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Abstract

Post-training LLM compression often relies
on low-rank approximations, which force all
columns of a projection matrix to share a sin-
gle low-dimensional subspace. We propose
CoSpaDi, a training-free compression frame-
work that replaces this single-subspace as-
sumption with a union-of-subspaces model via
sparse dictionary learning. CoSpaDi factor-
izes each weight matrix into a dense dictionary
and column-sparse coefficients, allowing dif-
ferent columns to select different subsets of
dictionary atoms at the same storage budget.
To preserve model behavior, we use calibra-
tion activations to transform functional recon-
struction into a standard dictionary learning
problem. Across LLaMA and Qwen models,
CoSpaDi improves accuracy—compression and
perplexity—compression trade-offs over SVD-
based and structured pruning baselines at 20—
40% compression ratios, while naturally sup-
porting sparse—dense computation and post-
training quantization of sparse coefficients.

1 Introduction

Large language models (LLMs) achieve strong per-
formance across diverse tasks, from dialogue and
instruction following (Brown et al., 2020; Achiam
et al., 2023) to general-purpose reasoning (Tou-
vron et al., 2023; Anil et al., 2023). Their effec-
tiveness stems in part from transformer architec-
tures that model long-range dependencies with at-
tention (Vaswani et al., 2017; Devlin et al., 2019).
At the same time, the scale that enables these capa-
bilities makes LL.Ms expensive to store and run, cre-
ating a practical barrier to deployment on memory-
and compute-constrained hardware.

A broad literature addresses post-training LL.M
compression and acceleration, spanning pruning,
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quantization, knowledge distillation, and matrix
factorization (Frankle and Carbin, 2019; Dettmers
et al., 2022; Hinton et al., 2015; Denton et al.,
2014). Among training-free approaches, matrix fac-
torization is particularly attractive because it yields
explicit low-parameter surrogates for large projec-
tion matrices. In practice, the predominant choice
is truncated SVD and its activation-aware variants,
which use a small calibration set to guide which
components to keep and how to scale them (Chen
et al., 2021). Cross-layer extensions further reduce
overhead by sharing a common low-dimensional
subspace across groups of layers (Wang et al.,
2025a). Despite strong results, these methods ul-
timately approximate each matrix within a single
shared low-dimensional subspace; for heteroge-
neous transformer projections, this constraint can
be unnecessarily restrictive and motivates richer
factorizations.

In this work, we study an alternative factoriza-
tion family that relaxes the shared-subspace con-
straint. Instead of approximating a matrix with one
global low-dimensional basis, we model it using
a union of subspaces via sparse dictionary learn-
ing (Aharon et al., 2006; Elad, 2010): a learned dic-
tionary of atoms is combined with column-sparse
coefficients, allowing different columns to be re-
constructed from different subsets of atoms. This
representation is more flexible than a single shared
subspace at the same parameter budget, and it is
well aligned with the intuition that different output
channels may depend on different latent features.

This sparse parameterization is also timely from
a systems perspective. Recent LLM pruning meth-
ods show that substantial sparsity can be induced
post-training while preserving accuracy (Frantar
and Alistarh, 2023; Sun et al., 2024), inference
systems increasingly exploit activation and neuron
sparsity for efficient serving (Song et al., 2024), and
specialized sparse kernels have begun to target the
moderate-sparsity regime relevant to LLM infer-
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ence (Macko and BozZa, 2026). In parallel, modern
accelerator and software stacks expose increasingly
mature support for sparse matrix computation, in-
cluding semi-structured sparsity and sparse tensor
abstractions (Mishra et al., 2021; NVIDIA, 2020;
PyTorch, 2024). CoSpaDi therefore targets not only
a richer approximation class, but also a representa-
tion whose coefficient sparsity can be exploited by
sparse—dense computation.

Building on this idea, we propose CoSpaDi
(Compression via Sparse Dictionary Learning),
a training-free compression framework for trans-
former projections. CoSpaDi learns dictionaries
and sparse codes to approximate pretrained weight
matrices, and is data-aware: from a small cal-
ibration set, we construct an activation-derived
Gram orthonormalization that reformulates func-
tional output reconstruction into a standard dictio-
nary learning problem on transformed activation-
weighted weights. The resulting factorization
yields sparse coefficient representation that can be
paired with post-training quantization of the sparse
coefficients, and naturally supports cross-layer dic-
tionary sharing for groups of related projections.

Overall our contributions are three-fold. (i) We
introduce sparse dictionary learning as a compres-
sion paradigm for LLM weight matrices, replac-
ing the single-subspace constraint of SVD-based
factorization with a union-of-subspaces represen-
tation. (ii) We integrate sparse dictionary learning
with a data-aware objective via activation-derived
Gram orthonormalization, yielding a tractable
transformed problem that can be optimized with
alternating sparse coding and dictionary updates,
without gradient-based fine-tuning. (iii) Across
multiple LLaMA and Qwen models and a range of
compression ratios, CoSpaDi improves the quality—
compression trade-off over strong activation-aware
SVD baselines in both per-layer and grouped sce-
narios, and is competitive with recent structured
pruning methods.

2 Related Work

Low-rank factorization for LLM compression.
Post-training matrix factorization compresses large
neural weights by replacing them with low-
parameter surrogates (Denton et al., 2014). In
LLMs, this direction is largely dominated by
truncated SVD, which approximates each projec-
tion matrix with a rank-r surrogate. Since di-
rect weight-space reconstruction can poorly reflect

model behavior, methods such as DRONE (Chen
et al., 2021), Fisher-weighted reconstruction
(FWSVD) (Hsu et al., 2022), and ASVD (Yuan
et al., 2023) use calibration data or sensitivity esti-
mates to better preserve layer outputs. More recent
SVD-based methods improve this pipeline through
truncation-aware whitening and dynamic budget
allocation across layers (Wang et al., 2025d,c,b).
Orthogonally, cross-layer approaches such as Basis
Sharing reduce storage by reusing low-rank fac-
tors across groups of layers (Wang et al., 2025a).
Despite these advances, SVD-based compression
retains a common modeling assumption: each ma-
trix is approximated within a single shared low-
dimensional subspace, possibly shared across lay-
ers. CoSpaDi targets the same post-training set-
ting, but replaces this single-subspace model with
a union-of-subspaces representation.

Sparse dictionary learning and structured fac-
torizations. Dictionary learning offers a classical
alternative to low-rank subspace models (Engan
et al., 1999; Aharon et al., 2006; Mairal et al., 2009;
Gregor and LeCun, 2010; Elad, 2010). Instead
of expressing all vectors in one shared basis, it
learns a dictionary and represents each vector us-
ing only a small subset of atoms, yielding a union-
of-subspaces model. Beyond sparse coding itself,
neural compression has also explored other struc-
tured factorization schemes, including block-wise
low-rank approximation (Chen et al., 2018) and ten-
sorized transformer parameterizations (Ma et al.,
2019). Recent transformer applications also use
learned dictionaries for other components, such as
KV-cache compression via sparse decoding (Kim
et al., 2025) and cross-layer sharing specialized
to attention weights (Zhussip et al., 2026). In con-
trast, CoSpaDi develops a training-free, calibration-
guided dictionary learning framework for LLM
weight compression, with both per-layer compres-
sion and cross-layer dictionary sharing.

Pruning and quantization. Pruning and quan-
tization are complementary post-training com-
pression axes. One-shot pruning methods such
as SparseGPT (Frantar and Alistarh, 2023) and
Wanda (Sun et al., 2024) use calibration data to in-
duce sparsity while preserving layer outputs, while
structured pruning removes or replaces higher-level
components such as channels, heads, or blocks (Ma
et al., 2023; Shopkhoeyv et al., 2025). At the sys-
tems level, the practical benefit of sparsity de-
pends on metadata overhead, memory access pat-
terns, sparsity structure, and kernel or hardware
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Figure 1: Left: low-rank factorization represents W in a single r-dimensional subspace via two dense factors. Right:
CoSpaDi represents W as DS where D is a dictionary of k& atoms and S is column-sparse (at most s nonzeros per
column), yielding a union-of-subspaces model. Dictionaries may be undercomplete (k < d;), complete (k = dy),

or overcomplete (k > dy).

support (Han et al., 2015; Wang, 2020; Mishra
et al., 2021; NVIDIA, 2020). CoSpaDi is related
to this line in that it introduces sparsity in the co-
efficient matrix of a learned factorization, so its
runtime benefits are subject to similar implementa-
tion considerations. Quantization reduces numer-
ical precision and addresses outliers or activation
imbalance through Hessian-aware reconstruction,
activation-aware scaling, sparse outlier handling,
or rotations (Dettmers et al., 2022; Frantar et al.,
2023a,b; Lin et al., 2024; Dettmers et al., 2024;
Xiao et al., 2023; Ashkboos et al., 2024). These
techniques are orthogonal to CoSpaDi, and can be
applied post hoc to the sparse coefficients matrix.

3 Method

CoSpaDi compresses pretrained transformer pro-
jections by replacing each dense weight matrix with
a dense dictionary and sparse column-wise coef-
ficients. We first formulate the activation-space
objective used for calibration-guided compression,
then reinterpret SVD as a basis—coefficient model,
and finally introduce sparse dictionary learning as
a union-of-subspaces alternative.

3.1 Activation-space reconstruction

Consider a pretrained projection W € R% %92 with
calibration activations X € RY*% and outputs
XW. Post-training compression replaces W by a
structured approximation W € C, where C denotes
the chosen compressed family. Instead of minimiz-
ing weight-space error |W — VVHZF we preserve

the induced layer outputs:

W* = arg min | XW — XW|2.
Wec

ey

This objective is used implicitly or explicitly in
many calibration-guided post-training methods and
motivates the activation-aware design of CoSpaDi.
To remove explicit activations from the optimiza-
tion, let A = W — W and G = XX be the
uncentered activation Gram matrix. We compute
a numerically stabilized Gram factor L such that
L L approximates G (See A.1 for details). Then

IXA|2 = tr (ATXTXA)
(2
- tr(ATGA) ~ |LAJ2.

Thus, Eq. (1) reduces to Frobenius reconstruction
of the transformed weights W = LW.

3.2 From SVD to sparse dictionary learning

Low-rank compression restricts the approximation
to matrices of rank at most r:

W = argmin [|[W, — W, |%.

rank(Wp,)<r

3)

By the Eckart—Young—Mirsky theorem (Eckart and
Young, 1936), the solution is the truncated SVD
WIR = U, %, V], where (U,,%,,V,) are the
top-r singular components of W,.

This solution also admits the standard PCA pro-
jection interpretation (Bishop and Nasrabadi, 2006).
Viewing the columns of W, as vectors in R%,
SVD searches for an r-dimensional subspace that
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minimizes their reconstruction error. Equivalently,
it solves the basis—coefficient problem

%aigHWL—BCH?F st. BTB=1, (4

with optimum B* = U, and C* = ZTVTT ; see
Appendix A.2. Thus, truncated SVD is a basis—
coefficient model in which every column is re-
constructed in the same shared subspace span(B),
while only its dense coordinates vary.

Sparse dictionary learning keeps the basis—
coefficient form but changes both modeling con-
straints. The orthonormal basis B is replaced by a
generally non-orthogonal dictionary D, € R%1 <k,
and the dense coefficient matrix C is replaced by a
column-sparse coefficient matrix S € RF*d2;

min HWL — DLSH%‘ S.t. HSjHO <s, Vj.
Dy,S

&)
For column j, the support 7; = supp(s;) selects
the active atoms (columns), so the weight column
is reconstructed in span(Dy, 7;). Since different
columns may choose different supports, CoSpaDi
replaces the single shared SVD subspace with a
union of at most s-dimensional subspaces. After
solving Eq. (5), we map back to the original param-
eterization:

W =D,S, D, =L"'D;. (6)

3.3 Optimization and grouped sharing

The objective in Eq. (5) is non-convex due to the
bilinear factorization and sparsity constraints. We
optimize it by alternating between sparse coding
and dictionary update. With Dy, fixed, each column
is encoded independently:

s; ¢ argmin||wp; — Dys|3, (7)
Isllo<s

which we approximate with batched orthogonal
matching pursuit (OMP) (Tropp and Gilbert, 2007;
Rubinstein et al., 2008). With S fixed, the dictio-
nary is updated by

D} « argmin |[W — DS|/%. (8)
D

This step can be performed by MOD, which up-
dates all atoms jointly (Engan et al., 1999), or by
K-SVD, which updates atoms sequentially via rank-
one residual approximations (Aharon et al., 2006).

Because Eq. (5) is non-convex, we do not claim
global optimality. Under exact sparse-coding and

dictionary block minimization, however, the recon-
struction objective is monotonically non-increasing
and, being bounded below, converges to a finite
value. Our practical OMP and K-SVD/power-
iteration updates approximate these block solu-
tions; we discuss the corresponding guarantees and
their limitations in Appendix A.4. The full opti-
mization procedure is summarized in A.3.
CoSpaDi also supports sharing one dictionary
across related projections (see A.5). For a group
G = {t,...,0,}, we concatenate weights as
Wg = [Wy,,..., Wy, ] and vertically stack cali-
bration inputs to form Xg. We compute the Gram
factor from Xg, solve Eq. (5) on Wg 1, = LW,
and then slice the learned coefficient matrix into
layer-specific blocks. This amortizes the dictionary
cost across layers while preserving layer-specific
sparse coefficients, following the motivation of
cross-layer basis sharing (Wang et al., 2025a).

3.4 Storage and inference cost

We report the compression ratio as storage re-
duction relative to the dense matrix. For low-
rank factorization, storing two dense factors costs
r(di + dz) values:

B T(dl =+ dz)
didy

AR —

©)
For CoSpaDi, the dictionary costs d; k values and
the sparse coefficients contain sds nonzero values.
With p = k/s, a packed binary mask for the coef-
ficient support costs kda = psds bits, or psds /16
bfloat16 words:

. ikt sdy + £5ds

Ymask — dl d2

(10)

In the main experiments, we absorb this mask cost
by storing each nonzero coefficient with p fewer
bits: saving p bits for each of the sdy coefficients
exactly offsets the psdy mask bits. This gives the
effective accounting

,YSDzl_dlk—i_Sd?‘

11
didy (11)

Thus, once the target compression ratio 4" and al-
location ratio p = k/s are fixed, both the dictionary
size k and sparsity level s are uniquely determined
by the storage budget.

For N input tokens, dense inference costs
Ndidy multiplications, while low-rank inference
costs Nr(d; + dz). CoSpaDi evaluates XW =
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(XD,)S; with reuse of inner products over
the active dictionary atoms, its sparse cost is
Ndi Kactive + Nsdo, where Kyciive 1S the num-
ber of dictionary atoms used by at least one col-
umn. Actual latency depends on the sparsity pat-
tern, mask handling, memory traffic, and sparse—
dense kernel efficiency. We provide the full storage
accounting, theoretical complexity derivations, and
empirical inference measurements in A.6, A.7 and
A.18, respectively.

4 Experiments

We evaluate CoSpaDi in two regimes: per-layer
compression, where each projection matrix is com-
pressed independently, and grouped (cross-layer)
compression, where a dictionary is shared across
a set of layers of the same type. We first present
ablations that isolate key design choices (dictio-
nary capacity allocation, data-awareness, pack-
ing/quantization, and solver variants), and then re-
port main results for both regimes.

4.1 Experimental Setup

Models and layers. We evaluate per-layer
compression on LLaMA-3.2-1B, Qwen3-0.6B,
LLaMA-3-8B, Qwen3-8B and Qwen3-14B. For SVD-
LLM we use the authors’ original implementation'
and perform only the post-training compression
stage, without the optional fine-tuning step. For
grouped compression, we follow the Basis Shar-
ing® protocol and report results on LLaMA-2-7B.
Unless stated otherwise, we compress all dense
linear projections in self-attention (Q/K/V/O) and
gated MLP (up/down/gate), while leaving embed-
dings and the LM head intact.

Calibration data and metrics. For calibration
we randomly sample 256 sequences of length 1024
from RefinedWeb (Penedo et al., 2023). We study
sensitivity to the calibration domain and the num-
ber of calibration samples in Appendix A.10. We
report standard zero-shot accuracy (normalized
when available) on a suite of benchmarks (PIQA
(Bisk et al., 2020), HellaSwag (Zellers et al., 2019),
OpenAl LAMBADA (Paperno et al., 2016), ARC-
easy/ARC-challenge (Clark et al., 2018), SciQ
(Welbl et al., 2017), RACE (Lai et al., 2017),
MMLU (Hendrycks et al., 2021a)) and perplex-
ity on WikiText (Merity et al., 2017) and Ope-
nAl LAMBADA. We used Im-evaluation-harness

"https://github.com/AIoT-MLSys-Lab/SVD-LLM
Zhttps://github.com/TUDa-HWAI/Basis_Sharing

0.4.8 (Gao et al., 2024) to ensure reproducibil-
ity. We additionally use task-level standard er-
rors from 1m-evaluation-harness to analyze the
uncertainty of the CoSpaDi—-SVD-LLM average-
accuracy gap in Appendix A.11.

Baselines. In the per-layer setting, we compare
primarily to SVD-LLM (Wang et al., 2025d), a
strong activation-aware SVD baseline, and, where
relevant, to plain truncated SVD as its data-free
counterpart. This comparison keeps the calibration
protocol and structural storage budget matched,
allowing us to isolate the effect of replacing single-
subspace with union-of-subspaces factorization.

More recent extensions such as SVD-LLM
V2 (Wang et al., 2025c) and Dobi-SVD (Wang
et al., 2025b) additionally introduce heterogeneous
rank allocation, loss-aware truncation, differen-
tiable rank selection, and low-bit remapping. We
discuss these differences and provide additional em-
pirical comparisons in Appendix A.8. These meth-
ods address complementary aspects of the compres-
sion pipeline that can in principle also be combined
with CoSpaDi.

Reproducibility details. For reproducibility, we
provide a consolidated summary of the implemen-
tation details used in the main experiments in A.9,
including the solver configuration, dictionary ini-
tialization, sparse-coding setup, calibration proto-
col and a table of the main hyperparameters.

4.2 Ablation Studies

Capacity Allocation: the k/s Ratio. At a fixed
compression ratio (CR), CoSpaDi admits a fam-
ily of factorizations parameterized by p = k/s.
Smaller p increases per-column expressiveness
(larger s) but reduces the dictionary size k; larger p
increases k but restricts each column to fewer active
atoms. We perform a coarse sweep over p € [1;5].
Figure 2 (LLaMA-3.2-1B) shows that p = 2 con-
sistently provides the best trade-off across all con-
sidered CRs in terms of both average accuracy and
perplexity, so we fix p = 2 in all subsequent exper-
iments.

Data-Free vs. Data-Aware Compression A
core motivation for dictionary learning is that its
union-of-subspaces form can be more expressive
than a single low-dimensional subspace regard-
less of whether calibration is used. We there-
fore compare: (i) data-free truncated SVD vs.
CoSpaDi' (dictionary learning in weight space,
without whitening), and (ii) data-aware SVD-
LLM vs. CoSpaDi (activation-aware via whiten-
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Figure 2: Dual-axis plot showing average accuracy (— solid

lines, left axis) and WikiText perplexity (- - - dashed lines,
right axis, inverted logarithmic scale) as functions of p for

LLaMA-3.2-1B under three CRs: s and
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Figure 3: Dual-axis plot showing relative average accuracy
(— solid lines, left axis) and relative WikiText perplexity
(- - - dashed lines, right axis) as functions of S bitwidth for

LLaMA-3-8B under three CRs: s and

ing). Table 1 summarizes results on LLaMA-3.2-
1B across CR 0.2-0.4 reporting average accuracy
and perplexities. In both regimes, the dictionary-
based factorization is consistently stronger than the
corresponding low-rank baseline, and activation-
aware CoSpaDi yields the best overall trade-off.

Dictionary Learning Solver Variants. The
main computational bottleneck in CoSpaDi is the
dictionary update: K-SVD updates atoms sequen-
tially, which can be expensive for large projection
matrices. We therefore compare several dictionary-
update variants, including exact rank-1 updates via
truncated PCA, approximate rank-1 updates via
power iterations, and MOD, which updates the
whole dictionary in a single least-squares step.

Table 2 reports quality and wall-clock compres-
sion time on LLaMA-3.2-1B at 0.2 CR, using the
same hardware, batching, stopping criteria, and
fixed factorization shape (k, s). This isolates the
solver-level speed—quality trade-off. We use power-
iteration K-SVD in the main experiments, as it
provides the best overall balance between accuracy,
perplexity, and compression time. Additional ab-
lations over the number of alternating steps and

Table 1: SDL-based methods comparison vs low-
rank counterparts in data-free and data-aware scenar-
ios on LLaMA-3.2-1B at different CR. We denote
CoSpaDiT as the proposed method without using
calibration data. Best results are provided in bold.

Wall-clock Perplexity
Method Avg. Acc.T
time WikiText LAMBADA
LLaMA-3.2-1B - 57.6 11.6E+00 5.7E+00
MOD 2222 38.9 1.3E+02 1.1E+02
K-SVD (PCA) 902.1 41.5 9.2E+01 5.4E+01
K-SVD (power) 646.8 4.7 6.4E+01 3.5E+01

Table 2: Solver ablation for CoSpaDi dictionary
updates on LLaMA-3.2-1B at 0.2 CR, p = 2 with 60
alternating minimization iterations. We report wall-
clock compression time in minutes using a single
A100. Best results are provided in bold.

power iterations are provided in A.12, and A.13
further breaks down the wall-clock cost into sparse
coding, dictionary updates, and miscellaneous over-
head, confirming that the sequential dictionary-
update stage dominates runtime. In practice, com-
pression is naturally parallelizable across indepen-
dent projection matrices. For our model-scale ex-
periments, we use an 8 X A100 node with two in-
dependent compression processes per GPU. This
provides up to 16-way task parallelism and, under
ideal workload balancing, can reduce wall-clock
time by up to 16x.

Coefficient Quantization

Sparse factorization requires storing both
nonzero coefficient values and their locations. We
therefore study post-training coefficient quantiza-
tion by truncating bf16 mantissa bits. As shown in
Figure 3, with our default p = k/s = 2, truncating
2 mantissa bits yields almost negligible degrada-
tion across tested CRs. This truncation offsets the
packed mask overhead, matching the effective stor-
age accounting in Eq. 11. Unless stated otherwise,
we evaluate CoSpaDi with bf16 dictionaries and
14-bit sparse coefficients. Appendix A.14 provides
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Method CR

Accuracy?

Perplexity |

PIQA HellaSwag LAMBADA ARC-e ARC-c SciQ RACE MMLU Avg. | WikiText LAMBADA
LLaMA-3-8B - 80.7 79.1 75.6 71.7 53.5 939 403 62.2 70.4 ' 7.3E+00 3.1E+00
SVD-LLM 02 71.1 58.4 59.3 55.5 34.0 864 355 32.6 54.1 1+ 4.1E+01 1.1E+01
CoSpaDi ' 75.2 66.5 73.8 66.5 41.6 89.5 38.2 42.8 61.8 | 2.0E+01 4.3E+00
SVD-LLM 03 65.8 46.4 38.1 419 27.7 70.0 318 27.2 43.6 : 1.5E+02 6.1E+01
CoSpaDi ' 70.5 56.2 61.3 54.2 33.5 857 362 322 53.7 1 4.5E+01 9.2E+00
SVD-LLM 04 60.3 34.5 11.4 32.4 24.5 442 257 23.1 32.0 | 5.5E+02 1.3E+03
CoSpaDi ' 63.7 414 30.3 39.1 26.6 68.5 30.5 25.4 40.7 | 1.8E+02 1.2E+02
Qwen3-8B - 71.7 74.9 64.1 80.7 56.7 957 409 73.0 70.5 ' 1.2E+01 4.6E+00
SVD-LLM 02 73.8 63.9 62.2 68.7 45.7 90.1 40.5 54.7 62.5 1 2.1E+01 6.4E+00
CoSpaDi ' 76.5 68.0 65.6 72.2 48.9 932 407 60.8 65.7 : 1.8E+01 4.9E+00
SVD-LLM 03 70.4 55.2 53.8 59.3 37.1 872 384 44.8 55.8 : 2.7E+01 1.1E+01
CoSpaDi 724 60.5 62.6 63.9 41.2 88.4 395 51.3 59.97 | 2.3E+01 6.3E+00
SVD-LLM 04 66.3 44.6 37.9 45.0 28.1 71.3 353 29.1 45.4 : 4.3E+01 3.6E+01
CoSpaDi ' 68.9 49.0 49.9 49.4 29.9 82.0  36.8 36.6 50.3 ' 3.6E+01 1.5E+01

Table 3: Performance comparison of CoSpaDi and SVD-LLM on LLaMA-3-8B and Qwen3-8B across compression
ratios and evaluation benchmarks. Best results are provided in bold.

Method CR Accuracy? Perplexity|
PIQA HellaSwag LAMBADA ARC-e ARC-c SciQ RACE MMLU Avg. , WikiText LAMBADA

LLaMA-3-8B 80.7 79.1 75.6 717 535 939 403 62.2 70.4 ' 7.3E+00 3.1E+00
ReplaceMe 0.22  73.1 65.7 42.1 65.9 437 86.4 354 51.7 58.0 | 3.4E+01 2.0E+01
LLM-Pruner 02 75.5 67.5 51.0 62.1 36.6 87.8 351 25.0 55.1 | 1.6E+01 1.1E+01
CoSpaDi ’ 75.2 66.5 73.8 66.5 41.6 89.5 382 42.8 61.8 | 2.0E+01 4.3E+00
ReplaceMe 0.31  66.6 53.8 24.0 50.7 379 773 340 30.6 46.9 | 6.7E+01 1.3E+02
LLM-Pruner 03 67.3 45.1 20.9 454 28.8 634  30.1 229 40.5 : 3.8E+01 2.2E+02
CoSpaDi 70.5 56.2 61.3 54.2 335 857  36.2 322 53.7 | 4.5E+01 9.2E+00
ReplaceMe 041 61.7 443 9.8 374 27.5 60.4  31.6 26.4 374 | 2.3E+02 1.8E+03
LLM-Pruner 04 50.3 25.8 1.5 26.4 25.8 28.1 21.8 232 254 00 5.7E+05
CoSpaDi ’ 63.7 41.4 30.3 39.1 266 685 305 25.4 40.7 ' 1.8E+02 1.2E+02

Table 4: Comparison of the proposed CoSpaDi method with state-of-the-art structured pruning methods ReplaceMe
(Shopkhoeyv et al., 2025) and LLM-Pruner (Ma et al., 2023) on LLaMA-3-8B under different compression ratios.
We report accuracy on different benchmarks as well as its average and perplexity. Best results are provided in bold.

a component-wise memory breakdown.

4.3 Main Results
4.3.1 Per-Layer Compression

We first compress each projection matrix inde-
pendently and compare CoSpaDi to SVD-LLM
over a range of CRs. Table 3 reports results on
LLaMA-3-8B and Qwen3-8B at CR 0.2-0.4, while
additional results for smaller and larger models
are provided in Appendix A.15. Across model
families and compression budgets, CoSpaDi con-
sistently improves both average benchmark accu-
racy and perplexity at matched CR. This suggests
that the union-of-subspaces factorization preserves
task-relevant directions more effectively than a sin-
gle shared low-rank basis. We further report re-
sults on modern instruction-following and reason-
ing benchmarks in Appendix A.16, including IFE-
val (Zhou et al., 2023), BBH (Suzgun et al., 2023),
MATH (Hendrycks et al., 2021b), GPQA (Rein
et al., 2024), MUSR (Sprague et al., 2024), and
MMLU-Pro (Wang et al., 2024).

To position CoSpaDi beyond structured weight

factorization, we also compare against recent struc-
tured pruning methods. Specifically, Table 4 in-
cludes ReplaceMe (Shopkhoev et al., 2025) and
LLM-Pruner (Ma et al., 2023), which reduce pa-
rameters by removing or replacing structured com-
ponents such as blocks or layers. These methods
provide a complementary reference point under
standard parameter-count compression, since their
compressed models can still be evaluated within
conventional dense inference pipelines.

Unstructured pruning methods involve addi-
tional deployment choices, such as sparse stor-
age format, metadata representation, sparsity pat-
tern, and kernel support. Since these choices can
substantially affect the realized memory and la-
tency at a fixed nominal sparsity level, we treat
sparse pruning as a separate comparison rather
than mixing storage conventions in the main ta-
ble. For completeness, Appendix A.17 reports a
comparison with Wanda (Sun et al., 2024) in a 2:4
semi-structured setting, which provides a hardware-
friendly sparse baseline.
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Accuracy? (% (unnorm))

Perplexity |

Method CR PIQA HellaSwag LAMBADA ARC-e ARC-c SciQ RACE MMLU Avg. , WikiText LAMBADA
LLaMA-2-7B - 78.9(78.0) 76.1(57.3) 73.8 74.2(76.0) 45.8(42.7) 91.4(939) 39.7 40.8 65.1(62.8) ' 8.70 3.38
SVD-LLM 73.1(72.1) 60.3 (44.4) 63.9 55.0(62.0) 32.0(29.1) 79.5(89.2) 36.6 25.5 53.2(529)  20.18 6.33
CoSpabi (per-layer) 745 (36 645@77) 700 61572 352G40) 854013 92 280 571364 1597 458
Basis Sharing : 71.1(70.2) 60.0 (43.4) 62.8 60.5 (65.5) 37.8(33.5) 85.0(90.8) 34.7 25.0 54.6 (53.2) : 15.17 7.03
CoSpaDi (grouped) 75.3 (74.5) 66.3 (48.8) 71.1 68.1(71.3) 39.3(37.3) 88.5(92.2) 385 27.0 59.3(57.6) ' 11.73 4.42
SVD-LLM 68.2 (68.0) 52.2(39.4) 51.6 473 (53.6) 28.1(25.2) 759(849) 346 23.5 47.7(47.6) 1+ 33.99 13.54
CoSpabi (per-layer) 1 TL4 (01 571424 €27 B32(602) 3L1Q75) 817(E83) 363 267 5618 BN 675
Basis Sharing i 66.5 (65.4) 50.3 (37.6) 53.6 54.2(58.7) 29.3(27.2) 81.4(869) 324 233 48.9 (48.1) : 2221 13.18
CoSpaDi (grouped) 71.0 (68.8) 58.5(42.3) 64.1 63.5(67.4) 355(334) 87.7(91.3) 358 24.0 55.0(534) ' 1543 6.51
SVD-LLM 63.3(62.9) 429 (33.4) 33.0 37.7(41.9) 24.7(21.3) 70.1(77.0) 323 23.0 40.9 (40.6) 1 86.50 66.91
CoSpabi (per-layer) , 660(65.1) 479(369) __ 464 444(489) 265027) 767(840) 34 235 456(SD)| 5046 2150
Basis Sharing : 60.7 (60.3) 41.5(33.0) 41.0 44.6 (49.1) 26.5(23.5) 75.4(82.8) 30.1 232 429 (42.9) : 39.58 36.49
CoSpaDi (grouped) 64.8 (63.4) 48.0(36.1) 51.8 51.9(56.7) 29.1(25.6) 80.5(88.2) 32.7 23.0 47.7 (47.2) +  25.29 14.99

Table 5: Performance comparison of CoSpaDi vs Basis Sharing (Wang et al., 2025a) and per-layer counterparts
on LLaMA-2-7B under different CRs on various benchmarks. Best results are provided in bold. Unnormalized
accuracies are shown in parentheses for direct comparison with (Wang et al., 2025a).

4.3.2 Cross-Layer Dictionary Sharing

Next, we evaluate grouped compression where a
single dictionary is shared across multiple layers of
the same projection type. For a fair and controlled
comparison, we adopt the exact layer grouping
and evaluation protocol of Basis Sharing (Wang
et al., 2025a), i.e., we share parameters across the
same layer sets and report results under the same
compression budgets. Table 5 reports results on
LLaMA-2-7B across CR 0.2-0.4. We additionally
included per-layer counterparts to show the bene-
fits of grouping strategy and exploiting inter-layer
redundancies. To facilitate direct comparison with
Basis Sharing, we report unnormalized accuracies
in parentheses alongside the normalized results.

At all budgets, CoSpaDi substantially outper-
forms Basis Sharing as well as per-layer baselines,
suggesting that cross-layer sharing is most effec-
tive when paired with sparse codes that allow each
column (and each layer) to select its own subset
of atoms. We note that CoSpaDi does not rely
on this particular grouping and could benefit from
more adaptive sharing strategies (e.g., data-driven
grouping or partially shared dictionaries), which
we leave for future work.

4.3.3 End-to-end Throughput

Beyond parameter reduction, practical compres-
sion depends on whether the induced computa-
tion can be executed efficiently. We therefore
evaluate a hardware-aware setting on LLaMA-3-
8B, where only the wide MLP expansion projec-
tions (up and gate) are replaced by compressed
modules. This setting targets the projection types
where CoSpaDi’s dense-times-sparse structure is
most favorable; A.18 provides full details on the
deployment setup, prompt lengths, and selective-
compression protocol. We denote variants that

Method Global CR UGCR Avg.t Wiki] LAMB.| Tok/st
Dense baseline - - 70.4 7.3 3.1 44.0
SVD-LLMYG 0.22 040 535 562 8.5 533
CoSpaDiV¢ 0.22 040 619 250 2.8 48.0
SVD-LLMYG 0.27 050  43.8 2130 54.5 52.5
CoSpaDiV¢ 0.27 050 548 520 5.8 50.5

Table 6: Selective up/gate compression on LLaMA-3-
8B. Throughput is averaged over prompt lengths 1-256
in synchronous generation; higher is better.

Method luser 4users 8users 16 users
Dense baseline 77 290 589 1344
SVD-LLMY¢ 99 386 798 1332
CoSpaDiV¢ 96 376 758 1515

Table 7: Asynchronous serving throughput on LLaMA-
3-8B for prompt length 1. SVD-LLMYC and
CoSpaDiY“ use UG CR = 0.60; higher is better.

compress only the up and gate projections by the
superscript UG.

Table 6 summarizes the quality—throughput
trade-off in synchronous generation. At matched
global compression ratios, CoSpaDi substantially
outperforms SVD-LLM in both average accuracy
and perplexity. SVD-LLM remains faster in raw
tokens/s under this implementation, but CoSpaDi
maintains practical throughput while preserving
much stronger model quality. For reference, we
include the dense LLaMA-3-8B baseline measured
under the same deployment setup.

We also evaluate asynchronous serving in Ta-
ble 7, reporting prompt-length-1 throughput for
the dense model, SVD-LLMVYG, and CoSpaDiUG.
Both compressed variants improve over the
dense baseline at most concurrency levels, while
CoSpaDi remains competitive with SVD-LLM and
preserves substantially better quality. The full asyn-
chronous breakdown is provided in Appendix A.18.

These results suggest that CoSpaDi’s advantage
comes from a stronger quality—compression trade-
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off that remains executable in an end-to-end setting.
Since CoSpaDi evaluates projections as (XD,)S,
its throughput is directly tied to sparse coefficient
computation. As sparse kernels and inference en-
gines continue to improve (Macko and BoZa, 2026;
Chen et al., 2025), the measured throughput should
be viewed as an initial deployment result rather
than the systems limit of the proposed factoriza-
tion.

5 Conclusions

CoSpaDi establishes activation-aware sparse dictio-
nary learning as a new post-training compression
paradigm beyond single-subspace low-rank approx-
imation. Our current implementation intentionally
uses a simple instantiation with fixed p = k/s,
mostly uniform budgets, and a standard alternating
solver. This leaves many complementary advances
from low-rank compression such as dynamic allo-
cation, improved calibration objectives, cross-layer
sharing, and quantization-aware storage directly
applicable to CoSpaDi without changing its core
union-of-subspaces factorization.

From a systems perspective, CoSpaDi exposes
a dense-times-sparse computation pattern whose
practical efficiency depends on sparse runtimes
and kernel support. Our deployment results in
Appendix A.18 show measurable speedups over
the dense baseline under hardware-aware choices,
while ongoing progress in sparse kernels and infer-
ence engines suggests that these results are unlikely
to be the final systems limit. Thus, CoSpaDi pro-
vides both a stronger compression model today and
a flexible foundation for future advances in alloca-
tion, quantization, and sparse inference.

Limitations

Solver efficiency and scalability. CoSpaDi re-
lies on alternating minimization with OMP-based
sparse coding and K-SVD-style dictionary updates.
While this procedure is simple and effective, it is
more expensive than closed-form SVD because
it repeatedly alternates between sparse coding and
per-atom dictionary refinement. Our runtime break-
down shows that the dictionary-update stage is the
main bottleneck, reflecting the sequential nature of
K-SVD. This limitation is algorithmic rather than
inherent to the CoSpaDi objective. Several estab-
lished acceleration routes could reduce compres-
sion time, including joint dictionary updates such
as MOD (Engan et al., 1999), efficient batched

sparse coding such as Batch-OMP (Rubinstein
et al., 2008), online or stochastic dictionary learn-
ing (Mairal et al., 2009), and approximate rank-one
updates based on randomized SVD or power iter-
ations (Halko et al., 2011; Golub and Van Loan,
2013). Our ablations already show that power-
iteration updates provide a favorable accuracy-
runtime trade-off.

Budget allocation and hyperparameter selec-
tion. In the main experiments, we use a fixed ratio
p = k/s and uniform compression budgets to iso-
late the effect of the proposed union-of-subspaces
factorization. However, prior low-rank work shows
that layer-wise and type-wise sensitivity can sub-
stantially improve quality at a fixed global budget.
Adapting such allocation strategies to CoSpaDi, for
example by choosing (k, s¢) per layer, projection
type, or shared group is a natural extension. Sim-
ilarly, more adaptive choices of p may improve
the trade-off between dictionary capacity and per-
column sparsity.

Grouped sharing design. Our grouped variant
follows a simple sharing scheme aligned with prior
cross-layer factor sharing. Its performance can de-
pend on how layers are clustered and which projec-
tions share a dictionary. More adaptive grouping
based on activation similarity, weight similarity,
projection type, or learned sharing patterns could
further improve the grouped setting.

Overall, these limitations reflect the direct instan-
tiation studied in this work rather than fundamental
restrictions of the sparse dictionary factorization
itself.
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A Appendix

A.1 Data-Aware Low-Rank Weight
Approximation

While the low-rank approximation of the weights
W has been extensively used for compression
tasks, in practice is not well suited to LLMs and
it can lead to a severe drop of their performance.
Several recent works (Chen et al., 2021; Yuan et al.,
2023; Wang et al., 2025d) have suggested that in-
stead of approximating the weights W with a low-
rank matrix, a more efficient strategy is to model
the weight activations, Z = XW, as low-rank.
Here, the matrix X = [x; XN]T € RVxd
holds in its rows the d-dimensional input vectors
X, withn = 1..., N, which play the role of cali-
bration data. Under this modeling framework, we
can approximate the matrix weights W as the min-
imizer of the following problem:

W* = arg min HXW - XWH
w ) "o
s.t. rank (XW) =r.

Let us now consider Y = XL~! € RV*d1 o
be a semi-orthogonal matrix (column-orthogonal
matrix), that is YTY = I,, which is obtained by
linearly transforming the matrix X using a non-
singular matrix L € R% %% Here we assume that
N > d and the matrix X is of full rank. We note
that there are different ways we can achieve this
column-orthogonalization of X. Among them we
can employ the QR/SVD decomposition on X and
the Cholesky/Eigen-value decomposition on X "X
to compute a proper linear transformation L. By
using the representation X = YL we can rewrite
the problem of Eq. (12) as:

W* = arg min HYLW — YLVVH
w ) Tooa3)
s.t. rank (YLW) =r.

To solve the above minimization problem we
first note that due to the orthonormal columns of
Y, it can be expressed in the equivalent form:
W* = argmin HF - LWH

w Toae
s.t. rank (LW) =7

where T’ :~LW. I}Iext, we introduce the auxil-
iary matrix I' = L'W and the problem in Eq. (14)

becomes:

'™ = arg min HI‘ — f‘H
r N (15)
s.t. rank (I‘) =7

which is the orthogonal projection of I" to the space
of r-rank matrices. Given that I'* = LW* and LL
is invertible, we can now recover W* = L~1T*,

To conclude, if I' admits the singular value de-
composition I' = UXVT, then the optimal r-rank
approximation of W that minimizes the loss in
Eq. (12) can be written in the form:

W=BC=L"'U,%,V/]. (16)
H/—/R/—/

B C

We note that in this case, unlike the direct weight
low-rank approximation, the matrix B = L~'U,.
does not correspond to a basis of a subspace of R%!,
since its columns are no longer orthonormal, that
isBTB="UT (LLT) ' U, #1.

Numerically robust Gram factorization. In
practice, the empirical Gram matrix G = XX
may be ill-conditioned or only positive semidef-
inite. Following the robust scaling step used in
SVD-LLM, we first attempt a Cholesky factoriza-
tion. If it fails, we compute the smallest eigenvalue
Amin (G) and apply the diagonal shift

G = G+ max{0, —Anin(G) + €}I, (17)

with a small € > 0, after which Cholesky is applied
to G.. Up to the transpose convention of Cholesky,
this gives LT = G.. Thus, the transform is exact
when G is positive definite and otherwise corre-
sponds to a numerically stabilized activation-space
objective.

A.2 Derivation of the Optimal Pair of Basis
and Coefficient Matrices

Let us consider the weight matrix W as a collection
of d;-dimensional vectors W = [Wl, ... ,wdQ],
where w; € R%, with j = 1,...,ds. We seek to
approximate each vector w; as a linear combina-
tion of basis vectors spanning a lower-dimensional
subspace of R%'. The optimal basis and coefficients
can be found by minimizing the total approxima-
tion error:

da T
J = E Wj — E ¢i,jbi
j=1 i=1

= |W - BC%.

2
2

(18)
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subject to the orthogonality constraint BTB = I,
where B = [by,...,b,] € R®*" s the basis ma-
trix, C € R"*% ig the coefficient matrix with en-
tries ¢; j, and I € R"*" is the identity matrix.

To solve this problem, we first reformulate the
objective J into an equivalent form:

J = tr (WTW) 2t (WTBC)

+tr (CTBTBC> . 19

Next, we consider the basis matrix B as fixed
and compute the gradient of the objective w.r.t the
matrix coefficient C as

VeJ =2B"BC —2B™W. (20)

Setting the gradient to zero and taking into account
the constraint BTB = I, we can recover the op-
timum matrix coefficient as: C = BTW. Now,
putting back C in Eq. (19) and using B'B = 1,
we get:
J=t(W'W) -2t (WBB'W)
+tr (WBB'BBTW)
—tr (WTW) — tr (W'BBTW)
—tr (WTW) — tr (BTWWTB) .

21

Based on this we can recover the optimum ba-
sis matrix B as the maximizer of the constrained
problem:

B* = arg max tr (BTWWTB)
B 22)
st. BTB=1

The above maximization problem enjoys a
closed-form solution (Fan, 1949), which is fully de-
fined by the eigenvalues of the matrix P = WWT,
Specifically, the matrix P € R%*% which is
symmetric and positive semi-definite, admits the
eigenvalue decomposition P = UAUT, with
U € R4 41 holding the eigenvectors of P in its
columns. Then, the maximizer of Eq. (22) is re-
covered as B* = U, where U, € R%X" jg a
reduced version of U formed with the r eigen-
vectors corresponding to the largest eigenvalues
of P. A useful observation is that the eigenvec-
tors of P exactly match the left-singular vectors
of W € R4 %% Indeed, if W admits the singu-
lar value decomposition W = UX VT, then we
have that: P = WWT = UX2UT = UAUT,

with A = X2, Therefore, instead of performing
the eigenvalue decomposition on P we can recover
U and consequently U, by computing the SVD of
W.
Finally, we can compute the optimum coefficient
matrix as:
C*=B)"W=UW
_UTUSVT — =, V]
—UTUSVT = [, O] [zd_rv;{_,l
=3,V
(23)

where V. € R%*" ig a reduced version of V
formed with the r right singular vectors of W that
correspond to its top-r singular values, which are
kept in the diagonal matrix 3, € R"*".

A.3 Pseudo Algorithm of the Proposed
Method

Goal. Given a weight matrix W € R%%42 and
a small calibration set X € RN*9  compute
an activation-aware sparse—dictionary factorization
W ~ W = D,S under a target compression ratio.
The procedure consists of whitening the activation
objective, alternating sparse coding and dictionary
updates on the whitened weights, and a final de-
whitening step.

(1) Calibration and whitening. Compute an in-
vertible transform L € R% % (e.g., via QR/SVD
of X or Cholesky of X" X) such that Y = XL~!
has orthonormal columns (Y'Y = I). Left
multiply W to obtain the whitened weights W, =
LW. Whitening converts the data-aware loss
|XW — XW ||% into a standard Frobenius objec-
tive ||W — DS||% that is amenable to dictionary
learning.

(2) Initialization. Initialize the whitened dictio-

nary Dio) € R4** (e.g., random permutation of
columns of W) and set S(°) = 0. The pair (k, s)
is set from the target compression ratio via Eq. 11

optionally using the fixed ratio p = k/s.

(3) Alternating minimization. Repeat for { =
1,...,T: (a) Sparse coding. For each column j,
solve

s§.t) € arg min H(WL):,j - D(Lt_l)SH;
Isllo<s

(24)

using OMP (greedy selection with orthogonal resid-
ual updates) to enforce exactly s nonzeros per col-
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umn. (b) Dictionary update. For each atom 17, col-
lect its support ; = {7 : sgt]) # 0} and form the
residual on those columns:

J= > DL sn,

£

R; = W[, (25)

Update (D, {9, s(t) .) by the best rank-1 approxi-

mation R; ~ uov' (set DS;)z‘ —u, Sz(tf)?i —ovh).

This preserves the current sparsity pattern while
reducing the residual. Iterate atoms sequentially.
Stop when the maximum iteration 7' is reached
or when the relative improvement falls below a
tolerance.

(4) De-whitening and packing. Map the dictio-

nary back to activation space via D, = L_ngT)

and set W = D,S™). For storage, keep D, and
the sdo nonzero entries of S in bf16 along with
a packed binary mask M € {0, 1}¥*42 for loca-
tions (one bit per entry; kd? words). This yields the
compression ratio in Appendlx A.6 and Eq. 11.

(5) Inference. At runtime, apply W as
matmul(x, D,S) with sparse—dense kernels.
Reuse inner products (x, Da7:7i> across columns
to achieve the complexity in Appendix A.7; the
number of active atoms controls the practical
speedup.

A.4 Optimization Behavior and Convergence

The CoSpaDi objective in Eq. 5 is non-convex be-
cause of the bilinear factorization and the column-
wise sparsity constraints. Therefore, we do not
claim convergence to a global optimum. Never-
theless, the alternating structure admits a standard
monotonicity result when the two block subprob-
lems are solved exactly.

Let
F(Dr,S) =Wy — D1S|%,  (26)

and denote the feasible set of sparse coefficient
matrices by

SS = {S . ”Sj”o S S, V]} . (27)
Consider the idealized alternating updates
St in F(D}, S 28
€argmin F(D",5),  (28)
followed by
DI € arg min (D, SEHY - (29)

By optimality of the sparse-coding update,

F(DW 50Dy < p(DV, 50 (30)
and, similarly, the dictionary update gives
F(DIY gty < (D) gty 31y
Combining the two inequalities yields
F(DI sty < p(D 50y (32

Hence, the reconstruction objective is monotoni-
cally non-increasing under exact block minimiza-
tion. Since F'(Dyr, S) > 0, the sequence of objec-
tive values converges to a finite limit.

This result concerns convergence of the objec-
tive values, rather than convergence to the globally
optimal dictionary and sparse codes. The sparsity-
constrained problem remains non-convex, and dif-
ferent initializations may lead to different solu-
tions. More generally, connections can be made to
classical block-coordinate descent results, where
stronger statements about limit points require addi-
tional assumptions on the block subproblems and
iterates (Tseng, 2001). We therefore do not rely on
a global or unique-stationary-point guarantee.

Practical OMP/K-SVD updates. The imple-
mentation used in our experiments follows the stan-
dard practical dictionary-learning procedure rather
than solving both block problems globally. In par-
ticular, OMP provides a greedy approximation to
the sparse-coding problem in Eq. 7 (Tropp and
Gilbert, 2007; Rubinstein et al., 2008). Conse-
quently, the exact-block monotonicity argument
above does not by itself guarantee that every OMP
sparse-coding update decreases the objective rela-
tive to the preceding iterate.

For the dictionary step, standard K-SVD updates
one atom and its active coefficients at a time. With
the support of an atom fixed, the exact rank-one
SVD update minimizes the corresponding residual
and therefore cannot increase the reconstruction
error during that atom update (Aharon et al., 2006).
Our main implementation replaces the exact rank-
one SVD with a small number of power iterations
for efficiencys; this is again an approximate update
and therefore does not provide an unconditional
exact-descent guarantee.

Thus, Eq. (32) characterizes the underlying ex-
act alternating-minimization scheme, while the
OMP/K-SVD procedure used in practice inherits
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Input : W € R4 %% weight matrix to compress
X € RV*d1: calibration input data (N samples)
k: dictionary size (number of atoms, k > s)
s: sparsity level (max nonzeros per column in S)

T': number of K-SVD iterations
Output :

S € RF*42: sparse coefficient matrix

W = D,S: compressed weight matrix

D, € R%**: activation-aware dictionary

Compute L € R4*%1 guch that Y = XL satisfies Y'Y = I;

%e.g., viaQR: X=QR=L=R

% e.g., via Cholesky: X' X =CTC=L =

Wi +— LW;

C

Initialize Dg)) € R4 >k from randomly selected columns of W ;

Initialize S(©) € R¥*42 a5 zero matrix;
fort =1to 7 do
for j = 1to dy do
(t)
Sj

WLJ‘ — Dg_l)S’

% Solve via batched OMP
end
fori=1to k do

O {ils # 0}
if Q; # 0 then

< arg mlnHSHOSS

[u, o, v] < rank-1 SVD of R;;
d%)z — u;

(t) T.
sl,QZ «— o0V s

end

end
end

—1D).
]?a +~ L 'D;
W + DS,
return D, ST, VV;

R Wrl, Q] -3 dgil)sl(,tg))i;

>

Algorithm 1: Pseudocode for CoSpaDi. The alternating optimization consists of (a) sparse coding

and (b) sequential dictionary updates.

the standard approximate behavior of classical dic-
tionary learning. If strict monotonicity is required,
it can be enforced by accepting a sparse-code or
dictionary update only when it does not increase the
reconstruction residual. Empirically, we observe
stable optimization with the adopted procedure; the
sensitivity to the number of alternating and power
iterations is reported in Appendix A.12.

A.5 Grouped CoSpaDi details

The exact shared-dictionary objective for a group
Gis

> IX W, — X(DS,| %

Leg

st |segllo <'s,

min
D’{Sé}zeg (33)

Yl e g, V.
Writing Gy = X;Xg, this is equivalently

3 tr [(Wg —DS,)TG(W, — Dse)] . (34
Leg
Unlike the per-layer case, different layers induce
different Gram metrics. With fixed sparse codes,
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the exact dictionary update satisfies

> GD(SS))=> GWS/, (39
Leg Leg
or, after vectorization,
[Z(SESZ)T ® Gy | vec(D)
leg (36)

= vec [Z GZWZSZ] :

leg

Solving this system is expensive for LLM-scale
projections. We therefore use the shared-metric
approximation from Section 3.3, where

_ 1 o
Gg = @l > G/ =L'L. (37)
leg
This replaces Eq. (33) by
Join > [|[L(W, —DSy)|
A8 ieg (38)

S.t. ||Sg7j”0 <s, Weag,vj.

Defining D;, = LD and concatenating trans-
formed weights yields

min |Wg, — D.Sg|F
Dz.8¢ (39)

S.t. HS&jHO <s, Vf,]

which has the same form as the per-layer CoSpaDi
objective and is solved with the same OMP/K-SVD
alternating procedure. After optimization, D, =
L~'D;, and each layer is reconstructed as W, =
D,S,.

A.6 Derivation of the CoSpaDi Compression
Ratio

We derive the expression for the compression ratio
5P of our sparse—dictionary (SD) parameteriza-
tion. Let W € R%1 %92 be factorized as

W ~ DS, D e R1*F S e RF*% (40)

where each column of S has exactly s nonzeros
(column-s-sparse). Throughout, we store real val-
ues in bfloat16 (16 bits) as is common in modern
LLMs.

Dense baseline.
values.

A dense W requires ddo bf16

Dictionary term. The dictionary D stores d; k
bf16 values.

Sparse codes. Naively, S would need kdy val-
ues. Since S is column-s-sparse, only sdo values
are stored. For locations, one option is COO: per
nonzero we keep a row index and (redundantly)
the column index. Because sparsity is fixed per
column, column indices can be omitted; keeping
only row indices yields sdy indices. With 16-bit
indices, the total becomes sds values + sds indices
= 2sdy 16-bit words. For typical p:=k/s = 2,
this equals kdy words—offering no savings over
dense S storage.

Instead, we use a bir mask M € {0,1}5*% to
mark nonzero positions. This requires kds bits, i.e.,
kd2/16 16-bit words after packing. We then store
sdg bf16 values for the nonzeros and the packed
mask for their positions.

Total and ratio. The SD parameterization thus

stores
kdo
dik + sdy + 6 41)
~— N~~~ ~—~
dictionary values mask

16-bit words. Relative to the dense baseline d;ds,
the resulting compression ratio is

dict. (bf16)  codes (bf16)  mask (1 bit/entry)
dik d (kd2) / 16
SD . 1 + Sd2 + 2
=1 dida . (42)

Mask compensation by coefficient truncation.
In our main experiments we use p = k/s = 2.
Therefore, the packed binary mask requires

kdy = 2sdy (43)

bits. At the same time, truncating two mantissa bits
from each of the sds stored coefficient values saves
exactly

92sds (44)

bits. Thus, for p = 2, the storage cost of the bi-
nary mask is exactly compensated by the two-bit
coefficient truncation:

14sdy  + kds (45)
—— ~—~
trunc. coef. values mask
= 14sdo + 2sdy = 16sdy  bits.  (46)

Equivalently, the truncated coefficient values to-
gether with their packed mask occupy the same
storage as sdo bf16 values. This gives the effective
compression ratio used in our main experiments:

dik + sd
48D _q _ @bt sdy

47
didy 47)
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This accounting relies on both assumptions: p = 2
and two-bit coefficient truncation. Without trunca-
tion, the mask contributes an additional (kd3)/16
bfl16 words; for p # 2, truncating two bits no
longer exactly compensates the mask term. This
matches the expression used in the main text and
makes explicit the dependence on the two design
knobs (k, s).

A.7 Low-rank and CoSpaDi Inference
Complexity

Here we derive the multiplication complexity for
the original weight, SVD-compressed weight, and
dictionary-learning (k-SVD) compression. We
count multiplications only (additions are of the

same order). Let W € R%*92 be a projection
matrix in some layer and X € RV*%1 be an input
feature map; then a dense product Y = XW costs

Obaseline = NdldQ' (48)

For low-rank, in particular, SVD compression with
rank r the projection matrix is approximated with
two matrices W ~ UV with U € R®*" and
V € R"™%_ resulting in the following complexity:

Orr = Ndir + Nrde = Nr(dy + da).  (49)

Sparse dictionary (SD) learning similarly repre-
sents W ~ DS with dictionary D € R%*k of
k atoms and sparse coefficient matrix S € RF*42,
Omitting sparsity of S will result in:

OSD,dense = Ndlk' + Nkidg

(50)
61y

Taking into account that each column s; of S is
s-sparse, the (i, j) element of Y = XDS is

K
Yij = Z Sk,j <Xi,:>D:,k:>
k=1 (52)
= Z Sk, (Xi:, D)
kESj

where S; = supp(s;) and |Sj| = s. The overall
sparse complexity depends on whether the inner
products (X, ., D. ) are reused across columns.
With the most efficient way with reuse letting U =
U?il S; and Kgerive = |U| we have:

OSD,Sparse—reuse = Ndl Kactive + N3d27 (53)
5 < Kactive < min<K; Sd2)-

Using the effective storage accounting from Ap-
pendix A.6, where p = 2 and two-bit coefficient
truncation compensates the packed mask cost, we
have

,?SD:]_idlk—i_SdQ‘

4
didy (54)

The rank for the low-rank decomposition could
be estimated from the compression ratio with the
following equation:
1—~yIR®)dyd
- ( 7 ) dads (55)
di + da

For sparse dictionary based method we defined
p = k/s and, thus we can estimate both & and s in
the following way:

b (1 —45P) did _k

e e SR NN CD
P

Under matched effective storage, the sparse com-
putation can be related to the low-rank multipli-
cation count using the upper bound Ky iive < k.
From Eq. (53), we have

OSD,sparse—reuse = NdlKactive + NSdQ
S Ndlk + NSdQ

=N <d1k+d2k>
p
= Nk <d1+dQ>.
p

Using the dictionary size implied by the effective
storage in Eq. (56), we obtain

(57)

OSD,sparso-rcusc S N(l - ’?SD)dldQ- (58)
For low-rank compression, Eq. (9) gives
OLR = N(l — ’)’LR)dldQ. (59)

Therefore, when the two methods are compared
at the same effective compression ratio, 7% =

45D = ~, we have

OSD,Sparse-reuse <Orr= N(l - 7)d1d2~ (60)

Equality in the upper-bound comparison is attained
when Kyctive = k, 1.e., when every dictionary
atom is used by at least one coefficient column.
If only a subset of the dictionary atoms is active,
Kactive < k, the nominal sparse multiplication
count is correspondingly smaller.

6022



This comparison should be interpreted as a
storage-aligned upper bound on the leading mul-
tiplication count rather than as a latency predic-
tion. Actual wall-clock performance additionally
depends on support overlap, indexing and mask-
handling overhead, memory traffic, batching, and
sparse-kernel efficiency. For this reason, we report
measured end-to-end deployment results separately
in Appendix A.18, where the runtime setup, selec-
tive up/gate compression protocol, and throughput
measurements are described explicitly.

A.8 Relationship to Recent SVD-Based
Extensions

Our main comparison with SVD-LLM (Wang et al.,
2025d) focuses on the representation used for ma-
trix compression. SVD-based methods approxi-
mate each projection matrix using a single low-
dimensional subspace, whereas CoSpaDi replaces
this representation with a sparse dictionary and a
union of subspaces. More recent methods, includ-
ing SVD-LLM V2 (Wang et al., 2025c) and Dobi-
SVD (Wang et al., 2025b), extend the SVD-based
compression pipeline along additional dimensions,
such as heterogeneous rank allocation, loss-aware
truncation, differentiable rank selection, and low-
bit remapping. In this section, we discuss these
differences and provide additional empirical com-
parisons.

SVD-LLM V2. SVD-LLM V2 extends SVD-
LLM mainly through two mechanisms:
uniform compression-ratio allocation based on the
estimated truncation loss and an improved loss-
aware truncation procedure. These mechanisms
improve how the rank budget is distributed and how
the low-rank approximation is computed, while
retaining the underlying rank-constrained single-
subspace representation.

The allocation mechanism is complementary to
CoSpaDi. An analogous strategy could allocate
layer-wise or group-wise parameters (kg, s¢) under
a global storage budget instead of using the uniform
allocation adopted in our main experiments. Conse-
quently, a comparison with dynamically allocated
SVD-LLM V2 reflects both the choice of factoriza-
tion family and the effect of heterogeneous budget
allocation. Developing such an allocation strategy
for CoSpaDi is a natural direction for future work.

We additionally examined the numerical motiva-
tion for the revised SVD-LLM V2 truncation pro-
cedure under our calibration setting. Across 576

non-

activation Gram matrices collected in our experi-
ments, direct Cholesky factorization failed for only
3 matrices (0.52%), all of which were handled by
the stabilized factorization used in our implementa-
tion. Thus, in our experimental setting, heteroge-
neous allocation represents a particularly relevant
difference between SVD-LLM and SVD-LLM V2.

For additional empirical context, we attempted
to reproduce SVD-LLM V2 on LLaMA-7B. At
the time of our experiments, the public SVD-LLM
repository did not provide a dedicated ready-to-run
SVD-LLM V2 pipeline, and several implementa-
tion conventions required interpretation. Our re-
production therefore did not exactly recover the
values reported in the SVD-LLM V2 paper. We re-
port both the published values and our reproduced
results in Table 8 for transparency.

Perplexity |
Method WikiText  C4
LLaMA-7B 5.67 7.33
SVD-LLM V2, reported 7.12 10.47
SVD-LLM V2, reproduced 8.09 16.29
CoSpaDi 8.12 10.26

Table 8: Comparison with SVD-LLM V2 on LLaMA-
7B at CR = 0.2. “Reported” denotes the values reported
in the SVD-LLM V2 paper, while “reproduced” denotes
our implementation. Lower perplexity is better.

The reproduced SVD-LLM V2 result is close
to CoSpaDi on WikiText-2 but substantially worse
on C4, while the paper-reported SVD-LLM V2 re-
sult performs better on WikiText-2 and similarly
on C4. Because our reproduction does not exactly
recover the published values and SVD-LLM V2 ad-
ditionally changes the allocation policy, we include
these results as complementary empirical context
rather than using them to draw conclusions about
the factorization family alone.

Dobi-SVD. Dobi-SVD extends low-rank com-
pression along two additional axes. First, it op-
timizes layer-wise ranks through a differentiable
objective using backpropagation. This differs from
the training-free setting considered by CoSpaDi,
where calibration samples are used to construct acti-
vation statistics but no gradient-based optimization
of the compressed model is performed. Neverthe-
less, differentiable or sensitivity-based allocation
is conceptually complementary to CoSpaDi and
could similarly be used to allocate (ky, s¢) across
layers.
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Method

Target CR  Remapping WikiText-2 | C4| Avg. Acc. T

LLaMA-7B - 5.67 7.33 0.550
Dobi-SVD*, reported 0.2 8.54 10.01 0.456
Dobi-SVD, reported 0.2 Yes 6.08 7.83 0.507
Dobi-SVD, reproduced 0.2 Yes 6.08 8.49 0.533
CoSpaDi 0.2 8.12 10.26 0.508
Dobi-SVD*,reported 04  No 1354 2354 0380
Dobi-SVD, reported 0.4 Yes 8.12 12.63 0.470
Dobi-SVD, reproduced 0.4 Yes 7.68 12.84 0.487
CoSpaDi 0.4 19.77 18.29 0.438

Table 9: Comparison with Dobi-SVD on LLaMA-7B. Dobi-SVD* denotes Dobi-SVD without remapping, as
reported in the original paper. “Reproduced” denotes our evaluation of the released remapped checkpoints. Average
accuracy is computed over OpenBookQA, ARC-easy, Winogrande, HellaSwag, ARC-challenge, PIQA, and MathQA.
Dobi-SVD remapping changes the relation between factorization rank and final storage and is therefore indicated
separately rather than expressed as a separate factorization compression ratio. For a square projection, the same
remapped storage budget can correspond to a negative conventional factorization compression ratio; see Eq. (61).

Second, the strongest Dobi-SVD configurations
combine low-rank factorization with a low-bit
remapping mechanism. This remapping changes
the relation between factorization rank and final
storage relative to a conventional two-factor SVD
representation. Moreover, the corresponding rela-
tion depends on the dimensions of each projection
and on the layer-wise rank allocation. We therefore
do not assign a single separate factorization com-
pression ratio to the remapped LLaMA-7B model,
and instead compare the methods at their reported
final storage budgets.

For intuition, consider a square projection W &€
R?*4, Under Dobi-SVD remapping, a rank-% rep-
resentation has an effective retained-storage ratio
k/d, whereas a conventional two-factor SVD rep-
resentation of the same rank requires 2kd values
and therefore has retained ratio 2k /d. Denoting the
final remapped compression ratio by Vtarget, We
have k/d = 1 — 7iarget, and hence the correspond-
ing factorization-only compression ratio for this
square-matrix example is

Yfact = 1-— 2(1 - ')’target) = 2'7target -1 (61)

Thus, for example, target compression ratios of
0.2 and 0.4 correspond to factorization-only com-
pression ratios of —0.6 and —0.2, respectively, for
a square projection. A negative value means that
the conventional two-factor representation at the
same rank would contain more stored values than
the original dense matrix before remapping. This
example illustrates how Dobi-SVD can use remap-
ping to support substantially larger ranks at a fixed
final storage budget. For non-square projections,

however, the corresponding relation depends on the
matrix aspect ratio, which is why we avoid assign-
ing a single factorization compression ratio to the
complete LLaMA-7B model.

For additional empirical comparison, we evalu-
ated the released Dobi-SVD LLaMA-7B check-
points. The official evaluation path produced
numerical overflow for WikiText-2 perplexity in
our environment, and we therefore evaluated the
released checkpoints using the same evaluation
pipeline employed for SVD-LLM. We express
Dobi-SVD’s reported storage budgets using our
compression-ratio convention, where CR denotes
the fraction of storage removed relative to the dense
model. Table 9 reports both the values from the
Dobi-SVD paper and our reproduced results.

The results show that Dobi-SVD’s remapping
substantially improves the quality of its compressed
models relative to its factorization-only variant. At
the same time, the remapped results combine low-
rank factorization with an additional storage mecha-
nism, whereas the CoSpaDi rows correspond to the
sparse-dictionary storage convention used through-
out our main experiments. Since CoSpaDi can
likewise be combined with post-training coefficient
quantization, low-bit storage and remapping con-
stitute an additional compression axis that is com-
plementary to the sparse-dictionary representation
studied here.

Summary. SVD-LLM V2 and Dobi-SVD extend
SVD-based compression along dimensions that
go beyond the underlying low-rank representation.
SVD-LLM V2 introduces heterogeneous allocation
and an improved loss-aware truncation procedure,
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Hyperparameter Value

Random seed 42

K-SVD iterations 1" 60

Ratio p = k/s 2.0

Dictionary update solver power-iteration K-SVD
Power iterations 8

OMP batch size 8192

Target modules
Dictionary size k
Sparsity s

Dictionary initialization

linear layers in transformer blocks
determined by CR and p via Eq. (11)
determined by CR and p via Eq. (11)
random columns of W,

Calibration dataset RefinedWeb

Number of calibration samples 256

Sequence length 1024

Storage convention for reported CR  Eq. (11) unless stated otherwise

Table 10: Main hyperparameters used in the experi-
ments unless otherwise specified. The dictionary size
k and sparsity level s are determined from the target
compression ratio and the ratio p = k/s via Eq. (11).

while Dobi-SVD combines differentiable rank allo-
cation with low-bit remapping. The comparisons
above provide empirical context for CoSpaDi rel-
ative to these recent methods while making the
differences in allocation and storage mechanisms
explicit. These mechanisms are largely comple-
mentary to the union-of-subspaces representation
introduced by CoSpaDi and could potentially be
incorporated into future extensions of the method.

A.9 Implementation details and
reproducibility

This appendix consolidates the main implementa-
tion details used in the experiments. Unless other-
wise specified, CoSpaDi uses K-SVD with power-
iteration-based rank-1 atom updates, with 7' = 60
alternating iterations and 8 power iterations per
update. Sparse coding is performed with batched
OMP using a mini-batch size of 8192. The dic-
tionary is initialized from a random permutation
of columns of the original projection matrix. All
experiments use a fixed random seed of 42.
Calibration is performed using 256 sequences
of length 1024 sampled from RefinedWeb. Un-
less stated otherwise, the compressed models use
bfloatl6 dictionaries and truncated 14-bit coeffi-
cients, and the reported compression ratios follow
the storage convention described in Section 3.4
and A.6. All hyperparameters are listed in Table 10

A.10 Sensitivity to Calibration Data

CoSpaDi uses a small calibration set to construct
the activation statistics that define the transformed
dictionary-learning objective. In the main experi-
ments, we use 256 sequences of length 1024 sam-
pled from RefinedWeb. To examine whether the

observed gains depend on this particular calibra-
tion setup, we study sensitivity along two axes:
the calibration domain and the number of cali-
bration samples. In all experiments below, we
compare CoSpaDi and SVD-LLM using the same
calibration data and a fixed compression ratio of
CR = 0.2 on LLaMA-3.2-1B.

Calibration domain. We first vary the source
of the calibration sequences while keeping both
the number of samples and sequence length fixed.
Specifically, we use 256 sequences of length 1024
sampled from RefinedWeb, Alpaca, or WikiText.
The results are reported in Table 11.

CoSpaDi consistently improves over SVD-LLM
across all three calibration domains. The gains
in average accuracy are +5.05, +3.73, and +2.62
percentage points for RefinedWeb, Alpaca, and
WikiText, respectively. CoSpaDi also yields lower
perplexity than SVD-LLM on both WikiText and
LAMBADA for every calibration source consid-
ered. The absolute performance of both methods
varies with the calibration domain, indicating that
the choice of calibration data affects the resulting
compressed model. Nevertheless, the relative ad-
vantage of CoSpaDi is preserved across all three
domains.

Calibration set size. We next vary the amount of
calibration data while fixing the calibration source
to RefinedWeb and the sequence length to 1024.
We evaluate 64, 128, and 256 calibration sequences.
The results are shown in Table 12.

CoSpaDi consistently outperforms SVD-LLM
at every calibration-set size considered, improv-
ing average accuracy by +5.17, +4.40, and +5.05
percentage points for 64, 128, and 256 calibration
sequences, respectively. The advantage is therefore
already present with only 64 calibration sequences
and does not depend on using the largest calibration
set considered in our main experiments. Increas-
ing the amount of calibration data generally im-
proves both methods, although the dependence is
not strictly monotonic for every individual metric.

Summary. These experiments indicate that
CoSpaDi’s improvement over SVD-LLM is robust
across both the calibration sources and calibration-
set sizes considered here. Different calibration do-
mains affect the absolute quality of the compressed
models, but CoSpaDi consistently improves the
average accuracy and perplexity relative to SVD-
LLM. Similarly, substantial gains remain when re-

6025



Calibration data Method

Accuracy?

Perplexity

PIQA HellaSwag LAMBADA ARC-e ARC-c SciQ RACE MMLU Avg. | WikiText LAMBADA
RefinedWeb SVD-LLM  62.13 36.43 24.43 36.03 25.09 6490 29.00 2298 37.62 : 1.69E+02 1.70E+02
e CoSpaDi 6605 4288 3839 3994 2602 7160 3L6T 2483 4267 637EM01  ISIEWI
Alpaca SVD-LLM  63.50 36.20 12.70 46.20 25.80 67.50 26.50 24.00 37.80 : 2.82E+02 9.24E+02
CoSpaDi  65.50 40.10 21.20 48.10 27.60 7470  29.60 2540 41.53 | 1.79E+02  2.60E+02
o 7;\,;](:{6 ;lf ~ SVDLLM 5830 3550  23.10 4060 2530 6950 24.80 2310 37.53 | LO4E+02  191E+02
CoSpaDi  59.50 38.10 31.20 41.80 26.60 73.40 27.60 23.00 40.15 ' 5.89E+01  7.33E+01

Table 11: Sensitivity to the calibration domain on LLaMA-3.2-1B at CR = 0.2. All calibration sets contain 256
sequences of length 1024. We report accuracy on different benchmarks as well as its average and perplexity on
WikiText and LAMBADA. Best results are provided in bold.

. Accurac Perplexit;
#Calib. samples  Method - 4 Swag  LAMBADA ARC-e AyIIC-c SciQ RACE MMLU Avg | WikiTextp LAI&BADA

o SVD-LLM 5930 3530 19.80 3510 2410 58.80 2830 23.10 3548 | 2.036+02  3.04E+02

o _______ _ CoSpaDi 6200 3920 3390 4010 2530 7110 3030  23.30 40.65 | 1.ISE+02  6.38E+01
s SVD-LLM ~ 60.00  35.80 19.00 3530 2430 6020 2710 2300 3559 | L9SE+02  3.16E+02
CoSpaDi  62.80  39.80 31.20 39.00 2520 6830 3040 2320 39.99 | 1.ISE+02  7.84E+01

T 2;& 77777 SVD-LLM  62.13 3643 2443 3603 2509 6490 29.00 2298 37.62 | 1.69E+02  1.70E+02
CoSpaDi  66.05  42.88 38.39 39.94 2602 7160 31.67 24.83 42.67 ' 63TE+01  3.51E+01

Table 12: Sensitivity to the number of calibration samples on LLaMA-3.2-1B at CR = 0.2 using RefinedWeb
calibration data. All calibration sequences have length 1024. We report accuracy on different benchmarks as well as
its average and perplexity on WikiText and LAMBADA. Best results are provided in bold.

ducing the calibration set from 256 to 64 sequences,
suggesting that the observed advantage does not
require a large calibration set.

A.11 Evaluation Uncertainty

The accuracy values reported throughout the pa-
per are estimates obtained on finite benchmark test
sets. To quantify the corresponding evaluation un-
certainty, we use the task-level standard errors re-
ported by Im-evaluation-harness. We consider
LLaMA-3.2-1B at CR € {0.2,0.3,0.4} under the
same calibration data, compressed modules, and
evaluation protocol as in the main experiments. For
both SVD-LLM and CoSpaDi, the mean accura-
cies and corresponding standard errors are taken
directly from our 1m-evaluation-harness evalu-
ation outputs.

Since 1m-evaluation-harness reports a stan-
dard error separately for each benchmark, we esti-
mate the standard error of the macro-average accu-
racy as

(62)

where M = 8 is the number of accuracy bench-
marks and SE; is the standard error reported for
benchmark i. This estimate treats the task-level
evaluation uncertainties as independent.

For the difference in average accuracy between
CoSpaDi and SVD-LLM, we combine the two
method-level standard errors in quadrature, using

the same independence approximation:

SEA = \/ SEZ2,; Cospabi + SEavg SVD-LLM-
(63)
Table 13 compares the observed average-
accuracy improvements with the corresponding
combined standard errors.

CR SVD-LLM Avg. CoSpaDi Avg. Gain  Gain/SEp

0.2 0.3762 0.4267 +0.0505 9.6x

0.3 0.3022 0.3367 +0.0346 6.6

04 0.2621 0.2753 +0.0132 2.6
Table 13: Average-accuracy gains relative to the

combined standard error estimated from task-level
1m-evaluation-harness outputs on LLaMA-3.2-1B.
The displayed average accuracies are rounded to four
decimal places; gains are computed from the underlying
unrounded averages.

The CoSpaDi improvement is larger than the
estimated evaluation uncertainty at all three com-
pression ratios. Specifically, the average-accuracy
gain corresponds to approximately 9.6x, 6.6,
and 2.6 x the combined standard error at CR = 0.2,
0.3, and 0.4, respectively. The margins are there-
fore particularly pronounced at CR, = (0.2 and 0.3,
while the smaller improvement at CR = 0.4 also
remains larger than the estimated benchmark-level
uncertainty.

These estimates quantify uncertainty due to the
finite number of evaluation examples and should
not be interpreted as measuring the full run-to-run
variability of the compression procedure. In par-
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Component Time (min) Share (%)
Sparse coding (OMP) 178.5 27.6
Dictionary update (K-SVD) 467.6 72.3
Misc. overhead 0.7 0.1
Total 646.8 100.0

Table 14: Runtime breakdown of CoSpaDi on a 1B-
scale model for end-to-end compression of all targeted
projection matrices under the current solver configura-
tion.

ticular, additional independent compression runs
would be required to quantify variability arising
from calibration-set sampling, dictionary initial-
ization, and other sources of compression random-
ness.

A.12 Number of Alternating Minimization
Steps and Power Iteration Analysis

We conducted ablation studies to assess the effect
of the number of K-SVD iterations and power iter-
ations on performance using LLaMA-3.2-1B with
fixed p = 2. The left plot in Figure 4 shows that
most of the improvement is obtained within the
first 40-50 K-SVD iterations, after which perfor-
mance fluctuates within a comparatively narrow
range. The right plot of Figure 4 indicates that per-
formance improves rapidly through approximately
5-6 power iterations, with smaller changes there-
after. Based on these results, we fixed the number
of K-SVD iterations to 60 and power iterations to
8 in our final experiments, which provides a good
balance between accuracy, perplexity, and compu-
tational efficiency.

A.13 Runtime Breakdown and Scalability

Discussion

The compression runtime of CoSpaDi is driven
by the alternating optimization procedure, which
combines OMP-based sparse coding with K-SVD-
style dictionary updates. To clarify the contribution
of the main components, Table 14 reports a run-
time breakdown for end-to-end compression of all
targeted projection matrices in a 1B-scale model
under the current solver configuration.

The results show that the dominant cost comes
from the dictionary-update stage, while sparse cod-
ing accounts for a smaller but still substantial frac-
tion of the overall runtime. This behavior is con-
sistent with the optimization structure of CoSpaDi,
since K-SVD updates atoms sequentially through
repeated rank-1 approximation subproblems.

Several acceleration directions are compatible
with the current formulation. First, online or
stochastic dictionary learning can replace full-batch
updates with incremental ones, improving scalabil-
ity to larger problems (Mairal et al., 2009). Second,
implementation-level optimizations such as Batch-
OMP and efficient update procedures can substan-
tially reduce wall-clock time in practice (Rubin-
stein et al., 2008). Third, the rank-1 update step
can be approximated using truncated or random-
ized low-rank routines (Halko et al., 2011), often
combined with a small number of power itera-
tions (Golub and Van Loan, 2013), yielding im-
proved accuracy—runtime trade-offs.

These observations suggest that the current com-
pression time is primarily a property of the present
solver implementation rather than of the CoSpaDi
objective itself. In this work, the focus is on estab-
lishing activation-aware sparse dictionary learning
as a post-training compression paradigm and evalu-
ating its compression—quality trade-offs; improving
compression-time efficiency remains an important
direction for future work.

A.14 Detailed storage breakdown

To make the storage accounting more transparent,
we provide in Table 15 a component-wise mem-
ory breakdown for CoSpaDi on the main settings.
Specifically, we separate the contribution of the dic-
tionary, stored coefficient values, and mask/index
overhead. This complements the derivation in Ap-
pendix A.6 and clarifies the relation between the
full accounting of Eq. (10) and the simplified ac-
counting convention of Eq. (11).

The columns “Applied eq.” and “Quant. coeft.”
indicate whether the target compression ratio is
computed using the full accounting of Eq. 10 or the
simplified convention of Eq. 11, and whether coeffi-
cient truncation is applied. Importantly, the table re-
ports the actual component-wise allocation of stor-
age in each case. Thus, while the relative allocation
between dictionary and coefficients changes across
the two conventions, the total compressed footprint
remains essentially unchanged up to rounding.

For additional intuition, consider a single
up_proj matrix in Qwen3-8B with dimensions
dy = 4096 and dy = 12288.

Under Eq. 10, the dictionary has shape (4096 x
3657), requiring approximately 28.57 MiB. The
coefficient matrix has shape (3657 x 12288) with
1828 nonzero entries per column, yielding approxi-
mately 42.84 MiB for the stored coefficient values
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Figure 4: Average benchmark accuracy and WikiText perplexity with respect to the number of K-SVD iterations
(left) and the number of power iterations (right) for LLaMA-3.2-1B with p = 2

Model / Setting Applied eq. Quant. coeff. Dictionary Coeff. values Mask /indices Full total
LLaMA-3.2-1B - No - - - 1856
SRS Gl s m
SO e @ m o
Cospai, CRA0% ) R s
Qwen3-8B - No - - - 13248
CSDLCRE p e me o wnwwe
SR e emmn e om
CoSpai CR40% ) Yo s mn s

Table 15: Memory footprint breakdown (MiB) for storing all compressed linear layers (excluding embeddings,
1m_head, and normalization layers) under CoSpaDi at different compression ratios.

and 5.36 MiB for the packed binary mask.

Under Eq. 11, the dictionary has shape (4096 x
3932), requiring approximately 30.72 MiB. The
coefficient matrix has shape (3932 x 12288) with
1966 nonzero entries per column, yielding approx-
imately 40.32 MiB for the truncated coefficient
values and 5.76 MiB for the packed binary mask.

This breakdown makes explicit how much each
component contributes to the compressed represen-
tation and clarifies that the difference between the
two accounting conventions lies primarily in how
the storage budget is allocated between dictionary
capacity and coefficient precision, rather than in
the overall total size.

A.15 Results for LLaMA-3.2-1B, Qwen3-0.6B
and Qwen3-14B

Figure 5 summarizes the accuracy—compression
and perplexity—compression curves for small mod-
els (LLaMA-3.2-1B and Qwen3-0.6B).

A.16 Additional Benchmark Results

We additionally evaluate CoSpaDi and SVD-LLM
on the Qwen model family using a set of more
recent reasoning-oriented benchmarks. Table 18 re-
ports results for Qwen3-8B and Qwen3-14B across
several compression ratios. Overall, CoSpaDi
matches or improves upon the SVD-LLM base-
line on most benchmarks and settings, indicating
that sparse dictionary learning provides a stronger
compression—quality trade-off than low-rank fac-
torization beyond the standard evaluation suite.

A.17 Comparison with a Semi-Structured
Pruning Baseline

To further position CoSpaDi relative to
pruning-based compression, we compare it
with Wanda (Sun et al., 2024) in a 2:4 semi-
structured setting on LLaMA-3-8B. This baseline
is particularly relevant from a deployment perspec-
tive because it follows a hardware-friendly N:M
sparsity pattern.

For the 2:4 baseline, it is important to distinguish
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Figure 5: Average benchmark accuracy and WikiText perplexity for LLaMA-3.2-1B and Qwen3-0.6B using SVD-

LLM and CoSpaDi with respect to compression ratio.

Method CR Accuracy? Perplexity
PIQA HellaSwag LAMBADA ARC-e ARC-¢c SciQ RACE MMLU Avg. , WikiText LAMBADA
Qwen3-14B - 79.9 78.9 67.9 82.8 60.2 96.5 433 77.2 73.3 ' 1L.1E+01 3.7E+00
SVD-LLM 02 76.2 67.6 69.1 69.8 46.8 91.0 429 62.5 65.8 1 1.8E+01 4.1E+00
CoSpaDi ' 71.3 71.7 72.0 73.3 51.3 919  43.1 65.8 68.3 : 1.6E+01 3.4E+00
SVD-LLM 03 72.0 59.7 61.5 62.6 39.3 889 415 52.0 59.7 : 2.3E+01 6.5E+00
CoSpaDi ' 74.6 64.2 69.0 65.3 436 907 425 58.0 63.5 | 2.0E+01 4.2E+00
SVD-LLM 67.4 48.7 46.0 48.5 30.7 80.6  36.7 36.8 494 : 3.5E+01 1.8E+01
CoSpaDi 69.5 523 57.3 532 33.0 84.4 375 43.6 539 ' 3.3E+01 8.7E+00

Table 16: Performance comparison of CoSpaDi vs SVD-LLM on Qwen3-14B at different compression levels on
different benchmarks. Best results are provided in bold.

nominal sparsity from effective storage compres-
sion. Although 2:4 sparsity removes 50% of the
weights, the realized memory reduction is smaller
once metadata is taken into account. In the stan-
dard semi-structured representation, each retained
16-bit weight requires an additional 2 bits of meta-
data, yielding an effective storage cost of 9 bits per
original weight position and therefore an effective
compression ratio of 1 — 9/16 ~ 43.8%, rather
than the naive 50%. We therefore compare Wanda
2:4 to CoSpaDi at the closest matched storage bud-
get.

Results are reported in Table 17. Overall,
CoSpaDi remains competitive with pruning-based
alternatives and provides the strongest average ac-
curacy at the matched compression ratio. In par-
ticular, CoSpaDi outperforms both SVD-LLM and
Wanda 2:4 in average accuracy, while also achiev-
ing substantially better perplexity than both base-
lines on LAMBADA and better perplexity than
SVD-LLM on WikiText. More broadly, this com-
parison highlights that CoSpaDi should be viewed
not only as an alternative to low-rank factorization,
but also as a sparse reparameterization method that

is naturally related to pruning. At the same time,
our current formulation is not limited to unstruc-
tured sparsity patterns: the same N:M constraints
could in principle be imposed directly on the coef-
ficient matrix, allowing each column to activate a
hardware-friendly subset of dictionary atoms. We
view this as a promising direction for future work.

A.18 From Theory to Practice: Deployment
Considerations

While CoSpaDi improves the accuracy-—
compression trade-off in the uniform compression
setting, practical deployment also depends on
where compression is applied. Not all projection
layers contribute equally to parameter count, ac-
curacy degradation, or runtime. In modern LLMs,
MLP expansion projections are substantially
wider than attention projections, making the up
and gate matrices especially attractive targets
for selective compression. We therefore evaluate
a hardware-aware setting in which only these
two projection types are replaced by compressed
modules. We denote such variants with the
superscript UG.
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Method CR Accuracy? Perplexity
PIQA HellaSwag LAMBADA ARC-e ARC-¢c SciQ RACE MMLU Avg. , WikiText LAMBADA
LLaMA-3-8B - 80.7 79.1 75.6 71.7 53.5 939 403 62.2 70.4 ' 7.3E+00 3.1E+00
SVD-LLM 04 603 34.5 114 324 24.5 442 257 23.1 32.0 1 5.5E+02 1.3E+03
Wanda 2:4 044 624 39.7 0.8 41.9 25.6 747 268 23.4 36.9 : 2.1E+02 5.7E+03
CoSpaDi 04 637 414 30.3 39.1 26.6 68.5 30.5 254 40.7 ' 1.8E+02 1.2E+02

Table 17: Performance comparison on LLaMA-3-8B between SVD-LLM, CoSpaDi, and Wanda 2:4 at compression
ratio 0.4. Best compressed result in each column is highlighted in bold.

Model CR IFEval BBH MATH GPQA MUSR MMLU-Pro
(%) (%) (%) (%) (%) (%)
Qwen3-8B — 392 609 526 362 431 477
SVDLLM = 255 410 1l 284 398 263
CoSpaDi 289 453 20 286 421 315
USVDLLM 229 344 L0 256 44 188
CoSpaDi =~ 252 382 1.0 248 384 22.8
CSVDLLM 227 302 08 231 377 16
CoSpaDi 261 327 08 260 381 16.7
Qwen3-14B — 433 632 533 386 407 533
SVDLLM .~ 255 500 16 292 415 327
CoSpaDi ~ 296 542 42 306 407 389
CSVDLLM 0 230 343 LI 264 397 128
CoSpaDi 266 383 12 255 380 157

Table 18: Performance comparison of CoSpaDi vs SVD-
LLM on Qwen3-8B and Qwen3-14B at different com-
pression levels on different benchmarks. Best results
are provided in bold.

This selective setting is favorable for CoSpaDi
because the wide up/gate matrices are naturally
represented as a dense dictionary followed by
sparse coefficients. In contrast to uniform com-
pression, selective compression concentrates the
storage budget on the layers that offer the largest pa-
rameter savings and the most suitable dense-times-
sparse computation pattern. For CoSpaDiV“, we
use pretrained compressed checkpoints at the corre-
sponding layer-wise compression ratio and replace
only the up and gate modules in the dense model.
We compare against SVD-LLMYS under the same
replacement protocol.

Our inference experiments use a lightweight
PyTorch/HuggingFace Transformers module-
replacement setup. We did not develop a custom
production CUDA kernel and do not integrate
CoSpaDi into VLLM or TGI. The sparse coefficient
computation uses the MACKO-backed path
available to us, which is primarily designed for
sparse matrix—vector multiplication. Consequently,
the reported measurements should be interpreted
as a research deployment evaluation rather than
an optimized production-serving result; efficient
batched serving would additionally require
sparse—dense matrix—matrix kernels and runtime
integration.

Quality of selective compression. Table 19 re-
ports the resulting accuracy and perplexity on
LLaMA-3-8B. Selective CoSpaDi preserves the
quality of the uniformly compressed CoSpaDi
model at a similar global compression ratio,
and substantially outperforms SVD-LLMUC at
matched global CR. This indicates that the union-
of-subspaces representation remains beneficial
even when compression is restricted to deployment-
favorable projection types.

Synchronous throughput. We first measure syn-
chronous generation throughput on an RTX 3090
across prompt lengths from 1 to 256 tokens. Ta-
ble 20 reports tokens/s for SVD-LLMUYG and
CoSpaDiUG at several up/gate compression ratios.
SVD-LLMVE is faster in raw tokens/s under the
current implementation, but CoSpaDiVC remains
close in throughput while providing substantially
stronger model quality at matched global CR.

Asynchronous throughput. We also evaluate
asynchronous serving with concurrent users. Ta-
ble 21 compares the dense model, SVD-LLMVG,
and CoSpaDiVC for prompt length 1. Both
compressed variants improve throughput over the
dense baseline for most concurrency settings, and
CoSpaDiV¢ achieves the highest throughput at the
largest tested concurrency.

Table 22 reports the full asynchronous prompt-
length sweep for CoSpaDiV“. Throughput remains
stable across prompt lengths and scales with the
number of concurrent users, indicating that se-
lective CoSpaDi compression is compatible with
multi-request serving.

Overall, selective up/gate compression shows
that CoSpaDi is not only a stronger quality-
preserving compression method, but also a practi-
cal deployment candidate. Its current throughput
is competitive with a low-rank counterpart while
retaining much higher accuracy and lower perplex-
ity at matched global CR. Since CoSpaDi evaluates
projections as (XD,)S, future improvements in
sparse matrix kernels, sparse coefficient layouts,
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Accuracy? Perplexity |

Method Global CR 1 A HellaSwag LAMBADA ARC-c ARC-c SGiQ Race MMLU Avg | Wiki LAMBADA
LLaMA-3-8B Z 80.7 791 756 777 535 939 403 622 704 ' 73E+00  3.1E+00
CoSpaDi 0.20 752 66.5 73.8 665 416 895 382 428 618 | 2.0E+01  4.3E+00

" CoSpaDi’C T ( 022 753 632 767 678 421 925 373 402 619  25E+01  2.8E+00
SVD-LLMUG 022 719 519 56.7 588 335 877 338 339 5351 56B+01  8.S5E+00
CoSpaDi 030 705 56.2 613 542 335 857 362 322 537, 45E+01  9.2E+00

" CoSpaDi’C T ( 028 701 515 643 584 353 897 345 347 548 | 52E+01  58E+00
SVD-LLMUC 0.28 65.0 40.9 33.0 481 283 799 288 261 4381 2.1E+02  5.5E+01

Table 19: Quality of selective up/gate compression on LLaMA-3-8B. Superscript UG denotes compressing only

the MLP up

and gate projections.

Prompt UG CR SVD-LLMUS CoSpaDi’“

Method 1user 4users 8users 16 users
Dense baseline ~ 77.0 290.0 589.0 1344.0
SVD-LLMYS 994 3860 798.0 13320
CoSpaDiUG 95.6 375.6 758.0 1515.0

Table 21: Asynchronous serving throughput on
LLaMA-3-8B for prompt length 1. SVD-LLMVY® and
CoSpaDiVC use UG CR = 0.60 and p = 2; higher is
better.

1 51.2 46.8
16 50.3 46.8
32 03 51.3 45.9
64 50.3 453
128 50.0 44.8
256 49.5 44.0
Avg. 50.4 45.6
1 533 48.4
16 53.5 48.3
32 04 544 48.0
64 54.2 48.4
128 52.7 47.8
256 51.9 473
Avg. 533 430
1 53.8 53.0
16 524 52.0
32 0.5 529 49.1
64 524 50.4
128 52.5 49.5
256 50.9 49.0
Avg. 52.5 50.5
Table 20: Synchronous generation throughput on

LLaMA-3-8B using an RTX 3090. Throughput is re-
ported in tokens/s; higher is better.

and inference runtimes can directly improve its
latency profile.

Users Prompt1l Prompt16 Prompt32 Prompt64 Prompt 128

1 95.6 93.5 92.4 101.0 98.0

4 375.6 374.8 3724 393.0 401.0
8 758.0 742.0 749.4 802.0 792.0
16 1515.0 1479.6 1472.0 1521.0 1573.0

Table 22: Asynchronous serving throughput of
CoSpaDiY“ on LLaMA-3-8B with UG CR = 0.60 and
p = 2. Throughput is reported in tokens/s; higher is
better.
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