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Abstract

Deploying Large Language Models (LLMs)
in real-world dynamic environments raises the
challenge of updating their pre-trained knowl-
edge. While existing knowledge editing meth-
ods can reliably patch isolated facts, they fre-
quently suffer from a reasoning gap, where the
model recalls the edited fact but fails to utilize
it in multi-step reasoning chains. Our analysis
shows that multi-hop reasoning relies on sparse
circuitry beyond direct factual recall, with func-
tionally differentiated components contributing
to intermediate processing and final-answer pre-
diction. To bridge this gap, we introduce MCir-
cKE (Mechanistic Circuit-based Knowledge
Editing), a mechanistically grounded frame-
work that enables a map-and-adapt editing pro-
cedure. MCircKE first identifies the causal cir-
cuits responsible for a specific reasoning task,
capturing both the storage of the fact and the
routing of its logical consequences. It then sur-
gically update parameters exclusively within
this mapped circuit. Extensive experiments on
the MQuAKE-series benchmarks demonstrate
the effectiveness of the proposed method for
multi-hop reasoning in knowledge editing.

1 Introduction

The deployment of large language models (LLMs)
in dynamic, real-world environments is funda-
mentally constrained by the static nature of their
pre-trained knowledge. Knowledge editing tech-
niques (Wang et al., 2024c; Zhang et al., 2024)
seek to address this limitation by modifying spe-
cific facts in a trained model without full retraining.
While recent methods can reliably update isolated
single-hop facts, they often exhibit a critical fail-
ure mode termed the reasoning gap (Yao et al.,
2025; Zhang et al., 2025). In this phenomenon, a
model may correctly recall an edited fact in isola-
tion (e.g.,"Who is the PM?") but fail to propagate
this updated information through multi-step rea-
soning (e.g., "Which political party is the PM the

leader of?"). This discrepancy suggests that, al-
though the storage of the fact has been successfully
patched, the reasoning pathways required to utilize
that fact remain misaligned.

Traditional knowledge editing methods (Meng
et al., 2022; Wang et al., 2024a; Fang et al., 2025)
typically treat knowledge as isolated atomic units
stored within specific multi-layer perceptron (MLP)
layers. However, recent advances in mechanistic in-
terpretability suggest that knowledge retrieval and
utilization are instead governed by distributed rea-
soning circuits — sparse computational subgraphs
composed of attention heads and MLPs that route
information responsible for performing a specific
task across layers. From this perspective, this rea-
soning gap is not merely a retrieval failure but a
structural misalignment; the model’s logical wires
are still connected to obsolete reasoning paths. Re-
cent work has begun to address this challenge. For
instance, CaKE (Yao et al., 2025) posits that the
reasoning gap exists because standard edits do not
compel the model to practice using the new knowl-
edge. It mitigates this by generating circuit-aware
synthetic multi-hop data derived from the edited
fact, and fine-tuning the model on this data. By
training on this curated data, CaKE aims to implic-
itly activate the dynamic reasoning circuits needed
for generalization. While effective, this strategy
relies on the indirect pressure of data augmentation
to realign the circuits, and thus still treats the inter-
nal mechanisms as a black box that is expected to
self-correct given appropriate inputs.

To tackle the aforementioned issue, we propose
MCircKE, a mechanistically grounded framework
that addresses the limitations of existing knowl-
edge editing methods and fundamentally diverges
from the data-stimulation strategy of CaKE. Rather
than relying on pre-constructed data to implicitly
activate reasoning paths, our approach aims to ex-
plicitly and precisely identify the dynamic rea-
soning circuits responsible for the target knowl-
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Figure 1: Mechanistic analysis of multi-hop factual reasoning in GPT-2 Large. (a) Aggregate heatmap of attribution
scores across 100 instances reveals distinct layer-wise computational regimes. (b) A sparse causal subgraph for a
representative two-hop instance reveals a layer-localized routing pathway rather than a dense activation pattern. (c)
Gray histogram shows the number of nodes active in the multi-hop circuit but inactive in the single-hop circuit; the
red curve shows their aggregated causal importance. The clear mid-to-late-layer surge reveals additional important
components that remain dormant during single-hop retrieval. (d) Causal ablation distinguishes routing/bridge heads
from destination heads by their effects on the intermediate entity and final answer, respectively.

edge. Specifically, we first identify a rigorous,
high-fidelity subgraph of the edges and nodes that
causally contribute to the model’s reasoning pro-
cess. By integrating gradients along the activation
path, we can pinpoint the exact wires in the neu-
ral network that carry the knowledge to be edited.
Once this reasoning circuits are identified, we then
surgically adapt the model along the mapped paths.
This transforms knowledge editing from a heuris-
tic "locate-and-replace" operation into a structural
"map-and-adapt" procedure. By explicitly targeting
components that have been verified as part of the
reasoning chains, our method ensures that the up-
dated knowledge is not only stored but also mech-
anistically integrated into the model’s logic. In
summary, our main contributions are:

¢ Mechanistic Insight: We conduct a mecha-
nistic analysis of multi-hop factual reasoning
in LLMs, providing coarse-to-fine-grained in-
sights into why existing knowledge editing
methods fail at multi-hop factual recall and
how this failure can be addressed.

* MCircKE Framework: We propose a mech-
anistically grounded editing framework that
explicitly maps dynamic reasoning circuits
and performs surgical, path-constrained up-
dates.

* Empirical Validation: Extensive experi-
ments demonstrate that MCircKE substan-
tially improves multi-hop reasoning perfor-

mance for knowledge editing in LLMs.

2 Preliminaries

2.1 LLM as a Computational Graph

We represent an LLM as a directed acyclic com-
putational graph G = (V, £), where nodes V cor-
respond to Transformer submodules, including at-
tention projections and MLPs, and edges £ repre-
sent information flow between modules through
the residual stream. Specifically, an edge e,
exists when the output of module u contributes to
the input of module v. This representation enables
reasoning behavior to be localized at a finer gran-
ularity than entire Transformer layers. A detailed
definition is provided in App. B.1.

2.2 Edge Attribution with EAP-IG

To identify the subgraph responsible for a target
behavior, we use Edge Attribution Patching with In-
tegrated Gradients (EAP-IG) (Hanna et al., 2024).
EAP-IG estimates the importance of each edge
by integrating gradients along a path from a cor-
rupted input Ieorrupt to the clean input I jean, al-
leviating the gradient-saturation issue of vanilla
EAP (Nanda, 2023). For an edge e, its attribution
score is approximated as

~ (.Clean corrupt i . 8£(x(k/m))
(Z)(e) ~ (:Ue — Le P )m E axe )

k=1
ey
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where m is the number of integration steps.
Causal circuit. We define the causal circuit
C(K) C G as the sparse subgraph induced by the
top-K edges ranked by attribution magnitude:

C(K) =top-K{ec&|[o(e)[}. (2

We use this circuit as the mechanistic unit for subse-
quent analysis and editing. Further details on EAP-
IG and its computation are provided in App. B.2.

3 Mechanistic Analysis

We start by conducting a mechanistic diagnostic
study to uncover the causal circuitry supporting
multi-hop reasoning and to understand, at a struc-
tural level, why successful single-hop edits may
fail to generalize to multi-hop inference. Figure 1
presents a coarse-to-fine analysis from layer-wise
attribution to instance-level circuitry and causal
functional specialization.

3.1 Inter-Layer Distribution of Causal
Importance

Setup. We randomly sample 100 two-hop in-
stances from MQuAKE-3K-v2 (Zhong et al., 2023),
compute an EAP-IG circuit for each, and aggregate
component-level attribution scores. Figure 1(a)
thus captures the general layer-wise structure of
multi-hop reasoning in GPT-2 Large.

Layer-wise Computational Structure. Three
broad regimes emerge. Early layers (0-10) are
dominated by MLP attribution, consistent with
prior findings established in ROME (Meng et al.,
2022) and MEMIT (Meng et al., 2023): these lay-
ers are responsible for the initial retrieval of the
atomic fact. Standard methods usually successfully
target these layers. Crucially, there is a distinct
cluster of activity in MLPs around layers 17-22,
possibly suggesting processing during composi-
tional inference. Late layers (29-35) show strong
activations of both attention heads and MLPs, indi-
cating further information routing and processing.

3.2 Intra-Layer Sparsity and Differential
Circuit Composition

The above aggregated view captures the gen-
eral layer-wise trend. To complement it, we
now zoom into a single representative two-
hop instance drawn from MQuUAKE-3K-v2,
Crysis_2—Crytek—English, and compare its
circuit with the corresponding single-hop circuit
Crytek—English.

Visual Analysis of Sparse Circuitry. Fig-
ure 1(b) shows the circuit extracted for
Crysis_2—Crytek—English,  where only
a small subset of heads is active, forming a sparse,
layer-localized pathway with instance-specific
structure not fully captured by the aggregate
pattern. Even within highly attributed layers,
participation is concentrated in a few heads
rather than uniformly distributed. This intra-layer
sparsity suggests that layer-level editing may be
overly coarse and unnecessarily affect unrelated
components and functions.

Differential Activation Dynamics. We
further = compare the multi-hop chain
Crysis_2—Crytek—English with its cor-

responding single-hop circuit Crytek—English.
We define newly activated nodes as components
active in the multi-hop circuit but inactive in
the single-hop circuit. As shown in Figure 1(c),
these components concentrate in the mid-to-late
layers and carry substantial aggregate attribution,
revealing a clear shift in circuit composition
beyond direct factual recall. Thus, edits localized
from single-hop traces may update the target
association while overlooking computation
additionally engaged during multi-hop reasoning.

bridge-dominant
n=14

0 6 12 18 24 30 35
Layer

Figure 2: Layer distribution of attention-head roles.
Points denote heads with non-negligible indirect effects;
curves show within-role layer distributions and dashed
lines their medians.

3.3 Functional Characterization of
Attention-Head Roles

The preceding analysis shows that multi-hop rea-
soning engages additional mid-to-late circuitry be-
yond direct factual recall, but does not reveal the
roles of these components. We therefore per-
form head-level causal intervention over 100 cases
and measure, for each component, its normalized
indirect effect on the intermediate bridge entity,
IEpriqge, and on the final answer, IEgy, (Pearl,
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2001; Vig et al., 2020). Figure 1(d) reveals dis-
tinct causal profiles. Among components with
non-negligible effects, some preferentially restore
the bridge entity (bridge-dominant), others prefer-
entially restore the final answer (final-dominant),
while many contribute to both. The corresponding
layer distributions in Figure 2 further show that
bridge-dominant heads tend to occur earlier than
final-dominant heads. These results support a dif-
ferentiated computation in which intermediate in-
formation processing and final-answer computation
rely on partially distinct components. Additional
details are presented in Appendix C.

Summary. The above analysis provides the
mechanistic justification for circuit-based editing.
Effective multi-hop editing requires not only updat-
ing the factual association itself, but also adapting
the routing pathways that propagates and integrates
the edited information into downstream inference.

4 MCircKE: Mechanistic Circuit-based
Knowledge Editing for LLMs

Building on the insights from our mechanistic anal-
ysis, we introduce MCircKE (Mechanistic Circuit-
based Knowledge Editing), a framework designed
to bridge the reasoning gap by editing the specific
causal circuits responsible for knowledge utiliza-
tion. Unlike heuristic methods that target fixed
layers or data-driven methods that rely solely on
implicit stimulation, our approach explicitly maps
the causal reasoning pathway for a specific fact and
surgically adapts the model along that pathway.

4.1 Circuit Discovery

Our first objective is to identify the reasoning cir-
cuits C C G casually responsible for the target
reasoning task.

Clean and Corrupted Input Pairs Clean
prompts construction: We first combine the pro-
vided single-hop statements from the original
knowledge and chain them into a unified multi-
hop prompt. Corrupted prompts construction: We
then utilize ChatGPT to generate a corresponding
corrupted prompt that maintains semantic mani-
fold consistency to the clean prompt. This ensures
the prompt structure and reasoning complexity re-
main identical, but the subject entity is altered to
an alternative. An example is shown in Figure 3.

Attribution Integration We compute the EAP-
IG score ¢(e) for all edges in the model by integrat-

Given
(a) Fernando Santos is a citizen of — Portugal
(b) The name of the current head of state in Portugal is —» Marcelo

{ Clean input: '

lThe name of the current head of state of the country of cmzenshlp

' i of Fernando Santos is
i Clean target:

| Marcelo de Sousa

.The name of fhe current head of state of the country of cmzenshlp
‘ of Lionel Messi is

. Javier Milei

____________________________________________________ -]

Figure 3: Example clean and corrupted inputs.

ing the gradients along the linear interpolation path
between the corrupted and clean embeddings, using
the batched Riemann approximation (Equation 1)
with m = 5. We use the magnitude |¢(e)| because
we are interested in causal relevance, regardless of
whether the edge positively or negatively impacts
the output.

Circuit Pruning The raw attribution map assigns
a non-zero score to almost every edge. To obtain
the sparse reasoning circuits, we employ top-K
pruning. Specifically, we rank all edges based on
the magnitude of their attribution scores |¢(e)|, and
retain only the top K edges with the highest attri-
bution scores, effectively filtering out noise and
irrelevant pathways.

4.2 Circuit-Guided Low-Rank Adaptation

Once the circuits C are identified, we apply Low-
Rank Adaptation exclusively to the modules within
the circuits. For every weight matrix W € C iden-
tified in the reasoning circuit, we freeze W and
introduce low-rank matrices A and B:

Wnew:W+AW:W+%BA 3)

where B € R¥", A € R Here « is a scaling
factor and r is the rank, with » < d. Critically,
for any module W’ ¢ C (parameters outside the
reasoning circuits), we enforce AW’ = 0. This
constraint ensures that the edit is mechanistically
localized and physically rewires the specific infor-
mation flow responsible for the logic.

5 Experiments

In this section, we aim to answer the following
research questions:

* RQ1: Can the proposed method effectively
bridge the reasoning gap in multi-hop factual
recall compared to baselines?

6429



#hops

Model Method Overall M-Acc. S-Acc.
2-hop 3-hop 4-hop

LoRA 24.0858 39.3886 13.4390 16.8724 48.947

o ROME 14.9939 17.2546 13.1162 14.4033 52.956
%‘3 MEMIT 7.7804 109053 5.7805  6.0357 35.009
— WISE 8.1138 11.6990 5.9272 59442 21421
S AlphaEdit 8.5028 13.2275 5.6925  5.5327 44.093
?5 CaKE 34.9561 37.0370 29.3721 40.4207 71.666
MCircKE 50.4168 67.9306 38.6737 41.4723 64915
MCircKE* 47.2824 54.1446 39.1432 49.2913 73.213

LoRA 25.6085 419753 15.0528 16.5981 52.933
ROME 12.5042 17.7543 9.8298  8.5048 61.511

i MEMIT 8.4806 12.5220 5.7218  6.4929  46.759
o WISE 8.3917 11.7578 5.7512 7.2702 22.876
£ AlphaEdit 9.4587 14.6972 6.0446  6.6301 48.749
© CaKE 40.5246 46.6196 33.3040 42.2954 76.659
MCircKE 49.0140 64.7860 39.0020 45.4960 73.894
MCircKE* 49.3536 58.1423 39.7887 53.2468 77.446

Table 1: Performance comparison under different hop settings on GPT-2 Large and GPT-2 XL.

* RQ2: Does the proposed method ensure the
preservation of unrelated knowledge?

* RQ3: Is precise topological identification of
reasoning circuits necessary, and do the iden-
tified circuits demonstrate validity relative to
stochastic and heuristic baselines?

5.1 Evaluation Setup

Dataset. We conduct the evaluation on the
challenging MQuAKE-3K-V2 benchmark (Multi-
hop Question Answering for Knowledge Edit-
ing) (Zhong et al., 2023), a widely used dataset
for evaluating multi-hop factual recall with 3,000
counterfactual editing instances.

Baselines and Models. We compare our method
against several representative knowledge edit-
ing baselines, including: LoRA (Hu et al,
2022), which directly fine-tunes the full model;
ROME (Meng et al., 2022), a classic locate-then-
edit approach; MEMIT (Meng et al., 2023), an
extension of ROME that performs edits across a
range of early layers; WISE (Wang et al., 2024a),
which augments the model with a side memory and
edits later layers; AlphaEdit (Fang et al., 2025),
which updates parameters via projection into a null
space; CaKE (Yao et al., 2025), which constructs
additional multi-hop edit prompts to improve multi-
hop factual recall. We conduct experiments on

three GPT-2 variants (Radford et al., 2019): GPT-2
Large (774M), GPT-2 XL (1.5B), and GPT-J (6B);
and additionally evaluate at 7B scale on Qwen?2.5-
7B (Yang et al., 2024).

Metrics. We assess the model’s ability to lever-
age edited knowledge along three key dimensions:
Multi-hop Accuracy, measuring performance on
questions requiring two-, three-, and four-hop rea-
soning over the edited fact; Single-hop Accuracy,
capturing direct recall of the edited knowledge; and
Locality, quantifying the extent to which an edit
preserves the model’s behavior on queries unrelated
to the targeted knowledge.

Implementation. We evaluate our proposed
method in two configurations to isolate the impact
of data versus structure: MCircKE, which edits the
model using only the single-hop edit sample for
the target fact provided in MQUAKE; MCircKEX,
which additionally incorporates synthetic multi-
hop training data from CaKE (Yao et al., 2025)
for model editing. For the hyperparameters, we
set K = 4,000 for GPT-2 Large, K = 10,000 for
GPT-2 XL, and K = 5,000 for GPT-J. « is set
to 8 and rank r is set to 32 in the circuit-guided
low-rank adaptation. We run our experiments on 6
NVIDIA A6000 GPUs.

! Addtional results in App. D
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Method M-hop (2-hop / 3-hop / 4-hop)  S-hop
LoRA 9.769 (12.61/6.72/10.11)  47.579
ROME 23.23(32.89/17.55/17.06) 52.497
CaKE 56.318 (61.84/46.77/62.59) 85.277
MCircKE 59.253 (64.61 /49.41/66.26) 85.219

Table 2: Performance comparison under different hop
settings on GPT-J.

5.2 Experimental Results

Compared with baselines, MCircKE consis-
tently bridges the reasoning gap across all model
scales. Table 1 presents the multi-hop and single-
hop accuracies for all methods on GPT-2 Large and
GPT-2 XL. We also present the comparative per-
formance on GPT-J in Table 2. Overall, MCircKE
achieves the highest multi-hop accuracy among all
methods, delivering a substantial improvement over
the best previous approach. For instance, on GPT-
2 Large, our method attains an overall multi-hop
accuracy of 50.4%, outperforming CaKE (which
achieves 34.9%) by over 15 percentage points. On
GPT-2 XL, MCircKE outperforms the strongest
baseline by approximately 9% in overall multi-hop
performance. On GPT-J, it reaches 59.25% overall
multi-hop accuracy, again surpassing the best base-
line. Notably, the gains are consistent across differ-
ent reasoning depths. For instance, on GPT-2 XL, it
yields consistent gains on 2-hop questions (49.35%
vs. 40.52% for CaKE), 3-hop (39.78% vs. 39%)
and 4-hop queries (53.24% vs. 45.49%). These
results provide strong evidence in support of RQI1,
demonstrating that our method effectively enhances
multi-hop factual recall and enables the model to
answer complex, chained queries grounded in the
edited knowledge.

The collapse of unstructured fine-tuning. Stan-
dard LoRA struggles significantly compared to
MCircKE. For instance, on GPT-2 XL, LoRA
achieves only ~25% multi-hop accuracy compared
to MCircKE’s ~49%. This gap suggests that, with
limited topological guidance, global parameter up-
dates must search an extremely large parameter
space to recover the correct reasoning pathways,
making it fail to converge to the desired circuit-
level change. In contrast, MCircKE'’s strong perfor-
mance indicates that mechanistic circuit guidance
is crucial for reliable knowledge editing with multi-
hop generalization.

The reasoning vs. recall trade-off. Comparing
the standard MCircKE with CaKE (trained on ad-
dtional multi-hop data) reveals a critical trade-off.
MCircKE consistently outperforms CaKE on multi-
hop reasoning (e.g., 50.42% vs. 34.96% accuracy
on GPT-2 Large), indicating that repairing circuit
structure yields stronger generalization than im-
plicit behavioral imitation. However, CaKE retains
a slight edge in single-hop recall. This suggests
that CaKE’s approach of fine-tuning on augmented
data leads to stronger surface-level memorization
of the facts, whereas MCircKE’s surgical approach
prioritizes the logical consistency of the circuit, oc-
casionally at the cost of absolute recall strength for
the atomic fact itself.

IA| (%) MMLU CSQA
LoRA 034 124
ROME 006 041
AlphaEdit 021 0.5
CaKE 009 049
MCircKE ~ 0.10  0.24

Table 3: Locality performance.

The failure of heuristic '"Locate-and-Edit''.
Traditional methods like ROME and MEMIT per-
form poorly on multi-hop reasoning (M-Acc <
15% on GPT-2 Large and GPT-2 XL). While they
achieve decent Single-hop Accuracy, they fail to
integrate this knowledge into the reasoning chain.
This confirms our mechanistic hypothesis derived
in Section 3: fixing the "storage" without fixing
the "routing" leaves the model unable to leverage
the new fact. ROME effectively creates "orphaned
facts" that can be recalled but not reasoned with,
and the resulting reasoning gap (delta between S-
Acc and M-Acc) is stark. On GPT-2 XL, ROME
exhibits a ~49% drop from single-hop to multi-
hop accuracy (61.5% S-Acc vs. 12.5% M-Acc). In
contrast, MCircKE shrinks this gap to ~25% while
achieving higher S-Acc and M-Acc, demonstrating
significantly better knowledge integration.

Locality and stability analysis. To assess local-
ity, Table 3 presents the performance change on two
unrelated benchmarks, MMLU (Hendrycks et al.,
2021) and CommonsenseQA (Talmor et al., 2019),
which evaluate the model’s general abilities after
applying the knowledge editing methods. Overall,
the minimal performance shifts indicate that MCir-
cKE’s edits are highly localized, integrating new

6431



knowledge without disrupting the model’s existing
unrelated knowledge.

5.3 Sensitivity Analysis

70 1
S | A
5’60-
E —e— single-hop
8 50 2-hop
&) —o— 3-hop
f 401 —¥— 4-hop zﬁ:z
g
&J 30

100 300 500 800 1000200030004000
#edges

Figure 4: Effect of the number of edges retained in the
discovered circuit graphs.

A core hyperparameter in MCircKE is the number
of edges retained in the reasoning circuit. A very
sparse circuit is desirable for locality (modifying
fewer parameters), but an overly sparse circuit may
sever critical reasoning pathways. Figure 4 illus-
trates the impact of varying the edge count from
100 to 4000 on GPT-2 Large. We can observe that:

* At extreme sparsity levels (100-300 edges),
single-hop accuracy remains relatively robust
(~62%), but multi-hop performance suffers
catastrophic failure (4-hop accuracy drops to
~25%). This disparity suggests that simple
factual recall relies on a highly localized set
of "storage" edges (likely within specific MLP
layers), whereas multi-hop reasoning requires
a more extensive "routing" infrastructure.

* As the edge count increases, we observe
that performance effectively plateaus beyond
2,000 edges. This saturation point suggests
that the logic required to process a specific
fact is not diffuse across the entire model but
is concentrated in a fraction of the network.

5.4 Ablation Study: Circuit Validity

To further verify the effectiveness of editing
the model along the identified circuits, we con-
ducted an ablation study on 1,000 cases from the
MQuAKE dataset using GPT-2 Large. We com-
pared MCircKE against three alternative strategies:
Full Graph - Updating all edges in the model
(equivalent to standard full model fine-tuning).
Only MLPs - Updating all MLP modules while

Method Single-hop  Multi-hop
Full Graph 61.40 39.30
Only MLPs 58.85 26.00
Random Edges 26.35 15.13
MCircKE 73.17 67.73

Table 4: Ablation Results.

freezing all other modules. Random Edges - Up-
dating a random subset of edges equal in size to
the MCircKE circuits. The results are shown in
Table 4. We can observe that:

* MCircKE drastically outperforms Random
Edges, confirming that the circuits utlized in
the proposed method are mechanistically rele-
vant and not merely a random sub-network.

* The Only MLPs baseline illustrates the pre-
cise failure mode of traditional editing. While
it achieves decent Single-hop accuracy, its
Multi-hop performance collapses to 26.00%.
This empirically validates the hypothesis that
modifying storage alone is insufficient; with-
out the concurrent update of routing circuits,
the new knowledge cannot be propagated.

* MCircKE outperforms the Full Graph update.
This suggests that restricting updates to the rel-
evant circuits acts as a form of structural reg-
ularization. By freezing irrelevant pathways,
we prevent the noise of global updates from
interfering with the delicate logic of the rea-
soning chains, allowing the focus on rewiring
the specific factual bridge.

(a) Hidden-state divergence

109 (b) Bridge-entity rank
1.00

Pre-edit
-=- Post-edit
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e
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+1 SD across cases
dapted heads / laye
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edit vs. post-ed
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= 3
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S
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Layer index (GPT-2 Large)

o 4

Figure 5: Representation-level effects of editing. (a)
Editing induces progressively larger hidden-state shifts
across depth. (b) First-hop edits substantially elevate
the counterfactual bridge entity in logit-lens rank.

5.5 Pre-/Post-Edit Internal Representation
Analysis

We ask whether MCircKE induces mechanistically
meaningful changes in internal representations, ex-
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amining two complementary signals: how hid-
den states evolve across depth after editing, and
whether the counterfactual bridge entity rises in
rank across layers under the logit lens.
Hidden-State Divergence. Figure 5(a) shows that
pre/post hidden-state similarity decreases across
depth, with stronger divergence in the middle-to-
late layers. This trend is qualitatively consistent
with the mid-to-late computational regimes identi-
fied in our mechanistic analysis.

Bridge-Entity Tracking. Figure 5(b) traces the
counterfactual bridge entity through a layer-wise
logit lens for first-hop edits. Its post-edit rank im-
proves markedly across depth, reaching a median
of 34 at the final layer compared with 1072 before
editing. This trajectory shows that MCircKE pro-
motes the edited bridge entity within the model’s
evolving representation, providing additional ev-
idence that the new fact is integrated into the in-
termediate reasoning process rather than merely
recovered at the output.

Top-K circuit Jaccard distribution

Size-matched réndom baseline
10000 1 Discovered circ'pit pairs

- 1
5 7500 :
S i
(@] 1
= 5000 A i
© i
A :
2500 A !
i
0 1

0.2 0.4 0.6
Pairwise Jaccard similarity

Figure 6: Cross-instance circuit consistency.

5.6 Discussion: Toward Reusable Circuits and
Amortized Editing

A practical concern for per-fact circuit editing is
cost: if a new circuit must be discovered for every
fact, the overhead may be difficult to amortize. This
motivates a natural question: to what extent are
discovered circuits shared across instances?

To examine this, we analyze cross-instance cir-
cuit consistency over 200 GPT-2 Large MQuAKE-
CF-3K circuits with K = 3000. Treating each
circuit as a component set C; C U, we measure
pairwise overlap using the Jaccard coefficient,

_|Gin Gyl

A evTer)

“)

over all 19,900 circuit pairs. We compare against
a size-matched random baseline that samples two

random component subsets with the same cardinal-
ities as the observed pair. As shown in Figure 6,
discovered circuits exhibit substantially greater
overlap than random subsets, indicating a strong
cross-instance shared structure rather than purely
instance-specific circuits.

These findings point to circuit reuse as a promis-
ing direction for reducing discovery overhead.
Rather than rediscovering each circuit from scratch,
future work could cache representative circuits and
reuse them as priors or initialization for subsequent
edits, while retaining instance-specific refinement
when needed. Such reuse could amortize circuit dis-
covery without abandoning the fine-grained struc-
ture that motivates circuit-based editing.

6 Related Work

6.1 Knowledge Editing for LLMs

Knowledge Editing (Wang et al., 2024c; Zhang
et al., 2024; Wang et al., 2024b) aims to update
factual associations in Large Language Models
(LLMs) without the computational cost of retrain-
ing or the degradation associated with catastrophic
forgetting. Methodologies in this field have evolved
from manipulating static parameter storage to align-
ing dynamic pathways. Foundational approaches
treat Transformer Feed-Forward Networks (FFNs)
as key-value associative memories. For instance,
ROME (Meng et al., 2022) employs causal trac-
ing to localize factual storage to specific mid-layer
MLPs and formulates a rank-one update to insert a
new fact tuple. While ROME is effective for single
edits, it struggles with scalability. MEMIT (Meng
et al., 2023) addresses this by distributing updates
across a range of critical layers. By solving a least-
squares problem with residual spreading, MEMIT
allows for the simultaneous injection of thousands
of memories, significantly outperforming ROME
in batch-editing scenarios. In sequential "life-
long" editing scenarios, maintaining the stability
of previously learned information is paramount.
WISE (Wang et al., 2024a) critiques the destructive
nature of continuous parameter overwriting and in-
troduces a side memory architecture coupled with a
routing mechanism. Conversely, AlphaEdit (Fang
et al.,, 2025) enforces stability through geomet-
ric constraints rather than architectural changes.
It projects parameter perturbations onto the Null
Space of the preserved knowledge matrix to en-
sure that the model’s performance on pre-existing
data remains invariant. Another critical limitation
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of storage-focused editors is the "Reasoning Gap",
where models recall a specific fact but fail to apply
it in multi-step inference. IFMET (Zhang et al.,
2025) identifies a functional stratification: shal-
low layers store explicit facts, while deep layers
process implicit subjects necessary for multi-hop
reasoning. It proposes a two-stage strategy that
edits both shallow and deep layers to ensure the
updated knowledge propagates through the entire
reasoning chain. On the other hand, CaKE (Yao
et al., 2025) moves beyond the storage metaphor
entirely. It posits that knowledge is utilized via
dynamic reasoning circuits. CaKE generates com-
plex, circuit-aware training data designed to acti-
vate these specific pathways, stimulating the model
to functionally integrate new information into its
logical processing.

6.2 Mechanistic Interpretability

Mechanistic interpretability (Rai et al., 2024;
Bereska and Gavves, 2024; Sharkey et al., 2025)
aims to reverse-engineer model behaviors into
human-understandable algorithms implemented
by specific subgraphs or "circuits". Pioneering
work manually identified circuits for tasks like In-
direct Object Identification (Wang et al., 2023)
and arithmetic (Hanna et al., 2023). To scale
this analysis, automated methods were developed:
ACDC (Conmy et al., 2023) employs activation
patching to prune irrelevant edges but is compu-
tationally expensive. Edge Attribution Patching
(EAP) (Nanda, 2023) approximates these effects
via gradients for efficiency. Most recently, EAP
with Integrated Gradients (EAP-IG) (Hanna et al.,
2024) was proposed to resolve the gradient satu-
ration issue in EAP, offering a superior balance
of speed and faithfulness. Our work leverages
EAP-IG to identify dynamic reasoning circuits for
knowledge editing, moving beyond the static lo-
calization assumptions of prior editing methods
like ROME (Zhang et al., 2025) or MEMIT (Meng
et al., 2023).

7 Conclusion

We introduce MCircKE, a mechanistically
grounded framework for knowledge editing that
addresses the reasoning gap between single-hop
factual recall and multi-hop inference. Our
analysis shows that multi-hop reasoning relies on
sparse, distributed circuitry beyond direct factual
recall, with distinct contributions to intermediate

information propagation and final prediction.
To address this, MCircKE dynamically maps
these transient reasoning pathways and performs
surgical interventions within the identified circuits.
Extensive evaluations demonstrate the effective-
ness of MCircKE in multi-hop factual recall for
knowledge editing in LLMs, highlighting circuit
structure as a promising basis for precise and
generalizable knowledge editing.

Limitations

Sequential Editing and Interference Our cur-
rent evaluation focuses on single edits. It remains
an open question whether the proposed framework
has sufficient capacity to support thousands of se-
quential edits without saturation or cross-talk (in-
terference between different edited facts sharing
the same routing heads).

Circuit Discovery Cost and Trade-off Calculat-
ing EAP-IG requires computing gradients for every
edge, which, while efficient compared to activa-
tion patching, still incurs a computational overhead
(O(m) backward passes) that may be prohibitive
for real-time editing of extremely large models.
Besides, EAP-IG serves as a gradient-based ap-
proximation to exact activation patching. The fi-
delity of this approximation is governed by the
number of integration steps m. While reducing m
improves computational efficiency, it may hinder
convergence to the true attribution scores, result-
ing in the identification of incomplete circuits that
do not faithfully represent the model’s reasoning
topology.

Threshold Sensitivity The top- K pruning strat-
egy imposes a fixed sparsity level across all edits.
This heuristic may be suboptimal because complex
facts may require larger circuits while simple facts
may require smaller ones, and these requirements
can also vary across model scales, necessitating
future work on adaptive thresholding.
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A Notation

Symbol Meaning
G = (V,€) Full model computational graph
C(K)C G Causal circuit: top-K EAP-IG edges (Eq. 2)

o(e) EAP-IG attribution score of edge e (Eq. 1)

ITean Clean prompt eliciting target behavior

Teorrupt Structurally matched contrastive prompt

m IG Riemann-sum steps (set to 5)

K Top-K circuit-size pruning threshold

r, o LoRA rank, scaling factor

M-Acc Multi-hop Accuracy

S-Acc Single-hop Accuracy

AW Parameter update applied by an editing method

B Prerequisite

B.1 LLM as a Computational Graph

We conceptualize the LLM as a Directed Acyclic
Graph (DAG), denoted as G = (V,€). In this
representation, the nodes V are the specific compu-
tational sub-modules of the network, and the edges
& represent the flow of information between them
via the residual stream.

Nodes (V) To enable fine-grained editing, we de-
compose the standard Transformer blocks into the
atomic linear projections of the models:

V= {(wo" wieh wih Wi w1 te L) he (1, 1]}
)
where L is the number of layers and H is the num-
ber of heads per layer. W, W, Wy represent the
query, key, and value projections for the h-th head
in layer [, W is the output projection, and Wy, p
represents the two-layer feed-forward network.

Edges (£) An edge e,_,, exists if the output of
module u contributes to the input of module v via
the residual stream.

B.2 [Edge Attribution Patching with
Integrated Gradients (EAP-IG)

To identify the specific subgraph responsible for
a model’s behavior, we require a method to at-
tribute the model’s output to specific internal edges.
Standard methods like Activation Patching (Meng
et al., 2022) are faithful but computationally expen-
sive, while vanilla gradient attribution suffers from
saturation. To balance fidelity and efficiency, we
employ Edge Attribution Patching with Integrated
Gradients (EAP-IG) (Hanna et al., 2024).
Specifically, vanilla EAP (Nanda, 2023) approx-
imates the importance of an edge e by computing
the product of the edge’s activation z. and the gra-

dient of the loss with respect to that activation g—é:

PEAP = Te - giﬁ (6)
Te

While requiring only one backward pass, this
method fails in deep non-linear networks due to
the saturation effect. When a neuron is fully acti-
vated, the local gradient is near zero, even if that
neuron is critically important for the output. This
often yields "broken" circuits that miss key inter-
mediate nodes.

To overcome saturation, EAP-IG accumulates
gradients along a linear path between a corrupted
baseline input (/corrupt) and the clean target input
(Ieiean)- Let xe denote the activation along edge e.
A path is defined as o (v) = z& """ 4~ (e —

corTuPty for ~ € [0, 1]. The attribution score ¢(e)
for an edge e is calculated as:

_ wcorrupt) > /1 8[/(.%(7))017
‘ v=0 81‘5 ('7)
(N
In practice, this integral is approximated using a
Riemann sum with m steps:

ole) = (g

1 = OL(z(£))
72 2= Am )

m O0%e
k=1

¢(€) ~ (l,clean _ georrupt

e e )X

®)
This formalism provides a robust, continuous es-
timate of causal importance, enabling us to map
the full reasoning circuitry even through saturated
MLP layers.

C Additional Details on Functional Role
Characterization

Here we provide additional details for the analysis
in Section 3.3.
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C.1 Causal Characterization of Component
Roles

For each two-hop reasoning instance s — b — o,
we construct a clean input (/¢jeay) and a structurally
matched corrupted input (Zcorrupt). The corrupted
prompt preserves the template and relation struc-
ture of the clean prompt while replacing the sub-
ject entity, thereby changing both the intermediate
bridge entity and the final answer. We evaluate two
complementary targets. The bridge target uses the
first-hop query and contrasts the clean bridge entity
b with its corrupted counterpart b’. The final target
uses the complete multi-hop query and contrasts
the clean final answer o with the corrupted answer
o'. The bridge entity is therefore an intermediate
variable in the reasoning chain rather than an entity
explicitly provided by the final multi-hop question.
The clean and corrupted sequences are constrained
to have the same token length, which allows com-
ponent activations to be restored position-wise be-
tween the two forward passes.

We evaluate each component with respect to two
stages of the reasoning chain: recovering the in-
termediate bridge entity and predicting the final
answer. For each target t € {bridge, final}, we
measure model behavior using the logit difference
between the clean and corrupted target tokens at
the final prediction position:

mt($) = logltx[_lv At} - logltx[_17 Bt]a (9)

where A; and B; denote the clean and corrupted
target tokens, respectively. Specifically,

(Afinal, Bfina) = (0,0")

(10)
Thus, myyiqee measures the model’s preference for
the correct intermediate entity b over its corrupted
counterpart b’, while mg,, measures the corre-
sponding preference for the correct final answer
o over o'. For each target, the total effect of the
corruption is defined as

(Abridgea Bbridge) = (b, b/),

At = mt(Iélean) - mt(Igorrupt)'

(1
This quantity provides the normalization baseline
for the component-level intervention described be-
low. For multi-token bridge entities, we use the first
token of the entity; b’ is the bridge entity induced
by the corrupted prompt rather than a randomly
selected token.

Component-level causal intervention. We next
measure how much of the clean—corrupt behavioral
difference can be recovered by restoring a single
model component. For an attention head (¢, h), let

Ze,h($) c RTdeodel

denote its output after the head-specific output pro-
jection and before addition to the residual stream.
During the corrupted forward pass, we replace the
output of a single component ¢ with its activation
from the corresponding clean run while leaving all
other activations unchanged:

Mct =M (Iéorrupt ‘ do [ZC — zC(Iglean)]) .
(12)
For attention heads, the complete T' X dpodel
output is restored across all token positions rather
than only at the final position. We apply the same
intervention principle to MLP components.

Normalized indirect effect. For each component
c and target t, we define its normalized indirect ef-
fect as the fraction of the total clean—corrupt differ-
ence recovered by restoring that component alone:

my (Mct) —my (Iéorrupt)

my (Iglean) -y (Igorrupt)

IEt (C) =

(13)

Accordingly, IE;(c) = 1 indicates that restoring
component c recovers the full clean—corrupt effect
for target ¢, whereas IE;(c) = 0 indicates no re-
covery. Negative values indicate that restoring the
component moves the prediction further away from
the clean behavior.

For every component, we compute two effects:

37 bridge bridge
Mbpridge (Mc ) —Mbpridge (Icorrupt

IEbridge (C) =

Mpridge (Iflfei;;ife) ~Mbridge (I?;riffgt) 7
(14)
and
Mﬁnal)fmﬁ I(Iﬁnal )
IE _ Mfinal ( c nal\<corrupt .
final (C) Menal (1822 ) —mgnan (Igéihpt 215)

We average these effects over N = 100 cases:

N
. 1 "
i) = 5 1E (c), (16)
n=1

We evaluate all 720 attention heads and 36 MLP
modules in GPT-2 Large for both targets.
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Functional-role assignment. Figure 1(d) plots
Ebridge against IEg,, for components identified
by EAP-IG as circuit members. Because relative
comparisons between two near-zero effects are not
meaningful, we assign a functional role only when

max (IEpidge (), [Eginai(c)) > 0.01.  (17)
Components passing this threshold are catego-
rized as

bridge-dominant, IEpyidge(c) > 2IEgpa(c),

c € { final-dominant,  IEgua1(c) > QEbridge(c),

both, otherwise.
(18)

Components below the 1% threshold are shown
separately as having negligible measured effects.
We use inequalities rather than an effect ratio so
that the criterion remains well defined when one of
the two effects is negative.

The resulting distribution shows that the two ef-
fects are not mutually exclusive: many components
contribute to both targets, while distinct bridge-
dominant and final-dominant groups remain identi-
fiable. We therefore interpret these labels as causal
functional biases, rather than as a strict decompo-
sition of the network into disjoint functional mod-
ules.

C.2 Layer Distribution of Attention-Head
Roles

We further examine whether these causal biases
exhibit systematic structure across network depth.
This analysis considers the 54 attention heads
whose maximum effect satisfies the 0.01 thresh-
old, comprising 14 bridge-dominant, 31 shared,
and 9 final-dominant heads.

For each role ¢, we estimate the distribution of
its layer indices using a Gaussian kernel density
estimator:

folz) = ﬁ Zieq €xp (_(m;if?iy) , h=22,
19)
where L; is the layer index of head 7 and n, is the
number of heads assigned to role q. Each density
curve in Figure 2 is normalized to its own maxi-
mum; the curves therefore represent the shape and
location of each depth distribution.
To quantify the depth shift between bridge-
dominant and final-dominant heads, we use the
difference in median layer as the test statistic:

Tobs = median (Lgnar) — median (Lpridge) -
(20)
Under the null hypothesis that the two role labels
are exchangeable with respect to network depth,
we pool their layer indices and randomly reassign
them while preserving group sizes. The two-sided
permutation p-value is computed as

p= # {‘Tpe]r\rfn| > |Tobs’}' (21)
perm

Bridge-dominant heads have a median layer of 23,

whereas final-dominant heads have a median layer

of 31, yielding an eight-layer shift with p = 0.016.

We interpret this as a systematic depth shift rather

than a clean separation between the two roles.

Together, the intervention and depth analyses
indicate that intermediate bridge propagation and
final-answer prediction are causally distinguish-
able but distributed computations. Their substantial
overlap argues against a rigid layer-wise decom-
position, while the systematic depth shift provides
complementary evidence that multi-hop reasoning
involves information-propagation mechanisms be-
yond those required for direct factual recall.

D Additional Experimental Results

Additional results are presented in Table 5, Table 6
and Table 7.

Method M-Acc S-Acc
LoRA 31.23 35.87
ROME 39.03 85.77
CaKE 3540 84.53
MCircKE 46.20 87.93

Table 5: Results on Qwen2.5-7b / MQuUAKE-CF-3K-v2.

Method M-Acc S-Acc
LoRA 17.47  20.25
ROME 16.10  60.80
CaKE 4773  74.90
MCircKE 55.50 78.80

Table 6: Results on GPT-2 XL / MQuAKE-CF-3K.
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MQUAKE-CF-3K  MQUAKE-T

LoRA 10.39 19.39
ROME 17.53 5.19

CaKE 34.97 40.29
MCircKE 47.02 98.94

Table 7: Results on GPT-2 Large (M-Acc).

E Auxiliary

E.1 Licenses

This study utilizes several open-source artifacts, all
of which are distributed under permissive licenses
compatible with academic research.

* MQuAKE-3K Dataset: Distributed under the
MIT License.

* GPT-2 (Large/XL): Released by OpenAl un-
der the Modified MIT License.

* GPT-J (6B): Released by EleutherAl under
the Apache-2.0 License.

* CaKE (Baseline): The official implementa-
tion and data are distributed under the MIT
License.

« ROME/MEMIT/AlphaEdit (Baselines): The
official codebases for these methods are dis-

tributed under the MIT License.

E.2 Intended Use Consistency

All artifacts employed in this study were used in a
manner consistent with their intended purposes as
defined by their creators.

* MQuAKE-3K: This dataset was specifically
designed to evaluate the multi-hop reasoning
capabilities of edited language models. Our
usage strictly adheres to this evaluation proto-
col.

* Language Models (GPT-2, GPT-J): These
models are intended for research into the prop-
erties of large language models, including
interpretability and fine-tuning. Our work,
which investigates the internal mechanisms of
these models via EAP-IG and applies circuit-
based editing, aligns with this research scope.

» Synthetic Data: The synthetic prompts used
for the MCircKE were generated using Chat-
GPT (OpenAl). This usage falls within the

acceptable use policy for research purposes,
specifically for generating non-sensitive, fac-
tual reasoning chains.

E.3 Documentation of Artifacts

Language & Domain: All models and datasets
used in this study process English language text.
The domain of the MQUAKE-3K dataset is factual
knowledge graphs (derived from Wikidata), cover-
ing entities such as people, organizations, locations,
and creative works.

Dataset Characteristics: The MQuUAKE-3K
dataset consists of 3,000 counterfactual editing in-
stances. Each instance includes a base edited fact
and a set of multi-hop questions (2-hop, 3-hop, 4-
hop) that test the model’s ability to propagate this
edit.

Model Specifications: GPT-2 Large - 774M pa-
rameters, 36 layers, 1280 hidden dimension; GPT-2
XL - 1.5B parameters, 48 layers, 1600 hidden di-
mension; GPT-J - 6B parameters, 28 layers, 4096
hidden dimension

Demographics: The datasets are derived from
Wikipedia and Wikidata, which may contain inher-
ent biases reflecting the demographics of English-
speaking internet users. No human subjects were
involved in this specific study.
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