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Abstract

The performance of large language models is
tied to the quality and organization of their
training data. However, existing data metrics
emphasize surface-level properties, such as se-
quence length or model-based quality scores,
and provide limited insight into how the in-
ternal organization of data relates to optimiza-
tion. We study the structural fabric of training
data, defined as the pattern of semantic depen-
dencies within a sequence. We quantify this
property using dependency density, a normal-
ized measure of effective segment-level depen-
dencies. Across data length, domain, and for-
mat, we find that dependency density varies
with data configuration: code shows higher de-
pendency density than natural language within
long-context data, and instruction-tuning map-
pings show higher dependency density than
raw intra-input modeling. We show that coher-
ent structural fabric is associated with a lower
gradient effective rank, indicating a more con-
centrated optimization geometry with reduced
gradient interference. We observe that this low-
rank optimization regime is associated with a
more stable intrinsic dimension, preserving a
compact representation manifold that may mit-
igate representation noise and support down-
stream performance. These results provide a
geometric perspective on how data structure
relates to LLM training, linking data configura-
tion, optimization dynamics, and model behav-
ior through the lens of structural fabric.

1 Introduction

Large language models (LLMs) have demonstrated
exceptional performance across a wide range of
real-world tasks, including mathematical reason-
ing, dialogue, and code generation (Achiam et al.,
2023; Guo et al., 2025). While it is established that
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model performance is highly driven by the qual-
ity and composition of training data (Zhou et al.,
2023), the link between data properties and training
dynamics remains under-explored. Prevailing per-
spectives often characterize data through surface-
level metrics such as sequence length (Xia et al.,
2025) or model-based scores (Li et al., 2024), over-
looking the intrinsic structural fabric of the data.
These limitations motivate a structural view of data
that connects intra-sequence dependency organiza-
tion to the geometry of training.

In this paper, we ask: through what geometric
mechanism does the intrinsic organization of data
influence the final performance of LLMs? To an-
swer this, we establish an analytical framework
bridging the structural fabric of data, optimiza-
tion geometry, and model behavior. We quantify
structural fabric with dependency density, which
measures the average concentration of effective de-
pendencies after normalizing away length-induced
accumulation. Our investigation shows that coher-
ent structural fabric fosters a low-rank gradient
manifold, which acts as a geometric regularizer
that stabilizes the model’s intrinsic dimension.
This chain of influence helps compress informa-
tion into a coherent manifold, thereby improving
performance on complex downstream tasks.

We analyze structural fabric across three dimen-
sions: length, domain, and format. The result-
ing profile reveals that density is configuration-
dependent rather than a monotonic function of
length: code is denser than natural language within
long-context data, and instruction-tuning mappings
are substantially denser than raw intra-input model-
ing. This distinction matters because two samples
with similar surface quality can provide very dif-
ferent training signals: one may expose explicit
causal links across segments, whereas another may
contain fluent but weakly coupled text.

We next examine the resulting optimization ge-
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Figure 1: Our analytical framework bridging data structural fabric, optimization geometry, and model behav-
ior. The structural fabric of training data (left) shapes the optimization geometry (middle), where strong dependency
structure is associated with low-rank, coherent gradient updates. This process may act as a geometric regularizer that
helps stabilize the model’s intrinsic dimension (right), reducing representation blurring and supporting performance

across downstream tasks.

ometry. More coherent structural fabric is reflected
in a more concentrated gradient spectrum and a
lower gradient effective rank. This low-rank regime
indicates that optimization is driven by coherent
signals while suppressing gradient conflicts from
semantic ambiguity or input noise. Finally, to char-
acterize the resulting model behavior, we monitor
the evolution of the model’s intrinsic dimension.
Data with coherent dependencies stabilizes this di-
mension throughout training, whereas less coherent
update patterns lead to dimensional inflation, a sign
of representation noise that degrades downstream
performance.

In summary, our contributions are as follows:

* We establish an analytical framework that bridges
the structural fabric of data, optimization ge-
ometry, and model behavior. This framework
offers a geometric perspective for explaining how
intrinsic data dependencies shape the training tra-
jectory, moving beyond surface-level statistics.
We adopt dependency density to quantitatively
characterize training data. We show that struc-
tural fabric varies systematically with data length,
domain, and format.

* We demonstrate that coherent structural fabric
induces a lower gradient effective rank, imply-
ing reduced gradient interference during training.
This produces a more stable intrinsic dimension
and improves performance across benchmarks.

2 Related Work

2.1 Data Quality Assessment

Data quality is increasingly recognized as a more
critical factor than scale in driving LLM perfor-
mance. Early approaches relied on heuristic rules,
such as regex-based cleaning (Rae et al., 2021) and
perplexity thresholds (Wenzek et al., 2020), which
have limitations in capturing logical coherence. Re-
cent paradigms have shifted towards model-driven
metrics. Li et al. (2024) demonstrate the effec-
tiveness of model-based filtering for assembling
high-quality training sets, while Lu et al. (2024)
leverage ChatGPT to assign fine-grained intention
tags, enabling direct quantification of data diversity
and complexity.

However, these model-based metrics primarily
focus on semantic content or inter-document di-
versity, leaving intra-document structure largely
unexamined. While Chen et al. (2024) proposed an
explicit formula to quantify long-range dependen-
cies, they did not systematically evaluate structural
disparities across diverse data configurations. Our
work fills this gap by treating structural fabric as
a complementary view of data quality: rather than
asking whether a document is high quality in isola-
tion, we ask how its internal dependency structure
shapes training geometry.
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2.2 Training Dynamics of LLMs

The training of deep neural networks is often char-
acterized as an optimization process in a high-
dimensional parameter space, yet extensive evi-
dence suggests that effective learning occurs in a
much lower-dimensional geometry. Prior work an-
alyzes this from three perspectives: loss curvature,
low-rank gradient structure, and intrinsic dimen-
sion.

Hessian spectral analysis reveals that loss cur-
vature can concentrate in a small, stable top
eigenspace (Fernandez et al., 2025). Related
work also identifies a low-rank simplicity bias in
learned embeddings, even in overparameterized
models (Huh et al., 2023). Theoretical results fur-
ther relate gradient rank to the eigenvalue spectrum
of the input data covariance matrix (Sonthalia et al.,
2025). Meanwhile, research on intrinsic dimen-
sion explains why models can be effectively opti-
mized within low-dimensional subspaces (Agha-
janyan et al., 2021), providing a theoretical basis
for low-rank adaptation methods like LoRA (Hu
etal., 2022).

Recent research has begun to explore how spe-
cific data characteristics influence optimization.
Li et al. (2026) employ layer-wise gradient anal-
ysis, demonstrating that high-quality instruction
and reasoning data consistently exhibit higher ef-
fective ranks driven by semantic diversity. The
two results concern distinct structural axes: inter-
document semantic diversity can broaden the span
of useful update directions across samples, whereas
intra-sequence dependency concentration can align
segment-level updates within a sample along fewer
dominant directions. These effects can coexist in
the same model. We focus on the latter and observe
that coherent structural fabric is associated with a
lower gradient effective rank in our experimental
settings.

3 Analytical Framework

As illustrated in Figure 1, we establish a unified an-
alytical framework connecting intrinsic data orga-
nization to downstream model behavior. We intro-
duce dependency density to quantitatively capture
the data’s structural fabric (Section 4). We then in-
vestigate how this property shapes training dynam-
ics by measuring the gradient effective rank (Sec-
tion 5). Finally, we use the intrinsic dimension as
a measure of geometric robustness, showing that
a stable, compressed manifold is associated with

reduced representation noise and stronger down-
stream performance (Section 6). The framework
separates three related but distinct questions: how
dependencies are distributed in data, how those
dependencies concentrate gradient updates, and
whether the resulting representations remain geo-
metrically compact during training.

3.1 Quantifying Structural Fabric:
Dependency Density

Following Chen et al. (2024), we adopt the Long
Dependency Score (LDS) framework to quan-
tify structural dependencies within training data.
For a sequence equally divided into N segments
{c1,...,cn}, the dependency between a context
segment c; and a target segment ¢; (j < 1) is evalu-
ated through three factors:
* Dependency Strength (DST; ;): Measures se-
mantic correlation via relative perplexity (PPL)
reduction:

PPL(CZ‘) — PPL(CZ‘ ‘ Cj)

PPL(c;) M

DST; ; =

* Dependency Distance (DDI; ;): Represents the
normalized positional gap as DDI; ; = %

* Dependency Specificity (DSP;): An entropy-
based term that penalizes dependencies from
repetitive contexts to prioritize genuine semantic
connections.

The comprehensive dependency score for a seg-

ment pair is then defined as:
LDS; ; = (aDST; ; + DDI, ;) - DSP;,  (2)

where o and 3 are hyperparameters.

The original evaluation of LDS primarily relies
on cumulative scores that sum all LDS; ; pairs ex-
ceeding a threshold 7. However, such cumulative
metrics naturally scale with sequence length, cre-
ating a bias where long-context corpora appear to
have a stronger structural fabric simply due to their
volume. To address this, we introduce a normalized
density metric. This normalization is essential for
our study because we compare datasets whose av-
erage contexts, domains, and supervision formats
differ substantially. Without it, length-induced ac-
cumulation would obscure whether dependencies
are truly concentrated or merely numerous.

Definition 3.1 (Dependency Density). To isolate
the intrinsic structural density from length-induced
bias, we define dependency density (p) as the av-
erage LDS over the set of effective segment pairs
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p=rp > DS, 3)
(40)eP

where P = {(j,4) | j < ¢ and DST; ; > 7} rep-

resents pairs exceeding a dependency threshold 7.

This normalized metric enables a consistent com-

parison of structural fabric across varying sequence

lengths and data configurations.

We additionally compare cumulative LDS with
dependency density. When the numbers of candi-
date pairs are comparable, the two metrics produce
the same ordering. In the format comparison, how-
ever, cumulative LDS is dominated by the much
larger number of raw intra-input pairs and gives
raw > instruct, whereas dependency density gives
instruct > raw. This divergence illustrates why nor-
malizing the accumulated score is necessary for
comparisons across configurations. A threshold
sweep spanning a six-fold range further preserves
all three main orderings—Ilong > short, code >
natural language, and instruct > raw—although
the absolute density values change.

3.2 Measuring Optimization Geometry:
Gradient Effective Rank

To investigate how differences in data structural
fabric shape the optimization geometry, we uti-
lize the concept of effective rank to measure the
spectral concentration of gradient updates. Specif-
ically, we analyze the gradients of projection
matrices within the Attention modules, W &
{Wq, Wk, Wy, Wo}, and the Feed-Forward Net-
work modules, W' € {Wate, Wup, Waown }. For a
weight matrix W in the ¢-th Transformer layer, let
Gw, € R™*™ denote its gradient matrix. We per-
form Singular Value Decomposition (SVD) such
that Gy = U YV, where ¥ contains the singular
values 0y > 09 > -+ - > Omin(m,n) > 0.

Definition 3.2 (Gradient Effective Rank). The gra-
dient effective rank Ry is defined as the expo-
nential of the spectral entropy (Roy and Vetterli,
2007):

min(m,n)

Rwe=exp|— >  &ln(r) |, @
k=1

where 61, = o1/ > ; 0 represents the normalized
singular values of the gradient matrix Gy .

Effective rank measures spectral concentration
rather than update quality by itself. A higher value

indicates that gradients span more directions, while
a lower value indicates that gradient mass is con-
centrated in a few dominant directions. The latter
can arise from coherent constraints, but it can also
reflect reduced data diversity or optimization col-
lapse. We therefore interpret rank only jointly with
the measured dependency structure and the inde-
pendent validation-loss check in Section 4.4, rather
than treating low rank as universally beneficial.

3.3 Assessing Model Behavior: Intrinsic
Dimension

To establish a final link between optimization ge-
ometry and model intelligence, we utilize the in-
trinsic dimension to investigate how the low-rank
gradient regime manifests in the model’s internal
representation space.

Definition 3.3 (Intrinsic Dimension). Following
Ruppik et al. (2025), we employ the TwoNN (Two-
Nearest Neighbor) estimator to calculate the in-
trinsic dimension, denoted as d:

N
2511 ln(,Ui) 7

where, for a set of embedding vectors X =
{z1,...,zn}, i = ri2/r;1 represents the ratio
of the Euclidean distances from x; to its second
and first nearest neighbors, respectively.

d= )

While the hidden representations of LLMs reside
in a high-dimensional ambient space, the actual
data distribution typically lies on a much lower-
dimensional manifold. This intrinsic structure re-
flects the complexity and compression of learned
features, serving as a diagnostic tool for model
health and representation quality. By tracking in-
trinsic dimension throughout the training process,
we evaluate how the structural fabric of data and
the resulting optimization dynamics shape the geo-
metric stability of the embedding space. A lower
intrinsic dimension indicates that the model has
successfully compressed information into a struc-
tured manifold, whereas a rapidly rising dimen-
sion suggests dimensional inflation—a failure to
maintain a compressed manifold that leads to the
memorization of noise and degraded downstream
performance.

4 Data Configuration Determines
Dependency Structure

In this section, we utilize dependency den-
sity (p) to analyze the structural fabric of train-
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Figure 2: Quantitative profiling of structural fabric across three dimensions. Dependency density (p) varies
systematically with data length, domain, and format: long-context data is denser than short-context data, code is
denser than natural language, and instruction-tuning mappings are denser than raw intra-input modeling.

ing data across three dimensions: length, do-
main, and format. We use two representative
datasets: UltraChat, a short-context instruction-
tuning dataset (Ding et al., 2023), and ChatQA2,
a long-context dataset characterized by semantic
coherence over extended spans (Xu et al., 2025).
By profiling data across three dimensions, we
identify how data configurations distinctively shape
the structural fabric. For data length, we sample
sequences from ChatQA2 (long-context) and Ul-
traChat (short-context). For data domain, we use
MiMo-V2-Flash to partition ChatQA2 into code
and natural-language tasks. A manual audit of 100
randomly sampled instances yields 97.0% accuracy,
with 100% precision and 62.5% recall for code.
All three errors in the audited sample were code
instances misclassified as natural language, which
tends to attenuate rather than inflate the observed
density gap. For data format, we compare the
intrinsic dependencies of input alone against input-
output pairs within ChatQA?2. We keep these com-
parisons separated because length, domain, and
format affect different aspects of dependency or-
ganization: length changes the span over which
evidence is distributed, domain changes the rigid-
ity of semantic constraints, and format changes
whether dependencies are expressed as open-ended
continuation or directed input-output mapping.

4.1 Length Effects: Local Coupling versus
Distributed Context

The relationship between sequence length and
structural fabric indicates that extended contexts
expose a denser dependency pattern after normal-
ization. As shown in Figure 2a, the long-context
data (ChatQA?2) reaches a higher aggregate depen-
dency density (p = 46.53%) than the short-context
instruction data (UltraChat; p = 35.09%). This
pattern suggests that long-context sequences con-

tain more effective cross-segment dependencies,
because evidence and constraints are distributed
across a broader span. Short instruction exam-
ples still provide useful local input-output coupling,
but the figure shows that their normalized depen-
dency density is lower than that of long-context
data. We therefore interpret length as a factor that
can strengthen structural fabric when the additional
context introduces coherent dependencies rather
than merely adding unrelated tokens.

4.2 Domain Effects: Rigid Syntax Strengthens
Dependencies

Beyond length, the semantic nature of the data do-
main shapes the concentration of the structural fab-
ric. As illustrated in Figure 2b, code reaches a de-
pendency density of 71.12%, substantially higher
than natural language (49.66%).

This high density is a direct consequence of
the rigid logical constraints inherent to program-
ming languages. Unlike natural language, which
allows for fluid and redundant expression, code is
governed by strict syntactical rules where variable
definitions, function calls, and control structures
necessitate precise dependencies. This structural
rigidity prevents semantic dilution, ensuring that
most segments maintain high-strength connections.
The comparison is therefore not simply a content
distinction; it reflects how strongly the domain con-
strains valid continuations.

4.3 Format Effects: Task-Oriented Mappings
Amplify Dependency

The format of data further reshapes the structural
fabric by specifying the directionality and speci-
ficity of dependencies. By partitioning sequences
into input and output regions, we observe that the
mapping from inputs to outputs (pyyq|in) creates
a much stronger structural fabric than the auto-
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regressive modeling of the input alone (p;;,), as
shown in Figure 2c. This comparison isolates an
effect that is often conflated with dataset quality:
supervision format can make the same underlying
content more or less useful by clarifying which
parts of the input should constrain the output.

The instruction-tuning format reaches a depen-
dency density of 46.53%, compared with 8.73%
for raw intra-input modeling. This disparity arises
because the instruction-following format imposes
a goal-oriented constraint: the generated response
must be strictly grounded in specific segments of
the input query. This requirement transforms latent
semantic correlations into explicit, high-strength
dependencies, effectively filtering out irrelevant
intra-input noise and concentrating dependency
mass on the causal link between the task and the
response.

4.4 Within-Corpus Check at Restricted
Length

To reduce corpus and length confounds in the
cross-dataset comparison, we conduct an additional
check entirely within ChatQA?2. We retain sam-
ples with 348-548 segment pairs, rank them by p,
and select the highest- and lowest-density 256 sam-
ples. Using the same fixed Llama-3-8B-ProLong-
512k-Base checkpoint in evaluation mode, with
no parameter updates, we mask input tokens and
compute loss only on response tokens. The high-p
group obtains a loss of 1.833 + 1.734, compared
with 2.472 £ 2.694 for the low-p group, a differ-
ence of —0.639. The same direction holds in both
answer-length strata and under full-sequence loss
(2.19 versus 2.70). This result establishes a within-
corpus association between dependency density
and sample predictability while holding the corpus,
supervision format, and a restricted length range
fixed.

Data configuration shapes the structural fabric through
dependency density, which varies systematically with
length, domain, and format.

5 Structural Fabric Shapes Gradient
Geometry

Following the profiling of data structural fabric, we
investigate how these intrinsic properties shape the
optimization geometry of LLMs. We employ gra-
dient effective rank as a diagnostic probe to mea-
sure the dimensionality of the update space during

training, aggregating the layer-wise gradient effec-
tive rank for both Attention (Wq, Wi, Wy, Wo)
and Feed-Forward Network (Wgate, Wup, Wpown)
parameters across three experimental settings. This
analysis asks whether dense and coherent depen-
dencies merely describe data, or whether they also
reshape the directions along which the model actu-
ally updates its parameters.

5.1 Low-Rank Gradient Geometry across
Components

Our empirical analysis reveals that the structural
fabric of data consistently influences the optimiza-
tion geometry. As illustrated in Figure 3, a clear
trend emerges: the gradient effective rank of ev-
ery module and layer is systematically lower under
configurations with more coherent structural con-
straints. Nearly all data points cluster significantly
below the diagonal line (y < x), suggesting that
coherent structural organization acts as a global ge-
ometric regularizer, guiding optimization along a
more focused, low-rank manifold and suppressing
gradient conflicts.

Within this global trend, we identify specific
spectral characteristics. First, the absolute effec-
tive rank increases monotonically with layer
depth: as layers progress from shallow (purple) to
deep (yellow/green), points shift toward the upper-
right region, indicating that deeper layers naturally
occupy a higher-dimensional optimization mani-
fold. Second, FFN modules consistently exhibit
a higher effective rank than Attention modules
within the same layer. Crucially, FFN modules
also demonstrate greater sensitivity to the struc-
tural fabric of data, as evidenced by their more
pronounced shifts across the axes. This suggests
that while Attention updates are inherently more
low-rank, dense structural dependencies are partic-
ularly vital for regularizing the optimization space
of the feed-forward blocks. The module-level pat-
tern also supports our interpretation that structural
fabric acts globally: it changes not only isolated
layers, but the spectral profile of the training trajec-
tory across the network.

5.2 How Data Structure Constrains Gradient
Manifolds

Building upon the universal trends, we now exam-
ine how each specific data configuration uniquely
reshapes the optimization geometry.
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Figure 3: Comprehensive Analysis of Gradient Effective Rank. Each point represents the mean effective rank
of a specific layer. Colors indicate the layer depth (0 to 31). Circles (o): Attention modules; crosses (x): FFN
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Long-Context Coherence as an Optimization
Signal. The analysis of data length shows a con-
sistent link between dependency density and opti-
mization geometry. As illustrated in the left panel
of Figure 3, long-context data yields a lower ef-
fective rank than short-context data, matching the
higher dependency density of long-context data
in Figure 2a. This suggests that extended con-
texts provide coherent long-range constraints that
concentrate gradient energy into a lower-rank sub-
space. Short data can still exhibit useful local cou-
pling, but its weaker normalized dependency den-
sity translates into a less concentrated update ge-
ometry.

Rigid Syntax as a Low-Rank Domain Con-
straint. For the data domain, code consistently
induces a lower effective rank than natural lan-
guage across all layers. This disparity stems from
the reduced semantic ambiguity in programming
tasks; while natural language allows for high-
variance completions that scatter gradient direc-
tions, the rigid logical dependencies of code force
gradients to collapse into a focused, low-rank sub-
space.

Conditional Mapping Filters Input Noise in In-
struction Format. The effect of data format
demonstrates how isolating task-oriented dependen-
cies purifies the gradient update. Instruction-tuning
data induces a lower effective rank compared to
raw text modeling, a shift most pronounced in the
FFN modules. This confirms that the high-density
conditional mapping P(Y | X) refines gradient
signals and aligns updates into a cleaner trajectory,
avoiding high-variance updates from intra-input
noise.

The within-corpus loss check in Section 4.4 pro-

vides an external measurement that is independent
of the effective-rank calculation. Its lower loss for
high-p samples is consistent with interpreting the
observed spectral concentration as structured su-
pervision rather than using rank alone as a quality
criterion.

Coherent structural fabric induces a lower gradient ef-
fective rank, suppressing gradient interference to en-
sure directionally coherent updates focused on causal
dependencies.

6 Geometric Stability Shapes Model
Behavior

Building on the previous analyses, we now inves-
tigate how these structural properties manifest in
the evolution of the model’s intrinsic dimension
and its final downstream performance. Our ex-
periments are conducted using the Llama-3-8B
architecture with a context window of 512K to-
kens. The training trajectory consists of two stages:
first, the model undergoes Long-Context Continued
Pre-training (LCPT) on the ProLong-data-512K
dataset (Gao et al., 2025) to establish extensive
long-context capabilities. Subsequently, we branch
the model into two SFT regimes: one using Ultra-
Chat and the other using ChatQA2. We utilize
these two datasets as proxies for the data length
configurations analyzed in Section 4.1.

6.1 Structural Fabric Governs Geometric
Stability of the Internal Manifold

The evolution of intrinsic dimension illustrated in
Figure 5 shows that the structural fabric of data
shapes the geometric stability of internal represen-
tations by modulating the optimization manifold.
During the LCPT phase, the model maintains a sta-
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ble intrinsic dimension, reflecting a well-structured
manifold inherited from large-scale pre-training.

We observe that the short-context regime, with
weaker normalized dependency density, produces
a higher gradient effective rank and immediately
disrupts this stable manifold. This high-rank op-
timization regime triggers a sharp inflation of the
intrinsic dimension from 4.733 to 4.861, indicating
that isotropic gradient updates force the model to
utilize redundant dimensions to encode noise. In
stark contrast, the long-context regime exhibits
superior geometric resilience. Its denser and more
coherent long-range dependency structure keeps
the gradient effective rank at a lower level, which
in turn acts as a geometric regularizer that stabilizes
the model’s intrinsic dimensionality near 4.737. By
ensuring directionally coherent updates, this long-
context data allows the model to continue com-
pressing knowledge into a structured manifold, re-
inforcing rather than destroying representational

coherence. This result is consistent with the length
analysis: stronger long-context dependency density
aligns with lower-rank updates and better preserva-
tion of representation geometry.

6.2 Compressed Internal Manifolds Improve
Downstream Performance

We evaluate the final impact of data structural in-
tegrity by comparing the models resulting from the
two SFT regimes. The layer-wise analysis in Fig-
ure 4a provides a comparative visualization of the
intrinsic dimension across all Transformer projec-
tions. The x-axis represents the intrinsic dimension
of the model tuned on the short-context regime,
while the y-axis represents the model tuned on the
long-context regime. Data points consistently clus-
ter below the 45-degree diagonal line, indicating
that the long-context model maintains a systemat-
ically lower intrinsic dimension across nearly all
layers and modules. This consistent dimensional
reduction is particularly pronounced in the deeper
layers.

Critically, this difference in internal dimension-
ality co-occurs with the performance gap illus-
trated in Figure 4b. The ChatQA2 model out-
performs the UltraChat model on eight of nine
benchmarks, increasing the macro-average from
53.41 to 58.34 (44.93 points), with a mean relative
gain of 11.1%. The mean relative gain is 20.8%
for the Math+Code group, compared with 3.4%
for General+Commonsense; the largest individual
gains occur on HumanEval (+35.2%) and GSM8K
(+25.7%). These results are consistent with an
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association between a compact internal manifold
and stronger logic-heavy performance, rather than
isolating intrinsic dimension as the sole cause of
the gains.

Coherent structural constraints induce a low-rank op-
timization geometry that stabilizes the model’s intrin-
sic dimension, ensuring a compressed manifold that
suppresses representation noise and improves complex
reasoning performance.

7 Conclusion

This study establishes a unified geometric frame-
work showing that the structural fabric of data
shapes the training dynamics and functional ca-
pabilities of LLMs. We characterize this fabric
with dependency density, showing that data con-
figurations differ systematically in their semantic
dependency patterns: long-context data exhibits
denser dependencies than short-context data, code
is denser than natural language within long-context
data, and instruction-tuning mappings are denser
than raw intra-input modeling. Across these con-
figurations, coherent structural organization consis-
tently induces a lower gradient effective rank, sup-
pressing gradient interference and producing direc-
tionally coherent parameter updates. This low-rank
optimization regime acts as a geometric regular-
izer that stabilizes the model’s intrinsic dimension,
preserving a compact representation manifold and
improving performance on logic-intensive tasks.
Overall, our results suggest that data quality should
be understood not only through semantic content
or surface statistics, but also through the depen-
dency structures that make optimization coherent
and representations stable.

Limitations

This work focuses on an analytical characteriza-
tion of data structural fabric and its relationship
to optimization geometry. While our results re-
veal consistent patterns across the datasets and
configurations studied, we have not yet evalu-
ated how dependency-density-based analysis trans-
fers to real-world data curation or deployment
pipelines. Future work may study how these sig-
nals can guide practical training-data selection in
application-specific settings.

Ethical Considerations

This paper presents an analytical study on the train-
ing dynamics and optimization geometry of LLMs.
The experiments use standard, publicly available
datasets and do not involve personally identifiable
information or sensitive user data. We believe this
work does not pose immediate ethical or societal
risks.

We used Al assistants mainly for writing support,
including language polishing, grammar correction,
and improving clarity of presentation.
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« LDS Calculation: We utilize Qwen3-
0.6B (Yang et al., 2025) to estimate segment-
wise perplexity. This lightweight model
enables efficient processing of large-scale
datasets while providing a reliable approxi-
mation of semantic dependencies.

e Gradient Analysis: We use Llama-3-8B-
ProLong-512k-Base (Gao et al., 2025) to in-
vestigate training dynamics and gradient effec-
tive rank. We select this model for its architec-
tural relevance to modern high-performance
LLMs and its optimized capacity for long-
context processing.

For LDS estimation, we use a chunk size of 128
and a window size of 32,768, and randomly sam-
ple 500 segment pairs per long document. Gradi-
ent effective rank is computed separately for ev-
ery layer and projection matrix using SVD and
spectral entropy; gradients are accumulated over
32 micro-batches. All fixed-checkpoint analyses
use Llama-3-8B-ProLong-512k-Base in evaluation
mode.

B Detailed Analysis of Gradient
Dynamics

B.1 Data Configurations Shape Spectral
Decay of Gradients

To further investigate the optimization geometry,
we analyze the singular value spectrum of the gradi-
ent matrices. As illustrated in Figure 6, the gradient
spectra vary systematically across the data configu-
rations analyzed in the main text.

Specifically, in the length comparison, long-
context data exhibits a sharper initial drop com-
pared to short-context sequences, indicating that
long-range dependencies concentrate gradient in-
formation into a smaller, high-energy subspace. In
the domain comparison, the rigid syntactical con-
straints of code result in a steeper relative decay
and a thinner spectral tail than natural language,
as the low-entropy nature of programming syntax
naturally constrains the gradient manifold. In the
format comparison, the goal-oriented mapping in
instruction tuning accelerates spectral compression
compared to raw text modeling, effectively filtering
out isotropic noise. These results suggest that co-
herent dependency structure can act as an implicit
regularizer, encouraging optimization to prioritize a
low-dimensional manifold of causal dependencies.

B.2 Layer-wise Gradient Effective Rank
across Data Configurations

This section provides the complete layer-wise evo-
lution of the gradient effective rank for the exper-
iments discussed in Section 5. We report the ef-
fective rank for all projection matrices across both
attention (Wo, W, Wy, Wp) and feed-forward
(Weates Wup, Waown) components.

In the figures below, solid lines represent the
mean effective rank across training steps, with
shaded regions denoting one standard deviation
(£10). The consistency of these patterns across all
32 layers demonstrates that the observed low-rank
dynamics are systemic properties of the optimiza-
tion process rather than localized artifacts.

Data Length (Figure 7). The comparison be-
tween short-context and long-context data shows
similar rank behavior in shallow layers (Layers
0-8), with a significant divergence emerging in
deeper layers where long-context data exhibits a
lower effective rank.

Data Domain (Figure 8). Code data induces a
consistently lower gradient effective rank than nat-
ural language throughout the entire depth of the
model, confirming the impact of rigid structural
constraints on gradient dimensionality.

Data Format (Figure 9). The disparity between
raw data and instruction-tuning data represents
the most significant rank shift in our analysis.
Instruction-tuning data consistently yields a lower-
rank regime, isolating the structured conditional
mapping P(Y | X) from the high-entropy noise of
raw text.
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Figure 6: Spectral Decay of Gradients across different configurations. The singular value spectra reveal how
length, domain, and format reshape the concentration of gradient updates, with steeper decay corresponding to a

more concentrated and low-rank optimization manifold.
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Figure 7: Layer-wise Effective Rank: Short vs. Long. Long-context data (blue) maintains a lower-rank manifold
compared to short data (red). The divergence increases significantly in deeper layers (Layer > 10), confirming that
long-range coherence primarily reshapes high-level representations.
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Figure 8: Layer-wise Effective Rank: Natural Language vs. Code. Code data (blue) induces a consistently lower
rank than natural language (red) across all modules.
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Figure 9: Layer-wise Effective Rank: Raw Data vs. Instruction-tuning data. Masking the input instruction loss
(blue) leads to a substantial reduction in gradient rank compared to Joint Modeling (red).
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