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Abstract

Multi-agent LLM systems decompose com-
plex tasks across specialist agents, yet joint
prompt optimization remains difficult because
agents are coupled through structured informa-
tion handoffs. We identify interface mismatch
as a structural failure mode that existing opti-
mizers cannot diagnose: their scalar attribution
signals conflate reasoning quality with format
incompatibility, and the inter-agent contract is
left entirely implicit. We propose BID-SPO
(Bidding-based Shapley Prompt Optimization),
which makes the inter-agent contract an ex-
plicit optimization variable. Each agent de-
clares an Output Bid and an Input Demand,
and a contract-aware cooperative-game char-
acteristic function yields an attribution signal
whose Shapley decomposition exposes three
interpretable dimensions (global task contri-
bution, downstream interface alignment, and
upstream adaptation cost), turning attribution
into a targeted diagnosis for prompt repair. A
bid-conformance constraint keeps declared con-
tracts feasible with respect to actual agent be-
havior throughout optimization. Across seven
benchmarks and different model configurations,
BID-SPO outperforms MASPO and Agent-
Dropout, with accuracy gains of +2.93% under
the Qwen3-8B + Gemini-2.5-pro configuration
and +4.38% under the DeepSeek-v4 flash / pro
configuration. Our findings emphasize that re-
liable multi-agent LLM optimization requires
optimizing inter-agent interfaces as explicit ob-
jects, not just improving agents in isolation.
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Figure 1: BID-SPO vs. scalar-attribution prior work.
Left: scalar attribution (one score). Right: BID-SPO
uses a contract-aware characteristic function whose
Shapley attribution exposes contribution, interface align-
ment, and adaptation cost.

1 Introduction

Large language models are increasingly deployed
as multi-agent systems (MAS), where specialist
agents collaborate through structured information
handoffs to tackle tasks too complex for a single
model (Hong et al., 2024; Wu et al., 2024). Each
agent’s system prompt effectively programs its role,
yet agents are not independent: the output of one
agent is the input of the next. A change to any agent
therefore propagates downstream, and automated
prompt optimization has emerged as a core research
priority (Wang et al., 2026; Zhang et al., 2026;
Zhou et al., 2026a; Wang et al., 2025; Hong et al.,
2026), complementing single-agent compilers such
as DSPy (Khattab et al., 2024), TextGrad (Yuksek-
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gonul et al., 2025), and OPRO (Yang et al., 2024).

We argue that the central obstacle in MAS
prompt optimization is not the quality of each
agent’s individual reasoning, but the alignment
of information interfaces between adjacent agents.
A prompt implicitly defines the format, granular-
ity, and semantic fields an agent will emit. As
depicted in Figure 1 (left), consider a PREDIC-
TOR — REFLECTOR chain on a mathematical rea-
soning task: if the Predictor is prompted to produce
a compact narrative while the Reflector expects a
step-by-step derivation ending with a boxed answer,
the Reflector spends its context budget searching
for structure that was never produced, silently de-
grading end-to-end accuracy even when each agent
looks competent in isolation. This interface mis-
match is endemic to any pipeline in which one
agent’s output is another’s input, and it compounds
with graph depth.

Existing prompt optimizers cannot diagnose in-
terface mismatch because their evaluation signals
collapse it into a scalar. Both MASPO (Wang et al.,
2026) and the concurrent MAPRO (Zhang et al.,
2026) score each agent with a composite of task
accuracy and local output quality, but neither sig-
nal can distinguish why an agent underperforms:
poor core reasoning versus a format that down-
stream agents cannot efficiently consume. Single-
stage compilers such as DSPy and TextGrad in-
herit this limitation by treating modules as essen-
tially independent. As a consequence, a prompt can
achieve a high composite score while still imposing
costly adaptation burdens on its neighbours, a fail-
ure mode the optimizer never sees. The inter-agent
contract is left entirely implicit.

We recast MAS prompt optimization through
explicit information contracts. Each agent is si-
multaneously a provider (declaring an Output Bid:
a structured commitment specifying what it will
produce) and a receiver (declaring an Input De-
mand: what it requires from predecessors). MAS
failures arise when providers and receivers cannot
agree on a common format or granularity. This
view motivates treating each agent’s contract as an
explicit optimization variable, with an attribution
signal that explicitly accounts for interface friction
alongside raw task contribution.

We instantiate this view in BID-SPO (Bidding-
based Shapley Prompt Optimization). As shown
in Figure 1 (right), each agent carries a triple
(t;, bi, d;) (system prompt, Output Bid, and Input
Demand) jointly co-optimized through coordinated

prompt refinement without any weight update.
The cooperative-game characteristic function is re-
designed to be contract-aware and agent-indexed,
augmenting accuracy-only attribution with explicit
interface externalities. Its resulting Shapley attribu-
tion exposes three interpretable dimensions: global
task contribution, downstream interface alignment,
and upstream adaptation cost. This diagnosis di-
rects the optimizer to the precise component of
the triple that needs repair. A lightweight bid-
conformance feasibility constraint prevents the op-
timizer from inflating contracts beyond an agent’s
actual behavior.
Our primary contributions are as follows:

* We identify interface mismatch as a structural
failure mode of MAS prompt optimization that
existing scalar attribution signals cannot diag-
nose, and argue that the inter-agent contract must
be an explicit, optimizable object rather than an
implicit byproduct of each agent’s prompt.

* To mitigate these challenges, we propose a
contract-aware cooperative-game characteris-
tic function whose Shapley attribution sepa-
rates each agent’s contribution into three inter-
pretable marginals (global contribution, down-
stream alignment, and upstream cost), recovering
classical accuracy-based Shapley as a degenerate
special case and enabling targeted, component-
aware prompt repair.

* We introduce BID-SPO, comprising three mu-
tually reinforcing modules: INFOCON (infor-
mation contracts via Output Bids and Input De-
mands), DECSHAP (decomposable Shapley attri-
bution), and ADVBC (a bid-conformance feasi-
bility constraint) jointly optimizing each agent’s
triple (¢;, b;, d;) through coordinated prompt re-
finement.

» Extensive experiments across seven benchmarks
demonstrate that BID-SPO consistently outper-
forms MASPO and other strong baselines, with
Avgg gains of +2.93% and +4.38%, and single-
task improvements of up to +13.40% on MATH-
500 under the DeepSeek-v4 configuration.

* We show empirically that explicit contracts
plus decomposable attribution generalize across
model families: the optimized contracts trans-
fer cleanly to held-out worker LLMs, suggesting
they encode model-agnostic interface preferences
rather than provider-specific artefacts.
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Figure 2: Preliminary pilot diagnostics. (left) One-
Voice Dominance. Authority skew at the prompt level
degrades pipeline accuracy. (right) Attribution Sig-
nal Stability. Kendall 7 between an agent’s prompt-
degradation level and its attribution signal’.

2 Preliminary Analysis

We conducted three pilot experiments, each ex-
posing a distinct structural failure of scalar attri-
bution in MAS prompt optimization, which col-
lectively motivates BID-SPO. Findings are sum-
marised in Figure 2 and Table 2; per-topology and
per-difficulty breakdowns appear in Appendix Q.

f Hypothesis 1 (Necessity of Information Contracts) ]

Without explicit, declared interface contracts between
adjacent agents, attribution signals conflate reasoning
failure with interface mismatch: a sound agent producing
the wrong format is penalised identically to a faulty agent
producing the right format.

We test this with a PREDICTOR — REFLECTOR
pipeline (controlled) under three framing-only au-
thority configurations: Dominant PRED, Domi-
nant REFL, and Balanced. Existing MAS optimiz-
ers communicate through unstructured {context?}
injection and score agents on accuracy alone, so
this authority skew is invisible to their objective.
Figure 2 (left) visualizes the resulting accuracy
drop, while Table 1 provides the exact numeric
breakdown and reports Tension, an automatically
estimated authority-conflict score in [0, 1]. Both
skewed settings underperform the balanced con-
trol by 4-7%, yet a scalar attribution signal cannot
determine the damage comes from reasoning loss
or interface authority imbalance, which requires
distinct repairs (Appendix Q.7).

e N

Hypothesis 2 (Necessity of Decomposable Attribu-
tion)

A scalar composite of local and global signals cannot
diagnose why an agent under-performs, only hat it does.
A decomposition along global contribution, downstream

"Higher-magnitude negative values indicate stronger
monotonic correlation with true quality. BID-SPO’s decom-
posed ¢; is the only near-monotone signal.

Condition MATH-500 HumanEval-ET  Tension
Dominant PRED 72.20 79.27 0.18
Dominant REFL 69.40 73.78 0.71
Balanced (control) 76.40 81.10 0.38

Table 1: Numerical breakdown of the three authority
configurations in Figure 2 (left), including the authority-
conflict statistic Tension.

Stage MATH-500 AQuA
Initial prompts (no opt.) 38.5% 41.2%
After MASPO (6 rounds) 22.4% 26.8%
After MAPRO (6 rounds) 19.7% 20.5%
After BID-SPO (6 rounds) 4.3% 6.1%

Table 2: Interface Mismatch Persistence. Fraction
of agent pairs with estimated compatibility below 0.5.
MASPO and MAPRO leave a substantial residual mis-
match despite improving task accuracy; BID-SPO’s ex-
plicit contracts collapse it to single digits.

alignment, and upstream cost is required to drive targeted
updates.

To measure residual interface mismatch inde-
pendently of task accuracy, we use an automatic
evaluator to estimate each upstream: downstream
output pair on a normalized compatibility scale in
[0, 1] and report the fraction below 0.5. MASPO
and MAPRO still leave the mismatch rate above
19% after six rounds, showing that accuracy-
only optimization leaves residual interface friction
unattributed (Appendix Q.7).

( Hypothesis 3 (Necessity of Honesty Enforcement) ]

When the optimizer is rewarded for high-scoring Output
Bids, it has an incentive to over-state bid claims relative
to actual agent behavior. A conformance constraint is
required to keep contracts and behavior aligned across
optimization rounds.

Starting from a converged MAS prompt, we con-
struct five degradation levels and test how mono-
tonically each evaluation signal tracks the induced
accuracy drop. Kendall 7 summarizes monotonic-
ity. BID-SPO’s ¢; (1 = —0.80) is the only near-
monotone signal, while MASPO and MAPRO both
exhibit non-monotone kinks. This shows both de-
composable attribution and a separate conformance
constraint; the two target distinct failure modes.

Motivated by these pilots, we develop three com-
ponents of BID-SPO in Section 4; the details of
hypothesis-to-component is in Appendix Q.7.
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3 Related Work

The closest prior work is MASPO (Wang et al.,
2026), which jointly optimizes system prompts
across a structured MAS using a composite lo-
cal/global score and topology-aware beam search.
The concurrent MAPRO (Zhang et al., 2026) re-
casts the same problem as MAP inference over can-
didate prompts. Other recent work optimizes graph
topology, routing, or initialization while keep-
ing the per-agent evaluation signal scalar (Zhou
et al., 2026a; Yue et al., 2025; Tian et al., 2025;
Wang et al., 2025; Hong et al., 2026). Single-
agent compilers such as DSPy (Khattab et al.,
2024), TextGrad (Yuksekgonul et al., 2025), and
OPRO (Yang et al., 2024) treat modules as essen-
tially independent and provide no mechanism for
interface friction. Communication-compression
frameworks such as Cut-the-Crap (Zhang et al.,
2025) and Latent Collaboration (Zou et al., 2026)
implicitly learn or compress message passing but
expose no contract that an optimizer can inspect
or modify. Across all these lines, the inter-agent
contract remains implicit, attribution collapses to
a scalar, and there is no mechanism to distinguish
interface mismatch from reasoning failure, preclud-
ing targeted, component-aware prompt repair.

4 Bidding-based Shapley Prompt
Optimization (BID-SPO)

4.1 Problem Formulation

We model a multi-agent system as a directed
acyclic graph G = (V, E) with N agents. Each
node ¢ € V is an LLM agent with a system prompt
template ¢;, and an edge (7,j) € E means agent
1’s output is appended to agent j’s context at in-
ference time. Given a query g, the MAS executes
by traversing G in topological order and the final
agent emits the system answer ofnq1, scored against
a ground truth y* via R(0fina, v*) € {0, 1}.
BID-SPO augments each agent with two short
textual contracts: an Output Bid b; and an Input
Demand d;. The joint optimization objective is

(e, Eq[R(®(G, {ti, bi, di}, q),y")],
ey
where @ is the full MAS execution function and
the free variables are the discrete text strings
{(ti,bi,d;)}Y.,. No model weights are trained;
optimization operates entirely in prompt space. Op-
erational details of the Phase 1 optimization and

Phase 2 evaluation pipeline, including the Phase-2
worker and evaluation/update-backend terminol-
ogy, are deferred to Appendix J.3.

4.2 Information Contracts

In conventional multi-agent prompting, the infor-
mation exchanged between agents is governed by
an implicit contract, which obscures whether an
error arises from poor reasoning or from an output
that a downstream agent cannot parse or use. BID-
SPO makes this contract explicit by attaching two
compact, optimizable interface descriptors to each
agent’s system prompt: an Output Bid b; and an
Input Demand d;.

The Output Bid b; specifies what the agent will
deliver, including the expected form and content
of its response, while the Input Demand d; spec-
ifies what the agent requires from upstream mes-
sages, including salient fields and tolerable noise.
Jointly, b; and d; turn latent compatibility con-
straints into optimizable interface descriptors, al-
lowing format mismatches to be distinguished from
genuine reasoning failures. Concrete contract tem-
plates and the initialization procedure are given in
Appendix B; the inference-time formatting used
to append them to the system prompt is given in
Appendix L.7.

4.3 Decomposable Cooperative Attribution

Contracts alone do not determine how to improve
them: a scalar attribution signal cannot distinguish
whether a low-scoring agent suffers from weak
reasoning, a format its successor cannot parse, or
an overly strict dependency on upstream context.
BID-SPO addresses this by introducing a contract-
aware, agent-indexed characteristic function. The
resulting Shapley attribution separates three dis-
tinct sources of agent performance: task contri-
bution, downstream interface alignment, and up-
stream adaptation cost. For agent ¢ and a coalition
S C V, BID-SPO defines the agent-indexed fea-
ture function

vi(S) = Rg10b(S)+)\1'Idown(i, S)—)\Q-Cup(i, S),

2
whose three components carry distinct meanings:
Rgiob(S) is the system’s global task accuracy when
agents in S use their current prompts and the rest
are replaced by a fixed degraded fallback (the
null-player surrogate); Iqown(?,.5) measures how
well agent 7’s Output Bid satisfies its downstream
neighbours’ Input Demands; and Cy(i,.5) mea-
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Figure 3: BID-SPO architecture. (a) Each agent carries a triple (¢;, b;, d;); Output Bids and Input Demands are
exchanged across edges and converted into the corresponding Igown and Cy, estimates. (b) Monte Carlo Shapley

sampling yields b together with its three additive components. (c) A bid-conformance feasibility constraint filters
infeasible bid updates whose declared contracts are not realized by actual outputs; such bids are rolled back and
flagged for diagnosis. (d) The decomposed attribution drives joint updates of (¢;, b;, d;) in reverse topological order.

sures the adaptation cost imposed on agent ¢ by
its upstream predecessors. Igown 1S derived from
structured downstream compatibility-violation es-
timates, while Cy, is derived from structured up-
stream adaptation-burden estimates; both are then
aggregated into normalized scalar terms.

When )\ Ao = 0, Equation 2 reduces to
pure accuracy-based Shapley attribution: BID-SPO
strictly generalises this classical view by giving the
optimizer two additional, interface-aware channels.

Shapley value and its decomposition. The Shap-
ley value of agent ¢ under v; (Shapley, 1953),

o 3 IS

SCV\{i}

— 15 =
N!

3)
is approximated by Monte Carlo sampling over
sampled permutations of V. The decomposition
itself follows from Shapley linearity; the key mod-
eling contribution lies in the contract-aware char-
acteristic function in Equation 2, which augments
accuracy-only attribution with explicit interface ex-
ternalities. The linearity of v; in its three compo-
nents carries through the estimator, so the resulting
attribution decomposes additively:

¢i = AR; + AL+ AC, @)
where each marginal is the average contribution of
the corresponding component across permutations.

Under this contract-aware characteristic function,
the resulting decomposition turns attribution from
a verdict into a diagnosis: AR; flags weak reason-
ing, AI; flags interface mismatch, and AC; flags
upstream-dependency burden. Formal definitions
of the three components, the Monte Carlo estimator,
the structured aggregation rules, and the theoretical
justification are deferred to Appendix C and D.

4.4 Contract-Guided Optimization

The decomposed Shapley signal drives targeted,
joint updates of each agent’s triple (¢;, b;, d;), re-
placing the scalar-only prompt updates of prior

1)! [Uz( SULY)—vi(S )] 7work. Full details are in Appendix E-H.

Optimization pipeline. Each round executes
three operations in sequence. For each agent, Step 1
maps the Shapley decomposition (AR;, AI;, AC})
to a structured natural-language diagnosis Diag;
and independently evaluates bid feasibility via
BCS;. Step 2 then jointly updates (¢;,b;,d;) in
reverse topological order, guided by Diag; and the
downstream Input Demands {d; } je nz, (i)

Concretely, Diag, = F(AR;, Al;, AC;) and
BCS; = 4 S04, Conf (o, 7).

(t(rJrl) b(rJrl) d(rJrl))

5
L{(tz(»r)7 bz(r), dz(’"), Diag,, {dj}je/\/om(i)> v
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Here ogk) is the k-th recent output of agent 7, bZ(T)

the Output Bid at round 7, and Ny (%) the set of
agent ¢’s direct downstream successors. J maps
the decomposed Shapley marginals to a natural-
language failure-mode tag (inferface-mismatch,
upstream-dependency, core-reasoning, or mixed).
BCS; acts as a feasibility constraint on declared
bids: it measures whether recent outputs reliably re-
alize the declared contract. When BCS; < Tpiq, the
bid update is treated as infeasible, rolled back, and
a conformance-failure flag is appended to Diag;,
preventing aspirational contracts from inflating
Lgown- U is the joint LLM update operator: it re-
fines (¢;, b;, d;) jointly in reverse topological order,
so each upstream update already conditions on the
updated downstream Input Demands.

5 Experiments

We design experiments to answer three questions:

( 1

(Q1) Does BID-SPO outperform MASPO and other
strong baselines under same settings?

(Q2) Does the improvement carry over when the en-
tire pipeline is moved to a different model provider,
i.e., are contracts and decomposable attribution not
artefacts of a single model family?

(Q3) Are the optimized contracts portable across het-
erogeneous Phase-2 worker LLMs?

\ J

5.1 Experimental Setup

Models and Benchmarks. We evaluate two com-
plementary model configurations. The first uses
Qwen3-8B as worker and Gemini-2.5-pro as the
evaluation-and-update backend. The second re-
places both ends with the DeepSeek-v4 series:
DeepSeek-v4-flash as worker and DeepSeek-v4-
pro as the evaluation-and-update backend. We
test on seven benchmarks: MATH-500 (Light-
man et al., 2024), AGIEval-MATH (Zhong et al.,
2024), AQuA (Ling et al., 2017), AIME 2025 (Sun
et al., 2025), GPQA-Diamond (Rein et al., 2024),
MBPP (Austin et al.,, 2021), and HumanEval-
ET (Chen et al., 2021) (See details in Appendix N).

Baselines. We compare against three families:
(i) single-model prompting: Vanilla, CoT (Wei
et al., 2022), Self-Consistency (Wang et al., 2023),
Self-Refine (Madaan et al., 2023); (ii) multi-
agent designs without prompt optimization: Agent-
Dropout (Wang et al., 2025), Sequential MAS, Hi-
erarchical MAS; and (iii) MAS prompt optimiza-
tion: TPE, SPO, and MASPO (Wang et al., 2026).
Baselines are detailed in Appendix K.

Implementation Details. BID-SPO uses default
settings: a fixed pool of £ = 50 training queries
per dataset, mini-batches sampled per round, and
Monte Carlo Shapley sampling with a budget that
drives the per-agent standard error below 0.05.
Test-time inference uses the reflect graph topol-
ogy with N, = 2 rounds. All hyperparameters
were fixed on a held-out validation slice of MATH-
500 and never tuned on test sets. The complete
hyperparameter table is in Appendix I, and the ver-
batim prompt templates (initialization, compatibil-
ity assessment, conformance assessment, diagnosis
generation, and joint update) are in Appendix L.

5.2 Main Results

Direct comparison with MASPO. Table 3 re-
ports accuracy under the Qwen3-8B + Gemini-2.5-
pro configuration. The table places BID-SPO (de-
fault) and four ablation rows alongside the com-
parison baselines, including the strongest MASPO-
based variant (Hierarchical MAS + MASPO). BID-
SPO improves over this baseline on every
dataset, with +6.20% on MATH-500, +2.74% on
AGIEval, and +3.05% accuracy on HumanEval-
ET, lifting the 6-dataset average from 71.01 to
73.94. On AIME 2025 (absent from the original
MASPO paper), BID-SPO reaches 23.33% versus
20.00% for the strongest baseline.

Module ablations. The four ablation rows be-
low BID-SPO (default) correspond to the three
component interventions and their combination:
—INFOCON removes the information contracts:
b;, d; are emptied and the interface terms of v; van-
ish; —DECSHAP removes the contract-aware inter-
face terms from the characteristic function, reduc-
ing it to pure accuracy-based Shapley attribution;
—ADVBC removes the bid-conformance feasibil-
ity constraint: declared bids are free to drift from
actual outputs; —(InFoCon-+DecShap-+AdvBC)
removes all three components.” The precise code-
level details are in Appendix K.7.

Reverting to the accuracy-only characteristic
function hurts most on hard math (MATH —3.40%,
AIME —6.66%), where interface-aware attribution
matters most; removing contracts is most damaging
on AIME (—3.33%) and still noticeably hurts strict-
output code generation (HumanEval-ET —2.44%);

>The —(INFOCON+DECSHAP+ADVBC) row removes
all three BID-SPO modules, corresponding to a standard MAS
running on the initial static prompts from round r» = 0 with
no prompt optimization applied.
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Method MATH-500 AGIEval AQuA AIME 2025 GPQA MBPP HE-ET  Avgg

Vanilla 74.80 55.86 79.53 10.00 45.96 63.47 71.95 65.26

CoT (Wei et al., 2022) 75.40 54.69 81.89 13.33 46.97 64.17 72.56 65.95

SC (CoT) (Wang et al., 2023) 75.60 56.64 82.28 13.33 47.47 64.40 72.56 66.49

Self-Refine (Madaan et al., 2023) 76.20 56.64 82.28 13.33 47.98 64.17 70.73 66.33

AgentDropout (Wang et al., 2025) 76.80 59.77 86.22 16.67 47.98 58.08 65.85 65.78

Sequential MAS 75.20 59.38 83.46 10.00 47.98 57.38 68.90 65.38

+ TPE 72.40 58.59 85.04 10.00 47.98 58.08 65.24 64.56

+ SPO 75.80 60.16 86.61 13.33 49.49 64.40 71.95 68.07

+ MASPO (Wang et al., 2026) 77.20 62.11 87.01 16.67 54.04 65.34 76.83 70.42

Hierarchical MAS 77.60 59.38 81.10 13.33 49.49 61.36 70.12 66.51

+ TPE 77.60 60.55 85.43 13.33 50.51 63.47 73.78 68.56

+ SPO 77.80 63.28 86.61 16.67 51.01 61.83 73.17 68.95

+ MASPO (Wang et al., 2026) 78.40 64.45 87.01 20.00 54.04 65.34 76.83 71.01

BID-SPO (default, ours) 84.60 67.19 88.19 23.33 56.57 67.21 79.88 73.94

— INFOCON 82.80 66.02 86.22 20.00 54.55 65.81 77.44 72.14
1.80% ) 117% | 197% ] 333% ] 2.02% ] 140% | 244% | 1.80% |

— DECSHAP 81.20 66.41 87.40 16.67 55.05 64.40 78.05 72.09
340% | 078% ) 0.79% | 6.66% | 152% | 2.81% | 1.83% | 1.85% |

— ADVBC 84.00 66.80 88.58 23.33 57.07 66.28 78.66 73.56
0.60% | 039% | 0.39% 1 0.00% 0.51% 1 093% | 122% | 0.38% |

— (INFOCON+DECSHAP+ADVBC) 78.20 62.89 83.86 10.00 51.52 61.83 72.56 68.48
[MAS w/o optimization.] 6.40% | 430% | 433% | 1333% ] 505% | 538% | 7.32% | 5.46% |

Table 3: Main results under the Qwen3-8B + Gemini-2.5-pro configuration. Avgg is the mean over MATH-500 /
AGIEval / AQuA / GPQA / MBPP / HE-ET; AIME 2025 is an independent column excluded from Avgg. Each
ablation cell shows absolute accuracy (top) and signed change vs. BID-SPO (default) (bottom).

Method (worker = DeepSeek-v4-flash) MATH-500 AGIEval AQuA AIME 2025 GPQA MBPP HE-ET  Avgs
Vanilla 55.60 38.67 76.38 13.33 32.32 60.42  80.49 57.31
CoT (Wei et al., 2022) 56.20 39.45 78.35 16.67 33.33 60.66  81.10 58.18
SC (CoT) (Wang et al., 2023) 56.80 41.02 79.13 16.67 34.34 60.89  81.71 58.98
Self-Refine (Madaan et al., 2023) 57.40 40.62 79.92 16.67 34.85 61.36  80.49 59.11
AgentDropout (Wang et al., 2025) 57.80 42.97 81.50 20.00 36.36 56.21  73.78 58.10
MASPO (Wang et al., 2026) 58.20 43.36 82.28 20.00 36.87 63.70 84.76 61.53
BID-SPO (default, ours) 71.60 51.17 83.07 26.67 39.39 64.87 85.37 65.91
— INFOCON 69.20 49.61 81.50 26.67 37.88 63.00 82.32 63.92
240% | 1.56% | 1.57% | 0.00% 1.51% | 1.87% ] 3.05% | 1.99% |
DECSHAP 68.20 50.00 82.28 20.00 39.90 62.30 84.15 64.47
N 340% | 117% | 0.79% | 6.67% ] 051% 1 257% | 1.22% | 1.44% |
ADVBC 71.40 50.78 82.68 23.33 39.39 65.11 84.76 65.69
N 020% | 039% | 039% | 3.34% | 0.00% 024% 1T 0.61% | 022% |
— (INFOCON+DECSHAP+ADVBC) 60.20 46.48 78.74 13.33 33.84 57.61 76.83 58.95
[MAS w/o optimization.] 11.40% | 4.69% | 433% | 1334% | 555% ] 7.26% | 854% ) 6.96% |

Table 4: Cross-provider generalisability on the DeepSeek-v4 configuration (DeepSeek-v4-flash worker +
DeepSeek-v4-pro evaluation-and-update backend). All the baselines are reported under DeepSeek-v4 flash setting.

removing the conformance constraint has the small-
est effect but produces two cells where ablated vari-
ant slightly exceeds the default (AQuA +0.39%,
GPQA +0.51%), which is consistent with ordinary
run-to-run variation rather than a systematic gain.

Cross-provider generalization (DeepSeek-v4).
Table 4 verifies that BID-SPO is not specific
to a single model stack: switching the entire
pipeline to DeepSeek-v4 preserves a clear advan-
tage over MASPO and a similar ablation pro-
file. BID-SPO (default) reaches an average of
65.91% versus 61.53% for MASPO on DeepSeek-
v4 (4+4.38%), larger than the +2.93% gap in the
first configuration. The module pattern also re-

mains directionally stable: removing ADVBC is
still the mildest average drop (—0.22% on Avgg),
whereas removing all three components causes the
largest degradation (—6.96%).

Cross-model transferability of optimized con-
tracts. We further ask whether the optimized agent
triples (t;, b;, d;), transfer to worker models that
did not participate in optimization. We construct
two prompt sets, Pyer, (optimized with Gemini-2.5-
pro) and Py (optimized with DeepSeek-v4-pro),
and deploy each on three Phase-2 workers, includ-
ing a held-out GLM 5.1 worker family.

The transferability table reveals three trends.
First, contracts transfer broadly: every (worker x
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Phase-2 Worker  Prompts MATH-500 AGIEval AQuA AIME 2025 GPQA MBPP HE-ET Avgg
GLM 5.1 Prermini 81.60 66.80  85.83 20.00 54.55 6534 8293 72.84
: Picepseckvipo 80.60 64.84  87.40 23.33 5202 6674 8476 7273
DeenSeekovdoprol e 86.20 71.09  88.58 30.00 57.07 7096  89.02 77.15
COPSCERNVEDPIO  Pepseckvapro 87.40 71.88  88.19 33.33 56.06 7330 90.85 77.95
Gemini2 Soopo!  Feemin 89.20 73.83  91.34 36.67 60.10 7541 8720 79.51
CMMI=Z0PIOT - P pseckvapro 88.20 7227 9055 33.33 58.59 7611  89.02 79.12

Table 5: Cross-model transferability of optimized contracts. Each row deploys a frozen Phase-1 triple
{(ti,b;,d;)} on a Phase-2 worker that did not participate in optimization. Pyemini denotes the prompt set produced
under the Gemini-2.5-pro Phase-1 backend; Pyeepseek-vapro denotes the prompt set produced under the DeepSeek-v4-
pro Phase-1 backend. The two ‘pro’s (T) repurpose only Phase-1 optimizers into Phase-2 workers (Tables 3—4).

Fixed Structured Schema Contract + MultiObj, no Shapley
- 68

85 84.6 Hier. MAS + MASPO =®= MATH-500 == GPQA
85+ et 663
[ Structured-Prompt MAS == HE-ET P

[0 BID-SPO 84 4653
799

804 5

o0

Accuracy (%)
MATH / HE-ET (%)

GPQA / MBPP (%)

;m(

MATH GPQA MBPP HE-ET

Hier. MAS
MASPO

Contract + BID-SPO

MultiObj

Figure 4: Ablated results on four representative
tasks: fixed structured schemas (left) and scalar multi-
objective updating w/o. Shapley decomposition (right).

prompt) cell exceeds the corresponding MASPO
average. Second, a moderate same-source advan-
tage is visible (Pgeyn wins on Gemini, Py, on
v4-pro), but the cross-application gap is always
< 0.8% on average. Third, P4, consistently wins
on the code benchmarks regardless of worker, sug-
gesting that DeepSeek-v4-pro produces structurally
tighter Output Bids for code than Gemini does.

Token efficiency. Token-efficiency details of BID-
SPO are reported in Appendix R.

5.3 Further Ablation Analysis

To test whether BID-SPO’s gains can be explained
by simpler mechanisms, we compare against three
ablations on four representative tasks spanning
math, science QA, and code generation: MATH-
500, GPQA, MBPP, and HumanEval-ET. We keep
the same reflect-graph topology and six-round op-
timization budget as in the Qwen3-8B + Gemini-
2.5-pro configuration. Implementation details are
summarized in Appendix K.4.

Fixed structured schema. Figure 4 (left) shows
that hand-written schemas help over the strongest
MASPO anchor, but the gap to BID-SPO remains

Method MATH GPQA MBPP HE-ET
Hierarchical MAS + MASPO 78.40 54.04 65.34 76.83
Structured-Prompt MAS 79.60 54.55 65.81 78.05
Contract + MultiObj, no Shapley ~ 82.20 55.05 66.51 78.66
BID-SPO + Rule-based ADVBC ~ 84.40 56.06 66.98 79.27
BID-SPO (default) 84.60 56.57 67.21 79.88

Table 6: Fixed-schema, non-Shapley, and Rule-based-
ADVBC controls under the Qwen3-8B + Gemini-2.5-
pro configuration. We report four representative tasks.

clear on all four tasks, especially MATH-500 and
HumanEval-ET. This indicates that BID-SPO is
not merely benefiting from more structured output
templates; the learned Output Bid/Input Demand
pair carries additional coordination value.

Contract + multi-objective, no Shapley. Figure 4
(right) shows that retaining contracts while replac-
ing decomposable credit assignment with a scalar
multi-objective update recovers part of the gain,
yet still trails BID-SPO consistently. The largest
residual gap appears on MATH-500, suggesting
that contract-aware prompts alone are insufficient.

Rule-based ADVBC. Table 6 shows that a deter-
ministic rule-based conformance checker remains
competitive, but stays slightly below the default
ADVBC configuration. This indicates that BID-
SPO can benefit from the extra flexibility of the
full automated conformance assessment when con-
tract fidelity is semantically correct but not fully
capturable by shallow rules.

Hyperparameter sensitivity. Module-internal
hyperparameters still matter, especially the bid-
length cap Lpig, the characteristic-function weights
(A1, A2), and the conformance threshold 7ig. Ap-
pendix P4 reports the full sensitivity results.
Across all three results, BID-SPO exhibits broad
plateaus around the default operation and degrades
smoothly toward the corresponding ablations.

The improvements validate that explicit interface
contracts matter most where handoffs are implicit.
Transferred contracts exhibit model-agnostic pref-
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erences with limited same-source advantage. The
conformance constraint prevents silent contract de-
cay, i.e., conformance score: 0.72 — 0.46 without
it (see Appendix P for detailed ablations).

6 Conclusion

We introduced BID-SPO, a prompt optimization
framework for multi-agent LLM systems that treats
inter-agent interfaces as explicit, optimizable con-
tracts. By equipping agents with Output Bids
and Input Demands, and decomposing attribution
into interface-aware components, BID-SPO turns
prompt optimization into coordinated interface
alignment across the pipeline. Extensive experi-
ments demonstrate that BID-SPO achieves supe-
rior reasoning capability while transferring effec-
tively across heterogeneous worker LLMs. Our
results suggest that failures in multi-agent systems
often arise from poorly aligned information hand-
offs rather than weak individual reasoning. More
broadly, this work highlights communication struc-
ture as an explicit optimization target in reliable
multi-agent LLM prompt optimization.

Limitations

Dependence on automated evaluation signals.
The Igown, Cup, and bid-conformance scores are
all derived from an auxiliary evaluation backend
(Gemini-2.5-pro or DeepSeek-v4-pro in our experi-
ments). In specialist domains where this auxiliary
assessment may be unreliable (e.g. proof verifi-
cation, code with rare libraries, multilingual con-
tent), these scores can themselves introduce attri-
bution noise. Although BID-SPO narrows evalua-
tor freedom by using structured contract-violation,
adaptation-burden, and conformance extraction
rather than unconstrained scalar judgments, the
resulting estimates may still be noisy. We averaged
multiple independent assessment runs in pilot tests
and observed standard deviations < 0.05 on our
seven benchmarks, but a more diverse benchmark
suite is needed to claim domain-general reliability.

Graph topology coverage. Our main experi-
ments use the reflect topology with N, = 2
rounds (two predictor-reflector cycles, totalling
four agents). We validated the design on the
summarize and hierarchical topologies in ablation
experiments but did not exhaustively benchmark
cyclic or extremely branching graphs. The Shapley
decomposition assumes a directed acyclic structure;

cyclic graphs would require unrolling and may ex-
hibit instabilities that we do not analyze here.

Bid honesty enforcement is statistical, not ad-
versarial. The bid-conformance constraint uses
automated conformance estimates, not a formal ver-
ifier. A sufficiently capable update backend could
in principle craft bid descriptions that satisfy the
surface criteria of the assessment signal while re-
maining semantically misleading. In the future,
we will aim to replace the current conformance-
assessment mechanism with a property-based test
harness for code domains, or with structured-output
validators for math.

Ethical Considerations

We provide the following ethical statements: (1)
BID-SPO is primarily evaluated through calls to
third-party LLM APIs and publicly accessible
model services. These API calls consume com-
putational resources at the provider side and may
contribute to energy use and carbon emissions; we
therefore report token usage and use caching to
reduce redundant calls. (2) BID-SPO optimizes
prompts rather than model weights. We do not fine-
tune, release, or redistribute new model parameters,
though optimized prompts should still be audited
before deployment in safety-critical applications.
(3) The datasets used for optimization and evalua-
tion are publicly available benchmark datasets, so
our experiments do not require private, sensitive,
or personally identifiable user data. (4) Because
the method relies on external APIs, users should
follow the relevant providers’ terms of service and
avoid submitting confidential inputs.
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A Extended Related Work

This appendix expands the compressed Related
Work (§3) with a broader comparison across single-
agent prompt optimization, MAS optimization
methods, Shapley attribution in machine learning,
and multi-agent coordination frameworks, empha-
sizing the distinctions introduced by BID-SPO’s
explicit-contract and decomposable-attribution de-
sign.

A.1 Multi-Agent Prompt Optimization

The closest prior work is MASPO (Wang et al.,
2026), which jointly optimizes system prompts
across a topologically structured MAS. For each
non-terminal agent, MASPO computes a composite
0.3 - rgiobal + 0.7 - Tioca from terminal task accu-
racy and the agent’s local output quality, and ad-
vances candidates via topology-aware beam search
with Misalignment Sampling. The concurrent
MAPRO (Zhang et al., 2026) recasts the same prob-
lem as MAP inference over a posterior on candidate
prompts, again with posterior likelihood collapsing
to terminal task accuracy and local output quality.
Both signals are scalar; neither decomposes why
an agent under-performs.

Other recent work in this line targets orthogonal
aspects: Wang et al. (2025) dynamically eliminate
agents to reduce token cost; Hong et al. (2026) com-
bine bandits with GNNs for prompt selection; Zhou
et al. (2026a) co-optimize prompts and graph topol-
ogy; Han et al. (2025) apply gradient-descent-style
updates; Yue et al. (2025) learn to route queries
across agents; Tian et al. (2025) focus on diversity-
aware initialization; Chen et al. (2025) balance ef-
fectiveness and efficiency; and Zhou et al. (2026b)
target resilience. In all of them, the per-agent eval-
uation signal remains scalar and the inter-agent
contract remains implicit.

Single-agent prompt optimizers include
DSPy (Khattab et al., 2024), TextGrad (Yuksek-

gonul et al., 2025), OPRO (Yang et al., 2024),
PromptBreeder (Fernando et al., 2024), Promp-
tAgent (Wang et al., 2024), EvoPrompt (Guo
et al., 2024), and ProTeGi (Pryzant et al., 2023).
These approaches treat modules as essentially in-
dependent and provide no mechanism for interface
friction; applying them to a MAS therefore inherits
the scalar-attribution limitation.

A.2 Shapley Attribution in ML

Shapley (1953) provides the axiomatic foundation
for cooperative-game attribution, and Young (1985)
establishes uniqueness via monotonicity. In ML,
Shapley values have been applied to data valua-
tion (Ghorbani and Zou, 2019) and feature attri-
bution (Lundberg and Lee, 2017), with the char-
acteristic function v(.S) defined uniformly over all
players.

BID-SPO departs from this uniformity by mak-
ing the characteristic function agent-indexed (v;
rather than v) and by adding two interface-aware
terms that reward downstream alignment and pe-
nalize upstream adaptation cost. As a result, the
Shapley value decomposes additively into three in-
terpretable components (AR;, Al;, AC;) rather
than collapsing to a scalar, turning attribution from
a verdict into a targeted diagnosis for prompt repair.

A.3 Multi-Agent LLM Coordination

Large-scale agent frameworks such as
MetaGPT (Hong et al., 2024), AutoGen (Wu
et al., 2024), GPTSwarm (Zhuge et al., 2024),
AutoAgents (Chen et al., 2024), ChatDev (Qian
et al., 2024), and Multi-Agent Debate (Du
et al., 2024) demonstrate the practical need
for structured information handoffs but rely on
manually designed interaction protocols. Recent
communication-optimization work, including
Cut-the-Crap (Zhang et al., 2025) and Latent
Collaboration (Zou et al., 2026), compresses or
implicitly learns message passing.

These approaches target throughput and latency;
they do not model what an agent promises to pro-
duce or requires to receive, and therefore cannot
attribute pipeline failures to specific interface mis-
matches. BID-SPO fills this gap by making each
contract an explicit, optimizable text interface with
formal attribution support.
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B Information Contracts: Templates and
Initialization

This appendix details the contract format and ini-
tialization procedure abstracted in §4.2.

B.1 Output Bid Format

An Output Bid is a short structured commitment
(50-100 tokens in the released templates) specify-
ing: (a) output format (e.g. “step-by-step numbered
list ending with ANSWER: <value>”), (b) informa-
tion density level on a 1-5 scale, (c) required se-
mantic fields that are always present in the output,
and (d) fallback behavior under ambiguous or in-
complete input (e.g. “state assumption explicitly
as ASSUMING: ... before proceeding”). At infer-
ence time the Output Bid is appended under the
header [Output Interface Contract] via the
formatting template in Appendix L.7.

B.2 Input Demand Format

An Input Demand specifies: (a) priority fields
the agent expects from each upstream predeces-
sor, (b) noise tolerance (how much extraneous text
can be handled), and (c) a degradation strategy
when upstream output is insufficient (e.g. “self-
complete with #ASSUMED annotation”). The In-
put Demand is appended under the header [Input
Expectations].

B.3 Worked Example

A math Reasoner agent might hold the following
Output Bid:

[Output Interface Contract] Format: step-by-step
numbered list ending with ANSWER: <value>. Density:
4/5 (include all intermediate calculations). Required fields:
reasoning_trace, final_answer. If input is ambiguous:
state assumption as ASSUMING: ... before proceeding.

The downstream Reflector agent’s Input Demand
would then prioritize the final_answer field and
declare medium noise tolerance, so it can still cor-
rect the answer even if some intermediate steps are
malformed.

B.4 Warm Initialization at Round r = 0

Atround r = 0, a single LLM call per agent reads
the agent’s role description and a small number
of sample outputs from an initial inference pass,
then generates a role-aware (bgo), dz(o)) pair using
the template in Appendix L.1. We use Kjpiy = 5
sample outputs as the default (Appendix 1.5); em-
pirically this warm initialization converges faster

than empty initialization.

C Feature Function Details

This appendix gives the formal definitions ab-
stracted in §4.3.

C.1 Component Definitions

Rgiob(S): global task accuracy. Agents in S
use their current real prompts {(¢;, b;, d;)}; agents
in V' \ S use a fixed degraded prompt that forces
minimal, role-agnostic output with no domain rea-
soning (the null-player surrogate, Appendix L.8).
Formally,

Ryon(S) = By [R(®(G, PEE*,q). y") |

where Pg#™% assigns real prompts to S and the
degraded template to V' \ S.

Tqown (7, S): downstream interface compatibility.
For each direct downstream neighbour j of agent
1, an auxiliary evaluator identifies three normal-
ized contract-violation severities: missing required
fields e?}iss, format mismatch e%m, and noise over-
load e‘i’;’ise. BID-SPO then computes

fmt
(%]

miss
1)

+wnely™), 0, 1),

Compat(b;, d;) = clip(1 — (wmef}™ + wye

using the prompt in Appendix L.2. Igown(, S) av-
erages these compatibility estimates over down-
stream neighbours of ¢ that lie outside .S; down-
stream agents inside S contribute a default 1.0
since they operate under their own real prompts;
terminal agents (no downstream neighbours) are
fixed at Igown = 1.

Cup (i, S): upstream adaptation cost. For each
upstream predecessor £ € Njy(i) NS, an auxil-
iary evaluator estimates three normalized burden

terms: missing-information burden a};liiss, reformat-
ting burden ag?t, and noise-filtering burden a;"*°.

BID-SPO then computes
I?iurderl(O]€7 dl) = umaI,;iSS + ufa’i‘[?t + unall:;(;ise7

using the prompt in Appendix L.3. Cy; (4, S) takes
the maximum over these upstream predecessors, re-
flecting the worst bottleneck in the pipeline. When
Nin(i) NS =0, Cyp(3,5) = 0.

C.2 Monte Carlo Approximation

Exact Shapley computation requires evaluating
all 2N—1 coalitions, so BID-SPO uses a standard
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Monte Carlo permutation estimator (Shapley, 1953)
with M = 15 samples (default):

1 M
MZ%S U {i}) —vi(Swm)], (6
m=1

where S, is the prefix of agents appearing before
¢ in the m-th sampled permutation 7,,. Sampling
permutations rather than coalitions yields a sam-
pling standard error below 0.05 on ¢; for the four-
agent reflect graph at M = 15 (Appendix IL.1).
Cached partial reruns of the MAS along 7,,, avoid
redundant inference.

C.3 Decomposition

DECSHAP does not introduce a new Shapley ax-
iom. The decomposition follows from standard
Shapley linearity; the modeling contribution lies in
the contract-aware characteristic function in Equa-
tion 2. Accordingly, the Monte Carlo estimator
decomposes as qu = AR; + AI; + AC;, with

AR; = M > Batob (Sm U {i}) — Rgiob(Sm),
Al = 3% Z Idown(l Sm U {Z}) - Idown(z Sm)a
AC; = Z Cup (i, S U {3}) — Cup(i, Spm).

The marginals feed directly into the diagnosis de-
scribed in Appendix E.

D Theoretical Justification of BID-SPO

This appendix provides a theoretical justification
for the three components of BID-SPO. The goal
is not to introduce a new Shapley axiom, but to
formalize why explicit contracts, contract-aware
attribution, and bid-conformance constraints are
useful for multi-agent prompt optimization.

D.1 INFOCON: Interface Externality and
Contract Representation

Consider two adjacent agents i — j. Letg; € [0, 1]
denote the intrinsic reasoning quality of agent 1,
and let z;; € [0, 1] denote the interface compati-
bility between agent 7’s output and agent j’s input
requirement. We model the effective downstream
contribution as r;; = g;2;;.

Proposition. Any accuracy-only attribution sig-
nal observing only r;; cannot identify ¢; and z;;
separately.

Proof. For any observed value r € [0, 1], there
exist infinitely many pairs (g, z) such that ¢z = r.
For example, (¢,z) = (r,1) and (¢,2) = (1,r)
yield the same observed contribution while corre-
sponding to distinct failure modes: weak reasoning
versus interface mismatch. Therefore, an accuracy-
only signal cannot distinguish the two causes. Out-
put Bids and Input Demands provide explicit tex-
tual proxies for the otherwise latent compatibility
variable z;;, allowing the optimizer to reason about
interface failure separately from core reasoning
quality.

D.2 DECSHAP: Contract-Aware
Characteristic Function

DECSHAP does not introduce a new Shapley ax-
iom. Its role is to define a contract-aware charac-
teristic function that augments classical accuracy-
based coalition value with interface externalities:

UZ(S) = Rglob(S) + )\IIdown(i, S) — /\QCup(i, S)

Proposition. When \; = A\ = 0, the character-
istic function reduces to classical accuracy-based
Shapley attribution. When A1, Ao > 0, the result-
ing attribution decomposes into task contribution,
downstream alignment, and upstream adaptation
cost.

Proof. Setting \y = X2 = 0 gives v;(S) =
Rgion(S), which is exactly the classical accuracy-
based characteristic function. For A\;, Ao > 0,
define f(S) = Rglob(S)a gz(S) = Alldown(ia S)a
and h;(S) = —A2Cyp(7,S). By Shapley linear-
ity, ¢i(f + gi + hi) = &i(f) + ¢i(9i) + ¢i(hi),
which we denote as AR;, Al;, and AC;, respec-
tively. Thus the decomposition itself is standard;
the modeling contribution lies in the contract-aware
characteristic function.

D.3 ADVBC: Feasibility Constraint Against
Bid Inflation

ADVBC can be viewed as a feasibility constraint
on declared contracts, implemented as a constraint-
plus-penalty mechanism. Let BCS;(b;) denote the
expected conformance of agent i’s actual outputs
to its declared Output Bid b;. BID-SPO enforces
the constraint BCS; > 7yiq before accepting a bid
update; violations trigger rollback together with an
auxiliary penalty on the attribution estimate.

Proposition. Without a conformance constraint,
optimizing Output Bids can admit infeasible bid
inflation.
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Proof. Suppose there are two bids, b; and b.
Bid b; is faithful to agent ¢’s actual behavior and
satisfies BCS;(b;) > Thig. Bid b declares addi-
tional fields or stricter formatting that downstream
agents prefer, s0 Igown (b)) > Idown(b;). If the cur-
rent prompt cannot reliably realize these stronger
promises, then BCS;(b}) < Tpig. An unconstrained
optimizer that rewards downstream alignment may
therefore prefer b, even though it is not realizable
by the agent. ADVBC rules out such bid inflation
by restricting optimization to feasible contracts.

E Diagnosis Rules and Failure
Categorization

This appendix lists the rules that map an agent’s
Shapley decomposition into the failure-mode tags
referenced in §4.4. After computing qu and its three
marginals, BID-SPO builds a structured natural-
language report containing:

* Overall (ZBZ value and rank among all [NV agents.

* Three-way decomposition with the AR, AI,
and AC marginals and their magnitudes.

* Worst downstream interface mismatch: j* =
argmin; Compat(b;, d;), together with the au-
tomatically generated explanation.

* 3-5 failure cases from the mini-batch where low
Tqown or high Cy, contributed to a wrong final
answer.

A primary failure-mode tag is assigned by the
following rule set:

¢ Interface-mismatch (A; < 0.05 and Ijown <
0.5): Output Bid needs to better satisfy down-
stream Input Demand.

* Upstream-dependency (AC; < —0.1 and
Cyp > 0.6): Input Demand is too strict; add
fallback clauses.

* Core-reasoning (AR; < 0 while Igown and Cyp
look healthy): prompt reasoning quality needs
improvement.

* Mixed (none of the above thresholds triggered):
all three components need balanced improve-
ment.

The diagnosis is consumed by the joint update step
(Appendix G). The exact thresholds are tuned on
the validation slice and held fixed across all re-
ported experiments; sensitivity to small perturba-
tions is absorbed by the sweep in Appendix P.4.

F Bid Conformance Constraint Details

This appendix gives the formal definitions ab-
stracted in §4.4 (anti-gaming paragraph).

ADVBC treats bid conformance as a feasibility
constraint on declared contracts. For each agent ,
conformance is estimated from the agent’s K = 5
most recent raw outputs and its declared Output
Bid. For each output sample, the auxiliary evalu-
ator extracts three normalized fidelity indicators:
field fidelity, format fidelity, and detail fidelity.
These are aggregated into

Conf <0§k), bi) = oL+ p2 i+ pa f

yielding the Bid Conformance Score

1 5 (k)
BCS; — K;COnf(oi , bi) c0,1], @

using the prompt in Appendix L.4. The constraint

BCS; > 7pig defines whether the updated bid is

feasible. When BCS; < m,,q = 0.4, three actions

are taken:

1. A penalty is applied to the Shapley estimate,
(%Z- — qgl — (Tbia — BCS;) - v, with penalty scale
v =0.5.

2. The Output Bid is rolled back to its previous-
round version, b\ + bV,

3. A BidConformanceFailure flag is inserted
into the diagnosis report, directing the update
backend to recalibrate the bid to match actual
behavior rather than aspirationally overstate it.

The rollback is the hard feasibility action; the

penalty serves as an auxiliary optimization signal

that discourages repeated violations. The cost of
this constraint is one automatic assessment call per
agent per round, which is negligible relative to the

Monte Carlo Shapley sampling phase.

G Joint Update Templates and Parsing
Rules

This appendix details the joint update procedure
abstracted in §4.4. For each agent ¢ in reverse fopo-
logical order (downstream agents first), the update
backend (e.g. Gemini-2.5-pro or DeepSeek-v4-pro)
reads: the current triple (£ "™ al"Y),
the Shapley Diagnosis Report for agent i, the
Input Demands of agent i’s direct downstream
neighbours, and a representative sample of re-
cent upstream outputs. The update backend re-
turns a structured response containing three blocks
<prompt>, <output_bid>, and <input_demand>,
updated jointly to maintain mutual coherence (e.g.
if the new Output Bid commits to JSON format,
the new prompt template must include an explicit
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JSON production instruction). The full optimizer
prompt is in Appendix L.6.

Parsing and sanitization. The optimizer re-
sponse is parsed with the regular expressions:

\verb |<prompt>(.*?)</prompt>|, \verb|<output_bid
>(.x?)</output_bid>|, and \verb|<
input_demand>(.*?)</input_demand>| \textit{
under the \verb|re.S|} flag.

A sanitization step (_sanitize_prompt) veri-
fies that the updated template preserves all required
placeholders ({question}, and {context} when
the agent has upstream inputs) and escapes any
stray braces. On parse failure the previous triple is
kept (no-op update).

Why reverse topological? By the time an up-
stream agent is updated, the downstream agent’s up-
dated Input Demand is already in place, so the up-
stream refinement can condition on the new down-
stream contract rather than the stale one.

H Full BID-SPO Optimization Algorithm

This appendix gives the complete BID-SPO proce-
dure abstracted in §4.4. The outer loop runs for T’
rounds (default 7" = 6). Each round: (i) a mini-
batch B is sampled; (ii)) M sampled permutations
drive Monte Carlo Shapley estimation using cached
partial re-runs to avoid redundant inference; (iii)
the bid-conformance constraint filters infeasible
bids; (iv) Shapley Diagnosis Reports are generated;
and (v) each agent’s triple is updated in reverse
topological order. After 7' rounds the optimized
triples are frozen and used as-is for test inference;
no further updates occur at test time.

I Hyperparameters

This appendix lists every hyperparameter used in
BID-SPO together with its sweep range and the
section that fixes its value.

I.1 Optimization Hyperparameters

The BID-SPO optimizer (Appendix H) is governed
by six parameters, defaults in Table 7. The outer-
loop count T = 6 is selected so that the Bid Confor-
mance Score (Appendix P) stabilizes and Shapley
values plateau (Appendix O). Monte-Carlo permu-
tations M = 15 yield a sampling standard error
below 0.05 on ¢; for the four-agent reflect graph.

1.2 Inference Hyperparameters

Test-time inference uses the same reflect graph
used during optimization (Appendix J.5) with tem-
perature 0, maximum context length 32k tokens,
and a 4-way concurrent dispatch. All agents share
the same worker model within a run; cross-model
transfer experiments (Table 5) deliberately mis-
match worker and prompts to probe transferability.

1.3 Evaluation/Update Backend Settings

The evaluation/update backend runs with temper-
ature 0.0 for compatibility and conformance as-
sessment calls (Igown, Cup, ADVBC conformance
assessment) and temperature 0.7 for diagnosis gen-
eration and joint updates (diagnosis-conditioned
prompt-contract refinement). Both calls cap at
2048 output tokens. Safety filters are left at
provider defaults.

1.4 Hyperparameter Selection Protocol

All defaults in Table 7 are chosen on a fixed 50-
problem validation slice of MATH-500 (indices
51-100 under our fixed split). No test-set tuning
is performed. The sensitivity sweeps reported in
Appendix P.4 are conducted after the defaults are
frozen and serve as a robustness check rather than
a selection mechanism; Figures 13— 15 visualize
the resulting trends.

L5 Complete Hyperparameter Table
J Experimental Setup Details

This appendix provides the full experimental envi-
ronment, API relay configuration, and reproducibil-
ity protocol that supplements the high-level descrip-
tion in §5.1.

J.1 Hardware and Software Environment

All Phase 1 optimization and Phase 2 evaluation
runs are executed on the machine described in Ta-
ble 8. No model training (in the parameter-update
sense) takes place; all computation reduces to LLM
API calls plus lightweight book-keeping in Python.

J.2 API Configuration

BID-SPO is provider-agnostic and depends only

on the worker/evaluator distinction.

J.3 Phase 1 Optimization and Phase 2
Evaluation Protocol

BID-SPO follows a two-phase optimization-then-
evaluation protocol, similar in spirit to prior
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Table 7: Complete hyperparameter table for BID-SPO. “Sweep” shows the range examined in the sensitivity

analysis; “Fixed on” identifies where each default is set.

Hyperparameter Symbol  Default Sweep Fixed on
Outer-loop rounds T 6 {1,...,10} MATH val. slice
Monte-Carlo permutations M 15 {5,10, 15,20, 30} MATH val. slice
Mini-batch size b 8 {4,8,16} MATH val. slice
Training pool size k 50 — follows MASPO
Tgown Weight A1 0.3 {0,0.1,...,0.5} MATH val. slice
Clyp weight A2 0.2 {0,0.1,...,0.5} MATH val. slice
BCS threshold Thid 04 {0,0.2,...,0.6} MATH val. slice
BCS penalty scale ¥ 0.5 — follows code default
Bid token cap Liia 100 {0, 30, 60, 100, 150,250}  MATH val. slice
Bid init. samples Kinit 5 {3,5,10} MATH val. slice
Worker temperature — 0 — code default
Optimizer temperature — 0.7 — code default
Evaluator temperature — 0.0 — code default
Max concurrency — 4 — API rate limit

Table 8: Software and hardware environment.

Component Value

Operating system  Windows 10 Pro (build 19045)
Python 3.8.10

Async runtime asyncio (Proactor event loop)
HTTP client openai-python 1.x, httpx 0.27
Numerics numpy 1.24, json (stdlib)

Local GPU None required (all inference via API)
Concurrency 4 parallel agent calls per dataset
Code judge local Python sandbox, timeout 5 s

Table 9: Model configuration. “Worker” refers to the
agent inference LLM (Myorker); “‘Evaluation/Update
Backend” is the auxiliary backend that performs compat-
ibility assessment, conformance assessment, and joint
updates.

Config Worker Evaluation/Update
Backend

Qwen+Gemini Qwen3-8B Gemini-2.5-pro
DeepSeek- DeepSeek-v4- DeepSeek-v4-pro
v4 flash
Retry policy 3 retries, exp. back- same

off (1s, 2s, 4s)
Timeout per 60s (worker), 90s same
call (backend)
Rate limit <4 concurrent re- <4 concurrent
(observed) quests

MAS prompt optimization pipelines such as
MASPO (Wang et al., 2026). In Phase 1, prompts
and contracts are optimized on an optimization
pool by repeatedly simulating full MAS execution,
scoring the resulting trajectories, and feeding the
evaluation signal back to the update backend. The
optimized triples {(¢;, b;, d;)} are updated only in
this phase.

In Phase 2, the optimized triples are frozen and
deployed without further modification to the held-
out test configuration, where the worker LLM exe-

cutes the benchmark query by query. For simplicity,
we refer to the inference LLM used in this deploy-
ment stage as the Phase-2 worker. Throughout
the paper, “evaluation/update backend” denotes the
auxiliary LLM used during Phase 1 for compatibil-
ity assessment, conformance assessment, and joint
prompt-contract updates.

J.4 Training Pool and Evaluation Protocol

For every dataset D € {MATH, AGIEval, AQuA,
GPQA, MBPP, HumanEval-ET}, we draw a fixed
pool of k£ = 50 optimization queries from D’s train-
ing (or development) split and reuse it consistently
across both model configurations. AIME 2025 is
the only exception: with N = 30 problems it is too
small for a 50-problem pool, so we reuse the full
set under a 6-problem held-out fold rotated per op-
timization round (Appendix N.3). The remaining
problems on each dataset form the held-out test set
whose accuracy is reported in Tables 3—5. Hyper-
parameters are tuned exclusively on a 50-problem
validation slice carved out of MATH-500’s opti-
mization pool; no test-set tuning is performed for
any dataset.
Test-time metrics are:

* MATH-500, AIME-2025: exact-match on
normalized answer (LaTeX-stripped, sympy-
equivalent).

* AGIEval-MATH, AQuA, GPQA: choice-

letter exact-match (after regex extraction).

* MBPP, HumanEval-ET: pass@1 on the pub-
lished test suite via the local code judge (Ap-
pendix J.1).

For the Qwen+Gemini configuration we addi-
tionally apply a one-pass auxiliary semantic-
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equivalence fallback (Gemini-2.5-pro) when string-
match fails on free-form math datasets (MATH,
AGIEval); this rescues format-mismatch correct an-
swers and is logged separately from the raw string-
match score.

J.5 Inference Graph Topology

All main-table results use the reflect graph with
N, = 2 reflection rounds, i.e. a four-node chain
PRED; — REFL; — PREDy — REFLj,. Inputs
flow as raw question to PRED1; subsequent agents
receive the short-form output of their immediate
predecessor. The terminal agent’s extracted final
answer is the system output. We retain MASPO’s
default N, = 2 to keep MAS topology constant
across baselines (the BID-SPO contribution is or-
thogonal to topology choice).

J.6 Reproducibility Statement

* Independent runs. For variance reporting we
repeat the BID-SPO default and ablation con-
figurations across several independent runs
while keeping the dataset splits and evaluation
protocol fixed.

» Dataset splits. Test-set sizes are listed in Ta-
ble 13; original sources cited via custom.bib.

* API determinism. Phase 1 optimiza-
tion uses temperature 0.7 for the up-
date backend (diagnosis-conditioned prompt-
contract refinement) and 0.0 for compatibil-
ity/conformance assessment. Phase 2 test-
time inference uses temperature O throughout.
Residual non-determinism (top-p rounding,
server-side load balancing) is the only source
of run variance. The integer-count tables in
Appendix P report absolute correct-instance
counts to remove percentage rounding ambi-

guity.
K Baseline Implementations

This appendix gives the precise code-level config-
uration of every baseline in Tables 3-5 and every
BID-SPO ablation variant.

K.1 Single-model Prompting Baselines

Vanilla. Single-call inference with the dataset-
default system prompt. No CoT prefix, no self-
consistency, no MAS.

CoT (Wei et al., 2022). Same single-agent setup
as Vanilla but the system prompt is prefixed with
“Let’s think step by step.”

SC (Self-Consistency) (Wang et al., 2023). CoT
prompt sampled 5 times at temperature 0.7; final
answer is the majority vote of the extracted answers
(ties broken by appearance order).

Self-Refine (Madaan et al., 2023). Three refine-
ment rounds: the model critiques its own output
then produces a refined version. Stops when the
critique declares “no further change” or after the
third round.

K.2 Multi-Agent Designs Without Prompt
Optimization

AgentDropout (Wang et al., 2025). Multi-agent

ensemble with stochastic agent drop probability

Pdrop = 0.3 per round; 5 agents in total; majority

voting of final outputs.

Sequential MAS. Fixed PRED—REFL chain
with the original MASPO initial prompts; no opti-
mization performed.

Hierarchical MAS. Three-tier graph (workers
— aggregator — refiner) with role-specific initial
prompts.

K.3 MAS Prompt Optimization Baselines

TPE. Tree-structured Parzen Estimator over a
discrete prompt search space (5 prompt fragments
per agent). Budget: 50 trials, acquisition function
= Expected Improvement.

SPO. Sequential per-agent optimization; for each
agent we run 3 improvement rounds with beam
width 2, identical to the SPO baseline in Wang et al.
(2026).

MASPO (Wang et al., 2026). T = 10 joint op-
timization rounds with the original beam-search
update and the 0.3 Rgob + 0.7 Rjocal cOMpOs-
ite scoring. We use the same default hyper-
parameterization across the two reported config-
urations.

K.4 Implementation Details for Additional
Controls

This subsection provides implementation details
for the additional baselines summarized in §5.3.

Structured-Prompt MAS. We retain the reflect
graph and the same six-round optimization budget
as the Qwen3-8B + Gemini-2.5-pro configuration,
but replace learned Output Bids/Input Demands
with fixed role-specific schemas. Predictor agents
are required to emit “Key facts / reasoning steps /
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uncertainty / final answer”, while reflector agents
consume and regenerate the same fixed fields. No
contract-specific optimization, compatibility term,
or conformance constraint is used.

Contract + MultiObj, no Shapley. This variant
keeps the same contract parameterization (b;, d;)
and the same global, downstream, and upstream
signals, but replaces Monte Carlo Shapley credit as-
signment with a scalar multi-objective update score,
Rgiob + A11gown — A2Cyp. Updates still proceed in
reverse topological order for six rounds.

BID-SPO + Rule-based ADVBC. This variant
keeps the default BID-SPO pipeline but replaces
the automated conformance assessment with a de-
terministic rule checker over promised fields, out-
put format, token budget, and explicit final-answer
markers. The same rollback rule is applied when
the resulting conformance score falls below the
default threshold.

K.5 Baseline Audit Notes

During consistency auditing of the Qwen+Gemini
comparison table, two entries were corrected:
CoT/GPQA 46.72 — 46.97 (integer 92 — 93) and
CoT/HumanEval-ET 72.26 — 72.56 (118 — 119).
All audited compliance corrections are documented
in VERIFY_V1_numbers.md. For the DeepSeek-v4
configuration (Table 4), the comparison rows use
the same API stack as the main DeepSeek-v4 eval-
uation.

K.6 Baseline Hyperparameter Summary

Table 10 consolidates the single most influential
hyperparameter of each baseline that varies across
methods. Other parameters (temperature, max to-
kens, retry policy) are inherited from the shared
configuration in Table 9. For the Qwen+Gemini
baselines, the listed values are those used in that
configuration; for DeepSeek-v4 baselines, values
are our defaults when running the methods on
DeepSeek-v4-flash worker.

K.7 BID-SPO Ablation Variants

Table 11 states the precise code-level modi-
fication corresponding to each ablation row
—INFOCON, —DEcCSHAP, —ADVBC, and
—(INFOCoN+DECSHAP+ADVBC) that appears
in the main results.

L Prompt Templates

This appendix lists every LLM prompt template
used by BID-SPO verbatim, formatted as code list-
ings. Variable placeholders use the convention
{name} (Python f-string). At inference time the
[OUTPUT BID] and [INPUT DEMAND] sections are
appended after the agent’s system-prompt body via
the BID_SECTION_FORMAT template (§L.7). For in-
terface and conformance assessment, the backend
extracts structured violation or fidelity fields that
are then aggregated deterministically into the scalar
terms used by BID-SPO.

L.1 Initialization Prompt
(init_contract_prompt)

Used at round r» = 0 per agent. Reads the agent’s
role description and three sample outputs, then gen-

erates the initial (bgo)’ dgo)).

You are a prompt-engineering specialist helping to configure a
multi-agent
system.

## Agent Profile

- Agent Type: {agent_type}

- Role Description: {role_description}
- Task Domain: {task_type}

## Sample Outputs Produced by This Agent
{sample_outputs}

## Your Goal

Based on the agent's role and its real outputs above, write
two short

contracts:

1. Output Bid (output_bid): A 2-4 sentence specification of
WHAT this
agent produces (content, format, level of detail,
structural
conventions).
2. Input Demand (input_demand): A 2-4 sentence specification
of WHAT
this agent needs from upstream agents.

## Output Format
<output_bid>...</output_bid>
<input_demand>. ..</input_demand>

L.2 Iqown Violation-Extraction Prompt

Returns structured contract-violation severi-
ties whose deterministic aggregation yields
Compat(b;, d;) € [0,1].

You are evaluating the interface compatibility between two
agents in a
multi-agent reasoning pipeline.

## Upstream Agent
- Type: {upstream_type}
- Output Bid: {upstream_output_bid}

## Downstream Agent
- Type: {downstream_type}
- Input Demand: {downstream_input_demand}

## Evaluation Task

Do not assign a free-form compatibility score. Instead,
identify concrete

contract violations on the following three dimensions:
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Table 10: Key hyperparameter per baseline. Empty “Q+G value” cells indicate the method ran with the shared
default; “Source” cites the publication of record. Our two MAS topologies (Sequential, Hierarchical) share the same
initial prompts as MASPO but differ only in graph structure.

Method Key hparam Q+G DeepSeek-v4 Work

Vanilla N/A (single call) — — —

CoT “Let’s think step by step.” prefix  enabled enabled Wei et al. (2022)
SC (CoT) samples K at temperature 0.7 K=5 K=5 Wang et al. (2023)
Self-Refine refinement rounds R R=3 R=3 Madaan et al. (2023)
AgentDropout dropout prob. pdrop 0.3 0.3 Wang et al. (2025)
Sequential MAS graph PRED—REFL (N,=2) PRED—REFL (N,=2) Wang et al. (2026)
Hierarchical MAS  graph 3-tier (workers — agg. — refiner)  3-tier Wang et al. (2026)
+TPE trials, acquisition fn. 50 trials, EI 50 trials, EI Wang et al. (2026)
+SPO rounds, beam width 3 rounds, w=2 3 rounds, w=2 Wang et al. (2026)
+MASPO outer rounds 7' T=10 T =10 Wang et al. (2026)

Table 11: Code-level modifications for each ablation variant. Line references point to the released BID-SPO

codebase.
Variant Change Code path
—INFoConN Set output_bid="", input_demand=""; bidspo_agents.py:
hard-zero Igown and Cy. set_bids("", "")
—DECSHAP A1 = A2 = 0; contracts in prompts but no bidspo_optimizer.py:
weight in feature function v;. lambdal=1ambda2=0
—ADVBC Skip _adversarial_bid_check(); no BCS bidspo_optimizer.py:

penalty and no bid rollback.
All three changes simultaneously.

— (INFOCON+DECSHAP+ADVBC)

comment out constraint call
all of the above

1. missing_required_fields
2. format_mismatch
3. noise_overload

Return a normalized severity in [@,1] for each dimension,
where @ means
no violation and 1 means severe violation.

## Output Format

Return only JSON:

{
"missing_required_fields": 0.0,
"format_mismatch”: 0.0,
"noise_overload”: 0.0,
"rationale”: "one short sentence”

L.3 Cyp Burden-Extraction Prompt

Returns structured burden estimates whose de-
terministic aggregation yields Burden(oy, d;) €
[0, 1].

You are evaluating how difficult it is for an agent to consume
the actual
output it receives from one upstream predecessor

## Target Agent
- Type: {agent_type}
- Input Demand: {agent_input_demand}

## Actual Upstream Output Sample
{upstream_outputs_sample}

## Evaluation Task

Do not assign a free-form cost score. Instead, identify
concrete sources

f adaptation burden on the following three dimensions:

. missing_information_burden

. reformatting_burden

. noise_filtering_burden

w N = o

Return a normalized severity in [@,1] for each dimension,
where @ means
no burden and 1 means severe burden.

## Output Format

Return only JSON:

{
"missing_information_burden”: 0.9,
"reformatting_burden”: 0.0,
"noise_filtering_burden”: 0.0,
"rationale”: "one short sentence”

L.4 ADVBC Conformance-Extraction Prompt

Returns structured fidelity indicators whose deter-
ministic aggregation yields BCS; € [0, 1].

You are a quality-assurance auditor for a multi-agent system.
Your job is

to verify whether an agent's actual outputs conform to its
stated Output

Bid.

## Agent Type
{agent_type}

## Stated Output Bid
{output_bid}

## Actual Outputs (Sample)
{actual_outputs_sample}

##
Do

Audit Task

not reward aspirational claims. Only check what is actually
realized

n the outputs. Evaluate the following three dimensions:

. field_fidelity

. format_fidelity

. detail_fidelity

w N = e

Return a normalized fidelity in [@,1] for each dimension,
where @ means
no fidelity and 1 means perfect fidelity.

## Output Format
Return only JSON:

"field_fidelity”: 0.0,
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"format_fidelity”: 0.0,
"detail_fidelity"”: 0.0,
"violated_claims”: [1,
"rationale”: "one short sentence”

L.5 Shapley Diagnosis Report Prompt

Reads (¢;, AR;, AI;, AC;, failure cases) and pro-
duces the structured natural-language report con-
sumed by the joint update.

L.7 Inference-Time Bid Section

At inference time the agent’s system prompt is con-
catenated with the following block via Python f-
string substitution:

You are an expert performance analyst for multi-agent
reasoning systems.
Produce a structured diagnostic report for the agent below.

## Agent
- Type: {agent_type}
- Role: {role_description}

## Shapley Decomposition

| Component | Value

| R (global acc) | {r_contribution:.4f} |

| I_down | {i_contribution:.4f}

| C_up | {c_contribution:.4f}

| Total phi | {shapley_value:.4f} |

Note: phi = R + lambdal * I_down - lambda2 * C_up.

## Current Contracts
- Output Bid: {current_output_bid}
- Input Demand: {current_input_demand}

## Team Ranking
{team_ranking}

## Failure Examples
{failure_examples}

## Diagnosis Task

Produce four sections in plain prose (no XML):

1. Root-Cause Analysis (address R, I_down, C_up in turn).
2. Output Bid Critique.

3. Input Demand Critique.

4. 2-4 Concrete Improvement Actions.

[AGENT CONTRACT -- for self-reference during response
generation]

OUTPUT BID (what I am committed to producing):

{output_bid}

INPUT DEMAND (what I need from upstream agents to perform
optimally):

{input_demand}

When generating your response, ensure it conforms to your
Output Bid above.

L.8 Degraded-Agent Pass-Through Prompt

Used during Shapley subset evaluation when agent
j ¢ S. Replaces the full system prompt and forces
a pass-through.

You are a passive relay agent. Your sole job is to pass
information

through the pipeline without adding analysis or reasoning.
Reproduce the

most relevant parts of the upstream context verbatim or in a
brief

paraphrase. Do not solve the problem.

Question: {question}
Context: {context}
Relay:

L.6 Joint Update Prompt
Produces the updated triple (t", 5", d{")).

You are an expert prompt engineer for multi-agent reasoning
systems. Improve

the agent's system prompt AND its interface contracts jointly,
guided by

the diagnostic report.

## Current State

- Type: {agent_type}

- Role: {role_description}

- Current Prompt:

{current_prompt}

- Current Output Bid: {current_output_bid}

- Current Input Demand: {current_input_demand}

## Diagnostic Report
{diagnosis}

## Trajectories
{trajectory_samples?}

## Constraints
- The new prompt MUST contain exactly one {{question}}
placeholder. If the
agent reads upstream context, it MUST also contain exactly
one
{{context}} placeholder. No other curly-brace placeholders.

## Output Format
<prompt>...</prompt>
<output_bid>...</output_bid>
<input_demand>...</input_demand>

M End-to-End Case Study

We present a compact qualitative gallery that spans
symbolic math and code generation. The gallery
compares the final answers produced by a static
initial-prompt MAS baseline against the final an-
swers produced by BID-SPO default, so that the
improvement is visible without showing intermedi-
ate optimization traces.

M.1 Cross-Dataset Outcome Gallery

Figure 5 assembles six representative case studies:
two AGIEval-MATH items, two MATH-500 items,
and two HumanEval-ET tasks. Each card shows
only four elements: the dataset name, a shortened
problem description, the final wrong output pro-
duced by the static initial-prompt MAS baseline,
and the final correct output produced by BID-SPO
default.

The six tasks cover trigonometric rationality,
a telescoping product, moment-constrained se-
quence length, a logistic-map 2-cycle, a frequency-
threshold integer, and polynomial root finding. Be-
cause the full problem statements are too long
for a two-column qualitative gallery, the figure
uses shortened descriptors only. We intentionally
omit chain-of-thought traces, bid declarations, and
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other intermediate process details here; Figure 5 is
meant only as an answer-level visualization of rep-
resentative successes. For completeness, Table 12
still shows one diagnosis record from a separate
instance-level analysis.

Table 12: Shapley Diagnosis Report for a representative
single-instance update at round 3. Values shown are
the agent’s per-component Shapley marginals for one
case and are included only to illustrate the diagnosis
output format; aggregate Shapley statistics across the
test set appear in Appendix O. The natural-language
“Failure Mode” tag is produced by the diagnostic module
(Appendix L.5).

Field Value

@PRED 0.41

A RpreD +0.52

AT PRED —0.18

ACPRED +0.07

Worst-mismatch REFLECTOR (compat = 0.24)
agent

Interface-mismatch (answer-
format / function-form)

“State the final object in the
exact downstream-required for-
mat.”

Failure mode tag

Primary update di-
rective

M.2 Code Instance Trace

Figure 5 is a static cross-dataset gallery; Figure 6
complements it with a per-round MBPP trace fo-
cused on bid-conformance dynamics. The selected
problem is MBPP #102 (“return the longest com-
mon prefix...”). At round 0 PREDICTOR emits
Python-shaped pseudocode without a function sig-
nature; REFLECTOR refuses to wrap it because
the docstring spec is missing. At round 6, PREDIC-
TOR’s Output Bid promises “Python function with
type-hinted signature def fname(args: T) -> R:
and a one-line docstring,” which exactly matches
REFLECTOR’s Input Demand. BCS for PREDIC-
TOR over 4 rounds: 0.51 —0.62 — 0.71 —0.74
(monotone climb; Figure 6).

M.3 Failure Mode without ADVBC
Conformance Constraint

We re-ran the same MBPP #102 trajectory under
the —ADVBC ablation (no ADVBC conformance
constraint). At round 6 the Output Bid still claims
“includes type hints and docstring” but the actual
output omits both, a classic instance of bid drift.
BCS at round 6 = 0.32, a representative instance-
level failure that is more severe than the cross-agent
MATH-500 mean shown in Figure 11. This con-

crete instance complements §5.3, which discusses
conformance drift under —ADVBC.

N Dataset Statistics

N.1 Overview Table

Table 13 consolidates the seven evaluation bench-
marks. “Train pool” refers to the k¥ = 50 optimiza-
tion queries; ‘“Validation” refers to MATH-500’s
50-problem hyperparameter slice (only MATH pro-
vides a dedicated validation slice; other datasets
reuse the MATH-tuned defaults).

N.2 Per-Dataset Notes

MATH-500 (Lightman et al., 2024). MATH-500 is
a curated subset of the broader MATH benchmark
and serves as our main open-ended math reason-
ing testbed. Its problems come from competition-
style and advanced school-level mathematics, cov-
ering areas such as algebra, geometry, number the-
ory, and combinatorics. The benchmark is espe-
cially useful here because strong performance re-
quires long-horizon symbolic reasoning rather than
answer-option elimination.

AGIEval-MATH (Zhong et al., 2024). AGIEval-
MATH is the mathematics portion of AGIEval, a
benchmark built from high-stakes academic and
entrance-exam style questions. It mixes multiple-
choice and free-response items, so it tests not only
mathematical reasoning but also robustness to dif-
ferent answer formats and output interfaces.

AQuA (Ling et al., 2017). AQUuA is an alge-
braic word-problem benchmark with five answer
choices. Compared with olympiad-style datasets, it
is shorter and more structured, but it still demands
multi-step quantitative reasoning, careful transla-
tion from language to equations, and resistance to
plausible distractor options.

AIME 2025 (Sun et al., 2025)3. AIME 2025 is
drawn from the 2025 American Invitational Math-
ematics Examination, including problems from
both AIME I and AIME II. This is a prestigious
olympiad-style mathematics contest whose ques-
tions are short to read but unusually hard to solve.
The set is much smaller than the other benchmarks
we use, but it is also one of the most challenging
because each problem demands deep reasoning,
careful case analysis, and exact final answers.

SAIME 2025 has no separate train split; optimization re-
uses the same 30 problems with a held-out 20% rotation per
round to avoid leakage.
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AGIEval-MATH AGIEval-MATH

For positive integer n, cos(theta) is irrational,
while cos(2theta), cos(3theta), ..., cos(ntheta)
are all rational. Find the largest possible n.

Static MAS (seed prompts)
Answer: 5
BID-SPO default -

BID-SPO default

Answer: 4

MATH-500

For f(x) = lambda x(1-x) on [0,1], find lambda in
[0,4] such that some x is not fixed but satisfies

f(f(x)) = x.
(V)

HumanEval-ET

Static MAS (seed prompts)

Answer:2 =A =4 Return: 4

BID-SPO default BID-SPO default

Answer:3<A=4 Return: 3

Evaluate the telescoping product from n = 1 to 2004
with (n~2 + 2n - 1) over (N2 + n + sqrt(2) - 2).
Static MAS (seed prompts)

Answer: 2005y2 - 2004

Answer: 2004/5 - 2003

Given positive integers, find the largest value
that appears at least as many times as its own
value. Example: nums = [2, 3, 3, 3, 4, 4].

Static MAS (seed prompts)

MATH-500

Positive reals a_i satisfy sum a_i = 96, sum a_i"2
= 144, and sum a_i"3 = 216. Find the sum of all

possible n.
Y,

Static MAS (seed prompts)
Answer: 96

BID-SPO default

O
o

Answer: 64

HumanEval-ET

Given polynomial coefficients, find one root x.
Example: coeffs = [2, -3, 1, 0] represents 2 - 3x +

O
V)

Static MAS (seed prompts)

Return: 0.0

s BID-SPO default

Return: 1.0

Figure 5: Six qualitative case studies across AGIEval-MATH, MATH-500, and HumanEval-ET. Each card compares
the final answer returned by a static initial-prompt MAS baseline against the final answer returned by BID-SPO
default. Due to space limits, we show only shortened problem descriptions rather than the full statements.

Table 13: Dataset statistics. All splits are fixed across methods. AIME 2025 has only 30 problems, so single-step
accuracy changes correspond to ~3.33 percentage points; we always report integer counts alongside percentages for

AIME.
Dataset Domain Task N (test) Answer Metric Train pool Works
MATH-500 Math reasoning  open-ended 500 expression exact (sympy) 50 (Lightman et al., 2024)
AGIEval-MATH  Math/reasoning  mc + free 256  mixed exact (norm.) 50 (Zhong et al., 2024)
AQuA Algebra word 5-choice 254 letter exact 50 (Ling et al., 2017)
AIME 2025 Olympiad math  open-ended 30 integer exact 30 (Sun et al., 2025)
GPQA-Diamond  Expert science 4-choice 198  letter exact 50 (Rein et al., 2024)
MBPP Python coding code-gen 427  code pass@1 50 (Austin et al., 2021)
HumanEval-ET  Python coding code-gen 164 code pass@1 (ext.) 50 (Chen et al., 2021)

GPQA-Diamond (Rein et al., 2024). GPQA-
Diamond is the hardest subset of GPQA, a graduate-
level science question-answering benchmark. Its
biology, chemistry, and physics questions are de-
signed to resist shallow memorization and instead
require expert knowledge plus nontrivial reason-
ing, making it a strong out-of-domain test for our
multi-agent framework.

MBPP (Austin et al., 2021). MBPP is a natural-
language-to-code benchmark centered on short
Python programming tasks. It evaluates whether
a system can translate concise problem state-
ments into correct executable functions, so it is
a lightweight but practical test of code synthesis
and specification following.

HumanEval-ET (Chen et al., 2021).
HumanEval-ET extends the HumanEval code-
generation benchmark with a stricter and broader
test regime. It remains a Python synthesis bench-
mark, but it is more demanding than surface-level
prompt following because candidate programs

must generalize correctly under substantially
stronger hidden checks.

N.3 Train/Validation/Test Split Policy

For every dataset except AIME, train and valida-
tion pools are sampled disjointly from the test set.
AIME’s 30 problems are too few for a held-out
validation split; we therefore rotate a 6-problem
held-out fold per optimization round and average
results. No problem ever appears in both the train
pool and the test-time scoring of the same run.

N.4 Data Preprocessing

We apply minimal, dataset-specific preprocess-
ing so that string-level exact-match scoring is
well-defined across answer formats. No con-
tent modification beyond normalization is per-
formed; raw model outputs are preserved in
exper/<dataset>/*. json for auditability.

Math answers (MATH-500, AIME, AGIEval-
MATH). We strip surrounding “$”/*
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Figure 6: BCS evolution for the PREDICTOR on MBPP
#102 across T' = 6 rounds. BID-SPO default (solid)
converges to ~0.74; the —ADVBC variant (dashed)
drifts downward to ~0.32 on this instance, illustrating
the bid-gaming dynamic that motivates the ADVBC
conformance constraint.

boxed{...}” wrappers, normalize Unicode frac-
tions and common LaTeX symbols (1/2, /-, m),
and evaluate symbolic equivalence with SymPy
(sympy.simplify(a-b) == @) when string-match
fails. Whitespace inside expressions is collapsed.
Decimals and fractions denoting the same rational
value are treated as equivalent.

Multiple-choice extraction (AQuA, GPQA-
Diamond). We extract the first capital-letter
token in {A, B,C, D, E} that immediately fol-
lows any of the substrings Answer:, answer is,
\boxed{, or Choice:; failing that, we take the last
standalone capital letter in the response. If no letter
is found, the case is marked incorrect. AQuA uses
options A—F'; GPQA uses A-D.

AGIEval-MATH (mixed format). AGIEval
rows contain both multiple-choice and free-
response problems. We dispatch to the multiple-
choice extractor when the gold answer is a single
letter, and to the math normalizer otherwise.

Code preprocessing (MBPP, HumanEval-ET).
We extract the first fenced "~~~ python Tt
block (falling back to the entire output if no
fence is present), prepend the task-specific imports
listed in each problem’s metadata, and pass the
resulting source to the local sandbox (Python 3.8,
timeout=5s). The sandbox runs each published
unit test under an isolated subprocess to prevent
test-suite side-effects from leaking between prob-
lems. Pass@1 is computed as the fraction of prob-

lems whose extracted code passes all hidden tests.

Whitespace and tokenization. All comparisons
are performed on lowercase, NFKC-normalized
strings. Trailing punctuation (*.”,*,”,*;”) is stripped
only from the extracted answer span, not from the

raw output preserved in logs.

O Shapley-Decomposition Visualizations

We visualize the three-way decomposition
(AR;, AL, AC;) across rounds and datasets to
complement the headline numbers in Tables 3—4.

0.1 Per-Agent Decomposition Heatmaps

Figure 7 shows the round-by-round Shapley
marginals for the two agents in the reflect graph on
MATH-500; Figure 8 reproduces the same view on
GPQA. The PREDICTOR’s A R dominates early;
by round 3 the Al column saturates as Output
Bids stabilize; AC becomes the active gradient by
round 5 once the upstream—downstream interface
contracts align.

AR
PRED; ... 025

REFL;

PRED, ...

REFL,

0.20

0.15

PRED;
REFL,
PRED,
REFL,

I 0.05

+ 0.00

Marginal value

F -0.05

PRED;
REFL;
PRED,
REFL,

1 2 3 4 5 6
Round t

-0.10

Figure 7: Shapley decomposition heatmap on MATH-
500. Rows: agents (PRED;, REFL;, PRED;, REFL5).
Columns: rounds 1-6. Three heatmap panels stack
vertically for AR, AI, AC. Diverging colormap: blue
positive, red negative, white zero.
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AR
PRED; ... .

REFL;

PRED, .-.

REFL;

F 0.10

PRED,
REFL,
PRED,
REFL,

F 0.05

+ 0.00

Marginal value

+ -0.05

PRED,
REFL,
PRED,
REFL,

1 2 3 4 5 6
Round t

-0.10

Figure 8: Shapley decomposition heatmap on GPQA-
Diamond. Same layout as Figure 7. GPQA shows a
slower AT saturation, reflecting the harder choice-letter
consensus.

0.2 Convergence Curves

Figure 9 traces le vs round for the four agents
on MATH-500 and HumanEval-ET. Both datasets
show stabilization by round 4-5; the round-6 values
match the converged Shapley estimates used in the
main-table evaluations.

0.3 Interface vs. Cost Trade-Off

Figure 10 plots, for every (agent x dataset) pair, the
mean AJ; against the mean |AC;| across rounds
4-6. BID-SPO drives agents into the top-left
quadrant (high downstream alignment, low up-
stream burden); this corner is unreachable under
the —DECSHAP ablation (which lacks the decom-
position entirely).

0.4 BCS Evolution

Figure 11 plots the average Bid Conformance Score
across the four reflect-graph agents for 7' = 6
rounds on MATH-500. The —ADVBC variant ex-
hibits persistent bid drift (about 0.71—0.46 over
six rounds); the default BID-SPO holds steady near
0.72 throughout.

PRED; REFL; —#— PRED, -¢- REFL;

MATH-500

HumanEval-ET

N
=
1

Per-agent ¢;
(=}
w
1

1 2 3 4 5 6 1 2 3 4 5 6
Round t Round t

Figure 9: Per-agent Shapley value gi;,- as a function of op-
timization round for MATH-500 (left) and HumanEval-
ET (right). Solid lines: PRED;/PRED,; dashed:
REFL,/REFL,. All four agents plateau by round 5.

0.3 7
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Figure 10: AI; vs. |[AC;| scatter (per agent x dataset).
Colours encode dataset; marker shape encodes agent
role (circle: PRED, triangle: REFL). The top-left corner
is the “efficient” BID-SPO target.

0.5 Ablation —DECSHAP: Collapse of the
Decomposition

Figure 12 contrasts the full three-way Shapley
decomposition under BID-SPO default with the
—DECSHAP ablation (A{=MX2=0), in which the fea-
ture function collapses to v;(S) = Rgiob(S) and
the optimizer sees a single scalar d;z instead of the
(AR, AI, AC) triple. The visualization makes ex-
plicit what is lost: under —DECSHAP, two agents
with identical gﬁl but opposite interface and cost pro-
files (e.g. a high-AI/high-AC “noisy collaborator”
vs. a low-Al/low-AC “silent overconservative”)
receive the same diagnosis and the same update
directive, the very failure mode described in Ap-
pendix E.
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Figure 11: Mean Bid Conformance Score across agents
on MATH-500 over six optimization rounds. Default
BID-SPO (solid) maintains BCS&0.72; the —ADVBC
variant (dashed) drifts to about 0.46.

Numerically, under —DECSHAP the variance of
agent-level <ZA>Z shrinks from Vargefaur = 0.041 to
Var_pgcsuap = 0.024 on MATH-500 (averaged
over rounds 4-6), indicating that the optimizer
cannot distinguish agents that the decomposition
would clearly separate. The end-of-round-6 accu-
racy drop (—3.40% on MATH, —2.81% on MBPP,
—1.52% on GPQA,; Table 17) is therefore not a
noise-level effect but a structural consequence of
erasing the interpretive channel that drives targeted
updates.

BID-SPO default —DecShap ablation

R = 0.8II: 12
0.36 -
R=0.B4pL04
=0.35 A

T T T
-0.2 0.0 0.2 0.4

R=0.34
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Figure 12: Three-axis Shapley decomposition (default,
left) collapses to a single R axis under the —DECSHAP
ablation (right). The two “collaborator”/“silent” agent
profiles become indistinguishable on the right panel,
illustrating the diagnostic information lost. Marker po-
sitions averaged over rounds 4—6 on MATH-500 and
derived from the per-agent logs underlying Figures 7
and 9.

P Full Ablation Results and Sensitivity
Sweeps

We expand the main-table ablations with (i) integer
counts to remove percentage-rounding ambiguity,
(i1) per-cell A (%) tables with sign tagging, and (iii)
the full sensitivity sweep tables together with their
corresponding sensitivity figures.

P.1 Integer-Count Tables

Tables 14—16 list the absolute number of correct
instances for every row in Tables 3-5. All per-
centage values in the main text are computed as
count/N x 100 with the denominators from Ta-
ble 13.

P.2 Ablation A (%) Tables with Sign Tagging

Table 17 shows per-cell A (%) versus the BID-
SPO default in the Qwen+Gemini configuration;
Table 18 shows the same for the DeepSeek-v4
configuration. Under Qwen+Gemini, two cells in
the —ADVBC row are positive (AQuA +0.39%,
GPQA +0.51%); under DeepSeek-v4, the within-
noise positive cells shift to —DECSHAP/GPQA
(4+0.51%) and —ADVBC/MBPP (+0.24%). These
small reversals indicate ordinary LLM evaluation
noise rather than a robust win for the ablated vari-
ants.

P.3 BCS Drift Under —ADVBC

Table 19 reports the per-round mean BCS across all
four reflect-graph agents on MATH-500, with and
without the Adversarial Bid Check. Without the
check, BCS drifts monotonically from about 0.71
at round 1 to 0.46 at round 6, matching §5.3, which
discusses conformance drift under —ADVBC.

P.4 Sensitivity Analysis

Beyond the binary on/off ablations of Tables 3
and 4, we sweep each module’s key hyperparam-
eter over a continuous range to assess robustness
around the default setting. All three sweeps are re-
ported on three representative datasets (MATH-500,
MBPP, GPQA). For readability, the figure versions
are shown first and the full numeric sweep tables
follow immediately below.

(INFoCoN) Bid length cap. Figure 13 sweeps
the token budget allotted to each contract. The
expected inverted-U emerges on all three datasets:
starving the contracts reproduces the —INFOCON
row, while overstuffing them crowds out task-
relevant prompt content.
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Table 14: Integer counts (correct instances) for the Qwen+Gemini configuration (Table 3). Denominators are listed

in the column headers.

Row MATH/500 AGI/256 AQuA/254 AIME/30 GPQA/198 MBPP/427 HE-ET/164
BID-SPO (default) 423 172 224 7 112 287 131
—INFOCON 414 169 219 6 108 281 127
—DECSHAP 406 170 222 5 109 275 128
—ADVBC 420 171 225 7 113 283 129
— INFOCON+DECSHAP
L ADVBC 391 161 213 3 102 264 119
Seq MAS 376 152 212 3 95 245 113
Seq + TPE 362 150 216 3 95 248 107
Seq + SPO 379 154 220 4 98 275 118
Seq + MASPO 386 159 221 5 107 279 126
Hier MAS 388 152 206 4 98 262 115
Hier + TPE 388 155 217 4 100 271 121
Hier + SPO 389 162 220 5 101 264 120
Hier + MASPO 392 165 221 6 107 279 126
Table 15: Integer counts for the DeepSeek-v4 configuration (Table 4).
Row MATH/500 AGI/256 AQuA/254 AIME/30 GPQA/198 MBPP/427 HE-ET/164
BID-SPO DS (default) 358 131 211 8 78 277 140
—INFOCON 346 127 207 8 75 269 135
—DECSHAP 341 128 209 6 79 266 138
—ADVBC 357 130 210 7 78 278 139
— INFOCON+DECSHAP
1L ADVBC 301 119 200 4 67 246 126
Vanilla (DS) 278 99 194 4 64 258 132
CoT (DS) 281 101 199 5 66 259 133
SC(CoT) (DS) 284 105 201 5 68 260 134
Self-Refine (DS) 287 104 203 5 69 262 132
AgentDropout (DS) 289 110 207 6 72 240 121
MASPO (DS) 291 111 209 6 73 272 139
Table 16: Integer counts for the transferability matrix Table 17: A (%) versus BID-SPO default,

(Table 5). Two prompt sets (Pgemini> Prapro) applied to
three worker models.

Qwen+Gemini configuration. | marks accuracy
drops; 1 marks the two cells where —ADVBC slightly
exceeds default.

Worker Prompts MATH AQuA GPQA MBPP HE-ET
GLM 5.1 Premini 408 218 108 279 136 Variant MATH AQuA AIME GPQA MBPP HE-ET
gIS‘M45 . ];V“‘F‘?_ jg? ig? }?g ggg }iz — INFOCON 180, 197, 333) 2.02] 140, 244
DS'V 4pr° o 37 oa i 33 149 — DECSHAP 3400  0.79) 666, 1.52) 281 183

“VApro vapro o1 — ADVBC 060, 039 000 0517 093] 1.22]
Gemini-2.5-pro  Premini 446 232 119 322 143 — INFOCON+DEC
Gemini-2.5-pro  Puagro 441 230 116 325 146 SHAP+ADVBC 640, 433, 1333) 5050 538, 732
. . . Table 18: A(%) versus BID-SPO DS default,
(DECSHAP) Feature-function weights. Fig- DeepSeck-v4 configuration.

ure 14 shows two orthogonal slices through the
(A1, A2) grid; both peak at the default and de-
cay smoothly on either side. The corner case
A1 = A9 = 0, anchoring the boundary, coincides
with the —DECSHAP row. A broad plateau covers
the neighbourhood of the default, indicating low
sensitivity to exact weight choice.

(ADVBC) Conformance threshold. Figure 15
sweeps the bid-conformance threshold. Mean con-
formance rises monotonically with the threshold
(tighter enforcement pushes bids toward faithful
descriptions), while accuracy follows an inverted-
U: too lenient lets bids drift, too strict over-rolls

Variant AGI AQuA AIME GPQA MBPP HEET
— INFOCON 156, 157, 000 151, 187 3.05,
— DECSHAP 117, 0790 667, 0514 257  122]
— ADVBC 039 039, 334 000 024t  061)
— INFOCON+DEC

SHAPADVBC 469] 4330 1334] 555, 726) 8.54)

back useful updates. The default sits on the right
shoulder of the accuracy curve.

P.5 Sensitivity Sweep Tables

Tables 20-23 provide the full underlying-data ta-
bles for the three sensitivity sweeps, and Fig-
ures 13-15 in Appendix P.4 visualize the same
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Table 19: Per-round mean BCS on MATH-500: BID-
SPO default vs. —ADVBC ablation (no ADVBC confor-
mance constraint). Averaged over the four agents of the
reflect-2 graph. Endpoints (0.71 —0.46) and the mild
mid-round jitter follow the observed run trajectory.

Round 1 2 3 4 5 6
BID-SPO default 072 074 073 072 073 072
—ADVBC ablation 0.71 0.67 0.64 058 054 046
85 idefault
1
—InFoCon boundar
. 80 | 'y
£ 75 - |
P I
g 70 A 1 MBPP plateau
=
8 65 I
< : =@ MATH-500
60 1 | —-5'MBPPak
55 _‘—M—_
1 1 1 : 1 1
0 30 60 100 150 250

Bid length cap Lpjq (tokens)

Figure 13: Sensitivity to bid length cap (INFOCON).
Three datasets show an inverted-U; the default lies on
or near the peak. The lower endpoint reproduces the
—INFOCON row.

results.

Table 20: Sweep over Output-Bid token cap Ly;g. De-
fault = 100. Endpoints Lyiq = 0 exactly reproduce the
—INFOCON row of Table 3. Counts shown in parenthe-
ses.

Liia MATH MBPP GPQA
0 (=—INFOCON)  82.80 (414) 65.81 (281)  54.55 (108)
30 83.40 (417) 6628 (283)  55.05 (109)
60 84.00 (420) 6721 (287) 56.06(111)
100 (def) 84.60 (423) 67.21(287) 56.57 (112)
150 84.20 (421)  66.74 (285) 57.07 (113)
250 83.20 (416) 65.81(281) 55.56(110)

P.6 Independent-Run Standard Deviations

To quantify run-to-run variance, we re-ran the BID-
SPO default and the four ablation variants across
three independent runs. The standard-deviation ta-
bles therefore report only configurations for which
repeated runs were performed. Table 24 reports
mean-tstd accuracy in the Qwen+Gemini configu-
ration; Table 25 does the same for the DeepSeek-
v4 configuration. The standard deviations are

*AIME’s high std arises from its N = 30 denominator
(each correct/incorrect flip shifts accuracy by 3.33%); we
report it for completeness rather than as a reliability indicator.
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Off-slice anchor: A; = A, = 0 reproduces the —DecShap row.

Figure 14: Sensitivity to (A1, A\2) (DECSHAP). Left:
fix Ao, sweep A;. Right: fix Aq, sweep \s. Both peak at
the default operating point.
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Figure 15: Sensitivity to the conformance thresh-
old (ADVBC). Accuracy (solid, left axis) and mean
Bid Conformance Score (dashed, right axis) on MATH-
500, MBPP, GPQA. The lower endpoint matches the
—ADVBC row exactly.

uniformly small (< 0.71% on Qwen+Gemini, <
0.79% on DeepSeek-v4), confirming that the head-
line numbers in Tables 3—4 remain stably above
the stronger ablations. The only intentionally near-
noise cases are the zero or slight positive cells al-
ready flagged in the —ADVBC / —DECSHAP rows.

Q Extended Preliminary Analysis

This appendix expands the three pilot experiments
in §2.

Q.1 Full Attribution Signal Degradation
Curves

Figure 16 traces the four attribution signals across
all five degradation levels (0 = clean, 4 = catastroph-
ically perturbed). The MASPO Local-only signal
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Table 21: Ay sweep (fix Ao = 0.2). Default A; = 0.3.
(A1=X2=0) matches Table 3 —DECSHAP row (off-slice
anchor).

M MATH MBPP GPQA

0.0 82.40 (412) 65.81 (281)  54.55 (108)
0.1 83.40 (417) 66.28 (283)  55.56 (110)
0.2 84.20 (421)  66.74 (285)  56.06 (111)
0.3 (def) 84.60 (423) 67.21(287) 56.57 (112)
0.4 84.40 (422) 67.21 (287) 56.06 (111)
0.5 83.60 (418) 66.51 (284)  54.55 (108)

Table 22: \s sweep (fix A} = 0.3). Default Ay = 0.2.

Ao MATH MBPP GPQA

0.0 82.80 (414) 65.81 (281)  55.05 (109)
0.1 83.80 (419) 66.28 (283)  55.56 (110)
0.2 (def) 84.60 (423) 67.21(287) 56.57 (112)
0.3 84.40 (422) 66.98 (286)  56.06 (111)
0.4 83.60 (418) 66.51 (284)  55.05 (109)
0.5 82.20 (411) 65.81 (281)  53.54 (106)

exhibits a sharp mid-curve kink at degradation level
2 (Kendall 7 = —0.20); the Global-only signal is
monotone but coarse (7 = —0.60); the Compos-
ite 0.3G + 0.7L inherits the kink (v = —0.40);
BID-SPQO’s ¢; is the only near-monotone signal
(r = —0.80).

v 1.0 1 &% o MASPO local-only (t= —0.20)
\ -
E \ MASPO global;only (t= —0.60)
g 0.8 \\+ MASPO composite (T= — 0.40)
= <@ BID:SPO ¢; (1= —§.80)
= \ kin
o \
»n 0.6 1 \ A 0-0.20
o] 7 N
3 ﬁ “ N
IS Q9 g S —0-0.80
S 0.4 SN, %-0.40
g \Y
S
]
Z 0.2
rlean fallback
T T T T T
0 1 2 3 4

Degradation level

Figure 16: Attribution signal value vs. degradation level
(0—4) for the four signal variants on MATH-500. BID-
SPO’s ¢; is the only near-monotone curve.

Q.2 Agent-Pair Compatibility Heatmaps

Figures 17 and 18 contrast pairwise automatically
estimated compatibility scores at the initial-prompt
stage vs. after six rounds of BID-SPO on MATH-
500. Off-diagonal mass shifts from the [0,0.5]
band to the [0.7,1.0] band, consistent with the
mismatch-fraction drop reported in Table 26.

Table 23: BCS threshold 7,4 sweep. Default 7 = 0.4.
7 = 0 reproduces the —ADVBC row of Table 3. Mean
BCS column averages across all four agents on MATH-
500.

Thid MATH MBPP GPQA  Mean BCS
0.0 (=—
ADpvBC) $400(420)  6628(283) 57.07 (113) 0.46
0.2 84.20 (421)  66.74(285)  56.57 (112) 0.55
0.3 84.40 (422) 67.21 (287) 56.57 (112) 0.63
0.4 (def)  84.60 (423) 67.21(287) 56.57 (112) 0.72
0.5 84.20 (421)  66.74(285)  56.06 (111) 0.80
0.6 83.60 (418)  66.04 (282)  54.55 (108) 0.88
Seed (round 0)
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Figure 17: Pairwise compatibility heatmap with initial
prompts (no optimization). Rows = upstream, columns
= downstream.

Q.3 Extended Interface-Mismatch Table

Table 26 extends the main-text mismatch table (Ta-
ble 2) from two to seven datasets. BID-SPQO’s col-
lapse to < 7% mismatch is consistent across every
domain.

Q.4 Mismatch Convergence Over
Optimization Rounds

Figure 19 plots mismatch fraction vs. optimiza-
tion round on MATH-500. BID-SPO collapses be-
low 7% by round 2; MASPO and MAPRO plateau
above 19% even after six rounds.

Q.5 Per-Topology Breakdown of One-Voice
Dominance

Table 27 repeats Experiment 1 on four MAS topolo-
gies (linear chain, hierarchical, parallel, reflect).
The authority-skew degradation is consistent across
topologies, ruling out a topology-specific artifact.

Q.6 Per-Category Accuracy Breakdown

Figure 20 disaggregates Experiment 1 accuracy by
MATH-500 difficulty level (1-5). The dominance
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Table 24: Mean=+std accuracy (%) for BID-SPO and its four ablations under the Qwen+Gemini configuration,
computed across three independent runs. Baseline rows are single-run (omitted).*

Row MATH AGI AQUA AIME GPQA MBPP HE-ET
BID-SPO (def) 84.60+042 67.1940.55 88.19+0.31 2333+1.92 56.57+0.61 67214047 79.88+0.51
—INFOCON 82.80+0.46 66.02+0.58 86.22+0.39 20.00+2.08 54.55+0.65 65.8140.51 77.44+0.58
—DECSHAP 81.2040.51 66.4140.62 87404035 16.67+2.22 55.05+0.63 64.40+0.55 78.05+0.54
_ADVBC 84.0040.39 66.80+0.49 88.58+0.34 2333+1.92 57.0740.58 66.28+0.50 78.66-0.52
I?}’)FV%%ONJ“DECSHAP 78204+0.58 62.8940.65 83.8640.46 10.004£2.45 51524071 61.8340.60 72.56+0.64

Table 25: Mean=std accuracy (%) under the DeepSeek-v4 configuration, computed across three independent runs.

Row MATH AGI AQuA AIME GPQA MBPP HE-ET
BID-SPO DS (def) 71.60+0.55 51.17£0.62 83.074+0.38 26.67+2.10 39.39+0.71 64.87+0.49 85.374+0.55
—INFoCoN 69.20+0.59 49.61+£0.66 81.504+0.45 26.67+2.21 37.88+0.73 63.00£0.53 82.3240.61
—DECSHAP 68.20+0.61 50.00£0.64 82.2840.41 20.00+2.35 39.90+0.69 62.30+0.55 84.154+0.57
—ADVBC 71.40+0.51 50.78+0.55 82.684+0.39 23.33+2.10 39.39+0.65 65.11+0.51 84.761+0.55
JUNFOCONHDEC 6 001068  46.48+0.72 78742049 1333+2.51 33.84+£0.79 57.6140.62 76.83:£0.70
SHAP+ADVBC) ) . . ) . . ) . . ) . . ) .
BID-SPO (round 6) Table 26: Fractl.on. of. agent pairs with compatibility
< 0.5 at four optimization stages, all seven datasets. All
PRED rows are reported from the corresponding experimental
! runs and exhibit the same downward trend across opti-
= mization stages.
=] 2
8 REFL; =
g % Dataset Initial  MASPO-6 MAPRO-6  BID-SPO-6
8 g MATH-500 385%  22.4% 19.7% 43%
Z PRED> S AGIEval 40.1%  23.6% 20.8% 5.0%
5 AQUA 412%  268% 20.5% 61%
AIME 2025 44.0%  274% 24.6% 6.7%
REFL GPQA 397%  24.0% 21.2% 4.8%
2
MBPP 36.8%  21.1% 18.4% 3.9%
HumanEval-ET  359%  20.3% 17.7% 37%

PRED;

REFL; PRED,

REFL,

Downstream agent J

Figure 18: Same heatmap after 7' = 6 rounds of BID-
SPO. Mass shifts to the high-compatibility region.

penalty is broadly stable across difficulty levels, so
the One-Voice Dominance failure is not a difficulty-
conditioned artifact.

Q.7 Interpretive Notes and Hypothesis
Mapping

Hypothesis 1: opposite repairs under iden-
tical scalar loss. The controlled PREDIC-
TOR — REFLECTOR pilot isolates framing-only au-
thority skew. One skew suppresses predictor-side
reasoning; the other over-concentrates authority
in the reflector. Both lower end-to-end accuracy,
but they call for opposite repairs: strengthen the
predictor in the first case, or restore downstream
independence in the second. A scalar attribution
signal cannot make this distinction, which is why
BID-SPO promotes the inter-agent contract into an
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Table 27: One-Voice Dominance accuracy on MATH-
500 across four topologies. Pattern: balanced >
dominant-PRED > dominant-REFL throughout across
all four tested topologies.

Topology Dom. PRED Dom. REFL.  Balanced
Linear chain 71.4 68.7 75.2
Hierarchical 73.0 70.1 77.0
Parallel 71.8 69.5 75.9
Reflect (main) 72.2 69.4 76.4

explicit optimization target.

Hypothesis 2: residual mismatch without an
interface term. The mismatch table intention-
ally decouples compatibility from task accuracy.
MASPO and MAPRO can improve final answers
while still leaving more than 19% of upstream—
downstream pairs below the compatibility thresh-
old after six rounds. The residual therefore re-
flects a missing interface-aware attribution term
rather than an insufficient token budget or an under-
optimized search procedure.
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Figure 19: Interface-mismatch fraction vs. optimization
round on MATH-500. BID-SPO converges by round 2.
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Figure 20: One-Voice Dominance accuracy by MATH-
500 difficulty level (1-5). The dominance penalty re-
mains broadly stable across difficulty levels.

Hypothesis 3: non-monotone signals and hon-
esty hazards. The degradation experiment shows
why scalar composites are unreliable: when a weak-
ened prompt emits shorter and more uniformly for-
matted outputs, the local-quality term can temporar-
ily improve, creating a spurious optimum. BID-
SPO’s decomposed ¢; avoids this moving anchor
because it measures marginal contribution against
a fixed degraded baseline. The same pilot also
exposes an internal honesty hazard: downstream
alignment can be inflated by an aspirational Out-
put Bid that the realized outputs do not actually
satisfy, which is the failure mode targeted by the
conformance constraint.

Component mapping. These three pilots map
directly onto BID-SPO’s three modules. Hypoth-
esis 1 motivates elevating the inter-agent contract
(Output Bid and Input Demand) into an explicit,

optimizable text object. Hypothesis 2 motivates a
decomposable Shapley attribution that separates
global task contribution, downstream interface
alignment, and upstream adaptation cost. Hypothe-
sis 3 motivates a conformance constraint that pre-
vents declared contracts from drifting away from
actual behavior across rounds.

R Token Efficiency Details

R.1 Overview

Because BID-SPO is adopted for prompt-
optimization rather than a decoding-time compres-
sion method, token efficiency remains a core practi-
cal consideration. So we report per-case inference
usage, the test-time call structure, and the Phase-1
optimization overhead for both configurations.’

Throughout this section, “total tokens per case”
aggregates the prompt and completion tokens of
every LLM call made during Phase 2 inference.
Phase 1 optimization tokens are reported separately
and then amortized over the full test set.

R.2 Per-Dataset Token Breakdown

Table 28 lists the average tokens per case for all
four configurations across all seven datasets.

R.3 Test-Time Call Breakdown

For BID-SPO at test time, the only LLM calls
are the agent generations themselves. The eval-
uation/update backend is not called during Phase 2:
Tgown/Cyp scoring, Adversarial Bid Check, and
joint update all live in Phase 1. This is why BID-
SPO’s per-case test-time cost matches MASPO’s
to within a few percent — the extra machinery is
amortized.

R.4 Phase-1 Optimization Token Cost

The Phase-1 cost decomposes as

T'M‘b'|3|'cworker + T-M-b-Ceyal

Shapley subset evaluation (worker)  Jgown/Clup Scoring

+ T-N, agents * Cdiag+upd

diagnosis and joint update

with T = 6, M = 15,@ = 8, Nagents = 4 for
the reflect-2 graph, and |\S| ~ N,genis/2 averaging

SToken counts are taken from the API response usage
field (prompt_tokens+completion_tokens). Gemini and
DeepSeek use different tokenizers, so their counts are not di-
rectly comparable across providers, although they still permit
a coarse cross-provider comparison. Our primary comparisons
are within each provider setting.
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Table 28: Average total tokens per test case across all seven datasets under the Qwen3-8B + Gemini-2.5-pro and
DeepSeek-v4 configurations. The Avg; row averages uniformly across datasets.

MASPO BID-SPO
Dataset (Qwen3-8B + (Qwen3-8B + (DeIZIASE::lg vd) (DEeIDSSeI:((-)V 4)
Gemini-2.5-pro) Gemini-2.5-pro) P P

MATH 6421 6330 8809 9161
HumanEval-ET 6308 6310 7249 7099
AQuA 5315 5320 7136 7042
AIME 2025 13767 13278 16 659 16933
AGIEval 9265 9168 12211 12506
GPQA 9022 8991 14587 14927
MBPP 5684 5621 7439 7419
Avgr 7969 7 860 10584 10727

across permutation prefixes. The worker-side term
dominates because each v;(S) evaluation re-runs
the coalition on the mini-batch. Empirically the
Phase-1 total averages ~1.2M tokens per dataset
under the Qwen3-8B + Gemini-2.5-pro configura-
tion and ~1.6M under DeepSeek-v4; amortized
across the 7-dataset test sets (~1 829 examples in
total) this contributes <1% to the per-case cost re-
ported above.

Algorithm 1 BID-SPO: Bidding-based Shapley
Prompt Optimization

Require: MAS graph G, training queries Dy,
rounds 7', samples M, weights Aq, Ao, thresh-
old Thid

Ensure: Optimized triples {(¢;, b, di)}fil

1: for each agenti € V do
2 (0)’ b(O)7 dz(»o))

Initialize (¢; ', b; via role-aware
LLM call
end for
forroundr =1,...,7T do
Sample mini-batch B C Dyin
Run full MAS on B with current contracts;

cache outputs

A

7: form=1,...,M do

8: Sample permutation 7, over V'

9: for each agent ¢ do

10: Compute marginal v; (.S, U {i}) —

v;(Sy,) using cached partial reruns

11: end for

12: end for

13: for each agent ¢ do

14: qgl < mean marginal over M samples

15: BCS; + conformance assessment on
recent outputs of ¢

16: if BCS; < 74 then

17: ggl — qu — (Tbid — BCSZ') -0.5; ﬂag
i

18: end if

19: Build Shapley Diagnosis Report for ¢

20: end for

21: for i € V in reverse topological order do

o (0, 40 .
OptimizerLLM(report;, tgril), bgril), dgrfl))

23: end for

24: end for

25: return {(tl(-T), bET), dET))}
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