviation as a subscript. Splits marked with * are
excluded from the aggregation in Table 2 because at least one model failed to fit on that split for at least one seed.
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Parameter Japanese Indonesian

Swahili

A 115773 6197.1
B 178750 165932
a 0.550 0.526
8 0510 0.518
E 1.704 1.759
R, 10.43 7.83
R} pigh 63.89 35.25
¢ 2717 4269
R}, 22.12 26.78
~ 0.0762 0.0569
o 0.0277 0.0182

461.8
6775.8
0.368
0.462
2312
5.85
26.67
10.000
100.00
0.0755
0.0529

Table 13: M? Scaling Law parameters fitted on the full

dataset for each language pair.

Data D'fom # C M Dp D r k  Avg
All data (1-stage + 2-stage)
hip 12 .82, .55, 8507 6700 7905 60, .71,
h (adopted) 11 .81, .53, .854; .68 76,435 550, .70,
1-stage monolingual (r=1), with R}, (k)
hip 10 .89 7801 8902 940 — 5345 8l
h (adopted) 9 .89, .78, .89, 93, — 53, 81,
1-stage monolingual (r=1), constant R},
hip 8 .80, .78, .88, 90,, — .58, .79
h(adopted) 7 7745 7505 9005 900 — 520 T

Table 14: Effect of replacing the Muennighoff form h
with hr,, (Eq. 20). On the full data, hy,, improves Avg
R? by +.016 & .004 (mean =+ s.d. over the 5 repeated
fits), but we adopt h for smoother optimal-£* predic-
tions; see text. Evaluation follows the same protocol as

Table 2.
Model #P ja id
M3 +ri-dep. 72 13 0.7034,, 0.681 44

Table 15: Average test R? across multi-split evaluation
(setting (a) of Table 2) with and without r;-dependent
72, evaluated on Japanese (ja) and Indonesian (id). The
extended model adds 5, and g to the M3 Scaling Law.
Each cell reports the mean over the repeated fits, with
the standard deviation as a subscript.
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Variant #P C M Dr D r k  Avg

R}k\/[(k:,r)—l-gzl 12 84, 38 88, 6211 .79, .66, .70
Ry (k,7) + g(r,Rp) 14 .84, .38,, .88,, .80, .78, .70,, .73,
R*, (k) + g(r, Rp) 13 844, 3505 8801 7307 1901 6300 70,01

yy=const + g(r, Rp) (adopted) 11 .81y .53, .85, .68y 76,03 5505 7002
Ry,=const + g =1 9 734, 5801 8705 2055 7705 4205 .59 o5

Table 16: Trade-off between modeling routes for (k, ) dependence. Each row shows the test R? (macro-averaged
over held-out splits and languages) for a different attribution of the (k, r) interaction to R}, (in M) vs. g (in D").
Evaluation follows the same protocol as Table 2(a), including the mean over repeated fits with the standard deviation
as a subscript.

CV% s
Group #setups #runs median 5% 95% max median
All 60 300 035 0.14 129 333 0.0102
Japanese, single-stage 15 75 042 0.18 195 333 0.0124
Japanese, two-stage 15 75 0.33 0.15 0.73 092 0.0112
Indonesian, single-stage 15 75 031 0.15 1.07 128 0.0100
Indonesian, two-stage 15 75 032 0.11 1.26 1.55 0.0083

Table 17: Run-to-run variation of the validation loss. For each setup we train the same configuration with several
random seeds and compute the standard deviation s across runs and the coefficient of variation CV = s/L. Each
row summarises those per-setup values over the setups in that group: the median, the 5th and 95th percentiles, and
the maximum of CV, and the median of s in nats. #setups is the number of distinct configurations and #runs the
number of training runs behind them.
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Setup Japanese Indonesian
ID Stage fo fu fx fr 1 ryon L s CV% n L s CV%
S1 1 —4 5 7 1 — — 5 3650 0.1216 333 5 3358 0.0223 0.66
S2 1 —4 1 0 3 — — 5 3406 0.018 054 5 3.161 0.0308 097
S3 1 —4 1 4 0 — — 5 3291 00287 087 5 3300 0.0143 043
S4 1 —4 5 1 3 — — 5 3472 0.0065 0.19 5 3.197 0.0100 031
S5 1 —4 4 1 0 — — 5 2885 0.0059 020 5 2707 0.0058 021
S6 1 —2 2 1 3 — — 5 2943 0.0053 0.18 5 2701 0.0032 0.12
S7 1 —2 4 8 0 — — 5 3365 0.0266 0.79 5 3.295 0.0203 0.62
S8 1 —2 o 3 0 — — 5 2763 0.0215 0.78 5 2.645 0.0051 0.19
SO 1 —2 4 1 1 — — 5 2912 0.0112 039 5 2733 0.0077 028
S10 1 —2 4 6 2 — — 5 3176 0.0101 032 5 2950 0.0068 023
S11 1 0 3 5 3 — — 5 2947 0.0071 024 5 2721 0.0048 0.18
S12 1 0o -1 0 0 — — 5 2314 0.0164 071 5 2215 0.0200 0.90
S13 1 0 4 9 0 — — 5 3113 00124 040 5 2934 0.0180 0.61
S14 1 0 -1 0 3 — — 5 2884 0.0390 135 5 2617 00336 1.28
S15 1 0 3 2 0 — — 5 2430 0.0101 042 5 2344 0.0037 0.16
T1 2 —4 2 0 3 0 1 5 3.088 0.0200 065 5 2804 0.0179 0.64
T2 2 —4 5 7 1 272 075 5 3493 00112 032 5 3320 00157 047
T3 2 —4 5 5 3 275 025 5 3454 00124 036 5 3.178 00103 032
T4 2 —4 1 0 1 272 1 5 2942 0.0180 061 5 2741 0.0426 1.55
5 2 —4 5 1 1 0 075 5 3.052 0.0042 0.14 5 2.827 0.0032 0.11
T6 2 -2 3 1 3 0 075 5 2814 0.0051 0.18 5 2585 0.0028 0.11
T7 2 -2 4 7 1 272 1 5 3148 0.0168 053 5 3.008 0.0043 0.14
T 2 -2 0 0 1 273 075 5 2758 0.0121 044 5 2551 00291 1.14
9 2 -2 2 5 1 0 1 5 3115 0.0082 026 5 3.172 0.0046 0.15
T10 2 -2 0 0 3 274 025 5 3.145 0.0289 092 5 2794 00232 083
T11 2 0 4 2 2 2% 05 5 285 00045 016 5 2.679 0.0083 031
T12 2 0 -1 0 1 0 1 5 2406 0.0080 033 5 2305 0.0077 0.33
T13 2 0 -1 0 3 0 025 5 2791 0.009 032 5 2554 0.0065 0.26
T14 2 0 4 8 1 0 1 5 3.014 00160 053 5 2840 0.0102 0.36
T15 2 0 2 3 3 0 1 5 2579 00043 017 5 2419 0.0052 0.22

Table 18: Run-to-run variation of the validation loss for each measured setup. The same 30 setups are trained
for both language pairs. n is the number of training runs, L their mean validation loss, s the standard deviation
across runs, and CV% the ratio s/L in percent. 71 and r  are the target-language ratios of the first and final stage of
two-stage training.
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Task p
JAQKET  -0.378
JEMHopQA -0.555
JSQuAD  -0.611
NIILC -0.117
Average -0.696

Table 19: Pearson correlation coefficients (p) between
validation loss and downstream task performance (char-
acter F1 scores). All tasks show negative correlation,
indicating that lower validation loss tends to correspond
to better task performance. Note that “Average” rep-
resents the correlation with the mean F1 score across
all tasks, not the mean of individual correlation coeffi-
cients.
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