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Abstract

Large language models can produce correct
final answers with reasoning traces that are in-
complete, inconsistent, or weakly coupled to
the answer. We study whether training can in-
crease this coupling in structured reasoning do-
mains. We introduce Counterfactual Sensitiv-
ity Regularization (CSR), a training objective
that creates verifier-approved counterfactual ed-
its to reasoning traces, such as changing an
arithmetic operator or a logical relation, and
penalizes models when the answer distribution
remains unchanged after an edit that should
change the computation. We evaluate this be-
havior with Counterfactual Outcome Sensitiv-
ity (COS), the fraction of originally correct
examples on which a validity-breaking trace
edit changes the final answer. Because COS is
aligned with the CSR objective by construction,
we report it jointly with counterfactual target
accuracy, target coverage, and null-edit preser-
vation, and alongside evidence collected out-
side the training loop: natural-unfaithfulness
audits, external formal verification, input con-
trast sets, and trace-dependence probes. Across
arithmetic, formal logic, multi-hop question
answering, and biomedical QA, CSR substan-
tially improves edit sensitivity while incurring
small accuracy trade-offs. The gains are largest
in domains where the edited operators can be
identified and verified reliably; performance de-
grades as verifier precision falls. These results
support CSR as a practical regularizer for trace-
sensitive reasoning, not as a complete solution
to explanation faithfulness.

1 Introduction

Large language models (Brown et al., 2020) rou-
tinely solve reasoning problems by producing a
chain of thought followed by an answer (Wei et al.,
2023; Kojima et al., 2022). Two problems persist.
First, a model can output a correct answer even
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when its written reasoning is flawed (Cobbe et al.,
2021; Lanham et al., 2023; Turpin et al., 2023).
Second, the written trace may be only weakly cou-
pled to the computation that determines the answer
(Saparov and He, 2023). Inference-time techniques
such as self-consistency (Wang et al., 2023) can
improve answer accuracy, but they do not by them-
selves make the generated trace a reliable object to
audit.

This mismatch matters because users often in-
spect reasoning traces as if errors in the trace should
affect the answer. When a model keeps the same
answer after a logically important step is changed,
the trace is not serving as a dependable diagnostic
signal. This is especially concerning in domains
where the answer must be checked, challenged, or
reproduced.

We study Counterfactual Sensitivity Regulariza-
tion (CSR), a training objective that makes this
diagnostic requirement explicit. CSR creates small,
verifier-approved edits to reasoning traces during
training and penalizes the model when the answer
distribution remains too similar after an edit that
should alter the computation. The method is most
natural in domains where trace operators are easy
to identify, such as arithmetic, formal logic, code,
and some forms of multi-hop question answering.

The central evaluation metric is Counterfactual
Outcome Sensitivity (COS): among examples an-
swered correctly before perturbation, the fraction
for which a validity-breaking trace edit changes the
final answer. COS is aligned with the CSR objec-
tive by construction, and it is not a complete mea-
sure of faithfulness, because a model can change
to another wrong answer. We therefore do not ask
the reader to accept COS on its own. We report
it together with counterfactual target accuracy, tar-
get coverage and null-edit preservation (§5.2), and
with evidence whose annotation or scoring proce-
dures share no components with the CSR training
loop (§5.5); the Limitations section states what this
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evidence still does not establish.

This paper makes three contributions. First, we
formulate CSR as a training-time counterfactual
trace regularizer and specify the verifier assump-
tions under which its signal is meaningful. Sec-
ond, we evaluate CSR against process-supervision
and reinforcement-learning baselines, and against
sensitivity-aware baselines that themselves train on
corrupted or counterfactual traces, using the same
base data, optimizer, and epoch schedule; CSR in-
curs a measured 9% GPU-hour overhead from the
counterfactual forward pass, so the comparison is
not strictly compute-identical, and we report COS
per GPU-hour alongside the main numbers. We
find large COS gains with small accuracy trade-offs
in structured domains, and we present that trade-
off as a tunable operating point rather than a fixed
cost. Third, we characterize the method’s limits:
gains depend strongly on operator and verifier pre-
cision, and the method should not be interpreted
as a general solution for open-ended explanation
faithfulness.

2 Related Work

CSR builds on work that probes whether natural-
language rationales affect model predictions. Com-
prehensiveness and sufficiency remove or retain
rationale tokens to test whether a rationale is predic-
tive of the answer (DeYoung et al., 2020). Chain-of-
thought faithfulness studies go further by interven-
ing on generated reasoning and testing whether the
answer changes (Lanham et al., 2023; Turpin et al.,
2023; Lyu et al., 2024). CSR differs from these
primarily in how the signal is used: prior work uses
interventions mostly as diagnostics, while CSR
uses verifier-approved interventions as a training
objective.

CSR is also related to process supervision, in
which intermediate steps are scored by humans or
learned reward models (Lightman et al., 2024; Ue-
sato et al., 2022). Process supervision rewards lo-
cally valid steps; CSR instead asks whether chang-
ing a consequential step changes the answer dis-
tribution. The two approaches are therefore com-
plementary. Verifier-guided and tool-augmented
reasoning systems such as LINC (Olausson et al.,
2023) check derivations at inference time, whereas
CSR changes the training signal. Related contem-
porary efforts include CausalGPT (Yu et al., 2025),
which uses counterfactual prompts, the faithful
chain-of-thought work of Lyu et al. (2023), and
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Figure 1: CSR training. A standard forward pass yields
an answer distribution over a task-specific answer space.
A learned editor proposes a minimal trace edit, and a
verifier accepts only edits that break trace validity. A
second forward pass on the edited trace yields a counter-
factual answer distribution. The CSR term increases the
distance between the original and counterfactual answer
distributions only for accepted edits.

inference-time validity work (Akter et al., 2026,
2025). Surveys by Huang and Chang (2023); Qiao
et al. (2023) and Madsen et al. (2022) provide
broader context. We avoid claiming that CSR is the
first counterfactual approach to reasoning faithful-
ness; the novelty is the combination of automated
trace edits, verifier gating, and a training-time sen-
sitivity objective; Appendix L gives the extended
discussion.

3 Counterfactual Sensitivity
Regularization

CSR is designed to increase the model’s sensitiv-
ity to reasoning steps that are verified as conse-
quential. Figure 1 illustrates the training loop and
Algorithm 1 gives the pseudocode.

For an input question X, let 7" be a generated
or teacher-forced reasoning trace and let ) be the
task-specific answer space. We write ITy for the op-
eration that extracts answer logits from the model
output: number-token logits for arithmetic, label
logits for logical deduction and PubMedQA, and
constrained span logits for HotpotQA. The original
answer distribution is

po(Y | X, T) = softmax(Ily(My(X,T))). (1)

The task loss is the negative log-likelihood of the
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ground-truth answer,
£task = - log Do (Ytrue | X, T) (2)

The counterfactual trace 7" is produced by an
editor Mc4;; and accepted only when a verifier
marks 7" as valid and T” as invalid. The editor is a
small Transformer trained by REINFORCE to max-
imize a reward combining a validity term (the edit
must break trace validity), an impact term (the edit
should change the answer distribution), and a mini-
mality penalty on edit length; Appendix B gives the
architecture and training details. Domain verifiers
are rule-based for arithmetic, forward-chaining for
formal logic, and NLI-based for question answer-
ing. These verifiers are not assumed to be perfect;
Section 5.4 and Appendix C.2 analyze sensitivity
to verifier precision.

For an accepted edit, CSR compares the answer
distribution under the original trace with the answer
distribution under the edited trace. We stop the
gradient through the original distribution so that the
task loss remains responsible for fitting the correct
answer while the CSR term primarily pushes the
edited-trace distribution away:

Lesr = Dy (sglps(YIX, T)] || o (Y]X, T"))
3)
where sg|-| denotes stop-gradient. The total objec-
tive gates the CSR term by verifier outcome and
confidence:

I, =1[v(T) =1Av(T") =0 Aconf(v) > 7]
“)

Liotal = Liask — My Lcsr- )

In all experiments we temperature-scale the two
answer distributions before computing KL and clip
the CSR contribution to avoid rare unstable updates
from near-zero counterfactual probabilities. The
coefficient A trades correctness against the strength
of the sensitivity signal; §5.9 and Appendix I report
the operating curve over A, which has a robust
range [0.3,0.7] and an optimum near 0.5.

The CSR term is informative only when the
verifier reliably identifies validity-breaking edits.
When verifier confidence is low, the training sig-
nal can point in the wrong direction, so we gate
the regularizer by verifier confidence as shown in
Eq. 5. Unless otherwise stated, we use 7, = 0.7.
Appendix K reports the share of full-CSR gains
retained under this gate.

Algorithm 1 CSR training step

1: Input: X, trace T', answer Yie, model My,
editor M.y, verifier v, projection IIy, coeffi-
cient A\, threshold 7,
zorg Ty (M(X, T))
Porig < softmax(2orig)
Liask < — lngorig(Kme)
T" + ApplyEdits(T, Meair(X,T))
if v(T) = 1and v(7") = 0 and conf(v) > 7,
then
Zef < Hy(M@(X, T/))
Pef <— softmax(zcr)
: Lcsr < Dxr(sg[Porig] || Pet)
10: Etotal — ﬁtask - A ECSR
11: else
12: Etotal — Etask
13: end if
14: 6 < 60 — UVQﬁmtal

SANISAREE A

® A

A concrete example illustrates the signal. On
the GSM8K problem “Jessie has $20 and buys 4
packs at $2 each; how much is left?”, a standard
trace is “She spent 4 x 2 = 8,50 20 — 8 = 12,7
with answer 12. If the final subtraction is edited to
addition, the trace now supports a different compu-
tation. A model whose answer is insensitive to the
trace often keeps answering 12. CSR penalizes this
invariance: the edited trace should reduce probabil-
ity on the original answer and, in many arithmetic
cases, move mass toward the answer implied by
the edited computation.

4 Theoretical Framing and Scope

CSR should be interpreted as a counterfactual sen-
sitivity objective, not as a general proof that a
model’s natural-language explanation is faithful.
We formalize the quantity that CSR optimizes and
state the assumptions needed for it to be meaning-
ful.

Definition 1 (Trace sensitivity). Let pp(Y | X, T)
be the model’s answer distribution given input X
and trace T. For an accepted edit T — T’, coun-
terfactual trace sensitivity is

CS(X;T —T') = DKL<p9(Y | X, T)

N\ ©
|poty | x.1).
Comprehensiveness and sufficiency are observa-
tional ablations: they remove or retain subsets of
the trace. CS is different because it evaluates a
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verifier-approved edit to a specific reasoning oper-
ation.

High CS is evidence that the answer distribu-
tion depends on the edited trace content. It is not,
by itself, a proof that the trace is the complete
causal mechanism behind the answer. A model
can be sensitive to edited traces while still using
shortcuts, and a model can change to an incorrect
counterfactual answer. For this reason, our experi-
ments pair COS with null-edit preservation, natural-
unfaithfulness annotation, and trace-ablation tests.

Why should a corrupted trace change the an-
swer? The objective assumes that a validity-
breaking trace edit should alter the final answer,
and this assumption deserves an explicit argument,
because the input problem is unchanged and a ro-
bust model might instead detect the invalid trace
and preserve the correct answer. CSR studies the
conditional dependence of py(Y | X,T) on the
model’s own displayed reasoning when that trace
is treated as an auditable intermediate computation:
if a consequential step is changed and the answer
distribution is invariant, the trace is less useful as
an audit object, whatever the reason. This is a
different design goal from a system built to reject
untrusted external rationales and recompute from
X, where preserving the original answer may be
desirable. COS alone cannot distinguish “ignored
the trace because it was never used” from “detected
the invalid trace and recomputed correctly,” which
is why we pair it with counterfactual target accu-
racy, null edits, natural audits, trace necessity, and
external checks.

The usefulness of CSR depends on three con-
ditions: the edit must target a semantically conse-
quential part of the trace, the verifier must reject
invalid edits with high precision, and the evalua-
tion must include controls for edits that preserve
semantics. We treat these as validity conditions
on the method rather than as deployment caveats,
and Table 1 makes the resulting boundary concrete
before the experiments begin. Appendix C.2 gives
a decomposition of the expected CSR signal under
imperfect verifiers, and Appendix C discusses why
we do not claim general dominance of CS over
comprehensiveness or sufficiency.

CSR is most appropriate when operator identifi-
cation is precise and verifier false positives are rare.
Below roughly 60% operator precision, the method
becomes difficult to justify without stronger veri-
fier engineering, and we do not recommend it for

Table 1: Applicability by operator-identification preci-
sion. Strongly recommended above 89%, recommended
through 78%, not advised below 60%. The PubMedQA
row reports the learned automatic-discovery setting
(74.1% discovery precision); full CSR with a manu-
ally specified operator inventory and verifier reaches
67.3 COS in the same domain (§5.7, Appendix J).

Domain Op. prec. COS Rec.
GSMSK 94.2% 85.1 Strong
ProofWriter 91.4% 82.3 Strong
HotpotQA 79.3% 84.6 Yes
PubMedQA 74.1% 58.9  Caution
PersonaChat ~52% 41.7 No

open-ended dialogue or narrative unless a domain-
specific verifier can be validated.

S Experiments

5.1 Setup

We evaluate CSR on four reasoning domains span-
ning the structured-to-open spectrum: GSM8K
(Cobbe et al., 2021) for arithmetic, Proof Writer
(Tafjord et al., 2021) for formal logic, HotpotQA
(Yang et al., 2018) for multi-hop QA, and Pub-
MedQA (Jin et al., 2019) for biomedical reasoning.
Our primary base model is Llama-2-13B (Touvron
et al., 2023); §5.6 reports additional architectures.
Baselines include standard fine-tuning, process su-
pervision, process reward models (RM), GRPO
(Shao et al., 2024), and verifier-guided training, to-
gether with four sensitivity-aware baselines that
themselves train on corrupted or counterfactual
traces (§5.3). All methods use the same training
data, optimizer, and epoch schedule; CSR adds
a gated counterfactual forward pass, producing a
measured 9% GPU-hour overhead, so the compari-
son is not strictly compute-identical and we report
COS per GPU-hour in Appendix M.

We report Counterfactual Outcome Sensitivity
(COS), the percentage of originally correct exam-
ples whose final answer changes after a validity-
breaking trace edit. Because COS is a flip rate,
not a counterfactual-correctness metric, we also
report null-edit preservation, natural-unfaithfulness
audits, and trace-ablation controls; Table 5 reports
counterfactual target accuracy (CF-Acc) on edits
with a uniquely defined counterfactual answer.

Table 2 summarizes the evaluation protocol per
dataset. Each experiment uses three random seeds,
and for every method we select the checkpoint
with the best validation COS from a six-epoch run
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Table 2: Evaluation protocol per dataset. Decoding is
greedy throughout.

Dataset Split  Prompting Answer extraction Accept rate
GSM8K 1319 test  8-shot CoT last numeric 71.4%
ProofWriter 600 test 4-shot CoT  yes/no/maybe 68.9%
HotpotQA 500 dev  6-shot CoT span match 62.1%
PubMedQA 500 test 4-shot CoT  yes/no/maybe 58.3%

on a 500-example split disjoint from the test set.
Applying the same rule to all methods prevents
method-specific test leakage, but it does not make
validation-selected COS independent of the selec-
tion metric, and we do not present it as such; the
audits, external checks, contrast sets, null edits,
CF-Acc and coverage of §5.5 are the supporting ev-
idence outside the checkpoint-selection objective.
Tables report seed means; documented seed-level
standard deviations are in Appendix G, and the
principal comparisons carry paired-bootstrap con-
fidence intervals in Table 4. Operator inventories,
verifier and checker versions, package versions,
preprocessing scripts, thresholds and evaluation
commands are released with the artifact; exact re-
production from the manuscript alone is difficult
without it.

5.2 Main Results

Table 3 reports the core results. CSR substantially
increases COS in all four domains, with the largest
gains in arithmetic, multi-hop QA, and formal logic.
We interpret these results as improved sensitivity to
verified trace edits rather than as a complete mea-
sure of faithfulness. Process-supervision baselines
roughly double COS over standard fine-tuning,
GRPO and verifier-guided training give smaller ad-
ditional gains, and CSR adds another 23-33 points
on top of the strongest baseline. The interpretive
pattern matters: methods that reward locally valid
steps move COS more than methods that score
trajectory-level validity, and an interventional train-
ing signal moves it further still.

The accuracy cost is small but consistent, and
it is better read as an operating point than as a
fixed price. Table 4 compares CSR against GRPO,
the strongest non-CSR baseline on COS in ev-
ery domain: CSR buys 23.5-32.5 COS points for
1.3—-1.9 accuracy points, and every gain is signifi-
cant under a paired bootstrap with Holm correction
(p < 0.001). CSR is therefore not a mandatory re-
placement for accuracy-optimized training. Where
answer accuracy is the only priority, an accuracy-
optimized baseline or a smaller \ is preferable;

Table 3: Main results across four domains. Same train-
ing data, optimizer, and epoch schedule across methods;
CSR adds 9% GPU-hour overhead. COS is the percent-
age of originally correct examples whose final answer
changes after a validity-breaking trace edit. Entries are
seed means; seed-level standard deviations are in Ap-
pendix G and uncertainty for the principal comparisons
is in Table 4.

Dataset Method Acc COS ACOS
Standard FT 81.3 224 -
Process supervision 81.5 48.7 +26.3
Process RM 81.7 523 +29.9
GSMBK Grpo 821 547 +323
Verifier-guided 81.9 48.1 +25.7
CSR-FT 80.5 85.1 +62.7
Standard FT 78.1 25.1 -
Process supervision 78.2 452 +20.1
Process RM 78.4 498 +24.7
HotpotQA  Grpo 786 521 +27.0
Verifier-guided 787 463 +21.2
CSR-FT 772 84.6 +59.5
Standard FT 77.0 21.8 -
Process supervision 77.0 43.7 +21.9
ProofWriter Process RM 77.1 479 +26.1
GRPO 774 502 +284
Verifier-guided 773 442 +224
CSR-FT 76.1 823 +60.5
Standard FT 70.8 28.7 -
Process supervision 71.5 385 +9.8
Process RM 71.8 414 +12.7
PubMedQA - Grpo 720 438 +15.1
Verifier-guided 72.1 389 +10.2
CSR-FT 70.1 673 +38.6

A = 0.1 still triples COS over standard fine-tuning
at 81.1% accuracy, within a point of the best base-
line (§5.9). Where traces are exposed as audit ob-
jects, the sensitivity gain can justify the modest
accuracy cost.

COS counts answer changes, not whether the
changed answer is the correct counterfactual, and
it is the quantity CSR is trained to move. Table 5
is therefore the primary result, and Table 3 one
component of it. CF-Acc is the fraction of ac-
cepted counterfactual edits for which the model’s
edited-trace answer matches the answer implied by
the edited trace, restricted to edits with a uniquely
defined target. Null-edit preservation is the frac-
tion of semantics-preserving edits (commutativity,
paraphrase, sentence reordering; Appendix F) on
which the model maintains its original answer; high
values indicate that sensitivity is targeted rather
than indiscriminate. A brittle model would be ex-
pected to lose stability under null edits, and CSR
shows the opposite pattern: sensitivity to validity-
breaking edits rises sharply while null-edit preser-

11324



Table 4: Accuracy—sensitivity trade-off against GRPO,
the strongest non-CSR COS baseline in all four domains.
CSR COS is mean + SD over three seeds; intervals are
95% paired bootstrap over examples, and all four gains
are significant at p < 0.001 after Holm correction.

Dataset Baseline COS/Acc CSRCOS ACOS 95%CI  AAcc

GSMSK 54.7/82.1 85.1£2.3 +304 [26.9,33.8] —1.6
HotpotQA 52.1/78.6 84.6+2.4 +32.5 [28.7,36.0] —1.4
ProofWriter 50.2/77.4 82.3+2.1 +32.1 [288,354] —1.3
PubMedQA 43.8/72.0 67.3+2.8 +23.5 [19.1,27.8] —1.9

Table 5: Counterfactual correctness and null-edit preser-
vation. COS measures answer changes; CF-Acc mea-
sures whether the changed answer matches the edited-
trace target when a target is well-defined; null-pres is
the rate at which semantics-preserving edits leave the
answer unchanged. Coverage indicates the fraction of
accepted edits with a uniquely defined counterfactual
target.

Dataset Method COS CF-Acc Coverage Null-pres
Standard FT 224 183 100% 942
GSM8K  corFT 851 723 100% 968
proofwiitey Sndard FT 218 176 100% 931
CSR-FT 823 684  100% 957
Standard FT 251 204  78% 89.7
HopoQA  cop pT 846 617  78% 943
Standard FT 287 22.1  64% 87.4
PubMedQA cop pr 673 489 64% 93.6

vation stays high or improves (94-97%). CSR-
trained models also achieve high CF-Acc (62-72%
on structured domains, 49% on PubMedQA). For
HotpotQA and PubMedQA, where some edits do
not induce a unique target, CF-Acc is reported
on the targetable subset and we report coverage
separately. PubMedQA is the clearest boundary
case: 67.3 COS with 48.9 CF-Acc at 64% cover-
age shows improved trace sensitivity but weaker
evidence for correct counterfactual biomedical rea-
soning.

5.3 Sensitivity-Aware Baselines

The baselines in Table 3 do not train on corrupted
traces, so they cannot isolate how much of CSR’s
gain comes from exposure to counterfactual traces
rather than from the choice of edit. Table 6 adds
four baselines that do, plus a random-edit ablation
of CSR. Exposure alone helps: negative-trace aug-
mentation reaches 34.7 COS and contrastive traces
47.8. Replacing the learned editor with random
operator swaps under a regex-style verifier reaches
61.2. The remaining 23.9-point gap to full CSR
isolates the benefit of selecting verifier-approved,
high-impact edits rather than merely exposing the

Table 6: Sensitivity-aware baselines on GSMS8K; all
train on corrupted or counterfactual traces. The gap
from random-edit CSR to full CSR isolates verifier-
approved, high-impact edit selection.

Method
Standard FT

Signal COS Acc Ovh.

no intervention 224 813 —

Negative traces corrupted as negatives 347 81.0 +3%
Dropout-on-trace 15% token dropout 38.2 809 +2%
Auxiliary prediction predict intermediates 413 81.1 +5%
Contrastive traces NCE correct/corrupted  47.8 80.7 +8%
CSR, random edits ~ random operator swaps 61.2 80.8 +7%
CSR, learned editor verifier-gated edits 85.1 80.5 +9%

model to corrupted traces, and is the comparison
we regard as most informative about the method
itself.

5.4 Deployment and Verifier Sensitivity

CSR’s effectiveness depends on a verifier that reli-
ably marks counterfactual edits as breaking trace
validity. Such verifiers are straightforward in arith-
metic, possible in formal logic, and harder in open-
ended domains. Two questions therefore matter for
practitioners: how badly does CSR degrade when
the verifier is imperfect, and what does a low-effort
variant look like?

Table 7 answers the first. COS degrades
smoothly with verifier precision, from 86.2% at
oracle precision to 85.1% at 94%, 79.4% at 78.6%,
and 71.8% even at 61.3%. Accuracy stays within
a point of the oracle setting across the full range.
The shape of this degradation matches the decom-
position in Appendix C.2: the expected CSR signal
factors as q 4, where ¢ is the rate at which the
verifier accepts edits and p14 is the mean answer-
distribution divergence conditional on acceptance.
Lower-precision verifiers either reduce g by reject-
ing useful edits or contaminate 4 by accepting
low-impact ones. The result is not that verifier
noise is harmless, but that degradation is measur-
able and gradual in this controlled setting. The em-
pirical crossover in the GSM8K sweep is at 78.6%
precision, below which CSR’s COS gain over the
strongest baseline is no longer reliable; the method
should not be used below roughly 60% precision
without stronger verification. This is a GSMSK-
specific crossover, not a domain-independent con-
stant. HotpotQA shows the same qualitative degra-
dation pattern at different precision levels, and we
do not claim an equivalent calibrated threshold for
PubMedQA.

Table 8 addresses the second question. Full CSR
uses the learned editor and a domain-specific ver-
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Table 7: Controlled verifier-precision sweep, CSR con-
ditions only. Precision pairs are GSM8K/HotpotQA.
Degradation is gradual in both domains, but at different
precision levels; the 78.6% crossover is specific to the
GSMSK sweep.

Verifier precision GSMSK  HotpotQA

COS Acc COS Acc
100% (oracle) 86.2 80.5 85.8 772
94.2% / 91.7% (strong) 85.1 80.5 846 772
78.6% / 74.2% (threshold) 79.4 80.0 78.1 76.9
61.3% / 58.9% (weak) 71.8 798 69.3 76.5

Table 8: Deployment tiers of CSR. Each trades engi-
neering effort for sensitivity gain; even the lowest tier
exceeds non-CSR baselines. The learned-discovery row
is per dataset (GSM8K / HotpotQA / ProofWriter / Pub-
MedQA); the meta-verifier row is a cross-domain pilot
range and is not a GSM8K-only result.

Tier Representative COS Overhead  Engineering
Full CSR 85.1 (GSM8K) +9% Medium
Learned discovery 81.2/78.3/77.6/58.9 +8% Low
Universal meta-verifier ~ 61-78 (cross-domain) +8% Low
Random-edit CSR 61.2 (GSM8K) +7% Minimal
Standard FT 22.4 (GSMS8K) - -

ifier. Learned automatic discovery replaces man-
ual operator sets with automatic discovery (Ap-
pendix J) and is a lower-precision variant; we re-
port it per dataset, because its quality varies with
domain noise. The preliminary universal meta-
verifier is a separate domain-general pilot, and its
61-78 range is a cross-domain result rather than
a single-dataset one. Random-edit CSR uses pre-
defined operator swaps and a regex-style verifier.
These tiers trade engineering effort against verifier
quality and should be chosen by the cost of false
counterfactual labels in the target domain.

5.5 Does COS Capture Genuine Faithfulness?

Because COS shares its intervention logic with the
training objective, the load-bearing evidence has
to come from procedures that do not. We evalu-
ate COS against five independent signals whose
annotation or scoring procedures are separate from
the CSR training loop: expert human ratings of
trace dependence (r = 0.81), GPT-4 dependency
judgments (r = 0.74), natural unfaithfulness rate
measured without any artificial perturbation (r =
—0.87), trace necessity (r = —0.82), and trace in-
formation content (r = +0.89). All five satisfy
|r| > 0.74 at p < 0.001. These correlations are
validation evidence for COS, not proof that COS
exhausts faithfulness; full breakdowns are in Ap-

Table 9: Complementary evidence outside the headline
COS evaluation. No row uses the learned editor, the
CSR verifier, or the COS computation. GSMS8K unless
noted; full protocols in Appendices D and E.

Evidence type Std FT CSR-FT

Unfaithful-correct traces, natural audit 3642% 11-15%
Human trace-support rating (1-5) 23 4.1
Human error detection 342%  71.3%
GPT-4 dependency judgment (1-5) 2.8 4.2
External step validity (SymPy/Prolog) 712%  86.3%
Response to external invalidity flag 312%  79.8%
GSMS8K-Contrast consistency 62.4%  81.7%
BoolQ-Contrast consistency 589%  76.4%

Activation patching (avg. indirect effect)  0.14 0.47
Trace ablation, random trace 23.4% 78.9%

pendix D.

Table 9 summarizes the underlying measure-
ments. None of these rows uses the learned editor,
the CSR verifier, or the COS computation, and the
input contrast sets perturb the input rather than the
trace, so their intervention family is disjoint from
CSR’s.

The natural-unfaithfulness audit directly tests
whether CSR reduces unfaithful-but-correct traces
without using artificial perturbations at evaluation
time. Three annotators classified 300 correctly an-
swered traces as faithful, unfaithful-but-correct, or
disconnected, for each of GSM8K, HotpotQA and
ProofWriter; the audit was not run on PubMedQA
and we make no claim there. Standard fine-tuning
produced unfaithful-but-correct traces in 36-42%
of correct examples; CSR reduced this range to
11-15%, a 64-68% relative reduction. Categoriz-
ing 200 standard-FT unfaithful traces, every error
family falls under CSR: computational shortcuts
34.2% to 8.1%, wrong-rule-right-answer 27.8% to
6.4%, irrelevant reasoning 21.3% to 3.2%, and in-
complete traces 16.7% to 4.8%; these are relative
reductions within each error family, not absolute
percentage-point reductions over all examples (Ap-
pendix D, Table 19). Humans rated CSR traces
4.1 out of 5 on “genuinely used to reach the an-
swer” (vs. 2.3 for standard FT) and detected errors
in CSR traces at more than twice the rate (71.3% vs.
34.2%). These results support the interpretation of
CSR as reducing real, naturally occurring unfaith-
fulness rather than only the synthetic edits used
at training time. Annotators can judge whether
a trace is valid, supportive, and apparently relied
upon; they cannot establish causal use from surface
text alone, and we do not read the human ratings as
causal evidence.
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Table 10: Generalization summary. The first three
blocks use weight-updated CSR. The last block uses
prompting only and is not directly comparable to fine-
tuning. Full protocols and seed-level results are in Ap-
pendix G.

Condition Std FT /base CSR/prompted A
Held-out perturbations

GSMBS8K: comparison ops (<, >, =) 12.3 714 +59.1

HotpotQA: temporal markers 15.6 76.8 +61.2
Cross-domain transfer

GSMS8K — SVAMP 18.3 71.2 +52.9

ProofWriter — LogicNLI 19.4 65.3 +45.9

HotpotQA — NaturalQuestions 23.8 58.9 +35.1

PubMedQA — MedQA 28.7 54.2 +25.5

Weight-updated models on GSMSK

Llama-3-8B 24.1 86.7 +62.6

Llama-3.3-70B 29.1 94.6 +65.5

DeepSeek-R1-Distill-14B 36.8 94.2 +57.4

Prompted API models; no weight update

GPT-40 47.0 65.9 +18.9

ol 48.5 62.9 +14.4

Claude 4 Sonnet 457 61.6 +15.9

5.6 Generalization

Three questions matter for a method built on a par-
ticular intervention family: does it generalize to
perturbations it never saw, does it transfer across
datasets, and does it work on architectures other
than the development one. Table 10 summarizes
these checks. The final block contains API-only
prompted variants, which should be read separately
from weight-updated CSR because no model pa-
rameters are changed.

Held-out perturbation results test whether CSR
learns a broader dependence on trace content rather
than memorizing the specific operators seen during
training. We train CSR with one intervention fam-
ily (arithmetic operators on GSM8K, entity swaps
on HotpotQA) and test on a different family the
editor never produced; 55-62 point COS gains per-
sist on these unseen perturbations. Cross-dataset
transfer is strongest between structurally similar
tasks. Over the eight transfer pairs we report, the
math and logic targets average 87.4% transfer ef-
ficiency and the semantic targets average 73.0%
(Appendix G); we quote only these displayed-row
averages. The claim the evidence supports is there-
fore a narrow one: CSR transfers substantially
within related reasoning families and attenuates
as the semantic and verifier gap grows, from a 35-
point COS gain on HotpotQA to Natural Questions
(Kwiatkowski et al., 2019) down to 25.5 points on
PubMedQA to MedQA.

A sharper test is whether CSR generalizes be-
yond token-level operator swaps. Sentence- and
paragraph-level perturbations on GSM8K produce
comparable gains: premise deletion 18.7 to 73.4,

step contradiction 15.2 to 76.8, and conclusion
swap 20.1 to 70.2 (Appendix G, Table 33). These
results suggest that CSR can improve sensitivity to
structural trace corruption, although the evaluation
still relies on perturbations chosen by the authors
and should be read with the null-edit controls in
Appendix F.

Weight-updated CSR gives consistent gains
across model families and scales: 55-63 points
on Llama-3-8B, Mistral-7B-v0.3, Qwen2-7B, and
Gemma-2-9B, and 62—-66 points at 70-72B and
on recent 14B reasoning models such as Qwen3-
14B and DeepSeek-R1-Distill-14B. DeepSeek-R1-
Distill’s elevated baseline (36.8%) reflects RL-
based reasoning training; CSR still adds +57.4 on
top of that baseline, suggesting that trace-edit sen-
sitivity captures something not already optimized
by step-level RL. The full per-architecture table is
in Appendix H. We do not interpret the prompted
API results in the last block as evidence for the
same mechanism as fine-tuned CSR; they show
that prompting can encourage some edit sensitivity,
but the gains are markedly smaller (13-19 points)
than weight-updated CSR (57—-66 points).

5.7 Case Study: A Hard Domain

PubMedQA is the most challenging of our four
primary datasets because medical reasoning com-
bines structured elements (clinical entities, causal
verbs) with semantic content that resists clean op-
erator definitions. It is therefore the regime where
CSR is least likely to work, and a useful stress test
for the applicability taxonomy. With a manually
specified operator inventory and domain-specific
verifier, CSR still raises COS from 28.7% to 67.3%
while preserving accuracy within a point, and im-
proves semantic input similarity from 65.8% to
86.2% (Appendix G, Table 36). CSR also outper-
forms the strongest baseline (Process RM at 41.4%
COS) by 26 points. Under fully automatic opera-
tor discovery the same domain reaches 61.2 COS
with heuristic and NER discovery at 78.3% pre-
cision, and 58.9 COS with learned discovery at
74.1% precision (Appendix J); these are different
settings from the 67.3 full-CSR result and should
not be quoted interchangeably. The method there-
fore degrades gradually rather than catastrophically
as operator identification worsens, consistent with
the decomposition in Appendix C.2, and the resid-
ual gap to structured domains (67.3% vs. 85.1%
on GSM8K) measures how much trace sensitivity
imperfect operator discovery leaves on the table.
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5.8 Trace Dependence Probes

Two diagnostic probes test whether the observed
sensitivity is localized to trace processing: activa-
tion patching and trace ablation. Neither proves
that the natural-language trace is the complete
causal mechanism behind the answer, but together
they rule out the weakest explanation, that CSR
only changes the surface evaluation metric.

For activation patching, we run the model on
the original trace, cache activations, run it again
on a corrupted trace, and restore selected activa-
tions from the original run, measuring how much
this recovers the original answer. The average in-
direct effect rises from 0.14 under standard fine-
tuning to 0.47 under CSR, concentrated in middle
layers (0.38) rather than at the edges (0.09); Ap-
pendix E gives the full table. We interpret this as
evidence that CSR increases the model’s use of
trace-dependent representations, not as a claim that
we have isolated complete reasoning circuits.

Trace ablation gives a complementary behavioral
test. We replace a model’s generated trace with ran-
dom tokens, a truncated trace, shuffled reasoning
sentences, or reasoning from another problem, and
then measure whether the final answer changes.
Standard FT models keep their answers in 69—81%
of cases, while CSR-trained models change an-
swers 64-82% of the time (Appendix E, Table 24),
consistent with stronger trace dependence. The
complementary necessity probe, which compares
the model’s answer with and without its own trace,
drops agreement on GSM8K from 89.2% to 54.3%.
These tests should be interpreted together with the
null-edit controls in Appendix F, because indis-
criminate brittleness to any trace change would not
be desirable.

5.9 Ablations and Robustness

Ablating CSR components on GSMS8K identifies
the learned editor as the single largest contribu-
tor: replacing it with random operator swaps drops
COS by 24 points (the 61.2% random-edit row in
Table 6). Removing the multi-edit policy costs
7 points, the impact reward 12, and the validity
reward 15. Divergence choice (KL, JS, total vari-
ation) matters by only 1-3 points. The regular-
ization coefficient \ exposes a usable operating
curve rather than a single setting: 67.2 COS at
81.1% accuracy for A = 0.1, 78.3 at 80.8% for
A = 0.3, 85.1 at 80.5% for A = 0.5, 84.9 at
79.7% for A = 0.7, and over-regularization at

A = 0.9 (81.2 COS at 77.8%), giving a robust
plateau on [0.3,0.7] (Appendix I). Robustness im-
proves across the board: expected calibration error
drops from 5.8% to 2.7%, semantic input simi-
larity rises from 78.2% to 94.3%, and adversarial
accuracy rises from 72.3% to 80.6% (Appendix F).
Critically, the learned sensitivity is targeted: under
semantics-preserving null interventions (commuta-
tivity, paraphrase, reordering), CSR-trained models
preserve answers more often than standard FT, indi-
cating that the model has learned to register logical
violations specifically rather than reacting to any
change in the trace (Appendix F).

A separate concern is whether CSR teaches the
model to game the metric — for example, by learn-
ing to ignore the specific operator positions the
editor tends to perturb. Table 28 in Appendix F
addresses this directly. Restricting the editor to a
fixed operator set produces 71.3% COS on GSM8K
and 68.7% on HotpotQA, indicating measurable
vulnerability when the model can predict where
edits will land. Expanding to a diverse operator
set lifts these to 82.1% and 79.8%, and the learned
editor’s impact-maximizing policy reaches 85.1%
and 84.6%. The 14-point gap between fixed and
learned editors quantifies how much of the metric
is capturable by predicting where edits land, and
the learned editor’s preference for unpredictable,
high-impact edits reduces that exposure. Combined
with the held-out perturbation results in §5.6, the
structural corruptions, the natural audit and the
external checkers, this supports broader trace de-
pendence and reduced gaming exposure. It does
not prove that gaming is impossible, because the
learned editor and the COS evaluation still belong
to the same intervention framework; a decisive test
would use counterfactual interventions authored
independently of the CSR editor, which we did not
run.

6 Conclusion

CSR is a training-time mechanism that improves
answer sensitivity to verified edits in generated
reasoning traces, substantially increasing COS in
structured domains at a small but nonzero accuracy
cost. Performance is strongest in arithmetic and
formal logic, where edits and validity checks are
reliable, and weaker in semi-structured biomedi-
cal QA, so the results should not be extrapolated
to open-ended dialogue without stronger verifier
design.
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Limitations

The first limitation is circularity between the train-
ing signal and the headline metric. CSR trains
models to change their answer distribution un-
der verifier-approved trace edits, and COS mea-
sures whether the answer changes under verifier-
approved trace edits; the two share an intervention
family, an editor, and, in the primary configura-
tion, a verifier. The headline COS gains are there-
fore not independent evidence of improved reason-
ing quality, and we do not present them as such.
Three mitigations are partial rather than complete.
Checkpoint selection uses validation COS for every
method on a split disjoint from test, which removes
method-specific test leakage but leaves the selected
COS dependent on the selection metric. Held-out
perturbation families and structural corruptions test
generalization beyond the trained edit family, but
they were still authored by us. The evidence in
§5.5 shares no components with the CSR loop and
moves in the same direction, which substantially
reduces the concern that the result is editor-specific.
What none of this replaces is a benchmark of coun-
terfactual interventions authored independently of
this work, with human-written validity-breaking
edits and human-assigned counterfactual targets.
‘We did not build such a benchmark, and no claim
here should be read as if we had.

The second limitation is operator precision. CSR
is appropriate only when edits reliably target con-
sequential trace operations. In arithmetic, formal
logic, and code, such operators are often explicit.
In multi-hop QA and biomedical QA, the relevant
operations are more semantic and verifier errors
become more likely. In open-ended dialogue and
narrative, we do not currently recommend CSR
unless a domain-specific verifier can be validated.
The 78.6% verifier-precision crossover reported in
§5.4 is specific to the controlled GSM8K sweep
and should not be transported to other domains as
a constant; we have not calibrated an equivalent
threshold for PubMedQA.

The third limitation is the metric. COS measures
whether the answer changes after an accepted edit;
it does not measure whether the new answer is the
correct counterfactual answer. A model could score
well on COS by becoming brittle. The gap between
COS and CF-Acc is real and widens as domains
become less structured: on PubMedQA, 67.3 COS
corresponds to 48.9 CF-Acc on only 64% of ac-
cepted edits, so CF-Acc does not characterize the

remaining 36% at all. For this reason, COS must be
paired with null-edit preservation, counterfactual-
correctness checks where available, and natural
trace audits.

The fourth limitation is evidence strength. The
activation-patching and trace-ablation experiments
support increased trace dependence, but they do not
prove that the written trace is the model’s complete
internal reasoning mechanism. Human annotators
can judge whether a trace is valid and apparently
relied upon; they cannot establish causal use from
surface text. For frontier models accessible only
through APIs, prompted CSR yields more modest
gains than fine-tuned CSR, and we do not inter-
pret the two as instances of the same mechanism.
We therefore avoid interpreting CSR as a general
guarantee of explanation faithfulness.

The fifth limitation concerns the scope and doc-
umentation of the human study. The natural-
unfaithfulness audit covers GSMS8K, HotpotQA
and ProofWriter, with 300 traces per dataset and
three annotators; it was not run on PubMedQA. We
report the label set, x ranges, recruitment channel
and compensation, but our records do not docu-
ment the exact blinding status, the adjudication
procedure, the full rubric text, or per-domain an-
notator expertise; we state these as missing rather
than reconstructing them (Appendix D).

Ethical Considerations

Our work targets the verifiability of LLM reason-
ing, which we view as a contribution to trustworthy
deployment in high-stakes domains. Improvements
of this kind nonetheless carry their own risks, and
we discuss four.

The first concerns compute and environmental
cost. CSR adds roughly nine percent to training
compute over standard fine-tuning. All primary
experiments used eight A100 GPUs across at most
seventy-two hours per run; including ablations and
the twenty-configuration replication, the total foot-
print is on the order of 1.4 x 10* GPU-hours. We
mitigated unnecessary cost by adopting Efficient
CSR with token-subset optimization (Appendix M),
which reduced overhead from 92.5% in the naive
implementation to 9%, and by using LoRA rather
than full fine-tuning where possible.

The second concerns dual use, specifically what
we term faithfulness washing: gains on COS
could be misreported to claim a model “shows
its work” when training has in fact been gamed
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against the specific operator set used in evaluation.
Section 5.9 addresses this risk: diverse operators
and the learned editor reduce this exposure, while
restricted-operator variants do not, though they do
not eliminate it. We recommend that public reports
of COS disclose the full operator set, verifier imple-
mentation, and training recipe, and report CF-Acc
and null-edit preservation alongside COS, so that
the metric cannot be optimized against in isolation.
Our anti-gaming results (Appendix F) and the held-
out perturbation evaluation (Appendix G) provide
templates for such disclosure.

The third concerns human annotation. The
natural-unfaithfulness audit and the human-
evaluation studies used expert annotators recruited
through academic channels and compensated at
$25 per hour. Annotators saw only reasoning traces
from correctly-answered questions, which limits
exposure to potentially distressing content, and
were instructed to flag any examples they wished
to skip; none did. Agreement statistics, the doc-
umented protocol, and an explicit list of protocol
metadata we cannot reconstruct are in Appendix D.

The fourth concerns release. We will release
code, including the CSRTrainer wrapper, hyper-
parameters, training scripts, verifier implemen-
tations, operator inventories, and learned editor
checkpoints. The release will be accompanied by
a model card documenting CSR’s failure modes
(operator precision below 60%, verifier precision
below the GSMS8K crossover of 78.6% in compara-
ble sweeps, open-ended domains such as dialogue
and narrative) and the applicability taxonomy in Ta-
ble 1, so that downstream users can assess whether
CSR is appropriate for their domain before adopt-
ing it.
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A Reproducibility and Artifact Release

We will release the code upon acceptance, includ-
ing a plug-and-play CSRTrainer wrapper that al-
lows the method to be applied to new models with
a few lines of configuration. Hyperparameter set-
tings, training scripts, verifier and checker imple-
mentations and versions, per-domain operator in-
ventories, preprocessing scripts, package versions,
acceptance thresholds, evaluation commands, and
the learned editor checkpoints will all be released.
Implementation details, including the core CSR
loss function, the token-subset optimization rou-
tine, the warm-start curriculum, and the editor re-
ward function, are provided in Appendix M. The
main-text evaluation protocol is summarized in Ta-
ble 2.

B Extended Method Details

B.1 Implementation Details

The answer space Y and the conditional distri-
bution p(Y | T,X) are defined per domain.
For GSM8K and ProofWriter we use classifica-
tion heads over number tokens, p(Y | T, X) =
softmax(logitsjy.g . (7). For HotpotQA we
use constrained decoding over document tokens.
For PubMedQA we extract logits over the yes, no,
and maybe tokens.

The editor model M.qi; is a six-layer Trans-
former with 256-dimensional hidden states. It takes
the original input = and trace 7" as input and emits
a sequence of edit operations. Training uses a
REINFORCE-style objective,

Leditor = _anﬂcdiwr [(rvalidity + )\impact * T'impact
- )\length : ‘QD log 7Tcditor(a | x, T) s

where gy = ¥[o(T) = 1 Ao(T') = 0],
Fipar = Dre(p(Y | T,2)[[p(Y | T',2)), and
la| is the edit length. We set Aimpact = 0.1 and
Alength = 0.05 based on validation performance.
The editor samples operators using a learned at-
tention mechanism over trace tokens, prioritizing
high-impact positions: the final 30% of reason-
ing steps in math problems and bridge entities in
multi-hop question answering. We use temperature-
controlled sampling (7 = 0.7) to balance diversity

and quality of edits, and apply temperature scal-
ing (7 = 1.2) to the resulting answer distributions
before computing KL divergence to ensure com-
parable scales. The editor can be applied autore-
gressively to generate a sequence of L edits, where
L is drawn uniformly from {1, 2, 3}; this allows
the construction of compound counterfactuals that
are particularly useful in multi-hop QA, where, for
example, the editor might swap a bridge entity and
then update a downstream sentence to remain con-
sistent with the new (incorrect) entity.

Analysis of the trained editor reveals three strate-
gic patterns. In arithmetic problems, 72% of ed-
its target operators in the final 30% of reasoning
steps, where errors most directly affect the conclu-
sion. In multi-hop QA, 65% of entity edits target
bridge entities, compared with 35% under random
sampling. The editor learns domain-specific prefer-
ences: arithmetic operator swaps account for 45%
of edits in math problems, entity substitutions for
52% in QA, and rule inversions for 38% in logical
reasoning. This learned specialization is respon-
sible for most of the gap between full CSR and
random-edit CSR.

B.2 Training Configuration and Baselines

All methods use the same train/validation/test splits,
AdamW at learning rate 10~°, LoRA rank 8, and
8x A100 GPUs. We train for six epochs and select
the checkpoint with the best validation COS for ev-
ery method; selection is on a 500-example held-out
split disjoint from the test set. Table 11 summa-
rizes the baseline configurations. CSR adds a gated
counterfactual forward pass for accepted edits, pro-
ducing a measured 9% GPU-hour overhead relative
to standard fine-tuning. This is materially smaller
than the naive full-CSR variant (92.5% overhead)
and is achieved through token-subset optimization
(Appendix M) and a step-based warm-start sched-
ule that linearly ramps A from O to its target value
over the first 1000 optimizer steps. Statistical tests
are paired bootstrap tests over examples with Holm
correction across datasets.

We use Llama-2-13B as the primary testbed for
three reasons: it is fully open-weight with extensive
community tooling, using a single primary model
isolates CSR’s contribution from architectural con-
founds, and 13B parameters enable comprehensive
ablations within reasonable compute budgets. The
cross-architecture replication discussed in §5.6 es-
tablishes the broader claim.
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Table 11: Baseline configurations. All methods use the
same training data, optimizer, and epoch schedule; CSR
incurs +9% GPU-hour overhead.

Method Signal Cost

Standard FT Answer correctness 1.00x
Process supervision Step-level MLE 1.00x
Process reward model  Step-level reward 1.00x
GRPO Group relative reward 1.00x
Verifier-guided Trajectory validity 1.00x
CSR (ours) Gated counterfactual trace sensitivity  1.09x

C Theoretical Framing: Scope
Conditions and Decompositions

C.1 Scope Conditions Rather Than Universal
Guarantees

CSR’s theoretical object is counterfactual sensitiv-
ity to a specified edit distribution. This is narrower
than explanation faithfulness. A high value of CS
shows that the answer distribution changes under
the chosen edit; it does not prove that the trace is
the only computation used by the model, that the
edited answer is correct, or that all shortcuts have
been eliminated.

The method is expected to work best when three
empirical conditions hold. First, the edit policy
must target operations that are consequential for
the answer. Second, the verifier must accept invalid
edits with high precision. Third, the evaluation
must include null edits that preserve semantics,
because a brittle model can otherwise obtain high
COS by reacting to any textual change.

We therefore treat Table 12 as an empirical diag-
nostic, not as proof of a theorem. Operator preci-
sion is estimated by manual annotation of whether
the proposed edit targets a consequential reasoning
operation. The observed relationship between op-
erator precision and COS gains supports the design
of CSR, but it should not be read as a universal
guarantee.

A controlled experiment quantifies how operator
noise affects CS relative to traditional faithfulness
scores. Table 13 reports counterfactual sensitiv-
ity scores and SUFF/COMP scores on a synthetic
benchmark as operator identification noise is in-
creased from 0% to 50%. CS is larger than SUFF
and COMP when noise is at most 20%, retains a
marginal lead through 30%, and loses it at 40%.
These results are empirical diagnostics, not formal
dominance guarantees.

C.2 Decomposing the Expected CSR Signal
Under Imperfect Verifiers

We can decompose the expected CSR signal under
imperfect verifiers without claiming a general per-
formance guarantee. Let A be the event that an edit
is proposed and accepted by the verifier. Let

q = Pr(4),
HnA = E[D(p(y | XvT)’ p(Y | XvT,)) | A] .

For the gated CSR term in Eq. 5,

Losr = 1A D(p(Y | X, T),p(Y | X,T")),

E[Lcsr] = q pa.

This identity separates two failure modes: the ver-
ifier may accept too few useful edits, reducing g,
or it may accept low-impact or incorrectly labeled
edits, reducing p 4. If s denotes the mean diver-
gence under an ideal edit distribution, then the gap
e — 4 measures edit-quality loss. The empiri-
cal verifier-sensitivity experiments in Section 5.4
estimate this degradation directly. The decompo-
sition is agnostic to the choice of f-divergence;
it uses only nonnegativity of D and the gating in
Algorithm 1.

C.3 Why We Do Not Claim General
Dominance over Comprehensiveness or
Sufficiency

It is tempting to state that counterfactual sensitiv-
ity dominates comprehensiveness and sufficiency
because it edits a reasoning operation rather than
deleting tokens. That statement is not true with-
out strong assumptions. A counterfactual edit can
target a low-impact token and produce small KL,
while deleting a genuinely necessary rationale span
can produce large KL. Conversely, if an edit targets
the unique operation that determines the answer,
CS can be larger than deletion-based measures. The
ordering therefore depends on the edit distribution
and the rationale subset, not on the metric alone.

A simple counterexample illustrates the issue.
Suppose the answer depends only on one trace to-
ken r and an edit changes an irrelevant token u.
Thenp(Y | X,T) =p(Y | X,T"), so CS is zero.
Removing r can still change the answer distribu-
tion substantially, so comprehensiveness can be
positive. Thus CS does not universally dominate
comprehensiveness.

11333



Table 12: Empirical scope diagnostics for CSR (merger of consequential-vs-spurious edit shares and the operator-
precision/empirical-COS view). Consequential edit measures whether proposed edits target consequential reasoning
operations. The rightmost columns report the expected CSR effect under each operator-precision regime and the
empirical COS we observe with a domain-specific operator inventory and verifier. HellaSwag is included as a
not-recommended reference point; the corresponding spurious-edit share is not reported because we did not run the
full edit audit at that operator-precision level.

Dataset / Domain Consequential edit (%) Spurious edit (%) Operator precision (%) Expected CSR effect Empirical COS (%)

Recommended use

GSMBK 85.2 14.8 85.2
HotpotQA 78.1 21.9 78.1
ProofWriter 82.7 17.3 82.7
PubMedQA 71.4 28.6 71.4
HellaSwag — — 524

Strong 85.1 (confirmed) Yes
Strong 84.6 (confirmed)  With verifier checks
Strong 82.3 (confirmed) Yes
Partial 67.3 (partial) Caution
Not recommended 44.2 (limited) Not recommended

Table 13: Sensitivity to operator-identification noise on a controlled benchmark. These results are empirical
diagnostics, not formal dominance guarantees.

Noise level CS score SUFF score =~ COMP score CS > SUFF/COMP? Interpretation
0% 0.847+0.023 0.523+0.031 0.501£0.028 Yes clean edits
10% 0.798+0.027 0.513+0.033  0.48940.030 Yes robust

20% 0.7344+0.031 0.4984+0.035 0.471+0.032 Yes degraded
30% 0.652+0.038  0.507+0.037 0.48340.034 Yes weak margin
40% 0.543+0.045 0.5214+0.039 0.49640.036 Marginal unreliable
50% 0.478+0.052  0.534+0.041 0.509+0.038 No not recommended

The correct interpretation is conditional: when
an accepted edit changes a consequential operation
in the trace, CS measures whether the model’s an-
swer distribution is sensitive to that operation. This
is the condition our verifier and operator-precision
analyses attempt to approximate empirically, and
is the basis for the validity conditions stated in
Section 4.

C.4 Shortcut Reliance

CSR can reduce shortcut reliance only when short-
cuts fail to predict the edited-trace answer across
enough accepted edits. The objective does not by
itself prevent all shortcuts. If a shortcut feature
remains predictive under both original and edited
traces, the task loss can continue to support short-
cut use. We therefore treat shortcut prevention as
an empirical question and evaluate it through held-
out perturbations, null edits, trace ablations, and
anti-gaming experiments rather than as a theorem.

D Faithfulness Validation: Detailed
Results

The main text (§5.5) reports five independent val-
idations of CSR’s effect on trace-quality signals.
This appendix gives the full breakdown. Table 14
reports the most consequential numbers across hu-
man evaluation, LLLM-as-judge, and the natural

audit on GSM8K, and Table 15 reports the correla-
tions summarized in the main text.

D.1 Annotation Protocol

Table 16 lists what the study records document and
what they do not. We report the second block as
missing rather than reconstructing it, and the re-
lease protocol for future audits will fix each item:
annotators blinded to system identity, disagree-
ments adjudicated by a fourth annotator with the
procedure recorded, the rubric published verbatim,
and domain expertise recorded per annotator and
per domain.

D.2 Natural Unfaithfulness: Per-Dataset
Breakdown

The audit protocol asked three expert annotators to
inspect 300 correctly-answered traces per dataset
and classify each as faithful, unfaithful-but-correct,
or disconnected. Inter-annotator agreement is k €
[0.71,0.80].

Representative examples of naturally-occurring
unfaithfulness appear in Table 18. Two patterns
recur in standard FT models: computational short-
cuts, in which the model produces a correct answer
with reasoning that skips the actual computation,
and wrong-rule-right-answer, in which the model
invokes an incorrect logical rule that nonetheless
yields the right conclusion. CSR-trained models on
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Table 14: Independent validations of CSR’s effect on trace quality on GSM8K. Each block uses evaluators or
conditions that share no components with the training pipeline.

Evaluation type Metric Standard FT  Process RM  CSR-FT

Rating (1-5) 2.3+0.4 3.1+£0.3 4.1+0.3

Human evaluation “Genuine” (%) 28.443.2 47.14£2.9 76.8+2.4
Error detection (%) 34.2 48.7 71.3

. GPT-4 rating (1-5) 2.84+0.4 - 4.240.3

LLM-as-judge High dependency (%)  34.2+3.1 _ 78.74+2.6

Natural audit Faithful (%) 51.243.2 62.8+2.8  84.742.1

dratau Unfaithful-correct (%)  39.442.9  30.142.6  12.9+1.8

Table 15: Association between COS and independent
trace-quality signals across model/dataset conditions.

Signal Pearson r P

Expert human rating +0.81 < 0.001
GPT-4 dependency judgment +0.74 < 0.001
Natural unfaithfulness rate —0.87 < 0.001
Trace necessity —0.82 < 0.001
Trace information content +0.89 < 0.001

Table 16: Human-audit facts supported by the study
records, and protocol metadata that is not documented.

Item Status

Audit scope 300 correctly answered traces each for

GSMSK, HotpotQA, ProofWriter; not PubMedQA
three expert annotators

faithful / unfaithful-but-correct / disconnected

K € [0.71,0.80] (structured-domain audit)
academic channels

$25 per hour

correctly answered traces only; opt-out offered

Annotators
Labels
Agreement
Recruitment
Compensation
Content exposure

not documented
not documented
not documented
not documented

Blinding status
Adjudication procedure
Full rubric text
Per-domain expertise

the same problems produce step-by-step computa-
tions that are valid.

D.3 COS Correlation with Independent
Signals

Table 20 reports the correlations between COS and
four directly-measured natural faithfulness signals;
all satisfy |r| > 0.78.

D.4 LLM-as-Judge and Human Evaluation

GPT-4 was not involved in training, operator defini-
tion, or COS metric design. For 500 examples per
dataset, we prompted GPT-4 to rate, on a 1-5 scale,
whether the reasoning trace was necessary for the
answer. CSR models receive 1.4 points higher de-
pendency scores (4.2 vs. 2.8), with 78.7% of traces
rated as highly answer-dependent versus 34.2%

for standard FT. Three expert annotators rated 200
traces per dataset on a 1-5 scale of “genuinely
used” versus “post-hoc rationalization,” with inter-
annotator agreement < € [0.72,0.78]. The correla-
tion between human ratings and COS is » = 0.81,
p < 0.001.

D.5 Formal Verification and Contrast Sets

We further validate CSR using external formal sys-
tems that share no components with the training
pipeline. For GSM8K, we parse generated reason-
ing traces into symbolic arithmetic expressions and
verify each step using SymPy. For ProofWriter,
we translate traces into Prolog clauses and verify
validity via SWI-Prolog’s forward-chaining engine.
CSR models produce 86.3% step-valid traces ver-
sus 71.2% for standard FT (Table 21), and respond
appropriately when external checkers detect inva-
lidity (79.8% perturbation response vs. 31.2%).

Contrast set evaluation provides a complemen-
tary check. We test on input contrast sets where
ground-truth answers change due to minimal input
modifications. CSR improves sensitivity to input
changes that should change answers (Table 22),
demonstrating general faithfulness beyond trace-
specific sensitivity.

D.6 What Counterfactual Sensitivity Does
and Does Not Establish

Counterfactual sensitivity provides evidence that
the answer distribution depends on edited trace con-
tent under a specified edit distribution. It does not
by itself establish that the trace is a complete or
trustworthy explanation. A model can be sensi-
tive to edited traces while still relying on shortcuts,
and a changed answer may still be counterfactually
incorrect. We therefore treat COS as one diagnos-
tic signal and pair it with null-edit preservation,
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Table 17: Natural unfaithfulness prevalence on the three audited datasets; the audit was not run on PubMedQA.
CSR reduces naturally-occurring unfaithfulness by 64-68% across these structured domains.

Dataset Method Faithful (%) Unfaithful-correct (%) Disconnected (%) K Reduction
Standard FT 51.243.2 39.4+29 9.44+1.7 0.73 —
GSMSK Process RM 62.8+2.8 30.1+£2.6 7.1+1.5 0.75 24%
CSR-FT (ours)  84.7+2.1 12.9+1.8 2.44+0.9 0.78 67%
Standard FT 473434 42.143.1 10.6£2.1 0.71 —
HotpotQA  Process RM 58.4+3.0 33.8+2.8 7.8+1.7 0.73 20%
CSR-FT (ours)  82.1+2.4 15.3+£2.0 2.6+1.0 0.76 64%
Standard FT 54.6+3.1 36.242.7 9.2+1.8 0.75 —
ProofWriter Process RM 64.1+2.7 28.7+2.4 7.24+1.5 0.77 21%
CSR-FT (ours)  87.2+1.9 11.1£1.6 1.7+0.8 0.80 68%

Table 18: Examples of naturally-occurring unfaithfulness in standard fine-tuning and corresponding CSR outputs.

Problem | Generated trace

Standard FT examples (unfaithful)

| Answer | Diagnosis

“Tom has 5 apples,
gives 2 away, then

buys 4 more.” ples.”

“Tom starts with 5 apples. He gives some | 7
away. Then he gets more. So he has 7 ap-

Correct answer,
but trace skips
actual computa-
tion

“If A — B and

“A implies B. B implies C. By association, | Yes

Correct answer,

B — C,does A — | Aimplies C.” but “associ-

c?” ation” is the
wrong rule
(should be
transitivity)

CSR-FT examples (faithful)

“Tom has 5 apples,
gives 2 away, then
buys 4 more.”

Buys4:3+4="7"

“Tom starts with 5. Gives 2: 5 —2 = 3. | 7

Correct answer
with valid step-
by-step compu-
tation

“If A —- B and
B — C,does A —
cr

implication, A — C.”

“A — Band B — C. By transitivity of | Yes

Correct answer
with correct log-
ical rule

Table 19: Error taxonomy on 200 naturally occurring
unfaithful GSMS8K traces. Standard FT is the share of
the 200 unfaithful cases in each category. CSR residual
is measured against the same category denominator.

become a more usable diagnostic signal, not that
they become a complete account of the model’s
computation.

E Trace Dependence Probes: Detailed

Error type Std FT (%) CSR residual (%) Relative reduction

Computational shortcut 342 8.1 763% Results

Wrong rule, right answer 27.8 6.4 77.0%

Irrelevant reasoning 21.3 32 85.0% . . . . .
Incomplete trace 16.7 4.8 71.3% E.1 Activation Patchlng Dlagnostlc

natural-unfaithfulness audits, and trace ablations.
CSR moves models from a low-sensitivity regime
(COS < 30%) to a higher-sensitivity regime (COS
> 80%) in structured domains, but the interpre-
tation we attach to that movement is that traces

To probe whether the observed sensitivity is local-
ized to trace processing, we use activation patching:
we run the model on the original trace, cache activa-
tions at each layer, run it again on a corrupted trace,
and selectively restore the original activations one
layer at a time, measuring how much the original
answer is recovered.
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Table 20: COS correlates strongly with independently-measured natural faithfulness signals.

Metric pair Pearson r Spearman p  p-value
COS vs unfaithful-correct rate —0.87 —0.84 < 0.001
COS vs trace necessity —0.82 —-0.79 < 0.001
COS vs trace information content +0.89 +0.86 < 0.001
COS vs human faithfulness rating +0.81 +0.78 < 0.001

Table 21: External formal verification confirms CSR improvements are not artifacts of our evaluation protocol.

Method Step valid (%) Trace-ans consist (%) Perturb response (%)
Standard FT 71.242.1 68.44+2.3 31.243.1
Process RM 74.8+1.9 72.14+2.1 42,7429
CSR-FT (ours) 86.3+1.4 84.7+1.6 79.8+2.2

Table 22: Contrast set evaluation. CSR improves sensi-
tivity to input changes that should change answers.

Method GSMS8K-Contrast BoolQ-Contrast
Consist  Spurious  Consist ~ Spurious
Standard FT 62.4 37.6 58.9 41.1
Process RM 68.1 31.9 63.2 36.8
CSR-FT 81.7 18.3 76.4 23.6

Table 23 shows larger patching effects for CSR
than for standard fine-tuning, with the effect con-
centrated in middle layers (0.38) rather than at
the edges (0.09). We interpret this as evidence
that CSR increases reliance on trace-dependent rep-
resentations under this corruption-and-restoration
test. It should not be read as isolation of complete
reasoning circuits. Related work on locating and
editing factual associations (Meng et al., 2022) and
on inspecting hidden representations (Ghandehari-
oun et al., 2024) explores related ideas in a different
setting.

E.2 Trace Ablation Studies

If a model truly uses its reasoning, then destroying
that reasoning at inference time should change its
answer. We test this in two ways. First, after the
model generates a trace, we replace it with an ab-
lated version: random tokens, the trace truncated
at half its length, sentences randomly reordered, or
reasoning from a different problem entirely. We
then re-evaluate the model on the same question
with the ablated trace and measure how often the an-
swer changes. Standard FT models maintain their
answers 69-81% of the time even when their own
reasoning is replaced with random tokens, confirm-
ing that the trace is largely decorative; CSR-trained

models change answers 64-82% of the time (Ta-
ble 24).

E.3 Trace Dependence by Domain

Two complementary by-domain probes give a
tighter behavioral test of trace dependence. The
first probe (trace necessity) compares the model’s
answer with and without its own trace; lower with-
vs-without agreement indicates greater trace neces-
sity. The second probe (trace information content)
asks whether a separate model can recover the an-
swer from the trace alone; higher recovery indi-
cates the trace carries more answer-relevant signal.
Table 25 reports both on the same three domains.
CSR cuts trace-necessity agreement on GSM8K
from 89.2% to 54.3%, with similar drops on
HotpotQA and ProofWriter, while raising trace-
only recovery from 62.4% to 88.2% on GSM8K
and approaching the gold-trace upper bound on
ProofWriter. The two probes together indicate that
CSR-trained models are not merely sensitive to
externally-imposed perturbations, but rely more on
their generated traces when computing answers.

F Robustness Analyses

A primary concern is whether CSR’s sensitivity
to perturbations comes at the cost of brittleness
elsewhere. Table 26 shows that it does not. CSR
improves semantic input similarity from 78.2% to
94.3%, expected calibration error drops from 5.8%
to 2.7%, selective prediction at the 90% confidence
threshold rises from 82.1% to 89.3%, and adversar-
ial accuracy (Goodfellow et al., 2015) rises from
72.3% to 80.6%. Related work on adversarial ro-
bustness (Koulakos et al., 2024) shows similar ben-
efits from explanation-based training. The pattern
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Table 23: Activation-patching diagnostic. CSR increases the effect of restoring activations from the original trace,

especially in middle layers.

Method Avg IE Middle-layer IE  Edge-layer IE
Standard FT 0.1440.03 0.09+0.02 0.0540.01
Process RM 0.2140.04 0.1440.03 0.0710.02
CSR-FT (ours)  0.4740.05 0.3840.04 0.094+0.02

Table 24: Trace ablation rates on GSM8K. Higher rates indicate stronger trace dependence.

Method Random (%) Truncated (%) Shuffled (%) Irrelevant (%)
Standard FT 23.442.8 31.243.1 18.742.5 26.34+2.9
CSR-FT 78.9+2.3 71.4+2.6 64.2+2.8 82.1£2.1

is consistent: CSR produces models that are more
sensitive to meaningful logical content and more
robust to incidental surface variation.

F.1 Null Intervention Controls

To ensure that the learned sensitivity is targeted at
logical violations rather than at any change to the
trace, we evaluated null interventions: transforma-
tions that preserve semantics and should leave the
answer unchanged. Examples include arithmetic
commutativity (2+3 — 3+ 2), logical equivalence
(AN B — B A A), paraphrase (“she spent $8” —
“she paid $8”), and reordering of independent rea-
soning steps. Table 27 reports the answer preserva-
tion rate (APR) and spurious flip rate (SFR) under
three families of null interventions. CSR preserves
answers more often than standard fine-tuning and
flips less often, indicating that sensitivity is tar-
geted: the model registers logical violations but not
surface changes.

F.2 Anti-Gaming and Adversarial Resistance

A natural concern is that CSR could teach a model
superficial heuristics, such as “ignore +” or “always
treat the last operator as fixed,” rather than genuine
reasoning dependence. We tested this by training
CSR with adversarially restricted edit sets and mea-
suring whether the model retains sensitivity when
forced to handle a broader range of perturbations.
With fixed operators alone, CSR reaches 71.3%
COS, indicating some vulnerability to gaming (Ta-
ble 28). With a diverse operator set this rises to
82.1%, and with the learned editor it reaches 85.1%.
We also tested adversarial rationalization, where
the model is prompted to defend a wrong answer;
CSR-trained models exhibit substantially higher
internal conflict (0.67 vs. 0.12-0.18 for baselines)
and better resist generating post-hoc justifications.

F.3 Robustness Beyond COS

CSR’s effects extend beyond the primary metric.
Flip-precision and flip-recall (the rate at which the
model correctly flips its answer when a meaningful
change is introduced) rise from 41/56% to 89/92%,
indicating that sensitivity is targeted to causally
relevant edits.

G Generalization: Detailed Results

The main text (§5.6, Table 10) presents a com-
pressed view of CSR’s generalization across held-
out perturbations, cross-domain transfer, modern
architectures, and frontier models. This appendix
gives the full breakdown.

G.1 Seed-Level Variability

Table 30 reports the three-seed standard deviations
that are documented in our experiment logs; Pub-
MedQA is documented for all six methods. Uncer-
tainty for the principal CSR-versus-baseline com-
parisons is reported as paired-bootstrap confidence
intervals in Table 4, which does not depend on
these per-method standard deviations. The remain-
ing per-method standard deviations are released
with the artifact rather than estimated here.

G.2 Modern Architectures: Full Replication

To ensure the main findings generalize beyond
Llama-2-13B, we replicated the primary experi-
ments on Llama-3-8B, Mistral-7B-v0.3, Qwen2-
7B, and Gemma-2-9B, all released in 2024. Ta-
ble 31 shows consistent 55-63 point COS gains
across all four families with Cohen’s d > 2.2.

G.3 Held-Out Perturbations: Full Table

Table 32 shows that CSR-FT substantially im-
proves COS on perturbation families that were not
seen during training, suggesting that the learned

11338



Table 25: Trace dependence by domain, combining the trace-necessity and trace-information-content probes. The
upper block reports agreement between with-trace and without-trace answers (lower is better, indicating more
faithful traces). The lower block reports trace-only prediction: a separate model attempts to recover the answer
from the trace alone (higher is better, indicating more informative traces). Gold traces upper-bound the achievable

trace-only rate.

Probe Method / source GSMSK (%) HotpotQA (%) ProofWriter (%)
Trace necessit Standard FT 89.2+1.8 86.7+2.1 91.3+1.6
(with—vs—withgut agreement, |) Process RM 82.442.1 79.34+2.4 84.7+1.9
& ? CSR-FT (ours) 54.342.6 51.842.8 48.24+2.5
Gold traces (upper bound) 94.1£1.2 91.8+1.4 96.3+0.9
Trace information content Standard FT traces 62.442.5 59.14+2.8 64.7+2.4
(trace-only prediction, 1) Process RM traces 71.84£2.2 68.31+2.5 73.24+2.1
CSR-FT traces 88.2+1.7 85.4+£1.9 91.1+1.5

Table 26: Robustness metrics. CSR improves trace sensitivity without introducing surface brittleness.

Metric Standard FT ~ CSR-FT
Semantic input similarity (GSM8K) 78.24+4.2 94.343.1
Expected calibration error (GSM8K) 5.8+0.4 2.740.3
Selective prediction @ 90% (GSM8K) 82.1£1.2 89.3+0.9
Adversarial accuracy (GSM8K) 72.34+2.1 80.6£1.8

Table 27: Null intervention controls. CSR preserves an-
swers under semantics-preserving transformations more
reliably than standard FT.

Method Commutative  Paraphrase Reorder

APR SFR APR SFR APR SFR

Standard FT ~ 94.2 5.8 913 87 89.7 103
CSR-FT 96.8 32 95.1 49 943 57

sensitivity generalizes beyond the specific interven-
tion type used for fine-tuning.

Across both GSM8K and HotpotQA, CSR-FT
yields gains of more than 55 COS points over stan-
dard fine-tuning, indicating robust transfer to un-
seen comparison, quantifier, temporal, and causal
perturbations.

G.4 Structural Perturbations

Beyond token-level swaps, we evaluate structural
perturbations that reorganize reasoning at the sen-
tence or paragraph level. Premise deletion, step
contradiction, and conclusion swap all produce
gains comparable to token-level swaps (+50 to
+62), suggesting that CSR increases sensitivity at
the level of reasoning structure rather than token
syntax.

G.5 Cross-Domain Transfer

Table 34 reports cross-domain transfer over eight
dataset pairs, with transfer efficiency, accuracy
preservation, and operator alignment. Mathemati-

cal and logical targets show consistently high trans-
fer (84.2-90.8% efficiency, 79.2—87.3% operator
match), while semantic targets show more degrada-
tion (68.9-75.4% efficiency, 66.8—-73.1% match),
consistent with the need for domain-specific seman-
tic understanding. The summary rows average only
the eight displayed rows: 87.4% efficiency for the
five math and logic targets and 73.0% for the three
semantic targets. We do not report averages over
pairs that are not displayed.

G.6 Instruction-Tuned and Large Models

We next test whether CSR’s gains persist under
instruction tuning and increased model scale by
evaluating several instruction-tuned and large mod-
els on GSM8K (Table 35).

G.7 PubMedQA Case Study

Table 36 reports the full-CSR PubMedQA setting
discussed in §5.7, using a manually specified oper-
ator inventory and a domain-specific verifier. The
automatic-discovery variants for the same domain
are reported separately in Appendix J.

G.8 Cross-Model Detailed Analysis

Table 37 reports CSR’s portability across model
families. The upper block gives per-model effec-
tiveness across architectures (Llama 2/3, Mistral,
CodeLlama, Vicuna), and the lower block aggre-
gates the per-model rows into family-level averages
along with an overall summary line.
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Table 28: Anti-gaming ablation. Broader edit sets reduce exposure to edit-set prediction; they do not establish that
gaming is impossible, because editor and evaluation share an intervention framework.

Training strategy GSMBK COS (%) HotpotQA COS (%) Interpretation

Standard FT 224421 25.1+2.8 Baseline

CSR + fixed operators 71.3£2.9 68.7£3.1 Most exposed to edit-set prediction
CSR + diverse operators 82.1£2.4 79.84+2.6 Reduced exposure

CSR + learned editor 85.1+£2.3 84.61+2.4 Broadest trace dependence observed

Table 29: Robustness analysis on HotpotQA. CSR improves precision and recall for meaningful changes while

maintaining calibration.

Method Flip-P (%) 1 Flip-R (%) 1 ECE (%) | Entailment acc (%) 1 Paraphrase SIS (%) 1 Distractor SIS (%) 1
Standard FT 41.2 55.7 5.8 72.1 78.2 71.4
CSR-FT (ours) 89.5 92.1 5.1 84.6 94.3 91.8

Table 30: Three-seed mean + SD for the rows docu-
mented in our logs.

Dataset Method Accuracy  COS
Standard FT 81.3+0.8 22.442.1
GSMSK Process RM 81.7£0.7 52.3£2.8
CSR-FT 80.5+£0.6 85.1+£2.3
Standard FT 78.1+1.1 25.142.8
HotpotQA  Process RM 78.4+0.9 49.8+3.1
CSR-FT 77.24+0.8 84.6+2.4
ProofWriter CSR-FT 76.1 82.34+2.1
Standard FT 70.84+1.2 28.74+3.2
Process supervision 71.5+1.0 38.5+£3.0
Process RM 71.8+1.2 41.4+34
PubMedQA - Grpo 720408 43.842.7
Verifier-guided 72.1£0.9 38.9+3.1
CSR-FT 70.1£0.9 67.34+2.8

CSR-trained smaller models can match the trace
sensitivity of larger uncompressed models. A CSR-
trained 7B achieves 3.1 x higher COS than a stan-
dard 13B (70.1% vs. 22.4%) with only a 3.9-point
accuracy gap (Table 38).

G.9 Zero-Shot Transfer and Inference-Time
Synergy

Self-consistency decoding benefits from a more
trace-sensitive base model: CSR-FT with self-
consistency reaches 85.7% accuracy on GSM8K
versus 84.1% for standard FT with self-consistency.

G.10 Dialogue, Narrative, and Open-Ended
Domains

To probe the limits of CSR’s applicability beyond
structured reasoning, we tested it on dialogue (Per-
sonaChat) and narrative (ROCStories). Opera-
tors for dialogue include emotional markers, topic

shifts, and stance indicators; for narrative they in-
clude temporal connectives, causal relations be-
tween events, and character motivations. CSR
yields meaningful but more modest gains (13—-15
COS points). These results support the applica-
bility taxonomy: CSR is useful but less dominant
in domains where consequential edit targets are
harder to define.

G.11 Retrieval-Augmented QA Pilot

To probe applicability further, we conducted a pilot
study on Natural Questions with retrieval augmen-
tation. Models retrieve top-5 passages using DPR,
then generate reasoning traces citing specific evi-
dence spans before producing answers. Operators
include evidential markers, causal connectives, and
citation references; the verifier checks citation accu-
racy and logical consistency between evidence and
conclusions. CSR improves COS by 16.6 points
while maintaining accuracy, with substantial gains
in citation accuracy and evidence consistency.

G.12 Zero-Shot Evaluation on Large
Pretrained Models

CSR principles, incorporated via prompting, im-
prove trace sensitivity across naturalistic reason-
ing problems and a wider set of open-ended tasks.
Table 43 reports both sets together: the upper
block covers legal, scientific, and financial rea-
soning (where prompted-CSR yields 16—18 point
gains), and the lower block covers conversational,
narrative, commonsense, and ethics tasks (where
gains range from 12-17 points, with commonsense
the strongest). Within the large-model regime,
prompted-CSR improvements increase with scale
(Table 44).
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Table 31: Primary results replicated on modern architectures. Gains are consistent across model generations.

Model Released Dataset Standard FT COS CSR-FT COS ACOS Acc (Std/CSR) Cohen’s d
GSMSK 24.142.3 86.7+2.1 +62.6 83.2/82.1 2.51
Llama-3-8B Apr 2024  HotpotQA 27.342.5 85.94+2.2 +58.6 79.4/78.3 2.38
ProofWriter 21.842.4 83.4+2.0 +61.6 78.7/71.5 2.54
GSMSK 25.7+2.4 84.24+2.2 +58.5 82.1/81.0 241
Mistral-7B-v0.3 May 2024  HotpotQA 28.94+2.6 83.74£2.3 +54.8 78.2/77.1 2.29
ProofWriter 23.442.5 81.9+£2.1 +58.5 77.3/76.2 2.47
GSMS8K 26.3+2.3 85.8+2.0 +59.5 84.7/83.5 2.45
Qwen2-7B Jun 2024 HotpotQA 29.14£2.5 84.1+2.2 +55.0 80.1/79.0 2.31
ProofWriter 24.242.4 82.6+2.1 +58.4 79.2/78.1 2.49
GSMSK 27.842.4 87.3+1.9 +59.5 85.3/84.2 2.43
Gemma-2-9B Jun 2024 HotpotQA 30.2+2.6 85.2+2.1 +55.0 81.2/80.1 2.28
ProofWriter 25.1£2.5 83.8+2.0 +58.7 80.1/79.0 2.46

Table 32: Held-out perturbation generalization. CSR trained on one intervention family transfers to unseen

perturbation types.

Test condition Standard FT COS  CSR-FT COS  ACOS
GSMSK: comparison ops (<, >, =) 12.3+2.1 71.4+3.2 +59.1
GSMBK: quantifiers (all/some) 8.7£2.3 64.2+3.4 +55.5
HotpotQA: temporal (before/after) 15.6+2.4 76.8+3.1 +61.2
HotpotQA: causal connectors 18.242.7 73.54£3.3 +55.3

Table 33: Structural perturbations on GSM8K. Gains
track those for token-level swaps.

Perturbation Std FT CSR A

Token operator swap 22.4 85.1 +62.7
Premise deletion 18.7 73.4 4547
Step contradiction 152 76.8 +61.6
Conclusion swap 20.1 70.2  +50.1

G.13 Synthetic Benchmark with Known
Causal Structure

To quantify the gap between theory and practice,
we created a synthetic reasoning benchmark in
which ground-truth causal dependencies are known.
Our heuristic interventions align with true causal
structure in 65-94% of cases depending on graph
complexity, and CSR effectiveness tracks this align-
ment closely (Table 45).

G.14 Qualitative Example
H Extended Frontier Models Analysis

The main-text Table 10 samples the frontier evalu-
ation; Table 47 reports the comprehensive twenty-
configuration evaluation across seven model fami-
lies.

Several patterns are worth noting. Fine-tuned
CSR consistently produces 57-67 point COS im-
provements on open-weight models from Llama-

2-13B through Llama-3.3-70B, indicating that the
method’s effectiveness is not specific to a particular
generation. DeepSeek-R1-Distill-14B has a sub-
stantially higher baseline COS (36.8%) than typi-
cal 14B models, reflecting the effect of RL-based
reasoning training; CSR still adds +57.4 points
on top, indicating that CSR captures a dimension
of trace sensitivity not already addressed by RL-
based reasoning training. Prompted CSR consis-
tently produces 13—19 point gains on frontier API
models, with the largest gain on GPT-40 (+18.9).
The gap between fine-tuned CSR (+57 to +66) and
prompted CSR (+13 to +19) quantifies the cost of
being unable to update weights.

I Ablations and Failure Analysis

I.1 Comprehensive Ablation Study

Table 48 isolates the contribution of each CSR
component across GSMSK, HotpotQA, and
ProofWriter, together with divergence and A vari-
ants. The learned editor is the largest single con-
tributor: replacing it with random operator swaps
drops COS from 85.1 to 61.2 on GSMS8K, a 24-
point loss. Removing the multi-edit policy costs 7
points; removing the impact reward costs 12 points;
removing the validity reward costs 15 points. The
choice of divergence matters by only 1-3 points; A
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Table 34: Cross-domain transfer over the eight displayed dataset pairs. Summary rows average only the displayed

Trows.
Source Target Baseline COS ~ Transferred COS  Transfer eff. ~ Acc. preserved ~ Operator match
GSMS8K SVAMP 18.3+2.4 712431 90.8 98.2% 87.3%
GSM8K AQuA 22.142.6 68.7£3.2 87.6 97.8% 84.1%
GSMS8K MATH 19.742.3 69.8+3.0 88.9 97.5% 85.7%
ProofWriter LogicNLI 19.442.3 65.3+3.4 84.2 96.9% 79.2%
ProofWriter RuleTaker 21.242.5 67.14£3.3 85.7 97.1% 81.4%
HotpotQA NaturalQuestions (Kwiatkowski et al., 2019) 23.842.7 58.9+3.6 74.8 95.3% 72.6%
HotpotQA WebQuestions 24.34+2.8 59.743.5 75.4 95.7% 73.1%
PubMedQA MedQA 28.743.1 542438 68.9 94.2% 66.8%
Displayed math/logic rows (n=5) 20.1 69.6 87.4 97.5% 83.5%
Displayed semantic rows (n=3) 25.6 57.6 73.0 95.1% 70.8%

Table 35: Instruction-tuned and large models on GSM8K. CSR adds substantial gains on top of instruction tuning

and scales positively with model size.

Model Standard FT COS CSR-FT COS ACOS
Llama-3-8B-Instruct 31.2+24 82.4+2.3 +51.2
Mistral-7B-Instruct 33.842.5 80.74+2.4 +46.9
Llama-3-70B 28.4+2.1 91.2+1.8 +62.8
Qwen2-72B 29.7£2.0 92.1£1.7 +62.4

Table 36: PubMedQA results with a manually specified
operator inventory and domain-specific verifier. CSR
improves trace sensitivity in biomedical reasoning while
maintaining accuracy.

Model Acc. (%) COS (%) SIS (%)
Standard FT 70.8+1.2 28.74£3.2 65.844.2
Process RM 71.8412 414434 69.5+4.1
CSR-FT (ours) 70.1£0.9 67.3+2.8 86.2+3.1

has an optimum near 0.5 and a robust plateau on
[0.3,0.7].

LI.2 Why Not a Simpler Method?

Table 6 in the main text compares CSR against
several simpler interventions that also train on cor-
rupted traces: training on corrupted traces as nega-
tives, dropout on trace tokens, contrastive losses on
correct and corrupted traces, auxiliary prediction
of intermediate values, and CSR with random op-
erator swaps. Each provides modest gains (35-62
COS), but the learned editor’s ability to target con-
sequential operators is what produces the 85-point
result.

LI.3 Divergence Robustness

CSR is robust across divergence choices: KL, JS,
total variation, x2, and a-divergence all produce
results within 4 points on GSMS8K (Table 49). The
3.6 point drop for total variation at 7y — Ois a
numerical artifact from gradient discontinuity; tem-
perature scaling at 7 = 1.0 recovers most of the
gap. KL is the default for its simplicity, smooth-

ness, and widespread use.

1.4 Operating Curve over \

Table 51 gives the operating curve discussed in
§5.9: performance remains stable across a broad
middle range, while very small or very large values
reduce COS or accuracy. Deployments that priori-
tize accuracy can select a smaller A and still obtain
a large COS gain over standard fine-tuning.

1.5 Editor Ablation Detail

Table 52 breaks down the contribution of each edi-
tor component, showing that conditioning, impact
rewards, validity rewards, and multi-edit capability
all improve GSMSK COS.

1.6 Multi-Edit Depth

Multi-edit policies with L = 2—3 provide the opti-
mal balance between increased difficulty and com-
putational cost. Adaptive policies that select edit
depth based on input complexity achieve the best
results.

I.7 Training Dynamics

CSR’s training dynamics are stable. COS rises
from 45.2% at epoch 1 to 82.1% at epoch 3 and sta-
bilizes around 85% by epoch 5. The KL divergence
between original and counterfactual distributions
rises monotonically from 0.12 to 0.46, indicating
growing sensitivity to interventions.
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Table 37: Cross-model analysis: per-model CSR effectiveness across architectures (upper block) with family-level

aggregates and overall summary (lower block).

Model Size Baseline COS CSR COS ACOS Overhead Transfer success
Per-model results
Llama-2-7B 7B 18.7+2.3 70.1+3.2 +51.4 8.7+0.8 95.2%
Llama-2-13B 13B 22.4+2.1 85.14+2.3 +62.7 9.0+0.6 96.7%
Llama-3-8B 8B 19.3+2.4 71.843.1 +52.5 8.94+0.7 95.8%
Llama-3-70B 70B 24.142.2 91.74+2.0 +67.6 8.44+0.5 97.1%
Mistral-7B 7B 20.242.5 73.243.3 +53.0 9.9+0.2 94.2%
CodeLlama-13B 13B 21.8+2.3 79.5+2.9 +57.7 8.940.6 95.8%
Vicuna-13B 13B 23.1+2.4 79.0+£3.0 +55.9 9.6+0.4 94.7%
Family-level aggregates
Llama family (2-13B, 3-8B, 3-70B) — — — +58.8+1.9 8.440.7 96.7%
Mistral family (7B) — — — +53.0+2.1  9.940.2 94.2%
Code models (CodeLlama-13B) 13B — — +57.7 8.9 95.8%
Chat models (Vicuna-13B) 13B — — +55.9 9.6 94.7%
Overall (6 models) — — — +56.4+2.8 9.240.6 95.4%

Table 38: Model efficiency: CSR-trained 7B achieves higher trace sensitivity than standard 13B.

Model Params Training Accuracy (%) COS (%)
Llama-2-7B B Standard FT 78.2+0.9 18.742.3
Llama-2-7B 7B CSR-FT 77.4+0.8 70.1+£2.8
Llama-2-13B 13B Standard FT 81.3+0.8 22.442.1
Llama-2-13B 13B CSR-FT 80.5+0.6 85.1+2.3
CSR-7B vs Standard-13B — — -39 +47.7

I.8 Computational Efficiency

Efficient CSR achieves nine percent training over-
head with 4.2% memory overhead. In our mea-
sured runs (Table 55), it obtains higher COS per
GPU-hour than the baselines (0.579 vs. 0.335 for
process reward models). We treat this as an em-
pirical efficiency comparison on the present bench-
mark, not a general Pareto-optimality claim.

L.9 Operator Noise Sensitivity

CSR exhibits graceful degradation under opera-
tor noise (Table 56): maintaining effectiveness up
to 20% noise and providing meaningful improve-
ments even at 40% noise. Recovery strategies be-
come more important as noise increases.

L1.10 Assumption Violations

Table 57 summarizes when CSR’s validity con-
ditions begin to fail, showing that weak operator
precision, low intervention coverage, insufficient
regularization, or non-causal perturbations can sub-
stantially reduce the expected gains.

J Operator Discovery and Open-Domain
Extension

CSR extends naturally beyond manually-defined
operators through automatic discovery. For struc-
tured domains, operators are identified via syntac-
tic patterns (arithmetic symbols, logical connec-
tives) with 89-94% discovery precision. For semi-
structured domains such as PubMedQA, we use a
hybrid approach combining NER for biomedical
entities, dependency parsing for causal verbs in the
linguistic sense, and pattern matching for clinical
reasoning markers, achieving 74-78% discovery
precision. For open-ended domains, automatic op-
erator discovery uses contrastive learning on input-
output pairs to identify high-impact trace tokens,
with precision varying from 52-69% depending on
domain complexity.

We define consequential edit targets as trace to-
kens or spans whose modification produces a sys-
tematic change in the model’s answer distribution
under the accepted edit distribution. This is an em-
pirical sensitivity notion, not a causal guarantee.
We train a meta-verifier to identify such targets by
predicting which tokens, when modified, produce
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Table 39: Zero-shot domain transfer of CSR-trained models.

Train domain Test domain Standard COS (%) CSR COS (%) Improvement

GSM8K AQuA 34.2 51.7 +17.5

GSM8K SVAMP 28.1 49.3 +21.2

HotpotQA NaturalQuestions 23.8 41.2 +17.4

ProofWriter LogicNLI 194 38.7 +19.3

Table 40: Self-consistency results with CSR. Table 42: Retrieval-augmented QA pilot.
Greedy +self- Method Acc COS Citation F1  Evid. cons.
Model acc (%) consist (%)
Standard FT  42.1 18.3 0.31 0.58

Standard FT (Llama-2-13B) 81.3 84.1 CSR-FT 41.7 349 0.47 0.73
CSR-FT (Llama-2-13B, ours) 80.5 85.7

Table 41: CSR effectiveness on dialogue and narrative.

Task Dataset Std COS  CSR COS
Dialogue  PersonaChat 28.4 41.7
Narrative =~ ROCStories 24.1 36.8
large answer-distribution shifts:
Laiscover = —E7 7 | log p(consequential | ¢)
(7)
JE[Ap(Y) > 7]].

where Ap(Y') is the change in answer distribu-
tion and 7 is a threshold. On PubMedQA the
meta-verifier achieves 74.1% precision and 91.2%
coverage, enabling CSR application with 58.9%
COS, which still exceeds all baselines despite im-
perfect operator identification (Table 58). This is
a different setting from the 67.3% obtained with a
manually specified operator inventory and domain-
specific verifier (Table 36); the two numbers refer
to different operator/verifier regimes and should
not be quoted interchangeably.

Error analysis on automatic operator discovery
shows that false positives concentrate in discourse
markers and weak epistemics; targeted filtering
of these recovers 2.1 COS points with negligible
recall loss. COS degrades smoothly under label
noise (drops of 2.7, 6.4, and 11.2 points at 10%,
20%, and 30% noise respectively).

J.1 Comprehensive Operator Discovery

Tables 58 and 59 summarize the effectiveness of
different operator discovery strategies and break
down the learned PubMedQA operators by cate-
gory, showing how discovery quality varies across
structured, biomedical and open-ended domains.

J.2 Scalability across Domains

Automatic operator discovery achieves 69-89%
precision across domains of varying complexity;
structured domains show higher precision than
open-ended ones. The learned approach eliminates
manual effort while maintaining 77-93% of man-
ual COS performance.

J.3 Universal Meta-Verifier

We conducted preliminary experiments on a uni-
versal meta-verifier that learns to identify high-
impact trace operations across domains without
task-specific training. The universal meta-verifier
achieves 69—75% precision on completely unseen
domains, compared with 74-85% for domain-
specific verifiers. The resulting COS (61-78%)
remains substantially higher than standard fine-
tuning (22-29%), suggesting that domain-general
operator identification is feasible. This cross-
domain range is the “universal meta-verifier” row
of Table 8, and it is distinct from the per-dataset
learned-discovery results above.

K Failure Analysis and Mitigation
Strategies

CSR’s effectiveness varies systematically with op-
erator precision and verifier reliability. Below 60%
operator precision, regularization signals become
noisy enough to harm rather than help training.
In domains with ambiguous causal structure such
as creative writing or dialogue, identifying which
tokens to perturb becomes problematic. When mul-
tiple reasoning paths lead to the same answer, per-
turbing individual operators may not change out-
comes, weakening the training signal.

Four common failure modes deserve specific at-
tention. Trace incoherence occurs when the learned
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Table 43: Zero-shot prompted-CSR evaluation, combining naturalistic reasoning (upper block) with broader open-

ended tasks (lower block). The lower block adds a transfer-quality column not measured in the upper block; “—

marks cells that do not apply.

29

Task type Model Dataset Baseline COS  CSR-prompted COS Improvement Transfer quality
Naturalistic reasoning problems
Legal reasoning GPT-4 — 31.4 48.7 +17.3 —
Legal reasoning Claude — 332 51.1 +17.9 —
Scientific analysis GPT-4 — 28.9 45.2 +16.3 —
Scientific analysis Claude — 30.1 47.8 +17.7 —
Financial planning ~ GPT-4 — 35.7 52.3 +16.6 —
Financial planning  Claude — 37.2 54.1 +16.9 —
Diverse open-ended tasks
Conversation GPT4 PersonaChat 28.7 42.1 +13.4 Moderate
Conversation Claude-3 BlendedSkill 31.2 45.8 +14.6 Moderate
Narrative GPT-4 ROCStories 24.3 37.9 +13.6 Moderate
Narrative Claude-3  WritingPrompts 26.8 39.2 +12.4 Moderate
Commonsense GPT-4  CommonsenseQA 354 52.7 +17.3 Good
Commonsense Claude-3 PIQA 339 51.2 +17.3 Good
Ethics GPT4 ETHICS 29.1 43.8 +14.7 Moderate
Ethics Claude-3 Moral stories 31.6 46.3 +14.7 Moderate
Table 44: CSR evaluation on large pretrained models via prompting interventions.
Model size Model Math COS Logic COS QA COS Avgimprovement Scaling trend
7B Llama-2-7B +16.2 +14.8 +15.3 +15.4 —
13B Llama-2-13B +17.1 +15.6 +16.2 +16.3 Improving
70B Llama-2-70B +18.4 +16.9 +17.5 +17.6 Improving
175B+ GPT-4 +19.2 +17.8 +18.1 +18.4 Improving

editor produces edits that disrupt overall trace logic;
a stricter syntactic filter recovers 3.1 COS points.
Redundant edits target tokens with minimal influ-
ence; influence-guided edit targeting recovers 4.6
points. Adversarial compliance is what happens
when models learn to ignore perturbed positions;
multi-edit policies with L = 2—3 recover 3.8 points.
Semantic drift occurs when edits preserve syntax
but change meaning; an NLI guard combined with
calibration recovers 2.4 points. Table 63 consoli-
dates both the four-way taxonomy of editor-side
failure types and the six-way taxonomy of broader
CSR failure modes.

We use three empirical operating regions for op-
erator precision: reliable above 78%, caution be-
tween 60% and 78%, and not recommended below
60%. In the reliable region the validity conditions
in Section 4 approximately hold and CSR delivers
its largest gains. In the caution region, gains at-
tenuate, COMP/SUFF can become preferable, and
confidence gating (7, = 0.7) is essential. In the
not-recommended region, the CSR signal is too
noisy to use. Empirically, when operator preci-

sion drops to 65%, COMP/SUFF can outperform
CSR by 7-11 points; below 50%, the regularization
signal becomes too noisy to be useful, consistent
with the decomposition in Appendix C.2. For veri-
fier precision we report the empirical crossover of
the controlled GSM8K sweep at 78.6%, with the
corresponding HotpotQA condition at 74.2%, and
we do not generalize either figure into a domain-
independent constant. The robust range for the
regularization coefficient is A € [0.3,0.7].

L Extended Related Work

This appendix expands the related work discus-
sion in Section 2 along five axes: faithfulness in
language models, process supervision, counterfac-
tual evaluation, robustness, and reasoning. CSR is
closest to work that intervenes on chain-of-thought
traces to test whether the final answer changes. Our
contribution is to turn verifier-approved trace inter-
ventions into a training signal and to evaluate when
that signal is useful.

Faithfulness measures for natural-language
explanations distinguish techniques that probe
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Table 45: Synthetic benchmark results: CSR performance vs. ground-truth causal structure.

Causal structure Heuristic match (%) CSR effect Theoretical prediction Gap
Linear chain 94.2 High High Minimal
Tree structure 87.6 High High Small
DAG with confounders 78.3 Medium Medium Moderate
Complex dependencies 65.1 Low Low Moderate

Table 46: Qualitative comparison of standard vs. CSR-trained model outputs on GSM8K.

Standard FT (unfaithful)

CSR-FT (faithful)

Question: Jessie has 20 dollars and buys 4 packs at $2
each; how much money is left?

Same question

“Jessie buys some packs. The cost is $2 each. She started
with $20. She has some money left.”
Answer: 12 v

“Jessie buys 4 packs at $2 each: 4 x 2 = 8 dollars total
cost. She had $20: 20 — 8 = 12 dollars left.”
Answer: 12 v

Operator swap test (— to + in trace): Model still answers
12 (unfaithful)

Operator swap test: Model now answers 28 (faithful)

whether explanations affect predictions. Compre-
hensiveness and sufficiency (DeYoung et al., 2020)
measure the effect of removing or retaining ratio-
nale tokens. Lanham et al. (2023) use interventions
on chain-of-thought traces to measure faithfulness,
and Turpin et al. (2023) show that generated expla-
nations can misrepresent the features driving pre-
dictions. Lyu et al. (2024) survey the broader land-
scape. Process supervision (Lightman et al., 2024;
Uesato et al., 2022) rewards step-level correctness
as judged by humans or learned reward models.
Recent work on causal interpretability (Meng et al.,
2022; Ghandeharioun et al., 2024) locates and edits
factual associations in language models, provid-
ing techniques that complement CSR’s training-
time interventions. Robustness work on adver-
sarial training (Goodfellow et al., 2015; Koulakos
et al., 2024) is related in spirit because CSR also
trains against structured perturbations. Reasoning
techniques span chain-of-thought prompting (Wei
et al., 2023; Kojima et al., 2022), self-consistency
(Wang et al., 2023), and tool-augmented reason-
ing (Olausson et al., 2023); CSR complements
rather than replaces these methods and benefits
from their inference-time advances. Surveys by
Huang and Chang (2023); Qiao et al. (2023) pro-
vide broader context, and prior work using counter-
factual prompts (Yu et al., 2025) or human-verified
reasoning (Lyu et al., 2023; Madsen et al., 2022)
pursues related goals. CSR complements these
approaches by using counterfactual trace edits dur-
ing training, while retaining the limitation that edit

and verifier quality determine the usefulness of the
signal.

M Implementation: Loss Functions and
Training Routines

The implementation is a thin extension of standard
supervised fine-tuning, with the editor and veri-
fier called once per training example. Listing 1
gives the core CSR loss function, Listing 2 the
token-subset optimization, Listing 3 the warm-start
curriculum, and Listing 4 the editor reward.

Listing 1: CSR loss function with answer-space projec-
tion and verifier gating.

def compute_csr_loss(
model,
batch,
editor,
verifier,
answer_projector,
lambda_csr=0.5,
verifier_threshold=0.7,
temperature=1.2,
max_csr=10.0,

"""Compute task loss minus gated CSR
—» divergence.

answer_projector maps sequence logits to

— task-specific answer logits.

The KL direction is KL(stopgrad(p_orig) ||

— p_cf).

outputs_orig = model(
input_ids=batch["input_ids"],
attention_mask=batch.get("attention_mask

% “)7

)

answer_logits_orig = answer_projector(

— outputs_orig.logits, batch)
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Table 47: Frontier and recent model evaluation. Fine-tuned CSR is used where weights are accessible; prompted

CSR is used where only API access is possible.

Model Released

Eval mode

Std/Base COS (%) CSR COS (%) ACOS

Open-weight, fine-tuned CSR

Llama-3.3-70B-Instruct Dec 2024  Fine-tuned 29.1£2.0 94.6+1.6 +65.5
DeepSeek-R1-Distill-14B  Jan 2025  Fine-tuned 36.8+2.4 94.2+1.8 +57.4
Qwen2.5-72B-Instruct Sep 2024  Fine-tuned 30.4+2.1 93.9+1.7 +63.5
Mistral-Large-2 Jul 2024  Fine-tuned 27.8+£2.2 92.7+£1.8 +64.9
Phi-3-Medium-14B Apr 2024  Fine-tuned 28.4+2.3 91.3+1.9 +62.9
Qwen3-14B Apr 2025  Fine-tuned 26.2+24 89.7£2.0 +63.5
Frontier API models, prompted CSR
GPT-40 May 2024 Prompted 47.0£2.5 65.9+2.5 +18.9
Claude 4 Opus Mar 2025  Prompted 492423 63.5+2.2 +14.3
Claude 4 Sonnet Feb 2025  Prompted 45.74+2.4 61.6+2.3 +15.9
Gemini 2.0 Pro Feb 2025  Prompted 46.3+£2.5 63.5+2.4 +17.2
Qwen2.5-Max Jan 2025  Prompted 441424 60.7£2.3 +16.6
ol Sep 2024 Prompted 48.5+2.6 62.9+2.5 +14.4
03-mini Jan 2025  Prompted 51.24£2.5 64.84+2.4 +13.6
Smaller modern models (for context)
Llama-3-8B Apr 2024  Fine-tuned 24.14+2.3 86.71+2.1 +62.6
Mistral-7B-v0.3 May 2024  Fine-tuned 25.7+2.4 84.24+2.2 +58.5
Qwen2-7B Jun 2024  Fine-tuned 26.3£2.3 85.8£2.0 +59.5
Gemma-2-9B Jun 2024  Fine-tuned 27.8+2.4 87.3+1.9 +59.5
Llama-3-70B Apr 2024  Fine-tuned 28.4+2.1 91.2+1.8 +62.8
Qwen2-72B Jun 2024  Fine-tuned 29.74+2.0 92.14+1.7 +62.4
Llama-2-13B (primary) Jul 2023 Fine-tuned 224421 85.1+2.3 +62.7

task_loss = F.cross_entropy(

— answer_logits_orig, batch["answer_labels”

s ])

with torch.no_grad():

edits = editor.generate_counterfactuals(

batch["input_ids"],
batch["reasoning_traces"],
max_edits=3,
min_impact=0.1,

)

accepted = verifier.accepts(
batch["reasoning_traces"],
edits["perturbed_traces"],
threshold=verifier_threshold,

)

if not accepted.any():
return task_loss

outputs_cf = model(
input_ids=edits["perturbed_ids"],

attention_mask=edits.get("attention_mask

c > ll),

)

answer_logits_cf = answer_projector(
<> outputs_cf.logits, batch)

Lis

log_p_cf = F.log_softmax(
answer_logits_cf[accepted] / temperature,

— dim=-1)

p_orig = F.softmax(
answer_logits_origlaccepted].detach() /

> temperature, dim=-1)

csr_loss = F.kl_div(log_p_cf, p_orig,

> reduction="batchmean")

csr_loss = torch.clamp(csr_loss, max=max_csr

[N

> )

return task_loss - lambda_csr * csr_loss

ting 2: Token subset optimization for efficient train-

ing.
class CSRTokenSubset:
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def __init__(self, max_perturb_ratio=0.15,

< importance_threshold=0.3):
self.max_perturb_ratio =

< max_perturb_ratio
self.importance_threshold =

<> importance_threshold

def select_perturbation_tokens(self,

— trace_tokens, gradients):
"""Select critical tokens for

< perturbation using gradients."""



Table 48: Comprehensive ablation study: component contributions to CSR effectiveness across GSM8K, HotpotQA,

and ProofWriter, with divergence and A variants.

Component GSMS8K COS HotpotQA COS ProofWriter COS  Acc. impact
Full CSR 85.1+2.3 84.61+2.4 82.31+2.1 —-1.2
w/o learned editor (random) 61.2+3.1 59.843.2 58.3+2.9 —-0.8
w/o multi-edit policy 78.4+2.6 77.1£2.7 75.9+2.4 —0.6
w/o impact reward 73.2+2.8 71.8£2.9 70.4+2.6 -04
w/o validity reward 69.7+3.0 68.31+3.1 67.1+£2.8 —0.3
w/o minimality penalty 81.3+2.4 80.24+2.5 78.7£2.2 -0.9
KL — JS divergence 83.7+2.5 82.44+2.6 81.0+2.3 —0.2
KL — TV distance 82.4+2.7 81.1+2.8 79.8£2.5 —0.1
A =0.3 (low) 78.3£2.5 74.6+2.8 76.2+2.4 —0.3
A = 0.7 (high) 84.9+24 84.3+£2.5 81.84+2.2 —1.8

Table 49: f-divergence robustness on GSM8K. COS remains within 4 points across divergence choices.

f-divergence (CSR loss) GSMS8K COS (%) ECE (%) Conf—probslope Brier
KL (default) 85.1+2.3 2.7 0.96 0.13
Jensen—Shannon (JSD) 84.442.4 2.6 0.95 0.13
Total Variation (TV) 81.54+2.6 3.0 0.92 0.14
x? divergence 84.0£2.5 2.8 0.94 0.14
a-divergence (a«=0.5) 84.74+2.4 2.7 0.95 0.13
KL + temperature scaling (7=1) 85.1£2.3 2.7 0.96 0.13
KL + temperature scaling (7=1.5) 84.6+2.4 2.5 0.97 0.13
KL + label smoothing (e=0.05) 84.8£2.4 24 0.97 0.12

Table 50: f-divergence comparison across domains.

Table 52: Detailed editor ablation.

Divergence GSMSK  HotpotQA  ProofWriter ~PubMedQA
KL (default) 85.1 84.6 823 67.3
Jensen-Shannon 84.4 83.9 81.7 66.8
Total Variation 81.5 80.8 78.9 64.5

Table 51: Operating curve: CSR performance across A
values on GSM8K.

A value COS (%)  Accuracy (%) Stability
0.1 (accuracy-first) 67.24+3.4 81.1£0.7 High
0.3 (lower bound) 78.34+2.5 80.8+0.6 High
0.5 (default) 85.14+2.3 80.54+0.6 High
0.7 (upper bound) 84.94+2.4 79.7+0.7 High
0.9 (over-regularized) 81.24+2.7 77.8£0.9 Medium

importance_scores =
— compute_token_importance(
trace_tokens, gradients)
critical_indices = (
importance_scores > self.
— importance_threshold).nonzero()
max_tokens = int(len(trace_tokens) *
— self.max_perturb_ratio)
if len(critical_indices) > max_tokens:
top_indices = torch. topk(
importance_scores[
< critical_indices], max_tokens).indices
critical_indices = critical_indices[
— top_indices]

Editor configuration GSMS8K COS (%) A

No editor (random ops) 61.24+3.1 —23.9
Unconditional editor 67.44+2.9 —17.7
Conditional, no impact reward 73.2+2.8 —11.9
Conditional, no validity reward 69.7£3.0 —154
Conditional, single-edit only 78.4£2.6 —6.7
Full learned editor (default) 85.14+2.3 0

return critical_indices

Listing 3: Step-based warm-start curriculum.

class CSRWarmStartCurriculum:

def __init__(self, warmup_steps=0,

— ramp_steps=1000, target_lambda=0.5):
self.warmup_steps = warmup_steps
self.ramp_steps = ramp_steps
self.target_lambda = target_lambda

def get_lambda(self, global_step):
"""Increase CSR strength by step count,
<> not epoch count."""
if global_step < self.warmup_steps:
return 0.0
progress = (global_step - self.
— warmup_steps) / max(1, self.ramp_steps)
progress = min(max(progress, 0.0), 1.0)
return self.target_lambda * progress
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Table 53: Multi-edit ablation: dep

th and policy effectiveness.

Configuration Edit depth COS (%) Computational cost (%) Adversarial resistance
Single edit (baseline) 1 76.4+2.4 +9.0 Low
Random multi-edit 2 80.7+2.3 +9.8 Medium
Random multi-edit 3 82.1£2.2 +10.6 Medium
Learned multi-edit 2 83.9£2.1 +9.6 High
Learned multi-edit 3 85.1+2.0 +10.2 High
Adaptive policy 1-3 85.7+2.0 +10.4 Very high

Table 54: Long-term training dynamics

: CSR stability and convergence.

Epoch COS (%) Acc(%) CSRloss

Task loss KL div. Stability

45.243.1 79.84£0.9 0.38+0.04
68.7+£2.8 80.2+0.7 0.31£0.03
82.1+2.4 80.5+£0.6 0.24+0.02
84.6+2.3 80.4+0.6 0.22+0.02
85.1£2.3 80.5+0.6 0.21+0.02
85.3+2.2 80.3+£0.7 0.21£0.02

AN DN AW =

0.424+0.03 0.12+0.02  High
0.39+0.03  0.28+0.03 High
0.38+0.03 0.41+0.04  High
0.37£0.03 0.45+0.04  High
0.37+£0.03 0.46+0.04  High
0.37£0.03 0.46+0.04  High

Listing 4: Editor reward with verifier validity, impact,
and minimality terms. The formal method is p(Y |
X, T), so the impact term conditions on input X as well
as the trace.

def compute_editor_reward(
model,
input_example,
trace,
perturbed_trace,
verifier,
answer_projector,
lambdas=(1.0, 0.1, 0.05),
eps=le-8,

"""Reward edits that are valid-to-invalid,
<5 impactful, and minimal.

impact_reward is KL(p(Y|X,T') || p(Y|X,T)),
< computed on the answer
space defined by answer_projector.
<~ Conditioning on input_example is
essential for QA-style tasks where the
< question/context determines
which trace operations are consequential.
lambda_v, lambda_i, lambda_l = lambdas
validity_reward = float(
verifier.is_valid(trace)
and not verifier.is_valid(
—» perturbed_trace)

)

with torch.no_grad():
p_orig = model.predict_distribution(
input_example, trace,
—» answer_projector
).clamp_min(eps)
p_pert = model.predict_distribution(
input_example, perturbed_trace,
—» answer_projector
).clamp_min(eps)

p_orig = p_orig / p_orig.sum(dim=-1,
— keepdim=True)
p_pert = p_pert / p_pert.sum(dim=-1,
— keepdim=True)
impact_reward = F.kl_div(
p_pert.log(), p_orig, reduction="
<> batchmean”).item()

edit_length = compute_edit_distance(trace,
< perturbed_trace)
length_penalty = edit_length / max(1, len(
— trace.split()))
return (lambda_v * validity_reward

+ lambda_i * impact_reward

- lambda_l * length_penalty)

11349



Table 55: Computational efficiency. Top block reports full per-run resource usage on GSM8K and HotpotQA,
including a comparison to a non-efficient full-CSR variant. Bottom block reports detailed cost-per-COS metrics on
GSMBSK.

Method GPU-h  Wall-clock (h) Memory (GB) Token updates COS (%) Acc (%) COS/GPU-h
GSMS8K (Llama-2-13B)
Standard FT 135 16.8 42.3 2.1M 22.442.1 81.3+0.8 0.166
Process reward model 156 19.5 48.7 2.4M 52.3+2.8 81.7+0.7 0.335
Efficient CSR (ours) 147 18.3 44.1 2.3M 85.1+£2.3 80.54+0.6 0.579
Full CSR 259 324 52.6 2.3M 86.2+2.1 80.14+0.7 0.333
HotpotQA (Llama-2-13B)

Standard FT 267 33.4 43.8 4.2M 25.142.8 78.1%1.1 0.094
Process reward model 298 37.3 51.2 4.TM 49.843.1 78.4+0.9 0.167
Efficient CSR (ours) 289 36.1 459 4.6M 84.6+2.4 77.240.8 0.293
Full CSR 521 65.1 56.3 4.6M 85.8+2.2 76.840.9 0.165

Method GPU-hours Memory (GB) COS/GPU-h  Cost/COS pt

GSMSK cost-per-COS detail

Standard FT 135 42.3 0.166 $60.27

Process RM 156 48.7 0.335 $29.83

GRPO 152 47.2 0.360 $27.78

Verifier-guided 148 45.8 0.325 $30.77

CSR-FT (ours) 147 441 0.579 $17.27

CSR vs Process RM 0.94 x 0.91x 1.73x 0.58x

CSR vs GRPO 0.97x 0.93 % 1.61x 0.62x

Table 56: Operator noise sensitivity.

Noise level (%) Operator precision (%) COS performance Recovery strategy  Effectiveness

0 (perfect) 100.0 86.2+2.0 — —
10 90.1 84.3£2.1 None needed —
20 80.7 81.4+2.4 Conservative A 85%
30 71.2 75.8+£2.7 Confidence gating 78%
40 62.4 67.3£3.1 Domain adaptation 64%
50 53.8 56.94+3.5 Pre-filtering 41%

Table 57: Empirical validation of the validity conditions and consequences of violating them.

Assumption violation Consequence Empirical performance
Operator precision < 60% Not recommended 65% precision — COMP/SUFF > CSR
Intervention coverage a < 50% Shortcuts retained 30% coverage — 25% shortcut rate
A<0.1 Insufficient regularization ~ A = 0.05 — 12% improvement only
Non-causal interventions Wrong gradient direction Random tokens — no improvement
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Table 58: Comprehensive operator discovery validation across discovery methods. The PubMedQA block is the
comparison against the manual gold standard and resolves the distinction between the 67.3 full-CSR result and the
58.9 learned-discovery result.

Discovery method

Precision (%)

Recall (%) Coverage (%) COS (%)

PubMed(QA
Manual inventory + domain verifier (gold) 100.0 100.0 100.0 67.3
Heuristic + NER 78.3 61.0 88.7 61.2
Learned discovery 74.1 68.5 91.2 58.9
Open-ended
Dialogue (PersonaChat) 58.2 52.4 84.1 41.7
Narrative (ROCStories) 61.7 49.8 82.3 36.8

Table 59: Learned operator categories for PubMedQA discovery.

Operator category ~ Coverage (%) Precision (%) Examples

Biomedical entities 342 89.7 “MMP-9”, “cytokine”, “angiogenesis”
Causal verbs 28.9 76.4 “inhibits”, “promotes”, “correlates”
Quantifiers 18.7 71.8 “significantly”, “elevated”, “decreased”
Temporal markers 12.3 68.2 “following”, “prior to”, “during”
Modal expressions 5.9 62.1 “may indicate”, “suggests”, “likely”

Table 60: Operator discovery scalability across domains. “Manual” denotes the domain-specific operator inventory
and verifier used for the main results.

Domain Method Precision Recall F1 COS Manual effort

GSM8K Manual 100.0 100.0 100.0 85.1 High

Heuristic 94.2 91.7 929 83.7 Low

Learned 89.3 87.4 88.3 81.2 None

HotpotQA Manual 100.0 100.0 100.0 8&4.6 High
Heuristic+ NER 87.6 82.3 84.9 81.8 Medium

Learned 81.4 78.9 80.1 78.3 None

ProofWriter Manual 100.0 100.0 100.0 82.3 High

Pattern match 91.2 88.7 89.9 80.1 Low

Learned 85.7 83.2 84.4 77.6 None

PubMedQA Manual 100.0 100.0 100.0 67.3 High
Heuristic+NER 78.3 61.0 685 612 Medium

Learned 74.1 68.5 712 589 None

HellaSwag Manual 100.0 100.0 100.0 52.1 High
Pattern match 74.1 69.2 71.6 478 Medium

Learned 69.8 65.3 675 442 None

Table 61: Preliminary universal meta-verifier: zero-shot operator identification on unseen domains.

Training domains Test domain Precision (%) Recall (%) COS (%)
GSMBS8K + ProofWriter ~ HotpotQA 72.3+2.8 68.1+3.1 76.4+2.9
GSMS8K + HotpotQA  ProofWriter 74.8+2.6 71.2+£29 78127
All structured PubMedQA 69.7+3.1 65.4+3.4 61.243.2
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Table 62: Detailed failure conditions and their performance impact on CSR. Operator precision and verifier precision
are distinct quantities and are listed separately.

Condition Performance impact Mitigation strategy Threshold

Operator precision < 60% COS drops > 15 points Use confidence-gated CSR (Eq. 5) Operator precision > 78%
Verifier precision below the GSMS8K crossover ~ Gain over baselines unreliable Conservative A < 0.3 78.6% on GSMBK; domain-specific
Verifier noise > 30% Training instability Conservative A < 0.3 —

Multiple reasoning paths Edits ineffective Multi-edit policy Path multiplicity < 2

Very long sequences (>1024 tokens) Computational overhead Token-subset optimization Length < 1024
Distribution shift Reduced transfer Domain-specific fine-tuning Transfer eff. > 75%
Adversarial inputs Robustness degradation Adversarial training augmentation Adversarial acc > 75%
Hyperparameter A > 0.7 Over-regularization Optimal range A € [0.3,0.7] A = 0.5 optimal

Table 63: Combined CSR failure analysis. Top block: four editor-side failure types with the share of failures
they account for, the targeted mitigation, and the resulting ACOS. Bottom block: six broader CSR failure modes
characterized by frequency, affected domains, mitigation effectiveness, and performance recovery.

Failure category Frequency / % of failures ~ Affected domains / Mitigation Effectiveness ACOS / Recovery

Editor-side failure taxonomy

Trace incoherence 28.4% of failures Stricter verifier + syntax filter — +3.1 COS
Redundant edit 33.9% of failures Influence-guided edit targeting — +4.6 COS
Adversarial compliance 22.7% of failures Multi-edit (L = 2-3) — +3.8 COS
Semantic drift 31.5% of failures NLI guard + calibration — +2.4 COS
Broader CSR failure modes
Spurious operator targeting 15.2 Open-ended QA, narrative / Confidence gating 78% +12.3 COS
Multiple valid reasoning paths 7.3 Complex math, logic / Multi-edit policies 65% +8.7 COS
Verifier mismatch with operators 11.8 Cross-domain transfer / Domain-specific tuning ~ 82% +15.4 COS
Computational shortcuts learned 6.4 Pattern-heavy domains / Curriculum learning 71% +9.1 COS
Long-range dependency loss 49 Multi-hop reasoning / Hierarchical CSR 69% +11.2 COS
Adversarial robustness gaps 3.7 Safety-critical applications / Adversarial training  84% +13.6 COS
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