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Abstract

Reinforcement learning with rule-based,
binary-valued reward functions has been
shown to significantly enhance the reasoning
capabilities of large language models. These
models typically rely on REINFORCE-based
policy optimization methods, such as RE-
INFORCE with baseline and group relative
policy optimization (GRPO). However, a
key limitation is that existing methods either
ignore reward normalization or use static
normalization schemes, which fail to adapt
to the evolving policy during training. This
mismatch can lead to unstable gradient esti-
mates and hinder training stability. To address
this issue, we propose Beta Normalization
Policy Optimization (BNPO), a novel method
that adaptively normalizes rewards using a
Beta distribution with dynamically updated
parameters. By aligning normalization with
the changing policy distribution, BNPO
enables more accurate, lower-variance gradient
estimation and promotes stable training
dynamics. We provide theoretical analysis
showing that BNPO reduces variance and
generalizes both REINFORCE and GRPO
under binary-valued rewards. In addition, we
introduce an advantage decomposition mecha-
nism to extend BNPO to more complex reward
settings. Experimental results demonstrate that
BNPO achieves state-of-the-art performance
among policy optimization methods on
reasoning tasks. The code is available at
https://github.com/changyi7231/BNPO.

1 Introduction

DeepSeek-R1 (Guo et al., 2025) has demonstrated
that reinforcement learning can substantially en-
hance the reasoning capabilities of large language
models. These models leverage reinforcement
learning techniques built on rule-based, binary-
valued outcome reward functions, and utilize policy
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optimization techniques such as REINFORCE with
baseline (Kool et al., 2019) and group relative pol-
icy optimization (GRPO) (Shao et al., 2024).

In contrast to proximal policy optimization
(PPO) (Schulman et al., 2017), which employs a
critic network to estimate the baseline for policy
gradients, REINFORCE with baseline and GRPO
utilize Monte Carlo sampling for baseline estima-
tion, reducing memory and computational over-
head. Specifically, REINFORCE with baseline in-
corporates a state-dependent baseline compared to
vanilla REINFORCE to reduce gradient variance,
while GRPO further stabilizes training by normal-
izing rewards, thereby reducing gradient variance
in high-variance reward scenarios.

Despite these advances, a fundamental limita-
tion persists: existing methods either omit reward
normalization altogether or rely on fixed normaliza-
tion terms throughout training. This is suboptimal,
as the policy model evolves during training, fixed
normalization cannot adapt to such dynamics, po-
tentially resulting in inaccurate gradient estimates
and unstable learning.

To overcome this limitation, we propose a policy
optimization method, Beta Normalization Policy
Optimization (BNPO), which dynamically normal-
izes the reward function using a Beta distribution
with its adaptive parameters. By evolving alongside
the policy model, this normalization mechanism
provides more accurate and lower-variance gradi-
ent estimates. Besides, we introduce an advantage
decomposition mechanism to enhance BNPO’s
ability to handle complex reward systems.

Our approach is motivated by the observation
that, under binary-valued reward functions, the
reward can be seen as a random variable with
Bernoulli distribution, and its expectation naturally
can be modeled as a random variable with Beta
distribution. As training progresses and the policy
evolves, the distribution of expected rewards also
shifts. BNPO explicitly accounts for these shifts
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by adjusting the normalization term accordingly.
We further present a theoretical analysis demon-
strating that BNPO can effectively reduce the vari-
ance of policy gradient estimates when the Beta
distribution parameters are appropriately set. More-
over, we show that BNPO generalizes both REIN-
FORCE and GRPO in the binary-valued reward
setting, highlighting its broad applicability and the-
oretical consistency. Finally, experimental results
show that BNPO achieves state-of-the-art perfor-
mance in policy optimization for reasoning tasks.
The contributions are summarized as follows:

* We propose BNPO, a novel policy optimiza-
tion method that dynamically normalizes re-
wards using an adaptive Beta distribution,
overcoming the limitations of fixed or absent
normalization.

* We provide theoretical guarantees showing
that BNPO reduces policy gradient variance
and generalizes REINFORCE with baseline
and GRPO.

* We introduce an advantage decomposition
mechanism to enhance BNPO’s capability in
handling complex reward structures.

2 Background
2.1 Beta Distribution

The Beta distribution is a continuous probability
distribution defined on the interval [0, 1], making it
particularly well-suited for modeling probabilities.
In this paper, we use it to represent the distribution
of the expectation of a binary-valued reward. Its
probability density function is given by

f(pso, B) = B(iﬁ)p

pe 0,1 orpe (0,1),

a—l( )/8—1

a>0,8>0 (1)

where B(-,-) denotes the Beta function, which
serves as a normalization constant. Figure 1 illus-
trates the probability density function of the Beta
distribution under various parameter settings.

The shape of the Beta distribution is primarily
determined by the values of « and 3, which control
the concentration of probability mass and the skew-
ness of the distribution. When o« > 1 and 5 > 1,
the distribution is unimodal and bell-shaped, with
the mode #51_2 lying between O and 1. If a < 1
and 8 < 1, the distribution becomes U-shaped,
with higher densities near 0 and 1. When one of the

Probability Density

Figure 1: Probability density function of Beta distribu-
tion. The values are the coefficients (o, 3).

parameters is less than 1 while the other is greater
than 1, the distribution becomes highly skewed,
concentrating mass near one endpoint. A special
case occurs when o = (3, resulting in a symmetric
distribution centered around p = % This adaptabil-
ity makes the Beta distribution a popular choice in
probabilistic modeling contexts.

In terms of summary statistics, the mean of the
Beta distribution is given by E[p] = %3, re-
flecting the balance between the two parameters.
The variance is given by Var[p] = %,
which decreases as the sum « + [ increases, indi-
cating greater certainty around the mean.

2.2 Policy Optimization

Reinforcement learning provides an effective
framework for training large language models by
enabling them to learn policies through interaction
with the environment and feedback signals. Among
various reinforcement learning methods, policy gra-
dient techniques are particularly prominent due to
their ability to scale to high-dimensional action
spaces typical in language generation tasks. Given
a outcome reward function R(q, o), the objective
function in policy gradient methods is defined as:

ﬁ(@) = Equ, o~ (|q) |:R(Q7 0):| ) (2)

where p represents the distribution of questions
q, and 7y(-|q) denotes the parameterized policy
model that defines the distribution over outputs o.
According to the policy gradient theorem (Sutton
et al., 1999), the policy gradient for the objective
in Eq.(2) is given by:

VoL(0) = Equp, oy (1q) | Volog mg(0lq) R(gq,0) |-
(3)
In practice, directly using Eq. (3) can lead to high

variance in gradient estimates (Barto, 2021), which
negatively impacts training stability. To mitigate
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this, policy gradient methods typically introduce
an advantage function A(q, 0):

V0T () = Egrp, ry(1g) | Vo 08 To(0la) Alg, 0)]

“4)

where A(q, o) represents the relative advantage of a
question-output pair (g, 0) compared to other pairs.
The use of A(q, o) primarily serves to reduce the
variance in policy gradient estimation:

Varqu, o~y (-|q) Vg IOg g (0’q> A(qa O) . (5)
The advantage function is commonly formulated as
A(q,0) = %, where 1 serves as a baseline
for R(q, 0) to compare and o acts as a normaliza-
tion term. With appropriate choices of p ando,
the estimation of policy gradient remains unbiased
while its variance is reduced.

REINFORCE with baseline (Team et al., 2025;
Kool et al., 2019) defines A(q, 0) as

A(q:0) =R(q.0) = Eqrury(1g) | Bla.0)]

~R(q,0) — Mean({R(q, 05)}/L1), (6)
where the baseline is the mean reward over a sam-
pled group of outputs {(g,0})}7L;. This Monte
Carlo estimate approximates the expected reward
Eg oo (-l0) [R(q, 0’)} and has been shown to effec-
tively reduce the variance of policy gradient esti-
mates (Wu et al., 2018).

GRPO (Guo et al., 2025; Shao et al., 2024) de-
fines A(q,0) as

Al )_R(Q7 0~7r9 ‘|q) [R }
v \/Varo ~mg(-|q) R( )]
_Rlg.0) ~ Mean({Rlg.o)})

VVar({R(a. )} 7))

Compared to REINFORCE with baseline, GRPO
further uses the standard deviation of the rewards
over the sampled set {(g, o)}, to normalize the
reward function. This normalization term can fur-
ther reduce the variance in estimating policy gradi-
ent for high-variance reward functions.

PPO (Schulman et al., 2017) further enhances
stability by incorporating importance sampling and

9

a clipping mechanism for off-policy updates:

in( p(0lq) A

L(0) =E,)ommy (0 iy o
( ) qn~p, aold( |9) Oo1a(0lq) ( )

. 7 9(0|Q)
clip(—————~,1—¢,1+¢)A(q,0))],
(7‘90101 (0|Q) ) (q >)]

®)

where 7y, , 1s the old policy and ¢ is a hyperparam-
eter that controls the range of clipping.

3 Beta Normalization Policy Optimization

In this section, we introduce our policy optimiza-
tion method, BNPO, which employs a Beta distri-
bution to normalize binary-valued reward functions.
BNPO adapts to the evolving policy model during
training by dynamically adjusting the parameters
of the Beta distribution. We then provide a theo-
retical proof demonstrating that BNPO effectively
reduces the variance of policy gradient estimates.
We further show that BNPO generalizes both REIN-
FORCE with baseline and GRPO. Furthermore, we
present an advantage decomposition mechanism
to extend BNPO’s applicability to more complex
reward systems. Finally, we summarize the reasons
for using Beta distribution.

Beta normalization We use the accuracy of an
output o with respect to a question ¢ as the reward
function R(q,0) as in DeepSeek-R1 (Guo et al.,
2025), i.e.,

R@@={;

Since the value of R(q, o) is either 0 or 1, R(q, 0)
can be treated as a random variable with Bernoulli
distribution, i.e.

if o contains the answer of ¢,

otherwise.

®

R(q,0) ~ Bernoulli (p(q)),
p(q) o)ldl;

0<p(qg) <1,

= Eormy (o) [R(g, (10)
where p(q) denotes the probability that output o is
correct for question g, and it is also the expected re-
ward under the distribution 7g(-|g). As mentioned
in Section 2.1, the Beta distribution is very suit-
able for modeling probability. Thus, we model
p(q) as a random variable with Beta distribution
fp(p(q); a,b), where the parameters a and b con-
trol the shape of the distribution. These parameters
can be estimated using Monte Carlo sampling.
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As the policy model 7y (-|q) evolves during train-
ing, the distribution of p(q) also changes dynami-
cally. To account for these changes, we propose us-
ing an additional Beta distribution fx(p(q); «, B)
to normalize the reward function. The advantage
function in our BNPO method is defined as:

R(g,0) — p(q)
Awsl:0) = pgra. )
where p(q) serves as the baseline, as in
REINFORCE with baseline and GRPO, and

fn(p(q); v, B) is used to normalize the reward
function R(q, o).

1D

The setting of o and 5 We dynamically adjust
the parameters (o, 3) in fn(p(q); «, ) to ensure
that A, 3(q, 0) adapts to the evolving distribution
fp(p(q); a,b) during training. The primary goal in
setting v and [ is to minimize the variance in pol-
icy gradient estimation. We present the following
theorem to achieve it.

Theorem 1. Let ¢ ~ p be a question
and o ~ my(-|q) be an output with reward
R(q,0) € {0,1}, where R(q,0) follows a
Bernoulli distribution with success probability
(@) = Eour,(iqR(g;0)lq], and that p(q) fol-
lows a Beta distribution fp(p(q);a,b). Define the
BNPO gradient estimator as

R(q,0) —p(q)
fn(p(q);a, B)

where fn(p(q);«, ) is a Beta distribution. Un-
der the approximation ||Vglogn(o|q)||? is un-
correlated with % (Wu et al., 2018),
the variance of the policy gradient estimator
Varqum‘mrg(.m)(ga,@) is( finite if and only if:
a < G—JQF‘S and 8 < l)Jer‘ Within this domain,
Var, ., o~mo(-lq) (9a,) attains a unique minimum

at:

Ja3 = Vo logm(olq)

a b
:1 — :1 .
o —1—3, I3 +3

See Appendix A.2 for the proof. The above
theorem demonstrates that the optimal parameter
settings for minimizing the variance of the policy
gradientarea =1+ gand 8 =1+ g. Thus, the
choice of (o, 3) depends on the values of (a,b).
We estimate (a, b) using the method-of-moments
approach and Monte Carlo sampling.

Given the following relationships:

ab

Var(p(q)] = (a+b)%(a+b+1)’

(12)

we can solve for ¢ and b as:

- (E[p(q)](l —Elp(9)]) _
Var[p(q)]

- (E{p(Q)](l — E[p(q)])
Var[p(q)]

1) Elp(q)],

~1) (1~ Elp(g))).
(13)

We then estimate E[p(¢q)] and Var[p(q)] using
Monte Carlo methods to get a and b:

Elp(q)] ~ Mean({p(gi) };=1),

Var[p(q)] ~ Var({p(q:) }i=1)- (14)

The interpretation of & and 8 The parame-
ters o and 3 can be understood in terms of the
mean and variance of fp(p(q);a,b). The mean
of fp(p(q);a,b) is given by 47, representing
the average reward of all (g, 0) pairs. The mode
of fn(p(q); e, B) is #51_2 = 43> which cor-
responds to the value at which fn(p(q);a, )
attains its maximum. This shows that the
mean of fp(p(q);a,b) is equal to the mode of
fn(p(q); , B). As a result, the reward function

R(q,0) is most normalized at the average reward
a+b-
The  variance of  fp(p(q);a,b)  de-

creases/increases as the sum a 4+ b in-
creases/decreases. Since oo + § = 2 + ‘%“b,
the variance of fx(p(q); o, §) behaves similarly:
it decreases/increases as a + b increases/decreases.
Hence, fn(p(q);«, ) adapts its parameters to
align with the variance changes of fp(p(q); a,b).

REINFORCE and GRPO We now demonstrate
that BNPO generalizes both REINFORCE with
baseline and GRPO under binary-valued reward
circumstances, reducing to each of these methods
under specific settings for o and 3.

REINFORCE with baseline defines the advan-
tage function A(g, o) as

(15)

Therefore, BNPO reduces to REINFORCE if
fu(p(@);ia. ) = fn(p(@)i11). Since RLOO
(Kool et al., 2019; Ahmadian et al., 2024) is equiv-
alent to REINFROCE with baseline up to a scaling
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constant (Liu et al., 2025) and gradient clipping is
commonly used in training, BNPO can also reduce
to RLOO in practice.

GRPO defines the advantage function A(q, o) as

R(q,0) = Epnm(1g) [R(% O'ﬁ

\/Vara’wwgﬂq) [R(Q> O/)]
_ _R(g,0) —p(q)

vr(g)(1—p(q))

R(g,0) —p(q)
fn(p(a);3.3)

=A %(q,o).

A(g,0) =

3 (16)
>

In training large language models, gradient clip-
ping is commonly employed. Consequently, scal-
ing the loss function by a constant does not af-
fect the parameter update process. Consequently,
BNPO reduces to GRPO if fn(p(q);a,[) =
Inp(@);5.3).

REINFORCE with a baseline and GRPO can
be viewed as special cases of BNPO with fixed
values of (o, 8). In contrast, BNPO dynamically
adjusts (v, 3) during training to better align with
the evolving policy model.

Advantage decomposition To extend our
method to more complex reward systems beyond
a single binary reward function, we introduce
an advantage decomposition mechanism. This
approach enables the separate normalization of
each individual reward component, leading to a
more accurate estimation of the overall advantage
function. Such decomposition is particularly
beneficial in settings with multiple reward signals.
For example, DeepSeek-R1 employs both format
and accuracy rewards to ensure that model outputs
not only follow the required structure but also
produce correct answers.

Given K binary-valued reward functions
{R(l)(Qa 0)7 R® (Q7 0)7 B R(K)(Qa 0)}’ we de-
compose the overall advantage function A(g, o)
into K sub-advantage functions A®)(q, 0) as fol-
lows:

K
1 .
A(q7 0) = E E A(Z) (q7 O)
i=1

(@)

1<~ R9(q,0) — pl(q)
=K 2 T pla) 0500, 50

’ 17
p(q) ()

where each sub-advantage function A(®)(q,0) is

computed for the corresponding reward function
R (q,0).

Unlike previous methods that first sum multiple
reward functions and then compute the final advan-
tage function, our approach calculates the advan-
tage function for each individual reward function
first, and then averages them to obtain the final ad-
vantage function. The key benefit of this approach
is that it allows for separate normalization of each
reward function, ensuring that the normalization
of one function does not interfere with others. We
present the detailed implementation of BNPO in
Alg.(1).

Reasons for Using the Beta Distribution We
finally summarize the reasons for modeling p(q) as
a Beta distribution. First, Beta distribution is par-
ticularly suitable and widely adopted for modeling
probabilities, as discussed in Section 2.1. Second,
p(g) can be interpreted as the probability that ques-
tion ¢ is correctly answered. Third, we observe
that the normalization terms in REINFORCE and
GRPO correspond to Beta distributions. This ob-
servation suggests that BNPO, which generalizes
existing policy optimization methods, benefits from
modeling p(q) with a Beta distribution to achieve
improved performance.

While other parameterized distributions could,
in principle, be used to model p(q), the Beta distri-
bution offers several distinct advantages:

* Natural support on [0, 1]: The Beta distribu-
tion is inherently defined on the interval [0, 1],
making it ideal for modeling probabilities. In
contrast, many alternative distributions do not
possess this property.

» Ease of parameter estimation: The param-
eters of Beta distribution can be efficiently
estimated using Eq.(13). For many other dis-
tributions, parameter estimation may be ana-
lytically intractable or computationally inten-
sive.

Analytical gradient variance minimization:
When p(q) follows a Beta distribution, it is
possible to derive an analytical solution for
minimizing gradient variance, as shown in
Theorem 1. For most other distributions, ob-
taining such a solution is unlikely.

These reasons collectively motivate our use of the
Beta distribution for modeling p(q).
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Table 1: The performance of different policy optimization methods on math datasets.

Methods MATHS500 AMC23 AIME2024 AIME2025 Average
Owen2.5-Math-1.5B
Base 28.0 27.3 6.0 3.1 16.1
REINFORCE 72.2 53.6 18.3 11.5 38.9
ReMax 73.2 533 17.1 9.6 38.3
GRPO 75.0 52.0 15.6 11.0 38.4
REINFORCE++ 73.8 52.0 16.7 9.8 38.1
BNPO 74.8 54.5 18.4 10.0 39.5
QOwen2.5-Math-7B
Base 41.4 325 11.0 5.0 22.5
REINFORCE 78.2 65.6 329 11.7 471
ReMax 77.8 63.6 335 154 47.6
GRPO 78.6 64.5 323 12.9 471
REINFORCE++ 78.6 64.4 32.1 12.3 46.8
BNPO 78.8 64.5 34.0 14.6 48.0

4 Related Work

Reinforcement learning has been widely adopted
to align large language models with human pref-
erences, as seen in systems like ChatGPT and
DeepSeek-R1. ChatGPT (Ouyang et al., 2022) em-
ploys PPO for policy optimization, which relies on
a critic network to better estimate policy gradients.
However, training a critic network is computation-
ally intensive and memory-demanding, particularly
for large language models. To address this, mod-
els such as DeepSeek-R1 and Qwen (Yang et al.,
2024a) adopt REINFORCE-based methods, which
avoid the need for a critic network.

The original REINFORCE algorithm (Williams,
1992) estimates gradients through Monte Carlo
sampling but often suffers from high variance,
which can hinder learning stability and efficiency.
To mitigate this issue, RLOO (Kool et al., 2019)
introduces a baseline function that uses the mean
reward of a group of samples as a reference, sig-
nificantly reducing gradient variance, especially
when batch sizes are small. ReMax (Li et al., 2024)
builds on this idea by employing greedy decoding
to obtain a baseline. GRPO (Shao et al., 2024) fur-
ther refines this idea by normalizing each reward
using the standard deviation of the group, reducing
variance even more. REINFORCE++ (Hu, 2025)
goes a step further by leveraging the rewards of all
samples to estimate the policy gradient, resulting
in more stable and robust learning performance.
However, these methods either lack proper normal-
ization or rely on static normalization strategies,
which are insufficient for adapting to the evolving
nature of policy during training. In contrast, BNPO
dynamically adjusts its normalization parameters

in response to changes in the policy, effectively
stabilizing training.

5 Experiments

In this section, we first describe the experimental
setup (Section 5.1), followed by the results (Section
5.2). We then analyze training stability (Section
5.3), the evolution of normalization (Section 5.4),
and advantage decomposition (Section 5.5). Fi-
nally, we report the runtime analysis (Section 5.6).

5.1 Experimental Settings

Models To evaluate the effectiveness of BNPO,
we conduct experiments on two publicly available
base models of different scales: Qwen2.5-Math-
1.5B and Qwen2.5-Math-7B (Yang et al., 2024a,b).

Methods We compare BNPO method against
several policy optimization methods, including RE-
INFORCE, ReMax, GRPO, and REINFORCE++.
Since RLOO is equivalent to REINFORCE with
a baseline, we only report the results for REIN-
FORCE with baseline.

Datasets For training, we utilize the full MATH
dataset (Hendrycks et al., 2021), which consists of
7,500 diverse mathematical problems spanning a
wide range of topics and difficulty levels.

For evaluation, we use four benchmark datasets:
MATHS500 (Hendrycks et al., 2021), AMC23
(Art of Problem Solving, 2025b), AIME2024 and
AIME2025 (Art of Problem Solving, 2025a).

Metrics We report average pass@1 over 16 eval-
uation runs for each dataset.
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Figure 2: The norm of gradient during training.

Hyperparameters For all methods, we set the
batch size 32, number of outputs to 16, number of
PPO iterations to 1, number of epochs to 5, and
learning rate to 1075, The temperature is set to
1.0 during training and 0.6 during evaluation. We
use the chat template of Qwen2.5-Math-7B and
set the maximum question length to 1024 and the
maximum output length to 3072, corresponding to
the maximum context length of 4096 for Qwen-
Math-1.5B and Qwen-Math-7B.

5.2 Results

As reported in Table 1, BNPO achieves the highest
average performance among all evaluated policy
optimization methods on both the Qwen2.5-Math-
1.5B and Qwen2.5-Math-7B base models, demon-
strating its strong effectiveness and robustness
across model scales. In contrast, REINFORCE,
ReMax, GRPO, and REINFORCE++, which either
omit normalization or employ static normalization
strategies, exhibit weaker performance. These re-
sults highlight the importance of dynamic normal-
ization for effective policy optimization.

5.3 Training Stability

We have demonstrated in Theorem 1 that BNPO
effectively reduces gradient variance, thereby en-
hancing training stability. Given the substantial
computational cost of training large language mod-
els, maintaining stable training dynamics is crucial.
To evaluate this, we use the gradient norm and the
gradient variance to measure training stability.

As shown in Figure 2, BNPO exhibits the highest
stability among the methods, with consistently sta-
ble gradient norms throughout training. In contrast,
GRPO, REINFORCE, Remax and REINFORCE++
show more significant fluctuations, indicating less
stable training. These results highlight the bene-

5.0
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Figure 3: The values of (E[p(q)], Var[p(q)], o, 8) dur-
ing training.

fit of BNPO’s dynamic normalization mechanism
over the static normalization used in GRPO and
REINFORCE++.

Computing the gradient variance requires sam-
pling multiple batches, which is computationally
expensive. Therefore, we compute it every 100
training steps. The results, presented in Table 2,
show that BNPO achieves significantly lower gra-
dient variance compared to the other methods.

5.4 Evolution of Normalization

Our BNPO method dynamically adjusts the param-
eters (o, 3) in the normalization fn(p(q);«, ) to
ensure that the advantage function A, (g, 0) re-
mains aligned with the evolving expected reward
distribution fp(p(q);a, b) throughout training. We
have further provided an interpretation of a and 3
in terms of the mean and variance of fp(p(q);a, b),
demonstrating how they can be related to E[p(q)]
and Var[p(q)].

To illustrate this relationship, Figure 3 presents
the evolution of (E[p(q)], Var[p(q)], e, B) over the
course of training. For clarity, we recommend fo-
cusing on « (depicted in green), which exhibits
pronounced variation over time. These fluctuations
in a demonstrate that BNPO actively modifies its
distributional parameters in response to changes in
the expectation and variance of p(q). This adaptive
behavior helps reduce gradient variance, thereby
contributing to the stability and effectiveness of the
training process.

Since the expected reward p depends on the
model capability, which evolves continuously, the
distribution of p, and consequently F[p] and Var|p),
naturally changes over time. As shown in Figure
3, Beta Normalization is introduced precisely to
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Table 2: Gradient variance at different training steps.

Step 100 200 300 400 500 600 700 800 900 1000 1100
REINFORCE 354 233 127 143 162 118 133 140 196 180 256
REMAX 702 475 385 269 251 108 130 172 200 404 423
GRPO 2652 1552 1183 505 552 673 537 610 807 606 862
REINFORCE++ 764 1455 1407 612 741 722 1402 739 1060 936 1146
BNPO 235 243 71 123 133 71 115 102 156 131 163

Table 3: The performance of policy optimization meth-
ods with and without advantage decomposition.

Methods Average
Owen2.5-1.5B-Instruct

Base 5.8
GRPO 25.2
REINFORCE++ 24.6
AD-GRPO 25.6
AD-REINFORCE++ 24.9
AD-BNPO 25.8

adapt to this dynamic behavior and to mitigate the
resulting instability in the distribution of p.

If we fix o and [ to constant values such as 1
or % to make them stable, BNPO reduces to RE-
INFORCE or GRPO, respectively. As shown in
Figure 2, the gradient norm becomes unstable un-
der these fixed settings and exhibits abrupt fluctu-
ations across many training steps. This happens
because the distribution of p changes during train-
ing, while fixed values of « and 3 cannot adjust to
this change.

5.5 Advantage decomposition

To evaluate the effectiveness of the advantage de-
composition, we incorporate an additional format
reward following DeepSeek-R1 (Guo et al., 2025).
Since Qwen2.5-Math-1.5B and Qwen2.5-Math-7B
exhibit limited instruction-following capabilities,
making format reward difficult for them to learn,
we use Qwen2.5-1.5B-Instruct as the base model.
We denote GRPO and REINFORCE++ with ad-
vantage decomposition as AD-GRPO and AD-
REINFORCE++, respectively. Note that REIN-
FORCE and ReMax do not include normalization
and are therefore excluded from this comparison.

As shown in Table 3, both AD-GRPO and AD-
REINFORCE++ achieve improvements over their
original counterparts. BNPO continues to deliver
the best average performance. Since the format
reward surpasses 90% for all models, the overall
performance gains from advantage decomposition
are relatively modest.

Table 4: Training time comparison of different methods.

Method Time
REINFORCE 23.9h
REINFORCE++ 23.9h
GRPO 24.2h
ReMax 30.4h
BNPO 23.9h

5.6 Runtime

Since the computation of the advantage function in
BNPO involves only scalar operations, it is highly
efficient. As a result, the additional computational
overhead introduced by BNPO, compared to GRPO
and REINFORCE, is negligible. As shown in Table
4, we report the runtime comparison across differ-
ent policy optimization methods. The running time
of BNPO is nearly identical to that of GRPO and
REINFORCE, further confirming its computational
efficiency. Therefore, BNPO does not compromise
training efficiency in practice.

6 Conclusion

In this paper, we propose a new policy optimiza-
tion methods, BNPO, which use Beta distribution
to normalize the reward function. We find that the
expectation of a binary-valued reward function can
be treated as a random variable with Beta distri-
bution, thus, we use another Beta distribution as
the normalize term. BNPO can adaptively adjust
its parameters in normalization term to match with
the evolution of distribution of the expected reward.
We theoretically prove that BNPO can effectively
reduce the variance in estimating policy gradient.
We also that BNPO can reduces to REINFORCE
with baseline and GRPO under binary-valued re-
ward circumstance. In order to account for more
complex reward systems, we further propose a ad-
vantage decomposition mechanism to make BNPO
more applicable. Finally, we conduct extensive ex-
periments to verify the effectiveness of our BNPO.
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Limitations

One limitation of our theoretical analysis in Theo-
rem 1 is the independence approximation between
||V9. log 7(o|q)||? and %ﬂ%. This approxi-
mation has also been adopted in classical analyses
of optimal baselines for variance reduction due to
the tractability it provides when deriving optimal
solutions (Wu et al., 2018). Without this approxi-
mation, the analytical minimum derived in Theo-
rem 1 no longer holds exactly and should instead
be regarded as an approximate optimum. Never-
theless, the approximation enables a tractable the-
oretical analysis and provides useful guidance for
the practical design of BNPO. We provide a re-
view of the classical optimal-baseline derivation in
Theorem 2.

Another limitation is that our theoretical analy-
sis mainly focuses on binary-valued reward func-
tions. Although BNPO can be naturally extended
to multi-valued or continuous rewards by directly
modeling p(q) with a Beta distribution, the theoret-
ical guarantees in Theorem 1 are derived under the
Bernoulli reward assumption. As a result, when
BNPO is applied to more general reward settings,
the optimal solution derived in Theorem 1 should
be interpreted as an approximation rather than an
exact optimum.
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Algorithm 1 BNPO: Beta Normalization Policy
Optimization

Input: Initial policy model 7y, K binary-valued
Reward model R (g, 0), training set D,
number of steps .S, number of PPO iterations
T', batch size n, number of outputs m.

1: Initialize policy model 7y <— 7y, .
2: for step =1to S do

3:  Update the old policy model 7y
4:  Sample n questions g from D.
5: Sample m outputs o ~ my,(:|¢q) for each

a S To-

question q.

6:  for each question-output pair (g, 0) do

7: fori=1to K do

8 Compute the reward R (g, 0).

9: end for

10:  end for

11:  for each question ¢ do

12: Estimate p(q) in Eq.(10).

13:  end for

14:  Estimate the parameters a¢ and b in

fp(p(q); a,b) by Eq.(13) and Eq.(14).
15:  Set the the parameters « and [ in

fn(p(a);a, B)asa=1+Fand f=1+5.
16:  for each question-output pair (¢, 0) do
17: Compute the advantage A(q,0) by
Eq.(11) and Eq.(17).

18:  end for
19:  for iteration = 1 to 7" do

20: Update my by maximizing Eq.(8).
21:  end for
22: end for

Output: Optimized policy model my.

A Appendix

A.1 Algorithm

The detailed implementation of BNPO is shown in
Alg. (1).

A.2 Proof

Theorem 1. Let ¢ ~ p be a question
and o ~ T7y(-|q) be an output with reward
R(q,0) € {0,1}, where R(q,0) follows a
Bernoulli distribution with success probability
P(a) = Eoury(lg)[R(g,0)lq], and that p(q) fol-
lows a Beta distribution fp(p(q);a,b). Define the
BNPO gradient estimator as

1og = Voo to) LERZIE,

where fn(p(q); «, B) is a Beta distribution. Un-
der the approximation ||V log 7 (o|q)||? is uncor-
related with % the variance of the policy
gradient estimator Vary.., or,(-lq)(9a,p) is finite
if and only if: a < %3 and B < HT?’. Within this
domain, Varg., o~r,(q)(9a,3) attains a unique
minimum at:

b
B=1+-.

azl—i—g, 3

3
Proof. 1. Variance Expression

Expand the variance using its definition:

Var(ga,s) = E[(Vglogm(o | q)-
R(g,0) = p(q) 2
fn(p(a); e, B)

- ERaosiol o) b )
Simplify the mean term using the approximation
and E[-F142) ] = o0:

fn(p q) a B |q
R(q,0) —p(q)

E velogW(O\Q)'m

Therefore:
Var(ga,5) = E[||Vglog7(o | ¢)|*
(R(g,0) — p(9))?

(el B2

Under the approximation, the variance of the
gradient estimator g, g is proportional to:

(R(g,0) — p(q))
fn(p(@); o, B)?
For R(q,0) € {0, 1}, we have that

Eo [(R - p(a))*lq] = p(a)(1 — p(q)).

Substituting the weight function:
p(9)(1 —p(q))
fn(p(a); o, B)?

p(e)(1 —p(q))

2
(smp@11 - p@)* )
=B(a, 6 p()* (1~ pla))* .

Unper p ~ fp(p(q);a,b), the expectation in-

tegrates the above expression over the Beta-
distributed p becomes

2
Var(ga.,g) < Eg~pEo

—plq

E, |p* (1 —p)*~*°
_ Bla+3—2a,b+3—2p)
B(a,b) '
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Thus, we have that

Var(gag) o
_ b _
B(a,ﬁ)z ' B(a+3 B?(z,b)—F 3 25).

2. Domain of Finiteness

The Beta function B(z,y) converges iff z > 0 and
y > 0. For convergence of B(a + 3 — 2a,b+ 3 —

20):

a+3
2 )
b+3

b+3— 2ﬁ>O:>ﬂ<T

a+3—-20>0 = a<

3. Boundary Behavior

As o — a+3 b+3_'

or § —

Bla+3—-2a,b+3—-28) >
= Var(gqa,3) — +00.

4. Optimal Parameters

Define L(«, 3) = In Var(gq g):
L =21InB(a, B)
+InB(a+3—2a,b+3—25) —InB(a,b).
The partial derivatives are:
d
OL — afia) — vla + B) — 20u(a +3 — 20)
—¢Y(a+b+6—2a—205),
oL
a5 = 2W(B) —vla+ B —2[p(b+3 - 26)

—Y(a+b+6—2a—20)],

where ¢ (z) = % InT'(z) and I'() is the gamma
function. Setting 9L/0c = 0 and OL/9 = 0:

Pla) —Pla+p) =
Pla+3—2a) —P(a+b+6—2a—25).
P(B) —la+p) =
W(b+3—28) —(a+b+6—2a—28).

Substituting « = 1 + 5 and 8 = 1 + % satisfies

this identity through digamma function properties.

5. Strict Convexity

We compute the Hessian matrix H for L(
(a0, Bo).

Let ¢ (z) = %@D(x) be the trigamma function.
Let Xo =ap=1+a/3and Xg =y =1+0/3.
Let Squm = ao+ Bo =2+ (a+b)/3.

The arguments for the other digamma terms at
the solution become: a —2ap+3 = 1+a/3 = X,
b—2080+3 = 14+b/3 = X3. a+b—2a0—2Fp+6 =
(a+b)/3 +2 = Seum.

The second partial derivatives are:

a,B) at

82
aﬁ.é[; = 2’@[)1(0&) — 21/11(05 + 5)
+ 4 (a — 20+ 3)
—41(a+b—2a—25+6).
At (QO)BO): Hll - le (Xa) - 21/}1( sum)
4¢1 (on) - 4w1(ssum) = 6'¢}1 (Xa) 6¢1( sum)-

By symmetry: Hoy = 61)1(Xg) —6t1(Ssum). The
mixed partial derivative:

9L
daap ~ ila+p)

— (=2)Y1(a+b—2a—28+6)(—2)

= —2¢1(a+ B) —4p1(a+b—2a — 25+ 6).
At (a07 /80): H12 == _21/}1 (Ssum) - 4¢1(Ssum) -
_6¢1(Ssum)-

For a minimum, H must be positive definite.

1. Hyp > 0: Hip = 6(¥1(Xa) — ¥1(Ssum)) =
6(1(14+a/3)—91(2+ (a+b)/3)). Since a, b >
0, we have X3 = 1+ b/3 > 0. Thus X,
14+a/3 <1+a/3+(1+b/3) = Ssum. The
trigamma function 11 (z) is strictly decreasing for
x > 0. Since X, < Sgum (and X, Ssum > 0),
¥1(Xa) > ¥1(Ssum). Thus Hyp > 0. Similarly
Hy > 0.

2. det(H) = Hy1Has — HE, > 0:

det(H)

=(6¢1(Xa) — 6¢1(Ssum))

(61/)1( B)*&pl( sum)) ( 6¢1( sum))
=36[11(Xa)¥1(Xp)

—¢1( Xa)h1(Ssum) — ¥1(Xp) Y1 (Ssum)

+ ¥1(Ssum)® = 1 (Ssum)’]

=36[¢1(Xa)1h1(Xg) = 1 (Seum) (1h1(Xa)

+11(X3))]-
For det(H) > 0, we need 1 (Xa)Y1(Xg) —

U1 (Ssum)(¥1(Xa) + ¥1(Xg)) > 0. Since
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1(1:) > 0 for x > 0, we can divide by

Xa)wl Xﬁ)wl sum>
1
sum (77[)1 Xa)> >0 =
1
ST B T )

Let f(z) = 1/¢1(z). The inequality is f(X, +
X3) > f(Xq) + f(Xg). The function f(x) =
1/41 () is strictly convex on (0, 00).

As x — 0T, ¥1(z) — oo, so f(z) =
1/¢1(x) — 0. So we can define f(0) = 0. For
a strictly convex function f with f(0) = 0: For
vy > 0, f(@) = [ (2 +y) + 7 - 0) <
(T y)+ Hyf (0) = 5 f(z +y). Simi-
larly, f(y) < H — f(x 4 y). Summing these gives
fle)+fly) < f (x—l—y) The strict inequality holds
because X, = 14+a/3 > 0and X3 = 14+b/3 > 0.
Therefore, the Hessian matrix is positive definite at
(o, Bo)- Since the domain for (v, 3) (Where vari-
ance is finite, and «, 8 > 0) is a convex set, this
implies that («v, o) is a unique minimum. O

Theorem 2. Let ¢ ~ p be a question and o ~
7o(:|q) be an output with reward R(q, o). Define
the policy gradient estimator with a scalar baseline
bas

g = Vglogm(o|q)(R(g,0) — b).

Then the variance of the policy gradient estimator
satisfies

Var(gp) = E[HV@ log mg(o|q)||*(R(g, 0) — b)z] )

and attains its minimum at

E[[[Vglogmg(olq)|[*R(q,0)]
E[||Vglog m(0lq)]|?]

Under the additional approximation that

b* =

Vg log ma(o|q)||?

is independent of R(q, o), the optimal baseline fur-
ther reduces to the expected reward

b* = E[R(q; 0)].
Proof. For simplicity, denote
X =Vylogm(olq),  R=R(q,0).

The gradient estimator becomes

gb:X(R—b)

Since

Eorg(1q)[Va log ma(olq)] = 0,

we have
E[gs]

Therefore, introducing the baseline b does not
change the expectation of the estimator.
The variance of gy is

= E{|gbl1”] — IEla) P

Since the second term does not depend on b, mini-
mizing the variance is equivalent to minimizing

Ellgsl1?] = E[IX|[*(R - b)?].

Expanding the square gives

= E[XR)].

Var(gp)

E[|X[*(R —0)*] =
E[| X |*R?] — 26 E[||.X|*R] + b*E[[| X |*].

This is a quadratic function of b. Taking the
derivative with respect to b,

D R(IX 2R — )% =
~9B[||X[|2R] + 2E[| X ).

Setting the derivative to zero yields

5 _ EIXI2R
E[||X1[?]
Furthermore, if
11>

is independent of R, then

E[[| X |*] E[R].

Substituting this into the expression above gives

E[||X|*R] =

b* = E[R).

Thus, under the independence approximation, the
optimal variance-reducing baseline is the expected
reward. O
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