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Abstract

We introduce SHARP, a compact, span-
annotated dataset for hallucination detection in
model-generated mathematical solutions. Un-
like existing resources that rely on coarse step-
level labels, SHARP provides fine-grained,
span-level annotations generated through an
automated pipeline. Our methodology synthe-
sizes realistic reasoning traces with precise er-
ror markup, enabling the production of training
data with minimal computational overhead. De-
spite being 10–30× smaller than existing open-
source datasets, a 1.5B PRM fine-tuned on
SHARP achieves state-of-the-art performance
among 1.5B PRMs on ProcessBench.

1 Introduction

Modern large language models (LLMs) demon-
strate strong capabilities on complex mathemati-
cal problems when generating step-by-step chain-
of-thought solutions (Wei et al., 2022). How-
ever, these models remain prone to hallucina-
tions (Maynez et al., 2020): plausible but logically
or factually incorrect generated content. Even a
single flawed logical step can propagate through
a solution, ultimately corrupting the final answer.
Detecting such errors is critical for improving the
reliability of LLM-generated reasoning.

There are two common approaches for detecting
hallucinations in reasoning traces: Outcome Re-
ward Models (ORMs) and Process Reward Models
(PRMs). ORMs assign a reward based on the fi-
nal answer of a reasoning trajectory (Uesato et al.,
2022). PRMs operate at the step level, assigning
a reward to each intermediate step conditioned on
the problem and all preceding steps (Zhang et al.,
2025; Wang et al., 2024; He et al., 2024b; Cui
et al., 2025; Xiong et al., 2024). Step-level su-
pervision allows PRMs to identify hallucinated or
incorrect steps within a reasoning chain. Because
of this finer granularity, PRMs have become the

standard approach for step-level reasoning verifi-
cation (Lightman et al., 2024). In this study, we
focus exclusively on PRMs.

Current datasets for hallucination detection in
reasoning suffer from two fundamental limitations.
First, supervision is almost exclusively provided
at the step level. In practice, hallucinations often
occur at a finer granularity: arithmetic mistake or
unjustified transformation embedded within an oth-
erwise valid step. Second, many datasets are typ-
ically large (hundreds of thousands of examples),
which makes their construction and PRMs training
on them costly.

To address these limitations, we introduce
SHARP (Span-level Hallucination Annotation for
Reasoning Paths), a dataset built by a fully auto-
matic pipeline for generating span-level hallucina-
tion annotations in mathematical reasoning.

To the best of our knowledge, this is the first
dataset designed specifically for span-level halluci-
nation detection in mathematical chain-of-thought
reasoning, generated fully automatically1.

Our contributions can be summarized as follows:

• We propose a novel methodology for construct-
ing a span-level hallucination detection dataset
for mathematical reasoning, focusing on natu-
rally occurring hallucinations rather than synthet-
ically injected errors.

• We demonstrate that SHARP can be converted
into effective step-level supervision for train-
ing PRMs. On ProcessBench (Zheng et al.,
2025), our 1.5B model achieves state-of-the-art
performance among 1.5B PRMs, and our 7B
model reaches top-three performance among 7–
8B PRMs while using less training data than the

1Dataset: https://huggingface.co/datasets/
ZaandaTeika/SHARP. Models: https://huggingface.
co/ZaandaTeika/Qwen2.5-Math-7B-SHARP-Span
and https://huggingface.co/ZaandaTeika/Qwen2.
5-Math-1.5B-SHARP-Span; the SHARP-STEP checkpoints
are available in the same namespace.
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Small LLM

Step 2: Ask Small LLM to solve difficult task

Model's Solution:

9 times any number squared equals 81 
times the number. So, for 99, it would be 81 
* 99 = 7981.

Solve the following math problem step by 
step, then give the final answer. Do not add 
any additional text or comments.

Problem #1

...

...

Step 1: Sample problems and reference solutions from 
original math dataset

Reference Solution #1: We could do the multiplication, 
but that would be tedious. Instead, note that 99 ⋅ 99 = 
(100 - 1)^2 = 100^2 - 2 × 1 × 100 + 1 = 10000 - 200 + 1 = 
9801

Problem #1: Evaluate 99 ⋅ 99 in your head.


LLM-as-a-judge

Step 3: Hallucination span detection

Hallucination annotation:


. So, for 99, it would be 
 * 99 = .

<HAL>9 times any number squared equals 81 times 
the number</HAL> <HAL>81</
HAL> <HAL>7981</HAL>

Compare the model's solution with the reference 
solution step by step and wrap the hallucination spans 
with [HAL][/HAL] tags.

Reference Solution #1Problem #1 Model's Solution

Figure 1: The proposed SHARP-Span annotation pipeline.

second-best model and trailing it by only 0.5
Avg. F1.

• Thorough ablation study shows that supervision
derived from span-level annotations consistently
outperforms step-level markup, suggesting that
finer-grained hallucination annotations provide
a more reliable basis for constructing step-level
PRM training labels.

2 Related Work

The development of PRMs has primarily focused
on scaling step-level supervision through human
annotation or automated heuristics.

Human-Annotated Datasets. The leading re-
source in this domain, PRM800K (Lightman et al.,
2024), contains approximately 800,000 human-
labeled step-level annotations. Built upon the
MATH dataset (Hendrycks et al., 2021), it uses
GPT-4 (OpenAI, 2023) generated solutions. While
highly accurate, the reliance on human experts
makes such datasets difficult to scale. Examples
of PRMs that use the PRM800K dataset for train-
ing include: ReasonEval-7B (Xia et al., 2025),
RetrievalPRM-7B (Zhu et al., 2025), PathFinder-
PRM-7B (Pala et al., 2025), and the R-PRM-7B
SFT and DPO variants (She et al., 2025). Table 1
summarizes how SHARP compares to existing
process-supervision datasets.

Automated Markup. To reduce the costs of hu-
man labeling, several automated frameworks have
been proposed. Math-Shepherd (Wang et al., 2024)
utilizes a Monte Carlo rollout strategy: an inter-
mediate step is assigned a correctness score based
on the proportion of completed paths that reach a
correct final answer. While scalable, this approach
introduces significant label noise; a valid step may
lead to a wrong answer due to subsequent errors.

More recently, QwenPRM (Zhang et al., 2025)
achieved state-of-the-art results by synthesizing

Dataset Annotation Size Accessibility Granularity

QwenPRM (Zhang et al., 2025) Auto 1,500k Closed Step-level
RetrievalPRM (Zhu et al., 2025) Auto 445k Open Step-level
R-PRM (She et al., 2025) Auto 558k Open Step-level
PathFinder-PRM (Pala et al., 2025) Auto 400k Open Step-level
EurusPRM-S1/S2 (Cui et al., 2025) Auto 463k/493k Open Step-level
PRM800K (Lightman et al., 2024) Manual 415k∗ Open Step-level
Math-Shepherd (Wang et al., 2024) Auto 445k Open Step-level
RLHFlow-PRM (Xiong et al., 2024) Auto 253k/273k Open Step-level

SHARP (ours) Auto 19.1k Open Span-level

Table 1: Comparative analysis of SHARP against ex-
isting mathematical reasoning datasets. The columns
represent: Annotation, the labeling method (Manual vs.
Automatic); Accessibility, whether the data is publicly
available. ∗ - The size for PRM800K is reported after
one-trajectory-per-sample conversion described in Ap-
pendix B.4; the effective size after filtering is 214,994
samples.

two strategies: Monte Carlo rollouts and model-
based feedback from a strong external critic (Zheng
et al., 2023). This hybrid approach produces a
large-scale, low-noise dataset. However, like its
predecessors, QwenPRM remains limited to step-
level markup; its weights are open, but the underly-
ing dataset is not.

Another example of a Qwen2.5-Math–based
PRM is Skywork-o1-PRM (He et al., 2024b). The
dataset used to train this model is not publicly avail-
able. In addition, RLHFlow has released popu-
lar PRMs (Xiong et al., 2024) based on Llama
3.1 (Grattafiori et al., 2024), whose authors adopt
the Math-Shepherd approach to generate their train-
ing sets.

Benchmarks for Process Verification. The eval-
uation of these models has been standardized
through benchmarks like ProcessBench (Zheng
et al., 2025). The benchmark requires models to
identify the first erroneous step across 3,400 test
cases spanning various difficulty levels, including
GSM8K (Cobbe et al., 2021), MATH (Hendrycks
et al., 2021), OlympiadBench (He et al., 2024a),
and Omni-MATH (Gao et al., 2024). While Pro-
cessBench effectively evaluates step-level error de-
tection, our dataset introduces a finer-grained su-
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pervision signal through span-level hallucination
annotations. This supervision can potentially sup-
port more precise localization of reasoning errors,
although current evaluation remains step-level due
to the absence of established benchmarks at span-
level granularity.

3 Proposed SHARP Dataset

Our dataset construction follows a four-stage
pipeline (Figure 1): problem selection, trajectory
generation, span-level annotation and filtering pro-
cedure.

Problem Selection and Trajectory Generation.
We select GSM8K (Cobbe et al., 2021) and
MATH (Hendrycks et al., 2021) as the primary
sources of problems, as they cover different levels
of mathematical difficulty and span a broad range
of mathematical domains. To generate reasoning
trajectories, we use Mathstral-7B-v0.1 (Mistral AI,
2024), a math-specialized 7B language model with
the prompt shown in Figure 4. Since the model is
fine-tuned for mathematical reasoning, it produces
coherent step-by-step solutions while still making
naturally occurring reasoning errors. This makes
its generations particularly suitable as raw material
for hallucination detection: the resulting mistakes
are less artificial and better reflect the types of fail-
ures that arise in mathematical chain-of-thought
reasoning.

Span-Level Annotation. To convert raw reason-
ing traces into fine-grained supervision, we use
gpt-oss-120B (OpenAI, 2025) as an automated an-
notator (Fig. 7). The model is prompted (Fig. 5)
with a triplet consisting of the original problem
statement, the ground-truth reference solution, and
the generated reasoning trace. As output, we obtain
an annotated chain of reasoning in which erroneous
spans are explicitly marked with <HAL> tags.

Filtering Procedure. After annotation, we re-
move low-quality annotations. This filtering is
motivated by the hypothesis that unreliable auto-
matic markup often manifests itself through anno-
tation artifacts, such as excessively long hallucina-
tion spans, an abnormally large number of marked
fragments, or malformed generations. In the final
pipeline, we use percentile-based filtering: mal-
formed outputs are discarded, and examples with
span statistics above the 95th percentile of the em-
pirical distribution are removed. This removes ex-
treme annotation outliers while preserving valid

hard examples. After filtering, the final dataset
contains 19,100 filtered examples, providing dense
and precise supervision for PRM training. Overall,
SHARP contains a relatively balanced distribution
of solution-level correctness: 51% of solutions are
entirely correct, while 49% contain at least one
error.

4 Experimental Study

4.1 Setup

We fine-tune several publicly available instruction-
tuned math LLMs (1.5B–8B), e.g., Qwen2.5-
Math-1.5B-Instruct and Qwen2.5-Math-7B-
Instruct (Yang et al., 2024), as step-level correct-
ness predictors. We train process reward models
following the Qwen2.5-Math-PRM-7B (Zhang
et al., 2025) setup, using Qwen2.5-Math-Instruct
models as initialization backbones and converting
them into process reward models with a dedicated
two-way classification head. Specifically, we
start from publicly available instruction-tuned
math LLMs, add a special step marker token
(<extra_0>), and format each training example
as a math question followed by a step-by-step
solution, where every reasoning step is terminated
by this marker. The model is then optimized to
predict a binary correctness label at the positions
of these step markers only, using cross-entropy
loss while masking out all other tokens. After
evaluating several PRM backbones (e.g., Llama
3.1 (Grattafiori et al., 2024), Mathstral-7B (Mistral
AI, 2024)), we adopted Qwen2.5-Math as our back-
bone because as shown in Table 3 it consistently
outperformed the others across all scenarios.

Following the curriculum learning princi-
ple (Bengio et al., 2009), we fine-tune SHARP
models in two stages. The PRM is first trained on
the GSM8K-derived subset, which contains sim-
pler grade-school mathematical reasoning prob-
lems, and is then further fine-tuned on the MATH-
derived subset with more challenging and diverse
reasoning trajectories. This progression allows the
model to first acquire basic step-level correctness
patterns before learning to detect more complex
mathematical errors.

We employ preprocessed versions of both
datasets: for PRM800K, we use a standard variant,
with the technical details of the conversion proce-
dure provided in Appendix B.4, while SHARP pro-
vides span-level hallucination annotations, which
are not directly compatible with step-level super-
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Model GSM8K MATH OlympiadBench Omni-MATH Avg. F1
accerr acccorr F1 accerr acccorr F1 accerr acccorr F1 accerr acccorr F1

1.5B
Skywork-o1-PRM-1.5B (He et al., 2024b) 50.2 71.5 59.0 37.9 65.2 48.0 15.4 26.0 19.3 13.6 32.8 19.2 36.4
Qwen2.5-Math-1.5B-SHARP-Step (ours) 36.7 98.9 53.6 52.0 84.7 64.5 47.1 76.4 58.2 47.6 72.6 57.5 58.4
Qwen2.5-Math-1.5B-SHARP-Span (ours) 45.4 99.5 62.4 56.7 82.8 67.3 50.5 69.3 58.5 50.2 71.4 58.9 61.8
7-8B
RLHFlow-PRM-Deepseek-8B (Xiong et al., 2024) 24.2 98.4 38.8 21.4 80.0 33.8 10.1 51.0 16.9 10.9 51.9 16.9 26.6
RLHFlow-PRM-Mistral-8B (Xiong et al., 2024) 33.8 99.0 50.4 21.7 72.2 33.4 8.2 43.1 13.8 9.6 45.2 15.8 28.4
Qwen2.5-Math-7B-Math-Shepherd (Zhang et al., 2025) 46.4 95.9 62.5 18.9 96.6 31.6 7.4 93.8 13.7 4.0 95.0 7.7 28.9
EurusPRM-Stage1 (Cui et al., 2025) 46.9 42.0 44.3 33.3 38.2 35.6 23.9 19.8 21.7 21.9 24.5 23.1 31.2
EurusPRM-Stage2 (Cui et al., 2025) 51.2 44.0 47.3 36.4 35.0 35.7 25.7 18.0 21.2 23.1 19.1 20.9 31.3
Math-Shepherd-PRM-7B (Wang et al., 2024) 32.4 91.7 47.9 18.0 82.0 29.5 15.0 71.1 24.8 14.2 73.0 23.8 31.5
ReasonEval-7B (Xia et al., 2025) 26.1 95.3 41.0 35.7 77.6 48.9 27.5 55.2 36.7 27.0 60.6 37.4 41.0
Skywork-o1-PRM-7B (He et al., 2024b) 61.8 82.9 70.8 43.8 62.2 53.6 17.9 31.9 22.9 14.0 41.9 21.0 42.1
Qwen2.5-Math-7B-PRM800K (Zhang et al., 2025) 53.1 95.3 68.2 48.0 90.1 62.6 35.7 87.3 50.7 29.8 86.1 44.3 56.5
PURE-PRM-7B (Cheng et al., 2025) - - 69.0 - - 66.5 - - 48.4 - - 45.9 57.5
R-PRM-7B-SFT (She et al., 2025) 66.2 92.7 77.2 60.3 88.2 71.6 48.6 77.3 59.6 40.1 75.5 52.3 65.2
RetrievalPRM-7B (Zhu et al., 2025) 64.7 88.1 74.6 67.2 75.6 71.1 56.0 65.2 60.2 52.8 62.7 57.3 65.8
Qwen2.5-Math-7B-SHARP-Step (ours) 54.1 95.9 69.2 61.6 87.4 72.3 53.4 76.4 62.9 48.5 76.4 59.3 65.9
PathFinder-PRM-7B (Pala et al., 2025) - - 77.9 - - 75.3 - - 65.0 - - 59.7 69.5
Qwen2.5-Math-7B-SHARP-Span (ours) 63.8 96.9 76.9 68.5 82.8 75.0 57.0 71.7 63.5 58.4 71.0 64.1 69.9
R-PRM-7B-DPO (She et al., 2025) 72.0 91.7 80.7 71.2 83.5 76.9 60.2 67.8 63.8 55.5 65.6 60.1 70.4
Qwen2.5-Math-PRM-7B (Zhang et al., 2025) 72.0 96.4 82.4 68.0 90.4 77.6 55.7 85.5 67.5 55.2 83.0 66.3 73.5

Table 2: ProcessBench step-level error-detection metrics (accerr, acccorr, and F1). Within each parameter group,
bold marks the best and underline the second-best result per column. Shaded rows denote our models.

Figure 2: Average F1 Score vs. Training Data Size
(K). Our SHARP models achieve state-of-the-art effi-
ciency, reaching competitive F1 scores with only 19.1K
instances. Qwen2.5-Math-PRM-7B (1,500K instances)
is excluded from the visualization to maintain a legi-
ble x-axis scale. Additionally, models with undisclosed
training data volumes are omitted.

vision required for training a PRM. We therefore
convert the span-level labels into step-level labels
as follows.

We mark a solution step as incorrect if it con-
tains at least one span annotated as hallucinated.
Otherwise, the step is marked as correct. Since
the SHARP annotations extend to the end of the
entire chain of reasoning, we limit them to the first
erroneous step and cut the chain of reasoning at the
first step with an error (therefore, we exclude the
rest from learning). To avoid evaluation leakage,
we remove any SHARP instances that overlap with
ProcessBench. In this benchmark, models must
identify the earliest erroneous step (or confirm that
all steps are correct).

4.2 Results

We evaluate all models on ProcessBench (Zheng
et al., 2025), which measures step-level error de-
tection quality using classification metrics (accerr,
acccorr, and F1), see Table 2.

The results indicate that models finetuned on
SHARP demonstrate competitive generalization
capabilities across all datasets. Qwen2.5-Math-7B-
SHARP-Span achieves an average F1 score of 69.9,
representing a 13.4-point absolute improvement
over the Qwen2.5-Math-7B-PRM800K baseline
(56.5 average F1).

Within the 1.5B parameter category, Qwen2.5-
Math-1.5B-SHARP-Span establishes a new state-
of-the-art with an average F1 of 61.8. Notably,
it outperforms the 7B-parameter PRM800K base-
line (56.5 F1) as well as larger 7–8B baselines,
including Skywork-o1-PRM-7B (42.1) and Math-
Shepherd-PRM-7B (31.5) and others.

4.3 Data Efficiency and Scaling

Figure 2 visualizes the relationship between train-
ing data volume and error-detection performance.
While a group of contemporary strong PRMs
reaches average F1 scores in the 65.0–70.0 range,
SHARP-7B achieves a comparable score of 69.9
using significantly fewer training samples. Specifi-
cally, our model utilizes only 19K span-annotated
instances, which is 10 to 30 times less than the
data used by other models in this performance
cluster, such as R-PRM-7B (289K (SFT) / 269K
(DPO) / 558K) and RetrievalPRM-7B (445K). This
suggests that the dense supervision provided by
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Figure 3: Qwen2.5-Math-7B Model performance (F1)
vs Number of Training Tokens. The x-axis represents
the number of processed training tokens as a proxy for
compute, and the y-axis shows the average F1-score on
ProcessBench.

SHARP-Span offers a higher performance-per-
sample ratio compared to traditional step-level
datasets.

In Figure 3, we compare three training runs that
use the same Qwen2.5-Math-7B-Instruct backbone
and the same optimization setup, differing only in
the training data. SHARP-Span yields the fastest
performance gains: its average F1 reaches 47.5 af-
ter only 0.49M tokens, exceeds 60 F1 by 1.14M
tokens, and reaches the selected checkpoint perfor-
mance of 69.9 F1 at 5.15M tokens. SHARP-Step
follows a similar trajectory but remains consistently
below SHARP-Span at the strongest checkpoints,
reaching 66.3 F1 at 4.69M tokens. In contrast,
PRM800K improves more gradually: it starts at
12.1 F1 after 0.58M tokens, reaches 56.5 F1 at
5.27M tokens, and its selected checkpoint achieves
56.8 F1 only after 58.04M tokens.

Overall, the curve indicates that SHARP-Span
is the most computationally efficient choice among
the compared training sets. It reaches substantially
higher ProcessBench performance within the first
few million training tokens, whereas PRM800K
requires an order of magnitude more token budget
to reach a substantially lower selected-checkpoint
score. This makes SHARP-Span especially effec-
tive under tight computational budgets and supports
the claim that span-derived supervision provides a
more efficient training signal for PRMs.

We also compare against size-matched vari-
ants of PRM800K. PRM800K-Sampled is limited
to the size of the MATH-derived SHARP sub-
set and retains a single reasoning trajectory per
question according to Appendix B.4. Restricting

PRM800K substantially improves over the orig-
inal baseline, increasing Avg. F1 from 56.5 to
63.7, and the PRM800K-Sampled → GSM8K cur-
riculum reaches 66.7 Avg. F1. The MATH-only
SHARP subset nevertheless remains stronger at
65.4 Avg. F1, and training on it first, followed
by GSM8K, reaches 68.9 Avg. F1, outperforming
PRM800K-Sampled → GSM8K. Note that this is
a hard-to-easy ordering, the reverse of the GSM8K
→ MATH curriculum learning principle used for
our main models, which attains 69.9 Avg. F1 (Ta-
ble 2). Although these experiments are limited
in scope, they indicate that careful data selection
from existing large-scale step-level datasets is a
promising direction for improving PRM training
efficiency.

4.4 Ablation and Robustness Analysis

Granularity-level ablation. To isolate the ef-
fect of annotation granularity, we compare PRMs
trained on two controlled variants of the same data
source: SHARP-Span and its step-level counter-
part, SHARP-Step. In this comparison, the under-
lying problems, model solutions, backbone family,
and training pipeline are fixed, while only the su-
pervision format is varied. As shown in Table 3, the
gains of SHARP-Span persist under size-matched
training across both Qwen2.5-Math backbones. In
both the 1.5B and 7B settings, span-level supervi-
sion consistently outperforms step-level supervi-
sion, indicating that the finer-grained annotation
signal provides a more effective training target than
coarse step-level labels. An example of the result-
ing step-level markup is shown in Figure 8.

Appendix D. gives one case per ProcessBench
subset in which SHARP-Step assigns the erroneous
step a probability of being correct above 0.93 while
SHARP-Span collapses below 0.06.

Backbone robustness. We further examine
whether the advantage of SHARP-Span is spe-
cific to the Qwen2.5-Math family or holds across
different math-oriented LLM backbones. To this
end, we repeat the SHARP-Span versus SHARP-
Step comparison using Mathstral-7B (Mistral AI,
2024), Llama-3.1-8B-Instruct (Grattafiori et al.,
2024), DeepSeek-Math-7B (Shao et al., 2024), and
OpenMath2-Llama3.1-8B (Toshniwal et al., 2025).
The same pattern holds across all evaluated back-
bones: PRMs trained on SHARP-Span achieve
better metrics than their SHARP-Step counterparts.
This suggests that the benefit of span-derived su-
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Model GSM8K MATH OlympiadBench Omni-MATH Avg. F1
accerr acccorr F1 accerr acccorr F1 accerr acccorr F1 accerr acccorr F1

Finetuned on SHARP-Span

Mathstral-7B (Mistral AI, 2024) 41.1 67.4 51.0 35.4 24.9 29.2 27.4 5.3 8.9 33.3 19.1 24.3 28.4
Llama-3.1-8B-Instruct (Grattafiori et al., 2024) 7.2 99.7 13.5 24.6 81.3 37.7 32.8 63.1 43.2 31.4 64.3 42.2 34.2
DeepSeek-Math-7B (Shao et al., 2024) 27.1 96.9 42.3 44.4 82.3 57.7 43.7 65.8 52.5 44.7 63.5 52.4 51.2
OpenMath2-Llama3.1-8B (Toshniwal et al., 2025) 30.0 98.4 45.9 41.2 90.4 56.6 43.1 77.0 55.3 43.7 73.0 54.7 53.1
Qwen2.5-Math-1.5B-Instruct (Yang et al., 2024) 45.4 99.5 62.4 56.7 82.8 67.3 50.5 69.3 58.5 50.2 71.4 58.9 61.8
Qwen2.5-Math-7B-Instruct (Yang et al., 2024) 63.8 96.9 76.9 68.5 82.8 75.0 57.0 71.7 63.5 58.4 71.0 64.1 69.9

Finetuned on SHARP-Step

Mathstral-7B (Mistral AI, 2024) 4.3 99.5 8.3 22.9 71.7 34.7 26.9 44.8 33.6 27.0 51.9 35.5 28.1
Llama-3.1-8B-Instruct (Grattafiori et al., 2024) 26.6 87.6 40.8 40.9 37.4 39.1 32.7 11.8 17.3 38.2 24.1 29.5 31.7
DeepSeek-Math-7B (Shao et al., 2024) 41.5 94.3 57.7 53.0 61.8 57.1 43.6 29.5 35.2 46.6 39.8 43.0 48.2
OpenMath2-Llama3.1-8B (Toshniwal et al., 2025) 46.9 92.7 62.3 51.9 72.9 60.6 46.7 43.4 45.0 48.7 40.7 44.3 53.0
Qwen2.5-Math-1.5B-Instruct (Yang et al., 2024) 36.7 98.9 53.6 52.0 84.7 64.5 47.1 76.4 58.2 47.6 72.6 57.5 58.4
Qwen2.5-Math-7B-Instruct (Yang et al., 2024) 54.1 95.9 69.2 61.6 87.4 72.3 53.4 76.4 62.9 48.5 76.4 59.3 65.9

Finetuned on SHARP-Span (Qwen-gen)

Qwen2.5-Math-1.5B-Instruct (Yang et al., 2024) 51.7 86.5 64.7 52.2 66.8 58.6 40.5 45.7 43.0 42.0 47.3 44.5 52.7
Qwen2.5-Math-7B-Instruct (Yang et al., 2024) 56.0 92.8 69.9 55.1 82.3 66.0 52.5 74.0 61.4 57.4 66.4 61.6 64.7

Finetuned on SHARP-Span (Mistral-gen)

Qwen2.5-Math-1.5B-Instruct (Yang et al., 2024) 50.7 96.4 66.5 56.7 80.3 66.5 52.7 64.6 58.0 50.7 61.8 55.7 61.7
Qwen2.5-Math-7B-Instruct (Yang et al., 2024) 68.1 91.7 78.2 64.5 77.6 70.4 56.1 61.4 58.6 55.6 61.0 58.2 66.4

Finetuned on Alternative span-to-step conversion

Qwen2.5-Math-1.5B-Instruct (Yang et al., 2024) 54.6 91.2 68.3 46.5 86.7 60.5 30.4 88.8 45.3 27.9 89.2 42.5 54.2
Qwen2.5-Math-7B-Instruct (Yang et al., 2024) 65.2 93.3 76.8 52.2 89.2 65.8 34.3 90.0 49.7 31.6 92.1 47.1 59.9

Table 3: Performance of PRMs on ProcessBench across different training sets.

pervision is not tied to a particular backbone or
preprocessing pipeline, but reflects a more general
advantage of finer-grained supervision for process
reward modeling.

Generalization across generators. A potential
concern is that SHARP-Span is constructed from
traces generated by a single model, which may
bias both the annotations and the resulting PRMs
toward that model’s reasoning style. To exam-
ine this, we vary the trace generator while keep-
ing the annotation pipeline fixed. In addition
to the original Mathstral-7B-v0.1 traces used in
SHARP-Span, we construct parallel variants us-
ing Mistral-7B-Instruct (Jiang et al., 2023) and
Qwen2.5-Math-7B-Instruct (Yang et al., 2024),
with gpt-oss-120B providing span-level error an-
notations in all cases. PRMs trained on Mistral-
7B-Instruct-generated traces achieve average F1
comparable to the original SHARP-Span setting,
while those trained on Qwen2.5-Math-7B-Instruct-
generated traces remain competitive, trailing by
only 5.2 points for the 7B backbone and 9.1 points
for the 1.5B backbone. Overall, these results
suggest that the benefits of span-level supervi-
sion are not tied to a single generator model, al-

though generator choice still has a measurable
effect on downstream PRM quality. In Table 3,
the blocks SHARP-Span (Qwen-gen) and SHARP-
Span (Mistral-gen) denote SHARP-Span variants
whose reasoning traces were produced by Qwen2.5-
Math-7B-Instruct and Mistral-7B-Instruct, respec-
tively, while the unlabeled SHARP-Span block
uses the original Mathstral-7B-v0.1 traces.

First-error truncation ablation. Finally, we ex-
amine whether training on the full reasoning trace
after the first erroneous step improves PRM per-
formance. Our main preprocessing follows the
ProcessBench evaluation protocol: after convert-
ing span-level annotations to step-level labels, we
truncate each trajectory at the first erroneous step
and exclude all subsequent steps from training. We
compare this strategy against a variant that keeps
the full chain of reasoning, including steps after the
first detected error.

Keeping the post-error suffix does not improve
performance and consistently leads to worse down-
stream metrics. This result suggests that steps fol-
lowing the first error provide an ambiguous super-
vision signal. Once the reasoning state becomes
invalid, later steps may be algebraically or logically
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consistent with the incorrect premise, may merely
propagate the initial error, or may even attempt
to self-correct. As a result, their labels become
less directly tied to the objective of detecting the
earliest erroneous step. Truncating at the first er-
ror removes this ambiguity and better aligns the
training objective with ProcessBench, in which the
model is forced to identify the first incorrect step.

As shown in Table 3, the alternative span-to-step
conversion that keeps post-error reasoning substan-
tially underperforms the main first-error truncation
strategy. For Qwen2.5-Math-1.5B, Avg. F1 drops
from 61.8 to 54.2, while for Qwen2.5-Math-7B it
drops from 69.9 to 59.9.

4.5 Analysis of Dataset Construction Choices
Beyond model-level ablations, we analyze several
design choices in the SHARP construction pipeline.
These experiments examine how the choice of
source problem datasets, class balance, annotator
decoding parameters and filtering strategy affect
the quality of the resulting PRM supervision.

Problem Sources and Curriculum Order. We
analyze the choice of source problem datasets
by evaluating GSM8K (Cobbe et al., 2021),
MATH (Hendrycks et al., 2021), and Omni-
MATH (Gao et al., 2024), which represent in-
creasing levels of mathematical difficulty, together
with their pairwise and three-way combinations.
For each composition, we consider both easy-to-
hard and hard-to-easy curriculum orders. The best
overall performance is achieved by the GSM8K
+ MATH combination, which outperforms other
dataset mixtures regardless of training order. By
contrast, configurations that include Omni-MATH
consistently hurt performance — its reference so-
lutions contain unusual patterns, including Python-
based proofs and inconsistent annotations, that de-
grade downstream PRM quality.

Class-balance ablation. We further study how
the balance between correct and incorrect step-level
labels affects PRM training. Since the raw gen-
erated traces produce a naturally imbalanced su-
pervision signal, we construct several controlled
training subsets with different incorrect-to-correct
step ratios, ranging from 1:9 to 1:1. To obtain
these subsets, we first generate multiple candidate
reasoning traces per problem and then select trajec-
tories so that the resulting step-level label distribu-
tion matches the target ratio. During this process,
we apply question-level de-duplication, ensuring

that each final training subset contains only unique
problems and that the observed differences are not
caused by repeated questions.

As shown in Table 7, the optimal class balance
depends on the training stage and dataset diffi-
culty. For the first-stage GSM8K training, the
best validation performance is obtained with an
incorrect-to-correct ratio of 3:7. In contrast, dur-
ing the second curriculum stage on the MATH-
derived subset, where the model is initialized from
the best GSM8K checkpoint, the best performance
is achieved with a more skewed ratio of 1:9. This
suggests that early PRM training benefits from a
stronger negative supervision signal, while subse-
quent fine-tuning on harder mathematical problems
requires a more conservative amount of erroneous
steps to avoid over-representing failures and dis-
torting the training distribution.

More generally, these results indicate that class
balancing should not be treated as a fixed global
hyperparameter. Instead, the optimal ratio depends
on both the difficulty of the source dataset and the
position of that dataset in the curriculum. Moderate
rebalancing helps the model learn to detect reason-
ing errors, but excessive exposure to incorrect steps
can reduce generalization to ProcessBench-style
evaluation.

Annotator decoding ablation. We also evaluate
the effect of decoding parameters used by the LLM-
as-a-judge annotator. In particular, we compare a
deterministic configuration, temperature T = 0
with top-p = 1.0, against a more stochastic con-
figuration, temperature T = 0.7 with top-p = 0.8.
Across all runs, the deterministic setting achieves
better average downstream PRM performance, im-
proving Avg. F1 by 0.3 points compared to the
stochastic configuration.

We hypothesize that this effect comes from the
nature of the annotation task. Span-level halluci-
nation annotation requires stable token-level deci-
sions and strict preservation of the original reason-
ing trace. Sampling-based decoding can introduce
variability in boundary selection, missed spans, or
malformed outputs, which increases label noise.
Therefore, we use deterministic decoding for the
final SHARP annotation pipeline.

Filtering ablation. We compare three filtering
strategies for the span-level annotations: no filter-
ing, 97.5th-percentile filtering, and 95th-percentile
filtering. Both percentile-based variants remove an-
notation outliers according to empirical span statis-

10476



tics, such as hallucination span length and the total
number of marked fragments per solution.

The unfiltered dataset contains noisy generations
and malformed annotations that degrade down-
stream PRM training. The 97.5th-percentile cutoff
improves over the unfiltered setting, but it remains
too permissive: many noisy annotations and mal-
formed samples are retained, which continues to
introduce label noise into PRM training. In con-
trast, the 95th-percentile strategy provides a better
trade-off by removing a larger portion of harm-
ful annotation outliers while preserving valid hard
examples. Empirically, 95th-percentile filtering
improves downstream PRM performance by 2.1
Avg. F1 points compared to training on the unfil-
tered dataset and by 1.2 Avg. F1 points compared
to the 97.5th-percentile variant. Based on this abla-
tion, we adopt 95th-percentile filtering in the final
dataset construction pipeline.

4.6 Annotation Quality and Human-LLM
Agreement

To rigorously evaluate the quality of our generated
hallucination dataset and assess the reliability of
the Large Language Model (LLM) as an automatic
annotator, we conducted a human evaluation. From
the main dataset, a subset of 500 generated math-
ematical solutions was sampled. The validation
process was divided into two phases: assessing
Inter-Annotator Agreement (IAA) among humans,
and evaluating the alignment between human anno-
tators and the LLM.

Although our dataset provides fine-grained, span-
level annotations of mathematical hallucinations,
our ultimate objective is to utilize this data to train
a PRM, which evaluates reasoning on a step-by-
step basis. Consequently, we report metrics at two
levels of granularity:

• Token-level: Evaluates the exact overlap of
the highlighted hallucination spans.

• Step-level: Evaluates whether the annotators
flagged the same logical reasoning step (e.g.,
an equation line or a paragraph) as containing
a hallucination, regardless of the exact token
boundaries.

Inter-Annotator Agreement (IAA) To estab-
lish a human ground truth, 100 samples were in-
dependently annotated by four expert human an-
notators. Table 4 presents the agreement metrics
compared against the Majority Vote.

Annotator Token-level F1 Step-level F1 Step-level Kappa (κ)

Annotator A 0.773 0.837 0.795
Annotator B 0.759 0.840 0.797
Annotator C 0.658 0.845 0.804
Annotator D 0.758 0.831 0.786

Human Avg. 0.737 0.838 0.796

Table 4: Inter-Annotator Agreement on the shared sub-
set (100 samples) compared against the Majority Vote.
Step-level metrics demonstrate substantial consensus on
identifying erroneous reasoning steps.

While Token-level F1 shows expected natural
variation in how humans select text boundaries
(e.g., including or excluding mathematical format-
ting symbols like $), the Step-level metrics demon-
strate high consistency. The average human Step-
level Cohen’s Kappa of 0.796 indicates near-perfect
agreement on the localization of mathematical er-
rors.

Human vs. LLM Alignment The remaining
400 samples were divided into four disjoint sets,
each annotated by one human expert and the LLM.
Furthermore, we evaluated the LLM against the
human Majority Vote on the shared 100-sample
subset. Table 5 summarizes the alignment between
the LLM’s automatic <HAL> tagging and human
judgments. We also report First Error Accuracy,
which measures how often the LLM and humans
agree on the exact step of the initial hallucination.

Data Split Token F1 Step F1 Step Kappa (κ) First Err. Acc.

Subset 1 0.551 0.812 0.718 89.0%
Subset 2 0.430 0.847 0.589 77.0%
Subset 3 0.431 0.840 0.613 76.0%
Subset 4 0.664 0.890 0.649 85.0%

Subset 5 0.571 0.847 0.597 —

Table 5: Alignment metrics between the LLM hallu-
cination annotator and human annotators. Subsets 1-4
represent pairwise Human-LLM comparisons, while
Subset 5 compares the LLM against the human Major-
ity Vote. First Error Accuracy indicates agreement on
the exact initial failing step.

The results validate the use of the LLM for large-
scale hallucination detection. Although the LLM
exhibits a specific stylistic bias in token boundary
selection (yielding a moderate Token-level F1 of
∼0.52), it is highly proficient at identifying the
correct underlying mathematical errors. The LLM
maintains balanced precision and recall at the step
level, achieving an F1 score ranging from 0.812 to
0.890. More importantly, the LLM identifies the
exact first erroneous step with an average accuracy

10477



of 81.8% across subsets 1-4. This level of func-
tional accuracy indicates that the auto-generated
annotations are robust enough to serve as reliable
step-level supervision for training PRMs.

Cross-Annotator Robustness The analysis
above validates the LLM annotator against human
experts. A separate question is whether the result-
ing labels depend on the choice of annotator model.
We re-annotated all SHARP traces with a second
annotator from a different model family, Qwen3-
235B-A22B-Instruct-2507 (Qwen Team, 2025a,b),
holding the traces, the prompt, the decoding con-
figuration (T = 0), and the filtering pipeline fixed;
the annotator model is the only varied factor.

Granularity Agreement κ

Solution-level (has ≥1 error) 95.0% 0.899
Step-level 90.7% 0.686
Span-level (character F1) 0.689 —
First error (exact) 66.1% —
First error (±1 step) 76.9% —

Table 6: Agreement between the two automatic anno-
tators, gpt-oss-120B and Qwen3-235B-A22B-Instruct-
2507, over the full SHARP dataset.

Table 6 reports agreement between the two an-
notators. At the solution level the two annotators
agree at 95.0% (κ = 0.899), and at the step level
at 90.7% (κ = 0.686). The human study in Table 4
reports a step-level κ of 0.796, but that figure is
computed against the majority vote of four anno-
tators rather than between annotator pairs, and on
100 samples rather than the full dataset; the two are
therefore indicative rather than directly comparable.
We likewise report character-level span F1 (0.689)
alongside, but do not equate it to, the token-level
figures in Tables 4–5, since the units differ. Exact
first-error agreement is 66.1%. As in the human
study, it degrades with problem difficulty (74.6%
on MATH Level 1 versus 51.5% on Level 5), which
we attribute to genuine ambiguity in where a chain
of reasoning first breaks rather than to annotator
unreliability.

The two annotators induce comparable supervi-
sion statistics: the median span length is identical
(3.0 versus 3.0), while the gpt-oss annotator marks
somewhat more spans per solution (2.93 versus
2.31) and produces fewer malformed outputs (0.3%
versus 1.6%). An independently chosen annota-
tor from a different family therefore reproduces
the labels at the solution and step level, with only

moderate differences in span density.
We stress the scope of this result: it establishes

that the labels do not depend on idiosyncrasies of
a single annotator model, not that they are correct.
Two LLM annotators may share systematic biases
that human annotation would expose, and cross-
model agreement is therefore complementary to,
not a substitute for, the human validation above.

5 Conclusion

We presented SHARP, the first open-source dataset
providing fully automatic span-level hallucina-
tion annotations for model-generated mathemat-
ical chain-of-thought reasoning. Our experiments
show that step-level labels derived from span an-
notations train highly data-efficient PRMs on Pro-
cessBench: SHARP establishes a new state of the
art among 1.5B PRMs and achieves top-three per-
formance among 7–8B PRMs, coming within 0.5
Avg. F1 of the second-best model while using 29×
fewer training instances. Our ablation studies fur-
ther highlight the value of span-level granularity
over simple step-level labels. In addition, our lim-
ited experiments with PRM800K-Sampled indicate
that filtering existing large-scale step-level datasets
can substantially improve PRM quality, highlight-
ing data cleaning and selection as an additional
direction for improving training efficiency in future
work. While our work focuses on mathematical
reasoning, SHARP provides a practical framework
for developing data-efficient, fine-grained verifiers.

Limitations

Our work has several limitations. The final SHARP
dataset is constructed from GSM8K and MATH,
and therefore remains limited to mathematical rea-
soning problems. All samples were generated by a
single small model, which introduces bias toward
errors characteristic of that specific model. We plan
to extend the dataset to cover additional tasks and
to incorporate multiple models for hallucination
generation.

Although we conduct a human evaluation with
multiple expert annotators, the validation set re-
mains relatively small compared to the full dataset.
Future work should expand this evaluation to a
larger and more diverse sample of problems, anno-
tators, and mathematical domains.

Finally, although SHARP provides span-level
annotations, our downstream evaluation is step-
level. ProcessBench defines errors at the step level,
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and no public span-level benchmark for mathemat-
ical reasoning currently exists. We therefore val-
idate the span annotations themselves against hu-
man experts (Section 4.6), but we do not directly
measure how accurately the trained PRMs local-
ize erroneous spans; our results should be read as
evidence that span-level supervision yields better
step-level verifiers. Constructing a human-labelled
span-level test set is left to future work.

Ethical Considerations

A potential risk is that users may over-rely on the
model’s error detection despite possible false posi-
tives or false negatives. We mitigate this by clearly
documenting its limitations and intended research
use. As with any open-source release, unintended
downstream use is possible, which we address
through usage guidelines. Overall, the risks are
limited and outweighed by the benefits for research
on reasoning robustness and error analysis.

The dataset does not contain any personal or
sensitive information. It consists exclusively of
fully model-generated mathematical problem solu-
tions with annotations marking incorrect reasoning
steps. No data is derived from human users, and
no personally identifiable information is collected,
included, or inferred.
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Appendix A. Hyperparameters

We train with global batch size 128, gradient accu-
mulation 1, learning rate 2 · 10−5, cosine learning-
rate schedule, warmup ratio 0.03, bf16 mixed pre-
cision, and gradient checkpointing. We use early
stopping with patience 3 and a threshold of 0.01,
selecting the best checkpoint based on an F1 met-
ric.

Appendix B. Additional experimental
details

B.1 Computational Resources
All dataset generation and model training were con-
ducted on a single machine equipped with four
NVIDIA A100 GPUs with 80 GB of memory each.
For the final SHARP models, training a 1.5B PRM
required approximately 15 minutes for the GSM8K
stage and 25 minutes for the MATH stage, which
we conservatively round to about 1 wall-clock hour
on 4×A100 GPUs, or approximately 4 GPU-hours.
Training a 7B PRM required approximately 1 hour
for the GSM8K stage and 2 hours for the MATH
stage, for a total of about 3 wall-clock hours on
4×A100 GPUs, or approximately 12 GPU-hours.

Across the training runs reported in the main
results and ablation tables, including the PRM800K
and PRM800K-Sampled comparison runs, the total
computational budget was approximately 210–220
GPU-hours.

B.2 Backbones
In addition to Qwen2.5-Math-1.5B-Instruct and
Qwen2.5-Math-7B-Instruct (Yang et al., 2024), we
also fine-tune Mathstral-7B (Mistral AI, 2024),
Llama-3.1-8B-Instruct (Grattafiori et al., 2024),
DeepSeek-Math-7B (Shao et al., 2024), and
OpenMath2-Llama3.1-8B (Toshniwal et al., 2025)
under the same PRM training recipe. The full Pro-
cessBench metrics for all ablation conditions are
reported in Table 3.

B.3 Data format
The training dataset contains (at minimum) three
fields: question (problem statement), steps (a
list of reasoning steps), and step_labels (a list

of step-level labels aligned with steps, e.g., 0/1
values indicating whether each step is correct).

B.4 PRM800K Preprocessing

PRM800K contains 101,599 labeled solution trajec-
tories collected in two phases. Phase 1 labels mul-
tiple alternative continuations at each step, which
helps seed the dataset but introduces substantial re-
dundancy and annotation artifacts, accounting for
approximately 5% of PRM800K (roughly 40,000
step-level labels). Phase 2 scales up and stream-
lines labeling by pre-generating complete solutions
and stopping annotation at the first negative step;
alternative completions are mainly collected after
the first identified mistake. In our work, we use
only Phase 2 due to the additional complexities and
implicit conventions present in Phase 1.

One-trajectory-per-sample conversion. In the
original PRM800K format, a single record may
contain multiple alternative completions for an er-
roneous step. We convert the dataset into a denor-
malized format where one sample corresponds to
exactly one complete reasoning trajectory. After
this conversion, we obtain 404,466 training sam-
ples and 10,528 test samples.

Filtering and de-duplication. We remove sam-
ples with incomplete supervision (e.g., cases where
annotation stops at an error step but some alterna-
tive completions at that step are rated as correct,
leaving the remaining steps unlabeled), as they
introduce ambiguous targets for step-level train-
ing. We also remove samples with finish_reason
set to give_up or bad_problem, because these in-
stances contain missing ratings and lack reliable
annotations. After these filters, we obtain 245,040
training samples and 6,318 test samples. After ad-
ditional de-duplication and cleaning, the dataset
contains 208,613 training samples and 6,318 test
samples.

Decontamination against ProcessBench. To
prevent evaluation leakage, we remove any sam-
ples that overlap with those in ProcessBench. The
final processed dataset contains 196,968 training
samples and 4,890 test samples.

Appendix C. Ablation study details

SHARP-Step. We evaluate agreement between
our span-level annotations and step-level la-
bels produced by gpt-oss-120B. We reuse the
same Mathstral-7B-v0.1 responses and append a
[STEP_END] marker to each step (steps are sepa-

10481

https://aclanthology.org/2025.findings-acl.444/
https://aclanthology.org/2025.findings-acl.444/


rated by double newlines, “\n\n”). The prompt
(Appendix Fig. 6) instructs the model to identify
steps solely via these markers and assign [HAL] or
[NO HAL]. We discard malformed generations and
responses longer than 2,048 tokens, following the
same preprocessing procedure as for SHARP-Span.

Results. Table 3 reports the full ProcessBench
metrics for all ablation conditions.

Appendix D. Case study: span- versus
step-level supervision

For each ProcessBench subset we select one so-
lution in which the ground-truth first erroneous
step is otherwise entirely valid—the formula, the
derivation, and the arithmetic around the defect are
all correct—so that a holistic step-level verdict is
dominated by the surrounding valid content. Proba-
bilities are p(step is correct) as predicted by the
Qwen2.5-Math-7B-SHARP-Span and Qwen2.5-
Math-7B-SHARP-Step PRMs of Table 2.

GSM8K (error at step 3). Problem: It takes
James 10 minutes to read 3 pages. He reads 18
pages. How long does he spend reading? Erro-
neous step: “We now multiply the total number
of pages (18) by his reading rate (0.3 pages per
minute). Total time = 18 × 0.3 = 5.4 minutes.”
Defect: a single wrong operator—the rate must
be divided, not multiplied. The rate itself was de-
rived correctly in the preceding step. SHARP-Span:
0.010, flags step 3. SHARP-Step: 0.996, no error
predicted.

MATH (error at step 2). Problem: A right
hexagonal prism has height 3 feet; each edge of the
hexagonal base is 6 inches. Find the sum of the
areas of the non-hexagonal faces. Erroneous step:
“Each rectangular face has a height of 3 feet and a
width equal to the perimeter of the hexagonal base,
which is 3 feet. Area = height × width = 3×3 = 9
sq ft.” Defect: a single wrong substitution—the
face width is the hexagon’s edge (6 inches), not
its perimeter. The formula and the arithmetic are
internally consistent. SHARP-Span: 0.006, flags
step 2. SHARP-Step: 1.000, no error predicted.

OlympiadBench (error at step 10). Problem:
T = 8/5, z1 = 15 + 5i, z2 = 1 + Ki. Find the
smallest positive integer K such that |z1 − z2| ≥
15T . Erroneous step: “Approximate

√
380 as√

361 = 19 (since
√
380 lies between

√
361 = 19

and
√
400 = 20): K ≥ 5 + 19 = 24.” De-

fect: a single unjustified approximation—
√
380

is replaced by a smaller value, invalidating the
bound. The preceding modulus derivation is cor-
rect. SHARP-Span: 0.055, flags step 10. SHARP-
Step: 0.934, no error predicted.

Omni-MATH (error at step 13). Problem: Find
all integer triples (a, b, c) satisfying a + b = c
and a2 + b3 = c2. Erroneous step: “Since 8a is
even, k must also be odd . . . Let k = 2m+ 1, so
8a = 4m(m + 1), hence a = m(m + 1).” De-
fect: a single invalid premise—the parity inference
does not follow. The algebra that follows is exe-
cuted correctly on a false premise. SHARP-Span:
0.030, flags step 13. SHARP-Step: 0.977, no error
predicted.

In all four cases the defect is a minimal local
element that step-level supervision masks. We note
that these are illustrative cases selected to charac-
terise the failure mode, not a quantitative evaluation
of span localization.
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Backbone: Qwen2.5-Math-7B-Instruct

Stage Training data Ratio ProcessBench F1 Avg. F1
GSM8K MATH OlympiadBench Omni-MATH

Stage 1

GSM8K 50/50 75.7 63.6 53.8 52.5 61.4
GSM8K 40/60 74.9 64.4 55.5 51.3 61.5
GSM8K 30/70 75.7 65.5 54.4 50.7 61.6
GSM8K 20/80 74.0 63.8 54.5 52.0 61.1
GSM8K 10/90 61.0 53.8 42.7 35.1 48.2

Stage 2

GSM8K → MATH 50/50 80.4 69.1 56.8 56.8 65.8
GSM8K → MATH 40/60 75.9 72.3 59.4 59.0 66.6
GSM8K → MATH 30/70 78.2 72.9 61.6 59.9 68.2
GSM8K → MATH 20/80 76.4 71.8 61.6 61.7 67.9
GSM8K → MATH 10/90 76.9 75.0 63.5 64.1 69.9

Table 7: ProcessBench F1 results under two-stage fine-tuning. In Stage 1, Qwen2.5-Math-7B-Instruct is fine-tuned
on the GSM8K-derived subset. In Stage 2, all models are initialized from the best Stage 1 checkpoint and further
fine-tuned on the MATH-derived subset. The ratio denotes the incorrect-to-correct step-level label ratio used at
the corresponding training stage. Bold values indicate the best-performing model within each stage according to
Avg. F1.

Appendix E. Prompts used in pipeline

You are a helpful math assistant. Solve problems step by step , then provide
the final answer without extra comments.

Problem:
{problem}

Answer:

Figure 4: Prompt used in answers generation

You are given:
- A math problem
- A correct reference solution
- A model ’s solution that may contain calculation or reasoning errors

Your task:
1. Compare the model ’s solution with the reference solution **step by step**
2. Identify ONLY factual mathematical errors:

- Wrong numerical results
- Incorrect formulas or transformations
- Invalid logical or reasoning steps
- False mathematical statements

3. For each specific erroneous **symbol , number , operator , or word**, wrap
it in <HAL ></HAL > tags.

4. Keep all correct parts of the model ’s reasoning exactly as they are.
5. ** Minimize each span** - tag only the smallest possible incorrect element

(e.g., a single digit , operator , or term), not full sentences or
equations.

### Tagging policy:
- Wrap only the minimal incorrect token(s) - e.g., ’<HAL >12</HAL >’ instead

of ’<HAL >2x = 12</HAL >’
- Use multiple small spans instead of one large one
- Merge spans only if errors are directly related (e.g., both parts of the

same incorrect equation)
- Do NOT wrap correct context , explanation , or valid intermediate steps
- Do NOT alter formatting or structure of the model ’s answer
- Do NOT provide any commentary or evaluation
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### What counts as a hallucination in math:
- Incorrect numerical computation
- Wrong mathematical formula or operation
- Invalid or illogical reasoning step
- False statement about a property or result
- Incorrect final answer

### What does NOT count as a hallucination:
- Alternative valid reasoning paths
- Equivalent algebraic forms
- Different (but correct) notation or formatting

### Input:
Question: {problem}

Reference Answer: {solution}

Model ’s Answer: {model_answer}

### Output requirements:
- Return the full model answer , but with <HAL ></HAL > tags around every

minimal erroneous element.
- Preserve the exact original structure , spacing , and wording of the model ’s

answer.
- If **no errors ** are detected , output exactly: No hallucinations

### Example:
Input:
Question: Solve 2x + 5 = 15
Reference: 2x = 10, x = 5
Model ’s Answer: 2x + 5 = 15, so 2x = 12, therefore x = 6

Output:
2x + 5 = 15, so 2x = <HAL >12</HAL >, therefore x = <HAL >6</HAL >

Figure 5: Prompt used in span-level annotation

You are given:
- A math problem
- A correct reference solution
- A model ’s solution that may contain calculation or reasoning errors

Your task:
1. Compare the model ’s solution with the reference solution step by step.
2. A step is defined as any text that ends with the explicit marker [

STEP_END ].
- The marker [STEP_END] explicitly denotes the end of a step.
- Every occurrence of [STEP_END] corresponds to exactly one step.

3. For every step decide:
- [HAL] if the step contains at least one mathematical or logical error
- [NO HAL] if the step is fully correct

4. Preserve the original text and formatting of each step exactly , including
the [STEP_END] marker.

5. Do not rewrite , comment , summarize , or modify the content.
6. Errors include only factual mathematical errors:

- Incorrect numbers or calculations
- Invalid formulas or transformations
- False mathematical statements
- Invalid reasoning or logic

7. Do not classify as errors:
- Equivalent formulations
- Alternative valid reasoning
- Differences in notation
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### Output format:
Return the model ’s answer step by step.
For each step:
- Output the original step text exactly as is (ending with [STEP_END ])
- Immediately after the [STEP_END] marker , append exactly one label: [HAL]

or [NO HAL]

No extra commentary.

### Input:
Math Problem: {problem}
Reference Solution: {solution}
Model ’s Solution: {model_answer}

### Output example:

Input:
Math Problem: Solve 2x + 5 = 15
Reference Solution: 2x = 10, x = 5
Model ’s Solution:
2x + 5 = 15.[ STEP_END]
2x = 12.[ STEP_END]
Therefore x = 6.[ STEP_END]

Output:
2x + 5 = 15.[ STEP_END] [NO HAL]
2x = 12.[ STEP_END] [HAL]
Therefore x = 6.[ STEP_END] [HAL]

Figure 6: Prompt used in step-level annotation

Appendix F. Dataset samples

{
"problem ":"Let \\[f(x) = \\left \\{\n\\begin{array}{cl} ax+3, &\\ text{ if }x>2,

\\\\\nx -5 &\\ text{ if } -2 \\le x \\le 2, \\\\\n2x -b &\\ text{ if } x
<-2.\n\\end{array}\n\\right .\\] Find $a+b$ if the piecewise function is
continuous (which means that its graph can be drawn without lifting your
pencil from the paper).",

"solution ": "For the piecewise function to be continuous , the cases must \"
meet\" at $2$ and $-2$. For example , $ax+3$ and $x -5$ must be equal when
$x=2$. This implies $a(2) +3=2 -5$, which we solve to get $2a=-6 \\
Rightarrow a=-3$. Similarly , $x -5$ and $2x -b$ must be equal when $x=-2$.
Substituting , we get $-2 -5=2( -2)-b$, which implies $b=3$. So $a+b= -3+3=\\
boxed {0}$.",

"model_answer ": "To find the values of $a$ and $b$ such that the piecewise
function is continuous , we need to ensure that the function values match
at the boundaries .\n\n1. At $x=2$, the function values should be the same
:\n \\[a(2)+3 = 2-5 \\ implies a = -7\\]\n\n2. At $x=-2$, the function
values should also be the same:\n \\[2( -2)-b = -2 \\ implies b = 8\\]\n\
nSo , $a+b = -7 + 8 = 1$.",

"hallucination_annotation ": "To find the values of $a$ and $b$ such that the
piecewise function is continuous , we need to ensure that the function
values match at the boundaries .\n\n1. At $x=2$, the function values should
be the same:\n \\[a(2)+3 = 2-5 \\ implies a = <HAL >-7<\/HAL >\\]\n\n2. At
$x=-2$, the function values should also be the same:\n \\[2( -2)-b = <

HAL >-2<\/HAL > \\ implies b = <HAL >8<\/HAL >\\]\n\nSo , $a+b = -7 + 8 = <HAL
>1<\/HAL >$."

}
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Figure 7: SHARP Span-level sample

{
"problem ":" What is the sum of all of the solutions of the equation $\\frac{4x

}{20}=\\ frac {5}{x}$?",

"solution ":" Rewrite $\\frac {4}{20}$ as $\\frac {1}{5}$ and multiply both sides
by $5x$ to obtain $x^2=25$. The solutions of this equation are $\\pm\\
sqrt {25}=\\ pm5$ , and their sum is $(-5)+5=\\ boxed {0}$.",

"model_answer ":"First , cross -multiply both sides of the equation to eliminate
the fractions :[ STEP_END ]\n\n$4x * x = 5 * 20$[STEP_END ]\n\nThis simplifies
to:[ STEP_END ]\n\n$4x^2 = 100$[STEP_END ]\n\nNow , divide both sides by 4 to
isolate $x^2$:[ STEP_END ]\n\n$x^2 = \\frac {100}{4}$[STEP_END ]\n\nNext ,

take the square root of both sides to find the solutions for $x$:[ STEP_END
]\n\n$x = \\pm \\sqrt {\\ frac {100}{4}}$[STEP_END ]\n\nSimplify the square
root:[ STEP_END ]\n\n$x = \\pm \\sqrt {25}$[STEP_END ]\n\nFinally , since the
square root of 25 has two solutions , $x = \\pm 5$.[ STEP_END ]\n\nTo find
the sum of all solutions , add the two values :[ STEP_END ]\n\n$x_1 + x_2 = 5
+ (-5) = 0$[STEP_END ]\n\nSo , the sum of all solutions of the equation is
0.[ STEP_END]",

"hallucination_annotation ":"First , cross -multiply both sides of the equation
to eliminate the fractions :[ STEP_END] [NO HAL]\n\n$4x * x = 5 * 20$[
STEP_END] [NO HAL]\n\nThis simplifies to:[ STEP_END] [NO HAL]\n\n$4x^2 =
100$[STEP_END] [NO HAL]\n\nNow , divide both sides by 4 to isolate $x^2$:[
STEP_END] [NO HAL]\n\n$x^2 = \\frac {100}{4}$[STEP_END] [NO HAL]\n\nNext ,
take the square root of both sides to find the solutions for $x$:[ STEP_END
] [NO HAL]\n\n$x = \\pm \\sqrt {\\ frac {100}{4}}$[STEP_END] [NO HAL]\n\
nSimplify the square root:[ STEP_END] [NO HAL]\n\n$x = \\pm \\sqrt {25}$[
STEP_END] [NO HAL]\n\nFinally , since the square root of 25 has two
solutions , $x = \\pm 5$.[ STEP_END] [NO HAL]\n\nTo find the sum of all
solutions , add the two values :[ STEP_END] [NO HAL]\n\n$x_1 + x_2 = 5 + (-5)
= 0$[STEP_END] [NO HAL]\n\nSo , the sum of all solutions of the equation

is 0.[ STEP_END] [NO HAL]"
}

Figure 8: SHARP Step-level sample
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Appendix G. Responsible Research
Practices

G.1 Licenses for External Artifacts

All external datasets and model checkpoints used
in this work are publicly available and used in ac-
cordance with their respective licenses. GSM8K,
MATH, and PRM800K are released under the MIT
License. ProcessBench and Omni-MATH are re-
leased under the Apache 2.0 License. Mathstral-
7B-v0.1, Mistral-7B-Instruct, Qwen2.5-Math-1.5B-
Instruct, and Qwen2.5-Math-7B-Instruct are re-
leased under the Apache 2.0 License. The two au-
tomatic annotators are likewise released under the
Apache 2.0 License: gpt-oss-120B, whose weights
are additionally subject to the gpt-oss usage policy,
and Qwen3-235B-A22B-Instruct-2507. DeepSeek-
Math-7B is released under the DeepSeek Model
License, which permits research use. OpenMath2-
Llama3.1-8B and Llama-3.1-8B-Instruct are re-
leased under the Llama 3.1 Community License.
We use all external artifacts for non-commercial re-
search purposes, consistent with their intended use.
We release the reasoning traces and hallucination
annotations of SHARP under the CC BY 4.0 Li-
cense, and the SHARP PRM checkpoints under the
Apache 2.0 License, following their base models.

G.2 Intended Use of External Artifacts

All external datasets (GSM8K, MATH, PRM800K)
are used for research purposes, consistent
with their intended use as benchmarks and
training resources for mathematical reason-
ing. All model checkpoints (Mathstral-7B-
v0.1, Qwen2.5-Math-1.5B/7B-Instruct, DeepSeek-
Math-7B, OpenMath2-Llama3.1-8B, Llama-3.1-
8B-Instruct) are used as backbone initializations
for fine-tuning and evaluation, consistent with their
intended research use. The SHARP dataset re-
leased as part of this work is intended for re-
search on hallucination detection and process re-
ward modeling. gpt-oss-120B and Qwen3-235B-
A22B-Instruct-2507 are used as automatic annota-
tors for span-level error markup, and Mistral-7B-
Instruct and Qwen2.5-Math-7B-Instruct as alter-
native trace generators, all consistent with their
intended research use.

G.3 Human Annotation

The human evaluation study (Section 4.6) was con-
ducted by four expert annotators, all of whom are
co-authors of this paper. Annotators were given

the same annotation guidelines used in the auto-
mated pipeline (Appendix E.): they were asked
to compare model-generated solutions against ref-
erence solutions and mark erroneous spans with
HAL tags. As the annotators are co-authors, no
external recruitment or payment was involved, and
no separate consent procedure or ethics board ap-
proval was required beyond standard authorship
responsibilities.
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