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Abstract

Large language Models (LLM) routing re-
duces inference cost by selecting the most cost-
effective model per query, but production de-
ployment requires a router that adapts to an
evolving model pool while adding negligible
per-query overhead. Unsupervised retrieval-
based routers satisfy both, but their support
corpus must be built online from streaming
traffic, and labeling each query requires run-
ning every candidate plus an LLM judge: pro-
hibitively expensive at scale. We frame on-
line corpus construction as stream-based ac-
tive learning, exploiting a structural property
of routing benchmarks: one or two models
are globally near-optimal on the majority of
queries, so the labeling budget should concen-
trate on the rare exception regions where select-
ing a specialist matters. We formalize this with
a performance sparsity score, defined as the
Kullback-Leibler divergence of a query’s per-
candidate performance vector from uniform:
high when performance concentrates on a few
models and low when all candidates are equiva-
lent. Since this score depends on performances
unavailable at inference time, we predict it on-
line from query embeddings with a lightweight
regressor. Across four benchmarks, our method
SPARSENN approaches full-annotation routing
performance with up to 44% fewer annotations
in the stationary setting and 73% under topic
shift. The results transfer to a fully held-out
benchmark. A partial model annotation vari-
ant achieves higher cost savings, especially on
large pools. Finally, both the corpus and the
online estimator prove robust to model-pool
changes.!

1 Introduction

As Large Language Model (LLM)-based applica-
tions scale to millions of daily queries, the up to
300x cost gap between frontier and lightweight

!Code is available at: https://github.com/wikit-ai/
online-active-learning-1llm-routers.
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Figure 1: Routing-aware active learning. Left: Most
queries (grey) are handled well by a single globally-
strong default model; a small fraction (orange, blue,
purple) form exception regions where different specialist
models win. Right: As queries arrive in a stream, an
online acquisition rule decides for each query whether
annotating it would improve the support corpus used by
the retrieval-based router. The budget is concentrated
on exception queries. See Figure 2 for the full pipeline.

LLMs has made query-level LLM selection a pro-
duction necessity.? Trillion-parameter models are
overkill for most queries, however, using only
smaller ones might degrade user experience on
complex tasks. LLM routing addresses this trade-
off by selecting, for each query, the most cost-
efficient candidate from a pool M.

Production deployment imposes two constraints.
First, M evolves rapidly as models are released
and deprecated, ruling out routers that require re-
training on every update. Second, the router runs
on every query, so its own inference cost must
remain marginal relative to the savings it deliv-
ers. These constraints favor unsupervised retrieval-
based routers (Li, 2025; Jitkrittum et al., 2026;
Varangot-Reille et al., 2026b), which estimate can-
didate performance by retrieving similar queries
from a labeled support corpus. They require no
parametric training, generalize easily to new can-
didates, and add minimal inference overhead. In
production, however, queries arrive sequentially

*Based on output API pricing of GPT-5.5-Pro ($180.00 /
1M tokens) and Mistral-Small-4 ($0.60 / 1M tokens), as of
May 4, 2026
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as an unbounded stream and the support corpus
must be built online, and in cold-start settings (new
deployments or distribution drift), entirely from
scratch without historical labels. Each support en-
try pairs a query with the performance of every
candidate in M on it, so annotating a single query
requires generating a response from each of the
| M| candidates and scoring every response with a
high-capacity LLM judge. Annotating every query
in a production stream is therefore prohibitive. We
address this with an online active learning approach
for retrieval-based routing that decides on the fly
which queries can be informative. The aim is a
strategy that builds the most informative support
set while annotating as few queries as possible. Our
contributions are:

* A routing-aware view of active learning.
We show that LLLM routing data has a de-
fault/exception structure: one or two models
dominate on the vast majority of queries (top-
two coverage 89 —91% on three of four bench-
marks), while routing benefits come from a
sparse set of exception queries where a spe-
cialist wins (Figure 1).

Performance sparsity as informativeness:
We propose KL-from-uniform of the per-
query performance vector as an acquisition cri-
terion that directly targets exception regions,
and show that it can be inferred online via
a lightweight regressor (Figure 2). Build-
ing on this criterion, SPARSENN matches
full-annotation routing performance with up
to 44% fewer annotations in the stationary
setting and 73% under topic shift, outper-
forming random sampling and active-learning
heuristics while staying consistently frontier-
efficient in both regimes. These gains hold
on a fully held-out benchmark. A partial-
annotation variant further reduces total cost
by up to 45% on large pools, and both the sup-
port set and the online estimator prove robust
to model-pool changes at near-zero regret.

2 Related Work

LLM Routing Systems. LLM routers dynami-
cally select, for each query, the most suitable model
from a candidate pool M, optimizing the trade-
off between task performance and inference cost
(Varangot-Reille et al., 2026a). They have gained
strong industry traction, with production deploy-

ments at leading Al organizations?, including Ope-
nAl (Singh et al., 2026) and vLLM (Wang et al.,
2025; Liu et al., 2026). In these settings, queries
arrive as a stream and the pool M evolves continu-
ously as models are released or deprecated. These
are conditions under which existing router families
differ sharply. Supervised routers train a classifier
or regressor over query features to predict the best
candidate (Chen et al., 2024; Feng et al., 2025a;
Haque et al., 2025; Ong et al., 2025; Rida, 2026);
while effective offline, they are tied to the pool seen
at training time and require full retraining when-
ever M changes. Contextual bandit algorithms
(Panda et al., 2025; Jafari and Farnia, 2026) up-
date online from observed rewards but inherit the
same coupling to a fixed candidate set. Fine-tuned
LLM routers can in principle handle pool changes
by re-prompting with an updated candidate (Zhang
et al., 2026) or through intent detection (Tran et al.,
2025), but their per-query inference cost contra-
dicts the very savings routing is meant to deliver.
Retrieval-based routers (Li, 2025; Jitkrittum et al.,
2026; Varangot-Reille et al., 2026b) address both
issues: they are model-agnostic, so adding or re-
moving a candidate requires only updating the sup-
port corpus, and their per-query overhead is negli-
gible. However, the performance of such routers is
bounded by how informative the support corpus is.
In this work, we study how to construct this corpus
online under a finite annotation budget.

Active Learning. Active learning (AL) mini-
mizes labelling cost by iteratively selecting the
most informative unlabelled examples for anno-
tation (Settles, 2009). The dominant pool-based
formulation assumes a fixed, fully accessible, pool
of unlabelled examples that can be scored at every
acquisition round (Lewis and Gale, 1994; Sener
and Savarese, 2018): an assumption that breaks
down in production settings where queries arrive as
an unbounded stream. Stream-based AL addresses
this by deciding on the fly whether to annotate each
incoming query, typically under a finite annota-
tion budget (Aguiar and Cano, 2023; Cacciarelli
and Kulahci, 2023). Acquisition strategies in both
regimes are typically organized around two signals
(Zhang et al., 2022): informativeness, most com-
monly framed as model uncertainty, which targets
queries the current model is least confident about
(Lewis and Gale, 1994) and remains the default

3See the HuggingFace Chat Omni Router, Azure AI Model
Router, and NVIDIA LLM Router.
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choice among NLP practitioners (Romberg et al.,
2026); and representativeness, which seeks cover-
age of the input distribution (Sener and Savarese,
2018). Hybrid methods such as BADGE combine
both via gradient embeddings (Ash et al., 2020).
Whether they remain effective when the underly-
ing task is routing has not, to our knowledge, been
examined.

3 Problem Formulation

3.1 Query-Conditional LLM Routing

Let M = {m,...,my} be apool of LLMs and Q
a query space. Each pair (¢, m) has a performance
value s(q,m) € R4, e.g., exact-match accuracy on
tasks with verifiable answers or a normalized LLM-
as-a-judge quality score for open-ended generation.
We write s, = (s(q, mi),...,s(q, mn)) the vec-
tor collecting the performance of all n candidates
on q. For simplicity, we write s; = s,, throughout
the remainder of the article. Each model m has
an inference cost C),, € R. Given a cost-penalty
parameter A > 0, the optimal policy 7* : @ — M
maximizes the per-query utility (Hu et al., 2024;
Varangot-Reille et al., 2026a),

7*(q) = arg max [s(g, m) — A Cp,]
meM

Since s is unobserved at inference time, we substi-

tute an estimator $ and route via 7.

3.2 Retrieval-Based Routers.

Retrieval-based routers offer a generalizable, plug-
and-play approach to performance estimation (Li,
2025; Jitkrittum et al., 2026; Varangot-Reille et al.,
2026b). We implemented a k-nearest neighbor al-
gorithm (k-NN) (Li, 2025; Varangot-Reille et al.,
2026b), which rests on the assumption that seman-
tically similar queries induce similar performance
profiles across M. Let

Dyyp = {(a, Si)}z‘]\ila

be a labeled support set pairing each query with its
ground-truth performance vector, and let Qg =
{¢ : (gi,si) € Dsup} denote the set of queries
within it. The support set must therefore be con-
structed so as to faithfully represent the partition
structure of Q. Queries are embedded via a pre-
trained encoder ¢ : Q — R<; for brevity, we here-
after conflate ¢ with its embedding ¢(q). For a
query g, we retrieve the set Ny (¢) C Qqp of its k

nearest labeled queries under cosine similarity and
estimate

% > slg,m)

q'eENk(q)

sp-nn(g,m) =

Despite its simplicity, k-NN matches or out-
performs parametric routers across several bench-
marks (Li, 2025; Varangot-Reille et al., 2026b)

Online Corpus Construction as Stream-Based
Active Learning. In production, queries arrive
sequentially as a stream S = (g;);>1, and Dyyp
must be built incrementally. Annotating ¢; means
obtaining its full performance vector s;, which re-
quires generating and judging a response from each
candidate. The per-query cost is the inference cost
of all n candidates plus n LLM-judge calls. Since
| M| can reach tens of models, annotating the whole
stream is prohibitive, and which queries to anno-
tate becomes a first-order concern, precisely what
active learning addresses. We frame this as stream-
based active learning under a budget B < T'. At
each step ¢, an acquisition function a; : @ — R,
depending only on ¢; and Ds(ﬁgl), scores the in-
coming query, and a; = 1[ay(q:) > 7] triggers
annotation against an adaptive threshold 7. When
a; = 1, we pay the cost, obtain scores s; and ap-
pend (g¢, s¢) to Dsyp. We seek an acquisition policy
(ou, 7)1 maximizing cumulative routing utility
subject to the annotation budget:

max |:S (qt, ﬂ,(ﬁt_%\m(qt)) - A Cﬂ_(t)

o (@)

where ﬂ,(C?\IN(qt) is the LLM selected for ¢; by the

k-NN router built from Ds(ﬁgl). The next section in-
troduces an acquisition function tailored to routing
by exploiting the structure of s, itself.

4 Performance Sparsity-Driven Active
Acquisition

4.1 Performance Sparsity as Informativeness
Score

The optimal policy 7* partitions Q into decision
regions Z; = {q : 7*(¢q) = m;}, and the geometry
of this partition governs annotation efficiency. On
most benchmarks, Q collapses to a near-single re-
gion: the top-two candidates jointly attain best per-
formance on 89-91% of queries on RouterBench,
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Figure 2: Retrieval-based LLM routing pipeline with online active learning. (1) Retrieval-based LLM router
(top, grey): the k nearest neighbours in the support set are retrieved via cosine similarity; an estimator produces
per-candidate scores; the router selects the candidate m* which maximizes an utility score balanced via a cost

penalty A>0. (2) Active learning estimator (bottom, yellow): a lightweight regressor ¥/(q) =

fo(0(q)) estimates

whether candidate performance on ¢ is non-uniform (i.e., concentrated on a small subset of models); queries
exceeding 7, the empirical S-percentile of ¥ Values over the current support set, are annotated to obtain the

per-candidate performance vector and appended to Dsup, fo is retrained every § annotations as Dy, grows.

FusionBench, and Sprout (Figure 11, Appendix M),
making the routing task closer to best-arm iden-
tification. Routing thus decomposes into a glob-
ally strong default candidate covering most of the
stream and rare exception regions where special-
ists outperform. The k£-NN estimator recovers the
default from few neighbors, so additional default-
region labels are redundant; exception regions, by
contrast, are the truly informative ones. At the
other extreme, pools of similarly-sized and effi-
cient models fragment Q into many regions: on
EmbedLLM, whose ~110 open-source models are
of relatively uniform size (Zhuang et al., 2025),
top-two coverage drops to 71.0%, so more queries
carry routing-relevant signal. We now formalize
the default/exception framework into an acquisi-
tion criterion. A labeled query (g, s,) contributes
to the support set by shifting the k-NN perfor-
mance estimates in its neighborhood. When s, is
approximately uniform across candidates, this shift
is non-directional: it does not favor one model over
another, regardless of how many similar queries
are retrieved alongside it. Informative queries are
those for which s, concentrates on a small subset
of candidates, creating a clear routing preference
in their neighborhood. We measure this concen-

tration via the Kullback-Leibler (KL) divergence
of the normalized performance profile, s,, from
the uniform distribution over M, where s, is the
¢1-normalization of s,. The informativeness of q
is:

U(q) =

Dt 5y | Uag) = log M| -

H(z,)
where H is the Shannon entropy. A peaked s,
where only a small subset of candidates attains
high relative performance has high ¥(q). For a
fixed pool M, log|M]| is constant, so ¥(q) has
ranking equivalence with H(S(g)). Even when M
evolves, this equivalence holds within any single
deployment, since queries are always compared
under the same pool. We adopt ¥(q) rather than
—H(s,) as our criterion to preserve the natural
"larger is more informative" orientation. Note that
U rewards concentration rather than superiority of
a specific candidate; we discuss the resulting edge
cases in the Limitations section.

Empirical validation. For each query ¢, we mea-
sure the best-vs-default gap: the performance dif-
ference between the per-query best candidate and
the global best model. A useful acquisition sig-
nal concentrates budget on queries with large gaps.

52120



Splitting each stream at the 75th percentile of U,
high-W queries exhibit significantly larger best-vs-
default gaps than low-W queries on all four bench-
marks at p < 1073, tested by a Mann-Whitney
U test, with r € [0.16,0.42] indicating small-to-
moderate effect size (Peres, 2026) (Figure 13 in
Appendix M).

4.2 Online Acquisition Algorithm

Selection rule. A query ¢; is added to Dy, when
U(q;) > 7, where 73 is the empirical S-percentile
of ¥ values over Dgﬁf). Since s; is unobserved
at decision time, the rule is applied to a learned
estimate W' (q;).

Predicting informativeness from embeddings.
We exploit a geometric regularity to estimate ¥
without observing s;: high-U queries concentrate
in localized regions of the embedding space (Figure
12 in Appendix M). We train a lightweight regres-
sor fp : R? — R, on Dy, (~ 10K parameters)
producing ¥'(q) = fy(#(q)). The model fy is
retrained periodically every ¢ annotations as Dgyp
grows (Figure 2). Architectural and training details
are deferred to Appendix C.

Cold-start: covering the rule before target-
ing exceptions. W-based acquisition is a refine-
ment strategy. For the router to be efficient, Dyyp
must contain queries from the dominant region
densely enough for the £-NN router to retrieve
default-favoring neighbors. Relying on ¥ alone
would invert this: an exception-heavy support set
causes dominant-region queries to retrieve excep-
tion neighbors at inference and misroute to spe-
cialists. We therefore add a cold-start period of
queries by annotating every incoming query until
|Dsup| > Neola to obtain unbiased coverage of p(q)
that establishes the dominant-region support. Once
cold-start ends, fy is trained and the sparsity-driven
rule takes over. The dominant region keeps grow-
ing, but only from queries that erroneously cross
the threshold. We refer to this complete strategy,
sparsity-driven acquisition with cold-start initial-
ization, as SPARSENN.

Experimental Setup We evaluate each acquisi-
tion strategy on a stream S of length 7'. All strate-
gies share the same k-NN routing procedure and
the snowflake-arctic-embed-m-v2.0 encoder (Yu
et al., 2025) (0.3B parameters, 768 dimensions),
differing only in their annotation policy. The de-
tails about the benchmarks used are described in

Appendix E.

4.3 Maetrics

At each step ¢, we route every query g from the
test set £ with the current Dg%, retrieve the true
performance and cost of the selected candidate,
and average across £ to obtain the per-step per-
formance P, and cost C;. From these we derive
four metrics: AUC of the performance curve
(AUCp) is the area under P;; higher values in-
dicate that strong routing performance is reached
earlier and sustained throughout the stream. AUC
of the suboptimality curve (AUCpro) is the area
under the weighted distance-to-oracle in the cost-
performance plane (Varangot-Reille et al., 2026b;
Leteno et al., 2025); lower values indicate the
router approaches the oracle earlier and stays close
to it. Both reported over normalized time ¢ =
t/T € [0,1]. Support set size |DS(3;))] measures the
total number of annotated queries at the end of the
stream and is a proxy of the annotation cost. Final
performance Pr reflects the routing quality of the
support set ultimately constructed by each strategy.

4.4 Baselines

Each strategy is swept over a grid of acquisition
thresholds. The values are listed in Appendix B.

Non-adaptive Sampling baselines. Passive an-
notates every incoming query (a; = 1), giv-
ing full coverage of the stream until the bud-
get is exhausted. Random annotates with a; ~
Bernoulli(p), providing unbiased coverage of p;.
Two oracles establish the ceiling for coverage-
driven and informativeness-driven acquisition. The
Coverage Oracle uses benchmark structure un-
available at inference: each benchmark consists
of subdatasets, and given the K subdatasets
{D;, ..., Dk} with empirical proportions wy, it
allocates by, = max(1, |wib|) samples per sub-
dataset and draws them uniformly until the budget
b is exhausted, isolating the value of optimal distri-
butional coverage. The Informativeness Oracle
has direct access to s, at annotation time, computes
the exact W(q), and applies the same threshold
rule as our method, upper-bounding the exception-
detection benefit on routing performance that any
learned estimator fy can attain.

Traditional Active Learning Heuristics. We
adapt the two traditional families of acquisition
strategies, uncertainty and diversity (Settles, 2009),
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Figure 3: SPARSENN sits at or near the frontier on all four benchmarks. AUCp vs. support corpus size, with
each marker a distinct acquisition threshold. Points toward the upper-left, high performance at low annotation cost,
are preferable. SPARSENN follows OracleSp on Sprout, RouterBench, and FusionBench, and follows the coverage
oracle on EMBEDLLM, where no strong default exists. Cost penalty A = 0.25; means over seeds (bands: standard

error).

to routing. All share a common rule: at step ¢
the query is annotated if its acquisition score ex-
ceeds ¢, the §-percentile of a sliding window of
the w most recent scores. (a) Uncertainty heuris-
tics annotate queries where the router estimate is
least stable near q. ay sy scores ¢ by the cosine-
weighted variance of candidate performance over
its k nearest neighbors in Dy, flagging regions
where model performances fluctuate. @,y instead
targets ranking variability, a more decision rele-
vant signal since routing depends on the argmax. It
fits a Gaussian to each candidate’s neighborhood
performance, draws 7' Monte Carlo samples, and
computes the average normalized Kendall-7 dis-
tance between the resulting rankings and the refer-
ence ranking induced by the weighted means. Both
restrict the score to the top-m candidates, concen-
trating acquisition where the strongest models are
hardest to separate rather than where weak models
disagree. (b) Diversity heuristics broaden the cov-
erage of Dyyp. amin selects queries with low mini-
mum cosine similarity to their k£ nearest neighbors.
avMF targets queries in poorly covered regions of
the embedding sphere via von Mises-Fisher (vMF)
kernel density estimator (KDE) (Scott et al., 2021;
Ju et al., 2025): low likelihood indicates a poorly
covered region of the embedding sphere. Defini-
tions are given in Appendix A.

5 Experiments

We evaluate acquisition strategies under two
regimes (details in Appendix D): a stationary set-
ting with a fixed query distribution, and a non-
stationary setting where it shifts over time or the
model pool evolves.

5.1 Stationary Setting

Queries are drawn i.i.d., so the decision partition
{Z1,...,Z;} is constant. SPARSENN achieves
the best or tied-best AUCp on all four bench-
marks while matching passive sampling at sub-
stantially fewer annotations (Figure 3). It reaches
passive-sampling performance with 324.7 4 15.7
annotations (8 = 75%) on Sprout (—35% vs.
500), 280.8 + 28.3 (8 = 75%) on RouterBench
(—44%), and 352.5 4+ 22.5 (8 = 75%) on Fu-
sionBench (—30%). On EmbedLLM, it required
the full budget to match passive sampling. At
equal corpus size, SPARSENN is among the few
strategies to achieve significantly better AUCp
and AUCpro than random sampling on Fusion-
Bench and Sprout (Table 1), though not on Em-
bedLLM or RouterBench. It also shows signifi-
cantly higher AUCp and lower AUCpTo than the
active-learning heuristics across all benchmarks,
except the variance-based heuristic, which is sta-
tistically equivalent on all benchmarks except Em-
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OracleSp  OracleCov | SPARSENN Rand  Grank  Gmin Qyar QAyMF
Metric (25%) (n=500) (50%) Passive (25%) (75%) (25%) (75%) (25%)
Embedllm
AUC Perf 494 48.3 49.4 483 479 470 47.6 475 46.7
AUCDTO  39.8 39.8 39.0 39.9 402 409 404 405 410
Final Perf 49.7 48.6 49.8 485 49.0 474 483 485 474
Fusionbench
AUC Perf  72.2** 71.3 71.3"" 712 706 70.7 702 70.3 70.2
AUCDTO 16.9** 17.4** 17.4* 174" 179 179 183 184 184
Final Perf  72.6** 71.5 71.7 71 713 713 712 71,5 709
Routerbench
AUC Perf  70.8** 68.4 68.7 68.5 679 665 679 675 674
AUCDTO 21.2 20.3 20.2 20.2** 207 21.8** 21.0 212 212
Final Perf  71.3** 68.6 68.9 68.7 68.5 67.0" 684 68.1 679
Sprout
AUC Perf  90.1** 89.3 89.7** 894 889 887 83.6 89.8°* 88.0""
AUCDTO 12.5** 10.9 12.1%* 10.9 11.2  11.3 112 132" 11.5
Final Perf  90.2** 89.4 89.8 894 89.3 88.8 839 90.0°* 88.4
R2-Bench (Held-Out)
AUC Perf 75.6 - 75.6 754 75,6 755 754 755 755
AUC DTO 14.8 - 14.7 14.9 147 148 149 148 14.8
Final Perf 75.6 - 5.7 754 757 755 754 756  75.6

Table 1: Stationary setting (k = 40, Corpus Size = 500, 10 seeds). All methods are compared at a fixed corpus size
of 500 annotations; for each acquisition strategy we report the threshold variant 5 (shown in parentheses) reaching
the highest AUCp at that budget. This fixed-budget view is complementary to Figure 3, which reports the full
annotation-efficiency frontier. Means over seeds; bold: best non-oracle per metric, underline: second best. For
R2-Bench, OracleCov is not computed as the benchmark does not contain the original dataset of each query. **
marks strategies significantly different from Random (p =25%).

bedLLM, where SPARSENN remains significantly
better (Table 2 in Appendix H). Our criterion is
an effective measure of informativeness for rout-
ing: OracleSp dominates the AUC-vs-cost frontier
on three of the four benchmarks, and SPARSENN
follows it closely. On most benchmarks, coverage-
driven acquisition is not the most efficient criterion
(Figure 3). EmbedLLM is the exception. There,
OracleSp underperforms every strategy except at its
lowest threshold (8 = 25%): when performance is
spread evenly across models (Section 4.1), aggres-
sively selecting high-divergence queries excludes
strong candidates that a broader corpus would
cover. SPARSENN avoids this precisely because
its estimator cannot recover the criterion exactly:
¥ is harder to predict when no dominant region
anchors it, so prediction error inflates the annota-
tion rate and restores coverage. It therefore diverge
from OracleSp and follows the OracleCov instead.
Finally, nearly all strategies show non-significant
differences in final performance (Pr) (Table 1).
They are distinguished instead by annotation sav-
ings and how quickly performance rise matching
the practical need for a strategy that is both fast to
adapt and efficient.

Partial Model Annotation. Since performance
concentrates on few models (Section 4.1) while

annotation cost scales with pool size n, evaluating
the full pool per query is largely redundant and
wastes budget. For each selected query, we infer the
performance of every candidate over its k£ nearest
neighbors and compare each candidate against the
best inferred one with a one-sided Wilcoxon signed-
rank test. Only candidates not significantly worse
than the best (those that could plausibly be top-1)
are annotated. The rest have their performance
imputed from the nearest-neighbor average. By
redefining the budget as the fotal annotation cost
available : the number of annotated queries X the
cost of evaluating the full pool. The lower per-
query cost lets more queries be labeled under the
same B.ost. The benefit is pool-size dependent
(Figure 7): on small pools (M| = 10; Sprout,
RouterBench) few candidates can be safely pruned,
so savings are negligible and AUCp may slightly
degrade. On larger pools it consistently helps: for
SPARSENN (8 = 75%) it matches or exceeds full-
pool AUCp while saving 45% of the total cost on
FusionBench (] M| = 40) and 9% on EmbedLLM
(M| ~ 100), where the full-annotation variant
saves nothing. These results align with recent work
questioning very large pools (Yuan et al., 2025).
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5.2 Non-Stationary Setting
5.2.1 Topic Shift

Production query distributions drift as users ask
about new topics. We simulate this by switching
topics (e.g., health to mathematics) at fixed inter-
vals through sudden drift (topic details in Appendix
F). The partition {Z J(-t)} grows as previously un-
seen regions enter the stream. The results are more
mixed than in the stationary setting (Figure 8 in
Appendix J): SPARSENN remains frontier-efficient
on all four benchmarks, whereas the uncertainty
heuristic av,, reaches the frontier only on Fusion-
Bench and RouterBench. Passive sampling stays
competitive despite exhausting its budget before
later topics arrive, consistent with the structural
property of Section 4.1: the default model selected
in early phases continues to dominate later ones, so
a corpus that never observes a topic still routes it
adequately via the default. Most strategies match
passive sampling’s AUCp at fewer annotations.
For example, SPARSENN required 136.80 £ 9.3
annotations (3 = 90%) on Sprout (—73% vs. 500).

5.2.2 Pool Evolution.

Providers continually add and deprecate models.
Since ¥ depends on the current pool, any change
to M alters what the estimator must predict. We
simulate this at the stream midpoint: starting from
half the pool active, we randomly replace half of
the active models with an equal number of inac-
tive ones. Our strategy, Continual, trains on the
old pool before the switch, re-fits online on the
W-relabeled corpus, and then continues training on
post-switch queries. Optimal runs the full stream
under the new pool from start, serving as an ide-
alized reference. We measure regret, the Contin-
ual—Optimal gap on Performance and DTO: its
value at the switch reflects how well the old cor-
pus transfers, its decay how fast Continual adapts.
Regret stays near zero throughout the post-switch
stream on all four benchmarks (Figure 9 in Ap-
pendix K). At the switch, the corpus built under the
old pool already matches the one Optimal builds
from scratch on RouterBench, FusionBench, and
Sprout. EmbedLLLM is the only benchmark where
it starts behind. Over the remainder of the stream,
regret reaches zero on FusionBench and Sprout,
while on EmbedLLM and RouterBench Continual
ends ahead of Optimal. The old-pool corpus trans-
fers useful information. If a gap remains at the
switch, the estimator closes it online.

5.3 Sensitivity Analyses & Ablation

Hyperparameter robustness. We vary three hy-
perparameters on RouterBench, and analyze their
impact on AUC p. Performance rises with the cold-
start length Nqq up to 75, then plateaus over the
rest of the range {25, . .., 200}. Performance is not
affected by the retrain interval 6 € {1,...,50}, so
fo does not need to be refreshed at every annota-
tion, and larger 0 reduces retraining overhead at
no cost. For the guardrail threshold €gyarq, only
the most conservative setting 7=0.10 impacted the
performance, increasing corpus size without gain:
the guardrail acts as a safety net for pathological
fo failures, with likely larger impact on pools with
more candidates. Figures are deferred to Appendix
G.

Held-out generalization. To test results gener-
alization, we re-ran the stationary experiment on
R2-BENCH (Xue et al., 2026), a benchmark held
out from all design and hyperparameter decisions
(Table 1 and Figure 10 in Appendix L). At the
matched 500-annotation budget, no strategy dif-
fers significantly from random sampling (Table
1) or SPARSENN (Table 2 in Appendix H), but
the annotation-efficiency frontier reproduces the
pattern seen previously: SPARSENN (8 = 90%)
reaches comparable AUCp with 72% fewer an-
notations (142 queries vs 500), staying frontier-
efficient near OracleSp. We found the same de-
fault/exception spatial structure, and the top-two
candidates cover 82% of queries.

6 Conclusion

Routing data exhibits a default/exception structure:
a dominant default region carries most of the per-
formance mass, while the specialist regions that
remain are rare but locally coherent. We confirmed
this across five benchmarks and showed that it
leaves the traditional active-learning criteria, uncer-
tainty and diversity, poorly aligned with the rout-
ing signal. We introduced performance sparsity,
the KL divergence of the per-query performance
vector from uniform, as a routing-aware criterion
targeting specialist regions directly. Our method
SPARSENN matches full-annotation routing with
up to 73% fewer annotations under topic shift and
44% in the stationary setting, staying consistently
frontier-efficient. Partial model annotation allows
further cost savings at equal performance, espe-
cially on large candidate pools. Both corpus and
online estimator prove robust to an evolving pool.
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Limitations

Theoretical formalization. A formal guarantee
would need to relate exception prevalence, acqui-
sition precision and recall, routing margins, and
k-NN coverage to routing regret. Establishing such
guarantees is beyond the scope of this paper, and
we leave it to future work.

Failure Modes of ¥. The acquisition criterion ¥
rewards performance concentration, not success of
a specific candidate, which introduces two known
failure modes: (i) Low-margin queries. Queries
with small but consistent inter-candidate gaps, e.g.
sq = (0.6,0.5,0.5), normalize to a near-uniform
§(q) and receive low W, even when a unique op-
timal candidate exists. W will deprioritize these
queries relative to higher-concentration ones, so the
k-NN router may mis-route them at deployment
time. (ii) Default-dominated peaked queries.
Queries on which the globally dominant default
is itself uniquely strong have highly peaked S(q)
on the default and therefore high ¥, even though an-
notating them carries no routing benefit: the k-NN
router would select the default in their neighbor-
hood regardless. This consumes budget that should
be kept for true exception regions.

Distribution shift beyond topic switching. Our
non-stationary experiments simulate abrupt drift
via discrete topic switches. Real deployments
also exhibit gradual drift (slow concept change),
incremental drift (smooth interpolation between
regimes), and recurring drift (seasonal or cyclic
patterns). We expect W-driven acquisition to re-
main effective under recurring drift, since the sup-
port corpus still contains samples from revisited
regions, but its behavior under slow gradual or in-
cremental drift is an open question we leave to
future work.
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A Heuristic Acquisition Functions

This section defines the four acquisition scores.
The threshold 7; is set to a high percentile of the
sliding window for ay,; and a,.,i (higher scores
indicate higher uncertainty) and to a low percentile
for amin and ay\vr (lower scores indicate poorly
covered regions). The swept values are detailed in
Appendix B.

A.1 Uncertainty Heuristics

Let Nx(q) denote the k nearest neighbors of
q in Dgyp under cosine similarity, with weights
wj o< cos(q, ¢j) normalized to sum to one, and
let j1,,(q, m;) and o2 (¢, m;) denote the weighted
mean and weighted variance of candidate m;’s per-
formance over Ny (q).

Weighted variance.
1 n
avar(Q) = n Z; a*i(Q? mz)
1=

Kendall-7 ranking instability. The reference
ranking £* is obtained by sorting candidates by
tw (g, m;), and at each iteration ¢ € {1,...,T}
we sample a performance score for each model
from N (pw (g, m4), 02,(q,m;)) and re-rank to ob-
tain £(©); with disc(€, £*) counting discordant pairs
over all ordered index pairs (i,5), ¢ # j. The
normalized Kendall-7 distance is

Ak (€,€") = d:(‘f_’ ﬁ;

and the ranking uncertainty score is

A.2 Diversity Heuristics

Minimum neighbor similarity.

min

'
Ccos(qg, q
q'ENk(q) ( )

amin(Q) =

von Mises-Fisher (vMF) Kernel Density Estima-
tion (KDE). For /5-normalized embeddings on
S9! where d is the embedding dimension, the
vMF density(Garcia-Portugués, 2013) is

f(@s k) = Calr) exp(rp’e),
(d/2-1

(2m)4/2 Igj51 (k)

Ca(k) = (1)
with I,,(-) the modified Bessel function of order
v = d/2 — 1. For high-dimensional embeddings
I4/2-1(k) is numerically intractable; following
Scott et al. (2021); Ju et al. (2025) we use the ap-
proximation:

d—1
2

d—1

Fy(k) = —k+ Ink —

In(27)

a numerically stable approximation to In Cy(x) for
any d. Given a corpus of n embeddings {z;}!" ; C
S?1 and a query ¢ € S?!, with log-sum-exp sta-
bilization m = max;(k, z, q), the diversity score
becomes the KDE log-likelihood:

aymr(q) = Fg(k) —lnn+m

+ lni exp (/ﬁ) xiTq — m) 2)

=1
B Threshold Sweep Configuration

We sweep the acquisition threshold or sam-
pling rate of every method. SPARSENN and
OracleSp use {0.25,0.50,0.75,0.90}. Random
uses {0.05,0.10,0.15,0.25}. For the uncertainty
heuristics ayay and apani, both with top-k =
3, we sweep {0.75,0.85,0.95}. For the diver-
sity heuristics apyiy, and ayvr with £ = 1, we
sweep {0.05,0.15,0.25}. For OracleCov, which
depends on a target corpus size, we use b €
{100, 200, 500}.

C Training Details

Architecture. The network consists of two hid-
den layers of dimension dj, each followed by
ReLU activation and dropout (p = 0.2), and a final
linear layer projected to a scalar through a Softplus
activation, enforcing non-negativity consistent with
U(q) > 0.

Cold start. No training is performed until
Ncolg = 115 labeled samples have been collected.
During this phase, all the incoming queries are an-
notated.
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Training protocol. The model is not truly online:
at each trigger (every ¢ new labeled samples), it
is retrained from scratch on the full annotated cor-
pus accumulated so far. This prevents catastrophic
forgetting. At inference, the acquisition threshold
¢ is set to the empirical S-percentile of ¥’ values
over the current support set. The swept values of 3
are given in Appendix B.

Hyperparameters Optimization. We have se-
lected the hyperparameters (7, w, dhidden) Via grid
search over {107%,1073} x {1073,1072} x
{16,32,64,128} on a held-out validation split
(20%) drawn from the stationary training stream.
The optimal values were found to be: n = 1073,
w = 10_3, dhidden = 16.

Optimization. During training, we minimize
MSE with AdamW for up to 50 epochs, restor-
ing weights to the best validation checkpoint upon
early stopping (patience = 10).

Validation, early stopping, and guardrail.

* A held-out set (15% of Dyyp) is drawn from
older observations, with the § newest points
forced into the training split. This is not a true
generalization estimate: since the model is re-
trained from scratch at each trigger, the held-
out points have been seen in earlier rounds.
The validation loss serves as a stability reg-
ularizer via early stopping (patience = 10
epochs). It prevents the model from overfit-
ting the most recent batch at the expense of
previously acquired knowledge.

* The final validation MSE acts as a valida-
tion quality guardrail: whenever it exceeds
a threshold €gyarq = 0.20, the model is con-
sidered unreliable and every subsequent item
is selected unconditionally, regardless of its
predicted KL divergence. Each forced selec-
tion appends the observation to the learner’s
dataset; a full retraining round is triggered
only once every § new observations have ac-
cumulated.

D Experiment Details

Results are averaged over R = 10 seeds, with the
stream S(") and test set £(") resampled at each seed
and all strategies re-run on the same S"). We fix an
annotation budget of B = 500, a cold-start length
of Ncoig = 115, a retrain interval of § =5, and a
cost penalty of A = 0.25.

D.1 Stationary Details

We sample 4000 queries for the stream and 5000
for the test set, with & =40. For FusionBench,
which is smaller, we preserve the same 44.4/55.6%
stream/test proportion.

D.2 Partial Annotation Details

The pairwise tests are corrected for multiple com-
parisons via Holm-Bonferroni at o = 0.05.

D.3 Topic Shift Details

The stream is partitioned into sequential topic
phases with a sudden switch at each boundary,
drawing 500 queries per topic for both the stream
and the test set. The number of topics is 3 for
Sprout, 4 for RouterBench, 2 for FusionBench, and
4 for EmbedLLLLM; topic definitions and ordering
are given in Appendix F.

D.4 Pool Evolution Details

We sample 3000 queries for the stream and 5000
for the test set, with & =40. The stream is split
in two equal halves. During the first half, the ac-
quisition strategy operates on a random subset of
| M /2| active models out of the full pool of M
models. At the midpoint £ = 1500, we simulate a
pool change: |M /4| active models are removed
and | M /4| previously inactive models are added,
with both sets chosen uniformly at random. For
EmbedLLM, which has a higher selection rate, we
raise the budget to B = 1000 to prevent exhaustion
before the switch.

E Benchmark Details

SPROUT-03mini (Somerstep et al., 2025). A
benchmark of ~30k queries across 14 candidate
models, spanning open-weight models ranging
from 1B to 70B parameters (LLaMA-3.1 1B-
70B; Granite-3 2B and 8B; Mixtral-8x7B), along-
side proprietary systems of undisclosed scale
(Claude-3.5-Sonnet, GPT-40, GPT-40-mini, 03-
mini). Tasks are drawn from GPQA, MUSR,
MMLU-PrRO, MATH, TEKNIUM, and RAG-
BENCH, collectively probing graduate-level reason-
ing, mathematical problem-solving, and retrieval-
augmented generation.

RouterBench (Hu et al., 2024). A bench-
mark of ~36k queries across 11 candidate
models, including proprietary APIs (GPT-3.5-
turbo, GPT-4, Claude Instant, Claude v1/v2) and
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open-weight models (LLaMA-2-70B, CodeLlama-
34B, Mistral-7B, Mixtral-8x7B, WizardLM-13B,
Yi-34B). Tasks span coding (MBPP), mathe-
matical reasoning (GSM8K), commonsense in-
ference (HELLASWAG, WINOGRANDE, ARC-
CHALLENGE), factual knowledge (MMLU), and
open-ended generation (MTBENCH). To improve
interpretability and remove any linguistic impact
on the embeddings, we did not include the Chinese
datasets.

FusionBench (Feng et al., 2025b). A bench-
mark of ~6k queries evaluating 20 open-weight
base models ranging from 7B to 122B parame-
ters (Gemma, Granite, LLaMA-3.1/3.3, Mistral,
Mixtral, Qwen2/2.5, and others) each under two
inference settings: standard and chain-of-thought,
for a total of 40 candidate configurations. Tasks
cover reasoning (ARC-CHALLENGE, BOOLQ,
HELLASWAG), mathematics (MATH, GSM8K),
coding (HUMANEVAL, MBPP), and question an-
swering (TRIVIAQA, NATURALQA, SQUAD).

EmbedLLM (Zhuang et al., 2025). : A bench-
mark of ~30k queries spanning 108 candidate mod-
els (originally 112, but 4 candidates were removed
as we could not infer their number of parameters).
Model sizes range from 1.3B to 70B parameters,
with 7B and 13B models being the most prevalent,
and the pool includes a large proportion of domain-
specialized fine-tunes and model merges across
health, mathematics, and code. Tasks span mathe-
matical reasoning (GSM8K, ASD1v, MATHQA),
medical knowledge (MEDMCQA), commonsense
inference (PIQA, LOGIQA, SOCIALIQA), fac-
tual knowledge (MMLU, GPQA), and factuality
(TRUTHFULQA).

R2-Bench (Xue et al., 2026). A benchmark of
~31k queries spanning 10 candidate models and
held out from all design and hyperparameter de-
cisions to test the generalizability of our findings.
Model sizes range from 0.6B to 235B parameters,
mixing lightweight open-weight models (Qwen3-
0.6B, LLaMA-3.2-3B) with math-specialized fine-
tunes (Qwen2.5-Math-1.5B/7B) and larger gener-
alist ones (GLM-4.5-Air, GLM-4.6, Qwen3-235B-
A22B). On the 21/07/2026, Gemma-3-1B, Gemma-
3-4B-it, and Mistral-7B performances are not avail-
able on the HuggingFace repository. If found,
cost were updated on 21/07/2026 based on open-
router.ai, otherwise, we used the original cost re-
ported in the paper. Tasks span professional-level

knowledge (MMLU-PRO), general knowledge and
reasoning (OPENHERMES), mathematics (MATH),
graduate-level science (GPQA), multi-step soft rea-
soning (MUSR), and retrieval-augmented genera-
tion tasks (RAGBENCH). We have selected the
subset of 500 tokens budget because of its higher
compliance rate among models (Xue et al., 2026).

F Topics for Non-Stationary Evaluation

We define topics to simulate non-stationarity. Each
topic is a sequential phase of the stream.

SPROUT-03mini (3 topics). Mathematics:
MATH. RAG & Task Reasoning: RAGBENCH
(CovidQA, PubMedQA, HotpotQA, MS-MARCO,
HAGRID, ExpertQA, DelucionQA, CUAD,
eManual, FinQA, TAT-QA, TechQA) and MUSR
(Object Placements, Team Allocation). Question
Answering: MMLU-PRo.

RouterBench (4  topics). Mathematics:
GSMS8K, MTBENCH-Math, and MMLU math
subsets. Science: MMLU physics, chemistry,
biology, astronomy, and electrical engineering
subsets. Medicine & Health: MMLU medical
subsets. Law & Ethics: MMLU legal and moral
subsets and BIAS DETECTION.

FusionBench (2 topics). Reasoning: MATH,
GSM8K, ARC-CHALLENGE, HELLASWAG,
MBPP, HUMANEVAL. Question Answering:
GPQA, TRIVIAQA, NATURALQA, SQUAD,
OPENBOOKQA, COMMONSENSEQA, BOOLQ,
MMLU.

EmbedLLM (4 topics). Medicine & Health:
MEDMCQA and MMLU medical subsets. Math-
ematics: MATHQA, ASDiv, GSMS8K, and
MMLU math subsets. Social Sciences: SO-
CIALIQA and MMLU social subsets. Science:
GPQA and MMLU science subsets.

G Sensitivity and Ablation Analyses
Figures (RouterBench)

Error bars show standard error across seeds.
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Cold-start ablation (k=40)
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Figure 4: Ablation over cold-start sizes.
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Figure 5: Ablation over guardrail thresholds 7. Off: no
guardrail applied.

Retrain interval ablation (k=40)
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Figure 6: Ablation over retraining intervals.
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H Significancy Tests against SPARSENN

OracleSp  OracleCov | SPARSENN Rand  Grank Qmin Qyar QAyMF
Metric (25%) (n=500) (50%) Passive (25%) (75%) (25%) (75%) (25%)
Embed LLM
AUC Perf 494 48.3 49.4 483 479 47.0" 47.6"" 47.5" 46.7"
AUCDTO  39.8 39.8 39.0 39.9 402 40.9** 40.4** 40.5*" 41.0**
Final Perf 49.7 48.6 49.8 48.5 49.0 474 483 485 474
Fusionbench
AUC Perf  72.2** 71.3 71.3 71.2  70.6** 70.7 702** 70.3 70.2*"
AUCDTO 16.9*F 17.4 17.4 174 179" 179 183" 184 184*
Final Perf  72.6** 71.5 71.7 1.5 71.3 713 712 715 709
Routerbench
AUC Perf  70.8** 68.4 68.7 68.5 679 665 679 675 674
AUCDTO 21.2 20.3 20.2 20.2 20.7 21.8** 21.0"* 212 21.2%F
Final Perf  71.3** 68.6 68.9 68.7 685 67.0°F 684 681 679
Sprout
AUC Perf 90.1 89.3 89.7 89.4 88.9" 887" 88.6 89.8 88.0""
AUC DTO 12.5 10.9** 12.1 109 11.2** 11.3** 11.2** 132" 115
Final Perf 90.2 89.4 89.8 89.4 89.3 88.8" 889 90.0 884"
R2-Bench (Held-Out)
AUC Perf 75.6 - 75.6 75.4 75.6 755 754 755 755
AUC DTO 14.8 - 14.7 149 147 148 149 148 14.8
Final Perf 75.6 - 75.7 754 757 755 754 756 75.6

Table 2: Stationary setting (k = 40, Corpus Size = 500, 10 seeds). All methods are compared at a fixed corpus size
of 500 annotations; for each acquisition strategy we report the threshold variant 5 (shown in parentheses) reaching
the highest AUCp at that budget. This fixed-budget view is complementary to Figure 3, which reports the full
annotation-efficiency frontier. Means over seeds; bold: best non-oracle per metric, underline: second best. For
R2-Bench, OracleCov is not computed as the benchmark does not contain the original dataset of each query. **
marks strategies significantly different from SPARSENN.

I Partial Model Annotation
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Figure 7: Partial model annotation pays off on large pools, where candidates performance are most redundant.
Full model annotation (red) evaluates every candidate on each selected query; Wilcoxon partial annotation (blue)
skips candidates significantly below the inferred neighborhood best candidate (one-sided Wilcoxon signed-rank
test, «=0.05, Holm correction). Both operate under the same total-cost budget, so cheaper per-query annotation
allows partial annotation label more queries. The benefit is pool-size dependent: negligible on small pools (Sprout,
RouterBench) but significant once the pool is large enough (FusionBench, EmbedLLM). Grey lines show heuristic
baselines. Means over seeds (bands: standard error).
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J Annotation-Efficiency Under Topic Shift
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Figure 8: Under sudden topic shift, most strategies overlap, but SPARSENN is consistently among the frontier-
efficient ones on all four benchmarks. Individual heuristics also reach the frontier on some benchmarks but
none does so consistently across all four, except a,4,-. On EMBEDLLM, where no strong default exists, OracleSp
degrades at aggressive thresholds and SPARSENN instead follows the coverage oracle. Means over seeds (bands:
standard error).

K Regret After Pool Evolution
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Figure 9: A corpus built for a different pool still transfers, and SPARSENN’s estimator adapts online: regret
after a model-pool switch stays near zero throughout. Regret (Continual—Optimal) on Performance (green) and
DTO (yellow) through the post-switch stream, where the pool change happens at 0% (dotted red line). Performance
is higher-is-better and DTO lower-is-better, so Continual underperforms Optimal for negative green values and
positive yellow ones. At the switch, regret is near zero on RouterBench, FusionBench, and Sprout, and only
EmbedLLM starts behind. Over the stream, regret reaches zero on FusionBench and Sprout, while Continual ends
ahead of Optimal on EmbedLLLM and RouterBench. Means over seeds (bands: standard error).
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L Held-Out Generalization: R2-Bench

R2-Bench

Results on Stationary Stream Routing Gain Sparsity
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Figure 10: Held-out R2-BENCH confirms the default/exception structure. (a) Annotation-efficiency frontier
(AUCp vs. corpus size): SPARSENN follows OracleSp and reaches full-budget performance with far fewer
annotations. Means over seeds (bands: standard error). (b) Best-vs-default gap and (c) ¥, both on a t-SNE projection
of query embeddings: routing gains concentrate in spatially coherent exception regions. (d) and (e) Cover-set
composition: the top-two candidates jointly cover 82% of queries, confirming a dominant default.

M Empirical Validation Figures
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Embedding Clusters and Cover-Set Composition
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Figure 11: Two models jointly cover 89-91% of queries on three of four benchmarks, confirming a dominant
default with exception regions. Each column is one benchmark. 7op: t-SNE projection of query embeddings
colored by the model assigned under a greedy set-cover algorithm, which iteratively selects the model covering
the most yet-uncovered queries (a query is covered if a model’s score is within tolerance € = 0.05 of its per-query
best). Spatial coherence of colored regions shows that exception queries cluster in the embedding space, motivating
embedding-based sparsity prediction. Bottom: Donut chart of coverage fractions; the center reports the total number
of models required for full coverage.

Routing Gain and Sparsity in Embedding Space
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Figure 12: Performance sparsity ¥(q) spatially co-localizes with Best-vs-Default-Gap across all benchmarks,
validating it as a geometrically predictable acquisition signal. Each column is one benchmark; each row is
a t-SNE projection of query embeddings. Top: Best-vs-Default-Gap - score of the per-query best model minus
the score of the globally best model; warm colors mark queries where routing strictly improves over the default.
Bottom: Performance-vector sparsity ¥(q) = Dk, (S(q)||U); high-U clusters overlap with high-gap regions (top
row), confirming that U targets exactly the exception regions where routing gains are largest.
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Routing Sparsity and Gain Analysis

EmbedLLM RouterBench Sprout FusionBench
08 1 ! Mean = 1.279 257 ! Mean = 0.591 5 ! Mean = 0.388 ! Mean = 0.624
i i i 254 i
07 1 i i i i
i 201 i 4 i i
0.6 4 ' ' ' 204 1
i i 2 i
2% 3 2157 ; 231 | 2 :
2 4 ! 2 ! 2 ! 2151 !
8 04 Il 8 [ g i g I
| 04 i g i i
03 1 * i 2 i 1.0 i
i i i i
021 i i i |
1 0.5 4 g 14 1 0.5 4 |
014 i i i |
i i i |
0.0 - — T T T 00 - . T T T T 0 - — T T T T 0.0 - — T T
o 1 2 3 4 0.0 0.5 1.0 15 20 25 0.0 0.5 1.0 15 20 25 o 1 2 3
W(a) W(q) W(a) W(a)
EmbedLLM RouterBench Sprout FusionBench
30000
17500 4 gap =0 (61%) gap =0 (82%) 25000 gap =0 (84%) 5000 4 gap =0 (83%)
gap > 0 (39%) gap > 0 (18%) gap > 0 (16%) gap > 0 (17%)
15000 4 25000
20000 - 4000 4
12500 - 20000 -
1 - + 15000 - 3
c 4 c c € 3000 4
5 10000 S 15000 5 3
o o o o
7500 10000 4 2000
10000 1
5000 o
] 5000 1000 4
2500 4 5000
0+ T T T T T 0 T T T T T [ T T T T T 0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Best-vs-Default Gap Best-vs-Default Gap Best-vs-Default Gap Best-vs-Default Gap
EmbedLLM RouterBench Sprout FusionBench
W(q) > P75 - higher gap? W(q) > P75 - higher gap? W(q) > P75 - higher gap? W(q) > P75 - higher gap?
p=0.000 ***, r=0.42 p=0.000 ***, T=0.22 p=0.000 ***, 1=0.16 p=0.000 ***, T=0.38
1.0 1 1.0 4 1.0 4 1.0 4
0.8 0.8 0.8 0.8 4
o o o a
@ kS k3 k3
o [¢) [} [}
% 0.6 1 % 0.6 1 § 0.6 1 § 0.6
o o 2 o
© 17 3 i}
Q Q Q Q
£ 044 g 04 g 041 g 044
ki @ i ki
3 3 3 3
@ @ a @
024 024 024 0.2 4
0.0 0.0 0.0 0.0 4
T T T T T T T T
w(q) = P75 w(q) > P75 W(q) = P75 w(q) > P75 w(q) = P75 W(q) > P75 W(q) < P75 w(q) > P75
(n=22,581) (n=7.336) (n=27,522) (n=8,190) (n=23,180) (n=7,121) (n=4,799) (n=1,560)

Figure 13: High-U queries concentrate Best-vs-Default-Gap: the top quartile of sparsity captures the majority
of queries where a specialist strictly outperforms the default, on all four benchmarks. Each column is one
benchmark. Top: Distribution of ¥(gq); the dashed line marks the mean. The distribution is right-skewed with a
heavy tail. Middle: Best-vs-Default-Gap distribution; bars indicates queries where routing cannot improve over
the default (gap = 0), red bars those where it can (gap > 0). Bottom: Violin plots of the Best-vs-Default-Gap for
low-V (< P75) vs. high-W (> P75) queries; Mann-Whitney U p-values (p < 10~%) and effect sizes r € [0.16, 0.42]
confirm that high-U queries carry significantly larger routing gains on all benchmarks.

52135



