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Abstract

Verifiable reasoning training compresses an en-
tire response to a binary pass-or-fail label, yet
a fail label alone does not reveal whether the
corresponding trajectory should be discarded,
penalized, or repaired. Many failed trajectories
remain close to the correct solution through
substantial portions of their intermediate rea-
soning and deviate only at a later branching
point, whereas others contain no reliable prefix
that can support a correct suffix. Treating both
failure types as uniformly negative supervision
can penalize useful reasoning states while dilut-
ing corrective updates for erroneous ones. To
address this limitation, we propose PRIMA,
which decomposes failed trajectories into in-
heritable prefixes and divergent suffixes, and
rewrites repairable failures into shared-prefix
preference pairs for localized reasoning opti-
mization. We formalize the optimization cost
of mixing the two failure types and show that
treating them as a uniform negative class can
shrink the effective gradient magnitude, mo-
tivating their separation before training. Ex-
periments show that PRIMA converts failed
trajectories from coarse-grained negative su-
pervision into cleaner suffix-level supervision
signals, yielding higher reported means in 15 of
16 model—task—training-paradigm comparisons
against the strongest corresponding baselines
and tying in the remaining comparison.

1 Introduction

Verifiable reasoning has emerged as an efficient
training loop in recent years. Given a problem,
models sample large trajectory pools, and an ex-
ternal verifier compresses each trajectory into a
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Figure 1: Motivating evidence that reasoning errors
concentrate after a shared prefix. (a) Token-wise cross-
entropy is similar in the early shared region. (b) The
cross-entropy gap between correct and failed trajectories
increases after the shared prefix. (c) Correct and failed
trajectories for the same problem share more length-
normalized prefix content than length-matched random
controls.

binary terminal outcome. These verifier signals
are then reused as search weights, rejection sam-
pling thresholds, preference optimization labels, or
process reward signals, supporting a range of meth-
ods from reinforcement learning to Direct Prefer-
ence Optimization (DPO). Recent systems have
shown that such external verifiable feedback can
scale up reasoning training to large-scale trajectory
pools (DeepSeek-Al, 2025; Guan et al., 2025).

Within this training pipeline, failed trajecto-
ries are handled through several distinct strategies.
First, rejection sampling fine-tuning keeps only the
passing samples and discards the failed ones. Sec-
ond, preference optimization uses failed responses
as negative samples, pairing them with passing re-
sponses and feeding them into the loss function
of DPO and its variants (Rafailov et al., 2023).
Third, reasoning repair methods, including self-
refinement, multi-turn self-correction, and trajec-
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tory rewriting, feed the failed trajectories back into
the model in an attempt to recover the correct an-
swer from them (Madaan et al., 2023; Shinn et al.,
2023). Despite these differences in downstream
usage, many terminal-label pipelines inherit the
same upstream assumption: the verifier’s failure
signal defines a semantically homogeneous nega-
tive class. In other words, trajectories that fail early
due to fundamental reasoning errors are treated
equivalently to those that fail only after substantial
correct reasoning. Let a prefix denote the portion
of a generated trajectory before a candidate diver-
gence or repair point, and a suffix denote the gener-
ated sequence after that point. Existing pipelines
usually do not ask whether the prefix of a failed
trajectory is still a reusable reasoning context, or
whether only the later suffix should be penalized or
replaced.

This premise hardly holds in long-chain reason-
ing. Figure 1 presents three diagnostic observations
on reasoning trajectories from multiple model fam-
ilies. Figure 1(a,b) shows that correct and failed
trajectories share nearly identical token-wise cross-
entropy within the early shared prefix, and that after
the first textual divergence the gap widens sharply,
with a suffix-region peak roughly 2.3 x that of the
prefix region. Figure 1(c) further shows that correct
and failed trajectories for the same problem share
more length-normalized prefix content than length-
matched random controls, reducing concern that
the pattern is solely a length effect. Prefix support
measures the fraction of the shorter trajectory that
is shared before the first textual divergence. These
observations suggest that errors are often localized
after a shared prefix rather than being uniformly
distributed across the entire trajectory. Yet sharing
a prefix does not necessarily imply that the prefix
remains reusable. Some prefixes stay close to a
recoverable reasoning state and can serve as stable
contexts for suffix replacement, while others have
already departed from the successful-state neigh-
borhood. A binary verifier alone cannot distinguish
between them.

This exposes a structural limitation of existing
verifiable reasoning pipelines: the verifier collapses
failure states with fundamentally different opti-
mization properties into the same negative label.
The first class comprises RC failures (operationally
repairable), which retain a prefix accepted by the
state criterion. This prefix can be preserved as a
common context for a correct suffix. The error lies
mainly in the suffix, suggesting that training should

preserve the prefix while replacing the divergent
suffix. The second class comprises UC failures
(not selected as repairable), whose trajectories con-
tain no prefix accepted by the state criterion and
therefore do not enter shared-prefix suffix compar-
ison. Although both trajectory types receive the
same terminal failure label, they require different
treatment during training. Mixing them within a
single pool of negative samples can penalize useful
prefixes and yield misaligned update directions.
In this paper, we propose PRIMA (Prefix-
Repair Identification for Minimum-pollution
Alignment), an automated, verifier-compatible
data-construction framework. Given a failed tra-
jectory, PRIMA does not ask the verifier to rein-
terpret the failure, nor does it rely on surface com-
pleteness. Instead, it reads the prefix state from
a frozen base model and decides whether the pre-
fix can still be followed by a correct suffix based
on three complementary signals: geometric resid-
ual, local branching response, and prefix support.
In contrast, format-level cues such as answer ex-
tractability, code parsability, and termination status
are logged for auditing but are not input features to
the scorer or cut-point filter. Specifically, for each
inheritable prefix, PRIMA retrieves a successful
suffix from the same problem or from a trajectory
with the same prefix, re-verifies the full response
formed by prefix and suffix, and constructs a ver-
ified pair of correct and incorrect suffixes under
the shared prefix. The supervision signal is thus
confined to the divergent suffix region, and the
trainer receives localized contrastive supervision
instead of treating the whole failed response as a
monolithic negative. Crucially, this construction
produces an objective-agnostic supervision signal:
the same verified prefix-suffix pairs can serve DPO,
SFT, reranking, and downstream repair (formalized
in Sections 2 and 3). The main contributions are:

* We formalize the optimization cost of mixing RC

and UC failures, and provide evidence that treat-
ing them as a uniform negative class can lead to
gradient contraction.

* We propose PRIMA, a data-centric framework

that decomposes failed trajectories into inherita-
ble prefixes and divergent suffixes, and constructs
shared-prefix supervision signals compatible with
various downstream objectives.

* Across model families, benchmarks, and training

paradigms, PRIMA yields higher or tied reported
mean scores than the strongest corresponding base-
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lines in all 16 comparisons and provides a reusable,
objective-agnostic data primitive for verifiable rea-
soning.

2 Disentangling Failure States and Their
Optimization Cost

In this section, we start from frozen-model hidden
states to formalize the heterogeneity among failed
trajectories that a binary verifier masks, and we
then quantify the optimization cost of mixing them.
Some failures preserve useful prefixes until a late
branching point, while others diverge early from
successful states. Treating both as the same neg-
ative class can contract the mixed gradient when
their update directions are misaligned. State di-
agnostics, Repair@4, downstream training, and
held-out evaluation use the source pools and splits
specified in their respective protocols (Section 3.2
and Appendix C.1). Complete responses are la-
beled pass or fail by the corresponding domain
verifier.

2.1 Formalization and Empirical Evidence of
Failure States

Format Boundaries Are Unreliable. Recovering
reusable intermediate computation from failed tra-
jectories first requires avoiding the mistake of treat-
ing format boundaries as reasoning states. A natu-
ral but unreliable heuristic would be to filter candi-
date prefixes by truncation, answer extractability,
or program parsability. However, the positions at
which these signals appear are usually later than the
critical reasoning fork: the prefix of a truncated tra-
jectory may already be close to the correct-solution
manifold and may be continuable by a correct suf-
fix, while a naturally ended and format-complete
response may already have violated constraints in
the middle. Prefix inheritability therefore cannot
be reliably inferred from output form. We must
return to the generation state of the frozen base
model and check whether the prefix still preserves
the condition needed to reach a correct suffix.

A natural first attempt is to filter failed prefixes
by token-level average entropy, using entropy as
a proxy for model uncertainty. However, entropy
is only a scalar confidence signal and does not tell
whether a prefix remains in a state from which a cor-
rect suffix is still reachable. For example, a model
may continue with low entropy after it has already
moved away from the successful-solution region, or
it may have high entropy near a genuine reasoning

fork while the prefix is still repairable. The linear-
discrimination AUC of entropy for the held-out
calibration proxy labels is only 0.57. We therefore
characterize candidate prefixes using three com-
plementary quantities: a hidden-space geometric
residual, a local branching response, and a discrete
prefix-support score.
Prefix Representation and Whitening. Given a
source model s, a problem z, and a failed trajec-
tory y~ = (y1,-..,yr), let the candidate prefix at
position ¢ be
Pt = y;t-

We run the frozen base model on (z, p;) and denote
by h; the final-layer hidden state at the last token
of the prefix. Thus, each candidate prefix is repre-
sented by the endpoint hidden state of that prefix,
rather than by all token states inside the prefix.

Different source models have different hidden-
state scales, anisotropy, and cross-dimensional cor-
relations. To make geometric quantities compara-
ble within each source model, we first normalize
the hidden space of that source. Let Hs be the
collection of final-layer endpoint hidden states ex-
tracted from candidate prefixes in the trajectory
pool of source model s. We estimate the empirical
mean and covariance of these hidden states as

Hs = EhE'Hs [h],
Ys = Enew,[(h — ps)(h — NS)T]-

We then construct the whitening operator
W, = 28—1 /27

which decorrelates and rescales hidden dimensions
so that the source-level covariance becomes iden-
tity. The normalized prefix state is

ilt = Ws(ht - Ns)-

The hidden-state quantities GG; and F; below are
computed in this source-normalized hidden space.
The symbolic quantity S; is computed in token
space and then length-normalized.

We first define the successful-state neighborhood
used as the geometric reference. Let D} denote
the set of successful trajectories for the same prob-
lem x; when too few same-problem successes are
available, we augment it with successful trajecto-
ries from retrieval-neighbor problems in the same
domain. For each trajectory in this set, we ex-
tract final-layer endpoint hidden states at candi-
date prefix positions and map them with the same
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whitening operator W,. To compare states at sim-
ilar reasoning stages, we keep endpoints whose
normalized positions are within a small window
around the current position ¢/T". The resulting set
is denoted by
- I
NEO = {BS 5 s}

where § is the position-matching window. This
neighborhood contains normalized endpoint hidden
states from successful trajectories, not the entire
sequence of token states inside each prefix.

State Quantities. The geometric residual G; is de-
fined as the nearest cosine distance from the current

failed-prefix state to this successful-state neighbor-
hood:

G =

min

min (1 — cos(hy, z)) .

A smaller G; means that the failed prefix remains
close to the region visited by successful trajectories
at a comparable generation stage. A larger G, in-
dicates that the prefix has likely moved away from
the region where correct suffixes are observed.
Geometric proximity alone may miss abrupt lo-
cal transitions. A prefix can remain globally close
to the successful neighborhood but still undergo a
local reasoning fork. To capture such local dynam-
ics, we define a second-order hidden-state change
along the normalized prefix-state sequence. Be-
cause PRIMA constructs data offline from fixed
complete trajectories, this centered diagnostic is
evaluated only at interior positions 2 < ¢ < T — 1:

Lhi = h; — hi_y -;- ilz'—i—l‘

We then accumulate recent second-order changes
with an exponential decay:

min{¢,T—1}

Fo= Y expl-n(t—i)) |k

=2

)

2

where 1 > 0 controls how quickly earlier changes
are discounted; endpoint values are omitted, and
an empty sum is zero. A large F} indicates that a
local branching event has recently occurred near
the candidate prefix.

Finally, hidden-state continuity is not sufficient
if the text has already lost key problem objects,
constraints, or program structure. We therefore add
a discrete prefix-support score. Recall that D de-
notes the set of successful trajectories for the same

problem x, augmented with retrieval-neighbor suc-
cesses when same-problem successes are too few
(Section 2.1). For a failed trajectory ¥y~ and a suc-
cessful trajectory y™ € D, let k(y™,y~) be the
first textual divergence position between them. The
length-normalized prefix support is

S, = max min{t, k(y*,y") — 1}. 3)
ytepy  minf{ly*|, [y~ [}

This score measures how much same-problem suc-
cessful and failed trajectories share before their first
textual divergence, normalized by the shorter tra-
jectory length. Thus, S; complements the hidden-
space quantities GGy and F; with a symbolic check
of whether the candidate prefix still preserves
shared problem structure.

Repairability Scorer and Cut-Point Selection.
We normalize and combine the three metrics above
into a repairability scorer. Its calibration targets
are automatically derived operational proxies inde-
pendent of Gy, Fy, S;: wrong-answer failures are
the RC proxy for code, while compilation, runtime,
and time-limit failures are the UC proxy; for mathe-
matics, a finite but incorrect answer is the RC proxy
and a length-capped output is the UC proxy. These
proxies supervise calibration but do not define clo-
sure. Let ¢(y~;t) = (G, Fi, S¢). Within each
source model, we apply quantile normalization and
obtain G, F, Sy € [0, 1]. The repairability scorer
is

mA(B(y ;1)) = oMo — AgGt — ApFi + AsSt),

“)
where A\g, Ar, Ag > 0, and o is the sigmoid func-
tion. The signs encode the directional constraints
of repairability. The weights are estimated by class-
balanced logistic regression on source-balanced,
problem-blocked calibration splits (Appendix C.2).
We define the state-closure variable as

Ca(y™,t) = Hra(o(y51) = Ak, (5)

where ). is selected on the calibration split and
never on evaluation problems.

Cx(y~,t) = 1 means that the candidate prefix
Pt passes the state check and can serve as the com-
mon context for comparing positive and negative
suffixes under the same prefix. C'y = 1 alone is still
insufficient to determine the cut point: a cut that
is too early loses inheritable computation, while a
cut that is too late may cross a local branch. Since
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Figure 2: (a) Prefixes projected onto geometric residual
G and branching F; under the operational RC/UC par-
tition. (b) Branching response across six probing scales:
UC is highest, Solved is lowest, RC lies between. (c)
Prefix-support lift for code and math, split by failure
type across the three displayed empirical quantile set-
tings.

C), already covers the geometric residual, we de-
fine a cut-point filter that adds only the structural
constraints:

b)\(y_7t) = l{gt 2 Sc, Ft S fC7 t < T}a (6)

where s. and f. are the lower bound on prefix sup-
port and the upper bound on local branching de-
termined on the calibration set. The final retained
position is the latest legal cut point:

Ta(y”7) =max{t <T:Cy(y ,t) =1,

7
byt =1},

and if the legal set is empty, we set 7)(y~) = L.
Operationally, 7)(y~) # L means that at least one
candidate prefix falls in the selected region and re-
tains sufficient symbolic support. Section 3.2 eval-
uates this interpretation with Repair @M. Format-
audit signals do not participate in the state decision
and are recorded only offline. The failed pool is
then partitioned into selected failures RC and re-
jected failures UC:

RC={(z,y",m(y")) | V(z,y7) =0,
(y7) # L}

UC={(z,y") | V(z,y) =0,
™y ) =1}

®)

RC and UC are disjoint and together exhaust the
failed pool.

Empirical Evidence. Figure 2 projects candidate
prefixes onto G, Fi, and S; and shows descriptive
separation under the operational RC/UC partition.
Figure 3 further reports hidden-state trajectories
and the distribution of G, showing that divergence

Solved

event
'

hidden residual

] 0 1 8§ 12
event-aligned kK G (wrong pool)

Figure 3: (a) Hidden residual aligned to the local branch-
ing event (k = 0); the pattern suggests that separation
precedes terminal verification. (b) Under per-sample
maximum-component assignment, 79% of samples be-
long to the low-G component and 21% to the high-G
component.

appears before terminal verification. Against held-
out verifier-derived proxy labels, length-stratified
AUCs of Gy and F; are 0.84 and 0.81, reducing con-
cern that trajectory length alone drives the result.
Because every trajectory in this analysis already
has the same terminal fail label, the independent
fixed-prefix Repair@4 test in Section 3.2 provides
the direct validation of continuability.

To observe the dynamic process of state evo-
lution, we define the diagnostic event posi-
tion 7oyt (y~) = argmaxo<ior ||£f~l,t||2 to align
state curves. For any scalar reading my, the
event-aligned curve is E,,(k,s) = E[m(y) |
t — Tevt(y) = k,s(y) = s|, where s €
{Solved, RC, UC}. Figure 3(a) shows that RC stays
close to the Solved manifold around the branching
event, while UC rapidly deviates after the event.
This pattern suggests that separation emerges be-
fore terminal verification.

The geometric residual GGy around candidate cut
points is bimodal (Figure 3(b)). Integrating density
mass on either side of the valley gives approxi-
mately 84%/16%; this differs from the 79%/21%
hard component assignment because samples over-
lap near the valley. Neither mixture summary de-
fines the RC/UC partition, which also uses F; and
S;. Format-feature splits mix the two residual
modes, whereas the Cy split aligns with the event
curves. The independent Repair@4 test in Sec-
tion 3.2 then evaluates whether selected prefixes
are more continuable.

2.2 Optimization Cost of State Mixing

Prefix-state differentiation becomes a data-
construction problem because it changes training
gradients. Let Drc and Dyc be the empirical
distributions of the two sample types, and let
Dnix = aDyc + (1 — Oé)DRC be the mixed
negative-sample distribution, where o € [0, 1] is
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17.5%. (b) Theoretical 1 — p surface over 6 and mixing
weight «, with all four measured points overlaid.

the UC proportion. For any differentiable loss /g,
the state-conditional and mixed gradients are

gs = VQE(x,y)NDSEQ(:Cay% s € {RC7 UC},
gmix = aguc + (1 — @)gre,
|| Gmix |

p= e [0,1].
allgucl + (@ - a)llgrell < 1

©)
Assuming o gucl| + (1 — @)]|grc|| > 0, p € [0,1]
measures first-order gradient-norm contraction; it
is not the realized step size of an adaptive optimizer.
For a non-degenerate mixture with both weighted
components nonzero, strict contraction occurs
whenever the two gradients are not positively
aligned. Under the illustrative setting o = 1/2
and [lgrc| = llgucll, p = /(1 + cosbreuc)/2.
Angles of 60°, 90°, and 105° yield norm losses of
about 13%, 29%, and 39%, respectively. The em-
pirical o ~ 0.16 is computed directly from the 7,-
based RC/UC partition and is not estimated from
either mixture summary in Figure 3(b).

Across four reasoning models, class-mean
negative-log-likelihood gradients on the last two
Transformer blocks have RC/UC angles from 41°
to 89° (Figure 4(a)), with measured contraction
from 6.2% to 17.5%. The pointwise mean abso-
lute deviation from the equal-weight, equal-norm
geometric reference is 0.043 (Appendix B.2). This
result characterizes first-order gradient-norm con-
traction; its downstream relevance is evaluated em-
pirically rather than guaranteed by the bound. The
observed contraction motivates state separation as a
practical way to reduce gradient-norm cancellation
caused by update misalignment.

2.3 Separating Prefix Preservation from
Training Signals

Once the state-closure criterion partitions the failed-
trajectory pool, the prefix p, of an RC failure can

be preserved and isolated from the negative suf-
fix signal. Given (z,y~,7A(y")) € RC, write
y~ = (pr,u~), where u~ is the original erro-
neous suffix. If a concatenable suffix u™ is re-
trieved from successful trajectories and the full
response passes re-verification, we construct a pref-
erence unit (z,p,,u™,u”) with a shared prefix.
The supervision is therefore restricted to the suffix
comparison.

The autoregressive factorization decomposes se-
quence log probability into the sum of a prefix term
and a suffix-conditional term:

log mo(y | ) = log mo(pr | @) +log me(u | @, pr).

In preference learning, such as DPO, the positive
and negative samples share the same prefix. There-
fore, the explicit prefix log-probability terms can-
cel in the preference difference, leaving the suffix-
conditional log-ratio

Jr
log o [ @opr)

Tyef (u+ ‘ xz, pT)

779(’“7 ’ xapr>
7Tref(u_ ‘ xap"r)

This removes an explicit negative loss on prefix
tokens and concentrates the contrast on the two
suffixes, matching the localized supervision unit
defined above.

For SFT, the repaired trajectory (x,p,,u™)
mines additional verified positive examples from
failed data, preserving only the inheritable prefix
and replacing the erroneous suffix without pollut-
ing likelihood training.

3 PRIMA: A Data-Centric Framework
3.1 The Same-Prefix Data Unit

Section 2 decomposes terminal failure into inheri-
table and non-inheritable states. This section trans-
lates that state distinction into data construction.
Figure 5 gives an end-to-end view of the resulting
workflow. PRIMA does not re-score full responses;
it rewrites training units. It first checks whether a
failed trajectory contains an inheritable prefix, then
compresses the supervision unit into suffix-level
differences under the same prefix. Only when the
repaired full response passes the original verifier
does the failed sample enter subsequent training.
The experimental boundary is established in Sec-
tion 2. For each full-size model in the main com-
parison, candidate trajectories and replacement
suffixes come only from that model’s fixed self-
distilled pool of four trajectories per problem. SFT
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Prefix-repair supervision: Shared prefixes from RC trajectories are paired with a correct suffix T and a failed suffix
u~, forming contrastive training units {x, p, u™, u~ } whose preference term is conditional on the shared prefix.

Table 1: Fixed-prefix continuability diagnostic, Repair@4 (%).

Prefix Source Qwen3-8B Qwen3.5-9B DS-R1-Llama-8B Ministral-3-8B
Oracle correct prefix 43.2 51.8 41.5 44.0
PRIMA accepted RC 13.8 16.7 13.0 14.7
PRIMA rejected UC 5.6 7.2 5.9 5.8
A(RC—-UCQ) +8.2 +9.5 +7.1 +8.9

baselines filter positives; DPO baselines construct
pairs; the feature selector and text reranker do not
access additional trajectories. No stronger model or
external teacher supplies data for these main com-
parisons. Training details appear in Appendix C.

For a failed trajectory that passes the repairabil-
ity check in Section 2.1, (z,y ™, 7a(y ™)), write

Yy =prdu, pr :y;n(y*)'

Here p; is the latest legal prefix accepted by the
state discriminator, and «~ is the failed suffix af-
ter that cut point. PRIMA excludes prefixes that
fail the state check and retrieves concatenable re-
placements from successful trajectories generated
by the same source model. Donors come from
the same problem or from retrieval-neighbor prob-
lems selected with the problem-representation re-
trieval used to construct the successful neighbor-
hood. Only suffixes that share the required discrete
prefix, can be concatenated, and pass full-response
re-verification are accepted:

V(z,pr®u™) =1,  V(z,p;®u”) =0. (10)

These constraints yield the same-prefix data unit
set

Zy={(z,proutu) | aly") # L,
V(l.ap’?' S¥) qu) == 17

V(z,pr ®u”) = 0}.
1D

Let D:{ean denote the set of all verifier-passing pos-
itive examples from the shared candidate pool. For
SFT, PRIMA rewrites repairable failures into addi-

tional verified positive examples

DY? = {(z,pr ®u") | (x,pr,u”,u”) € 23},
(12)
and constructs the final PRIMA-SFT training set

SFT

—_ Dt
DPRIMA =D

clean U Diep‘ (13)
For DPO, PRIMA preserves correct-failed suffix
pairs under the same prefix:
DRERIA = 2o (14)
The two sets are trained with the standard autore-
gressive and standard DPO objectives, respectively.
Since the positive and negative responses share the

same prefix,

logm(pr @ u | x) =logn(p, | x)

15
+logm(u | @, pr). (1>

The common prefix cancels in the DPO contrastive
term, concentrating the parameter update on the
suffix difference rather than penalizing the inherita-
ble prefix alongside the original erroneous suffix.
Figure 5 illustrates this workflow. Code and
math tasks differ at the terminal verifier. The code
verifier executes the complete program against test
cases, whereas the math verifier applies the task’s
final-answer check. For mathematics, passing this
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terminal check does not certify every intermediate
reasoning step. Both domains use the same data
unit: preserve the prefix, replace the suffix, and
re-verify the full response.

3.2 Fixed-Prefix Continuability Diagnostic

PRIMA’s key premise is that accepted failure pre-
fixes indeed preserve a state from which correct so-
lutions can still be continued. To test this premise
directly, we fix the prefix, resample only the suffix,
and measure how often a correct completion can be
reached. We formalize this as Repair@M: given
a problem z and a fixed prefix p, we sample M
suffixes

Uty .. up ~ (| 2, p),

and check each concatenated response with the
original task verifier. If at least one suffix passes
verification, the prefix is scored as repairable:

Repair@M = Pr[3m < M, V(z,p & un) = 1].

We set M = 4 and report Repair@4 pooled across
LiveCodeBench and OlympiadBench'. This diag-
nostic fixes the prefix, resamples only suffixes, and
applies the original verifier; it is run on the four 8B-
class models with complete probing assets. Fixing
the prefix isolates continuation success conditional
on that prefix, so the group difference provides
operational evidence of differential continuability.

All results in this section are computed on the
evaluable repair subset: after fixing the prefix, suf-
fixes can be resampled and fully judged by the
original task verifier. A small number of samples
for which judgment cannot be completed because
of excessive length or incomplete original parsing
are excluded. This treatment does not alter the def-
inition of repairability; it only removes cases that
are technically infeasible to execute.

Table 1 compares three prefix sources. Oracle
prefixes come from same-problem correct solutions.
RC and UC both come from same-problem failed
trajectories but are respectively accepted and re-
jected by PRIMA. Both use the same evaluable
subset and failure origin.

All four base models yield a consistent ordering,

Oracle > RC > UC.

RC versus UC provides the direct comparison.
PRIMA-selected prefixes have higher Repair@4

'OlympiadBench (large-scale, basic-to-competition diffi-
culty) is used for repair diagnostics

a Code b Math
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’é o (] g 41 (] =
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Figure 6: Downstream pass@ 1 improvement over non-
fine-tuned models, averaged across the four full-size
backbones (three-run mean). (a) LiveCodeBench; (b)
AIME.

on every model, with an average gain of 8.42 per-
centage points and per-model gains from 7.1 to
9.5 points. The mean Repair@4 is 14.55 for RC
and 45.13 for Oracle, indicating that selected failed
prefixes remain less continuable than prefixes from
native correct solutions.

3.3 Downstream Verification

To evaluate PRIMA across model families and rea-
soning tasks, we report downstream pass@1 im-
provement over non-fine-tuned models on Live-
CodeBench v5/v6 and AIME 2024/2025. Each
AIME year contains 30 problems; we score the
years separately and report their equally weighted
mean. Figure 6 gives three-run means across four
full-size backbones, with per-model results in Ta-
ble 7.

PRIMA maintains an advantage under both
SFT and DPO training paradigms. PRIMA-SFT
matches or exceeds the strongest non-PRIMA SFT
baseline (quality-filtered positives) on every model-
task pair, delivering relative pass@1 gains of 3.3%
on the four-backbone LCB mean and 2.0% on the
four-backbone AIME mean; the per-model break-
down is in Table 7. Because every method shares
the same 4-trajectory candidate pool, this compar-
ison controls for candidate-trajectory availability;
PRIMA differs in how selected failures are rewrit-
ten into verifier-rechecked positive examples.

PRIMA-DPO has the highest reported mean
among random pairing, shared-prefix-length pair-
ing, entropy sorting, and both learning-based full-
response scorers on every base model. The text
reranker relies solely on raw text, requiring no
hidden-state parsing or hand-crafted features. On
LCB its mean exceeds all non-learning filtering
rules; on AIME it is competitive with shared-prefix-
length pairing and entropy sorting. Against the
strongest non-PRIMA DPO baseline (the struc-
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tured feature selector), PRIMA-DPO improves the
four-backbone pass@ 1 mean by 3.5% on LCB and
2.6% on AIME in relative terms; the per-model
breakdown is in Table 7. Across the 16 PRIMA-
versus-strongest-baseline cells, PRIMA records 15
higher means and one tie; Appendix C.6 reports
mean=standard deviation. Individual AIME cells
remain low-resolution because each year has only
30 problems. The fixed-pool design holds ini-
tial candidate-trajectory availability constant across
methods.

4 Related Work

PRIMA relates to three strands of work: verifiable-
reward and preference training (DeepSeek-Al,
2025; Kimi Team, 2025; Guan et al., 2025; Luo
et al., 2025; Yuan et al., 2023; Rafailov et al.,
2023), process rewards and self-correction (Light-
man et al., 2024; Madaan et al., 2023; Shinn et al.,
2023), and failure-state analysis. Unlike step-level
reward models or refinement loops, PRIMA uses
frozen-model states and no additional LLM judge.
Appendix A gives an extended discussion.

5 Conclusion

We reframe failure in verifiable reasoning through
prefix inheritance and characterize the gradient con-
traction that can arise when RC and UC failures
are mixed. PRIMA separates selected prefixes
before training and produces objective-agnostic,
shared-prefix supervision signals. Its 15 higher
reported means and one tie across the 16 model—
task—training-paradigm comparisons support this
data construction as a reusable primitive.
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6 Limitations

We study two representative verifiable domains,
code and mathematics, with four open-weight back-
bones. Evidence is limited to offline construc-
tion from fixed rollout pools; online GRPO/RLVR
training with continuously refreshed trajectories is
not evaluated. The operational proxy labels and
calibrated thresholds may not transfer unchanged
to open-ended, multilingual, or proprietary set-
tings, especially when hidden states are unavail-
able. Repair@4 measures empirical continuability
rather than proving semantic correctness of a pre-
fix. Moreover, the mathematics verifier checks the
terminal answer and does not certify every inter-
mediate step. Individual AIME comparisons are
coarse because each annual set contains only 30
problems.
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A Extended Related Work

Training with Verifiable Rewards and Pref-
erence Optimization Reinforcement learning
with verifiable rewards (RLVR) trains LLMs by
sampling trajectories and compressing each into
a binary pass/fail outcome via an external ver-
ifier. DeepSeek-R1 (DeepSeek-Al, 2025) used
GRPO (Shao et al., 2024) on top of RL train-
ing (Ouyang et al., 2022; Schulman et al., 2017)
to elicit chain-of-thought reasoning (Wei et al.,
2022; Yao et al., 2023; Zelikman et al., 2024, 2022;
Besta et al., 2024; Wang et al., 2023); Kimi (Kimi
Team, 2025) and rStar-Math (Guan et al., 2025;
Luo et al., 2025) extended this with diverse rewards
and self-evolved deep thinking (Chen et al., 2024b;
Yuan et al., 2025; Anthony et al., 2017). Open-
source studies (Hu et al., 2025; Xiong et al., 2025a;
Singh et al., 2024b) and theoretical analyses (Dang
and Ngo, 2026; Kumar et al., 2024; Wen et al.,
2025a) further characterize this training regime.
On the data side, rejection sampling fine-tuning
(RFT) (Yuan et al., 2023; Dong et al., 2023; Nakano
et al., 2021; Dong et al., 2024) discards failed sam-
ples, keeping only passing ones. Preference and
binary-feedback objectives include DPO (Rafailov
et al., 2023; Rosset et al., 2024; Xiong et al.,
2024; Rafailov et al., 2024), SimPO (Meng et al.,
2024), KTO (Ethayarajh et al., 2024), ORPO (Hong
et al., 2024), TPO (Azar et al., 2024), and length-
disentangled methods (Park et al., 2024). A prop-
erty central to our work is that when positive and
negative samples share a common prefix, the prefix
cancels in DPO’s contrastive log-ratio, concentrat-
ing the comparison on the divergent suffix. Related
self-training and RLVR studies examine self-play,
scaled self-training, and minimalist reinforcement-
learning recipes (Chen et al., 2024c; Singh et al.,
2024a; Xiong et al., 2025b; Wen et al., 2025b).
At inference time, self-evaluation-guided search,
outcome-value planning, and test-time-compute al-
location provide complementary ways to improve
reasoning (Xie et al., 2023b; Yu et al., 2024; Snell
et al., 2024).

Fine-Grained Failure Signals and State-Aware
Data Beyond training objectives, several lines of
work exploit failure structure. Self-Refine (Madaan
et al., 2023), Reflexion (Shinn et al., 2023),
CRITIC (Gou et al., 2024), and RISE (Qu et al.,
2024) feed failures back to the model for cor-
rection, but LLMs can struggle to self-correct
reliably without external feedback (Sun et al.,

2025; Huang et al., 2024). Process reward mod-
els (PRMs) (Lightman et al., 2024) score interme-
diate steps; Math-Shepherd (Wang et al., 2024),
ThinkPRM (Khalifa et al., 2025), and Process-
Bench (Zheng et al., 2025) advance step-level
evaluation, complementary to prefix-level inher-
itability analysis (Daheim et al., 2024). Verifier
and process-guided reasoning also includes trained
math verifiers, process-reward-guided tree search,
and automated process supervision (Cobbe et al.,
2021a; Zhang et al., 2024a; Luo et al., 2024).
Broader feedback and coordination paradigms in-
clude Constitutional Al and autonomous multi-
agent reasoning (Bai et al., 2022; Shi et al., 2025).
Recent studies examine reasoning-error mecha-
nisms (Heyman and Zylberberg, 2025; Zhu et al.,
2026); Targeted use of failure data (Lan et al.,
2025; Ji et al., 2025; Chen et al., 2024a; Xia
et al., 2024) motivates state-aware filtering. Studies
of gradient-interference mitigation (Zhang et al.,
2024b) and data-mixture optimization (Xie et al.,
2023a) provide complementary perspectives on se-
lecting training signals. Work on reward-model
overoptimization, recursively generated-data col-
lapse, and offline-demonstration quality further il-
lustrates how training-data and feedback quality
can affect learned systems (Gao et al., 2023; Shu-
mailov et al., 2024; Mandlekar et al., 2021; Wan
et al., 2025a,b). After the rollout pool is fixed,
PRIMA collects state signals through a one-time
instrumented replay and reuses them offline. Its
scorer is fitted with automatic failure-category prox-
ies; a separate author audit is used only as a mech-
anism check.

B Supplementary Arguments for State
Closure

B.1 Distinguishing Closure from Terminal
Correctness

Section 2.1 defines closure as whether a candi-
date prefix can serve as the condition for suffix
replacement, rather than whether the complete re-
sponse passes the external verifier. The terminal
verdict V(z, y) only provides the pass state of the
full trajectory; closure is given by ) (¢(y~; t)) and
bx(y~,t), and determines whether the failure prefix
can still support a correct suffix.

Figure 7 provides a supplementary view of this
relationship. Successful trajectories occupy the
terminal-correct region; selected failures RC oc-
cupy the terminal-incorrect but state-closed region;
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rejected failures UC occupy the terminal-incorrect
and state-unclosed region. PRIMA only rewrites
RC into same-prefix training units.

Closure is not a synonym for answer extractabil-
ity, code parsability, or natural termination. The
feature vector used by Cj, by, and 7, contains only
Gy, Fi, and Sy; By is logged for auditing and is not
a scorer input. The calibration targets are never-
theless derived from verifier failure outcomes, as
detailed in Appendix C.2.

Event-aligned evidence shows that state diver-
gence predates terminal verdicts. In Figure 3, RC
maintains low geometric residuals around the event
position, while UC rapidly leaves the successful
neighborhood after the local branch. Verifier fail-
ure only serves as the entry criterion for the analy-
sis pool; what truly determines the training unit is
whether the failure prefix can still support a correct
suffix.

B.2 Pointwise Verification of the Contraction
Theory
Section 2.2 showed that mixing RC and UC can
contract the first-order gradient norm. Figure 8
compares the equal-weight, equal-norm geometric
reference with the measured NLL-gradient diagnos-
tic across four base models, with a mean absolute
error of 0.043.

B.3 Supplementary Formal Arguments

B.3.1 Upper Bound on the Contraction Ratio
Section 2.2 defines

_ | gmix|
allgucll + (1 — a)l|grell

€ [0,1]. (16)
We assume the denominator is positive and provide
the closed-form upper bound and equality condi-
tion. Let

a7

a = allgucl b= (1—a)llgrell,

and denote by 6 the angle between gyc and grc.
Direct expansion yields

| gmixl|? = a® + b? + 2abcosd,  (18)
hence
o a4+ b*+2abcost ~ 2ab(1 — cosb)
(a+0b)? B (a+0b)?
(19)

By the triangle inequality, p < 1, with p = 1 if and
only if ab(1 — cos#) = 0. In the non-degenerate

case a, b > 0, equality therefore requires positive
alignment (cos 6 = 1).
Contraction is strongest when a = b, yielding

1+ cosf
p =1/ — (20)

This corresponds to the equal-weight, equal-norm
worst case in the main text. When a # b, contrac-
tion under the same angle is weaker, since maxi-
mum cancellation occurs in the symmetric case.

9 1+cost
= 5

B.3.2 Rationale for the Logistic Closure Score

We use the logistic form of ) because its sigmoid
output supplies a single threshold )., while the
linear weights keep the roles of Gy, F}, and S;
explicit across source models. The random forest
is retained only as a nonlinear diagnostic for the
ablation in Appendix D.

C Experimental Setup, Learning-Based
Baselines, and Supplementary Results

C.1 Shared Candidate Pool, Models, and
Isolation Rules

Unless otherwise noted, all full-size main-table
methods use the same self-distillation candidate
pool. For each problem, four trajectories are sam-
pled from the corresponding base model and la-
beled by the original task verifier. SFT base-
lines filter positives; DPO baselines construct pairs.
PRIMA locates selected prefixes and draws suffix
donors only from successful trajectories generated
by that same source model. Each base model in-
dependently constructs its own pool and training
set.

Table 2 provides sampling and verifier settings.
Code and math tasks share sampling parameters;
the code domain uses an external executor to verify
complete programs, with a single-run timeout of 5
seconds. Code-domain training trajectories come
from Codeforces/OpenR1 (Penedo et al., 2025),
with final evaluation on LiveCodeBench (Jain
et al., 2024). Math-domain training trajectories
come from GSM8K (Cobbe et al., 2021b) and an
OlympiadBench (He et al., 2024) subset filtered for
AIME similarity, with final evaluation on AIME
2024/2025. Table 3 summarizes the isolation rules.

Training Problem Volume The code-domain
training source pool draws 2000 problems from
Codeforces/OpenR1. The math-domain train-
ing source pool consists of 1000 problems from
GSMSK and 1000 problems from OlympiadBench,
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Figure 7: Closure states vs. terminal correctness. (a)
Three-class partition under fixed terminal verdict. (b)
Closure vs. terminal signals across domains.

Table 2: Candidate pool and verifier settings.

Item Value
Trajectories per problem 4
Temperature 0.6
Top-p 0.95
Max new tokens 24,000
Stop condition None
Code execution timeout 5s

Table 3: Training, calibration, and evaluation isolation
rules.

Stage Isolation Rule
Candidate Used only for constructing same-problem cor-
pool rect/failed trajectories and candidate pairs

State calibra- Used only for threshold and closure discrimi-
tion nation estimation; not fed back into final eval-
uation problems

Training Final evaluation problems are never written
into the candidate pool or training set
Evaluation Only the external verifier is used to compute

final pass@1

totaling 2000 problems. For each training problem,
4 trajectories are sampled according to the settings
in Table 2 and labeled pass or fail by the respective
domain verifier. Math-domain samples undergo
AIME-similarity filtering before entering the final
training pipeline, so AIME results in the main text
and tables are always isolated from the training
pool.

Scope and Token Budget This work targets rea-
soning analysis rather than task accuracy maximiza-
tion. Generation and all prefix analyses use the
maximum-new-token setting in Table 2; the same
setting applies to every method in the fixed-pool
comparison.

a b
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Figure 8: Contraction theory verification. (a) Equal-
weight, equal-norm theory vs. measured contraction.
(b) Per-model 1 — p, MAE = (0.043.

C.2 State Features, Calibration, and
Reproducible Implementation

Candidate prefixes are characterized by three state
features. Geometric residual G} is computed over
the hidden-state neighborhood of same-problem or
similar-problem successful trajectories and mea-
sures the current state’s deviation from the suc-
cessful neighborhood. Local branching response
F; computes local second-order changes along the
fixed complete forward-probing sequence and ac-
cumulates them with exponential decay to capture
local divergence. Prefix support S; is based on
the first textual divergence position between same-
problem correct and failed trajectories and char-
acterizes shared structure at the discrete symbolic
level.

Format audit B; records parsability, termination
status, and object presence but is not an input to
the closure scorer. Calibration is performed sepa-
rately by domain on 15,641 failed trajectories span-
ning code and mathematics and four source mod-
els: DeepSeek (4,176), Qwen3 (4,047), Ministral
(3,999), and Qwen3.5 (3,419). Each trajectory re-
ceives a deterministic failure-category proxy de-
rived from verifier outcome and generation meta-
data. For code, wrong answer (WA) is the RC
proxy, while compilation error (CE), runtime er-
ror (RE), and time-limit exceeded (TLE) are UC
proxies. For mathematics, a finite wrong answer
is the RC proxy and a length-capped output is the
UC proxy. These labels are operational calibration
targets, not the definition of closure, and no human
judgment enters scorer fitting.

Within each source model, Gy, F}, and S; un-
dergo quantile normalization to obtain Gy, F}, Sy €
[0,1]. We fit a class-balanced logistic scorer
on source-balanced, problem-blocked calibration

5661



Table 4: Author-audit majority vote against automatic
proxy labels (N = 240).

Auto RC  Auto UC Total

Human repairable 105 8 113
Human non-repairable 15 112 127
Total 120 120 240

Table 5: Main experiment training hyperparameters.

Item Value

LoRA rank 16

LoRA alpha 16

LoRA dropout 0.05

LoRA modules  g/k/v/o and gate/up/down projection lay-
ers

Learning rate 1x107*

Batch size 16

Epochs 1

DPO g3 0.1

Reference model Corresponding SFT checkpoint

Precision bfloat16

splits. The closure threshold A, and cut thresholds
se = 0.45 and f. = 0.65 are selected on the cal-
ibration data. Held-out Repair@4 results are not
used to fit or select the scorer.

Independent Author Audit To assess whether
the automatic proxies match the intended mecha-
nism, three authors independently reviewed a strat-
ified random sample of 240 failures: four source
models x two domains X two automatic labels
x 15 examples. The automatic verdict and cate-
gory were hidden; reviewers saw only the problem
and full failed trajectory and judged whether re-
taining the first half while replacing the latter half
could recover a solution. Majority vote agreed with
the automatic label on 217 of 240 cases (90.42%).
Inter-rater agreement was Fleiss’ k = 0.77, with
unanimous judgments on 82.5% of cases. This au-
dit was conducted after label construction and did
not affect features, thresholds, training, or evalua-
tion.

Forward probing assets come from attention
summaries and memory summaries collected
across the four 8B-class base models. Each rollout
is replayed under a thin instrumentation layer that,
at every decoding step, exports a token-aligned
record so that downstream features can be re-
derived offline without re-running inference. Each
attention-summary step records, per Transformer
block, the normalized attention quality over the
prompt region and over the generated region sep-
arately; the prompt-region attention entropy, used
as a proxy for how diffusely the model is attend-

ing back to the input; and the top-k concentra-
tion mass of the attention distribution, used as
a proxy for whether the model has locked onto
a small set of supporting tokens. Each memory-
summary step records the /5 norm ||h;||2 of the
hidden-state residual; the memory entropy of its
post-normalization activation distribution, which
captures distributional spread without depending
on scale; the absolute-mean (abs_mean) statis-
tic, which captures gross activation drift away
from baseline; and the singular-vector concentra-
tion of the residual matrix, which captures how
rank-collapsed the local representation has become.
These records allow the same trajectories to be
segmented offline without re-running the genera-
tor. PRIMA derives G; and F}; from the residual
streams and S; from trajectory text. The remaining
attention and memory summaries support auxiliary
diagnostics and learned baselines; they do not enter
C s b N> OF T).

C.3 Training Configuration

The main experiments use a unified LoRA config-
uration and a single-epoch training budget. LoRA
and QLoRA serve only as a means of unifying
training cost and are not a contribution of this pa-
per. Table 5 lists the core hyperparameters of the
main experiments.

SFT Data Composition and Mixing The two
positive-example baselines on the SFT side differ in
their inclusion criteria. RFT retains only complete
trajectories with V(x,y) = 1, giving the cleanest
signal but discarding all verifier-rejected samples.
Quality-filtered positives adopt a broader criterion:
beyond verified correct solutions, they also retain
near-correct trajectories that are well-formatted,
compilable, structurally intact, and close to passing.
This set has wider coverage but also introduces a
small number of verifier-rejected noisy samples.
PRIMA-SFT does not simply relax this admission
threshold; it augments the strictly verified correct
solutions with PRIMA-selected repaired positives.
Specifically, PRIMA rewrites RC trajectories that
pass same-prefix repair verification into D\”, and
trains on

SFT _ 7t rep
DPRIMA - Dclean U D)\ :

1)
This mixture ensures that prefixed samples do not
replace complete solutions. Training on repair tra-
jectories alone would primarily teach suffix con-
tinuations conditioned on failed prefixes, omitting
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Table 6: Learning-based pair scorer configuration.

Attribute Feature Selector Text Reranker
Model type GBM Qwen3-Reranker-0.6B (Zhang et al., 2025), full fine-tuning
Input 42-dim structured features Positive and negative raw text

Training sample size
Core objective
Context length

3743 pairs (527 pos, 3216 neg)
Binary classification pair scoring
N/A

Optimizer / Learning rate N/A
Batch setting N/A
Training epochs N/A

5-fold OOF AUC = 0.9987
Structured features
Top-K pair selection

Validation performance
Inference input
Use case

Train 3735, val 633, cross-source test 631
Hard + 0.35 soft + 0.2 pairwise
32768
AdamW /1.5 x 107°
Batch 4, grad_accum 8
1 epoch
Val AUC =~ 0.70, cross-source AUC = 0.60
Text only
Source-balanced top-K reranking

Table 7: Per-model downstream pass@1 (%), three-run

average. Aggregated results are shown in Figure 6.

LiveCodeBench AIME
Method Qwen3 Qwen3.5 DS-R1I  Min-3 Qwen3 Qwen3.5 DS-R1  Min-3
etho 8B 9B  Llama-8B 8B SB 9B  Llama-8SB 8B

base 34.80  46.20 2222 3596 6500 73.33 31.67  68.33
SFT

RFT 3538  45.03 2135 3626 66.67 6833 3333 65.00
Low-entropy filtering 35.67  45.61 2281 3655 66.67  70.00 35.00  70.00
Quality-filtered positives  36.26  47.66 2339  36.84 6833  75.00 35.00  70.00
PRIMA-SFT 3743 48.83 2456 3801 70.00  75.00 36.67 71.67
DPO

Random pairing 35.09  46.49 2281 3626 6667 71.67 3333 70.00
Shared-prefix length 36.55  47.66 2456 3772 6833  75.00 3500  71.67
Entropy sorting 37.13  47.37 25.15 3743 6833  75.00 3333 70.00
Text reranker 3830  48.54 26.61 3889 6833  71.67 3333 68.33
Feature selector 39.77  49.71 28.65 4035 70.00  75.00 36.67  71.67
PRIMA-DPO 4123 5029 3099 4152 7167 76.67 3833 7333

trajectories from problem origin to terminal answer.
Native positives provide complete trajectories satis-
fying the terminal verifier, while repaired positives
provide intermediate-state recovery signals. For
mathematics, neither source guarantees that every
intermediate step is valid.

C.4 Selector and Reranker Training Details

In addition to PRIMA, this paper compares two
classes of learning-based pair scorers. The feature
selector trains a shallow GBM on structured fea-
tures; the text reranker fine-tunes a lightweight text
model directly on positive-negative sample texts.
Both are built on the same pairing candidate pool
but still score at the complete-response level, with-
out constructing same-prefix training units.

The feature selector uses 42 hand-crafted fea-
tures covering surface alignment, geometry and
dynamics, PCA projections, and length- and health-
derived quantities. The text reranker’s soft labels
during training come from FRSD signals, including
gradient, hidden-memory, pre/post geometry, and
route-RLIS; at inference time it reads only raw text.
It requires no hidden-state parsing or hand-crafted
features and is a compute-efficient standalone data-

selection baseline. PRIMA has higher reported
means than both learned scorers, suggesting that
finer supervision units contribute beyond complete-
response scoring alone.

C.5 Full Downstream Verification Results

Table 7 expands the per-model absolute scores of
Figure 6. The four 8B-class base models evalu-
ated are Qwen3-8B (Yang et al., 2025), Qwen3.5-
9B (Team, 2026), DS-R1-Llama-8B (DeepSeek-Al,
2025), and Ministral-3-8B (Liu et al., 2026). All
methods share the same 4-trajectory self-distilled
candidate pool; SFT and DPO methods enter their
respective training pipelines. The SFT side com-
pares RFT, low-entropy filtering, quality-filtered
positives, and PRIMA. The DPO side compares
random pairing, shared-prefix-length, entropy sort-
ing, text reranker, feature selector, and PRIMA.
Both LCB and AIME report final verifier pass rates
in percentage. Qwen3.5-4B and Qwen3.5-2B are
smaller student models distilled from Qwen3.5-9B;
their results appear in Appendix Figure 9.
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C.6 Run-Level Uncertainty for the Main
Comparison

Table 8 reports three-run mean=+standard deviation
for PRIMA and the strongest fixed-pool baseline
in each objective: quality-filtered positives for SFT
and the feature selector for DPO. PRIMA has 15
higher means and one tie across the 16 cells. These
repeated runs describe run-to-run variation; they
do not make each AIME cell individually well-
resolved.

C.7 Distillation to Smaller Student Models

To test whether PRIMA-DPO’s data workflow
can transfer to smaller student models, this paper
uses Qwen3.5-9B as the teacher and applies the
same 9B-based PRIMA-DPO training data to train
Qwen3.5-4B and Qwen3.5-2B. Baselines are the
same-size base models, RFT, and the strongest non-
PRIMA baseline, the feature selector. Figure 9
shows that PRIMA-DPO students exceed all three
baselines across both sizes and both tasks. Rela-
tive to the feature selector, the 4B student gains 1.4
and 3.3 percentage points on LCB and AIME, and
the 2B student gains 1.8 and 3.3 percentage points.
These results show transfer to the two tested smaller
student sizes and support using PRIMA-DPO data
for distillation in this setting.
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Figure 9: Distillation: Qwen3.5-9B teacher — 4B/2B
students. (a) LiveCodeBench; (b) AIME.

C.8 Internal Signal Collection from the
vLLM Decoding Path

Forward probing signals used in the main text are
gathered by attaching hooks to the vLLM (Kwon
et al., 2023) decoding path at inference time. By
default, vLLM’s Paged Attention does not surface
intermediate-layer residual streams or attention ma-
trices. We register three hooks on the decoding
path: intercepting hidden residuals at the output

of specified Transformer blocks; temporarily dis-
abling the prefill-only optimization so per-layer
attention weights can be collected in full; and key-
ing every record by request id so that trajectories
can be reconstructed under batch scheduling. At-
tention collection is only switched on during the
signal-preparation phase; training and final infer-
ence continue on the standard paged path. During
collection, runtime grows by roughly 1.4x and
memory by 1.6x relative to pure decoding; once
the signals are written to disk they are fully decou-
pled from the inference framework. These hooks
collect the residual streams used to compute GG; and
F; and the auxiliary summaries used in diagnostics
and learned baselines; the model consumes only
text during training.

D Ablation of the Three State Projections

To test the contribution of GG; (geometric residual),
F; (branching response), and S; (prefix support),
we run a leave-one-out ablation on the random-
forest auditor used as a nonlinear sanity reference
for the logistic discriminator in Appendix B.3.2.
Each projection is removed in turn, and the re-
sulting ROC-AUC drop (AAUC) is measured by
cross-validation with multiple random seeds on
the pooled failed-trajectory set across four back-
bones, separately for math and code. We report
AAUC/(AUCyy — 0.5), the fraction of above-
chance separation lost.

B math [ code

% of discriminative
signal lost

drop G¢ drop Fs drop Sq

Figure 10: Leave-one-out ablation of the three state
projections. Bars show AAUC/(AUCq; — 0.5) (%),
i.e. the fraction of above-chance discriminative signal
lost when each projection is removed, pooled across
four 8B-class backbones for the math and code domains.
All six entries are positive, showing that each feature
group adds measurable predictive signal in this ablation.

Figure 10 reports positive AUC drops for all
three removals in both domains. In this ablation,
each feature group therefore adds measurable pre-
dictive signal. F; and S; account for most of the
above-chance separation, while (; adds a smaller
share. This pattern is consistent with the three axes
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Table 8: Pass@1 (%), three-run mean+standard deviation, against the strongest fixed-pool baseline.

Task  Model SFT baseline PRIMA-SFT DPO baseline PRIMA-DPO
LCB Qwen3-8B 36.264+1.27 37.43+1.27 39.77£1.01 41.23+1.27
LCB Qwen3.5-9B 47.664+1.01 48.83+1.01 49.71£1.01  50.29+1.01

LCB  DS-RI-Llama-8B 23.39+1.27 24.56+1.27 28.65£1.27  30.99+1.01
LCB  Ministral-3-8B 36.84+1.27 38.01£1.27 40.35£1.01 41.5241.01

AIME Qwen3-8B 68.33£2.89 70.00+£2.89 70.00£4.41 71.67£2.89
AIME Qwen3.5-9B 75.00£2.89 75.00+2.89 75.00+4.41 76.67+1.67
AIME DS-R1-Llama-8B 35.00£2.89 36.67+2.89 36.67+4.41  38.33+2.89
AIME Ministral-3-8B 70.00£2.89 71.67£2.89 71.67+4.41 73.33+2.89

in Appendix B.1, but the leave-one-out result alone
does not establish statistical independence or rule
out redundancy under other models.
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