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Abstract

Tool use is often assumed to monotonically im-
prove reasoning, where external evidence is
expected to help when relevant and be ignored
when irrelevant. We show that this assumption
fails in a state-dependent way. Across bench-
marks with Python and Wikipedia tools, exter-
nal evidence reliably helps when initial beliefs
are weak, but can flip already-correct answers
when those beliefs are strong. We frame this as
a misallocation of revision authority, arguing
that deferring to external evidence is subopti-
mal when internal support for the correct an-
swer surpasses the tool’s expected output qual-
ity. This predicts that harm should concentrate
on high-confidence no-tool cases. We test this
prediction with threshold localization, wrong-
trace audits, and a same-clue intervention show-
ing that revision framing changes the damage
caused by misleading evidence. These findings
suggest that mixed no-tool/tool-assisted infer-
ence should arbitrate authority rather than priv-
ilege tool evidence by default. As a minimal
demonstration, we introduce CASE, a label-
free controller that selects between no-tool and
tool-assisted trajectories using answer-state cer-
tainty and improves over existing confidence-
based arbitration baselines.

1 Introduction

Tool-integrated reasoning has become a central
paradigm for extending the problem-solving ca-
pabilities of language models, with code execution,
retrieval, and search increasingly incorporated as
standard reasoning components (Feng et al., 2025;
Jin et al., 2025; Lin and Xu, 2025). This success
has reinforced a monotonic assumption about tool
utility, namely that relevant evidence boosts reason-
ing performance whereas unhelpful noise is safely
filtered out. However, a growing body of evidence
shows that this view is incomplete. Models may
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overuse tools even when parametric reasoning is
sufficient (Mallen et al., 2023; Qian et al., 2025);
they can be distracted by irrelevant context or fail to
robustly use retrieved information (Shi et al., 2023;
Liu et al., 2024); and they can mis-arbitrate be-
tween internal knowledge and conflicting external
evidence (Wu et al., 2024; Su et al., 2024).

We focus on a different question: how much re-
vision authority should external evidence receive,
conditional on the model’s pre-tool belief state?
We show that tool use can impair reasoning even
when the tool returns a correct local result. In
these cases, the model over-authorizes the external
signal and revises away from an already-correct,
high-confidence answer. This failure concentrates
in strong-prior cases, where the model should pre-
serve its internal belief rather than revise toward a
tool-framed interpretation.

A representative stored trace illustrates this fail-
ure. On a SuperGPQA item asking for (gg), the
no-tool state assigns p. = 0.99 to the correct
combined option, recognizing that both 98770
and C(85, 3) are valid. Python correctly returns
C(85,82)=98770, C(85,3)=98770, and equality
True. Nevertheless, the tool-assisted trajectory re-
vises to the numeric-only option D, arguing that
the single numerical value is more direct; its final
probe assigns probability 0.99 to this wrong op-
tion. The computation is correct and useful, but the
answer is damaged by over-authorizing a revised
interpretation of the answer space.

Across four challenging reasoning benchmarks,
Figure 1 reveals a systematic prior-dependent revi-
sion profile. While tool access benefits instances
with weak pre-tool confidence in the correct an-
swer, this advantage inverts when initial beliefs are
strong, manifesting as negative average updates,
harmful update mass approaching helpful mass,
and correct-prior crossings that exceed a geometry-
preserving logit-shuffle baseline. Tool use is there-
fore better understood as a belief-revision interven-
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tion whose value depends on the model’s current
belief state, rather than as a uniformly beneficial
add-on.

We study this phenomenon as state-dependent
belief revision. The central failure is excessive revi-
sion authority assigned to external evidence. Under
a minimal-change revision objective, strong pri-
ors should be protected unless the external channel
provides greater expected support. This yields a
threshold principle: when internal log-odds already
dominate the expected support from the tool chan-
nel, the risk-minimizing external authority is zero.

We test this principle using paired no-tool and
tool-assisted reasoning traces. The evidence pro-
ceeds in three steps. First, harmful flips concen-
trate in the high-prior regime, where internal-belief
proxies exceed contextual-support proxies. Sec-
ond, an error-case audit reveals why this failure
easily evades surface inspection, as many failed
tool-assisted traces remain deceptively supportive
and highly confident. Third, the Prior-Authority In-
teraction Test (PAIT), a same-clue, different-frame
intervention, shows that revision posture modulates
the damage, while an antidote frame substantially
attenuates it.

This mechanism has direct implications for de-
ployment. When no-tool and tool-assisted trajec-
tories are combined, equal voting can overweight
the unreliable channel because it counts trajecto-
ries rather than comparing post-revision author-
ity. We therefore formulate mixed inference as an
authority-allocation problem and instantiate this
view with Conflict-Aware Asymmetric Expansion
(CASE), a label-free controller that uses answer-
state certainty to arbitrate between revised and un-
revised channels. CASE consistently improves
over naive mixing in both the one-of-each setting
and higher-budget expansion. Our contributions
are as follows:

* We identify and formalize a state-dependent
belief-revision failure: tool use can re-
pair weak initial beliefs but may over-revise
already-correct, high-confidence beliefs. The
resulting threshold principle characterizes
when external evidence should receive zero
revision authority.

* We support this mechanism with three linked
tests: cross-model threshold localization of
harmful flips, wrong-trace audits revealing
confident and superficially supportive failures,

and PAIT, a same-clue intervention showing
that revision framing modulates damage.

* We instantiate the deployment implication
with CASE, a label-free controller for mixed
no-tool/tool-assisted inference that allocates
authority between revised and unrevised tra-
jectories and improves over naive mixing un-
der low-budget settings.

2 A Threshold Law for Revision
Authority

The prior-dependent reversal in Figure 1 changes
the question from whether tools help on average to
when external evidence should be allowed to revise
an existing belief. We formalize this question with
a minimal belief-revision model that assigns au-
thority to the tool-conditioned signal relative to the
model’s pre-tool belief. The model yields a simple
protection principle: strong internal beliefs should
be preserved unless the external channel provides
stronger expected support, and turns that principle
into testable predictions. Full derivations and the
iterated-destruction lemma used in the wrong-trace
audit appear in Appendix C.

2.1 Setup and Log-Odds Identity

Given a question x and answer space A, we distin-
guish three objects: the LLM’s pre-tool belief P,
the effective tool-conditioned belief (), and the
authority )\, assigned to the external signal. Here,
P,,Q; € A(A), and A\, € [0,1] controls how
far the revised belief moves from P, toward Q).
The reverse-KL minimal-change objective admits
a unique logarithmic-pooling solution:

RMa) x Py(a)' 7 Qu(a), ac A (1)

In controlled-output experiments, these beliefs are
estimated by projecting answer-probe probabilities
onto A.

Collapsing the answer space to the binary event
y* versus non-gold, let p = P, (y*), ¢ = Q»(y*),
and r = R)(y*). Denote the corresponding log-
odds by n = logit(p), v = logit(q), and p =
logit(r). Equation (1) implies

p—1n=A(v—n). (2)

Thus, revision is additive in log-odds. Any positive
authority decreases the gold log-odds when the
tool-conditioned belief is weaker than the internal
belief (¥ < 7), and increases it only when the
external support is stronger (v > 7).
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Figure 1: State-dependent tool revision across four reasoning benchmarks. Tool use helps weak priors but harms
strong priors: mean updates change sign with p. (left), helpful and harmful mass reverse dominance (middle), and
correct-prior crossings exceed a logit-shuffle null (right). Additional per-dataset and log-odds diagnostics appear in

Appendices A.3 and A .4.

2.2 Protection Principle

We now characterize when a risk-minimizing pol-
icy should grant positive authority to the external
signal. For a question with pre-tool gold log-odds
7, let M denote the random gold-event log-odds
induced by the tool channel. Define the resulting
gold-event logistic risk as

L(Xin) = Earllog(1 + e )]

where z) (M) linearly interpolates between the pre-
tool and tool-induced gold log-odds.

Theorem 2.1 (State-dependent authority threshold).
Assume that M is integrable and that all binary
gold-event probabilities have finite log-odds. Then
L(A;n) is convex in X on [0, 1], and its initial slope
is

oL

Y —(1—p)(E[M] —n).

(3)
Therefore, if n > E[M], any positive authority in-
creases risk, and \* = 0 is globally optimal. Con-
versely, if n < E[M], the initial slope is negative,
so a sufficiently small positive authority strictly
reduces risk.

Theorem 2.1 establishes a protection principle:
when the internal belief already dominates the
expected support from the external channel, the
minimal-risk policy assigns zero revision authority.
Positive external influence is justified only when
expected contextual support exceeds the prior.

Empirical Predictions. The theory yields three
predictions that organize the main empirical tests.
P1: harm should localize to cases where an internal-
belief proxy exceeds a contextual-support proxy.
P2: harmful revised traces may remain confident,

because repeated harmful revision can converge
to a sharp but incorrect endpoint (Appendix C.4).
P3: holding a misleading clue fixed, the revision
posture should modulate damage by changing the
effective authority assigned to that clue. Section 3
tests these predictions directly.

3 Three Tests of Misallocated Revision
Authority

We next examine whether the threshold mechanism
is observable in trace data. Because the latent be-
liefs in the theory are not directly observed, we
test their observable signatures using answer-probe
proxies, wrong-trace audits, and controlled revision
wrappers, with the concrete measurement mapping
reported in Table A.1. Throughout this section,
NT denotes an unrevised no-tool trajectory, and
AT denotes a tool-assisted trajectory after external
evidence has been incorporated.

Together, the experiments test three increas-
ingly diagnostic predictions of the theory: harmful
flips should localize where internal-belief proxies
exceed contextual-support proxies; these failures
should often end in confident wrong answers rather
than visible uncertainty; holding the same mislead-
ing clue fixed, changing the revision frame should
change the flip rate by altering the effective author-
ity granted to that clue.

3.1 Threshold Signature of Harmful Revision

This test asks whether tool-induced harm appears
precisely in the regime predicted by the protection
principle. The key regime is the positive-gap re-
gion: cases where the model’s pre-tool belief in the
gold answer is stronger than the support provided
by the tool-conditioned context (n > ©). In this
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Figure 2: Diagnostics for misallocated revision authority. A: Harmful flips rise sharply in the high-authority
region (n > ©) across three models. B: Many wrong tool-assisted traces remain superficially plausible, with
supportive-looking traces forming the largest category. C: In PAIT, holding the misleading clue fixed while limiting
tool authority reduces harmful flips; gray lines are individual models and the black line is their unweighted mean.

region, the theory predicts that granting authority
to the external signal is risky, because revision is
more likely to move probability mass away from
the gold answer.

The trace data align with this prediction. In the
main Qwen3-Coder-30B export, harmful flips are
much more concentrated in the positive-gap region:
15.2% of these transitions change a correct pre-tool
answer into an incorrect post-tool answer, com-
pared with only 0.5% when the tool-conditioned
support is at least as strong as the internal belief
(n < p). The average probability update also re-
verses direction, shifting from a gain of +0.228
in Ap. outside the positive-gap region to a loss
of —0.113 within it. Figure 2A visualizes the
same split across all three evaluated model settings,
while Table 1 gives the main-model log-odds and
null-crossing diagnostics, with details given in Ta-
ble A.6.

A natural concern is that this effect merely re-
flects starting confidence: because positive-gap
examples begin with high gold probability, their
downward updates may produce more bound-
ary crossings simply due to regression to the
mean. To address this alternative, we introduce
a permutation-style null model (Ernst, 2004; Good,
2005). Specifically, we keep each example’s pre-
tool log-odds fixed and randomly reassign the ob-
served logit updates across the dataset. This pro-
cedure preserves the marginal distributions of both
starting confidence and update magnitude, while
severing the case-level link between the threshold
gap and the direction of revision.

We observe substantially more crossings than
predicted by this null model, especially in the
positive-gap and high-prior subsets. In the positive-

Table 1: Transition diagnostics for the main Qwen3-
Coder-30B threshold risk sets. A/ is the mean change
in gold log-odds. Up/Down report logit-movement
frequencies, with |A¢| < 0.05 treated as flat. Cross
obs/null reports the observed rate of p. > 0.5 = p. <
0.5 crossings and the corresponding logit-shuffle null
mean.

Risk set N Ap. A{¢ Up/Down Harm Cross obs/null

(pp) (%) (%) (%)
n<uv 70,591 +22.7 +4.74 69.0/25.5 0.5 0.4/0.2
n>v 13,756 -11.3 -1.13 449/533 152 15.3/6.1
pe > 0.80 11,521 -15.5 -1.50 43.8/546 159 16.3/5.5

gap slice, the observed crossing rate is 15.33% ver-
sus 6.09% under the update-magnitude-matched
shuffle; under the stricter dataset-by-difficulty-
quartile shuffle it remains 15.33% versus 10.19%
(p < .001 for both). In the high-prior slice, the
corresponding rates are 16.32% versus 5.52% and
16.32% versus 10.32% (p < .001). This excess
indicates that positive-gap cases are not merely
high-confidence or difficult examples with a larger
margin for degradation, but rather are dispropor-
tionately vulnerable to misaligned revisions. Ap-
pendix Table F.1 gives the complete matched-null
audit.

3.2 Failed Revised Traces Often Appear
Superficially Reliable

Section 3.1 localizes where harmful revision oc-
curs. We next ask a complementary question: when
a tool-assisted trajectory ends with an incorrect an-
swer, is the failure visible from the trace itself?
We audit AT failures, i.e., tool-assisted trajectories
whose final answer is wrong. This pool includes
harmful flips as a strict subset, but the diagnostic
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target is broader: whether failed revised answer
states can be rejected from a single trace. Confi-
dence denotes the final answer-probe probability
assigned to the trajectory’s own chosen answer; we
call a wrong trace high-confidence when this value
is at least 7eonr = 0.8.

We first annotate each wrong AT trace with
an evidence-status label using GPT-5 (OpenAl,
2025): supportive, contradictory, irrelevant, or
other/unclassifiable. Figure 2B summarizes the au-
dit. First, 36.6% of wrong AT traces are supportive-
looking: the available evidence appears to sup-
port the model’s final answer, even though that
answer is wrong; the remaining 2.0% are labelled
other/unclassifiable. Second, non-supportive evi-
dence does not reliably induce uncertainty: among
wrong traces labeled contradictory or irrelevant,
98.2% still assign at least Tcopr = 0.8 probabil-
ity to their own wrong final answer. Thus, failed
revised traces are not reliably exposed by surface
confidence or apparent evidence quality alone.

A natural alternative explanation is that these
failures are simply bad tool outputs propagated for-
ward. To examine this possibility, we conduct a
model-stratified human source audit on 240 wrong
AT traces, with 80 traces from each evaluated
model. The audit reveals a mixed failure profile:
tool-contradictory evidence absorbed anyway is
the largest category (34.6%), followed by irrele-
vant evidence confabulated into support (24.6%),
partial evidence taken at face value (15.4%), and
correct evidence misinterpreted in the answer space
(15.0%), with 10.4% labeled unclear. The last cate-
gory matches the (gg) trajectory in the introduction:
Python returns the correct value, but the post-tool
trajectory revises to the wrong option. Many fail-
ures are therefore not artifacts of incorrect tool out-
puts. Instead, they are post-tool revision failures in
which correct, partial, irrelevant, or contradictory
evidence can still be folded into a confident wrong
state.

Together, the automatic and human audits clarify
why threshold localization is not itself a trace-level
filter. Although the risky region can be flagged
statistically, an individual failed revised trace may
still appear supported and highly confident. Appar-
ent evidential support and high final answer-probe
confidence are therefore not reliable standalone
certificates of a revised trajectory’s correctness.

Table 2: Cross-model PAIT on eligible high-prior
cases. FR denotes the answer flip rate under the
adversarial-clue wrapper.

Model Tool Context Reflection Tool+Antidote
QC-30B 77.0% 63.7% 78.6% 37.4%
30B-NV 51.9% 26.8% 44.1% 20.0%
Q3.5-9B 20.5% 41.9% 85.0% 0.0%
Avg 49.8% 44.1% 69.2% 19.1%

3.3 Prior-Authority Interaction Test (PAIT)

The first two diagnostics establish where harmful
revision concentrates and why failed revised traces
can look reliable after the fact. We now test the
remaining theoretical claim: in high-prior cases,
damage should depend not only on the content
of the external clue, but also on the authority the
model assigns to that clue. In the threshold model,
this role is captured by A: when the internal belief
is already strong, a weak or misleading external
signal should receive little or no revision authority.
PAIT tests whether this authority is frame-sensitive.

Starting from harmful high-prior cases whose
clean executed baseline remains correct and highly
confident, we extract one misleading clue and rein-
sert the same clue into several non-executing wrap-
per prompts: TOOL, CONTEXT, REFLECTION, and
TOOL+ANTIDOTE. The clue text is held fixed
within each case, and all wrapper answers disable
tool execution. Thus, differences in flip rate can-
not be attributed to new tool results or different
evidence content; instead, they measure how the
same clue is treated under different revision pos-
tures. If the harm were driven only by clue content,
the frames should behave similarly. If misallo-
cated authority is part of the mechanism, authority-
amplifying frames should induce more flips, while
an authority-limiting antidote should reduce them.

Table 2 summarizes the cross-model PAIT pat-
tern using unweighted model-level averages; the
corresponding per-condition eligible counts are re-
ported in Appendix Table E.4.

The qualitative pattern is stable. Under the same
adversarial-clue intervention, multiple authority-
coded frames induce substantial harmful revi-
sion: averaged across model settings, REFLEC-
TION produces the highest flip rate (69.2%), fol-
lowed by TOOL (49.8%) and CONTEXT (44.1%).
At the same time, the revision frame matters:
TOOL+ANTIDOTE yields the lowest average flip
rate (19.1%), suggesting that explicitly limiting the
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authority of the clue can partially restore protection
for high-prior answers.

4 Deployment Corollary: Authority
Allocation for AT/NT Inference

The mechanism developed in Sections 2-3 leads
to an inference-time allocation problem. Tool use
is valuable because external evidence can rescue
weak or mistaken internal states; however, the same
revision channel can also overwrite strong priors
and produce confident wrong AT endpoints. Once
unrevised no-tool trajectories (NT) and revised tool-
assisted trajectories (AT) coexist for the same ques-
tion, the system must decide how much authority
each answer state should receive.

This motivates a query-level arbitration view of
mixed AT/NT inference. Rather than counting tra-
jectories uniformly, the controller should compare
the competing post-revision answer states and al-
locate additional samples to the channel whose
support is weaker or less settled. We instantiate
this idea with CASE, a minimal closed-loop con-
troller designed to test the operational prediction
of the authority-allocation view: when AT and NT
disagree, query-level arbitration should outperform
channel-agnostic mixing.

4.1 A Label-Free Signal from Settled Answer
States

The threshold gap n—E[M] relies on leave-one-out
tool-conditioned proxies that are not computable
per query at deployment time. CASE therefore
uses an inference-time analog: the settledness of
the resulting answer state from a single trajectory.
For each trajectory i, we obtain a final answer-
probe distribution p;(a) over options and compute
its entropy

log pz )

= - pia

acA

Lower entropy indicates that the trajectory ends in

a more concentrated answer state. We convert t(h)is
.. . . HY
quantity into normalized certainty ¢; = 1 — me

so that ¢; € [0, 1] up to numerical roundoff.

4.2 The CASE Controller

We aggregate answers through certainty-weighted
voting. To decide which channel to expand next,
CASE also tracks channel-specific winners and
margins. For channel s € {AT,NT}, let 7 be the

Algorithm 1 CASE: conflict-aware asymmetric
expansion

Require: Threshold 7; channel budgets BT, Bat

1: Collect one NT trajectory and one AT trajectory

2: Initialize TxT, 7aT with those samples

3: while true do

4: Compute certainty scores ¢;, pooled winner g, and
pooled margin I'

S: Compute channel winners ynt, yat and channel mar-
gins FNT, I AT

6 if I' > 7 and ynT = gaT then

7 return ¢

8 else if ynT # gaT then

9: s* < argmingenr,ary V(9s)

10: else

11: s* <= argmingenr,ary I's

12: end if

13: if | 7o+ | = Bs+ then

14: return g

15: end if

16: Collect one additional trajectory from channel s* and
add it to To*

17: end while

current trajectory pool and define

‘/;(a) = Z Cq,
1€Ts:yi=a
As = VYS ) 4
Js = arg max (a) “)
L5 = Vi(gs) — max Vi (b)
LetI' = V(y) — maxp.; V() be the correspond-

ing pooled margin. We instantiate these quantities
in CASE (conflict-aware asymmetric expansion),
a minimal closed-loop controller for mixed AT/NT
inference.

The two branches of Algorithm 1 correspond to
the two findings of Section 3. The conflict branch
handles AT/NT disagreement, the regime in which
the threshold gap from Section 3.1 is most diag-
nostic: the controller probes whichever side is cur-
rently losing the pooled decision rather than rein-
forcing the stronger one. The alignment branch
handles cases where both channels agree but the
pooled margin remains small—the regime where
Section 3.2 shows that surface agreement does not
certify correctness—and samples from the channel
with the lower margin. Setting Byt = Bar =1
yields the minimal one-NT/one-AT form, corre-
sponding to the first decision made by the same
closed loop and the setting used for our headline
result.
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4.3 Arbitration on the AT/NT Disagreement
Set

The mechanism in Section 3 yields a direct op-
erational prediction. When the first AT and NT
trajectories choose different answers, equal voting
is uninformative by construction; any improvement
must therefore come from deciding which post-
revision state should be granted authority. We be-
gin with the first-pair AT/NT disagreement subset,
which provides the cleanest test of the authority-
allocation view.

A pair-complete 1-vs.-1 audit provides the un-
certainty qualification requested during review.
Over 53,184 matched model-question instances, a
model- and dataset-stratified paired bootstrap gives
CASE—-P(True)-CISC = +3.80 points with a 95%
interval of [3.54,4.05]. The model-level intervals
all exclude zero, whereas the pooled GPQA Dia-
mond contrast is 0.00 with interval [—2.37,2.37];
GPQA is therefore inconclusive rather than evi-
dence of a reliable reversal. Appendix Table F.3
reports the full breakdown.

Table 4 reports the complementary disagreement-
only test. On this subset, CASE improves over
P(True)-CISC by +10.2, +10.0, and 4+13.1 points
across the three full-pipeline model settings.

The decomposition explains the source of the
gain. CASE does not simply default to either
the no-tool channel or the tool-assisted channel:
it protects 60—81% of cases where NT is correct
and AT is wrong, while still rescuing 51-71% of
cases where only AT is correct. This pattern is
consistent with the threshold law, indicating that
the gains arise from state-dependent authority al-
location rather than from a uniform preference for
either the tool-assisted or no-tool channel.

Figure 3 examines whether the same arbitration
advantage persists beyond the minimal-pair set-
ting. Across the 141 to 84-8 budget ladder, CASE
remains on a better budget frontier than mixed ma-
jority voting and CISC. Detailed cost tables, prior-
gate baselines, and nearby answer-state signals are
reported in Appendix B.

To further test whether CASE’s advantage con-
centrates in the regimes predicted by the thresh-
old analysis, we stratify the disagreement set by
n > U versus < © and by prior strength. Aver-
aged across model settings, the CASE—-CISC gap
is larger in the positive-gap region than outside it
(+13.5 vs. +7.7), and it reaches +20.8 points in
the high-prior bin; Appendix Table B.3 reports the

corresponding stratified summaries. In that high-
prior bin, the gain is not explained by a degenerate
rule that always trusts NT: CASE protects 86.5%
of NT-correct/AT-wrong cases while still rescuing
72.5% of NT-wrong/AT-correct cases. This stratifi-
cation closes the loop between the mechanism and
the controller. CASE does not observe the latent
threshold gap, but its advantage concentrates pre-
cisely in the regimes where the threshold analysis
predicts over-revision.

4.4 Summary

Section 4 shows that the belief-revision mechanism
has a direct operational consequence. Since the la-
tent threshold gap is unavailable at inference time,
CASE uses answer-state settledness as a label-free
authority cue between competing AT and NT tra-
jectories. Its gains concentrate in the disagreement
and high-prior regimes predicted by the earlier anal-
ysis, while retaining both protection and rescue
across minimal setting and higher budgets. This
supports the main reframing of mixed tool/no-tool
inference as state-dependent authority allocation
rather than uniform trajectory counting.

5 Related Work

External evidence, tool use, and belief revision.
Tool-integrated reasoning extends language models
beyond parametric computation through code ex-
ecution, retrieval, and search, increasingly trained
end-to-end with reinforcement learning and stan-
dardized evaluation (Yao et al., 2023; Schick et al.,
2023; Paranjape et al., 2023; Wang et al., 2024;
Zhuang et al., 2023; Feng et al., 2025; Jin et al.,
2025; Lin and Xu, 2025). A growing body of work
shows that external evidence is not uniformly bene-
ficial: irrelevant or distracting context degrades ac-
curacy, long contexts are poorly utilized, retrieval-
augmented systems over-adopt incorrect evidence,
and agents may overuse tools even when paramet-
ric reasoning suffices (Shi et al., 2023; Liu et al.,
2024; Yoran et al., 2024; Mallen et al., 2023; Wu
et al., 2024; Qian et al., 2025). A parallel litera-
ture on knowledge conflict characterizes the tug-
of-war between parametric memory and external
context—disentangling parametric from contextual
answers, surfacing entity- and context-faithfulness
conflicts, quantifying internal—external trade-offs,
and cataloguing conflict types at scale (Neeman
et al., 2023; Longpre et al., 2021; Zhou et al., 2023;
Wau et al., 2024; Xie et al., 2024; Su et al., 2024,
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Table 3: Cross-model results on the shared four-benchmark evaluation. Accuracy is measured in the 141 setting
with one NT and one AT trajectory per question. Baselines are mixed majority vote with random tie-breaking and
P(True)-CISC on the same candidate files. The final row reports matched-budget Pareto AUC over 1+1 to 8+-8;

A denotes CASE-P(True)-CISC.

Dataset / summary Qwen3-Coder-30B 30B-NV Qwen3.5-9B
Mix-MV CISC CASE Ac¢ Mix-MV CISC CASE Ac¢ Mix-MV CISC CASE Ac
MMLU-Pro 7395 7391 7829 +4.38 8276 8293 84.31 +1.38 60.71 56.65 6290 +6.25
GPQA Diamond 48.21 5179 49.74 -205 66.16 65.66 67.17 +1.51 6288 65.15 63.64 -1.51
Physics 4846 5031 50.62 +0.31 69.08 69.54 69.85 +0.31 5831 5692 58.15 +1.23
SuperGPQA-Calc 4292 4238 4644 +4.06 5691 57.82 5996 +2.14 3438 3143 3635 +4.92
Macro 5338 54.60 56.27 +1.67 68.73 68.99 70.32 +1.33 54.07 52.54 5526 +2.72
Aggregate 53.55 5327 5730 +4.03 6597 66.62 6846 +1.84 44.04 40.80 46.03 +5.23
Pareto AUC 5748 5731 59.69 +238 6894 69.12 70.63 +1.51 4649 4496 48.17 +3.21
=@ CASE == P(True)-CISC —@— Mix-MV (rand AT/NT) —h— AT-MV —— NT-MV
Qwen3-Coder-30B 30B-NV Qwen3.5-9B

62 4 734 50
= 724
260 48
= 714
g N ///. . ) /“’.
g .
2 56 68 44
?é 54 671 42
< 661

52 65 40

2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16

Average total trajectories per question

Average total trajectories per question

Average total trajectories per question

Figure 3: CASE versus majority-vote baselines on the shared four-benchmark evaluation. Each panel
corresponds to one model setting. The x-axis reports total sampled trajectories per question rather than token-
normalized cost. MIX-MYV samples AT/NT trajectories uniformly and applies equal-weight majority voting with
uniform tie expectation. Solid lines are Pareto frontiers; faint markers show all evaluated operating points. CASE
instead uses the authority signal to allocate AT versus NT samples.

Table 4: First-pair AT/NT disagreement decomposi-
tion. Accuracy is measured only on examples where the
first NT and AT answers disagree. False protection is
the complement of rescue on the NT-wrong/AT-correct
subset.

Model N CASE CISC  Prot. Rescue False
Qwen3-Coder 6,975 37.7 27.5 81.3 51.1 48.9
30B-NV 3,897 39.2 29.2 71.2 70.5 29.5
Qwen3.5-9B 6,905 34.0 20.9 60.4 57.4 42.6

Kortukov et al., 2024; Xu et al., 2024). Mitigation
strategies span source allocation, conflict-specific
decoding, and context-robust training objectives
(Tao et al., 2024; Jin et al., 2024a,b; Wang et al.,
2025; Zeng et al., 2025; Khandelwal et al., 2025).
We build on this literature but shift the unit of
analysis from retrieved passages or tool-use de-
cisions to tool-returned reasoning traces, asking
when a tool-conditioned state should receive zero
revision authority because the pre-tool belief is al-
ready stronger.

Aggregation and adaptive inference. Our de-
ployment result connects to test-time aggrega-
tion and adaptive computation. Chain-of-thought
prompting and self-consistency aggregate sampled
reasoning paths, while confidence-weighted vari-
ants leverage calibration, self-knowledge, semantic
uncertainty, and self-checking signals to score or
filter candidates (Wei et al., 2022; Kojima et al.,
2022; Wang et al., 2023; Taubenfeld et al., 2025;
Guo et al., 2017; Jiang et al., 2021; Kadavath et al.,
2022; Farquhar et al., 2024; Manakul et al., 2023;
Tan et al., 2025). Verifier and process-supervision
methods offer a complementary route to selecting
or training reasoning paths via outcome- and step-
level reward models (Cobbe et al., 2021; Uesato
et al., 2022; Lightman et al., 2024; Zelikman et al.,
2022). Adaptive systems further decide when to re-
trieve, decode, or route computation across models
and contexts (Asai et al., 2024; Khandelwal et al.,
2025; Chen et al., 2023). CASE is complementary
to these directions: rather than training a verifier or
routing among models, it tests the operational im-
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plication of our mechanism by allocating authority
between unrevised no-tool and revised tool-assisted
trajectories within a fixed mixed budget.

6 Conclusion

Our results show that tool access changes not only
the information available to a model, but also the
authority external evidence holds over an existing
belief. Across trace diagnostics, controlled inter-
ventions, and arbitration experiments, tool-induced
harm is consistently state dependent. The same
revision channel that rescues weak beliefs can over-
write strong correct ones, and the damage concen-
trates when internal support already exceeds the
expected support of the tool channel. Therefore,
tool use be understood as a belief-revision interven-
tion whose value depends on the model’s current
answer state, rather than unconditional capability.
CASE operationalizes this view at inference time
by protecting states in which external evidence is
predicted to be more harmful than helpful. More
broadly, it suggests a mechanism-level objective
for tool learning, where models learn to allocate
revision authority according to the relative support
of internal and tool-conditioned evidence, rather
than tool reliability alone.

Limitations

Our study has several limitations. The empirical ev-
idence is concentrated on a bounded set of model
families, benchmarks, and tool-use formats. Al-
though we evaluate multiple model settings and
four reasoning benchmarks, broader validation on
larger frontier-scale models and more diverse ar-
chitectures remains necessary. The current experi-
ments focus primarily on controlled tool-assisted
reasoning traces, where the external channel and
answer space can be probed and compared. More
complex tool-use settings, such as coding agents,
web-search agents, retrieval-augmented multi-hop
systems, and long-horizon autonomous agents, may
introduce additional sources of noise, delayed feed-
back, and compounding state changes. Whether
the same threshold behavior appears in these richer
environments, and how to design a corresponding
CASE-style controller for them, remains an impor-
tant direction for future work.

For deployment of the core finding, CASE
should be interpreted as a minimal operational
corollary rather than a complete deployment so-
lution. We do not yet show how the protection

principle should be incorporated into training. A
natural next step is to use the state-dependent au-
thority view to design supervised fine-tuning data,
preference signals, or reinforcement-learning re-
wards that teach models when to preserve a strong
internal belief, when to defer to external evidence,
and when to request additional tool interaction. In-
tegrating such objectives with modern supervised
fine-tuning and reinforcement-learning pipelines
for tool-integrated reasoning and LLLM agents re-
mains open.

Ethics Statement

The experiments use benchmark reasoning tasks
and stored model/tool traces rather than human-
subject data. The main risk raised by the paper is
operational: tool-augmented systems can become
confidently wrong when misleading or low-quality
external evidence is granted too much revision au-
thority. We therefore frame the proposed controller
as a safety-motivated diagnostic and mitigation di-
rection. Deployed systems should combine state-
dependent authority allocation with independent
tool-quality checks and provenance tracking; high-
stakes domains also require task-specific human
oversight. Experts involved in the annotation pro-
cess were compensated in accordance with applica-
ble regulations and institutional guidelines.
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A Mechanism Measurements and
Robustness

A.1 Theory-to-measurement bridge

For multiple-choice runs, pre-tool and post-tool
states are reconstructed from the fixed answer-
space probe attached to each stored trajectory. Thus
pc,pre’ pc,posb and Apc = pc,post - pc,pre come
from the same probe family rather than from free-
form textual heuristics.

Table A.1: Consolidated notation and empirical prox-
ies. The first rows are theory objects; hatted quantities
are observed diagnostics used for localization and sign
tests, not identified latent parameters.

Quantity Definition or Role
proxy

Py, Qu, R Pre-tool, Full answer-space
tool-conditioned,  states
and revised beliefs
over A

Dig,T P.(y*), Q.(y*), Binary gold-event
and R)(y*) after ~ probabilities
collapsing to gold
vs. non-gold

U, p logit(p), logit(q), Binary log-odds
and logit(r) coordinates

M, v Random Threshold in
tool-induced gold Theorem 2.1
log-odds M and
expected support
v =E[M]

Gz, Vg Leave-one-out Empirical proxy
matched post-tool  for
gold probability G,
and U, =
logit(clip, (d))

Azs 5\1 Latent revision Measures observed
authority and movement toward
diagnostic the proxy support
recovered-
authority ratio in
Eq. (6)

Hy,c; Final answer Label-free CASE
entropy and arbitration signal
normalized
certainty ¢; =
1 - Hy/log |4

For numerical stability, all logits use clip,(u) =
min(1 — e, max(e,u)) with ¢ = 1075, For
an event z, let S, be the matched stratum

(dataset, tool_call_idx, prior_bucket,
pre_correct). The main contextual-support
proxy is

. 1 j
Az = |S|7—1 Z ngostv
T €S, jHa ®)

Dy = logit(clip(qz))-

This definition is used for retained events with
a nonempty leave-one-out stratum; robustness
widens the strata and uses cross-fit or oracle-
support variants. Let p, = logit(clipe(pgost))
and 7, = logit(clipe(pggre)). The recovered-
authority diagnostic reported in Table A.6 is

Ay = clipg 1 (696 — 77x> ,|Pe = me| > 1076,
’ Ve = Nz
(6)

with near-zero denominators treated as undefined
and excluded from the diagnostic mean. Because
effective authority is latent and 7, is only a proxy
for expected channel support, A is used only as
a descriptive geometry check. The key empirical
claim is sign stability of the belief-minus-support
gap across proxy families.

A.2 Trace-level checks

Executed AT failure. On the SuperGPQA-Calc
binomial item described in the introduction, the pre-
tool probe assigns p. = 0.99995 to the combined
correct option. Python returns C(85,82)=98770,
C(85,3)=98770, and equality True; the tool-
assisted trajectory still answers the numeric-only
option. This case illustrates that the external com-
putation need not be wrong, since harm can come
from over-authorizing a revised interpretation of
the answer space. To construct the subsequent
PAIT experiment, human annotators rewrite the
misleading information in each stored harmful AT
trajectory into a short, wrapper-invariant clue and
insert that same clue verbatim across the PAIT
wrappers described in Appendix E.1.

CASE arbitration. On an MMLU-Pro fraction
item, the first AT path calls Python and observes
Result: @.625 but answers a wrong option with
a split final probe; the first NT path answers the
gold option with near-zero entropy. Equal voting
ties, while CASE(1+1) gives the larger authority
weight to the more settled NT answer state.

A.3 Asymmetric belief destruction by dataset

This subsection records the compact numerical ev-
idence behind the per-dataset visual diagnostics.
The corresponding full-width figures are postponed
to Section A.6 so that the appendix first presents
the definitions, trace checks, and tables without a
float backlog.

Let Ap! = max(Ap,0) and Ap, =
min(Ap,, 0). Across datasets, the expected mag-
nitude of harmful updates grows faster than the
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expected magnitude of helpful ones as prior confi-
dence increases:

EUAPc\Pc]:A< Pe )a-

E[Apj' | pc] 1 —pe

(7

This descriptive relation is the precursor to
the threshold analysis: it summarizes how the
harm/help balance shifts with the model’s current
belief state. A positive exponent means that mov-
ing to higher pre-tool odds increases the relative
size of destructive updates. Values near one indi-
cate an approximately odds-proportional increase
in destructive amplitude.

Table A.2: Destructive-asymmetry fits. The exponent
« is positive across the four main benchmarks.

Dataset a R?
MMLU-Pro 1.075 0.973
GPQA Diamond 0.960 0.989
Physics 0.997 0.995

SuperGPQA-Calc 1.092 0.975

Table A.2 shows that the fitted exponents are pos-
itive in all four datasets and tightly fit the binned
ratios. As the pre-tool gold probability increases,
harmful updates become larger relative to help-
ful updates across MMLU-Pro, GPQA Diamond,
Physics, and SuperGPQA-Calc.

Table A.3: Cross-model portability summary.
Destructive-asymmetry exponents remain positive, and
CASE(1+1) improves aggregate accuracy in all three
evaluated settings.

Model Events a R? CASEA
Qwen3-Coder-30B 84,347 1.031 0.983 +3.8
30B-NV 149,147 0.646 0.925 +2.5
Qwen3.5-9B 71,028 1.047 0.986 +2.0

Table A.3 adds two portability checks. First,
the destructive-asymmetry exponent remains posi-
tive for each evaluated model setting, although the
slope is shallower for 30B-NV. Second, the same
settings are those in which CASE improves one-
NT/one-AT aggregate accuracy, linking the descrip-
tive asymmetry to the deployment-time arbitration
result.

A.4 Threshold-signature robustness

The main threshold split uses an effective support
proxy. We therefore report the same split in log-
odds coordinates and stress-test the sign of the gap

under alternative proxy families. For numerical
stability, log-odds are computed after clipping p.
to [1076,1 —1079].

Table A.4: Boundary-calibrated transition diagnos-
tics. Crossings are p. > 0.5 — p. < 0.5; the null
shuffles empirical logit updates across events.

Risk set N Ap. A{¢ Down Harm Cross/null

(pp) (%) (%) (%)

All events 84,347 +17.2 +3.78  30.1 2.9 28/12
Trimmed 0.05 < p. < 0.95 7,000 +7.1 +0.97 447 143 129/8.6
pe > 0.80 11,521 -155 -1.50 546 159 163/55
Ppe > 0.95 10,146 -148 -1.74 556 142 144/4.0
n>v 13,756 -11.3 -1.13 533 152 153/6.1
n<v 70,591 +22.7 +4.74  25.5 0.5 0.470.2

Table A.4 isolates the same pattern in several
risk sets. The positive-gap slice > © has negative
mean probability and logit updates, a much higher
downward-movement frequency, and an observed
crossing rate that is well above the logit-shuffle null.
The high-prior slices show the same qualitative
pattern, which is the empirical signature predicted
by the threshold law.

Table A.5: Threshold signature across proxy choices.
Aharm is the high-gap minus low-gap harmful-flip rate
in percentage points.

Belief Support N Aharm 95% CI
Pre-tool p. Overlap, cross-fit 100,919 +11.1 [10.6, 11.5]
Pre-tool p. Overlap 100,919 +10.3 [9.9, 10.7]
NT mean p. Overlap, cross-fit 47,762 +10.2 [9.6, 10.9]
NT mean p. Overlap 47,762 +9.5 [8.9,10.1]
NT mean p. Oracle support 44,128 +6.4 [6.0,6.9]
Pre-tool p. Oracle support 93,016 +6.1 [5.8,6.4]

Across all six proxy pairs in Table A.5, the
positive-gap regime is more harmful. The harm
penalty ranges from +6.1 to +11.1 points, and every
bootstrap interval excludes zero. Under the main
pre-tool/overlap proxy, the raw unbinned relation
is also negative: OLS slope —0.013, R? = 0.066,
and Spearman p = —0.194 over 100,919 events.

A.5 Cross-model threshold diagnostics

Table A.6 expands the compact cross-model sum-
mary from Section 3.1 for the two additional model
settings. Together with the main-export diagnos-
tics in Table A.4, it shows that the n > © region
has higher harmful-flip rates and more negative
probability updates across evaluated settings.

The table also explains why the paper empha-
sizes the paired harmful-flip and probability-update
signature rather than any single logit-space statis-
tic. Probability-space and logit-space summaries
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Table A.6: Detailed threshold diagnostics for the additional model settings. Rows 1 < © and n > © form the
threshold split; p. pre > 0.80 is a high-prior robustness slice rather than a disjoint partition. Harm and Rescue are
flip rates. A is a diagnostic recovered-authority estimate.

Model Slice N Harm Rescue Mean Ap. Mean A/ Up/Flat/Down Meann — > Mean \
30B-NV n<v 96,636 0.9 1.3 +0.0102  +0.722 20.3/71.9/7.8 -0.0257  0.106
30B-NV n>v 52,511 330 4.3 -0.2909 -9.075  26.9/3.7/69.4 +0.3195  0.605
30B-NV De,pre > 0.80 20,359 734 0.0 -0.7042  -16.021 7.5/2.4/90.2 +0.7042  0.782
Qwen3.5-9B n <o 34,724 0.1 54  +0.0398 -5.061 25.7/29.2/45.1 -0.0589  0.134
Qwen3.59B n > 36,304 245 5.9 -0.1956 -4.304  22.7/1.1/76.2 +0.2139  0.589
Qwen3.5-9B pcpre > 0.80 21,663  30.5 0.0 -0.2898 -3.000  19.4/0.6/80.0 +0.2898  0.499

can differ in low-gap slices because the logit trans-
form amplifies boundary movements, especially
near the simplex boundary. Even with this caveat,
the high-gap rows consistently show higher recov-
ered authority and larger destructive movement,
matching the state-dependent revision mechanism.

A.6 Per-dataset analysis on tool revision
mechanisms

Figure A.1 answers whether the destructive pat-
tern is driven by event frequency or by update size.
Read it row-wise: each row fixes a benchmark,
so the left and right panels in that row describe
the same set of binned transitions. The left panel
is a frequency view. It asks how often tool use
moves probability in the helpful direction versus
the harmful direction at each pre-tool probability
bin. These frequencies alone do not prove net harm,
because a rare destructive move can be large and
a frequent constructive move can be small. They
are nevertheless useful for ruling out a trivial story
in which high-prior harm appears only because de-
structive transitions are vanishingly rare but heavily
weighted by a few outliers.

The right panel of Figure A.1 is the amplitude
view, and it is the cleaner diagnostic for asymmet-
ric destruction. The x-axis converts p.. to prior odds
pe/ (1 — pe), while the y-axis is the harmful/helpful
amplitude ratio. A value below one means helpful
updates are larger on average in that bin; a value
above one means destructive updates are larger.
The fitted positive slopes show that the ratio rises
systematically with prior odds. This is why Ta-
ble A.2 reports positive « values: the destructive
side grows faster than the constructive side as the
model becomes more confident before tool use.

Figure A.2 then combines frequency and ampli-
tude into the quantity most relevant for the main
claim: the net expected update. In the left column,
the positive component is the helpful mass and the

negative component is the harmful mass; the black
curve is their sum. The empirical zero crossing
marks the point at which tool use stops increasing
gold probability on average and starts decreasing
it. In the right column, the same balance is ex-
pressed as a cost/benefit ratio. The horizontal zero
line is the breakeven point on the log;, scale, so
bars above zero indicate bins where harmful update
mass exceeds helpful update mass.

Together, the two figures explain why average
tool benefit can coexist with high-prior fragility.
Tools repair many weak states, so the low-prior
region can still be strongly positive. But when a
strong correct belief is revised downward, the de-
structive move is large, and the local cost/benefit
ratio can exceed one by orders of magnitude. This
visual pattern is descriptive rather than a separate
theorem; the threshold claim in the main text is sup-
ported by the sign-stable proxy splits in Tables A.4—
A.6. The figures make the same mechanism easier
to inspect: they show where the mass of revision
changes from rescue-dominant to harm-dominant.
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Figure A.1: Per-dataset diagnostics for asymmetric belief destruction. Each row is one benchmark. The left
column separates constructive transitions, which increase gold probability, from destructive transitions, which
decrease it, across pre-tool gold-probability bins. The right column plots the harmful/helpful amplitude ratio
E[|ApZ | | pe]/E[ApT | p.] against pre-tool odds on log-log axes. The fitted positive slopes show that as the model
enters stronger-prior states, destructive update amplitude grows faster than constructive update amplitude. The
horizontal ratio-1 reference line marks the point where helpful and harmful update magnitudes are equal; points
above it are harm-dominant.
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Figure A.2: Net effect of asymmetric belief revision. The left column decomposes E[Ap, | p.| into helpful and
harmful contributions. The black net-update curve shows where tool use changes from helpful on average to harmful
on average; vertical dashed lines mark p. = 0.5 and the empirical zero crossing. The right column expresses the
same shift as a cost/benefit ratio on a log,, scale. Bars above zero indicate bins where harmful update mass exceeds
helpful update mass, so the external channel has become net destructive despite being useful at lower priors.
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B Operational Analyses for CASE

This section retains the operational checks needed
to support Section 4: first-pair cost and disagree-
ment audits, budget-ladder behavior, simple gate
baselines, nearby answer-state signals, and the
open-ended exact-match check. Less central token-
boundary confidence tables were omitted from the
main appendix to avoid a float backlog.

B.1 Cost and first-disagreement audit

Table B.1: AT and NT sample cost audit. Token proxy
is stored serialized trajectory character count.

Side Samples Mean token proxy Mean tool calls Missing signal

AT 141,956 1805.9 1.40 0.0%
NT 141,467 985.0 0.00 0.0%

Table B.2: First-pair disagreement audit. Accuracy
is measured only where first AT and first NT answers
disagree; Mix-MV is random-tie mixed-majority expec-
tation.

Model N CASE CISC Mix-MV Protect Rescue Both wrong

30B-NV 3,897 392 292 27.7 712 70.5 44.7%
Qwen3-Coder-30B 6,975  37.7 275 28.2 81.3 51.1 43.7%
Qwen3.5-9B 6,905 340 209 28.9 60.4 574 42.2%

The both-wrong column explains why disagree-
ment accuracy is much lower than full-pool aggre-
gate accuracy: in roughly half of first-pair disagree-
ments, neither channel supplies the correct answer.

Table B.3: Stratified disagreement summaries sup-
porting Section 4.3. Entries are unweighted averages
across model settings on the first-pair AT/NT disagree-
ment set. Protect is measured on NT-correct/AT-wrong
cases; rescue is measured on NT-wrong/AT-correct
cases.

Stratum CASE-CISC gap Protect Rescue
n<v +7.7 - -
n>v +13.5 - -
De,pre > 0.80 +20.8 86.5 72.5

B.2 Budget and fixed-budget behavior

Table B.5: Fixed-budget gains over mixed majority.
Each cell is Mixed Signal minus Mixed MV in aggregate
accuracy points; QC abbreviates Qwen3-Coder-30B.

Model 1+1 2+2 442 4+4 8+4 8+8

QC-30B +3.8 +19 +1.6 +1.6 +1.1 +1.6
30B-NV +2.5 +14 +15 +14 +1.5 +14
Q3.5-9B +2.0 +1.4 +19 +1.5 +1.9 +1.8

Table B.6: P(True)-CISC fixed-budget deltas. Each
cell is P(True)-CISC minus mixed majority on the same
candidate-source files; QC abbreviates Qwen3-Coder-
30B.

Model  1+1 242 2AT 2NT 4+4 8+8

QC-30B -03 -02 +0.1 -03 -0.2 -0.1
30B-NV +0.6 +0.2 +0.6 +0.4 -0.1 +0.0
Q359B -32 -16 -3.1 -29 -08 -05

B.3 Gate and signal ablations

Table B.7: Simple prior-protection gates are insuffi-
cient. Each entry is the best aggregate-accuracy point
from a threshold sweep on the fixed Qwen3-Coder-30B
export.

Budget  Mix-cert Freeze Skip

1+1 573 @0.195 553 @ 0.157 54.7 @ 0.141
242 59.5 @ 0.391 57.1 @ 0.303 56.6 @ 0.274

Table B.8: Nearby answer-state signals nearly tie.
Accuracy is aggregate accuracy on the shared four-
benchmark Qwen3-Coder-30B evaluation.

Signal Acc. vs MV
Normalized entropy certainty 57.2 +4.2
softplus(KL(p:||pr)) 573  +42
max(Cpre, Cpost 57.3 +4.2
Post-probe margin 57.2 +4.2

B4

The main mechanism analysis is identified on
multiple-choice data, where gold-event probabil-
ities and answer-space entropy are directly ob-
servable. As an operational check beyond closed-
choice grading, we also evaluate AT/NT arbitration
on boxed exact-match math runs.

Free-form exact-match check
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Table B.4: Cross-model operating points. Entries with “@” report accuracy at normalized cost.

Model 1+1 MV  1+1 Signal 8+4 MV 8+4Signal Best CASE <1 BestSeq<1
Qwen3-Coder-30B 53.6 57.3 60.2 61.3 60.8 @ 0.749 60.8 @ 0.881
30B-NV 66.0 68.5 70.5 72.0 71.2 @ 0.806  70.3 @ 0.634
Qwen3.5-9B 44.0 46.0 47.6 49.6 48.7 @ 0.791 48.4 @ 0.912

Table B.9: Free-form exact-match AT/NT arbitration.

Rows report matched-budget AUC over the

1+1,242,4+4,8+8 ladder. The probe denominator is the retained completed-probe count; ten expected probe

slots were absent after completion/parsing filters.

Dataset N Probe Mix-MV CASE CISC CASE-CISC CISC-MV
AMC23 40 639/639 77.0 717.5 76.9 +0.6 -0.2
AIME 2026 30 480/480 35.2 43.3 37.5 +5.8 +2.3
BeyondAIME 100  1591/1591 13.0 13.3 12.8 +0.5 -0.2
Macro 170  2710/2710 41.7 44.7 42.4 +2.3 +0.7
Pooled 170  2710/2710 32.0 33.7 32.2 +1.5 +0.3

C Proofs and Additional Derivations

This appendix records the proofs deferred from
Section 2. The derivations proceed from one-step
logarithmic pooling to the threshold boundary con-
dition and then to the finite-step destruction result
used to interpret confident wrong endpoints.

C.1 Minimal-change objective and

logarithmic pool

We adopt the same minimal-change principle used
in Section 2. The revised state should remain close
to both the internal belief and the contextual belief,
with A\, determining how far revision is allowed to
move toward the external channel:

R = i 1— X)) Dkr(R|| Pe
d=arg min (1= ) Dt (R P2)

(®)
+ A\ Dk (R| Qm)i| -

Theorem C.1 (Minimal-change revision yields a
logarithmic pool). For any finite answer space A,
distributions P,., QQ, with common positive support,
and any )\, € |0, 1], the optimization problem in
Eq. (8) has a unique solution

i) = P00 (@)

TS PO S

)
That is, the revised belief is a logarithmic opinion
pool.

The objective in Eq. (8) is strictly convex in
R over the simplex because the KL divergence is
strictly convex in its first argument and the weights

are nonnegative. Introduce the Lagrangian

J(R,7) = (1 = X)DxL(R||P) + ADxL(R[Q)

+T<ZR(Q)—1>.

acA
(10)

For any answer a with positive support under both
P and Q), stationarity gives

R(a)
1—A)(log—=+1
(1= (ln gy +1)
R(a)
+ A <log+1> +7=0.
Q(a)
Collecting terms, exponentiating, and normalizing
over a yields Eq. (9).

(1D

C.2 Binary log-odds form

Collapse a multiple-choice question to the binary
event “gold answer y*” versus “non-gold.” Let

p:Px(y*)y q:Qx(y*)ﬂ TZRQ(Z/*)’
(12)

and define log-odds n = logit(p), v = logit(q),

and p = logit(r).

Corollary C.2 (Gold-event log-odds update). Un-

der the binary gold-vs.-rest reduction,

p=1=Xn+A, (13)

and therefore
p—n=Av—mn). (14)

The derivation follows by applying the logarith-
mic pool to the binary odds ratio:

g () () e
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Taking logs yields Eq. (13), and Eq. (14) follows
by subtracting 7.

C.3 Proof of Theorem 2.1

Let

Zy=(1—=XN)n+ M, l(z) =log(1l+e™ 7).

(16)

Then the gold-event logistic risk is
L(A;n) = Enflog(l+exp(=23))].  (17)
Because ¢/(z) = —o(—z) and 0Z,/OX = M — 1,

oL
= -El(-Z)M-n]. (8
Differentiating again gives
0L 9
vV E[o(Zx)o(—Zx)(M —n)*] >0, (19)
so L is convex in A. Evaluating at A = 0 gives
oL
— = —o(—n)E[M —
|, (=n) E[M — n] 20)

= —(1 = p)(E[M] —n).
If n > E[M], the derivative at the boundary is non-
negative and convexity implies that A = 0 is glob-
ally optimal. If n < E[M], the boundary derivative
is negative, so sufficiently small positive A lowers
risk.

C.4 Iterated destruction under an authority
floor

The main text keeps the theory focused on the
threshold law, but the wrong-trace audit raises a
follow-up question: why can harmful trajectories
stay confident while becoming wrong? A simple
iterative extension answers that question:

Ner1 = (1 — Ae)me + Aevr. 210

Here 7, is the gold log-odds before revision step t,
v, is the effective contextual log-odds introduced
at that step, and ), is the authority granted to it.

Theorem C.3 (Finite-step belief destruction under
an authority floor). Suppose ng > 0 is initially
correct and strong. If there exist constants A > ()
and v < 0 such that for all t,

At > A, v < U,

(22)
then
m< A=Y+ (1-01-1"w

In particular, after finitely many steps the gold log-
odds becomes negative, so the correct belief flips
to an incorrect one.

(23)

C.5 Proof of Theorem C.3
Define

Bi=(1-Nm+1-(1-)). (@24

We prove 1; < By by induction. The base case is
immediate because By = 1g. Moreover, B, > v
for every ¢, since it is a convex combination of 7y
and v. If n, < By, then Eq. (21) and the assump-
tions v, < v and \; > A give

M1 < (1 — Ae) By + A\
< (1—=X)Bt+ Av = B4,

(25)
(26)

where the second inequality uses By > v. This
establishes Eq. (23). Because By — v < 0, the
upper bound becomes negative after finitely many
steps, and hence so does 7;.

C.6 Scope of the theoretical result

The threshold law explains why sign reversal and
high-prior fragility are expected under a misallo-
cated revision policy, and why harmful traces can
remain confident. The empirical power law in
Eq. (7) remains an observed scaling relation rather
than a derived theorem.

D Experimental Details and Protocols

This section records the retained reproducibility
fields and the two protocols that are most directly
tied to the main-text claims: the wrong-trace audit
and PAIT. The original long prompt-template tables
have been condensed into prose to avoid several
consecutive full-width floats.

D.1 Model identifiers and fixed configuration

All three models are open-source Hugging Face
checkpoints. We report the public model identifiers
and all retained run settings to make the experi-
mental protocol rerunnable. All runs were served
with SGLang and executed on two NVIDIA A800
GPUs. Because the experiments use public Hug-
ging Face checkpoints, a fixed reported protocol,
and a consistent SGLang serving setup, the runs
are reproducible at the protocol level. Through-
out the paper, Physics denotes our multiple-choice
reformulation of the HiPhO high-school physics
Olympiad benchmark (Yu et al., 2025).
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Table D.1: Fixed experimental configuration. De-
faults are taken from launch scripts unless overridden
by the recorded run configuration.

Field Value
Main mechanism Qwen3-Coder-30B on MMLU-Pro,
run GPQA Diamond, Physics, and

SuperGPQA-Calc.

30B-NV(NVIDIA, 2025) and
Qwen3.5-9B(Qwen Team, 2026) on the
same benchmark set.

AMC23, AIME 2026, and
BeyondAIME exact-match math.

Cross-model runs

Free-form runs

Settings NT uses no tools; AT uses
always_tool without SSGR rollback.

AT / NT samples 8/ 8 per question; n_rollouts=1.

Sampling temperature=0.7; seed=42; probes

and finalization are greedy.
max_model_len=81920; per-request
timeout 1800s; max retries 8.

At most 5 tool calls per trajectory in the
main batch launch.

Context / timeout

Tool-call budget

Tools run_python; wiki_search when the
Wiki service is enabled.
MCAQ state probe  Guided option choice; max_tokens=1;

temperature=0; thinking disabled.
Leave-one-out mean post-tool p. within
matched event strata.

Main support
proxy

D.2 Tool execution parameters

Table D.2: Tool execution parameters. The Wiki
service retrieves pre-indexed corpus rows/chunks;
max_chars only truncates returned snippets.

Tool Parameter Value / behavior

run_python  Backend Local subprocess
executor; no Docker
container.

Executor 30s, wrapped by
async 60s guard.

16GB memory limit;
common math/science
libraries auto-imported if
installed.

JSON
stdout/stderr/exit/time;
long fields truncated by
runner packaging.

Local FastAPI service
backed by E5 embeddings
and FAISS.
Model-generated values
normalized to 1. .5;
runner default 3.

Model values clipped to
50..100000; runner
default 12000.

Retries configured Wiki
URLSs up to three times,
then returns empty-result
error JSON.

run_python  Timeout

Limits /
prelude

run_python

run_python  Observation

wiki_search Backend

wiki_search topk
max_chars

wiki_search

wiki_search Errors

D.3 Wrong-trace audit protocol

Section 3.2 uses two wrong-trace audits. The first is
an automatic surface-plausibility audit over the four
headline datasets. It labels each AT trajectory by
the apparent relation between the tool evidence and
the model’s final answer: supportive, contradictory,
irrelevant, or other. The labeller is instructed to use
only the provided fields (question, answer options,
model final answer, assistant text before the tool,
tool calls and outputs, and assistant text after the
tool). It returns a single JSON object with evidence
relation, tool-use quality, failure mode, confidence,
spans, and a short rationale.

The automatic audit covers 13,390 labelled AT
traces, of which 5,725 end in a wrong final an-
swer. Among these wrong AT traces, 2,098/5,725
(36.6%) are supportive-looking, 1,964/5,725
(34.3%) are contradictory, 1,550/5,725 (27.1%) are
irrelevant, and 113/5,725 (2.0%) are other. Inde-
pendently of the automatic evidence-status label,
we define “high-confidence” using the stored fi-
nal answer-space probe: the probability assigned
to the trajectory’s own wrong answer is at least
Teonf = 0.8. Among wrong traces whose evidence
is contradictory or irrelevant, 3,452/3,514 (98.2%)
remain high-confidence by this probe-based crite-
rion.

Table D.3: Automatic surface-plausibility audit over
wrong AT traces. The left block reports evidence-status
shares among wrong AT traces. The right block re-
ports probe-based high-confidence rates among non-
supportive wrong traces.

Quantity Num. Denom. Rate
Supportive-looking wrong 2,098 5,725 36.6%
traces

Contradictory wrong traces 1,964 5,725 34.3%
Irrelevant wrong traces 1,550 5,725 27.1%
Other wrong traces 113 5,725 2.0%
Contradictory wrong traces 1,945 1,964 99.0%
that remain high-confidence

Irrelevant wrong traces that 1,507 1,550 97.2%
remain high-confidence

Contradictory/irrelevant 3,452 3,514 98.2%

combined

The second audit is the retained mechanism-
source audit. Its sampling frame is wrong AT trajec-
tories, not all harmful trajectories. We first filter to
AT samples whose final answer is wrong, that con-
tain at least one non-empty and non-error tool call,
and whose final assistant response is substantive.
We then draw 240 traces from three model sources,
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with 80 traces per model (Qwen3-Coder-30B, 30B-
NV, and Qwen3.5-9B). Sampling is stratified by an
automatic pre-screen over truth-axis labels, used
only to improve coverage of candidate mechanisms;
the final mechanism labels are assigned indepen-
dently.

For each retained trace, the annotator sees the
question, answer options, gold answer, model’s
wrong final answer, each tool output, the trace win-
dow immediately following the tool call, and the fi-
nal assistant message. The five source labels are: A,
tool-correct but answer-space reinterpreted; B, tool-
partial and taken at face value; C, tool-irrelevant
but confabulated into support; D, tool-contradictory
but absorbed anyway; and U, unclear. The second
binary label records whether the final wrong an-
swer remains a high-confidence wrong state.

To estimate annotation stability, three experts au-
dit the same 240-item manifest independently. For
the five-way mechanism label, Fleiss’ x across the
three same-model rounds is 0.485, with pairwise
Cohen’s x values of 0.507, 0.467, and 0.489. For
the binary high-confidence-wrong label, Fleiss’
is 0.617, with pairwise Cohen’s « values of 0.627,
0.591, and 0.637. We report the majority-vote la-
bels below.

Table D.4: Mechanism-source distribution in the 240-
item audit. Percentages are within model; the overall
row pools all sampled items.

Model n A B C D U
30B-NV 80 38% 162% 36.2% 162% 27.5%
Qwen3-Coder-30B 80 25.0% 17.5% 2.5% 55.0% 0.0%
Qwen3.5-9B 80 162% 12.5% 35.0% 32.5% 3.8%
Overall 240 15.0% 15.4% 24.6% 34.6% 10.4%

Table D.5: High-confidence-wrong rates and eta-
regime counts. HC wrong is the Step-2 majority label;
the eta-regime split uses the main n > ¥ proxy.

Quantity A B C D U
HC wrong rate  55.6% 29.7% 41.1% 57.8% 20.0%
n > U count 15 10 14 29 5
n < ¥ count 21 27 45 54 20

Overall, 45.4% of sampled wrong AT traces are
labelled high-confidence wrong, with model-level
rates of 25.0% for 30B-NV, 47.5% for Qwen3-
Coder-30B, and 63.8% for Qwen3.5-9B. The mech-
anism distribution differs strongly by model (x? =
88.378,df = 8,p = 1.0 x 10715).

E Prompt Template For Tool Augmented
Reasoning

You are an expert problem-solving agent with
access to tools via function calling.

Your task is to solve questions across
domains including science, engineering,

medicine, economics, law, history,
mathematics, and related fields.

Reasoning protocol:

Work iteratively using a ReAct-style
procedure:

(1) Think: analyze the problem and identify
what information or computation is needed.

(2) Call Tool: use the appropriate tool when
verification or computation is required.

(3) Observe: inspect the returned result
carefully.

(4) Repeat or Answer: continue using tools
until confident, then provide the final
answer.

Key principle:

Do not guess. Use tools to verify factual
claims, calculations, and intermediate
results.

Available tools:

1. run_python

Purpose:

Execute Python code in a sandboxed
environment.

Input schema:
{"code": "<python code as string>"}

Output schema:
{"stdout”: "...", "stderr": "...",

: 0, "exec_time": 0.xx}

"exit_code

Use run_python for:

- multi-step arithmetic or algebraic
computation;

- numerical comparison across answer options;

- unit conversion or dimensional analysis;

- probability, statistics, or combinatorics;

- data processing, parsing, or verification;

- symbolic or formula-based calculation.

2. wiki_search

Purpose:

Search a local Wikipedia knowledge base for
factual information.

Input schema:
{"query": "<search query>", "topk": 1,
max_chars": 12000}

n

Output schema:
{"results”: [{"title": "...", "content”:
, "score": @.xx}, ...]1}

n n

Use wiki_search for:
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- dates, names, events, definitions, or named
entities;

- historical, scientific, medical, or legal
facts;

- biographies, mechanisms, laws, or
theoretical concepts;

- any factual claim about which you are
uncertain.

Tool-use policy:

- Always use run_python for calculations
requiring more than one arithmetic or
algebraic step.

- Always use wiki_search for specific factual

verification.

- For complex questions requiring both
factual context and computation, first
use wiki_search

to gather the needed facts, then use
run_python to compute or verify the
answer.

- If a tool call fails, inspect the error and

retry with a corrected call when
possible.

Tool-call format:
Use the following XML-style wrapper with JSON
content.

<tool_call>

{"name"”: "run_python”, "arguments"”: {"code"”:
"<python code here>"}}

</tool_call>

<tool_call>

"name": "wiki_search”, "arguments": {"query":

"<search query>", "topk": 1}}
</tool_call>

Final answer format:

For multiple-choice questions, output the
final answer as:

\boxed{X}

where X is the single letter corresponding to
the correct option.

For open-ended numerical questions, output
the final result in boxed form:
\boxed{<answer>}

Important reminders:

- Use tools proactively to reduce reasoning
errors.

- Keep tool calls targeted and relevant.

- Verify intermediate results before giving
the final answer.

- Stay focused on the question and avoid
unnecessary elaboration.

E.1 PAIT protocol and selection flow

PAIT is a same-content, different-wrapper inter-
vention. For each selected high-prior harmful
case, we identify the misleading information in
the stored AT trajectory that supports the historical
wrong answer and rewrite it into a short, wrapper-
invariant clue, stored as adv_claim. The rewrite
preserves the substantive content and target an-
swer of the original trajectory while removing
trajectory-specific wording so that the same clue
can be reused across conditions. The resulting
adv_claim is inserted verbatim into the TOOL,
CONTEXT, REFLECTION, and TOOL+ANTIDOTE
answer prompts.

For the human annotation version, annotators are
shown the dataset and item identifier, question, op-
tions, option letters, gold answer, historical harm-
ful final answer, pre/post gold-answer probabili-
ties, prior bin, and the harmful trajectory transcript.
They do not change the question, options, or gold
label. Their task is to identify the misleading in-
formation associated with the harmful revision and
rewrite it as one short, plausible clue that conflicts
with the gold answer, points to a single non-gold
option, and can be reused word-for-word under
every wrapper.
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Table E.1: Human PAIT adversarial-clue annotation form. These are the fields recorded for each selected

high-prior harmful example.

Field Type Acceptance rule

adv_claim Free text One or

two sentences, preferably under 40 words; rewritten from the

misleading information in the harmful AT trajectory; false relative to the
gold answer; no mention of tools, Python, search, prompts, logs, or the

model.

target_wrong_letter  Single choice Must be exactly one non-gold option, preferably the historical harmful
final answer when that direction is clear.

claim_type Single choice One of
why_plausible Free text Briefly

numeric, comparison, definition, causal, or other.
explains why the clue sounds like a valid calculation, comparison,

definition, or causal fact.

source_support Free text Briefly

identifies the harmful-trace mistake or tool-output interpretation

from which the clue was rewritten.

Table E.2: PAIT wrapper templates. The same ADV_CLAIM string is inserted without rewriting. All probes use the

same one-letter option-choice format.

Condition Wrapper cue Controlled contrast

Baseline No external signal; solve from the Estimates the clean unrevised answer state.
question and options.

Tool “An external tool now reports: Presents the clue with external-tool authority.
ADV_CLAIM.”

Context “Additional reference information: Presents the identical clue as reference context.
ADV_CLAIM.”

Reflection “Your earlier reasoning may have Presents the identical clue as a self-correction cue.
overlooked the following clue:
ADV_CLAIM.”

Tool+Antidote Tool wrapper plus a warning that ~ Tests whether explicitly limiting tool authority attenuates the

external tools can hallucinate or
return incorrect numerical results.

same-clue damage.

Table E.3: PAIT selection flow. Selection starts from
the Qwen3-Coder-30B live run and then deduplicates
by question before balanced per-dataset sampling.

Dataset Seen Cand. Deduped Selected
MMLU-Pro 6,696 922 258 149
GPQA Diamond 198 109 29 29
Physics 325 102 31 31
SuperGPQA-Calc 11,229 1,206 282 166
Total 18,448 2,339 600 375

Table E.4: Detailed cross-model PAIT on eligible
high-prior cases. FR is answer flip rate under the
adversarial-clue wrapper; parentheses report eligible
TOWS.

Model Tool FR  Context FR Reflection FR Tool+Antidote FR
Qwen3-Coder-30B  77.0% (104) 63.7% (104)  78.6% (104) 37.4% (104)
Qwen3.5-9B 20.5% (163) 41.9% (163) 85.0% (163) 0.0% (163)
30B-NV 51.9% (259) 26.8% (259) 44.1% (260) 20.0% (250)

Table E.5: Matched Qwen3-Coder-30B PAIT with no-
claim control. FR is answer flip rate on the condition-
complete subset (n = 104 per condition).

Condition Adv FR Adv post p. No-claim FR No-claim post p.

Tool 77.0% 0.253 2.0% 0.981
Context 63.7% 0.386 5.9% 0.942
Reflection 78.6% 0.251 9.8% 0.903
Tool+Antidote ~ 37.4% 0.625 7.2% 0.942

The number of eligible PAIT rows differs across
model settings because PAIT keeps only cases that
pass the executed clean-baseline filter and the wrap-
per/probe completion filter. We therefore report flip
rates with per-condition sample sizes rather than
forcing a fixed n across models.

F Additional Matched Audits

The analyses below further test possible alterna-
tives, quantify sampling uncertainty, validate an
automatic audit.

F.1 Confidence- and difficulty-matched
crossing nulls

The baseline null keeps each event’s pre-tool logit
fixed and shuffles observed logit updates within
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the original matching cells, preserving update mag-
nitude while severing the event-level association.
The stricter null shuffles within dataset-specific
difficulty quartiles formed from each question’s
mean pre-tool gold probability. Crossing denotes
Pe > 0.5 = p. < 0.5.

Table F.1: Matched null audit for harmful boundary
crossings. The reported p-value is the fraction of 1,000
null draws at or above the observed crossing rate.

Slice Shuffle within Matched factor Observed Null mean P
n > (N = 13,756) dataset X tool-call index update magnitude 15.33% 6.09% < .001
n > (N = 13,756) dataset x difficulty difficulty 15.33% 10.19% < .001
Pe,pre > 0.80 (N = 11,521) dataset X tool-call index update magnitude 16.32% 5.52% < .001

Pe,pre > 0.80 (N = 11,521) dataset x difficulty difficulty 16.32% 10.32% < .001

F.2 Direct human validation of the automatic
evidence-status audit

A separate sample of 100 wrong AT traces was
annotated by humans using the same support-
ive/contradictory/irrelevant/other taxonomy as the
GPT-5 audit. This check assesses the automatic
labels directly and is distinct from the 240-trace
mechanism-source audit in Appendix D.3.

Table F.2: Human validation of GPT-5 evidence-
status labels. Agreement is computed on the common
100-trace sample.

Statistic Value
Validation sample size 100
GPT-5 vs. human-majority exact agreement 72%
GPT-5 vs. human-majority Cohen’s 0.51
Human inter-annotator Fleiss’ x 0.83

F.3 Aligned CASE-CISC uncertainty audit

The aligned comparison pairs one AT and one NT
candidate by model, dataset, and question identifier,
removes incomplete pairs, and uses a model- and
dataset-stratified paired bootstrap with 5,000 resam-
ples. Both controllers are deterministic conditional
on the retained candidate pools, so the intervals
quantify question-sampling uncertainty.

Table F.3: Pair-complete 1-vs.-1 CASE-P(True)-
CISC comparison.

Scope CASE-CISC 95% CI
Pooled, 53,184 matched model—question instances +3.80 [3.54,4.05]
Qwen3-Coder-30B +4.02  [3.54,4.49]
30B-NV +2.20 [1.86,2.56]
Qwen3.5-9B +5.18 [4.67,5.68]
Non-GPQA pooled +3.84 [3.58,4.10]
GPQA pooled 0.00 [-2.37,2.37]

The overall and model-level intervals exclude
zero. The GPQA-specific interval includes zero, so

its point estimate should be read as inconclusive. In
the matched sample, each model contributes only
195-198 GPQA questions, and 67 of 210 first-pair
disagreements are wrong in both channels, limiting
recoverable headroom.
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