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Abstract

Reinforcement learning with verifiable rewards
has become a standard recipe for improving
the reasoning abilities of large language mod-
els. Existing algorithms face a tradeoff between
computational efficiency and sample efficiency
in value estimation and policy learning. We
introduce BASIS, a critic-free post-training al-
gorithm designed to address this tradeoff. At
each online training step, BASIS samples only
one rollout per prompt, but leverages rich in-
formation across prompts in the entire batch to
improve value function estimation. Our experi-
ments demonstrate that BASIS reduces MSE in
value function estimation by 69% compared
to REINFORCE++, a representative single-
rollout baseline, and achieves lower MSE with
one rollout than GRPO estimators with 8 roll-
outs. This improvement in value estimation
translates to better policy optimization: using
substantially less online training time, BASIS
achieves performance close to multi-rollout
GRPO-type baselines and often outperforms
single-rollout REINFORCE-type baselines.

1 Introduction

Recent progress in large language model (LLM)
reasoning has increasingly relied on large-scale re-
inforcement learning (RL). In particular, RL with
verifiable rewards (RLVR, Lambert et al., 2024)
scores LLM responses using automated task ver-
ifiers and uses these scores as rewards to update
the model’s policy. Popularized by DeepSeekMath
and DeepSeek-R1 (Shao et al., 2024; DeepSeek-Al
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et al., 2025), RLVR has become a standard post-
training framework for open-source large reason-
ing models (see e.g., Liu et al., 2025a; Yu et al.,
2025; Zheng et al., 2025), with numerous follow-up
works appearing shortly thereafter (Section 2).

Existing RLVR algorithms face a fundamental
tradeoff between computational efficiency and sam-
ple efficiency. More accurate value or advantage
estimates can improve the sample efficiency of the
resulting policy optimization algorithm, but they
are often expensive to obtain. PPO-type algorithms
train an auxiliary critic network for value estima-
tion (Ouyang et al., 2022), while GRPO-type algo-
rithms sample multiple rollouts per prompt and use
their average reward for the estimation (Shao et al.,
2024; Liu et al., 2025b; Chu et al., 2025; Zheng
et al., 2025). These algorithms improve sample
efficiency at the cost of additional computation. In
contrast, single-rollout critic-free algorithms are
computationally cheaper, but their value estimates
are less accurate, leading to noisier policy updates.

In response to this tradeoff, we propose BASIS,
short for Batchwise Advantage estimation from
Single-rollout Information Sharing, a critic-free
RLVR algorithm that samples only one rollout per
prompt at each online training step.

* Methodologically, BASIS introduces a novel
batchwise advantage estimator that borrows rich
information across prompts in the whole batch
to improve value and advantage estimation (see
Figure 1 for an illustration). Together with of-
fline estimation and online calibration (Section
4), this enables BASIS to retain much of the sam-
ple efficiency of multi-rollout algorithms while
using only a single rollout during online training.

e For value estimation, BASIS is highly sam-
ple efficient: it substantially reduces the MSE
of single-rollout baselines and achieves lower
MSE than multi-rollout baselines using 8 roll-
outs. Moreover, unlike existing baselines, BA-
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SIS is robust to reward heterogeneity and prompt
difficulty while producing informative advantage
estimates (Section 5.1).

* For policy optimization, the BASIS advantage
estimator can serve as a plug-in component for
a range of RLVR algorithms. It stabilizes train-
ing and mitigates collapse during optimization.
The resulting fine-tuned model often outperforms
single-rollout baselines and remains competitive
with multi-rollout baselines while requiring con-
siderably less training time (Section 5.2).

2 Related Work

The algorithmic foundations of RLVR trace back to
a long line of policy gradient algorithms in the RL
literature (Sutton et al., 1999; Williams, 1992). One
central theme in this literature is variance reduc-
tion: more accurate value or advantage estimates
can reduce the variance of policy gradient estima-
tion and improve the quality of policy optimization
(Greensmith et al., 2004). Motivated by this ob-
servation, existing approaches can be divided into
four categories:

1. The first category, represented by PPO and SAO
(Hou et al., 2026), employs a deep neural net-
work to learn the value function and applies
generalized advantage estimation for variance
reduction (Schulman et al., 2016, 2017). While
effective, this approach introduces an additional
value network, making training substantially
more costly.

2. The second category, represented by GRPO, re-
moves the value network and uses the average re-
ward over multiple rollouts of the same prompt
as a proxy for the value function (Shao et al.,
2024; Ahmadian et al., 2024).

3. The third category follows the critic-free spirit
of the second category, but aims to reduce the
number of rollouts required per prompt. One
approach uses the reward of a greedy, determin-
istic rollout, which only requires one rollout
per prompt (Li et al., 2023). Another approach
reduces the required number of rollouts while
maintaining sample efficiency by borrowing re-
ward information either across training itera-
tions for the same prompt (Wang et al., 2025;
Xu and Ding, 2025; Gong et al., 2026; Ruan
et al., 2026), or across different prompts in the

same batch (Hu et al., 2025; Zeng et al., 2025;
Han et al., 2026).

4. The last category studies variance reduction
baselines beyond standard value functions (Hao
et al., 2025).

BASIS is most closely related to the third category,
especially those methods that exploit batch-level
reward information. However, as our experiments
show, BASIS achieves substantially smaller MSE
in value estimation than REINFORCE++ (Hu et al.,
2025), a representative batch-level baseline.

Beyond value and advantage estimation, existing
work also studies exploration, clipping, rejection
sampling, experience reuse, rollout down-sampling
and pruning, uncertainty and difficulty-aware up-
dates (Chen et al., 2025; Dai et al., 2025; Lin et al.,
2025; Shrivastava et al., 2025; Su et al., 2025;
Xiong et al., 2025; Xu et al., 2025; Zhang and Zuo,
2025; Zhan et al., 2025; Cheng et al., 2026). Since
BASIS only modifies the value function baseline,
it can serve as a plug-in component for many of
these RLVR pipelines.

Finally, recent work has begun to study the theo-
retical properties of RLVR (Pang et al., 2025; Davis
and Recht, 2025; Vojnovic and Yun, 2025; Yang
et al., 2026; Huang et al., 2026; Zhou et al., 2026).

3 Preliminaries

We first introduce notation that will be used
throughout the paper. We then describe how the
classical REINFORCE algorithm (Williams, 1992)
applies to LLM post-training. Finally, we use PPO,
GRPO, and REINFORCE++ as representative vari-
ance reduction baselines to illustrate the first three
categories of algorithms reviewed in Section 2.

Notation. We use z ~ D to denote a prompt
drawn from a training dataset D, and y ~ 7y (e|z)
to denote a rollout sampled from the LLM policy
g that we wish to fine-tune, with parameters 6.
For reasoning tasks, y contains both a reasoning
trace and a final answer. An automated task ver-
ifier returns a scalar reward r(z,y) € R, where
the reward function 7 usually measures the cor-
rectness of the final answer. Let B = {z;}2,
denote a batch of prompts. To simplify the no-
tation, we use 7; to denote r(x;,y;) for a given
prompt-rollout pair (z;,y;). We use 6, to denote
the model parameters at training iteration ¢, and de-
fine Viy = By r. (oz) (i )]s Aie = 10 — Vig
as the policy’s value and advantage, respectively.

6209



prompts completions rewards advantages
ODooo—ooo —0O0— O] — @ —>I3—>—>ot3jectivc
ooooo—moooo—ea— WIE;,‘;’Z;:“:;Z:‘JQ, — @ —>-/
<r> <b>

b = Wr;min ||V — Wr]|3
w

Figure 1: Overview of BASIS for constructing advantage estimates. BASIS samples one completion per prompt and
uses reward information from the whole batch to estimate value baselines. The baselines are weighted averages of
batch rewards, with the weight matrix W shown in the center. The diagonal entries of W are zero, shown in white,
enforcing a prompt’s own reward to be excluded when estimating its baseline. Unlike single-rollout baselines such
as REINFORCE++, which use a simple global average, BASIS chooses W by minimizing the MSE of the value
baselines. Advantages are then computed by subtracting the baselines from the observed rewards.

REINFORCE. RLVR algorithms fine-tune the pa-
rameters 6 by maximizing the expected reward

J(0) = ExND{EyWQ(.m) [r(x,y)] }, (1)

which can be optimized using stochastic gradient
methods (Robbins and Monro, 1951). Specifically,
its gradient V.7 (6) can be shown to equal

ExND{Ey~w9(0|x) [T(.’I), y)ve log 7y (y‘.%')] }

This identity motivates REINFORCE-type algo-
rithms: starting from an initial parameter 67, at
each training step ¢, the algorithm samples a batch
of prompts B = {z;}2, and one rollout ; ~
7o, (®|z;) per prompt. It then estimates Vo7 (6;)
by averaging the product of the reward r; and policy
score Vg log my, (yi|x;) over the batch, and applies
stochastic gradient ascent to update 6; to 6y, 1.

Variance reduction baselines. The REINFORCE
policy gradient estimator is unbiased, but often
suffers from high variance, especially when the
model is uncertain and sampled rollouts can vary
substantially in quality. This variability leads to
noisy rewards and gradient estimates, making pol-
icy optimization less stable. A standard remedy
is to construct an advantage estimate r; — b; by
subtracting a baseline b; from the reward r; before
multiplying by the policy score. Under suitable
conditions, the optimal baseline that minimizes
the variance of the policy gradient estimator is the
value function (Greensmith et al., 2004).

PPO, GRPO, and REINFORCE++ all adopt this
variance reduction principle, but differ in how they
construct b;, and hence the resulting advantage es-
timate. PPO sets the baseline to an estimated value
function learned by an auxiliary neural network,

which improves sample efficiency but introduces
substantial computational cost. GRPO sets b; to
the average reward over multiple rollouts from the
same prompt, which eliminates the need for a value
network but also increases computation through re-
peated rollout sampling. REINFORCE++ instead
uses a global batch baseline, given by a simple av-
erage of {r;};, which avoids both a value network
and multiple rollouts per prompt, but the result-
ing baseline is shared across all prompts and may
poorly approximate each prompt’s individual value.

These choices highlight the central tradeoff ad-
dressed in this paper: accurate baseline estimation
can be obtained by learning a value model or by
repeating rollouts for each prompt, but both ap-
proaches increase computation.

4 BASIS

We now introduce BASIS to address the tradeoff
between accurate baseline estimation and compu-
tational efficiency. At each online training step,
BASIS samples only one rollout per prompt while
leveraging the rich information available across
the entire training batch to improve each prompt’s
value and advantage estimation.

BASIS proceeds in three steps: offline value es-
timation, batchwise refinement, and online calibra-
tion. It first constructs an initial prompt-level value
estimate through offline estimation. It then refines
this estimate online using reward information from
the entire training batch. Finally, it calibrates the
refined estimator at each training step. Algorithm
1 summarizes the procedure for each training step.
Below, we first describe the second step, which is
the key ingredient of BASIS. We then explain how
the offline value estimates are computed, and how
the refined estimators are calibrated.
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Batchwise refinement. At each training step ¢,
given a prompt-rollout batch {(z;,y;)}2 |, BASIS
estimates the value V; ; for each x;. Its main idea
is simple: each V;; is estimated by a weighted
average of rewards from other prompts in the batch:

Vig = sz‘j?“j, ()
J#

where the weights {wj; };-; are prompt-dependent.
Such a linear combination allows BASIS to bor-
row information across prompts in the same batch,
yielding a low-MSE estimate from only one rollout
per prompt, as we show in the experiments.

Before specifying the weights w;;, we highlight
two features of this estimator. (i) It is prompt-
dependent: the weights vary with ¢, unlike the
global batch baseline used by REINFORCE++.
With a proper choice of weights, this allows BA-
SIS to better approximate the prompt-level value.
(ii) It follows the leave-one-out principle of RLOO
(Ahmadian et al., 2024): the reward r; of the target
prompt is excluded from its own baseline.

It remains to specify the weights w;;. The fol-
lowing proposition motivates our choice.

Proposition 1 (Best linear unbiased estimator
(BLUE)). For each prompt i, among all linear
estimators of the form (2) that are unbiased for
Vit e, E(‘ZAB) =V, +, the weights minimizing

E[(Vis — VM)Q\B] are

Vé,tV',t/sz

:ma Vje{l,---,B}\ {i},

3)

wij

where a? = Var(rj|z;).

Proposition 1 characterizes the ideal weights one
would use to minimize the MSE of the resulting
value estimator while preserving its unbiasedness.
Intuitively, when estimating the value of the ith
prompt, the weight increases with both the target
value V; ; and the source value Vj;, and decreases
with the source reward variance O']2~.

Of course, the BLUE weights cannot be used
directly during online training, because the true
values V; ; and variances 012 are unknown. BASIS
therefore uses this proposition as a guiding prin-
ciple. For binary rewards, given an initial value
estimate ‘A/i,t, we estimate the reward variance by
6}2 = 17”(1 - ‘/}zt) We then plug these estimates
into (3) to construct the refined estimator 17”

When some initial values are close to zero or one,
their Bernoulli variance estimates are close to zero,

making the weights in (3) numerically unstable. To
address this, we define the following active set

Atz{i:e<f/i,t<1—e},

for some small threshold € > 0. For prompts in the
active set, the sums in (2) and the denominator of
(3) are taken over A; \ {¢} rather than all prompts.
For prompts outside the active set, BASIS falls
back to the conservative zero baseline b; = 0.

We will describe how the initial value estimates
are obtained below. To conclude this batchwise
refinement step, we note that these initial estimates
could also be used directly for advantage estima-
tion without refinement. However, the batchwise
refinement yields a substantially more accurate es-
timator by leveraging information shared across
prompts. Figure 2 illustrates this effect by compar-
ing the MSEs of the initial and refined estimators
at three checkpoints. It can be seen that the refined
estimator achieves considerably lower MSE and is
much less sensitive to a calibration hyperparameter.

Offline value estimation. We next describe how
BASIS computes the initial value estimates XA/”
The idea is motivated by direct preference opti-
mization (Rafailov et al., 2023) and its extension
to LLM reasoning (Brantley et al., 2025). To be-
gin with, consider the following Kullback-Leibler
(KL)-regularized objective function,

EINDEyNW(.|I) [’f‘(l‘, y)
— BKL(7(o|2) || mer(e]2))],

where mef = mg, denotes the reference policy,
taken to be the initial policy before fine-tuning, and
B > 0 controls the strength of the KL penalty.

This objective is particularly appealing because
its maximizer 7I‘E admits the following closed-form
expression (Rafailov et al., 2023):

Tref (y2) exp (r(x, y))7

malole) = "0 ;

where Z3(x) is a normalizing constant. This ex-
pression connects ﬁg directly to mf. As a result,
estimating the value of 7; does not require training
or sampling from 7r/§ itself. Instead, it can be done
offline by sampling rollouts from m.; (Brantley
et al., 2025). We formalize this observation in the
following proposition.

Proposition 2 (Closed-form value under WE). For
any prompt x and > 0, the value function under
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Figure 2: MSE:s of the initial and refined estimators at three model checkpoints. The left panel reports MSE at an
early training stage, while the middle and right panels report MSE at later stages. Both estimators depend on a
hyperparameter /3, and the curves visualize their MSE across different values of /.

Algorithm 1 One online training step of BASIS

Require: Policy 7y,, batch B = {z;}2 |, search
interval B, cached reward statistics for evaluat-
ing Vg(xi), threshold e
Set 0,19 < 0;
fori=1,...,Bdo
Sample y; ~ 7y, (e|z;) and compute 7;
Set ‘//\;‘?t’g — Vg(xi), A g {i 1 e<
‘Z‘,t,ﬁ < 1— €}, compute XN/i,tﬁ by Egs. (2) and
(3) for B € B
end for
Select 5; by Eq. (5)
fori=1,...,Bdo R
Setb; Vi,t,ﬁt ]l{iGAt,,at} and A; < r;—b;
end for
10: Perform the policy update using {ﬁz}le

BN

R A 4

T equals

Vi (@) = Byors (ol (7, 9)]
Eyr (o) [P(2,y) exp(r(z,y) /B)] 4
Eyres (ol exp(r(z,9)/B)]

The expectations in both the numerator and de-
nominator of (4) are taken with respect to the refer-
ence policy m.r. This makes it feasible to estimate
V[;"(x) offline, without training or sampling from
772) itself. Specifically, for each prompt, we sample
a set of reference rollouts from 7, and score them
using the same automated verifier. We then com-
pute ‘75(30), a plug-in estimate of (4) by replacing
the expectations in the numerator and denominator
with their empirical averages over these reference
rollouts. These offline estimates are then used as
the initial value estimates in BASIS. Below, we
describe how the hyperparameter (3 is adaptively
selected across training steps.

Online calibration. To illustrate how the KL-
regularized optimal values V' can be used to ap-

proximate the values V; ; across training steps, con-
sider two extreme cases:

1. At the first training step, the value V;; is com-
puted under the initial policy, which is essen-
tially the reference policy. This corresponds to
setting [ to infinity: the KL penalty becomes
dominant, and the induced optimal policy WE
coincides with the reference policy.

2. When the algorithm converges, for sufficiently
large ¢, V;; approaches the value under the
reward-optimal policy that maximizes (1). This
corresponds to setting 3 close to zero: the KL,
penalty vanishes, and the induced optimal policy
7'(‘2 approaches the reward-optimal policy.

More generally, the KL-regularized optimal val-
ues provide a continuum of value estimates that
approximate how the policy value evolves from the
reference policy toward a reward-optimal policy
during training. Motivated by this observation, for
an arbitrary training step ¢ and prompt z, we use the
family of values {V};(z) : 8 € B} to approximate
the value of the current learning policy V; ;.

In our implementation, we set B = [0.01, 5].
The calibration parameter (3 is selected adaptively
at each training step, allowing its value to vary as
training progresses. Specifically, at each training
step ¢, we select 3 by minimizing

ST () —Vies)® 5

€A g

€ arg min
Pr € el Ths]

where 17” s and A; g denote, respectively, the
batchwise refined estimator and the active set ob-
tained by using ‘A/B (x;) as the initial value estimate.

Figure 8 in Appendix D visualizes the selected
B:. As expected, it generally decreases over train-
ing. Finally, we set the baseline b; = Ni,t,ﬁt and
compute the advantage as A\i,t =r; — b;.
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5 Experiments

We conduct numerical experiments to evaluate BA-
SIS along two dimensions: value estimation (Sec-
tion 5.1), where we measure the accuracy of the
estimated values, and policy optimization (Section
5.2), where we assess the downstream performance
of the fine-tuned models.

5.1 Value estimation

We begin with a high-level summary of our findings
and provide details in the following paragraphs.
BASIS is highly sample efficient and robust for
value estimation:

1. It reduces the REINFORCE++ value estimator’s
MSE by 69%, and with only a single rollout per
prompt, achieves smaller MSE than GRPO-type
estimators with 8 rollouts (Figure 3(a)).

2. Its estimator is also robust to reward heterogene-
ity within a batch, unlike the global baseline
used by REINFORCE++ (Figure 3(b)), and re-
mains robust across prompt difficulty levels, un-
like GRPO-type algorithms (Figure 3(c)).

3. Moreover, unlike GRPO, BASIS often produces
an informative nonzero advantage (Figure 3(d)).

Setup. We post-train Qwen2.5-Math-7B with
GRPO on a subset of the MATH dataset consisting
of Level 3-5 problems (Hendrycks et al., 2021).
We then use an intermediate training checkpoint to
evaluate the accuracy of different value estimators.
Specifically, for each prompt, we first approx-
imate its oracle value by averaging rewards over
256 Monte Carlo rollouts from the checkpoint. We
then repeat the following procedure: In each re-
peat, we independently sample a batch of prompts
from the same checkpoint, compute the BASIS,
GRPO, RLOO and REINFORCE++ value estima-
tors, and compute their squared errors against the
Monte Carlo oracle values. We then average these
squared errors over different repeats to obtain the
MSE. More details are provided in Appendix A.

Finding 1: BASIS is sample efficient. Figure
3(a) reports the MSE of different value estima-
tors averaged over all prompts. Compared with
single-rollout baselines such as REINFORCE++,
BASIS reduces the MSE by 69%. More strikingly,
even with one rollout per prompt, BASIS achieves
lower MSE than GRPO and RLOO with 8 rollouts.
This demonstrates the utility of batchwise learn-
ing: by borrowing information across the entire

batch, BASIS substantially improves value estima-
tion without requiring repeated rollouts from the
same prompt. Additionally, RLOO has larger MSE
than GRPO, since its leave-one-out construction
uses one fewer rollout for value estimation.

Finding 2: BASIS is robust. Figure 3(b) re-
ports the MSE of different value estimators across
data batches grouped by the heterogeneity of their
prompt-level values, measured by the standard de-
viation of {V;;}2 . Figure 3(c) reports the MSE
across subsets of prompts grouped by their values.

We make three observations. (i) First, BASIS
is nearly flat across all five groups in both figures,
demonstrating its robustness to both within-batch
reward heterogeneity and prompt difficulty. (ii)
Second, REINFORCE++ is sensitive to both fac-
tors. As batch-level heterogeneity increases from
0.21 to 0.31, its MSE nearly doubles. This is ex-
pected because the variance of the global batch
baseline used by REINFORCE++ increases nat-
urally with the within-batch reward heterogene-
ity. Similarly, across prompt difficulty levels, RE-
INFORCE++ performs best on medium-difficulty
prompts but incurs much larger MSEs on easy and
hard prompts, since the global batch mean pulls
all baseline estimates toward the middle. (iii) Fi-
nally, GRPO and RLOO perform worst on medium-
difficulty prompts. This is also expected for binary
rewards: prompts with values near the middle have
the largest reward variance.

Finding 3: BASIS is informative. Figure 3(d)
reports how often the estimated baseline is exactly
0 or 1, leading to a zero advantage and therefore a
zero contribution to the policy gradient estimator.
BASIS never returns a 0 or 1 baseline in this setting,
and therefore consistently provides an informative
signal. In contrast, GRPO often produces such
extreme baselines, particularly for easy and hard
prompts.

5.2 Policy optimization

We now show that improved value and advantage
estimation leads to more effective policy optimiza-
tion. In particular, our experiments demonstrate
three major findings:

1. The BASIS advantage estimator can be used as
a versatile plug-in component for a number of
multi-rollout GRPO-type algorithms, roughly
halving online learning time while preserv-
ing most of their downstream performance (Ta-
ble 1).
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Figure 3: MSE of various value estimates. (a) MSE aggregated over all prompts. (b) MSE across batches grouped
by the heterogeneity of within-group values, measured by the standard deviation of {V;;}2 ;. (c) MSE across
prompts grouped by prompt-level value. (d) Frequency with which the estimated baseline is exactly 0 or 1. G in the
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their MSEs are much larger with fewer rollouts. In (c) and (d), only GRPO results are reported to keep the figure
readable. MSEs of RLOO value estimators are deferred to Figure 4 in Appendix A. In (d), the yellow line (BASIS)

and the red line (REINFORCE++) largely overlap.

2. Compared with single-rollout REINFORCE-
type baselines, BASIS often achieves better
downstream accuracy, with absolute improve-
ments of up to 44.8 and 9.5 percentage points
over REINFORCE and REINFORCE++, re-
spectively, while using roughly one-half of their
computation (Table 1).

3. REINFORCE can collapse during training: its
downstream accuracy may drop considerably as
the number of training iterations increases. BA-
SIS shows a much more stable learning curve,
suggesting that more accurate value and advan-
tage estimation stabilizes single-rollout policy
optimization and helps avoid such collapse (see
Figure 6 in Appendix C).

Setup. We compare different algorithms by us-
ing them to post-train Qwen3-4B on the DAPO-
Math-17K training split (Yu et al.,, 2025) and
evaluating the resulting models on seven bench-
marks: AIME 2024, AIME 2025, AMC 2023,
MATH-500 (Hendrycks et al., 2021), Minerva
Math (Lewkowycz et al., 2022), OlympiadBench
(He et al., 2024), and HMMT 2025 (Balunovic
et al., 2025). For AIME, AMC, and HMMT, we re-
port avg@32, the average accuracy of the resulting
model over 32 sampled rollouts per problem. For
MATH-500, Minerva Math, and OlympiadBench,
we report accuracy from a single greedy determin-
istic rollout per problem.

We also evaluate the models on five out-of-
domain (OOD) benchmarks: HumanEval+ and
MBPP+ for code generation (Liu et al., 2023),
MMLU-Pro for broad-domain knowledge and rea-
soning (Wang et al., 2024), MGSM for multilingual
mathematical reasoning (Shi et al., 2023), and IFE-

val for instruction following (Zhou et al., 2023).
We report each benchmark’s standard task metric
as well as their average.

To demonstrate the versatility of BASIS as a
plug-in advantage estimation method, we combine
it with the original GRPO and two representa-
tive follow-up variants: GPG (Chu et al., 2025),
which removes the PPO step that requires impor-
tance sampling, and GSPO (Zheng et al., 2025),
which replaces the per-token importance ratio with
a sequence-level importance ratio. In each of these
combinations, BASIS modifies only the advan-
tage estimator: we use the BASIS baseline with
a single rollout per prompt, and compare it against
three baselines: the original GRPO-type algorithm,
which uses eight rollouts per prompt and the group
mean as the baseline; its vanilla single-rollout
version, which uses a zero baseline; and REIN-
FORCE++, which uses a global batch baseline. To
ensure a fair comparison, all algorithms use the
same sampling budget of 512 rollouts per train-
ing step. Thus, the 8-rollout methods sample 64
prompts per training step, while the single-rollout
methods sample 512 prompts per step. We train all
baseline algorithms for 300 steps, corresponding
to approximately 1.1 passes over the training set
with 17,398 prompts for 8-rollout methods and ap-
proximately 8.8 passes for single-rollout methods.
For BASIS, we train for only 150 steps, requiring
roughly half the online learning time. As shown
below, despite this reduced training budget, BA-
SIS achieves performance comparable to the multi-
rollout methods and often better performance than
the single-rollout baselines.
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AIME

AIME

AMC

MATH Minerva Olympiad HMMT

Objective Setting Time 5054 2025 2023 -500 Math  Bemch 2025 AYS
GRPO G =8, step 300 155h 0312 0298 0716 0880 0467 0537 0088 0471
GRPO Vanilla G =1, step 300 207h 0023 0021 0331 0444 0279 0234 0015 0.192
FREINFORCE++ G = 1, step 300 177h 0277 0271 0662 0826 0408 0487 0088 0431
+BASIS G =1, step 150 83h 0303 0281 0758 0892 0426 0559 0093 0473
AvsG =8 J2h 08  -17 442 +12  -40 +2.2 +04  +02

A v Vet J2.4h 4280 4260 +427 +448  +147  +325  +78  +28.1

A vs REINFORCE++ -9.4h +2.6 +1.0 +9.5 +6.6 +1.8 +7.3 +0.4 +4.2
GPG G = 8, step 300 140h 0369 0286 0788 0880 0426 0570 0123 0492
GPG Vanilla G =1, step 300 186h 0056 0093 0558 0488 0184 0182 0025 0227
FREINFORCE++ G — 1, step 300 120h 0272 0281 0748 0874 0426 0558 0082 0463
+BASIS G =1, step 150 64h 0338 0284 0762 0884 0430 0574 0107 0483
AvsG =8 J6h 30 02 27 404 404 +0.5 16 -09
A Ve d22h 4282 4192 4204 +39.6 4246  +39.2  +82 4256

A vs REINFORCE++ -6.5h +6.7 +0.3 +1.4 +1.0 +0.4 +1.6 +2.5 +2.0
GSPO G =8, step 300 144h 0365 0296 0794 0896 0463 0588 0117 0502
GSPO Vanilla G = 1, step 300 13.0h 0234 0241 0751 0868 0423 0586 0105 0458
REINFORCE++ G = 1, step 300 130h 0350 0265 0794 0908 0441 0599 0108 0495
+BASIS G =1, step 150 72h 0320 0269 0754 0888 0460 0565  0.114 0481
AvsG=8 J2h 45 27 40 08 04 22 03 21

A i Vet 58h 485 428 403 420 437 2.1 +08  +2.3

AvsREINFORCE++ -5.8h 3.0 +04 -40 20  +18 34 +05 14

Table 1: Online policy optimization experiments on Qwen3-4B. G denotes the number of rollouts per prompt.
BASIS with G=1 is trained for 150 steps and compared against three baselines trained for 300 steps: (i) the 8-rollout
(G=8) GRPO-type algorithm, (ii) its vanilla single-rollout (G=1) variant, and (iii) another single-rollout variant
combined with the REINFORCE++ global batch baseline. Avg is the unweighted average accuracy across the seven
math benchmarks shown. Each BASIS row is followed by three A rows comparing it against the three baselines,
respectively. Accuracy differences are reported in percentage points. The A entry under Time gives the reduction in
online learning wall-clock time achieved by BASIS. Green indicates that BASIS outperforms the baseline; gray
indicates that BASIS is within 5 percentage points below the baseline.

For the OOD evaluation, we apply BASIS only
to GRPO. Additional implementation details as
well as the computational cost of BASIS for base-
line estimation are provided in Appendix D. In Ap-
pendix C, we report an additional study in which
we post-train Qwen2.5-Math-7B and compare BA-
SIS against GRPO under the same protocol.

Finding 1. BASIS is competitive with 8-rollout
methods while halving the online learning bud-
get. Table 1 reports the results on the seven in-
domain mathematical reasoning benchmarks. Com-
pared with 8-rollout GRPO, BASIS achieves a
slightly higher average accuracy across the seven
benchmarks, with a gain of 0.2 percentage points,
and outperforms GRPO on 4 of the seven bench-
marks. Compared with 8-rollout GPG and GSPO,
BASIS is slightly lower on average, by 0.9 and 2.1
percentage points, respectively. Importantly, these
results are obtained with half the online sampling
budget: BASIS uses 76.8K sampled responses,
compared with 153.6K for the 8-rollout baselines,
reducing online learning wall-clock time by 7.2 to
7.6 hours across the three GRPO-type algorithms.

Finding 2. BASIS often outperforms single-
rollout methods using roughly one-half of their
online learning time. Table 1 further shows that
BASIS improves the average accuracy across the
seven benchmarks by 28.1 and 25.6 percentage
points over single-rollout vanilla GRPO and GPG,
respectively, and by 4.2 and 2.0 percentage points
over their REINFORCE++ variants. These gains
are positive on every individual benchmark, rang-
ing from 0.3 to 44.8 percentage points. Importantly,
BASIS achieves these improvements with substan-
tially less training time, ranging from about half
the compute used by the REINFORCE++ variants
to about one-third of that used by single-rollout
GPG.

Compared with single-rollout GSPO, the im-
provement is more modest. Using roughly 55% of
the training time of the two GSPO single-rollout
variants, BASIS improves the average accuracy
over vanilla GSPO by 2.3 percentage points, but
is 1.4 percentage points lower than its REIN-
FORCE++ variant with half of the compute budget.

The OOD results reported in Table 2 further
confirm this finding: BASIS improves the aver-
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Objective Setting HumanEval+ MBPP+ MMLU-Pro MGSM IFEval Avg
Base model no RL 67.1 64.0 51.2 78.9 79.7 68.2
GRPO G = 8, step 300 82.3 71.2 61.5 82.0 83.4 76.1
GRPO Vanilla G =1, step 300 57.9 53.4 47.8 69.1 76.3 60.9
+REINFORCE++ G =1, step 300 73.8 66.9 56.3 80.5 78.9 71.3
+BASIS G =1, step 150 82.3 69.8 61.8 82.6 80.2 75.3
AvsG =28 0.0 -1.4 +0.3 +0.6 -3.2 -0.7
A vs Vanilla +24.4 +16.4 +14.0 +13.5 +39 +144

A vs REINFORCE++ +8.5 +2.9 +5.5 +2.1 +1.3 +4.1

Table 2: OOD evaluation of GRPO variants trained on DAPO-Math-17K.

age score by 14.4 percentage points over vanilla
single-rollout GRPO and by 4.1 points over RE-
INFORCE++, with consistent gains across all five
OOD benchmarks.

Finding 3. BASIS prevents collapse in single-
rollout policy optimization. A closer look into the
learning curves in Figure 6 (Appendix C) reveals
that vanilla GRPO and GPG collapse during train-
ing: vanilla GRPO barely learns, and its accuracy
measure generally decreases over training. Vanilla
GPG improves at first, but after peaking before
the middle of training, its performance steadily de-
clines. In contrast, BASIS does not suffer from this
collapse. Together with the results in Section 5.1,
these findings suggest that sample efficient value
and advantage estimation stabilizes single-rollout
policy optimization and helps prevent collapse.

6 Discussion

This paper introduces BASIS for rollout-efficient
RLVR. Methodologically, BASIS samples only one
rollout per prompt during online training, while
leveraging batchwise information sharing to im-
prove value and advantage estimation (Figure 2).
Empirically, BASIS is highly sample efficient and
robust for value function estimation, and often pro-
duces informative advantage estimates (Figure 3).
For policy optimization, BASIS often improves
over single-rollout baselines, helps prevent collapse
during training and achieves similar performance
to multi-rollout baselines with substantially less
computation (Table 1). These gains also persist in
out-of-domain evaluations covering code genera-
tion, general knowledge, multilingual reasoning,
and instruction following (Table 2).

Although our experiments in Section 5 primarily
use binary verifiable rewards, BASIS can also be
extended to settings with continuous rewards. Ap-
pendix E discusses this extension and evaluates it

in a reinforcement learning from human feedback
(RLHF) setting on the Helpful and Harmless (HH)
dataset (Bai et al., 2022). It can be seen from Fig-
ure 9 that BASIS attains higher training rewards
than the single-rollout REINFORCE and REIN-
FORCE++ baselines in the later stage of training,
providing evidence that its benefits extend beyond
binary reward RLVR settings.

Limitations

This work has a few limitations. First, the BLUE
and unbiasedness guarantees in Proposition 1 re-
quire the initial value estimates to be independent
of the data batch used for batchwise refinement.
These guarantees therefore do not directly apply
when the initial estimates are adaptively calibrated
using the same batch. While Appendix D outlines a
simple way to preserve the required independence
by calibrating the initial value estimates using the
preceding batch instead, a more thorough investi-
gation of this issue is left for future work. Second,
BASIS improves value and advantage estimation
by borrowing information across prompts within
the same training batch. A complementary line
of work borrows information for the same prompt
across different training steps (Wang et al., 2025;
Xu and Ding, 2025; Gong et al., 2026; Ruan et al.,
2026). These approaches could potentially be com-
bined with BASIS to share information both across
prompts within a batch and across training iter-
ations, further improving the post-training algo-
rithm’s sample efficiency.
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Appendix

A Experimental Details for Value
Estimation

This section details the value estimation experi-
ments in Section 5.1. All experiments are con-
ducted at a fixed GRPO-trained checkpoint 7yg,,
initialized from Qwen2.5-Math-7B and optimized
on the Level 3-5 subset of the MATH dataset
(Hendrycks et al., 2021). For each repeat, we sam-
ple a batch of prompts and estimate each prompt’s
oracle value V; ; using 256 Monte Carlo rollouts
from the checkpoint. All value estimators are then
constructed from a separate set of reward samples
from the same checkpoint.

More specifically, we fix the batch size at B =
64 and vary the number of rollouts per prompt
G € {1,2,4,8} for GRPO and G € {2,4,8} for
RLOO (which requires at least two rollouts to leave
one out), while BASIS is evaluated in the single-
rollout setting with G = 1. For each repeat, we
draw a batch of prompts without replacement and
sample up to eight rewards per prompt. To ensure
a fair comparison across different values of G, the
value estimator for each G is computed using the
first G rewards from the same set of rollouts. The
reported metric is the mean squared error (V;; —
V;,t)Q, averaged over prompts and then over 10
repeats.

Baseline algorithms. We compare BASIS with
three baseline algorithms:

* GRPO uses the within-prompt group reward
mean as its baseline:

* RLOO uses a leave-one-out group baseline,
where the baseline for each sample is computed
from the other completions generated from the
same prompt:
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* REINFORCE++ uses the global reward mean
within the current batch as its baseline:
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Figure 4: MSE of RLOO value estimator (left) and
frequency with which its estimated baseline is exactly
0 or 1 (right). Results for BASIS and REINFORCE++
are also reported for completeness.

Effect of batch heterogeneity. We examine how
the accuracy of the value estimator varies with the
heterogeneity of the sampled prompt batch. We fix
B = 64 and sample 500 batches to ensure suffi-
cient diversity across the sampled prompt batches.
For each batch b, we define its heterogeneity score
as s := std;ep(Vi¢), which is the standard devia-
tion of the 64 oracle prompt values in that batch.
The minimum and maximum observed heterogene-
ity scores across the 500 batches are 0.206 and
0.307, and we divide this interval into five bins
with uniformly spaced boundaries: [0.206, 0.226),
[0.226,0.246), [0.246, 0.266), [0.266,0.287), and
[0.287,0.307]. Within each bin, we report the MSE
of each value estimator, first averaged over prompts
within each batch and then averaged across batches
in the bin.

Effect of prompt difficulty. We further evalu-
ate how the accuracy of the value estimator varies
across different prompt-difficulty levels. For each
repeat, we first sample a batch of B = 64 prompts
and compute the oracle value estimate per prompt.
We next stratify all prompts by their oracle val-
ues into five difficulty bins: [0,0.2), [0.2,0.4),
[0.4,0.6), [0.6,0.8), and [0.8, 1]. Within each bin,
we similarly report the MSE of each value esti-
mator, averaged over prompts within that bin and
across 10 repeats.

Sensitivity analysis. We evaluate the sensitivity
of BASIS to the active-set threshold €, the number
of offline reference samples n, the online estima-
tion batch size B, and the number of candidate val-
ues in the 3 grid. Following the value estimation
experiments in Section 5.1, we use Qwen2.5-Math-
7B checkpoints from the early, middle, and late
stages of training and compute oracle values using
256 held-out rollouts. We vary one hyperparameter
at a time while holding all others at their default
values (e = 107%, n = 64, and B = 64, together
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with the default 5 grid).

Figure 5 shows that BASIS is stable over a broad
range of hyperparameter choices. The MSE is
nearly unchanged for ¢ € [107%,1072], and us-
ing between 8 and 64 candidate 5 values produces
similar results. Increasing the offline cache from
n = 8 ton = 64 reduces MSE by approximately
55-59% across the three training stages. Increasing
B improves estimation up to about B = 64-128,
beyond which the improvement is marginal.

B Alternative Information-Sharing
Approaches

In Section 4, we construct the BASIS baseline as a
weighted average of rewards from the same batch,
with data-adaptive weights chosen to form a best
linear unbiased baseline; we refer to this main es-
timator as UNB for unbiasedness. More broadly,
batchwise information can be shared in other ways,
such as using weighted averages without the unbi-
asedness constraint, or using importance weights
based on ratios of initial value estimates. In this
section, we study two such alternatives, namely, the
Variance-OPtimized shrinkage baseline (VOP) and
the Ratio-average Value-Guided baseline (RVG).
Using the Qwen2.5-Math-7B checkpoints, single-
rollout VOP and RVG perform comparably to UNB
and match or outperform GRPO with G=8 rollouts
on most math benchmarks, while using roughly
half the online training time (see Appendix C, Ta-
ble 4).

Before defining each variant, we note that both
approaches reuse the same offline initial value esti-
mator and the same calibration method for selecting
B as UNB does. We use notation similar to that in
Section 4: 17“ = ‘A/gt (z;), 02 = ‘7“(1 - 17”) and
Ay is the active set in Algorithm 1. The formulas
below apply only to active prompts; prompts out-
side A; use the zero baseline. For reference, the
UNB proposed in the main text can be written as

Y. Viar/o;

SUNB _ 1 J€ANi .
Vie m =Viu Z 52 /2 ; i€ Ay,
VA2
jeAN{i}
(6)

by plugging \7;-715 and 57 into Eq. (3).

Both variants detailed below share the same idea
of weighting the batch rewards by the offline values
17i¢, and they differ in the weights.

Variance-OPtimized shrinkage baseline (VOP).
VOP drops the unbiasedness constraint adopted by
UNB. The following proposition derives VOP’s
weights; its proof is given in Appendix F.

Proposition 3. Fix a training step t, a target
prompt i, and condition on the prompt batch
Xp := {z}2_,. Among all leave-one-out linear
baselines b; = E#i wi;7;4, without imposing the
unbiasedness constraint, the weights minimizing

E[(Vit — b;)? | Xp| are

VOP _ Viivj,t/agz
Y L4+ ks V/If,t/"/%7

By Proposition 3, for each active prompt ¢, we
define the VOP estimator by

> V)57

j#.

w

~ =~ e A\ {7 .
VNP =y, Y e,
1+ Z V2,63
JEAN}

Compared to the UNB estimator in Eq. (6), VOP
includes an additional 1 in the denominator, which
shrinks the estimator toward zero, trading unbiased-
ness for lower MSE.

Ratio-average Value-Guided baseline (RVG).
RVG computes the value estimator by
PRVG _ 1 Vit
7

- =Ty, i€ A
|A| — 1 ! '

jeAN{} Vj’t

It can be viewed as an importance sampling esti-
mator, where the ratio V; ; /V; ; reweights rewards
from other prompts to borrow information.

C Additional Online Learning Results

Section 5 reports BASIS’s performance at step
150. In this section, we evaluate its performance
over steps 150-300 and compare against the vanilla
single-rollout algorithms. The results are visual-
ized in Figure 6. We observe that vanilla GRPO
and GPG collapse after approximately step 150,
with their performance deteriorating substantially
as training progresses. Only vanilla GSPO survives
beyond this point. BASIS lifts every objective onto
a monotonically improving trajectory. Figure 7
compares BASIS against a stronger single-rollout
baseline, REINFORCE++. It can be seen that BA-
SIS dominates uniformly across all seven bench-
marks, with a visible gap from Step 100 onward.
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Figure 5: MSE of BASIS value estimator at early, middle, and late training stages in the sensitivity analysis. Shaded
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Figure 6: Accuracy of Qwen3-4B models fine-tuned by Vanilla (with a zero baseline) and BASIS coupled with
GRPO (orange), GPG (red), GSPO (teal) across seven math benchmarks. Solid lines are exponentially smoothed
with a window of 3; lighter curves in the same colors show the raw scores.

In addition to the experiments on Qwen3-4B, we
apply the same online RL protocol to Qwen2.5-
Math-7B, compare the three BASIS weighting vari-
ants described in Appendix B, and report the re-
sults in Table 4. We observe that the three BA-
SIS variants match or outperform GRPO on five
of the seven benchmarks, despite being trained
for only 150 steps, compared with 300 steps for
GRPO: UNB performs best on AMC 2023 and
MATH-500, RVG on AIME 2024 and Olympiad-
Bench, and VOP on AIME 2025. These results
demonstrate that BASIS generalizes across mod-
els (Qwen2.5-Math-7B and Qwen3-4B) and across
different weighting variants, suggesting that the
benefits of information sharing are not tied to a
particular choice of weights and models.

D Implementation Details for Policy
Optimization

Before online RL, we sample n completions from
the reference policy on each training prompt and
score them with the same verifier used for online
rewards. For each prompt z;, the cache stores the
offline sample size n; = n and the empirical mean
reward p;. We set n = 64 for the Qwen3-4B ex-
periments and n = 32 for the Qwen2.5-Math-7B
experiments. In general, we recommend using a
comparable offline sample size, subject to the avail-
able offline sampling budget.

For binary rewards, our estimated value takes
the following form:

piexp(1/p)
1 —pi+piexp(1/B)’
given a regularization parameter 5. We evaluate
‘7/3(.%) on a fixed grid of 230 values of 3 spanning

Vs (i) =
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Figure 7: Accuracy of Qwen3-4B models fine-tuned by REINFORCE++ (with a global batch baseline) and BASIS
coupled with GRPO (orange), GPG (red), GSPO (teal) across seven math benchmarks. The rest is the same as in

Figure 6.

[0.01, 5.0]: 200 values with a step size of 0.01 over
[0.01, 2.00], followed by 30 values with a step size
of 0.1 over [2.1,5.0]. This yields a 17,398 x 230
lookup table, occupying approximately 16 MB on
disk. Figure 8 visualizes the resulting calibrated 3
values over the course of online training.

The offline rollout process takes a few hours on
the same four-GPU node used for training, while
the subsequent closed-form evaluation of 17,3 takes
only seconds on a single CPU. Once computed,
the initial estimator can be reused across all three
policy objectives and all three weighting variants
(UNB / RVG / VOP). Since this precomputation
is shared across the BASIS settings, its effective
per-experiment overhead is well below 5% of the
training wall-clock time.

For online policy learning, we adopt the imple-
mentation from verl (Sheng et al., 2024), replac-
ing only its advantage estimator with BASIS’s es-
timator. At each calibration step, BASIS chooses
B¢ by minimizing Eq. (5) over the precomputed
grid. This amounts to minimizing over the 230
precomputed grid values for each of the 512 active
prompts, costing less than a millisecond per step on
a single GPU. As an alternative to using the same
data batch for both batchwise refinement and cal-
ibration, one can select the calibration parameter
using the preceding online batch to preserve the

BASIS online B calibration (EMA smoothing =0.9)

5 GRPO + BASIS
GPG + BASIS
GSPO + BASIS

B: (online calibration parameter)

0 20 40 60 Training isep 100 120 140
Figure 8: Calibrated values of 3; during BASIS training
on Qwen3-4B when coupled with GRPO, GPG, and
GSPO. At each training step, the calibrator selects 3;
by minimizing Eq. (5) over the precomputed 230-point
grid § € [0.01,5.0]. All three runs start near the upper
end of the grid and settle into a narrow band around
B =~ 0.4 by approximately step 80, where they remain
for the rest of training. Solid lines show the smoothed
calibrated ; values; lighter curves in the same colors
show the corresponding raw selected (3; values.

unbiasedness of the value estimate:

1 s 7 2
L(B) = A > (7 =V
s, i€As g
PP eargmin La(8), b = Vi

Prompts whose selected offline value falls out-
side the active set use the zero baseline; all other
prompts use the cross-prompt BASIS baseline. We
set € = 1076 for the active set threshold through-
out.

6223



Objective Setting Step Responses Time
GRPO G=8 300 153.6K 15.5h
GRPO Vanilla G=1 300 153.6K 20.7h
+REINFORCE++ G =1 300 153.6K  17.7h
+BASIS G=1 150 76.8K 8.3h
+BASIS G=1 300 153.6K 16.6h
GPG G=8 300 153.6K  14.0h
GPG Vanilla G=1 1300 153.6K 18.6h
+REINFORCE++ G =1 300 153.6K 12.9h
+BASIS G=1 150 76.8K 6.4h
+BASIS G=1 300 153.6K 12.7h
GSPO G=8 300 153.6K 14.4h
GSPO Vanilla G=1 300 153.6K  13.0h
+REINFORCE++ G'=1 300 153.6K  13.0h
+BASIS G=1 150 76.8K 7.2h
+BASIS G=1 300 153.6K  14.3h

Table 3: Computation time for fine-tuning Qwen3-4B
models. Both single-rollout and multi-rollout baseline
algorithms are trained for 300 steps, corresponding to
approximately 1.1 passes over the DAPO-Math-17K
training set for 8-rollout methods and approximately 8.8
passes for single-rollout methods. BASIS is trained for
150 steps.

AIME AIME AMC MATH Minerva Olympiad HMMT

Method 2024 2025 2023 -500  Math  Bench 2025

GRPO (G = 8) 0244 0102 0597 0762  0.324 0406 0.019
+BASIS-UNB (G =1) 0245 0.107 0.655 0.780 0309 0409 0019
+BASIS-RVG (G =1) 0256 0.117 0622 0773 0298 0417 0015
+BASIS-VOP (G =1) 0240 0.118 0.634 0768 0303 0416 0018

Table 4: Online policy optimization experiments on
Qwen2.5-Math-7B. Similar to the experiments on
Qwen3-4B, BASIS is trained for 150 steps, whereas
GRPO is trained for 300 steps. All algorithms sample
512 rollouts per training step, so BASIS methods train
on eight times as many different prompts per step as
8-rollout GRPO. UNB is the main algorithm presented
in the main paper (Table 1); RVG and VOP variants are
defined in Appendix B. The best result in each column
is bolded, and the second best result is underlined.

Finally, the Qwen2.5-Math-7B experiments use
max prompt length 1024, max response length
2048, learning rate 1075, rollout temperature 1.0,
top-p=1.0, top-k= — 1, DAPO-Math-17K training
data (Yu et al., 2025), on four GH200 GPUs. The
Qwen3-4B experiments use the same learning rate
and temperature with max response length 4096,
on four GH200 GPUs. In both cases, the rollout
budget is 512 per online training step. The PPO
mini-batch size is 256 for single-rollout algorithms
and 32 for 8-rollout algorithms, respectively, so
that each training step performs 2 PPO inner up-
dates. We did not implement KL regularization,
following the recent consensus (Yu et al., 2025).

E Extensions to Continuous Rewards

BASIS requires an estimate of the reward variance
to implement batchwise refinement. For binary
rewards, we can use the plug-in estimate 81-2 =
‘Z’,t(l — XA/”) For a continuous scalar reward, how-
ever, the reward variance cannot be recovered from
its value function alone. We instead estimate the
conditional second moment My ;; := E[r5 | z;]
to derive the reward variance
0']2- = MZ,j,t — Vft
This additional quantity can be obtained from the
same offline reference-policy rollouts used to esti-
mate the value. Indeed, applying the exponential-
tilting identity in Proposition 2 to the first and sec-
ond reward moments gives

Eﬂref [T‘(x,y)er(l’,y)/ﬁ | x]
Er, [er@9)/B [ z]

oo Erg[r(a,y)?er @07 o

MQ,ﬁ(:E) - Eﬂref [er(;t,y)/ﬁ | 1’]

Vi (@) =

Suppose the offline cache contains M reference-
policy rewards r;1, ..., 7jp for prompt z; and let
¢jm(B) = exp(rjm/B). We then compute

- Y 4im(B)rjm
V) = S )
SN i (B)
S gim(B)
63(w;) = max{ Mas(a;) = V(w;)%, 0

i

)

Ma p(z5) =

where ¢ > 0 is a small constant.

At each online step t, we set 173»7,5,5 = 175(%’)
and 5]27157 5= 8% (x;) and substitute these estimates
into the formula from Proposition 1, which yields:

- Vit 6Vie5/03, 5
ij .8 = 052 ~2
Z Vk,t,ﬁ/ak,t,ﬁ
ki
Vitg = D Disims @
i

If the denominator in Eq. (7) is zero, we use the
same zero baseline as in the binary reward setting.
Finally, (3; is selected from the current online batch
by Eq. (5).

We further implement this extension using the
HH dataset, which contains preferred and rejected
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Figure 9: Training rewards on the HH dataset for BA-
SIS and the single-rollout REINFORCE and REIN-
FORCE++ baselines.

responses. We partition the data into three disjoint
subsets, containing 5,000 preference pairs for train-
ing a reward model, 2,000 preferred responses for
supervised fine-tuning, and 2,048 prompts for RL
policy optimization. For each subset, we reserve
5% of the data for validation.

We initialize the policy and reward model from
Qwen2.5-1.5B-Instruct, fine-tune the policy on pre-
ferred responses for 200 steps, and train a Bradley—
Terry reward model on paired preferences for 1,000
steps. For RL policy optimization, all methods
use maximum prompt and response lengths of 512
tokens, sampling temperature 1.0, learning rate
5 x 10~7. BASIS constructs its offline prompt val-
ues from 32 responses per prompt sampled from the
supervised policy and scored by the reward model.
We standardize the reward-model scores using
the mean and standard deviation computed from
these offline scores, subtracting the offline mean
and dividing by the standard deviation of these
scores. Figure 9 reports the resulting standardized
rewards. We observe that BASIS achieves substan-
tially higher rewards than both REINFORCE and
REINFORCE++ at later stages of training.

F Proofs

F.1 Proof of Proposition 1

Proof. Fix a training step ¢, a target prompt ¢, and
condition on the prompt batch Xp = {z;}2_,
Under the independent rollout sampling used by
BASIS, the rewards from different prompts are
conditionally uncorrelated given the prompt batch.
Hence, for any leave-one-out linear baseline b; =

Ej;éi WijTy,

Elb; | Xp] = Z wij Vi
J#i
The unbiasedness constraint is therefore
Z wl]V77t = ‘/;'7t'
J#
On this constrained set, the conditional MSE equals
the conditional variance:

E[(Vi: — bi)? | Xg] = Var(b; | Xp)
- wa g5
JFi

Thus the optimal weights solve the quadratic pro-

gram
: 2 2
min E w05

(wig)j£i gy
> wiVie =V,
J#1
In the non-degenerate case ), ; V2, /o > 0, the
Lagrangian

£l ) = Y udo? + 2T wgVie - Vi)
JFi JF

has first-order condition
2wijos + AVjy =0,  j#i.

Therefore w;; = —AVj+/(207). Substituting this
expression into the unbiasedness constraint gives

A Vi 2Vi.q
_Z = Viy, A= —— 27wt
2 kZ#Z o} Z Dkt Vk?,t/al%
Hence
Vi Vi /o2
wij = %7 j i,
Zk;;ﬁi Vk,t/%

which is Eq. (3). Since the objective is strictly
convex whenever sz > 0, these weights are the
unique minimizer. O

F.2 Proof of Proposition 2

Proof. Fix a prompt « and 8 > 0. We first derive
the optimizer of the KL-regularized objective using
the same variational calculation as in DPO-style
derivations (Rafailov et al., 2023). Let

ref

py=7(y|z),  p =Tty | ),
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where the sums below range over responses in the
support of me¢(e | ). For this fixed prompt, the
objective is

J, p) = Zpyr(13 y /szy ref
Yy

The maximization is over distributions p satisfying
>, by = L. Its Lagrangian is

)\):ZpyT(.T y ﬁzpy ref
y
+A(Xp - 1),

For any response y with pref > 0, the first-order
condition is

0= 2L
Opy
_ Dy
=r(z,y) — ﬁ(log =+ > + A
Dy

Solving this equation gives

py = C i exp(r(z,y)/B)

where C' = exp(\/S — 1) does not depend on y.
Enforcing Zy py = 1 yields

Zpref exp(r(z,y)/B)

= Eywref(.m lexp(r(z,y)/B)] =: Z(z).

Therefore the unique maximizer is

et (y | ) exp(r(z,y)/B)
Zp(x)

The objective is concave in p because it is a linear

reward term plus — 3 times a convex KL term, so

the stationary point is globally optimal.
Now substitute this optimizer into the reward

value:
F(x) =Y _mh(y | x)r(x,y)

ma(y [ x) =

where

Zpref r(z,y) exp(r(z,y)/5).

Writing the sums in Ng(x) and Zg(x) as expecta-
tions under ¢ (@ | x) gives Eq. (4). O

F.3 Proof of Proposition 3

Proof. Fix a training step ¢, a target prompt 7, and
condition on the prompt batch X'p. For a leave-
one-out linear baseline b; = i WigTjs the con-
ditional MSE decomposes as

E[(Viz — b;)? | X5]
2
(- D) et
i i

This is the same quadratic objective as in the proof
of Proposition 1, but without the linear unbiased-
ness constraint. Its first-order condition is

=2V (Vig = 3 wiVie ) + 2wijo = 0,

ki
J#
Letc=V;; — Zk# Wi Vi ¢ Then
Vit
wi; = )
(%) 0_2

Substituting this expression into the definition of ¢
gives

Vit
Cc = zt & Cc = 3 R
; V4> Vid/ ok
Therefore
Vi Vii)o?
wij = iVial 9 J#1

L+ 30 Vi o

which proves the claim. The objective is strictly

convex whenever 0]2- > 0, so the minimizer is
unique. O
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