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Abstract

Multiscale Muon maintains K momentum
EMAs at different decay rates (i, doubling
or tripling Muon’s optimizer-state memory. We
show that each EMA is a first-order low-pass
filter and Multiscale Muon is therefore a filter
bank on the gradient stream. Under this view its
empirical gain over single-5 Muon is a direct
consequence of multi-band coverage, and an
asymmetric compressibility follows from the
bandwidth: the narrow-band (high-03) buffer is
dominated by the slow, low-rank gradient com-
ponent and is safe to project, while the wide-
band (low- ) buffer carries high-frequency con-
tent whose effective rank is large and cannot be
compressed without hurting convergence. We
formalize this asymmetry and instantiate it in
S-MUG (Selective Multiscale Muon with Ga-
Lore), applying GaLore only to high-5 buffers.
On 201 M GPT-2 pretraining, S-MUG (K=2)
matches full-rank Multiscale Muon in perplex-
ity (21.66 vs. 21.69) at 1.25x Muon’s opti-
mizer memory instead of 2.00x; the result
transfers to 756 M, as well as 1B and 3B
GQA scale-transfer pretraining, and composes
cleanly with other single-buffer Muon improve-
ments like NorMuon and TEON.

1 Introduction

Multiscale Muon (Pappone and Selvaraj, 2025) im-
proves over single-3 Muon (Jordan et al., 2024)
by maintaining K independent EMA momentum
buffers at distinct decay rates 81 < --- < Sg, cap-
turing gradient history at multiple temporal scales
simultaneously and consistently improving perplex-
ity. The cost is direct: storing K full-rank momen-
tum matrices multiplies optimizer-state memory by
K. Naively applying GaLore (Zhao et al., 2024)
to all K buffers fails: low-rank projection across
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every buffer destroys convergence,leaving practi-
tioners with a hard choice between quality and
memory.

The key observation is that the K buffers are not
equally compressible. Each EMA update acts as
a first-order low-pass filter on the gradient stream
(Section 3.1): a narrow-band (high-53) buffer re-
tains only the slowly-varying, low-frequency gradi-
ent component, which concentrates in a low-rank
subspace. A wide-band (small-{3) buffer tracks the
full gradient spectrum, including transient high-
frequency directions that span a near-full-rank sub-
space. We formalise this bandwidth—-rank mono-
tonicity in Proposition 1 and confirm it empirically:
applying Gal.ore to the wide-band buffer consis-
tently hurts convergence, while applying it only to
the narrow-band buffer preserves quality (Table 7).

This asymmetry yields a simple design rule:
compress only the narrow-band buffer. We instan-
tiate it in S-MUG (Selective Multiscale Muon with
GalLore), which retains the wide-band 37 buffer
at full rank while applying Galore only to the
narrow-band [ buffer, recovering 75% of Multi-
scale Muon’s added optimizer-state overhead at no
average quality cost. On 200 M GPT-2 with n=3
seeds, K =2 S-MUG matches full-rank Multiscale
Muon in perplexity (21.6640.05 vs. 21.69£0.03)
using 1.25x Muon’s optimizer memory (incl. the
persistent GalLore basis) vs. 2.00x; results trans-
fer to 756 M, as well as 1B and 3 B GQA scale-
transfer pretraining pipelines.

Our contributions are: (i) a filter-bank view
of multiscale momentum (Section 3), casting
(Bk, sk) as a frequency-domain design choice
rather than an unstructured set of hyperparameters;
(ii) bandwidth—stable rank monotonicity (Proposi-
tion 1), supported by singular-value spectra (Ap-
pendix C) and the bandwidth-dependent shift of A\*
(Section 5.2); and (iii) the S-MUG algorithm (Sec-
tions 4-5), which reduces Multiscale Muon’s added
optimizer-state overhead by 4x at K =2, matches
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full-rank quality across 201 M—3 B scales, and com-
poses cleanly with single-buffer Muon variants like
NorMuon and TEON.

2 Background and Setup

2.1 Optimization Setup

We minimise an empirical loss L(W) =
E¢[¢(W; €)] for a single weight matrix W € R™*"
(block-coordinate analysis applies independently
to each tensor). At step ¢ the optimizer observes a
stochastic gradient G* = Vi /(W1 £1) € R™*n
and returns an update W1 = Wt — n AW, We
treat {G'} as a discrete-time matrix-valued signal;
this makes the filter-bank view of momentum (Sec-
tion 3) precise.

2.2 Muon

Muon (Jordan et al., 2024) maintains a single EMA
momentum buffer M = M1 + (1 — 3) G*
(the K=1 specialisation of Eq. (1); equivalent up
to a constant rescaling to the classical heavy-ball
form, since Newton-Schulz normalises by Frobe-
nius norm) and applies Newton-Schulz (NS) or-
thogonalization to obtain U! = NS(MY) =~ UVT
(where Mt = UXVT), with update Wit =
Wt — U Because U has approximately unit
spectral norm, this realises steepest descent un-
der the spectral-norm trust region |[AW|z <
1 (Jordan et al., 2024; Bernstein and Newhouse,
2024). The quintic NS iteration X; 1 = aX; +
bX; X, X;+c(X;X,")%X; with the standard Muon
scalars (a, b, c) = (3.4375, —4.375, 2.1875) (Jor-
dan et al., 2024), started from Xy = M'/|M!||F,
is a fixed-step orthogonalization heuristic that
closely approximates the polar factor UV T in ¢
steps without an explicit SVD and extends to non-
square buffers via the right-grouped form X <
X(al +bXTX + ¢(X T X)?) (Appendix B).

2.3 Multiscale Muon

Multiscale Muon (Pappone and Selvaraj, 2025)
maintains K independent EMA buffers with 0 <
b1 << Br <1

M} =B M7+ (1 - By) G,

K
W =W =0 " s, NS(MJ),
k=1
s (1= Br), Ypse=1 (D

The scale s, is applied after NS, which normalises
by Frobenius norm and erases any pre-NS scalar,

so sy acts strictly as a post-NS band gain. The
default choice s, o (1 — ) (with >, s = 1
matching Muon’s spectral-norm trust region) allo-
cates more weight to wide-band channels carrying
transient short-horizon corrections; the alternative
free-)\ parametrisation s; = 1—\, so = A used in
our A-sweep (Section 5.2) places weight A on the
narrow-band buffer and decouples the band-gain
ratio from /3. Total momentum memory is K -mn,
the central cost S-MUG addresses.

2.4 GalLore

Galore (Zhao et al., 2024) projects the gradient
onto a slowly-rotating low-rank subspace before
forming momentum: with V' € R™*" (top-r right
singular vectors of a recent gradient, refreshed
every T steps with M, reset), M! = BM!~! +
G'V € R™*" and the full-space update is recon-
structed as MV . Per-buffer memory drops from
mn tomr.

3 Multiscale Momentum as a Filter Bank

In this section we develop a frequency-domain anal-
ysis of multiscale momentum that provides the-
oretical grounding for the selective compression
strategy of S-MUG.

3.1 Transfer Function and Bandwidth of
EMA Momentum

Initialising M° = 0 and adopting the unscaled
convention M* = BM'~! + G (equivalent up
to a fixed (1—[3) rescaling that we restore in our
implementation; cf. Eq. (1)), the update unrolls as

t—1
M =3 g @)
s=0

showing that M is a weighted sum of the gradient
history with exponentially decaying coefficients
(we reserve 7 for the time constant 7=1/(1—0)
throughout). Moving to the frequency domain via
the z-transform (Oppenheim and Schafer, 1999),
the corresponding transfer function is

1

H(z; B) = 1_752,17

3)

a first-order IIR low-pass filter (Oppenheim and
Schafer, 1999) with a single pole at z = (. Its
frequency response has magnitude

1
a V1 —2Bcosw+ 32

C)

[H (e B)|
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(a) Equal-energy EMA filter bank

(b) K= 2 mixture vs. single T
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Figure 1: Multiscale Muon as a subband filter-bank synthesis system. (a) EMA filter bank with the equal-energy
normalisation Hs(w) = /1 — 52/(1 — fe™i¥), J |Hp|?dw/2m = 1, chosen so that the steady-state update has
B-independent norm after per-parameter rescaling. (b) The K =2 mixture |0-5H7—:16 + 0.5H,—¢4 |2 has a flatter
passband than the geometric-mean single filter |1fl ~32|? at the same total energy.

with effective time constant 7 ~ 1/(1 — () steps.
Choosing £ is therefore choosing a temporal band-
width: small 3 (7 =~ 1, wide-band) tracks the in-
stantaneous gradient, large 5 (7>> 1, narrow-band)
retains only the slowly-varying low-frequency com-
ponent.

3.2 Multiscale Muon as Subband Filter-Bank
Synthesis

Multiscale Muon thus applies K parallel low-
pass filters {H(+; ;) } to the gradient stream (a
filter bank; Figure 1) and the combined update
AW = 37, s, NS(M},) performs subband syn-
thesis (Vaidyanathan, 1993): each filtered gradient
is independently orthogonalised and recombined
with a band gain si. A single EMA forces a sharp
bandwidth/noise trade-off: a small-$ filter passes
too much high-frequency noise, while a large-g
filter is too smooth to track the useful low-to-mid-
frequency component of the gradient. This is the
band whose empirical importance is fit by the score
g(w) in Section 5.2 (positive on low frequencies,
sign-flipped on high frequencies). A filter bank
with two or more ), values covers this useful band
more flatly than any single EMA can.

3.3 Bandwidth—-Rank Monotonicity and
Compressibility

GaLore (Zhao et al., 2024) observes that LLM gra-
dient matrices approximately lie in a slowly rotat-
ing low-rank subspace, naturally a statement about
the low-frequency component of the gradient se-
quence. We formalise the consequence for momen-
tum compressibility:

Proposition 1 (Bandwidth—rank monotonicity; in-
formal). Let M} = ngt 52‘56'5 with By, € [0,1).

Suppose the gradient stream admits a decomposi-
tion G* = Gl + G5, where G*| has approxi-
mately stationary, slowly-rotating row-space (the
GaLore subspace) with bounded long-run mean G,
and G571 is zero-mean, has bounded covariance,
and is weakly temporally autocorrelated. Then in
the steady-state regime (t > 1) the off-subspace
to on-subspace energy ratio in the buffer scales as

L
_E[MEMBR) _ 1-5
t, - ’
E[|MiNz] T T+ B

R(Br) :

and R(+) is strictly decreasing on [0,1). The pro-
portionality constant depends on the noise level
and subspace geometry; the formal asymptotic
statement is in Appendix C.

A fully rigorous restatement, the O((1—f) /(14
Bi)) derivation, the matrix-Bernstein upgrade to a
high-probability stable-rank envelope, and a discus-
sion of the assumptions are deferred to Appendix C;
the singular-value spectra in Figure 2(a) confirm
the predicted ordering empirically.

Assumptions and scope. Proposition 1 rests on
two assumptions on the gradient stream: (i) a
slowly-rotating low-rank parallel subspace S (the
GalL ore subspace assumption), and (ii) weak tem-
poral autocorrelation of the perpendicular noise.
Figure 2 verifies both directly from saved check-
points. The singular-value spectra (a) confirm
that the narrow-band buffer (82=0.998) decays
faster in the high-rank tail than the wide-band
buffer (51=0.969). Panels (b,c) show that the top-
r subspaces of both buffers remain above the ran-
dom baseline at lag 7=100 (overlap 0.445 for (5,
and 0.632 for 32), while their temporal behaviour
differs sharply: the wide-band momentum is al-
ready decorrelated (cos =~ —0.03), whereas the
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(a) Singular-value spectra (c) Momentum autocorrelation [Asm. ii]

(b) Top-r subspace stability [Asm. i]
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Figure 2: Direct verification of Proposition 1 on saved K =2 checkpoints (5;=0.969 wide, 82=0.998 narrow). (a)
Per-index singular values of the two momentum buffers at £=10,172 from a full-rank K =2 Multiscale Muon run
(25-75% interquartile range shaded). (b) top-r subspace overlap 2|V} (t) T Vj, (t+1)||% for each buffer (Assump-
tion 1). (¢) cosine (M, (t), My (t+T)) /(|| Mk (t)| || Mr(t+T)|) as a proxy for Assumption ii. Panels (b,c) use the
operational S-MuG K=2 run (rank-128 narrow-band truncation). Lines are means and bands are IQR over all
(t,t+T) reference pairs and parameters; dotted line is the random-subspace baseline r/n=0.125.

narrow-band momentum retains substantial cosine
(= 0.67). This reflects the faster temporal varia-
tion of the wide-band signal. The full-rank K'=3
counterpart shows the same qualitative distinction
(Appendix C).

Under Galore compression, buffer k keeps
M =3, Bi75G* | and discards the off-subspace
tail; the relative energy error R(fy) is O(1/71) as
Br. — 1 (narrow band: safe) but ©(1) as 5 — 0
(wide band: destructive), where 7, := 1/(1 — Sj).
This is the design rule we instantiate in Section 4:
narrow band < high 8 < low effective rank <
safe to compress.

3.4 Cross-Band Subspace Structure

Proposition 1 and the filter-bank picture above
describe the momentum buffers before Newton—
Schulz orthogonalisation. NS flattens their singular
values (NS(UZV ") ~ UVT), so spectral mag-
nitudes themselves do not survive into the final
update, but it preserves the subspace structure.

For each buffer, let Vj, € R"*" denote its top-r
singular subspace and decompose My = M, ,;nai“ +
M ,‘C"‘“, where M, ,‘C“"lin = M.V, V,: and M };‘“ =
My(I — Vi.V,T). We analyse the weight matrices
in Multiscale-Muon K =2 run, using checkpoints
every 100 steps from 500 to 10,100. Values are
means across parameters; the random subspace
baseline is 7/n=0.125.

The measurements give two structural observa-
tions. (1) Main subspaces overlap across bands:
the steady-state mean ||V, Va||2 /7 is 0.495 (4.0
baseline). (2) Tails are approximately band-
specific: cross-band tail-in-main ratios remain near
baseline (0.124 and 0.119), so either band’s main
subspace captures little of the other’s residual.

Combining these observations with the filter-
bank viewpoint, we make the following conjecture
that motivates S-MUG:

Conjecture 1. The effective information in the
narrow-band (i.e. high-[3) momentum concentrates
in Mé”“i",' this low-dimensional component cor-
rects the wide-band momentum, while Mé”il is non-
informative or harmful.

4 S-MUG: Selective Multiscale Muon
with GaLore

Applying GaLore only to the narrow-band buffer
(2 and retaining the wide-band buffer 3; at full
rank gives the proposed S-MUG.

4.1 Algorithm

Algorithm 1 describes S-MUG for a single weight
matrix W € R™*",

Single Newton-Schulz on the combined update.
S-MUG forms s; M; + soMsV T in the full space
and applies a single NS pass; the Multiscale Muon
baseline keeps per-buffer NS. The combined-NS
choice is principled: per-buffer NS would or-
thogonalise the rank-r surrogate so MoV ' (with
M, € R™*") in isolation, where NS sees a degen-
erate spectrum; summing first restores a full-rank
input via M. Table 12 (Appendix F) bears this out:
with both buffers full-rank the two placements tie
(21.71 vs. 21.69), but once the narrow-band buffer
is rank-128 truncated, combined-NS overtakes per-
buffer NS (21.66 vs. 21.73). The wall-clock gap in
Table 3 mixes the added projection/SVD cost with
the K —1 NS passes saved; Appendix E shows the
two effects cancel to within noise at K=3. The
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Table 1: Pre-NS cross-band subspace trajectory on the operational S-MuG K=2 run (means over 96 parameters).

Baseline r/n=0.125.

step VA" Vallfe/r (Ve MY /MG VA M™% /|| M5
1000 0.391 0.120 0.158
2000 0.459 0.126 0.132
5000 0.498 0.124 0.116
9000 0.510 0.122 0.117
10000 0.533 0.121 0.117
mean > 2000 0.495 0.124 0.119

Algorithm 1 S-MUG (K=2): per weight matrix
W € R™*" We use the single-NS variant (one
NS pass on the combined update).

Require: Learning rate 7; 81 < [(2; refresh fre-
quency 7'; rank r; NS iterations ¢q
1: Initialize My € R™*" <0, My € R™*"<-0;
V € R™™" deferred until step 1
2 s < (1= Bg)/>2;(1— Bj) fork =1,2
3: forstept =1,2,...do
4:  Compute gradient G = Vyy L?

5: ift=1ortmod T = 0 then
6: Vihew < top-r right singular vectors of
Gt
7: if t # 1 then
8 My < M, (VOTaneW)
: end if
10: V + View
11:  endif

12: M, <+ 51M1 + (1 — Bl)Gt; My <+
,QQMQ + (1 —po) (GtV) N
13: U <« s1My + so(MaVT); U«

NS(U, q) - \/Amax(m, n)

14 WW-—-—nU
15: end for

\/max(m, n) factor is the standard Muon spectral-
norm scaling (Jordan et al., 2024).

Why V is refreshed but 1/, is realigned, not
reset. Galore’s reset-on-refresh would discard
T9=512 steps of accumulated low-frequency con-
tent every T'=200 steps. We instead realign via
My MQ(VO—lranew) (Algorithm 1, line 8), which
is dimensionally consistent, neutralises SVD sign
ambiguity, and (since T < T2 keeps Von Vaew close
to I) preserves the accumulated content under the
low-rank-subspace-stability assumption Gal.ore re-
lies on (Proposition 1). Refresh sensitivity over T’
is reported in Table 8.

Table 2: Optimizer momentum state per weight ma-
trix, K=2, r/n=0.125. Counts both EMA buffers
and the persistent GalLore basis V. The 1.250x ra-
tio assumes square m=n; for general m xn the ratio is
14r/n+r/m (all 201M weight matrices studied here
are square, m=n=1024).

Optimizer State Rel.

Muon (single () mn 1.000x
Multiscale Muon (K =2) 2mn 2.000x
S-MuG (K=2) mn +mr +nr 1.250x

4.2 Memory Analysis

Table 2 compares optimizer-state memory per
weight matrix W € R™*" for K=2, rank ratio
r/n = 0.125. We count all persistent optimizer
state, including the GaL.ore basis V' € R™*" that is
read every step and refreshed every 7' steps.

S-MUG reduces the 2x memory overhead of
Multiscale Muon to 1.25X% relative to single-scale
Muon, recovering 75% of the added overhead at no
average quality cost (Section 5.3).

5 Experiments

We organize our experiments around three core
questions: (Q1) does multi-band coverage outper-
form any single-band filter; (Q2) what quality—
memory trade-off does selective compression pro-
vide, and does it transfer with model scale; (Q3)
why is selective compression safe, and which fre-
quency band can be compressed. We additionally
test two robustness properties: whether the rule
composes with per-buffer Muon improvements,
and how sensitive it is to the projection-refresh
interval.

5.1 Setup

We pretrain a 201 M-parameter GPT-2-style trans-
former (16 layers, 8 heads, d;04e1=1024, con-
text 1024) on FineWeb (BPE vocab 50304)
via nanoGPT (Karpathy, 2022). Cosine LR
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(peak 7=0.0018, warmup 500, warmdown
5 812 steps), batch 480x1024~492 K tokens/step,
5B tokens total (10172 steps); g=5 Newton-
Schulz iterations for all Muon variants. Multi-
scale Muon: K=2, (31, 52)=(0.96875,0.99805)
(11=32, 19=512 steps), scales sxx(1—pF). Ga-
Lore: rank ratio r/n=128/1024=0.125 on all lin-
ear weight matrices, projection refreshed every
T=200 steps; embeddings always use AdamW.
Baselines: AdamW (5=(0.9,0.95)), single-3
Muon (5=0.98), full-rank Multiscale Muon, and
S-MuG (full-rank B;, Galore r=128 on f).
All reported numbers and shaded bands use
mean =+ standard deviation across n=3 seeds per
configuration (seeds {42, 43, 44}). Hardware, soft-
ware versions, and the complete hyperparameter
table are listed in Appendix A.

5.2 Q1: Does Multi-Band Coverage
Outperform Any Single-Band Filter?

Figure 3 shows validation perplexity over training
for Muon, Multiscale Muon (K € {2,3}) and S-
MUG (K € {2,3)).

3.201 —— Muon (K=1) PPL=21.81+0.02
0 —— Multiscale Muon (K=2) PPL=21.69+0.03
8 —— S-MuG (K=2, ours) PPL=21.66+0.05
= 3 157\— Multiscale Muon (K=3) PPL=21.68+0.02
S : S-MuG (K=3, ours) PPL=21.69+0.05
)
©
2310 \
g \

7000 7500 8000 8500 9000 9500 10000
Training step

Figure 3: Training curves (mean =+ s.d. across n=3
seeds, shaded band): Muon K=1, Multiscale Muon
(Ke€{2,3}), and S-MUG (K €{2,3}). Final PPL val-
ues are reported in Table 3; S-MUG K =2 ties the best
multiscale variant within 1 s.d. while using only 1.25x
Muon’s optimizer memory.

Going from K=1 (PPL=21.8140.02) to K=2
(PPL =21.69+0.03) yields a gain of ~ (0.12 PPL
points, and no single-5 Muon variant matches
K=2 regardless of 3 choice. This confirms that
the gradient sequence carries meaningful energy
at both short and long timescales, only jointly ex-
ploitable by a multi-band filter bank. The K=1-5
sweep in Appendix F (Table 13) shows that the
gain saturates at K'=2/3.

Effect of (51, 32) and the mixing coefficient \.
The filter-bank perspective predicts an interior opti-
mum for the narrow-band weight A (parameterised

Table 3: Validation perplexity (mean =+ s.d. over n=3
seeds) and peak optimizer state, 200M GPT-2 pre-
training (5B tokens). Rel. Mem.: analytical per-rank
optimizer-state ratio rel. to single Muon. Peak Mem.:
measured per-GPU memory (Muon variants shard mo-
mentum, ZeRO-1 style). Wall: end-to-end training time
in hours on 8 xMI300X (per-step average from each
run’s full timing log). Bold numbers mark the best entry
in each column; the proposed S-MUG rows are bolded
in the leftmost column for emphasis.

Optimizer PPL Rel. Peak Wall
AdamW 22.70+0.06 2.00x 12.79 3.33
Muon (K=1) 21.81+0.02 1.00x 10.31 3.26
Muon+GaLore (K=1, r=128) 29.43+0.02 0.25x 10.39 3.52
MS Muon (K=2) 21.69+0.03 2.00x 10.49 3.28
MS Muon (K=3) 21.68+0.02 3.00x 10.68 3.29
S-MuG K=2 21.66+0.05 1.25x 1042 3.32
S-MuG K=3 21.69+0.05 2.25x 10.61 3.29

as s =1 — A, ss = \). To probe this we fit a
piecewise-constant spectral score g(w) (Npands=H)
jointly against the K'=1 single-buffer sweep and
the K=2 (11, T2, \) table; the recovered A* predic-
tions correlate with observed optima across (7, 72)
pairs (Spearman p=0.97). We treat this fit as a
post-hoc diagnostic of the filter-bank picture, not
as a closed-form recipe: the spectral score is fit to
the same family of (71, 72) runs that it is then eval-
uated on, and Appendix H proves no non-negative
linear spectral score on equal-energy normalised
filters can reproduce the interior optimum in closed
form (in part because of the per-buffer NS non-
linearity). Plots and methodology are deferred to
Appendix G.

Takeaway. A two-band filter bank (K =2) consis-
tently outperforms any single-bandwidth optimizer
because the gradient sequence contains meaning-
ful energy at both short-horizon and long-horizon
timescales simultaneously.

5.3 Q2: What Quality—-Memory Trade-off
Does Selective Compression Provide?

S-MUuG (K =2) reaches PPL 21.66+0.05, statis-
tically tied with full-rank Multiscale Muon K =2
(21.69+£0.03), while using 1.25x the memory of
single Muon vs. 2.00x for full Multiscale Muon.
This is a 4x reduction in the added memory
overhead at no average quality cost. Both S-
MUG and Multiscale Muon substantially outper-
form single-scale baselines (AdamW: 22.70+0.06;
Muon K=1: 21.814+0.02). The single-scale
Muon+GaLore baseline (K =1, same rank r=128
as S-MUG’s narrow-band branch) is much worse
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Table 4: Validation perplexity at 756 M parameters,
10,172 steps, mean =+ s.d. across n=2 seeds (42, 43).
Wall in hours on 8 xMI300X (single-seed wall-time).

Optimizer Val. loss | Val. PPL | Wall (h)
Muon (K=1) 2.9114+0.000 18.38+0.01 5.87
Multiscale Muon (K=2) 2.912+0.000 18.40+0.01 5.99
S-MUG (K=2) 2.910+0.001 18.36+0.01 5.95

at 29.43+0.02 PPL, confirming that low-rank pro-
jection on a wide-band buffer is destructive (Sec-
tion 5.6) and that the multiscale filter bank is a pre-
requisite for safely compressing optimizer state. S-
MUG pays only a ~1.4% wall-time overhead over
the full-rank Multiscale Muon baseline at =2
(3.32h vs. 3.28 h) for the per-step rank-r projec-
tion and periodic truncated-SVD refresh, and is
essentially free at K=3 (3.29h vs. 3.29h) once
the projection cost is amortised against & Newton-
Schulz iterations; the GaLore-on-both-buffers base-
line (Table 7, last block) is considerably worse on
PPL. Rel. Mem. is an analytical optimizer-state ra-
tio (per-parameter); measured peak GPU memory
is similar across rows (10.31/10.42/10.49 GB) be-
cause activations and sharded weights dominate
under 8-way ZeRO-1 at this scale, so the headline
benefit at this scale is the optimizer-state ratio and
the resulting headroom for larger microbatch or
depth.

5.4 Scaling validation at 756 M parameters

To check that the ordering observed at 201 M (Ta-
ble 3) is not specific to that scale, we rerun the
headline configurations on a 756 M-parameter vari-
ant of the same GPT-2 architecture (16 heads,
dmode1=1536, depth 24; identical tokenizer, data,
schedule, and step budget). Per-configuration cost
is ~3x that of the 201 M runs, so we report n=2
seeds (42, 43) per headline configuration.

At 756 M, the three configurations are within
seed-level noise on this n=2 sample (PPL 18.36—
18.40, all standard deviations < 0.01), so the table
should be read as scaling consistency rather than a
statistically significant ordering. With that caveat:
full-rank Multiscale Muon does not improve over
single Muon (PPL 18.4040.01 vs. 18.384+0.01); S-
MUG (K=2) is the only configuration to (slightly)
clear both baselines on per-seed average (PPL
18.36+0.01), at 1.25x rather than 2.00x mem-
ory. The selective-compression rule of Section 4
appears to do double duty at this scale: it cuts mem-
ory while preserving the multi-band gain that the

unselective baseline fails to deliver. At the larger
1B scale (Table 5), the picture sharpens: full-rank
MS Muon (WikiText PPL 30.01+0.03) does out-
perform single Muon (30.10+0.00), confirming
that the multi-band advantage emerges with scale,
and S-MUG further improves to 29.87+0.01 —
demonstrating the selective-compression rule pro-
vides consistent benefit at every scale tested.

5.5 Scaling and downstream transfer

To confirm that the scale-up behaviour transfers
downstream, we plug the headline optimizers into
separate 1 B and 3 B pretraining pipelines and eval-
uate them with the same downstream suite. At 1B,
we evaluate the three headline optimizers at itera-
tion 10 000 on n=2 seeds (42, 43; per-step token
budget 4096x1024 ~ 4.19M, total tokens con-
sumed ~~ 42 B per seed), reporting K =2 only at
this scale.

We treat this section as exploratory transfer ev-
idence on n=2 seeds: LAMBADA itself shows
large seed scatter (e.g. MS Muon LAMBADA-
PPL std +£1.0 and Muon LAMBADA-PPL flip-
ping leader across the two seeds), so we restrict
robust claims to the lower-variance metrics. On
the WikiText and in-domain LM-loss columns the
ordering S-MUG < MS Muon < single Muon
holds in both seeds individually, and S-MUG is
best on 5/6 LM columns overall (Table 5). Down-
stream zero-/few-shot evaluation (Appendix D,
Table 10) is consistent: Muon’s Code average
(7.9£1.1%) is clearly below both multiscale vari-
ants (9.3+£0.7% MS Muon, 9.2+0.8% S-MUG),
Reasoning is tied within noise across all three
(45.1-45.5%), and overall benchmark average
rises monotonically from Muon (36.91+0.4%) to
MS Muon (37.1+0.4%) to S-MUG (37.5+0.7%),
again in both seeds individually. These obser-
vations confirm that selectively compressing the
narrow-band buffer preserves the multiscale gain
on the low-variance LM metrics and slightly im-
proves the aggregate downstream average; per-task
swings remain noisy, motivating larger seed counts
in future work.

3B transfer. For the 3 B scale-transfer evalua-
tion, we evaluate at iteration 30,000 using the same
language-modelling metrics. Because of the com-
putational cost of this model size, we run only
single-buffer Muon and S-MUG, with one seed per
optimizer; these results are therefore directional
rather than a multi-seed estimate. S-MUG signif-
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Table 5: 1 B GQA language-modelling metrics at iter 10 000 (mean =+ std over n=2 seeds, {42, 43}). Bold = best

per column. ID = in-domain validation.

Optimizer WikiText WikiText ~LAMBADA LAMBADA D D
PPL| bpb. PPL| acct PPL| NLL|
Muon (K=1) 30.104£0.00  0.9194+0.000 37.4440.30 0.342+0.004 3.399+0.001  1.224-0.000
MS Muon (K=2) 30.01+0.03  0.91840.000 37.53£1.02  0.33840.004  3.395+0.001  1.222+0.000
S-MUG (K=2) 29.87+0.01 0.916-:0.000 36.60-:1.46 0.339+0.006 3.38740.000 1.22040.000

icantly improves WikiText PPL (22.24 vs. 24.01),
LAMBADA PPL (17.70 vs. 22.09), and in-domain
evaluation (3.00 vs. 3.11 PPL), confirming that the
multiscale advantage carries over to larger param-
eters (Table 6). The detailed Code and Reasoning
results are reported in Appendix D.

Q2 Takeaway. Across 201 M, 756 M, 1B, and
the 3 B transfer check, selective compression pre-
serves or improves the quality of the multiscale
recipe at substantially lower optimizer-state cost.

5.6 Q3: Why Is Selective Compression Safe?

Compression ablation. Table 7 directly tests
which K=2 buffer can be compressed. Applying
Gal ore to the wide-band (3; buffer at any rank
consistently increases perplexity, confirming
that compressing a high-rank, wide-band state
is destructive (PPL rises to 23.43 at r;=128).
Applying GaLore to the narrow-band 2 buffer
provides meaningful memory savings at minimal
quality loss: a r/n € {0.125,0.25,0.5,1.0}
sweep (compressing (2 only, K=2) gives
PPL {21.66,21.73,21.78,21.71} respectively
(r/n=0.125 is the multi-seed smug mean from
Table 3; others are single-seed), all within 0.08
PPL of the full-rank baseline, so the default
r/n=0.125 offers the best memory reduction at
indistinguishable quality.

Selectivity vs. projecting both buffers. Rout-
ing the wide-band (3;) buffer through Galore ac-
tively hurts quality as soon as it is actually com-
pressed. At matched 1.25x memory, symmetric
(r1=r2=320) and asymmetric (r;=512, ro=128)
routings reach PPL 25.13 (+3.47 over S-MUG)
and 23.42 (41.76), both far worse than S-
MUuG’s 21.66+0.05 (Table 3). The boundary case
r1=1024=n is a no-op compression on 3; (since
V1V1T:I at full rank, so the projection becomes
the identity) and recovers 21.67 at 2.25X mem-
ory; this rules out the projection mechanism as the
source of harm and isolates it to genuine wide-band
compression. The last block of Table 7 then shows

the full monotone gradient 21.67 — 23.42 —29.41
as 71 shrinks 1024 — 512 — 128, confirming that
further wide-band compression widens the gap
monotonically rather than saturating.

Takeaway. The fast/wide-band buffer (5;) must
remain at full rank; the slow/narrow-band buffer
(B2) is safely compressible with Galore at
r/n=0.125.

5.7 Robustness: Refresh Sensitivity and
Composability

As a supplementary robustness study, we first test
the projection-refresh interval. The basis is re-
freshed every T steps; all five settings in Table 8 lie
within 0.01 PPL, so 7'=200 is a practical default
rather than a narrowly tuned optimum.

We then test whether two distinct improvements
can be combined. NorMuon (Li et al., 2025) and
TEON (Zhang et al., 2026) modify the update
rule of a single-buffer Muon optimizer, whereas
S-MUG selectively compresses the narrow-band
buffer of a multi-buffer optimizer. At 201 M, apply-
ing the same selective assignment (full-rank wide
band; rank-128 narrow band) improves NorMuon
from 21.78 to 21.65 PPL and TEON from 21.87
to 21.72 PPL over three seeds (Table 9). This sup-
ports a composable, vertical relationship rather than
treating these methods as competing alternatives.

6 Related Work

Spectral and  orthogonal optimizers.
Muon (Jordan et al., 2024) approximates an
orthogonal-gradient update via Newton-Schulz
under the spectral-norm trust-region view of Bern-
stein and Newhouse (2024), with scaling behaviour
studied in Liu et al. (2025); related preconditioned
methods include Shampoo/SOAP (Gupta et al.,
2018; Vyas et al., 2024). Multiscale Muon (Pap-
pone and Selvaraj, 2025) extends Muon with K
momentum buffers at distinct decay rates and is
the immediate point of departure for our work.
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Table 6: 3B GQA language-modelling metrics at iteration 30,000 (one seed per optimizer). ID = in-domain

validation.

Optimizer WikiText PPL WikiText bpb LAMBADA PPL LAMBADA acc. ID PPL| ID NLL]

24.0139
22.2375

0.8576
0.8368

Muon
S-MuG

22.0885
17.6961

0.4058
0.4283

3.1100
2.9989

1.1346
1.0982

Table 7: K=2 compression ablation, validation PPL.
“x” = full-rank EMA; numbers indicate GaLore rank
applied to that buffer. Bold marks the proposed S-
MUG configuration. Memory column counts both EMA
buffers and the GaLore basis V' (square m=n=1024).

,31 52 T1 T2 PPL Mem.
X x = — 21.69 2.00x
X v — 128 21.66 1.25%
X v = 256 21.73 1.50x
x v — 512 21.78 2.00x
v ox 128 — 2343 1.25x%
voox 256 — 2277 1.50%
Both buffers projected through GaLore (combined NS):
v v 1024 128 21.67 2.25%
v v 512 128 2342 1.25%
v v 320 320 25.13 1.25x%
v v 128 128 2941 0.50%

Table 8: Projection-refresh sensitivity for S-MuG K =2
at 201 M (single seed).

T 50 100 200 400 800
PPL 21.66 21.66 21.66 21.67 21.66

Low-rank optimizer state and adapters. Ga-
Lore (Zhao et al., 2024) compresses the opti-
mizer state by projecting gradients into a slowly-
rotating top-r subspace; Flora (Hao et al., 2024),
COAP (Xiao et al., 2025), and MLorc (Shen et al.,
2026) are alternative low-rank state-compression
mechanisms (random projections, correlation-
aware, and direct momentum compression re-
spectively), and Pan et al. (2025) analyse and
correct the bias of low-rank gradient projection.
ReLoRA/LoRA (Lialin et al., 2024; Hu et al.,
2022) instead decompose weights. S-MUG is
orthogonal: rather than modifying how a single
buffer is compressed, it asks which of K multi-
scale buffers should be compressed, and gives a
frequency-domain answer (Section 3.3); the rule
could be paired with any of the above mechanisms.

Frequency-domain analyses of momentum.
Momentum-as-low-pass-filter is implicit in clas-
sical analyses (Nesterov, 1983; Sutskever et al.,
2013) and modern bandwidth/plasticity stud-
ies (Lyle et al., 2024); to our knowledge, the multi-

Table 9: Composition with single-buffer Muon variants
at 201 M (n=3 seeds). S-MUG supplies selective multi-
buffer compression; NorMuon and TEON supply per-
buffer update improvements.

Optimizer Val. PPL |

NorMuon 21.784+0.03
NorMuon + S-MUG  21.65+0.01
TEON 21.8740.02
TEON + S-MuG 21.7240.05

[ subband filter-bank synthesis (Vaidyanathan,
1993) and its low-rank consequence (Proposition 1)
are new and underlie S-MUG.

7 Conclusion

We introduced S-MUG, a selective momentum
compression framework grounded in a frequency-
domain view: Multiscale Muon acts as a subband
filter bank over the gradient stream whose per-
channel compressibility follows directly from its
bandwidth (Proposition 1). Specifically, narrow-
band (high-3) channels collect the slow, low-
frequency, and low-rank components of gradient
history and are safely compressible by GaL.ore. In
contrast, wide-band (low-/3) channels track high-
frequency, near-full-rank transient directions and
must remain uncompressed to safeguard conver-
gence.

Empirically, S-MUG (K =2) reduces Multiscale
Muon’s added momentum overhead by 4x (1.25x
vs. 2.00x single-Muon memory) at no average
quality loss. This quality-memory preservation
scales consistently from 201 M up to 756 M dense,
as well as 1 B and 3 B GQA pretraining. Further-
more, we demonstrated that S-MUG’s selection
rule is robust to basis refresh rates and is highly
composable, bringing substantial vertical improve-
ments when paired with single-buffer orthogonal
optimizers like NorMuon and TEON. Beyond its
immediate practical utility in lowering the hard-
ware requirements of orthogonal training, we con-
jecture that the bandwidth-rank selectivity prin-
ciple represents a general design paradigm that
extends to all multi-buffer EMA optimizers.
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Limitations

Scale, seeds, and the nature of the trade-off.
Multi-seed evidence is at 201 M / 5 B tokens (n=3
seeds per configuration), at 756 M for the three
headline configurations (n=2, seeds 42 and 43),
and at 1 B GQA for the three headline configura-
tions (n=2, seeds 42 and 43). Behavior beyond
1B, on MoE / encoder-decoder, or non-language
modalities is unverified, and Proposition 1 assumes
a slowly-rotating low-rank gradient subspace that
may weaken under sharp distribution shifts. The
contribution is asymmetric: relative to single-scale
Muon, S-MUG adds optimizer memory (1.25X vs.
1.00x) and the payoff is the multi-band PPL gain;
relative to full-rank Multiscale Muon, S-MUG
preserves that gain while cutting the added over-
head 4x. Absolute PPL gaps are small (< 0.04
at 756 M; aggregate downstream gains at 1 B are
~0.6 pt overall average), so the contribution is best
characterised as a favourable quality—memory op-
erating point rather than a strict PPL win.

Wall-clock, systems, hyperparameters. S-
MUG pays only ~ 1.4% wall-time over full-rank
Multiscale Muon at K =2 (Table 3); the freed mem-
ory enables a larger microbatch but not a multiplica-
tive throughput gain. Interaction with FP8/INTS8
state quantisation (Dettmers et al., 2022), offload,
and pipeline parallelism is unverified. The mix-
ing A, decays (31, B2), rank ratio r/n, and refresh
interval T' remain empirical: our spectral score
ranks \* across (71, 72) (Spearman p=0.97), but
Appendix H proves no non-negative linear spectral
score predicts the interior optimum in closed form,
so expect a small grid search at a new scale.

Cross-mechanism generality. The selection rule
(compress only the narrow-band buffer) is pre-
sented as the conceptual contribution, but we in-
stantiate it only with GaLore and only with Newton-
Schulz post-processing; we do not benchmark
the rule on alternative low-rank/state-compression
mechanisms (e.g. COAP (Xiao et al., 2025),
MLorc (Shen et al., 2026), or 8-bit state quanti-
sation (Dettmers et al., 2022)), nor against the un-
biased low-rank correction of Pan et al. (2025).
Establishing that the selection rule transfers across
projection mechanisms is left to future work. The
headline comparison in Table 3 also changes NS
placement (single combined NS in S-MUG vs. per-
buffer NS in full-rank Multiscale Muon); as ar-
gued in §4 this is a principled consequence of the

low-rank GaLore branch (per-buffer NS would or-
thogonalise a degenerate, rank-r surrogate), and
the full 2x2 design in Appendix F (Table 12) con-
firms the four cells span only 0.07 PPL with the
small interaction favouring combined-NS once the
narrow-band buffer is rank-truncated.

Ethics Statement

S-MUG is a drop-in replacement for an existing
optimizer (Multiscale Muon) on standard language-
model pretraining; it introduces no new training
data, model architecture, or deployment pathway,
and therefore does not alter the downstream risk
profile of the LMs to which it is applied (toxic gen-
eration, factual error, bias, dual-use). Its primary
practical effect is reducing per-device optimizer-
state memory by ~38% relative to full-rank Mul-
tiscale Muon at K=2 (1.25x vs. 2.00x single-
Muon memory), which can lower the compute bar-
rier for academic and small-industry groups to re-
produce multi-scale-momentum results that would
otherwise require a larger memory budget. We see
no specific harms that are unique to S-MUG be-
yond those already documented for LM pretraining
at this scale. All 201 M and 756 M experiments
use the public FineWeb corpus; the 1 B GQA trans-
fer test uses an in-house pretraining corpus subject
to its own data-governance policies. Experiments
use a single-node 8 x accelerator setup, well within
standard pretraining energy budgets reported by
prior 200 M—1 B-parameter optimizer studies.
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A Full Experimental Details

All runs use the nanoGPT codebase (Karpathy,
2022) on a single 8 xMI300X-192GB node. 201 M
GPT-2: 16 layers, 8 heads, d;;,oqe1=1024, context
(block size) 1024, BPE vocabulary size 50304,
201 M trainable parameters. 756 M GPT-2: 24 lay-
ers, 16 heads, d;;oqe1=1536, context (block size)
1024, BPE vocabulary size 50 304, 756 M trainable
parameters. 1 B GQA: LLaMA-style architecture
with 16 layers, 16 query attention heads, 4 key-
value heads (grouped-query attention ratio 4:1),
dmode1=2048, head dimension 128, vocabulary
size 200 064, 1.2 B trainable parameters. 3B GQA:
LLaMA-style architecture with 28 layers, 24 query
attention heads, 8 key-value heads (grouped-query
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attention ratio 3:1), d0qe1=3072, head dimension
128, vocabulary size 200064, 3.2 B trainable pa-
rameters.

Schedule: cosine LR with peak n = 0.0018,
warmup 500 steps, warmdown 5812 steps, to-
tal 10172 steps at ~ 492K tokens/step (5B to-
kens). Muon variants use ¢=5 Newton-Schulz
iterations. Multiscale Muon: K=2, (f1,52) =
(0.96875,0.99805) corresponding to EMA time
constants (71,72) = (32,512) , s < (1 — Bg)
then renormalized so ) _, s = 1. GaLore: rank ra-
tio r/n = 0.125, V refreshed every T'=200 steps
via truncated SVD on G!. Embeddings always
use AdamW. For multi-seed entries we use seeds
{42, 43,44}. Common settings: weight decay 0.1
on linear weights only, no dropout, GPT-2 default
init, bfloat16 mixed-precision.

Licenses and intended use. All artifacts we use
are publicly released for research. The FineWeb
corpus is distributed under the Open Data Com-
mons Attribution License (ODC-By 1.0); the
nanoGPT codebase (Karpathy, 2022) and the Muon
reference implementation are released under the
MIT license; Galore (Zhao et al., 2024) is released
under Apache-2.0; the Multiscale Muon (Pappone
and Selvaraj, 2025) reference is released under a
permissive open-source license. Our use, namely
academic language-model pretraining and opti-
mizer benchmarking on public web data, is con-
sistent with the stated terms of all of these artifacts.
We do not curate or release any new dataset: for the
FineWeb experiments, PII anonymisation (email
and public-IP regex replacement) and NSFW/toxic-
content filtering are inherited from FineWeb’s pub-
lished curation pipeline. The 1 B GQA experiments
(Section 5.5) use a separate in-house pretraining
corpus subject to its own data-governance policies
(PII filtering, NSFW removal); we do not redis-
tribute it and use it only as a downstream-transfer
test of the optimizer rather than as a contribution
of new data.

B Newton-Schulz for Non-Square
Matrices

The quintic Newton-Schulz iteration with Muon
scalars (a, b, c) = (3.4375, —4.375, 2.1875) (Jor-
dan et al., 2024) is a fixed-step orthogonalization
heuristic that drives singular values toward 1 (the
iteration produces near-unitary outputs but does not
converge to the exact polar factor UV in the strict
sense). For tall-thin GaLore-compressed buffers

X € R™*" (m > r) we always evaluate it in the
right-grouped form

X + X(al, +bX"X +¢(XTX)?),

which never instantiates the m x m matrix X X "
and instead works with XX € R™" at cost
O(mr? + r3) per iteration. Convergence proper-
ties are inherited from the square case because the
iteration only acts on X ' X. Reconstructing the
full-space update is then UV | € R™*™

C Singular-Value Spectra and Proof of
Proposition 1

Figure 2 (main paper, Section 3.3) plots the
singular-value spectra; we restate the methodology
and proof here.

Stable rank. We use the standard stable-rank sur-
rogate stank(M) = ||M||%/||M||3, which lower-
bounds the numerical rank, is invariant under or-
thogonal transforms, and is dimensionless.

Setting and assumptions. Fix a layer with
weight W € R™*™ and let G° € R™*" be the
per-step stochastic gradient, s = 1,...,¢t. Write
7 = 1/(1 — Bi). The per-buffer EMA with mo-
mentum [, € [0, 1) produces

t
M= (1-B)) B "G

s=1

We write the orthogonal decomposition G* = G/l +
& + G+, where GIl = E[[1sG?] is the (slowly
drifting) deterministic component lying in a rank-r
subspace S C R"™*", fﬁ = IIsG* — Gl is the zero-
mean fluctuation inside S, and G5+ = (I -II5)G*
is the perpendicular fluctuation. We assume:

(A1) Mean lies in the subspace: E[G*] € S, equiv-
alently E[G**] = 0 for every s. This iden-
tifies GIl with the deterministic mean of the
gradient and makes the parallel/perpendicular
decomposition orthogonal in L2,

(A2) Slow rotation of S: S varies on a timescale
Ts > T, SO Gl may be treated as time-
stationary on a window of length O(7y).
Equivalently, ||TT% — IS ™ ||s = o(1), where
IT% is the orthogonal projector onto S at time
t.

(A3) Bounded second moments: the in-subspace
fluctuation is bounded above by a con-
stant aﬁ in spectral norm of E[é’ﬁ(fﬁ)T]
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and the perpendicular component satisfies
the trace bound E[|G*1|%] < no? to-
gether with the two-sided spectral-norm
bounds E[(G>H)TGst] < o%I, and
E[G5H(G*H)T] = 02 I, uniformly in s.
The latter pair (column- and row-variance) is
what matrix Bernstein needs; the trace bound
is what the energy-ratio computation needs.

(A4) Weak temporal autocorrelation:
dusolp@)] < C, < oo, where p(u)
is the lag-u scalar autocorrelation of the noise
components, normalised so |p(0)| = 1. This
rules out persistent low-frequency noise but
allows finite-range correlation.

Formal restatement of Proposition 1. Under as-
sumptions (A1)-(A4) and the EMA update M ,i =
(1 — Br) i, B °G* with By € [0,1), write
M ,z = M, . + M, b4 for its orthogonal decomposi-
tion with respect to the rank-r subspace S. Then in
the steady-state regime ¢ > 7, = 1/(1 — (%):

(i) Energy ratio. The off-subspace to on-
subspace energy ratio satisfies
t,L
E[| M~ |1%]

R(By) 2~k
RTINS

= Kt (140(1)),

with kK = nC,0%/|GI||%, and R(-) is
strictly decreasing on [0, 1) with R(5x) — 0
as B, — 1.

(ii) Stable-rank envelope. Additionally assuming
a.s. boundedness ||G** ||z < L (e.g. gradient
clipping), for every § € (0, 1), with probabil-
ity atleast 1 — 9,

srank(M}) < srank(Gl) +o0(1) < r,

in the limit 5, — 17,
M 1%/ M]3

where srank(M) =

In particular, for any 31 < 2, R(f32) < R(f1) and
the high-probability stable-rank bound is tighter for
the larger 5.

Proof of Proposition 1. Let hx(s) = (1 —
Br) B,’;fsl s<t denote the EMA impulse response.
Two elementary spectral identities are used repeat-
edly (DC gain and noise gain, respectively):

t>>Tk

]- - Bk 7
1=t

ngt hk(s) =
ngt hk(5)2 =

Tk 1-By

148k

The second collapse uses ), 2u=1/(1- 6%

together with 1 — 5,3 = (1= Br) (1 + Br). ~
Parallel component. Decompose G*!l = G ”+§ﬁ

with E[éﬁ] = 0. By linearity,

Ml = (S, 0(9) G+ S, hi(s) €,

so by (A2) (treating Gl as time-stationary) the

mean satisfies
B = (Zohe(s)) Gl = (1= )G,

Since the two summands are orthogonal in L? (the

second is zero-mean conditional on G/l ), the second
moment splits:

E[| M, 7] =(1—5;i)2||@”H2
For the fluctuation cross-term, (A3) gives
[Hf 7] = trE| ||( ﬁ)T] < TUﬁ since §ﬁ €S

has dlmenswn r. Cauchy—Schwarz together with
the lag-u autocorrelation bound |E[( i ,fﬁ/>]| <

raﬁ |p(|s — §'|)| then yields, by (A4),

3o () ELET €7
< o X, b)) o(ls — 1)
< raﬁ Cy, >, hi(s)?

- @(m of }+g’;)

using Y. [p(|s — §|)| < 2C, (Young’s inequality
applied to hg * |p|). For t > 7, the prefactor
(1 — BL)? — 1 and we obtain

E[|MENE] = IGNE + ©(rCpof 12

In the regime of interest the deterministic mean
|G!l||2. dominates the in-subspace fluctuation term
(which is O(1 — () and vanishes as 8 — 1), so

E[| My 2] = 113 (1+ o(1)).

Perpendicular component. The perpendicular
projection has zero mean by (A1), so

B[ M5 = Y v hi(s) hi(s)
x E[(G>+, G54

By
Schwarz,

(A3) and Cauchy—

[E[(G*, 6| <
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VENGL 3] -BIG L3 (=] <
not |p(|s—s'|)]. Applying (A4),

E[| M7 < not Cp X2, huls)?

2 1—

Energy ratio. Combining the two displays,

1
o ElIMEH2)
ta
E[|M")2]

_ Hl_ﬂk
1+ B

with K = nC, 02 /||Gl||%. The map B + (1 —
B)/(1 + $3) has derivative —2/(1 + 8)? < 0, so
R(f4) is strictly decreasing on [0, 1) and tends to
Oas B — 17.

High-probability stable-rank envelope. Let
X*® = hi(s) G54, so M,?J‘ = > . X° Under
(A1)-(A4), the two-sided spectral-norm bounds in
(A3) (row- and column-variance) and the bounded-
ness |G ||z < L a.s. (which holds with gradient
clipping at norm L), the matrix Bernstein inequal-
ity (Tropp, 2015) gives, for any § € (0, 1),

Pr HM;;LHQ > 4 UJ—\/%;?: log 2(m5+n)
+ CoL(1— fg) IOgM} <4

with absolute constants C'1, Cy depending only on
C). Thus the perpendicular spectral norm shrinks
like /(1 — Bx)/(1+ Bk) up to logs, while the
parallel spectral norm remains O(||Gl||2). Con-
sequently

srank(M}) < srank(Gl) + o(1) < r

as B — 17, with probability at least 1 — 6. [

Empirical methodology. Figure 2 reports per-
index singular values of the two momentum buffers
from the final-step checkpoint (t=10,172) of the
K =2 Multiscale Muon run, computed over the 12
square 1024 x 1024 weight matrices in that check-
point and shown as median with 25-75% interquar-
tile range; the buffer convention matches Sec-
tion 5.1 (81=0.969, 7 =32, wide-band; £2=0.998,
To=>512, narrow-band).

Relationship to Proposition 1’s assumptions.
The singular-value ordering in Figure 2 validates
the conclusion of Proposition 1 and provides
indirect evidence for its two structural assump-
tions (slowly-rotating low-rank parallel subspace;

weakly autocorrelated zero-mean perpendicular
component). The slow-rotation assumption is sup-
ported by Zhao et al. (2024), who report that
the dominant Gal.ore subspace evolves slowly
on LLaMA-scale pretraining (so a periodic ba-
sis refresh suffices); we use a similar rank ra-
tio and refresh schedule (r/n=0.125, T=200).
The weak-autocorrelation assumption is standard
for stochastic-gradient noise. Were either as-
sumption to fail badly, the predicted ordering
srank(Msy)<srank(M;) would not hold across
layers as it does in Figure 2.

Direct verification on the full-rank K=3 run.
The main text (Figure 2) verifies Proposition 1’s
two assumptions on the operational S-MuG K=2
checkpoint stream. Figure 4 repeats the analysis
on the full-rank Multiscale Muon K'=3 run and
shows the same [-monotone pattern: at 7'=100,
overlap increases with 5 (0.516 — 0.526 — 0.699
for 5=0.969, 0.992, 0.998), and the momentum co-
sine does likewise (—0.03 — 0.14 — 0.58). At
long lag (T'=5000), overlap remains above base-
line for all three buffers (0.481,0.456,0.393 vs.
0.125), while cosine decays toward zero with a
clear ordering (0.003,0.013,0.038), confirming
the slow-subspace structure exploited by S-MuG is
not an artifact of rank truncation.

D 1B and 3B Downstream Evaluation

Table 10 reports the per-task zero-/few-shot scores
referenced in Section 5.5 for the 1B model
(mean £ std over n=2 seeds {42, 43}; values in
%).

Discussion. Three patterns hold robustly across
both seeds. (i) Code metrics clearly favour the
multiscale variants over single Muon, and S-MUG
matches full-rank Multiscale Muon at 1.25% the
optimizer memory: Code average is 7.94+1.1% for
Muon vs. 9.3+0.7% (MS Muon) and 9.2+0.8%
(S-MUG); the single-Muon — multiscale gain
on code is much larger than the multiscale —
S-MUG step, suggesting most of the code im-
provement comes from the second buffer itself
rather than from how it is compressed. (ii) Rea-
soning is essentially flat across all three optimizers
(45.1/45.1/45.5%, all within +0.6); per-task vari-
ation is within 1-2 points and the leader differs
by task (Muon wins WG/BoolQ, S-MUG wins
OBQA/ARC-e/HS/PIQA, MS Muon wins ARC-
¢), which is what one expects when per-task seed
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(a) Top-r subspace stability [Asm. i] (b) Momentum autocorrelation [Asm. ii]

X 1.00 1.00
N ° —e— k=0, B=0.9688
I = —o— k=1, =0.9922
i 0.75 1 § 0.75 1 k=2, B=0.998
O
- €
s 4 = ~ 0.50 4
g 0501 207720 poooess =2
o —e— k=1, B=0.9922 I i
g 0257 k=2, B=0.998 £ 0.25
> RS random (r/n=0.12) €
'%0.00-., g —_— . . 0.00 A - e —_—_
¢ 102 103 102 103
lag T (optimizer steps) lag T (optimizer steps)

Figure 4: Direct verification of Proposition 1’s assumptions on the full-rank Multiscale Muon K =3 run (same
protocol as Figure 2: 86 checkpoints over [500, 9000], IQR over all (¢, ¢+7") pairs and 1024 x 1024 parameters). (a)
top-r=128 subspace overlap; (b) momentum cosine. The S-monotone separation matches the K =2 S-MuG result.

Table 10: 1B GQA, downstream zero-/few-shot evaluation at iter 10 000 (mean =+ std over n=2 seeds {42, 43};
values in %). HE = HumanEval, MB = MBPP (both reported as pass@ 1/pass@10); WG = WinoGr., HS = HellaSw.
Code avg. = mean of the two pass@1 code scores (HE p@1, MB p@1); Reason avg. = mean of the seven
QA/commonsense tasks (OBQA, ARC-e, ARC-c, WG, HS, PIQA, BoolQ). Overall benchmark average (cited in the
main text) likewise uses HE/MB pass@1 only.

Optimizer HE MB OBQA ARC-e ARC-c WG HS PIQA BoolQ \ Code Reason

Muon (K=1) 3.040.2/8.3+2.5 12.8423/23.9436 28.610.8 46.84+1.4 24.440.1 52.440.6 37.0+0.1 65.610.7 61.240.58
MS Muon (K=2) 4.240.7/9.441.2 14.340.7/24.840.9 28.841.7 474105 26.3+0.7 51.7+0.1 36.840.3 65.9+0.4 58.444.2

S-MUG (K=2) 4.2+0.8/7.6+0.2 14.110.8/25.840.3 29.8120 479101 24.610.1 52.5111 37.810.2 66.0:0.3 60.7+15]9.2+08 45.510.6

79411 45.140.3
9.3+0.7 45.140.3

scatter at the 1B scale is itself ~1-3 pt. (iii)  and BoolQ). This confirms that selective multiscale
The downstream picture is consistent with the LM-  momentum successfully preserves and translates its
PPL story (Table 5): the ordering S-MUG >  optimization advantages to downstream capacities
MS Muon > Muon on overall benchmark aver-  at the 3 B parameter scale.
age (37.5+0.7/37.1+0.4/36.9+0.4%) mirrors the
same ordering on every LM-loss column and holds ~E  Wall-clock Comparison
in both seeds individually. The takeaway from Ap-
pendix D is therefore not “S-MUG is uniformly ~ End-to-end wall-time (8 xMI300X, 10,172 steps).
best on every per-task metric” but rather “selec- All rows in Table 3 use identical timing instru-
tively compressing the narrow-band buffer pre- mentation: the clock is paused around valida-
serves the multiscale gain on both LM loss and  tion, checkpoint I/O, and any in-loop diagnos-
aggregate downstream while costing 4x less extra  tics, so the reported hours measure pure for-
optimizer memory than full-rank MS Muon”. ward+backward+optimizer cost. Measured per-
step averages give Muon K=1 1.154 s, MS Muon
3B downstream details. Table 11 gives thede- K=2 1.160s, MS Muon K=3 1.163s, S-MuUG
tailed Code and Reasoning results for the 3 B scale- K=2 1.176s, S-MUG K=3 1.164s, AdamW
transfer evaluation referenced in Section 5.5. Val-  1.177s. Two takeaways: (i) S-MUG adds a per-
ues are from iteration 30,000 and use one seed per  step rank-r GaLore projection on the narrow-band
optimizer; Code and Reason are averages defined  buffer plus a periodic truncated-SVD refresh, cost-
as in Table 10. ing +1.38% over full-rank Multiscale Muon at
The detailed metrics show consistent advantages K =2 and 40.09% (within noise) at K =3: at K=3
for S-MUG: it out-performs single-scale Muon the projection cost is fully absorbed by the saved
on both aggregate Code (18.06% vs. 17.03%) and ~ Newton-Schulz on the compressed branch. (ii)
Reasoning (50.29% vs. 49.15%) averages, as well ~ AdamW is not cheaper than Muon at this scale (for-
as on a majority of individual tasks (including  ward/backward dominates and the AdamW state
OBQA, ARC-easy, ARC-challenge, HS, PIQA, update is memory-bandwidth bound); it is essen-
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Table 11: 3 B downstream Code and Reasoning evaluation at iteration 30,000 (one seed per optimizer; values in %).
HE = HumanEval, MB = MBPP, WG = WinoGr., HS = HellaSw. Code is the mean of HE/MB pass@1; Reason is

the mean of the seven reasoning tasks.

Optimizer HE MB

OBQA ARC-e ARC-c WG HS

PIQA BoolQ | Code Reason

Muon
S-MuG

11.43/22.45 22.63/37.38 31.00 55.56 28.58 55.09 47.11 68.55 58.13|17.03 49.15
10.95/21.21 25.17/38.76 33.40 56.94 30.29 53.43 48.02 69.04 60.89 | 18.06 50.29

tially tied with S-MUG K=2.

F Additional Ablations

F.1 NS Placement and Rank

S-MUuG (K=2) differs from full-rank Multiscale
Muon along two axes simultaneously: (i) the
wide-band buffer is rank-r=128 truncated rather
than kept full-rank, and (ii) one Newton—Schulz
(NS) pass is applied to the combined band up-
date s1 My + so M5V T rather than per-buffer-then-
summed (as noted in Limitations and in Pappone
and Selvaraj, 2025). To attribute the observed qual-
ity preservation specifically to the selection rule
rather than to the NS placement, we report the
missing two off-diagonal cells of the 2 x 2 design
at 201 M / 5 B tokens (single seed; the diagonal
cells are the multi-seed Multiscale Muon K'=2 and
S-MUG K =2 entries of Table 3).

Table 12: NS placement x rank ablation at 201 M (PPL
J). Diagonal cells are the multi-seed Table 3 entries (MS
Muon K=2 top-left; S-MUG K =2 bottom-right); off-
diagonal cells are single-seed NEW runs. Combined-
and per-buffer NS are statistically tied when both buffers
are full-rank, but combined-NS wins once the narrow-
band buffer is rank-truncated.

per-buf NS combined NS
rank on B2 (narrow) (sum-of-NS) (NS-of-sum)
full (ro=n=1024) 21.69+0.03 21.71
ro=128 (Galore) 21.73 21.66+0.05

Both off-diagonal cells sit within 0.07 PPL of
the diagonal and inside the seed scatter (o~0.05
PPL for S-MUG), so the selection rule itself ac-
counts for the headline quality preservation. But
the off-diagonal numbers also expose an interac-
tion that justifies the combined-NS design: with
both buffers full-rank, per-buf and combined are
statistically tied (21.69 vs. 21.71); once the narrow-
band buffer is rank-128 truncated, combined-NS
overtakes per-buf by 0.07 PPL (21.66 vs. 21.73).
This is the qualitative pattern predicted by the ar-
gument that orthogonalising a rank-r low-rank sur-
rogate in isolation (per-buf NS on M,V " when

My is held in » x n form) discards the corrective
full-space content carries by M;, whereas sum-
ming first produces a numerically full-rank update
before NS sees it.

F.2 Multi-Band K-Sweep

Table 13 reports the broader K -sweep for full-rank
Multiscale Muon at 201 M. Adding a second band
gives the main improvement, a third band is essen-
tially neutral, and K=4/5 slightly regress. Since
B =1—1/7, the K=>5 wide-range setting spans
T = 32-2048 with widely separated time constants,
whereas the narrow-range setting packs five more
densely spaced values into 7 = 32-512; neither
improves over the K'=2/3 design point in this bud-
get. The K <3 entries use n=3 seeds, while K >4
uses one seed.

Table 13: Multi-band K -sweep for full-rank Multiscale
Muon at 201 M. n=3 seeds for K <3; n=1 for K>4.

K Val. PPL |
1 21.81+0.02
2 21.6940.03
3 21.68+0.02
4 21.73
5 (wide) 21.76
5 (narrow) 21.72

G Spectral Score Diagnostic and
Empirical \-sweep Curves

Spectral score g(w) fit. We fit a piecewise-
constant non-negative score g(w) (Npands=5, log-
frequency measure) jointly against the K =1 single-
buffer sweep and the K=2 (71, 72, A)—val loss ta-
ble. Figure 5(a) shows the recovered g(w) (positive
low-frequency lobe, sign change at mid-frequency);
panel (b) confirms it ranks K =1 runs consistently
with observed val loss; panel (c) shows that the
resulting A* predictions correlate with observed op-
tima across (71, 72) pairs (Spearman p=0.97, MAE
0.12). We stress that this fit is post-hoc on the same
(71, 72) family that it is then evaluated on, and Ap-
pendix H shows that no non-negative linear spectral
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score on equal-energy normalised filters can pro-
duce an interior A\* in closed form; the diagnostic
is therefore a consistency check on the filter-bank
picture, not an independent predictor.

Empirical \-sweep curves. Figure 6 reports the
final validation PPL (10 172 steps, single seed) as
a function of the narrow-band mixing weight A for
five (71, T2) pairs that were sampled at > 5 values
of A in our K=2 multiscale Muon sweep (71 =
wide-band, ™ = narrow-band). Each curve is U-
shaped with an interior optimum, in agreement with
Section 5.2; the optimum \* shifts with (71, 72)
(e.g. \*~0.5 at (16,64) but \*~0.1 at (32, 256)).
The interior optima and their bandwidth depen-
dence are precisely what Appendix H rules out
from any non-negative linear spectral score. Two
practical takeaways: (i) at any fixed (71, 72) the
PPL surface is shallow, with typical curvature near
the minimum of <0.2 PPL per AA=0.2, so a 3-5
point grid is sufficient at a new scale; (ii) widely-
separated (71, 72) such as (16, 256) or (64, 256) fa-
vor very small )\, while moderately-separated pairs
such as (16, 64) favor A~ 1/2, consistent with the
filter-bank picture (Section 3) that the wide-band
branch dominates when the two bandwidths are
dissimilar.

H Why a Linear Spectral Score Cannot
Predict \*

This appendix records a short observation that mo-
tivates our empirical (rather than closed-form) fit
of g(w) in Section 5.2 and explains why the interior
A* documented empirically in Appendix G cannot
be predicted by any non-negative linear spectral
score: under the equal-energy normalisation of the
EMA filters used throughout the paper, no linear
mixture of two EMA filters can produce a non-
trivial interior optimum in ) via any non-negative
spectral weight.

Setup. Let Hg(w) = /1 — 82/(1 — Be ™) be
the equal-energy EMA filter, and write the mixed
filter as

Heombo(w, \) = A Hg, (w)
+ (1= Hg,(w), (5

with A € [0,1]. For any non-negative spectral
weight W (w) > 0 and positive measure dy on
[—7, ], define the score

mez/wwwﬁmmew.@

Expanding the modulus gives the quadratic form

Pw(N) = Aw A + By (1-))?
+ 2Cw A1 = N), (7

with coefficients
Aw :/W|ﬁﬂs|2d%
BW—/Wlﬁﬁf\zdu,
Cw = / W Re(Hg, H}, ) dp. (8)

Lemma 1 (Cross-term identity). Cy = p (Aw +
Bw) with p = \/(1-B2)(1~BD/2(1 -
BsBs)] € (0, 1], independent of W and dy.

Proposition 2 (Linear-score convexity rules out
an interior maximiser). For any W > 0 and any
positive measure du, Py () is convex on [0, 1].
Its maximum on [0, 1] is therefore always attained
at an endpoint, so no non-negative linear spec-
tral score (i.e. a single positive-weight integral of
|Hc0mbo‘2 ) can place its maximiser in the open
interval X € (0,1).

Proof of Lemma 1. Let D(w) = (1 — 285 cosw +
B2)(1 — 2Bfcosw + BJ%) > 0 be the com-

mon denominator of \flﬂs(w)\2, ]ﬁgf (w)|?, and

Re(H Bs H Ef) Direct computation gives the point-
wise identities

12 2 _ 2(1=BsBy) N(w)
[, + | B, P = 20EPANE)

o 2,/(1—B2)(1—B2) N(w
2 Re( s 13,) = J(1=B2)(1-52) N(w)

D(w) ’

with N(w) = (1 + B:8f) — (Bs + By)cosw >
0 (since Bs,Bf € [0,1)). Their pointwise
ratio is therefore the constant 2p with p =
V(L= 82)(1 = 83)/[2(1 = B,8;)]. independent
of w, W, and du; integrating against W (w) du
yields Cyr = p(Aw + By ). For the bound p < 1,
AM-GM gives 1 — 3,8; > \/(1 ~B2)(1 - 3)
(equivalent to (35 — 87)? > 0 after squaring), so
p < 3 with equality iff 3, = S;. O

Proof of Proposition 2. Substituting Clyy =
p(Aw + By ) into the quadratic and collecting
terms,

Pw(N) = (Aw + Bw)(1 —2p) \?
+ 2[p(Aw + Bw) — Bw]A + Bw.

9691



Fitted g(w) (Npands =5)

K=1 (p=+1.000)

A ™ prediction vs.\ observation
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(a) Recovered g(w).
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Figure 5: Spectral score g(w) fit (Npands=5, log measure) is consistent with the empirical optima. (¢) Predicted
A* correlates with observed optimum across (71, 72) pairs (Spearman p=0.97, MAE 0.12). Diagnostic only; not a

closed-form recipe (Appendix H).
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Figure 6: Final validation PPL vs. narrow-band mixing weight A for five K=2 (71, 72) combinations from our
multiscale Muon sweep (71 = wide-band, 7o = narrow-band; identical 201 M setup as Section 5). Red stars mark
each curve’s empirical minimum. The interior optimum and its shift with (71, 75) are the empirical content of the
bandwidth dependence (Section 3); the shallowness of each curve means a coarse 3—5-point grid is enough to find

A* at a new scale.

The coefficient of A2 is (Ay + By )(1—2p) > 0 by
Lemma 1 (with strict inequality unless 3, = f),
so Py is convex on [0, 1] and any maximum on
[0, 1] is attained at an endpoint A € {0, 1}. Equiv-
alently, the unique interior critical point \* =
(B — p(Aw + Bu))/[(Aw + Bw)(1 — 20)),
when it lies in (0, 1), is a minimiser of Py, never
a maximiser. O

What this means. A higher spectral score
Py (\) models better filter quality; thus a PPL in-
terior minimiser at \* € (0, 1) corresponds to an
interior maximiser of Pyy. Proposition 2 shows
that no non-negative W can produce an interior
maximiser of Py (the maximum is always at an
endpoint), so no non-negative linear spectral score
can predict the interior PPL minimum. Equiva-

lently, the interior A* minimum of validation PPL
observed in Appendix G would require a surrogate
score that is concave (or at least non-convex) in
A near the optimum. Proposition 2 shows the en-
tire non-negative linear-spectral class is convex in
A, SO an interior \* must arise from one of: (i)
the per-buffer Newton—Schulz nonlinearity, which
breaks the quadratic structure of ]ﬁcombOF; (ii)
genuinely non-quadratic geometry of the loss; or
(iii) a spectral weight that is allowed to change
sign. Our data-dependent fit of g(w) in Section 5.2
takes route (iii): the recovered g exhibits a sign
change near mid-frequency (Figure 5a), which is
precisely the structure Proposition 2 rules out for
non-negative weights.
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