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Abstract

Latent Chain-of-Thought (Latent CoT) mod-
els promise efficient reasoning via continuous
representations, yet exhibit puzzling perfor-
mance inconsistencies: excelling at exploration
(ProsQA: 97.0%) but failing at computation
(GSM8K: 34.1%). We show that this trade-off
can be explained by decisional certainty. Our
contributions are threefold: (1) We theoretically
characterize the Exploration-Execution Trade-
off, showing that high certainty enables pre-
cise execution but inhibits exploration, while
low certainty facilitates search but causes er-
ror accumulation. (2) We introduce the Sym-
bolic Index—quantifying decisional commit-
ment—as a compact measure of this trade-off
and establish its relationship with both execu-
tion stability and exploration capability. (3) We
show why curriculum learning is needed under
trajectory-distribution mismatch: direct latent
training can collapse into shortcut states that
differ from expert reasoning trajectories. Our
framework shifts the design paradigm from bi-
nary architectural choices toward using deci-
sional certainty as a diagnostic signal for future
adaptive reasoning systems.

1 Introduction

Large Language Models (LLMs) (Guo et al., 2025;
OpenAI, 2025; DeepSeek-AI, 2025) have made
Chain-of-Thought (CoT) prompting a dominant
method for eliciting reasoning (Wei et al., 2022;
Sun et al., 2023). By verbalizing intermediate
steps as discrete tokens, CoT provides a structured,
human-interpretable logic flow, but it also incurs
long sequences and autoregressive computation
(Zhen et al., 2025; Yue et al., 2025). Recent work
therefore explores implicit reasoning, often termed
Latent CoT (Ye et al., 2025), where models reason
through continuous internal states instead of gen-
erating intermediate tokens. Mechanisms such as
token-level manipulation (Tack et al., 2025; Sun
et al., 2025) and trajectory optimization (Cheng

and Van Durme, 2024; Hao et al., 2024) aim to
reduce computational cost and support reasoning
paths beyond the vocabulary of natural language
(Hao et al., 2024; Zhang et al., 2025a).

Yet Table 1 shows a sharp empirical trade-
off. CoT is stronger on symbolic computation
(GSM8K: 42.9%) but weaker on exploratory rea-
soning (ProsQA: 77.5%), often because a token-
level chain commits to one executable path. La-
tent CoT performs better on ProsQA (97.0%) by
retaining more alternatives, but this same flexibil-
ity weakens exact state maintenance on GSM8K
(34.1%). Reported ablations also show training
fragility: removing curriculum learning reduces
ProntoQA accuracy from 99.8% to 52.4%. This
pattern suggests that the issue is not only efficiency,
but a deeper coupling between search breadth, exe-
cution fidelity, and trainability.

These observations expose a missing mecha-
nism: why exploration reduces execution preci-
sion, and why implicit models are difficult to train.
Prior work often treats discrete and continuous
reasoning as binary architectural choices, leaving
the decision-theoretic source of their strengths and
weaknesses underspecified. Without such a mech-
anism, architecture design reduces to a heuristic
choice between systems that are precise but rigid
and systems that are flexible but unstable.

We argue that this trade-off can be analyzed
through decisional certainty. We introduce the
Symbolic Index—a measure of commitment to a
reasoning path—as a diagnostic lens for this mech-
anism. CoT operates in a high-certainty regime: to-
ken selection filters sub-decisional noise, but early
commitment limits exploration. Latent CoT oper-
ates in a low-certainty regime: distributed latent
states support exploration, but accumulated noise
degrades symbolic precision because no discrete
quantization step resets the state.

We make three contributions. First, we charac-
terize the exploration-execution trade-off: high cer-
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Table 1: Performance of discrete (CoT) and latent (Coconut) reasoning models shows an exploration-execution
trade-off. CoT is stronger on precise computation (GSM8K), whereas Coconut is stronger on exploratory reasoning
(ProsQA) but highly curriculum-sensitive. *Results from (Hao et al., 2024).

Method GSM8K ProntoQA ProsQA

Acc. (%) # Tokens Acc. (%) # Tokens Acc. (%) # Tokens

CoT 42.9± 0.2 25.0 98.8± 0.8 92.5 77.5± 1.9 49.4
No-CoT 16.5± 0.5 2.2 93.8± 0.7 3.0 76.7± 1.0 8.2

COCONUT 34.1± 1.5 8.2 99.8± 0.2 9.0 97.0± 0.3 14.2
- w/o curriculum 14.4± 0.8 8.2 52.4± 0.4 9.0 76.1± 0.2 14.2

tainty yields stable execution but weak exploration,
while low certainty supports search but amplifies
sub-decisional noise. Second, we formalize the
Symbolic Index as a diagnostic metric for compar-
ing reasoning regimes. Third, we show that cur-
riculum learning addresses a trajectory-distribution
mismatch between self-generated latent states and
valid reasoning trajectories.

2 Related Work

Unlike CoT, which is constrained to a single dis-
crete path, Latent CoT uses continuous latent
spaces for exploratory diversification. Research in
this area enables models to explore multiple reason-
ing trajectories in parallel, improving robustness on
complex problems. Techniques include sampling
latent trajectories (Chen et al., 2024), using proba-
bilistically weighted concepts (Zhang et al., 2025b),
and injecting continuous tokens to enrich the search
space (Xu et al., 2025a,b; Gozeten et al., 2025).
These works motivate our treatment of exploration
as low decisional certainty over next steps. Our
analysis turns this empirical pattern into a measur-
able condition: exploration corresponds to a lower
Symbolic Index and bounded divergence from an
ideal exploration prior.

A distinct line of research focuses on trajectory-
level latent optimization, compressing entire ex-
plicit reasoning chains into continuous represen-
tations. Early works aimed to maintain semantic
fidelity by anchoring latent states to explicit steps
(Cheng and Van Durme, 2024; Liu et al., 2024;
Shen et al., 2025b). More recent efforts improve
efficiency through dynamic compression or adap-
tive control (Zhang et al., 2025a; Ma et al., 2025;
Tan et al., 2025; Wang et al., 2025a). A particularly
important strategy is progressive internalization,
where explicit steps are gradually replaced by la-
tent thoughts via curriculum learning (Deng et al.,

2024; Hao et al., 2024; Shen et al., 2025a) or inter-
nal iterations (Zeng et al., 2025; Ruan et al., 2025).
These methods motivate our analysis of curriculum
learning as a mechanism for aligning latent states
with valid reasoning trajectories. We show that this
alignment is not merely a useful training recipe: it
reduces the distributional mismatch that otherwise
prevents stable latent reasoning.

Complementing these architectural advances, a
parallel stream of research investigates the fine-
grained control and analysis of internal states.
Signal-guided control methods insert specialized,
non-text-producing tokens to steer internal reason-
ing (Herel and Mikolov, 2024; Goyal et al., 2024;
Zelikman et al., 2024; Pfau et al., 2024; Wang et al.,
2024). Simultaneously, internal state analysis uses
techniques like probing or distillation to find mech-
anistic evidence of implicit reasoning, such as dis-
covering encoded reasoning trees in attention pat-
terns (Deng et al., 2023; Hou et al., 2023; Wang
et al., 2025b; Yu et al., 2024). Both approaches
highlight the centrality of internal states. We build
on this line by making internal certainty explicit
through the Symbolic Index, a computable quantity
that can compare architectures and monitor transi-
tions across training stages.

Relation to switching between latent and ex-
plicit reasoning. SwiReasoning (Shi et al., 2026)
reports a closely related qualitative observation:
latent thinking preserves multiple possibilities,
whereas reliable answer production requires the
distribution to reconcentrate. It exploits this by
alternating between explicit and latent thinking
at inference time in a training-free manner, us-
ing block-wise confidence estimated from entropy
trends, and bounds the number of switches to curb
overthinking. The two papers ask different ques-
tions. SwiReasoning asks how a frozen reasoning
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LLM can dynamically switch between explicit and
latent computation to improve accuracy and token
efficiency, and evaluates training-free inference on
large reasoning LLMs. We instead ask under what
assumptions decisional concentration is associated
with exploration, decision margins, and noise sen-
sitivity, and why a curriculum is needed to train
Coconut-style models at all; our setting is trained
CoT/Coconut models with controlled temperature,
support, noise, and curriculum analyses. The ob-
served compatibility of the two accounts is one
reason we treat decisional certainty as a diagnostic
signal rather than a fixed architectural property.

3 Preliminaries

We consider supervised learning for reasoning
tasks, where the input is a random variable X
from which instances x are drawn. Each input x
and answer y are connected by a chain-of-thought
S = (s1, . . . , sM ). We compare two paradigms for
modeling this process: Chain-of-Thought (CoT)
and Latent CoT, the latter trained via the Coconut
curriculum.

Chain-of-Thought (CoT) CoT models autore-
gressively generate discrete reasoning steps:

pθ(S|x) =
M∏︂

k=1

pθ(sk|x, S(1...k−1)).

At inference, token selection commits to a single
path—enabling precise computation but risking
early missteps (Mohtashami et al., 2025; Yu et al.,
2025; Xu et al., 2024; Emmons et al., 2025).

Latent Chain-of-Thought (Latent CoT) Latent
CoT iterates in continuous space, producing latent
states H = (h1, . . . , hM ), hk ∈ Rd:

hk = fθ(hk−1).

Each hk encodes multiple potential reasoning paths,
supporting exploration but accumulating noise over
steps (Kong et al., 2025; Zhu et al., 2025; Su et al.,
2025; Orlicki, 2025).

Coconut Training (Hao et al., 2024) Since di-
rect supervision on H is infeasible, Coconut uses
a curriculum. At stage k, it learns to compress the
prefix S(1...k) into a latent state hk to predict the
suffix S

(k)
+ = S(k+1...M):

L(k)Coconut(θ) = Ep(x,S)

[︂
− log pθ(S

(k)
+ | hk, x)

]︂
.

The curriculum progresses from k = 0 (pure CoT)
to k = M (full latent reasoning), gradually inter-
nalizing symbolic steps that bridge the discrete and
continuous CoT.

4 Theoretical Analysis

We analyze CoT and Latent CoT along two di-
mensions: planning and exploration capability
versus computational execution precision. We
then identify decisional certainty—quantified by
the Symbolic Index—as the mechanism regulating
this trade-off, and analyze why curriculum learn-
ing mitigates distribution mismatch when training
Latent CoT models.

4.1 Duality with the Information Bottleneck

The Coconut curriculum has a staged, implicit com-
pression objective. We show that it can be written
as a Conditional Information Bottleneck objective
(Tishby and Zaslavsky, 2015), allowing us to char-
acterize the model with information-theoretic tools.

At stage k, Coconut compresses the past chain-
of-thought S(1...k) into a latent vector hk that pre-
dicts the future chain S(k+1...M). This matches the
Information Bottleneck principle: learn a compact
representation of a source that preserves informa-
tion about a target. The curriculum can therefore
be viewed as learning an information compressor
whose bottleneck must retain the future-relevant
part of past reasoning. Theorem 4.1 formalizes this
duality.

Theorem 4.1 (Coconut-CIB Duality). Under the
constraint of any finite model capacity, the opti-
mization objective of the Coconut curriculum (Pre-
liminaries 3) at stage k can be rigorously reformu-
lated as a constrained optimization problem. Its
Lagrangian dual is precisely the Conditional Infor-
mation Bottleneck (CIB) problem. Specifically:

Primal Problem: The optimization process of
Coconut is equivalent to solving:

min
p(hk|X)

H(S(k+1...M) | hk, X) (1)

s.t. I(hk;S
(1...k) | X) ≤ R (2)

Dual: min
p(hk|X)

[︂
I(hk;S

(1...k) | X)

− β(k)I(hk;S
(k+1...M) | X)

]︂

(3)

where β(k) > 0 ideally satisfies β(k) ∼ k
M−k .
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Interpretation of β(k). The trade-off parameter
β(k) ∼ k

M−k reflects the curriculum’s shifting em-
phasis across stages. As k increases, the model
compresses more past information while preserv-
ing predictive power over a shorter future sequence.
We formalize the training necessity in §5.

The main challenge is to connect Coconut’s op-
erational training loss to a formal information-
theoretic objective. The proof achieves this by fram-
ing the optimization as a constrained problem and
applying Lagrangian duality, revealing that Co-
conut implicitly solves the Conditional Information
Bottleneck. Proof in Appendix A.3.

4.2 Latent CoT excels in exploration

We model reasoning as traversal over a decision
DAG Q := (G, vstart, Vtarget). At any node v,
let Nvalid(v) be the set of valid next steps. An
ideal explorer uses a uniform prior qPR(u | v) =

1
|Nvalid(v)|I[u ∈ Nvalid(v)]. We measure deviation
from this ideal via DKL(qPR∥p), where p is the
model’s next-step distribution: low KL divergence
implies broad exploration; high KL divergence in-
dicates overconfidence and premature commitment.
Here I[·] denotes the indicator function and H(·)
denotes Shannon entropy.

We first characterize the high-certainty behavior
of a single, coherent reasoning path, the basic
unit of CoT execution. This behavior follows from
teacher-forcing on deterministic reasoning chains,
which naturally induces sharply peaked distribu-
tions.

Assumption 4.2 (κ-Concentrated Distribution for
CoT). At a decision point with B options, we
model the generative distribution of a single CoT
step, pCoT, as an asymmetric high-concentration
Dirichlet distribution. Specifically, one compo-
nent dominates, with αj = κ − (B − 1)c and
αi̸=j = c for a small constant c > 0. Thus the
sharp peak comes from both large total concentra-
tion κ =

∑︁
i αi and a one-hot-like mean, not from

large κ alone.

This is a phenomenological local model rather
than a claim that CoT logits are literally gener-
ated by a Dirichlet process. It captures the high-
certainty regime induced by teacher-forced execu-
tion and by post-training methods that concentrate
probability mass on preferred continuations, such
as RLHF and DPO (Ouyang et al., 2022; Rafailov
et al., 2024).

Under this assumption, CoT inevitably collapses

its distribution at each step:

Theorem 4.3 (Exploration Deficiency of CoT). As
κ→∞, the entropy H(pCoT)→ 0, and

DKL(qPR∥pCoT) =
B − 1

B
log κ− logB

− (B − 1) log c

B
+O

(︃
1

κ

)︃
,

for a constant c > 0, implying that DKL → ∞ as
certainty κ→∞.

Proof in Appendix A.4.
Remark 4.4 (Sampling-Based Methods). Our anal-
ysis concerns a single reasoning chain. Ensemble
methods such as Self-Consistency (Wang et al.,
2023) add macro-level exploration by sampling
multiple chains, but the empirical ensemble still
samples from the same single-chain policy. In
the concentrated regime above, a suppressed valid
branch can have probability O(c/κ), so observing
it with nontrivial probability requires an ensemble
size N = Ω(κ). Thus test-time ensembles can
compensate for poor single-chain exploration, but
the compensation becomes increasingly expensive
as certainty grows.

This quantifies CoT’s poor performance on ex-
ploratory tasks like ProsQA (77.5% vs. Latent
CoT’s 97.0% in Table 1): the divergence DKL →
∞ formalizes that CoT’s distribution becomes ar-
bitrarily distant from the uniform exploration prior.

In contrast, Latent CoT’s training objec-
tive—dual to the Conditional Information Bottle-
neck (Theorem 4.1)—imposes implicit regulariza-
tion against overconfidence, supporting sustained
exploration:

Theorem 4.5 (Exploration Capability Guarantee of
Latent CoT). There exist constants δ ∈ (0, 1) and
finite c such that

DKL(qPR∥pCoconut) ≤ −
1

2
log δ − c.

Proof in Appendix A.5. Thus Latent CoT main-
tains a non-degenerate distribution over options,
contrasting with CoT’s unbounded divergence
(Theorem 4.3) and supporting exploration. This
is the formal counterpart of Latent CoT’s empirical
advantage on ProsQA.

4.3 Latent CoT’s Fragility in Symbolic
Computation

While Latent CoT’s continuous state space supports
robust exploration (Section 4.2), it is a liability for

53234



tasks requiring high-fidelity symbolic reasoning,
such as GSM8K. Unlike CoT’s discrete symbolic
operations, Latent CoT’s continuous state repre-
sentations are inherently vulnerable to noise accu-
mulation, which undermines precise step-by-step
computation.

To formalize this, we analyze the effect of small
internal errors, termed sub-decisional perturba-
tions—noise that corrupts a model’s internal state
but is insufficient to alter the immediate output.

Definition 4.6 (Sub-decisional Perturbation). Let
lk = l∗k + ϵk be the logit vector at step k. A pertur-
bation ϵk is sub-decisional if

argmax(l∗k + ϵk) = argmax(l∗k).

This concept highlights a key architectural diver-
gence. CoT models are inherently robust to such
perturbations due to their discrete generation pro-
cess.

Theorem 4.7 (Symbolic Integrity of CoT). Let
S∗ = (s∗1, . . . , s

∗
M ) be the noise-free CoT trajec-

tory and Ŝ the trajectory under sub-decisional per-
turbations. Then

P[ŝM ̸= s∗M ] = 0.

Proof in Appendix A.6.
Theorem 4.7 formalizes CoT’s resilience to sub-

decisional perturbations. The underlying mecha-
nism is a discretization-reset process: at each step,
the argmax operation acts as an error-correcting
filter, projecting the continuous hidden state to
a discrete token and thereby discarding any sub-
decisional noise. This reset ensures that subsequent
reasoning begins from a clean symbolic represen-
tation, preventing error propagation across the rea-
soning chain.

In stark contrast, Latent CoT lacks this
discretization-reset mechanism. Its continuous
state hk is passed directly to the next step with-
out quantization, carrying forward any perturbation.
For a model with transition function fθ (Lipschitz
constant LF ) and i.i.d. noise ϵ

(k)
h ∼ N (0, σ2

hId),
this error propagation is quantifiable:

Theorem 4.8 (Compounding Error in Latent Com-
putation). Let EM = hM − h∗M . Then for M ≥ 1,

E[∥EM∥2] =
1− L2M

F

1− L2
F

· dσ2
h > 0.

Proof in Appendix A.7. The term 1−L2M
F

1−L2
F

shows
that the expected squared error grows with the num-
ber of reasoning steps M . If the transition function
is expansive (LF > 1), the error compounds expo-
nentially; even for stable functions (LF ≤ 1), error
accumulates. The key failure mode is trajectory
drift: small perturbations may be sub-decisional
locally but still corrupt the final state after repeated
latent transitions. This explains Latent CoT’s degra-
dation on precision-sensitive tasks like GSM8K,
complementing the dichotomy analyzed in Sec-
tion 4.2.

4.4 Unifying the Trade-off via the Symbolic
Index

The analyses in Section 4.2 and Section 4.3 reveal
a dichotomy: CoT excels at execution but lacks
exploration, while Latent CoT does the opposite.
Here, we unify these behaviors through a single,
quantifiable principle: the degree of decisional cer-
tainty at each reasoning step. To formalize this, we
introduce the Symbolic Index (IS), a measure of
how committed the model is to its top choice.
Definition 4.9 (Symbolic Index IS). At a deci-
sion point with a vocabulary of valid tokens V , let
p(u | h, x) be the model’s output distribution. The
Symbolic Index is the probability of the most likely
token:

IS = max
u∈V

p(u | h, x) ∈ [1/|V|, 1].

A high IS (≈ 1) signifies high certainty, char-
acteristic of CoT’s discrete commitments. A low
IS signifies distributed consideration over multiple
options, characteristic of Latent CoT.

First, we establish the direct link between this
certainty and robustness against computational
noise. The mechanism for this robustness is the
separation between the top two choices, which we
term the Logit Decision Margin.
Definition 4.10 (Logit Decision Margin ∆l). Let
li∗ and lj∗ be the logits of the most likely and
second-most likely tokens, respectively. The mar-
gin is their difference: ∆l = li∗ − lj∗ .

The following theorem proves that high certainty
guarantees a large decision margin, making the
model resilient to perturbations.
Theorem 4.11 (Symbolic Stability Theorem). The
Logit Decision Margin ∆l is lower-bounded by the
Symbolic Index IS as follows:

∆l ≥ log

(︃ IS

1− IS

)︃
.
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Proof in Appendix A.9. Higher decisional cer-
tainty yields a larger protective margin. For in-
stance, CoT with IS = 0.99 has ∆l ≥ log(99) ≈
4.6, whereas Latent CoT with IS = 0.6 has
∆l ≥ log(1.5) ≈ 0.4. This links decisional cer-
tainty to CoT’s noise immunity and symbolic in-
tegrity (Theorem 4.7).

However, this stability comes at a direct and
quantifiable cost to exploration. High certainty
forces the model’s distribution away from the uni-
form ideal required for unbiased exploration. The
next theorem formalizes this trade-off.

Theorem 4.12 (Exploration-Execution Trade-off
Theorem). For a decision with B valid options, the
KL divergence from the ideal uniform exploration
prior qPR is lower-bounded by:

DKL(qPR∥p) ≥ − logB − 1

B
log(IS)

− B − 1

B
log

(︃
1− IS

B − 1

)︃
.

This bound is minimized when IS = 1/B and
grows without bound as IS → 1.

Proof in Appendix A.10. This inequality shows
that increasing IS improves execution stability but
increases divergence from a uniform exploration
policy, explaining CoT’s exploration deficiency
(Theorem 4.3). It makes exploration and execution
coupled objectives rather than independent design
goals.

Together, these results establish IS as the core
regulator, unifying both paradigms:

1. CoT: High-IS regime ensures large decision
margins for robust execution (Theorems 4.11,
4.7) but degrades exploration (Theorem 4.12).

2. Latent CoT: Low-IS regime enables broad
exploration (Theorem 4.5) but implies small
decision margins, causing vulnerability to sub-
decisional noise that compounds over steps
(Theorem 4.8), leading to failure on precision-
sensitive tasks.

This framework shifts focus from binary ar-
chitectural choices to diagnosing decisional cer-
tainty. For explicit CoT, IS is a native property
of the token distribution and can be affected by
decoding controls such as temperature. For Latent
CoT, however, IS is obtained by probing hidden
states and should be treated as a diagnostic surro-
gate rather than a directly controllable decoding
knob.

5 Why Curriculum Learning Works

Having established that IS governs the exploration-
execution trade-off in trained models (§4.4), we
next ask how to train a model to operate in the low-
IS regime required for robust exploration. Unlike
CoT, which benefits from token-level supervision at
each reasoning step, Latent CoT must learn mean-
ingful latent representations hk without explicit
ground truth.

5.1 The Training Paradox of Latent CoT
An untrained model has no incentive to perform
multi-step reasoning encoded in hk; instead, it
tends to learn "shortcut" representations that merely
map surface-level input patterns to outputs. Train-
ing requires reliable gradient signals, which neces-
sitate high-certainty (high-IS) predictions to min-
imize loss variance. However, the ultimate goal
is to learn low-IS representations that enable ex-
ploration. Direct training thus traps the model in a
high-IS regime, preventing the emergence of true
latent reasoning.

We model this difficulty within an Imitation
Learning (IL) framework. Let Pθ∗(h|x) denote
the unobserved expert policy that generates opti-
mal, reasoning-encoded latent states. We define
a binary valuation function V (h) ∈ {0, 1}, where
V (h) = 1 implies the latent state leads to the cor-
rect answer. The primary objective is to maximize
the Task Success Rate R(θ), defined as the ex-
pected value of this function under the induced
policy:

R(θ) = Ex∼D,h∼Pθ(·|x)[V (h)].

Without a curriculum, the model must learn from its
own generated latent states. These self-generated
states can come from a biased distribution Pbiased
of superficial representations, which differs from
the true expert distribution Pθ∗ . Since the valuation
function V (h) is non-uniform (favoring reasoning
states), learning from such a mismatched distribu-
tion can lock the model into a shortcut policy.

Theorem 5.1 (Failure under Biased Latent-State
Training). Let Dnc be a dataset of latent states
drawn from a biased distribution Pbiased. If this
distribution is intrinsically suboptimal compared
to the expert (i.e., R(Pbiased) ≤ R(θ∗) − ∆ for
some gap ∆ > 0), then the model θ̂MLE trained on
Dnc is strictly bounded away from optimality:

R(θ̂MLE) ≤ R(θ∗)− C(∆),
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where C(∆) > 0 is a constant determined by the
bias. This implies that the model’s success rate
is permanently capped below the expert’s perfor-
mance, regardless of dataset size.

Proof in Appendix A.11. Training on "shortcut"
latent states therefore locks the model into a sub-
optimal policy under the theorem’s mismatch con-
dition. Unlike variance error, which vanishes with
data (Theorem 5.2), this bias error is irreducible
once the biased support excludes expert reason-
ing states. This assumption is consistent with the
observed no-curriculum collapse in Table 1 and
with exposure-bias analyses of sequential predic-
tion (Ross et al., 2011; Bengio et al., 2015).

5.2 Curriculum Learning as Controlled IS
Transition

From the perspective of the Symbolic Index, cur-
riculum learning creates a controlled transition. In
early stages (pure CoT), high IS ensures accurate
token-level gradients through error-correcting dis-
cretization. In hybrid stages, the prefix operates in
latent space (low IS), but the suffix retains explicit
token generation, anchoring latent representations
to valid reasoning traces. Finally, progressive inter-
nalization stabilizes the low IS regime required for
exploration.

In our IL framework, this procedure provides
supervised samples of latent thoughts grounded
in correct reasoning, equivalent to drawing from
Pθ∗(h|x). Since V (h) is bounded in [0, 1], the
success-rate gap |R(θ̂)−R(θ∗)| is upper-bounded
by the Total Variation distance between the policies.
Minimizing distributional divergence via curricu-
lum learning therefore optimizes task success.

Theorem 5.2 (Provable Success of Training with
Curriculum). Under standard statistical learning
conditions, MLE on a dataset Dc of size n gener-
ated via the curriculum yields a model θ̂ whose
success rate approaches that of the expert:

R(θ̂) ≥ R(θ∗)−O
(︄√︃

d logn+ log(1/δ)

n

)︄
,

with high probability 1− δ. The performance gap
vanishes as the dataset size n→∞.

Proof in Appendix A.12. By using CoT as a scaf-
fold for valid training data, the curriculum allows
the student model to converge to the expert policy
under the stated assumptions. Curriculum learn-
ing therefore addresses the distributional mismatch

identified in Theorem 5.1 and yields the conver-
gence guarantee in Theorem 5.2.

6 Experiments

We evaluate three predictions from Section 4.4: (1)
Latent CoT and CoT operate in distinct regimes of
decisional certainty (Theorems 4.3 & 4.5); (2) this
difference determines robustness to computational
noise (Theorems 4.11 & 4.12); and (3) Latent CoT
exhibits error accumulation consistent with contin-
uous state dynamics (Theorem 4.8).

Experimental Setup We use the GPT-2 (124M)
architecture. We compare a CoT model against
a Latent CoT model trained via the Coconut cur-
riculum (M = 6 latent steps). Evaluations are per-
formed on GSM8K (Cobbe et al., 2021) for precise
symbolic computation, ProntoQA (Saparov and
He, 2023) for controlled deductive reasoning, and
ProsQA (Hao et al., 2024) for exploratory reason-
ing. Implementation details are in Appendix A.1.
Appendix A.2 additionally reports a cross-model
check on Qwen2.5-1.5B-Instruct, which tests trans-
fer of the predictive-distribution diagnostic rather
than of the latent architecture itself.

6.1 Analysis of Decisional Certainty (IS)

To test the Exploration-Execution Trade-off (Theo-
rem 4.12), we measure the Symbolic Index (IS),
defined as the maximum token probability at a
given step.

Figures 1 and 2 show representative IS trajec-
tories; Figure 5 in Appendix A.1 summarizes the
aggregate GSM8K test-set pattern. The figures
illustrate two regimes:

• Exploration via Low IS (ProsQA): On
ProsQA (Figure 2), the Latent CoT model
maintains IS < 0.6. This is consistent with
Theorem 4.5: the model retains multiple po-
tential reasoning trajectories in latent space,
preventing premature convergence to a subop-
timal solution and supporting high accuracy
(97.0%).

• Absence of Discretization (GSM8K): On
GSM8K (Figure 1), the model operates with-
out high-probability concentration (IS ≪
1.0). According to Theorem 4.11, low IS cor-
responds to a small Logit Decision Margin ∆l.
Unlike CoT, which uses the argmax operation
to reset state variance at each token, Latent
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Figure 1: Symbolic Index on GSM8K. Latent CoT
maintains a low Symbolic Index (IS ∈ [0.2, 0.5]), in-
dicating a dispersed probability distribution and small
decision margins.
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Figure 2: Symbolic Index on ProsQA. Latent CoT
exhibits a stable, low IS distribution across reasoning
steps, distributing probability mass across multiple la-
tent paths.

CoT propagates variance continuously, lead-
ing to lower computational accuracy (34.1%).

6.2 Noise Robustness and Stability Analysis
To test error propagation (Theorem 4.8) and stabil-
ity bounds (Theorem 4.11), we inject Gaussian
noise N (0, σ2Id) into the hidden states (Latent
CoT) or pre-output states (CoT) and measure Ex-
act Match accuracy degradation. This perturbation
models small continuous internal state errors dur-
ing iterative reasoning, not input-level corruptions
such as typos.

Figure 3 shows two failure modes:

• CoT (Step-Function Response): CoT accu-
racy remains flat at low noise levels before
sharply declining, consistent with a non-zero
Logit Decision Margin ∆l. For noise vectors
∥ϵ∥ < ∆l, token selection filters the perturba-
tion (Theorem 4.7).

• Latent CoT (Continuous Decay): Latent
CoT degrades immediately and monotonically,
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Figure 3: Performance Degradation under Noise. The
plotted value is the relative accuracy Acc(σ)/Acc(0),
not an accuracy-drop rate. CoT (orange) shows a thresh-
old effect, while Latent CoT (blue) decays monoton-
ically from σ ≈ 0, matching the theoretical template
A(σ) = Φ(∆l/(

√
Cσ)) in Appendix A.8.
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Figure 4: Task-Dependent Sensitivity. Relative accu-
racy Acc(σ)/Acc(0) under identical noise levels: La-
tent CoT retains higher performance on ProsQA (or-
ange) than GSM8K (blue), indicating greater tolerance
for state deviation in exploratory tasks.

consistent with ∆l ≈ 0 in continuous la-
tent space. Without a discrete margin, per-
turbations alter the state trajectory, and the
transition function fθ accumulates error over
M = 6 reasoning steps (Theorem 4.8).

Figure 4 shows task-dependent robustness:
ProsQA remains stable under noise, whereas
GSM8K degrades rapidly, suggesting that explo-
ration tolerates small deviations in hM while com-
putation requires a narrow region mapping to the
correct token. These curves do not localize the ex-
act GSM8K failure point, but they provide macro-
level evidence for compounding error, consistent
with GSM8K’s numerical-precision sensitivity (we
disable bfloat16 for stability) and the latent-depth
diagnostic in Appendix A.1.
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6.3 Ablation: Curriculum Learning
Reported ablations show that Latent CoT without
curriculum reaches only 52.4% accuracy on Pron-
toQA (Table 1). Monitoring training indicates that,
without the curriculum, the model converges to a
high-IS regime in early epochs. This creates a dis-
tributional mismatch: the model learns a determin-
istic mapping based on input-output statistics rather
than the expert latent policy Pθ∗ (Theorem 5.1).
The curriculum provides a scaffold for the distri-
bution alignment needed for low-IS reasoning. A
latent-depth diagnostic gives the same qualitative
message: adding latent steps initially improves ex-
pressivity, but pushing the latent rollout beyond the
stable range degrades performance, consistent with
compounding continuous-state error.

7 Conclusion

We introduced the Symbolic Index as a diagnostic
lens on the exploration-execution trade-off: CoT’s
high certainty preserves fidelity through discretiza-
tion but restricts exploration, whereas Latent CoT’s
low certainty broadens search while weakening
symbolic integrity under compounding errors. Cur-
riculum mitigates the resulting distribution mis-
match. Future work should test mechanisms that
monitor and modulate decisional certainty for exe-
cution or planning.

Limitations

Our analysis focuses on CoT and Latent CoT under
idealized assumptions about reasoning trajectories,
latent-state dynamics, and decision distributions.
These assumptions make the trade-off analytically
tractable but may not capture all behaviors of larger
instruction-tuned models, multimodal models, or
models trained with reinforcement learning. The
latent-architecture evidence is limited to the re-
ported GPT-2-scale Coconut setting and three rea-
soning benchmarks; the cross-model check in Ap-
pendix A.2 extends only the predictive-distribution
diagnostic to Qwen2.5-1.5B-Instruct and does not
reproduce the hidden-state noise experiments at
that scale. The Symbolic Index should therefore be
interpreted as a diagnostic principle rather than a
complete predictor of performance across domains.

The Symbolic Index also compresses a rich deci-
sion distribution into a single maximum-probability
statistic. Two models can have the same IS while
distributing the remaining probability mass differ-
ently, and the metric does not directly encode cal-

ibration, semantic equivalence among options, or
geometry of latent trajectories. For Latent CoT,
IS is measured by probing hidden states, so it is
not yet a direct intervention knob in the way de-
coding temperature is for explicit token generation.
Finally, our work characterizes one distribution-
mismatch condition under which curriculum learn-
ing is needed for stable latent reasoning, but it does
not prove that every no-curriculum training distri-
bution must fail or prescribe an optimal curriculum
schedule for arbitrary model families or tasks.

Ethical Considerations

This paper presents work whose goal is to advance
the field of Machine Learning. There are many
potential societal consequences of our work, none
which we feel must be specifically highlighted here.
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A Appendix

A.1 Experimental Details
Models. Both CoT and Latent CoT (Coconut) mod-
els are based on the smallest GPT-2 variant with
124M parameters. For Latent CoT, we use M = 6
latent reasoning steps across all experiments. The
latent thought vector hk has the same dimension as
GPT-2’s hidden size (d = 768).
Training. We use the Adam optimizer with learn-
ing rate 1e−4 and weight decay 0.01. Training
is performed on 4 GPUs with mixed-precision
(bfloat16 enabled for ProsQA, disabled for GSM8K
due to stability). For GSM8K, we train for 25
epochs with batch size 32 and gradient accumula-
tion steps 1; for ProsQA, we train for 30 epochs
with batch size 16 and gradient accumulation steps
2. The Coconut curriculum progresses stage-by-
stage: for GSM8K, we use 3 epochs per stage up
to latent stage 3 (i.e., compressing the first 3 CoT
steps into latent thoughts); for ProsQA, we use 4
epochs per stage up to latent stage 6 (full internal-
ization). The base model checkpoint is initialized
from standard GPT-2.
Datasets. We evaluate on three reasoning bench-
marks:

1. GSM8K: GSM8K (Cobbe et al., 2021) is a
benchmark of grade-school math word prob-
lems with step-by-step solutions. For the prob-
ing and noise-injection analyses we train on a
subset of the official training set (7,473 exam-
ples) with a 10% held-out validation subset,
and we evaluate on a randomly sampled sub-
set of 330 test examples rather than the full
official test set of 1,319 examples.

2. ProntoQA: ProntoQA (Saparov and He,
2023) is a synthetic deductive QA bench-
mark generated from first-order-logic ontolo-
gies and proof structures, then translated
into natural-language contexts, queries, and
True/False labels. It controls reasoning depth
through hop count and varies ontology types.
We use it as a controlled logical-reasoning
benchmark for the curriculum ablation in Ta-
ble 1.

3. ProsQA: ProsQA is the graph-search rea-
soning benchmark introduced by Hao et al.
(2024). We use a reduced version of it: our
training, validation, and test splits contain
2,000, 200, and 300 examples, respectively,

rather than the 17,886/300/500 splits of the
original release.

All accuracies we report from our own runs are
computed on the test splits described above. The
accuracies in Table 1 are quoted from Hao et al.
(2024), which uses the full official splits, and are
therefore not directly comparable to the reduced-
split models used for our Symbolic Index and noise-
injection analyses.
Symbolic Index Visualization Details. The visu-
alizations in Figures 1 and 2 are based on represen-
tative examples from the respective test sets.

• Figure 1 (GSM8K): The plot was generated
from the following math reasoning problem:
"Janet’s ducks lay 16 eggs per day. She eats
three for breakfast every morning and bakes
muffins for her friends every day with four.
She sells the remainder at the farmers’ market
daily for $2 per fresh duck egg. How much in
dollars does she make every day at the farmers’
market?"

• Figure 2 (ProsQA): The plot was generated
from a synthetic ontology instance with multi-
hop rules over entities such as Fae and Max
and concepts such as shumpus, worpus, tum-
pus, and boompus; the query asks whether
Fae belongs to one of two candidate concepts.
We use the example only to identify the repre-
sentative trajectory, while Figure 5 reports the
aggregate GSM8K pattern.

Aggregate Symbolic Index Summary. To check
that Figures 1 and 2 are not artifacts of single exam-
ples, we also aggregate IS over the recorded test-
set reasoning steps (Figure 5). The coarse binned
pattern is stable: Latent CoT places most mass in
the low-to-mid certainty regime (IS ∈ [0.2, 0.6],
peaking around [0.2, 0.4]), whereas explicit CoT
is concentrated near IS ∈ [0.9, 1.0], with negli-
gible mass below 0.8. This supports the regime
distinction used in Section 6.1, although we treat
the aggregate as diagnostic rather than as a new
controlled intervention.
Noise Injection Protocol. During inference, we
inject Gaussian noise N (0, σ2Id) as follows:

1. For CoT: noise is added to the last hidden
state before the LM head, i.e., h← h+ σ · ϵ,
where ϵ ∼ N (0, Id).
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2. For Latent CoT: noise is added at every rea-
soning step, i.e., hk ← fθ(hk−1)+σ ·ϵk, with
independent ϵk ∼ N (0, Id).

These perturbations model continuous internal rep-
resentation errors, including finite-precision and
state-update noise, rather than corruptions of the in-
put text. We report accuracy as the exact-match rate
on the test set. The quantity plotted in Figures 3 and
4 is the relative accuracy Acc(σ)/Acc(0); a true
drop rate would instead be 1− Acc(σ)/Acc(0).
Latent-Depth Diagnostic. We also varied the
number of latent reasoning steps around the de-
fault M = 6 configuration. The resulting trend
is non-monotonic: adding latent steps initially im-
proves exploratory capacity, but pushing the roll-
out beyond the stable range reduces accuracy on
precision-sensitive tasks. This qualitative pattern
is consistent with Theorem 4.8: longer continuous
rollouts increase the opportunity for small state
errors to compound.
Reproducibility. The main GPT-2 experiments use
seed 0. Due to the deterministic nature of our eval-
uation protocol and the use of nucleus sampling
with fixed p = 0.95 for Symbolic Index estima-
tion, results are fully reproducible given the same
model checkpoint. The cross-model transfer study
in Appendix A.2 uses additional seeds, as specified
there.

A.2 Cross-Model Transfer of the
Predictive-Distribution Diagnostic

The main experiments use GPT-2 (124M) under
the Coconut setup. To test whether the IS-based
patterns are specific to that scale, we repeated the
predictive-distribution measurements on Qwen2.5-
1.5B-Instruct, an instruction-tuned model with
roughly 12× the parameters of GPT-2, using the
same ProsQA evaluation protocol. Temperature
and support experiments use fresh, independent
generations with seeds 0/1/2 and 1,500 outputs per
condition; the failure-prediction and selection ex-
periments use held-out seeds 3–9 with 14,000 out-
puts per model.

Temperature. Raising the decoding temperature
lowers both the mean Symbolic Index and accuracy
on both models (Table 2).

Sampling support. Fixing T = 1.7 and tighten-
ing the sampling support raises both IS and accu-
racy while reducing entropy on both models (Ta-
ble 3).

Table 2: Cross-model temperature results on ProsQA,
reported as accuracy / mean IS.

Model T = 0.3 T = 1.7

GPT-2 0.9707 / 0.999741 0.9400 / 0.993828
Qwen2.5-1.5B 0.9732 / 0.999812 0.9425 / 0.994120

Table 3: Effect of restricting the sampling support at
T = 1.7. Supp.: sampling support (Full or Top-k with
k = 5); Ent.: entropy.

Model Supp. Acc. Mean IS Ent.

GPT-2 Full 0.9373 0.993879 0.042849
Top-5 0.9553 0.996906 0.011882

Qwen2.5-1.5B Full 0.9392 0.993965 0.042550
Top-5 0.9568 0.997030 0.011655

Held-out failure prediction and selection. A
low mean IS remains a strong error-ranking signal
on Qwen, and IS/margin-based selection improves
over the best fixed-support candidate (Table 4).

Table 4: Held-out diagnostic and selection results on
ProsQA. The four selection-rule entries report accuracy
under different candidate-selection rules.

Metric GPT-2 Qwen2.5-1.5B

Error ranking
AUROC 0.9201 0.9238
AUPRC 0.5272 0.5285

Coverage
Overall 0.9470 0.9495
@80% 0.9900 0.9908

Selection rule
Fixed k = 5 0.9574 0.9454
max IS 0.9591 0.9514
max margin 0.9594 0.9605
min entropy 0.9591 0.9601

Scope of this evidence. Two limitations should
be read together with these numbers. First, the
high-temperature decrease in IS and accuracy trans-
fers to Qwen, and tightening the support increases
both IS and accuracy at a fixed temperature; how-
ever, these are interventions on the predictive dis-
tribution, not isolated do(IS) interventions, so we
describe them as intervention-sensitive diagnostic
evidence rather than causal identification. Second,
Qwen tests transfer of the predictive-distribution di-
agnostic only: it is not a second latent-reasoning ar-
chitecture, and we have not reproduced the hidden-
state noise experiment on Qwen or on RL-trained
7B+ models. We therefore do not claim universal
scale or architecture invariance. Additional latent-
reasoning methods, larger RL-trained models, and
more realistic mixed tasks remain necessary future
tests.
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Figure 5: Aggregate Symbolic Index distribution on GSM8K. Bars show normalized binned frequencies over
recorded test-set reasoning steps. Latent CoT spreads probability mass across low-to-mid IS bins, whereas explicit
CoT is concentrated near IS = 1.0.
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A.3 Proof of Theorem 4.1
Lemma A.1 (Loss and Mutual Information). Assume the decoder model family {pθ(S(k+1...M) | hk, X)}
is well-specified, i.e., there exists a parameter θ∗ such that pθ∗(S(k+1...M) | hk, X) = p(S(k+1...M) |
hk, X) holds almost everywhere. Further assume H(S(k+1...M) | X) <∞. Then,

min
θ
L(k)Coconut(θ) ⇐⇒ max

p(hk|X)
I(hk;S

(k+1...M) | X).

Proof. Let S+ = S(k+1...M). Expand the loss function:

L(k)Coconut(θ) = Ep(X,S,hk)[− log pθ(S+ | hk, X)]

= Ep(X,hk)

[︁
Ep(S+|X,hk)[− log pθ(S+ | hk, X)]

]︁

= Ep(X,hk)

[︃
Ep(S+|X,hk)

[︃
− log p(S+ | hk, X) + log

p(S+ | hk, X)

pθ(S+ | hk, X)

]︃]︃

= Ep(X,hk) [H(S+ | hk, X) +DKL(p(· | hk, X)∥pθ(· | hk, X))] .

By the well-specified assumption, there exists w∗ such that DKL(p(· | hk, X)∥pθ(· | hk, X)) → 0.
Therefore,

min
θ
L(k)Coconut(θ) = min

p(hk|X)
H(S(k+1...M) | hk, X).

By the definition of conditional mutual information, I(A;B | C) = H(A | C)−H(A | B,C), we have

H(S(k+1...M) | hk, X) = H(S(k+1...M) | X)− I(hk;S
(k+1...M) | X).

Since H(S(k+1...M) | X) is constant, it follows that

min
p(hk|X)

H(S(k+1...M) | hk, X) ⇐⇒ max
p(hk|X)

I(hk;S
(k+1...M) | X).

We now begin the proof of Theorem 4.1.

Proof. By Lemma A.1, minimizing the Coconut loss is equivalent to minp(hk|X)H(S(k+1...M) | hk, X).
Any physically realizable encoder is constrained by finite model capacity, formally expressed as
I(hk;S

(1...k) | X) ≤ R. We construct the Lagrangian:

J (p, λ) = H(S(k+1...M) | hk, X) + λ
(︂
I(hk;S

(1...k) | X)−R
)︂
, λ ≥ 0.

Using the identity H(A | B,C) = H(A | C)− I(B;A | C), we rewrite:

J =
[︂
H(S(k+1...M) | X)− I(hk;S

(k+1...M) | X)
]︂
+ λI(hk;S

(1...k) | X)− λR.
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Ignoring constants H(S(k+1...M) | X) and λR during minimization over p(hk | X), we obtain:

min
p(hk|X)

{︂
λI(hk;S

(1...k) | X)− I(hk;S
(k+1...M) | X)

}︂
.

Defining β = 1/λ > 0 and dividing through by λ, this becomes the standard CIB objective:

min
p(hk|X)

{︂
I(hk;S

(1...k) | X)− βI(hk;S
(k+1...M) | X)

}︂
.

Denote Ipast = I(hk;S
(1...k) | X) and Ifuture = I(hk;S

(k+1...M) | X). Any Pareto-optimal encoder
lies on the efficiency frontier of the information plane, where the trade-off between retained and predicted
information satisfies the first-order condition:

dIfuture

dIpast

⃓⃓
⃓⃓
h∗
k

=
1

β(k)
.

We model the frontier as:

Ifuture(Ipast; k) = Imax(k)
(︂
1− e−α(k)·Ipast

)︂
,

with parameters motivated by:

• Imax(k) ≈ C2(M − k), proportional to the length of the remaining sequence.

• α(k) ≈ 1/H(S(1...k) | X) ≈ 1/(C1k + C0), inversely proportional to the information content of
past tokens.

Differentiating gives:
dIfuture

dIpast
= Imax(k) · α(k) · e−α(k)·Ipast .

At optimality, the encoder saturates its bottleneck: Ipast ≈ H(S(1...k) | X) ≈ 1/α(k). Substituting:

dIfuture

dIpast

⃓⃓
⃓⃓
h∗
k

≈ Imax(k) · α(k) · e−1 ≈ C2(M − k)

e(C1k + C0)
.

Applying β(k) =
(︁
dIfuture/dIpast

)︁−1:

β(k) = e · C1k + C0

C2(M − k)
= e

C1

C2
· k

M − k
+O

(︃
1

M − k

)︃
.

Thus, as k →M , the dominant asymptotic behavior is β(k) ∼ k
M−k , revealing that the optimal trade-off

scales with the ratio of processed to remaining sequence length.

A.4 Proof of Theorem 4.3

Lemma A.2 (Upper Bound on the Entropy H(pCoT) of the CoT Output Distribution). Let p̄ = E[pCoT]
be the expected next-step distribution over B options, drawn from a Dirichlet prior with parameters α
and concentration κ =

∑︁B
i=1 αi. Under high concentration — i.e., when αj ≫ αi̸=j for some j — the

entropy H(p̄) vanishes as κ grows. Specifically, if αj = κ− (B− 1)c and αi̸=j = c for small c > 0, then

H(p̄) = O

(︃
log κ

κ

)︃
,

53245



Proof. By properties of the Dirichlet distribution, the expected probabilities are given by p̄i = αi/κ. We
consider a typical unimodal scenario in which the vast majority of the weight concentrates on a single
option j. We set αj = κ− (B − 1)c and αi̸=j = c for all i ̸= j, where c is a small positive constant.

Under this setting, the expected probabilities are:

p̄j =
κ− (B − 1)c

κ
= 1− (B − 1)c

κ

p̄i̸=j =
c

κ

We compute the entropy of this distribution:

H(p̄) = −p̄j log p̄j −
∑︂

i̸=j

p̄i log p̄i

= −
(︃
1− (B − 1)c

κ

)︃
log

(︃
1− (B − 1)c

κ

)︃
− (B − 1)

c

κ
log
(︂ c
κ

)︂

We analyze the first term using the Taylor expansion log(1− x) ≈ −x. As κ→∞, we have (B−1)c
κ → 0,

and thus:

−
(︃
1− (B − 1)c

κ

)︃
log

(︃
1− (B − 1)c

κ

)︃
≈ −

(︃
1− (B − 1)c

κ

)︃(︃
−(B − 1)c

κ

)︃
= O

(︃
1

κ

)︃
.

Next, we analyze the second term:

−(B − 1)
c

κ
log
(︂ c
κ

)︂
= −(B − 1)

c

κ
(log c− log κ)

= (B − 1)c
log κ

κ
− (B − 1)c

log c

κ
= O

(︃
log κ

κ

)︃
.

Combining both terms, as κ becomes large, the entropy is dominated by the O
(︂
log κ
κ

)︂
term. And we have

limκ→∞
log κ
κ = 0.

We now begin the proof of Theorem 4.3.

Proof. We analyze the almost sure asymptotic behavior of DKL(qPR∥pCoT) under the concentrated Dirich-
let prior where αj = κ− (B − 1)c and αi̸=j = c.

By the law of large numbers for Dirichlet distributions, as κ→∞, the random vector pCoT converges
almost surely to its mean:

pCoT
a.s.−−→ p̄ =

(︃
1− (B − 1)c

κ
,
c

κ
, . . . ,

c

κ

)︃
.

Since the KL divergence is a continuous function of the probability vector (away from the boundary),
we have:

DKL(qPR∥pCoT)
a.s.−−→ DKL(qPR∥p̄) as κ→∞.

Now compute DKL(qPR∥p̄):

DKL(qPR∥p̄) =
B∑︂

i=1

1

B
log

1/B

p̄i

= − logB − 1

B

B∑︂

i=1

log p̄i

= − logB − 1

B

[︃
log

(︃
1− (B − 1)c

κ

)︃
+ (B − 1) log

(︂ c
κ

)︂]︃
.
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(a) PCA visualization on GSM8K task. (b) PCA visualization on ProsQA task.

Figure 6: PCA visualization of latent state embeddings for reasoning trajectories. In both (a) and (b), the latent
thoughts (L1-L6) demonstrate a clear convergence, supporting our assumption of a compact, attracting set for latent
states. This validates that the convergence dynamic is a general property of the latent reasoning process, not specific
to a single task.

Using Taylor expansion log(1− x) = −x+O(x2):

DKL(qPR∥p̄) = − logB − 1

B

[︃
−(B − 1)c

κ
+O

(︃
1

κ2

)︃
+ (B − 1) log c− (B − 1) log κ

]︃

=
B − 1

B
log κ− logB − (B − 1) log c

B
+O

(︃
1

κ

)︃
.

Therefore, almost surely as κ→∞:

DKL(qPR∥pCoT) =
B − 1

B
log κ− logB − (B − 1) log c

B
+O

(︃
1

κ

)︃
.

Since H(pCoT)→ 0 as established in Lemma A.2, and DKL(qPR∥pCoT) grows logarithmically in κ, this
proves the exploration deficiency of CoT.

A.5 Proof of Theorem 4.5
Assumption A.3 (Convergence and Compactness of Latent States). We assume that during inference,
the sequence of latent states {hk} converges to a fixed point or enters a compact attracting set as the
reasoning step k increases. This is not just a theoretical convenience; it is a behavior we consistently
observe empirically. As shown in Figure 6, a PCA visualization of the latent thought embeddings reveals
a clear convergent trajectory, where successive states {L1, . . . , L6} move progressively closer within a
bounded region. The high explained variance (0.99) of the first two principal components confirms that
this 2D projection faithfully represents the dynamics in the original high-dimensional space.

Lemma A.4 (Non-Degenerate Output Distribution of Coconut). For a model trained via the Coconut
objective, its optimization can be modeled as solving a Conditional Information Bottleneck (CIB) problem
with a finite trade-off parameter β(k) > 0 (Theorem 4.1). Under this framework, the model’s output
probability distribution is non-degenerate: there exists a constant δ > 0 such that for any valid next token
u and any reachable latent state h, the probability is strictly bounded away from 1:

sup
h∈H

(︃
max

u∈Nvalid(v)
p(u | h)

)︃
≤ 1− δ,
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whereH is the compact latent state space guaranteed by Assumption A.3.

Proof. Assume, for contradiction, that suph∈Hmaxu p(u | h) = 1. SinceH is compact and the decoder
p(u | h) is continuous, there must exist a latent state h∗ ∈ H and a token u∗ such that p(u∗ | h∗) = 1.

At h∗, future uncertainty is fully eliminated: H(S(k+1...M) | h∗, X) = 0, implying that the predictive
information I(h;S(k+1...M) | X) achieves its theoretical maximum.

By Theorem 4.1, the Coconut solution corresponds to an optimal solution of a CIB problem. On the
information plane (Ipast, Ifuture), all optimal solutions must lie on the efficiency frontier, and any optimal
point hopt must satisfy:

dIfuture

dIpast

⃓⃓
⃓⃓
hopt

=
1

β(k)
.

At our hypothetical point h∗, Ifuture reaches its maximum value Imax(k). Under the efficiency frontier
model adopted in Theorem 4.1:

Ifuture(Ipast; k) = Imax(k)
(︂
1− e−α(k)·Ipast

)︂
,

which is strictly increasing and strictly concave in Ipast, with derivative:

dIfuture

dIpast
= Imax(k) · α(k) · e−α(k)·Ipast .

As Ifuture → Imax(k), we must have Ipast →∞, and the derivative→ 0+. If Ifuture were to reach Imax(k)
at a finite Ipast (as at h∗), the derivative must be zero to match the asymptotic behavior. Thus, at h∗:

dIfuture

dIpast

⃓⃓
⃓⃓
h∗

= 0.

If h∗ were a CIB optimum, it must satisfy:

dIfuture

dIpast

⃓⃓
⃓⃓
h∗

=
1

β(k)
,

implying 1/β(k) = 0, i.e., β(k)→∞. However, by Theorem 4.1, at any non-terminal stage of curriculum
learning (k < M ), β(k) is a finite positive constant (with asymptotic behavior β(k) ∼ k/(M − k) <∞),
so 1/β(k) > 0. This contradicts the requirement that the slope be zero.

Therefore, the assumption p(u∗ | h∗) = 1 leads to a contradiction. Hence, supmax p(u | h) must be
strictly less than 1. The lemma is proved.
Intuition: In essence, Coconut inherently avoids deterministic collapse by design: its information
bottleneck objective enforces a trade-off that preserves output diversity, even at advanced reasoning
stages.

We now begin the proof of Theorem 4.5

Proof. By Lemma A.4, there exists δ > 0 such that for any valid next token u and reachable state h, the
probability satisfies maxu p(u | h) ≤ 1− δ. Our goal is to derive an upper bound for the KL divergence
DKL(qPR∥pCoconut).

By definition,

DKL(qPR∥p) = − logB − 1

B

∑︂

u

log p(u | v).

To bound this quantity from above, we seek the probability distribution that maximizes DKL under the
constraints

∑︁
pi = 1 and max pi ≤ 1− δ, which is equivalent to minimizing

∑︁
log p(u | v).

The minimum of
∑︁

log pi is achieved by the most concentrated distribution satisfying the constraint:

p(u∗ | v) = 1− δ, and for all u ̸= u∗, p(u | v) = δ

B − 1
.
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Substituting this worst-case distribution into the KL divergence expression yields an upper bound:

DKL(qPR∥pCoconut) ≤ − logB − 1

B

[︃
log(1− δ) + (B − 1) log

(︃
δ

B − 1

)︃]︃

= −B − 1

B
log δ −

[︃
logB − B − 1

B
log(B − 1) +

log(1− δ)

B

]︃
.

Denote the bracketed term as f(B) = logB − B−1
B log(B − 1) + log(1−δ)

B . Since f(B) is continuous
and bounded on [2,∞) (with limB→∞ f(B) = 0), its infimum c = infB≥2 f(B) is a finite constant.
Therefore, −f(B) is upper-bounded by −c.

Meanwhile, since B ≥ 2, we have B−1
B ≥ 1

2 . Also, since δ ∈ (0, 1), it follows that log δ < 0, and thus
−B−1

B log δ ≤ −1
2 log δ.

Combining these bounds, the KL divergence admits a finite upper bound independent of the branching
factor B:

DKL(qPR∥pCoconut) ≤ −
B − 1

B
log δ − c ≤ −1

2
log δ − c.

A.6 Proof of Theorem 4.7

Proof. We prove that under sub-decisional perturbations, the Explicit CoT trajectory Ŝ is identical to the
noise-free trajectory S∗ by induction on the reasoning step k.

Let fθ(·) denote the deterministic forward pass of the model. At step k, the model takes the input x
and the discrete history S(1...k−1) to produce a logit vector l∗k = fθ(x, S

(1...k−1)). The noise-free token
selection is given by s∗k = argmax(l∗k). The perturbed process generates logits l̂k = l∗k + ϵk, where ϵk
satisfies the sub-decisional condition: argmax(l∗k + ϵk) = argmax(l∗k).

At the first step, both the clean and perturbed processes receive the exact same input x (with an empty
history). The clean logits are l∗1 = fθ(x, ∅). The perturbed logits are l̂1 = l∗1 + ϵ1. By the definition of
sub-decisional perturbation:

ŝ1 = argmax(l̂1) = argmax(l∗1 + ϵ1) = argmax(l∗1) = s∗1.

Thus, the first token is identical, and the history passed to step 2 is error-free.
Assume that for all steps t < k, the generated tokens are identical, i.e., ŝt = s∗t . This implies the

discrete history is identical: Ŝ(1...k−1) = S∗(1...k−1). At step k, since the model fθ is deterministic and
conditioned strictly on the discrete history:

Logitspre-noise = fθ(x, Ŝ
(1...k−1)) = fθ(x, S

∗(1...k−1)) = l∗k.

The noise process adds the perturbation: l̂k = l∗k + ϵk. Applying the sub-decisional constraint again, the
discrete projection filters out the noise:

ŝk = argmax(l∗k + ϵk) = s∗k.

Consequently, the noise term ϵk is discarded by the argmax operator and does not propagate to the state of
the next step.

By induction, ŝk = s∗k for all k = 1, . . . ,M . Therefore, the probability of trajectory divergence is zero:

P[Ŝ ̸= S∗] = 0.

This mathematically confirms the discretization-reset mechanism described in Section 4.3: the argmax
operator effectively acts as a non-linear filter that resets the internal state to a clean integer grid at every
step, preventing the accumulation of sub-decisional noise.

53249



A.7 Proof of Theorem 4.8
Proof. From the recurrence

Ek = fθ(hk−1)− fθ(h
∗
k−1) + ϵ

(k)
h ,

taking the squared norm and expectation, and using the independence and zero-mean property of the noise
(which causes cross terms to vanish), we obtain:

E[∥Ek∥2] ≤ L2
F E[∥Ek−1∥2] + dσ2

h.

This is a non-homogeneous linear recurrence. Solving it with initial condition E[∥E0∥2] = 0 yields:

E[∥EM∥2] =

⎧
⎪⎨
⎪⎩

1− L2M
F

1− L2
F

· dσ2
h, LF ̸= 1,

M · dσ2
h, LF = 1.

In both cases, E[∥EM∥2] > 0 for all M ≥ 1, which completes the proof.

A.8 Derivation of the Normalized Accuracy Function
In this section, we provide a rigorous derivation of the Normalized Accuracy curve A(σ) to explain the
characteristic inverted S-shape (sigmoid-like) degradation observed in Figure 3. We model the causal
chain from injected noise in the latent space to the probabilistic failure of token ranking in the output
space.

We begin by modeling the accumulation of noise in the hidden states. Let h∗M denote the clean latent
state at the final reasoning step M . Consistent with Theorem 4.8 (Compounding Error), the injection
of Gaussian noise ϵ ∼ N (0, σ2Id) at each step accumulates over the reasoning trajectory. Assuming a
linearized approximation of the transition dynamics, the final perturbed state h̃M can be expressed as:

h̃M = h∗M + ϵacc, where ϵacc ∼ N (0, σ2
effId).

Here, ϵacc represents the effective accumulated noise vector in Rd. The variance σ2
eff ≈ α · σ2 scales

linearly with the injection variance σ2, where the scaling factor α depends on the path length M and the
Lipschitz constant of the network.

Since discrete token decisions are not made in the latent space but in the logit space, we must trace how
this perturbation propagates through the unembedding layer. Let WU ∈ R|V|×d be the weight matrix of
the language model head. The perturbed logits l̃ are obtained by projecting the final latent state:

l̃ = WU h̃M = WU (h
∗
M + ϵacc) = l∗ + η,

where l∗ denotes the clean logits, and η = WU ϵacc represents the noise projected into the logit space.
Since ϵacc is Gaussian and WU is a linear transformation, η follows a multivariate Gaussian distribution
over R|V|.

A prediction is successful if the noise is insufficient to alter the ranking of the top tokens. Let
i∗ = argmax(l∗) be the index of the correct token, and let j∗ be the index of the strongest competitor.
The model retains the correct prediction if l̃i∗ > l̃j∗ . Substituting l̃ = l∗ + η, this condition becomes:

l∗i∗ + ηi∗ > l∗j∗ + ηj∗ =⇒ ηj∗ − ηi∗ < l∗i∗ − l∗j∗ .

Crucially, the Right-Hand Side is precisely the Logit Decision Margin ∆l defined in Definition 4.10.
Therefore, the success condition simplifies to:

ξ < ∆l, where ξ = ηj∗ − ηi∗ .

To quantify the probability of this event, we analyze the distribution of the random variable ξ. We
express ξ as a linear combination of the accumulated noise vector: ξ = (wj∗ − wi∗)

⊤ϵacc. Because ϵacc is
isotropic Gaussian, ξ ∼ N (0, σ2

1). The scalar variance σ2
1 is given by:

σ2
1 = ∥wj∗ − wi∗∥22 · σ2

eff.
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Letting C = α · ∥wj∗ − wi∗∥22, we derive the relationship σ2
1 = C · σ2. Thus, σ1 =

√
C · σ.

The Normalized Accuracy A(σ) is defined as the probability of success P(ξ < ∆l). We evaluate this
using the CDF of the standard normal distribution, Φ(z). By standardizing via Z = ξ/σ1 ∼ N (0, 1), we
obtain:

A(σ) = P(ξ < ∆l)

= P
(︃

ξ

σ1
<

∆l

σ1

)︃

= Φ

(︃
∆l√
C · σ

)︃
. (4)

This derivation provides a rigorous physical interpretation for the experimental results. In the limit
as σ → 0, the argument ∆l√

Cσ
→∞, and A(σ)→ 1. This explains the “sub-decisional plateau,” where

accuracy remains stable because the noise is strictly contained within the safety margin ∆l. As σ increases,
the argument decreases, leading to the characteristic sigmoid-like decay observed in the accuracy curve.
This confirms that robustness is analytically determined by the ratio between the Symbolic Index-induced
margin ∆l and the accumulated noise variance.

A.9 Proof of Theorem 4.11

Proof. The Logit Decision Margin ∆l is defined as the difference between the logits of the most and
second-most likely tokens, ∆l = li∗ − lj∗ . We aim to establish a lower bound for this quantity based on
the Symbolic Index, IS.

First, we relate the logits to probabilities using the softmax function, pi = eli/
∑︁

k e
lk . The ratio of the

probabilities of the top two tokens is:

pi∗

pj∗
=

eli∗

elj∗
= eli∗−lj∗ = e∆l .

By taking the natural logarithm of both sides, we can express the logit margin in terms of probabilities:

∆l = log(pi∗)− log(pj∗).

By the definition of the Symbolic Index, the probability of the most likely token is pi∗ = IS.
Next, we establish an upper bound for the probability of the second-most likely token, pj∗ . The sum of

probabilities over all possible tokens is 1. Therefore, the sum of probabilities of all tokens except the most
likely one is 1− pi∗ = 1− IS. Since pj∗ is the largest among these remaining probabilities, it cannot be
greater than their sum. Thus, we have the inequality:

pj∗ ≤ 1− IS.

Because the logarithm function is monotonically increasing, this implies log(pj∗) ≤ log(1− IS). Conse-
quently, its negative, − log(pj∗), satisfies the reverse inequality: − log(pj∗) ≥ − log(1− IS).

Finally, we substitute our findings back into the equation for ∆l:

∆l = log(IS)− log(pj∗) ≥ log(IS)− log(1− IS).

Using the properties of logarithms, we arrive at the desired lower bound:

∆l ≥ log

(︃ IS

1− IS

)︃
.
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A.10 Proof of Theorem 4.12
Proof. The KL divergence between the ideal uniform prior qPR (where qi = 1/B for all i = 1, . . . , B)
and the model’s output distribution p is given by:

DKL(qPR∥p) =
B∑︂

i=1

qi log

(︃
qi
pi

)︃
=

B∑︂

i=1

1

B
log

(︃
1/B

pi

)︃
= − logB − 1

B

B∑︂

i=1

log pi.

To find a lower bound for DKL(qPR∥p), we must find an upper bound for the term
∑︁B

i=1 log pi, subject to
the constraints imposed by the model’s distribution. The constraints are:

1.
∑︁B

i=1 pi = 1

2. maxi pi = IS

We want to solve the following optimization problem:

max
p1,...,pB

B∑︂

i=1

log pi s.t.
∑︂

pi = 1 and max pi = IS.

Let pi∗ = IS be the maximal probability. The sum of the remaining B − 1 probabilities is
∑︁

k ̸=i∗ pk =
1 − IS. The function f(p1, . . . , pB−1) =

∑︁
k ̸=i∗ log pk is concave. By Jensen’s inequality, this sum is

maximized when the remaining probabilities are distributed as uniformly as possible, i.e., when pk = 1−IS
B−1

for all k ̸= i∗.
This distribution, which makes the probabilities as "flat" as possible given the peak at IS, provides the

maximum possible value for
∑︁

log pi. Substituting this extremal distribution, we find the upper bound:

max
B∑︂

i=1

log pi = log(IS) + (B − 1) log

(︃
1− IS

B − 1

)︃
.

Now, we substitute this upper bound back into the expression for the KL divergence. Since we are
subtracting this term, its upper bound yields a lower bound for the KL divergence:

DKL(qPR∥p) ≥ − logB − 1

B

[︃
log(IS) + (B − 1) log

(︃
1− IS

B − 1

)︃]︃
.

This completes the proof.

A.11 Proof of Theorem 5.1
The theorem is a counterexample-based statement. It does not claim that every possible no-curriculum
distribution must fail. Instead, it isolates one structural failure mode: if direct latent training induces a
shortcut-dominated distribution whose support differs from the expert latent policy, maximum-likelihood
training can inherit that bias rather than recover the expert policy.

Proof. We prove this by constructing a counterexample. We define a reasoning task where the biased
training distribution has a strictly lower success rate than the expert. We then show that the Maximum
Likelihood Estimator (MLE) converges to a policy that mimics this suboptimal behavior, leading to a
permanent performance gap.

1. Instance Construction Consider a d = 3 dimensional latent space with three discrete states:

• hexpert: The correct reasoning path. Feature ϕ(hexpert) = [1, 0, 0]⊤.

• hshortcut: A superficial shortcut. Feature ϕ(hshortcut) = [0, 1, 1]⊤.

• hbad: Irrelevant noise. Feature ϕ(hbad) = [0, 1, 0]⊤.
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The valuation function V (h) (correctness of the answer derived from h) is defined as:

V (h) =

{︄
1 if h = hexpert

0 otherwise

The Task Success Rate for a policy parameterized by θ is thusR(θ) = Pθ(hexpert).

2. The Expert vs. The Biased Distribution Let the expert parameter be θ∗ = [10, 0, 0]⊤. The
unnormalized log-probability (score) for the expert state is 10, while others are 0. The expert’s success
rate is:

R(θ∗) = e10

e10 + e0 + e0
≈ 1.0.

Now, consider the biased data distribution Pbiased. Assume the dataset consists entirely of shortcut
reasoning, i.e., Pbiased(hshortcut) = 1. The success rate of this data distribution is:

R(Pbiased) = Eh∼Pbiased [V (h)] = 1 · V (hshortcut) = 0.

This satisfies the theorem’s conditionR(Pbiased) ≤ R(θ∗)−∆ with gap ∆ ≈ 1.

3. MLE Convergence and the Performance Gap We train a model θ̂MLE on this biased dataset. MLE
maximizes the log-likelihood of the observed data (hshortcut). To maximize the score ⟨θ, ϕ(hshortcut)⟩ =
θ2 + θ3, while adhering to normalization constraints, the optimizer will drive θ2 + θ3 →∞.

A characteristic solution for large N is θ̂MLE ≈ [0,K,K]⊤ for a large K. Under this learned policy,
the probability mass shifts entirely to the shortcut:

Pθ̂MLE
(hshortcut) ∝ e2K , Pθ̂MLE

(hexpert) ∝ e0 = 1.

The success rate of the learned model is:

R(θ̂MLE) = Pθ̂MLE
(hexpert) =

1

1 + e2K + eK
K→∞−−−−→ 0.

4. Conclusion Comparing the final success rates:

R(θ̂MLE) ≈ 0 vs. R(θ∗) ≈ 1.

Thus, we have derived the bound:
R(θ̂MLE) ≤ R(θ∗)− C,

where C ≈ 1 is a strictly positive constant derived from the initial gap ∆. This proves that, for this biased
latent-state construction, training without a mechanism that corrects the distributional bias leaves the
learned policy bounded away from optimality.

A.12 Proof of Theorem 5.2
Justification for the Imitation Learning Framework Our theoretical analysis, particularly Theo-
rem 5.2, models the training process within the standard framework of Imitation Learning (IL). This
framework assumes access to an i.i.d. dataset of input-latent state pairs Dc = {(xi, hi)}ni=1 sampled from
an expert latent policy Pθ∗(h|x). However, the Coconut training paradigm is supervised on predicting
future tokens from expert trajectories DS = {(xi, S∗

i )}ni=1. This section provides a formal justification
for the equivalence between training a Coconut model and performing Maximum Likelihood Estimation
(MLE) in this IL setting.

The core argument is as follows:

1. Definition of the Implicit Expert Latent Policy: By Theorem 4.1 (Coconut-CIB Duality), the
objective of Coconut training is to learn an encoder Eθ such that the latent state hk = Eθ(S

(1...k))
becomes a Minimal Sufficient Statistic of the past S(1...k) for predicting the future S(k+1...M). Let
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Eθ∗ be the optimal encoder that solves this CIB problem. We can define an implicit expert latent
policy Pθ∗(h|x) as the distribution induced by applying the optimal encoder to the distribution of
expert trajectory prefixes:

h ∼ Pθ∗(h|x) where h = Eθ∗(S
∗
past) and S∗

past ∼ Pexpert(Spast|x).

The support of this policy, Pθ∗(h|x), constitutes the space of ideal latent states.

2. Equivalence of the Optimization Process: The Coconut objective is to minimize the expected
negative log-likelihood:

min
θ
L(θ) = E(x,S∗)∼Pexpert [− log p(S∗

future|Eθ(S
∗
past), x)].

By the Data Processing Inequality, for any encoder Eθ, we have:

I(S∗
past;S

∗
future|x) ≥ I(Eθ(S

∗
past);S

∗
future|x).

The optimal encoder Eθ∗ preserves the predictive information needed for the future suffix, so the
conditional distribution can be represented as p(S∗

future|Eθ∗(S
∗
past), x) = p(S∗

future|h∗, x). Therefore,
the loss L(θ) can be interpreted as measuring predictive divergence between the latent distribution
induced by Eθ and the ideal latent distribution Pθ∗(h|x). Minimizing the loss encourages the induced
latent distribution pθ(h|x) to approach Pθ∗(h|x) in the predictive directions relevant to the suffix.

Conclusion: The Coconut training process, while formally supervised on future token generation, has
an intrinsic CIB objective that encourages the latent states generated by the encoder, pθ(h|x), to match the
predictive behavior of the implicit expert latent policy Pθ∗(h|x). Consequently, minimizing the Coconut
loss on the expert trajectory dataset DS can be viewed as MLE on an implicit dataset Dc constructed
from h∗i = Eθ∗(S

∗
i,past), up to the modeling assumptions stated above. This provides a formal justification

for applying our IL-based analysis to the Coconut model without claiming that the equivalence holds for
arbitrary latent training dynamics.

Lemma A.5 (Self-Normalized Bound for Vector Martingales ((Abbasi-yadkori et al., 2011))). Let {Fi}ni=0

be a filtration. Let {gi}ni=1 be a sequence of random vectors in Rd such that gi is Fi-measurable and
E[gi | Fi−1] = 0. Assume there exists a constant σ > 0 such that for any unit vector v ∈ Rd, the
real-valued random variable ⟨v, gi⟩ is conditionally σ-sub-Gaussian, i.e.,

∀λ ∈ R, E[exp(λ⟨v, gi⟩) | Fi−1] ≤ exp

(︃
λ2σ2

2

)︃
.

Let V be a d× d positive definite matrix. Define

Vn = V +

n∑︂

i=1

gig
⊤
i and Gn =

n∑︂

i=1

gi.

Then, for any δ ∈ (0, 1), with probability at least 1− δ, the following inequality holds:

∥Gn∥2V −1
n
≤ 2σ2 log

(︄
det(Vn)

1/2 det(V )−1/2

δ

)︄
.

Lemma A.6 (Construction of a Confidence Set for Parameter Estimation). Let θ̂MLE be the parameter
estimate obtained by maximizing the log-likelihood function on a curriculum dataset Dc = {(xi, hi)}ni=1,
where the data is sampled i.i.d. from the expert distribution Pθ∗:

θ̂MLE = argmax
θ∈Rd

n∑︂

i=1

logPθ(hi | xi)

Assume the following regularity conditions for the log-linear model hold:
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1. (Bounded Features): For all (x, h), ∥ϕ(x, h)∥2 ≤ L.

2. (Strong Convexity): The expected negative log-likelihood function L(θ) = Ex,h∼Pθ∗ [− logPθ(h|x)]
is λmin-strongly convex with respect to θ over the parameter space. Its Hessian (the Fisher informa-
tion matrix) ∇2L(θ) = I(θ) satisfies I(θ) ⪰ λminI .

3. (Sub-Gaussian Score): The score function at the true parameter θ∗, ∇θ logPθ∗(h | x), is a zero-
mean, σ2-sub-Gaussian random vector.

4. (Bounded Parameters): ∥θ∗∥2 ≤ B, and the optimization is performed within the compact set
B = {θ ∈ Rd : ∥θ∥2 ≤ B}.

Then for any δ ∈ (0, 1), there exists a constant C > 0 (depending only on L, σ, λmin, B) such that with
probability at least 1− δ, the true expert parameter θ∗ satisfies:

⃦⃦
⃦θ̂MLE − θ∗

⃦⃦
⃦
2

Ĥn

≤ β2
n(δ)

where:

• Ĥn = 1
n

∑︁n
i=1∇2(− logPθ̂MLE

(hi | xi)) is the empirical Hessian evaluated at θ̂MLE,

• β2
n(δ) = C · d log(n)+log(1/δ)

n is the squared radius of the confidence set.

In other words, the confidence set Θ(θ̂MLE) =

{︃
θ ∈ Rd :

⃦⃦
⃦θ − θ̂MLE

⃦⃦
⃦
2

Ĥn

≤ β2
n(δ)

}︃
covers the true

parameter θ∗ with high probability.

Proof. This proof combines the first-order optimality condition, concentration inequalities, and self-
normalized analysis techniques to construct a non-asymptotic, high-probability bound.

1. Notation and Basic Relations Let Ln(θ) =
1
n

∑︁n
i=1 ℓi(θ) be the empirical negative log-likelihood,

where ℓi(θ) = − logPθ(hi|xi). By definition, θ̂MLE is the minimizer of Ln(θ) within the parameter space
B. Since θ∗ is the minimizer of the expected risk L(θ) (because the KL divergence DKL(Pθ∗∥Pθ) =
L(θ)− L(θ∗) is non-negative), we have ∇L(θ∗) = 0.

2. Using Optimality and Convexity By the optimality of θ̂MLE, we have Ln(θ̂MLE) ≤ Ln(θ
∗). Since

Ln(θ) is a convex function, we can derive a basic inequality that connects the parameter error to an
empirical process:

L(θ̂MLE)− L(θ∗) ≤ L(θ̂MLE)− L(θ∗)− (Ln(θ̂MLE)− Ln(θ
∗))

= (L− Ln)(θ̂MLE)− (L− Ln)(θ
∗)

=
1

n

n∑︂

i=1

(︂
E[ℓi(θ̂MLE)]− ℓi(θ̂MLE)

)︂
− (E[ℓi(θ∗)]− ℓi(θ

∗))

By Assumption 2, L(θ) is λmin-strongly convex, so L(θ̂MLE)− L(θ∗) ≥ λmin
2 ∥θ̂MLE − θ∗∥22. Combining

this with the above inequality yields:

λmin

2
∥θ̂MLE − θ∗∥22 ≤ sup

θ∈B
|(L− Ln)(θ)− (L− Ln)(θ

∗)|

Bounding the empirical process on the right-hand side can yield a preliminary L2-norm convergence
bound of O(

√︁
d/n). However, to obtain a sharper, weighted-norm bound, we turn to self-normalized

analysis.
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3. Applying Self-Normalized Bounds We directly analyze the error relation derived from the first-order
condition. Let ∆ = θ̂MLE − θ∗. A first-order Taylor expansion of ∇Ln(θ̂MLE) = 0 around θ∗ gives:

0 = ∇Ln(θ̂MLE) = ∇Ln(θ
∗) +

∫︂ 1

0
∇2Ln(θ

∗ + t∆)dt ·∆

Rearranging, we get:
H̄n∆ = −∇Ln(θ

∗) (5)

where H̄n =
∫︁ 1
0 ∇2Ln(θ

∗ + t∆)dt is the mean Hessian matrix on the line segment between θ∗ and θ̂MLE.
The core of the analysis lies in bounding the norm of the empirical score∇Ln(θ

∗). Let gi = ∇θℓi(θ
∗) =

∇θ(− logPθ∗(hi|xi)). Since E[gi|Fi−1] = ∇L(θ∗) = 0, the sequence {gi}ni=1 is a vector-valued
martingale difference sequence. Under our regularity conditions (specifically, Assumption 3), {gi} is also
conditionally sub-Gaussian. We can therefore apply the self-normalized bound from Lemma A.5.

Let’s map the variables to Lemma A.5: we set V = λI for some small regularization constant λ > 0,
which ensures initial positive definiteness. Then we have Gn =

∑︁n
i=1 gi and Vn = λI +

∑︁n
i=1 gig

⊤
i .

Applying the lemma, we get that with probability at least 1− δ:
⃦⃦
⃦⃦
⃦

n∑︂

i=1

gi

⃦⃦
⃦⃦
⃦

2

(λI+
∑︁n

i=1 gig
⊤
i )−1

≤ 2σ2 log

(︄
det(λI +

∑︁
gig

⊤
i )

1/2 det(λI)−1/2

δ

)︄
.

Under the bounded feature assumption, we can bound the determinant term and simplify the expression.
Using the fact that

∑︁
gig

⊤
i ≈ n · E[gg⊤] = n · I(θ∗) and properties of the determinant, one can derive

that:

∥∇Ln(θ
∗)∥2(I(θ∗))−1 =

1

n2

⃦⃦
⃦⃦
⃦

n∑︂

i=1

gi

⃦⃦
⃦⃦
⃦

2

(I(θ∗))−1

≲ d log(n) + log(1/δ)

n
(6)

where ≲ hides logarithmic factors and constants dependent on model parameters.

4. Connecting the Error and Gradient Bounds Returning to Eq. (5), we have ∆ = −H̄−1
n ∇Ln(θ

∗).
We want to bound ∥∆∥2

Ĥn
. By matrix concentration inequalities and Assumptions 1 and 4, it can be

shown that the empirical Hessian∇2Ln(θ) concentrates uniformly around its expectation I(θ) over the
parameter space B. This implies that both H̄n and Ĥn are close to I(θ∗) with high probability. Formally,
there exists ϵn → 0 such that, with high probability, ∥H̄n − I(θ∗)∥op ≤ ϵn and ∥Ĥn − I(θ∗)∥op ≤ ϵn.
Therefore, we can approximate:

∥∆∥2
Ĥn

= ∆⊤Ĥn∆

= (∇Ln(θ
∗))⊤H̄−1

n ĤnH̄
−1
n ∇Ln(θ

∗)

≈ (∇Ln(θ
∗))⊤(I(θ∗))−1∇Ln(θ

∗)

= ∥∇Ln(θ
∗)∥2(I(θ∗))−1

By more rigorously handling the approximation H̄−1
n ĤnH̄

−1
n ≈ (I(θ∗))−1 and controlling the error

terms, combined with Eq. (6), it can ultimately be shown that:
⃦⃦
⃦θ̂MLE − θ∗

⃦⃦
⃦
2

Ĥn

≤ C · d log(n) + log(1/δ)

n

where the constant C absorbs all terms dependent on L, σ, λmin, B. This completes the proof of the
lemma.

We can now prove the main theorem of this section.

Proof. The proof proceeds in three steps: first, we leverage Lemma A.6 to bound the KL divergence
between the model distribution Pθ̂ and the expert distribution Pθ∗ ; second, we convert the KL divergence
bound into a Total Variation (TV) distance bound using Pinsker’s inequality; finally, we use the properties
of TV distance to bound the difference in task success rates between the two policies.
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1. Bounding the KL Divergence We aim to bound the KL divergence DKL(Pθ∗∥Pθ̂). For the log-linear
model family we consider, the KL divergence has the form:

DKL(Pθ∗(·|x)∥Pθ̂(·|x)) = Eh∼Pθ∗ (·|x)[logPθ∗(h|x)− logPθ̂(h|x)]

Performing a second-order Taylor expansion of logPθ̂(h|x) around θ∗, we have:

logPθ̂(h|x) ≈ logPθ∗(h|x) + ⟨∇θ logPθ∗(h|x),∆⟩+
1

2
∆⊤∇2

θ logPθ∗(h|x)∆

where ∆ = θ̂ − θ∗. Substituting this into the KL divergence expression and taking the expectation, we
note that Eh∼Pθ∗ [∇θ logPθ∗ ] = 0, which yields the quadratic approximation of KL divergence in terms
of the Fisher information matrix:

Ex∼ρ[DKL(Pθ∗∥Pθ̂)] ≈
1

2
∆⊤I(θ∗)∆ =

1

2
∥θ̂ − θ∗∥2I(θ∗)

More rigorously, this approximation can be shown to hold with controllable higher-order terms. Since
Lemma A.6 shows that ∥θ̂ − θ∗∥Ĥn

is small with high probability and Ĥn concentrates around I(θ∗), we
can translate the result of Lemma A.6 into a bound on the KL divergence. With probability at least 1− δ:

Ex∼ρ[DKL(Pθ∗∥Pθ̂)] ≤ C ′ · ∥θ̂ − θ∗∥2
Ĥn
≤ C · d logn+ log(1/δ)

n
(7)

where C ′ and C are positive constants.

2. From KL Divergence to Total Variation Distance The Total Variation (TV) distance is defined as
TV (P,Q) = 1

2

∫︁
|p(x)− q(x)|dx. Pinsker’s inequality establishes a relationship between KL divergence

and TV distance:

TV (P,Q) ≤
√︃

1

2
DKL(P∥Q)

Applying this inequality to our model and expert distributions, and combining it with Eq. (7), we obtain a
high-probability bound on the TV distance:

Ex∼ρ[TV (Pθ∗∥Pθ̂)] ≤ Ex∼ρ

[︄√︃
1

2
DKL(Pθ∗∥Pθ̂)

]︄

≤
√︃

1

2
Ex∼ρ[DKL(Pθ∗∥Pθ̂)] (by Jensen’s inequality)

≤
√︃

C

2
· d logn+ log(1/δ)

n

= O
(︄√︃

d logn+ log(1/δ)

n

)︄
(8)

3. From Total Variation Distance to Task Success Rate A key property of the TV distance is that it
bounds the difference in expectation for any bounded function. Our task success function V (h) ∈ {0, 1}
is a bounded function (with bound 1). Therefore,

|SuccessRate(θ̂)− SuccessRate(θ∗)| =
⃓⃓
⃓Ex∼ρ,h∼Pθ̂

[V (h)]− Ex∼ρ,h∼Pθ∗ [V (h)]
⃓⃓
⃓

=
⃓⃓
⃓Ex∼ρ

[︂
Eh∼Pθ̂

[V (h)]− Eh∼Pθ∗ [V (h)]
]︂⃓⃓
⃓

≤ Ex∼ρ

⃓⃓
⃓Eh∼Pθ̂

[V (h)]− Eh∼Pθ∗ [V (h)]
⃓⃓
⃓

≤ Ex∼ρ[ sup
H′⊆H

|Pθ̂(H
′)− Pθ∗(H

′)|]

= Ex∼ρ[TV (Pθ∗∥Pθ̂)] (9)
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Substituting the bound from Eq. (8) into Eq. (9), we finally obtain the bound on the difference in success
rates:

|SuccessRate(θ̂)− SuccessRate(θ∗)| ≤ O
(︄√︃

d logn+ log(1/δ)

n

)︄

Since we are concerned with the lower bound on the success rate, this is equivalent to:

SuccessRate(θ̂) ≥ SuccessRate(θ∗)−O
(︄√︃

d logn+ log(1/δ)

n

)︄

This result shows that, under curriculum training, the task success rate of the learned policy converges
to that of the expert policy with high probability, at a rate of O(

√︁
(d logn)/n). This completes the

proof.
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