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Abstract

Tool-Integrated Reasoning (TIR) improves the
problem-solving ability of Large Language
Models (LLMs), but current TIR agents can
invoke external tools even when internal rea-
soning is sufficient. This cognitive offloading
increases latency and can expose the model to
noisy tool feedback. We propose AdaTIR, a
difficulty-aware policy optimization framework
that applies efficiency pressure when a task ap-
pears solvable under the current TIR policy.
This encourages less tool-dependent reasoning
on easier tasks while preserving tool access for
harder ones. We further identify a sign-reversal
failure in group-normalized RL: once rollouts
in a group are mostly correct, an auxiliary tool-
use penalty can dominate the correctness signal
and assign negative advantages to correct but
tool-heavy trajectories. AdaTIR addresses this
with Clipped Advantage Shaping (CAS), which
keeps efficiency as a bounded secondary signal.
Across mathematical benchmarks, AdaTIR re-
duces average tool calls by up to 97.6% while
preserving a competitive accuracy-efficiency
trade-off, and improves AIME 2024 accuracy
by 4.8% when tool access is disabled. Addi-
tional results on search-based QA and mixed-
tool settings provide preliminary, directional
evidence beyond Python-based math reason-
ing.

1 Introduction

Large Language Models (LLMs), including
OpenAI-o1 (OpenAI et al., 2024) and DeepSeek-
R1 (DeepSeek-AI et al., 2025), have shown strong
reasoning ability on mathematical problem solv-
ing (Shao et al., 2024), repository-level code gener-
ation (Jimenez et al., 2024), and open-domain ques-
tion answering (Kwiatkowski et al., 2019). Tool-
Integrated Reasoning (TIR) extends this ability
by allowing models to interleave natural-language
reasoning with external executors (Gou et al., 2024;
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Figure 1: Accuracy versus Tool Calls for Qwen2.5 un-
der different training strategies. GRPO and AdaTIR
denote the baseline and our proposed method, respec-
tively. AdaTIR reduces tool use while keeping compa-
rable accuracy on both 3B and 7B backbones.

Li et al., 2025c; Feng et al., 2025; Singh et al., 2025;
Xue et al., 2025). This pattern is increasingly rel-
evant to NLP agents that combine language rea-
soning with search, code execution, or structured
external services. Yet tool access also introduces a
failure mode: models may offload simple interme-
diate steps to tools by default (Wang et al., 2025a;
Xu et al., 2024). This raises latency and can derail
reasoning when tool outputs are noisy or irrele-
vant. The central problem is not whether tools are
useful, but when tool use should be suppressed
without damaging performance on genuinely tool-
dependent tasks.

Existing efficiency methods only partially ad-
dress this problem. Inference-time budgets (Liu
et al., 2025) constrain behavior after training and
may cause dead ends when the model has not in-
ternalized the required reasoning (Liu et al., 2024;
Shinn et al., 2023). Training-time penalties such
as OTC reduce tool calls, but an indiscriminate
penalty creates a direct trade-off: a strong penalty
removes redundant calls on easy tasks, while the
same pressure can suppress necessary calls on hard
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tasks. AdaTIR instead treats efficiency as difficulty-
dependent. It applies tool-use pressure primarily to
tasks that the current policy already solves reliably,
using group success rate as a zero-extra-compute
proxy for online difficulty.

We propose AdaTIR, a difficulty-aware policy
optimization framework for adaptive tool use. The
goal is not global tool aversion. AdaTIR encour-
ages less tool-dependent reasoning when tool use
is likely redundant, while keeping tool access avail-
able when it is needed for correctness. This de-
sign uses the model’s current success rate as a
lightweight signal for deciding when efficiency
pressure is less likely to conflict with task success.

This strategy exposes a second optimization is-
sue. Under group-normalized RL, once most roll-
outs in a group are correct, correctness no longer
provides a strong relative signal. A naive effi-
ciency penalty can then dominate the advantage
estimate, giving a negative update to a correct tra-
jectory simply because it used more tools than its
peers. We call this sign reversal. AdaTIR uses
Clipped Advantage Shaping (CAS) to reduce this
failure mode by adding efficiency as a bounded
auxiliary advantage rather than folding it directly
into the scalar reward. CAS helps keep correctness
as the primary learning signal while limiting large
efficiency-driven updates (Wang et al., 2025c; Cui
et al., 2025).

Our contributions are summarized as follows:

• We propose AdaTIR, a framework that uses
online difficulty estimates to regulate tool in-
vocations and reduce redundant cognitive of-
floading on easier tasks.

• We introduce Clipped Advantage Shaping
(CAS), which bounds the efficiency signal rel-
ative to correctness and reduces large negative
updates on correct but tool-heavy trajectories
under group-normalized RL.

• We report accuracy-efficiency results across
math, search-based QA, and mixed-tool set-
tings. On the main math benchmarks, AdaTIR
reduces tool calls by up to 97.6% while pre-
serving competitive accuracy, and improves
AIME 2024 accuracy in a no-tool evaluation
setting.

2 Preliminaries

Tool-Integrated Reasoning (TIR). In the TIR
paradigm, the large language model acts as a rea-

soning engine that interleaves text generation with
external tool interactions (Wang et al., 2023; Shao
et al., 2024). Given a task q, the reasoning process
of the policy πθ forms a trajectory τ consisting of
sequential reasoning steps and environment feed-
backs:

τ = (w1, c1, o1, w2, c2, o2, . . . , wK , cK , oK , ŷ)
(1)

where wk represents the k-th reasoning thought, ck
is the tool invocation command, and ok is the corre-
sponding observation returned by code execution.

Group Relative Policy Optimization (GRPO).
We adopt GRPO as our base optimization frame-
work. In contrast to traditional Actor-Critic (Konda
and Tsitsiklis, 1999) methods that require a value
function, GRPO estimates the baseline directly
from group scores, reducing memory overhead.
The training objective is defined as:

JGRPO =
1

G

G∑

i=1

1

|τi|

|τi|∑

t=1

(
min

(
ri,tÂi,t,

clip(ri,t, 1− ϵ, 1 + ϵ)Âi,t

)
− βDKL(πθ∥πref)

)

(2)
where the importance sampling ratio ri,t is explic-
itly given by:

ri,t =
πθ(τi,t | q, τi,<t)

πold(τi,t | q, τi,<t)
(3)

Here, τi,t denotes the t-th token in trajectory τi, and
Âi,t represents the normalized advantage computed
within group i.

3 Method

AdaTIR optimizes tool use by separating two ques-
tions: whether a task appears solvable under the
current TIR policy, and whether a correct trajectory
used more tools than necessary. Figure 2 summa-
rizes the framework. We first define a difficulty-
aware efficiency reward that targets redundant tool
use on low-difficulty tasks (§3.1). We then intro-
duce Clipped Advantage Shaping (CAS), which
keeps this efficiency signal subordinate to correct-
ness during policy optimization (§3.2).

3.1 Difficulty-Aware Efficiency Reward for
Adaptive Tool Use

The difficulty-aware reward is designed to penalize
redundant tool calls only when doing so is unlikely
to harm correctness. Unlike methods that apply
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Figure 2: Overview of the proposed framework. Efficiency signals are conditionally injected only for correct
rollouts on easy tasks (where difficulty estimation ϕ falls below threshold ϕlow). These auxiliary signals are clipped
relative to δ|Aacc| (0 < δ < 1), so efficiency optimization remains secondary to correctness in the policy update.

There exist real numbers x and y, both greater than 1, such that . Find xy.

Figure 3: Comparison of reasoning processes between a standard tool-integrated baseline and our approach.
(Left) The baseline model relies on external Python tools but fails to recover after the symbolic solver returns an
error. It then attempts an irrelevant search and ends with an incorrect answer. (Right) Our approach correctly solves
the problem by performing step-by-step algebraic deduction internally, reaching the correct result without depending
on external code execution.

a uniform tool penalty, AdaTIR tightens the tool-
use pressure on tasks that the policy already solves
reliably and relaxes it on tasks where external com-
putation may still be necessary.

Extrinsic Difficulty Estimation. For each task
q, we estimate difficulty from the complement of
the group success rate under the current TIR policy:

ϕq = 1− 1

G

G∑

i=1

I(passed(gt, predi)) (4)

where G is the group size, gt is the ground-truth
answer, and predi is the prediction from trajectory
τi. In this formulation, ϕq → 0 denotes a task that
the current policy solves reliably, while ϕq → 1 de-
notes a task that remains difficult under the current
tool-available policy. This proxy is intentionally on-
line and zero-extra-compute; it measures difficulty

under the current TIR regime rather than intrinsic
no-tool difficulty.

This explicit signal is important for credit as-
signment. Without it, the policy must infer three
coupled decisions from a single scalar objective:
whether the task is internally solvable, whether ex-
ternal tools are genuinely necessary, and whether
a particular tool call was merely redundant. In
practice, these factors are entangled in the final
reward, so a generic tool-use penalty can easily
suppress beneficial tool calls together with unnec-
essary ones. The group-success proxy does not
solve the full problem of intrinsic difficulty esti-
mation, but it gives the optimizer a direct online
indicator of when efficiency pressure is less likely
to conflict with correctness.

Difficulty-Aware Efficiency Reward Shaping.
Based on the estimated difficulty, we apply a
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penalty to successful trajectories that rely on redun-
dant tool use. We first define a sine-based penalty
factor f(τi) to quantify the tool invocation cost:

f(τi) = sin

(
π

2
· N(τi)

Nmax

)
(5)

where N(τi) is the number of tool calls, and Nmax
represents the tool call limit. To prioritize correct-
ness and prevent reward hacking, this penalty is
conditionally applied only to correct trajectories
(racc,i = 1) on simple tasks (ϕq < ϕlow):

reff,i =





−α · f(τi), if racc,i = 1

and ϕq < ϕlow

0, otherwise

(6)

where α is the efficiency-penalty scale and ϕlow is
the difficulty threshold. The final reshaped reward
for the i-th trajectory is:

rtotal,i = racc,i + reff,i (7)

By applying the efficiency penalty only to cor-
rect trajectories on low-difficulty tasks, AdaTIR
discourages unnecessary tool calls without reward-
ing incorrect no-tool answers. Appendix F.1 dis-
cusses the penalty shape.

3.2 Clipped Advantage Shaping for Stable
Training

Training Instability of Reward Shaping. Directly
incorporating reff,i into the GRPO objective can
induce training instability (Lin and Xu, 2025). Sub-
stituting the total reward rtotal,i into the standard
advantage formulation yields:

Ai =
(racc,i + reff,i)− mean(racc + reff)

std(racc + reff)
(8)

When a task is simple or the model reaches per-
formance saturation, all rollouts within a group
could be correct (racc,i = 1). In such scenarios, the
accuracy signal becomes negligible in the numera-
tor, and the advantage estimation degenerates into
a form driven exclusively by efficiency:

Ai ≈
reff,i − mean(reff)

std(reff)
(9)

This can assign negative advantages to correct tra-
jectories with above-average tool invocation. Fur-
thermore, if the variance of reff is small, the ad-
vantage estimate becomes sensitive to minor dif-
ferences in tool invocation. This produces noisy

learning signals and may trigger premature mode
collapse.

Clipped Advantage Shaping (CAS). To mit-
igate this instability, CAS decouples the estima-
tion of correctness and efficiency. Specifically, the
accuracy advantage Aacc

i and the raw efficiency
advantage Aeff

i are computed by applying group
normalization to racc,i and reff,i, respectively. The
CAS advantage is formulated as:

ACAS
i = Aacc

i + racc,i · γ ·Aeff, clip
i (10)

where the binary mask racc,i ∈ {0, 1} restricts ef-
ficiency updates to correct trajectories, and γ > 0
scales the efficiency incentive. The clipped effi-
ciency signal is defined as:

A
eff, clip
i = clip(Aeff

i ,−δ|Aacc
i | − η, δ|Aacc

i |+ η)
(11)

where δ ∈ [0, 1) and η > 0 control the clipping
range relative to the correctness signal.

This formulation keeps the efficiency incentive
bounded relative to Aacc

i . It reduces the chance
that a correct trajectory receives a large negative
update only because it used more tools than other
correct trajectories. The clipping mechanism also
limits advantage inflation, keeping auxiliary feed-
back more stable across task groups. Appendix F.2
gives a condition-level analysis of the CAS update.

4 Experiments

4.1 Experimental Setup

Training We implement AdaTIR on Qwen2.5-
3B/7B-Instruct backbones (Qwen et al., 2025)
using the veRL framework (Sheng et al., 2025)
and SandboxFusion (Bytedance-Seed-Foundation-
Code-Team et al., 2025). We utilize ReTool-SFT1

for the SFT stage and DAPO-Math-17k2 for RL.
Following Feng et al. (2025), we set the maximum
sequence and response lengths to 4096. During
RL, the tool-call limit is Nmax = 4. AdaTIR
uses ϕlow = 0.8, CAS scale γ = 0.9, clipping
ratio δ = 0.99, and clipping offset η = 10−4; all
other hyperparameters follow the ReTool recipe
(Appendix A).

Evaluation We evaluate AdaTIR on AIME
2024/2025, AMC 23, and GSM8K (Cobbe et al.,

1https://huggingface.co/datasets/JoeYing/
ReTool-SFT

2https://huggingface.co/datasets/
BytedTsinghua-SIA/DAPO-Math-17k
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Method
AIME 2024 AIME 2025 AMC23 GSM8K

Acc (↑) ATC (↓) Acc (↑) ATC (↓) Acc (↑) ATC (↓) Acc (↑) ATC (↓)

Qwen2.5-3B-Instruct 10.0 – 6.7 – 38.0 – 50.0 –
Qwen2.5-3B-Instruct-TIR 6.0 0.79 1.3 0.71 30.0 1.02 36.0 1.58
Qwen2.5-3B-Instruct (GRPO) 26.3 2.52 24.2 2.58 60.2 2.02 86.5 1.19
AdaTIR-3B (Ours) 29.2 1.63 23.8 2.01 58.0 1.35 87.1 0.22

Qwen2.5-7B-Instruct 12.3 – 10.0 – 52.0 – 61.9 –
Qwen2.5-7B-Instruct-TIR 5.0 0.48 5.4 0.36 21.3 0.51 17.3 0.51
Qwen2.5-7B-Instruct (GRPO) 33.8 2.02 27.1 2.01 74.7 1.44 91.0 0.83
AdaTIR-7B (Ours) 37.1 1.45 27.3 1.57 72.3 1.02 92.8 0.02

Table 1: Performance Comparison on Various Mathematical Reasoning Benchmarks. We report Avg@16 Accuracy
and Average Tool Calls (ATC). Bold indicates the best performance.

2021). During inference, we set the decoding tem-
perature to T = 1.0 and top-p = 0.6. We report
Avg@16 Accuracy, computed as the mean accu-
racy over 16 sampled responses per problem, and
Average Tool Calls (ATC). To assess robustness
under restricted tool access, we conduct a budget
sensitivity analysis by varying the maximum al-
lowed tool calls B ∈ {0, 1, 2, 3, 4}.

4.2 Main Results

AdaTIR Maintains Competitive Accuracy with
Fewer Tool Invocations. Results in Table 1 and
Figure 4 show that AdaTIR shifts the accuracy-
efficiency trade-off, with accuracy margins rang-
ing from −2.4% to +3.3% and ATC reductions
from 22.1% to 97.6%. On AIME 2024 and 2025,
AdaTIR-7B keeps accuracy close to or above
GRPO while reducing tool use; on AIME 2024,
accuracy increases from 33.8% to 37.1% and ATC
decreases from 2.02 to 1.45. The reduction is larger
on GSM8K, where AdaTIR reaches ATC 0.02 com-
pared with 0.83 for GRPO, with a 1.8% accuracy
gain. These results indicate that AdaTIR can re-
duce many tool calls while preserving competitive
task accuracy.

No-tool Budget Robustness. Budget sensitivity
analysis (Figure 4) evaluates whether the learned
policy remains useful when tool access is restricted.
The gap is most evident at B0, where tool calls are
denied by the environment (see Appendix A.3). Un-
der this no-tool setting, AdaTIR improves AIME
2024 accuracy by +4.8% absolute over the base-
line. This shows that the learned policy remains
more effective when external tools are unavailable,
beyond merely reducing tool-call frequency when

tools are present. This result directly establishes
improved robustness under a zero-tool budget. It
does not, by itself, identify a mechanistic form of
parameter-level reasoning internalization; avoid-
ing the tool-call format and continuing in natural
language is an alternative explanation.

AdaTIR also reduces cognitive offloading on
simpler steps. While the baseline still invokes tools
on GSM8K (ATC 0.83 at B = 4), AdaTIR reaches
higher accuracy with near-zero ATC (0.02). A re-
lated trend appears outside the main Python-math
setting: on Search-R1 QA tasks, AdaTIR improves
average EM from 0.300 to 0.313 while reducing
ATC from 1.00 to 0.95 (Appendix B); preliminary
Llama and mixed-tool results show similar reduc-
tions in tool use (Appendix C).

5 Analysis

5.1 Comparison with OTC-style Reward
Shaping

Experimental Setup for Direct Comparison with
OTC-style Reward Shaping. To isolate whether
difficulty awareness improves over a uniform tool-
use penalty, we compare AdaTIR with an OTC-
style reward implemented under the same Qwen2.5-
7B-Instruct setting used in the main experiments.
All methods use Nmax = 4 and the same eval-
uation benchmarks, so the comparison directly
measures the accuracy-efficiency trade-off under a
matched tool budget.

AdaTIR Reduces the Accuracy Cost of Tool
Penalties. As shown in Table 2, the OTC-style
baseline reduces ATC more strongly than AdaTIR
on several benchmarks, but it also lowers accu-
racy on every benchmark compared with GRPO.
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Method Nmax
AIME 24 AIME 25 AMC23 GSM8K

Acc (↑) ATC (↓) Acc (↑) ATC (↓) Acc (↑) ATC (↓) Acc (↑) ATC (↓)

GRPO 4 33.8 2.02 27.1 2.01 74.7 1.44 91.0 0.83
OTC-style 4 29.6 1.09 25.3 1.16 69.2 0.85 89.1 0.05
AdaTIR (Ours) 4 37.1 1.45 27.3 1.57 72.3 1.02 92.8 0.02

Table 2: Matched comparison with an OTC-style reward under the main experimental configuration on Qwen2.5-
7B-Instruct. All methods use the same tool-call limit (Nmax = 4). OTC-style training obtains lower ATC on several
benchmarks but loses accuracy relative to GRPO; AdaTIR gives a more balanced accuracy-efficiency trade-off in
this setting.

Method AIME 2024 AIME 2025

EM (↑) ATC (↓) EM (↑) ATC (↓)

Vanilla GRPO 26.7 0.90 26.7 0.97
w/ Reward Shaping 30.0 0.33 20.0 0.27
w/ Clipped Advantage Shaping 33.3 0.50 26.7 0.70

Table 3: Ablation of CAS on AIME benchmarks com-
paring Exact Match (EM) and Average Tool Calls (ATC)
against difficulty-aware reward shaping.

AdaTIR keeps accuracy close to or above GRPO
on AIME 2024, AIME 2025, and GSM8K while
still reducing tool calls. This supports the central
design choice: tool-use pressure should be condi-
tioned on estimated difficulty rather than applied
uniformly.

5.2 Ablation Study of CAS: Ensuring
Training Stability

To assess the role of Clipped Advantage Shaping
(CAS), we compare it with the difficulty-aware re-
ward shaping approach formulated in Section 3.1.
As illustrated in Figure 5, CAS makes efficiency
learning more stable under group-normalized RL in
this setting. The ablation uses the same constrained
AIME setup across variants.

CAS Stabilizes Training in the Ablation. With-
out advantage clipping, trajectories with unusual
tool-call counts can generate disproportionately
large advantage signals. As shown in the left panel
of Figure 5, the difficulty-aware reward shaping
baseline shows a sharp gradient spike near step
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Figure 5: Training stability analysis of AdaTIR compared with standard reward shaping. From left to right, the
panels display the Gradient Norm, Training Reward, and Response Length over training steps. Solid lines
represent the smoothed curves using exponential moving average (EMA), while the semi-transparent shaded areas
indicate the raw fluctuations.

Setting Baseline AdaTIR

Acc / EM ATC Acc / EM ATC

Search-R1 QA avg. 0.300 1.00 0.313 0.95
Llama-3.2-3B avg. 20.08 1.23 21.12 1.02
Mixed-tool avg. 20.11 1.77 19.99 1.01

Table 4: Compact generalization summary beyond the
main Qwen2.5 Python-math setting. Search-R1 reports
average EM over seven QA datasets; Llama-3.2-3B and
mixed-tool rows report average accuracy over AIME24,
AIME25, and AMC23.

1,100 and then collapses. In contrast, the CAS
curve remains stable in this run. This pattern is
also reflected in Table 3: direct reward shaping
reduces ATC more aggressively, but the reduction
coincides with an accuracy drop on AIME 2025.
CAS provides a more moderate efficiency signal
and avoids this collapse in the evaluated setup.

CAS Balances Efficiency and Accuracy in the
Ablation. The results in Table 3 show that CAS
also keeps stronger reasoning accuracy in this abla-
tion. Compared with direct reward shaping, CAS
achieves a higher Exact Match (EM) score on
AIME 2024 (33.3% vs. 26.7%) and avoids the
AIME 2025 drop (26.7% vs. 20.0%). A plausible
explanation is that the clipped auxiliary signal re-
duces over-suppression of tool calls, leaving the
model room to use external computation on harder
steps.

5.3 Generalization Beyond the Main
Python-Math Setting

Preliminary Evidence Beyond the Main Python-
Math Setting. The main math benchmarks pro-
vide the primary evidence for the accuracy-

efficiency trade-off. Table 4 summarizes three ad-
ditional settings that test whether the same mecha-
nism remains useful outside the main configuration.
On Search-R1 QA tasks, AdaTIR improves average
EM from 0.300 to 0.313 while reducing ATC from
1.00 to 0.95, suggesting that difficulty-aware sup-
pression can help even when external knowledge
is often needed. On a second model family, Llama-
3.2-3B, AdaTIR improves average accuracy from
20.08 to 21.12 and reduces ATC from 1.23 to 1.02.
In a heterogeneous tool environment with Python,
Web Search, Wolfram Alpha, and OEIS, AdaTIR
cuts ATC from 1.77 to 1.01 while keeping average
accuracy nearly unchanged (20.11 → 19.99), with
gains on AIME25 and a small drop on AMC23.

What These Generalization Results Do and Do
Not Show. We do not treat these experiments as
full-scale scaling studies. The Llama and mixed-
tool runs use only 100 training steps, and Search-
R1 evaluation follows the original early-checkpoint
protocol because that training recipe tends to col-
lapse after roughly 200 steps. The right reading is
therefore directional rather than definitive: across a
different domain, a different backbone, and a differ-
ent toolset, AdaTIR reduces tool reliance without
clear evidence that the mechanism is tied to a single
model family or a Python-only interface.

5.4 Case Study

Figure 3 compares a representative reasoning pro-
cess between the TIR baseline and AdaTIR. The
baseline relies on external execution; after the sym-
bolic solver fails, it attempts an inappropriate brute-
force search and returns an incorrect answer. In
contrast, AdaTIR derives the relevant relationship
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Category GSM8K AIME

Base. Ours Base. Ours

Missing Tool-use 32.8 91.6 8.1 26.5
Tool-induced Noise 9.2 1.1 57.7 38.2
Reasoning Failure 58.0 7.4 34.2 35.3

Table 5: Failure-mode distribution comparing the TIR
baseline and AdaTIR. Percentages are computed over
failed examples only.

through algebraic reasoning without external tool
calls. Additional case studies and categorical er-
ror analyses are provided in Appendix D and Ap-
pendix E.

Failure Reduction Comes with a Clearer Failure
Mode. Table 5 makes the trade-off concrete. On
GSM8K, Tool-induced Noise decreases from 9.2%
to 1.1%, while most residual errors shift to Missing
Tool-use. On AIME, Tool-induced Noise drops
from 57.7% to 38.2%, while Missing Tool-use rises
from 8.1% to 26.5%. This shift is important for
interpreting the method. AdaTIR is not simply
making models avoid tools; it reduces tool-induced
distraction but can increase failures where internal
reasoning is insufficient.

The error analysis therefore reveals a limita-
tion of the difficulty proxy. AdaTIR reduces tool-
induced noise, but it can increase Missing Tool-
use errors when a task appears easy under tool-
available rollouts but is harder to solve internally.
This follows from the estimator: ϕq measures dif-
ficulty under the current TIR policy, not intrinsic
no-tool difficulty. We discuss representative fail-
ures in Appendix E.

6 Related Works

RL for Tool-Integrated Reasoning Recent re-
search uses Reinforcement Learning (RL) to en-
able LLMs to invoke external tools. In mathe-
matical reasoning, ToRL (Li et al., 2025c), Re-
Tool (Feng et al., 2025), and Effective CIR (Bai
et al., 2025) train models to use Python inter-
preters for complex tasks, while zero-resource
methods like SimpleTIR (Xue et al., 2025) and
ZeroTIR (Mai et al., 2025) explore end-to-end rea-
soning without extensive supervised fine-tuning.
In more general settings, agents such as Search-
R1 (Jin et al., 2025) and WebSailors (Li et al.,
2025a) use search engines to access external knowl-
edge. These systems improve tool-augmented rea-
soning, but correctness-focused training can still

induce redundant tool invocations (Wang et al.,
2025a), increasing inference overhead and expos-
ing the model to irrelevant feedback.

Efficiency for Tool-Integrated Reasoning Re-
search explicitly targeting efficiency in tool-
integrated reasoning remains limited. Some
prompt-guided frameworks calculate confidence
scores (Wang et al., 2025b; Li et al., 2025b; Shen
et al., 2024; Qian et al., 2025) or prompt models
to account for tool costs (Liu et al., 2025), but
they often rely on expert templates. Recent work
has shifted toward training-based methods (Wang
et al., 2025a; Hashemi et al., 2025). OTC (Wang
et al., 2025a), for example, uses reward shaping
to improve tool productivity. However, a uniform
penalty across task difficulties can reduce necessary
tool use on harder questions. AdaTIR addresses
this issue by conditioning efficiency pressure on an
online estimate of task difficulty.

7 Conclusion

We propose AdaTIR, a difficulty-aware policy opti-
mization framework for adaptive tool use. By com-
bining a difficulty-aware efficiency reward with
Clipped Advantage Shaping (CAS), AdaTIR re-
duces cognitive offloading while keeping correct-
ness as the primary learning signal. Experiments
on mathematical benchmarks show that AdaTIR
reduces tool calls by up to 97.6% while preserving
competitive accuracy. Additional QA and mixed-
tool results provide preliminary evidence that the
approach can extend beyond the main Python-math
setting.

Limitations

While AdaTIR improves no-tool budget robustness,
it has practical limitations. First, the main evalu-
ation focuses on mathematical reasoning. We in-
clude Search-R1 QA results and preliminary cross-
family and mixed-tool experiments in the appendix,
but broader validation on open-ended coding and
long-horizon agent tasks remains future work. Sec-
ond, the current difficulty estimator is a policy-
dependent proxy: it measures success under tool-
available rollouts, not intrinsic no-tool difficulty.
Under distribution shift, unusual or underrepre-
sented examples may therefore be misclassified
as easy. This can cause Missing Tool-use failures
when a problem is easy with tools but brittle un-
der internal reasoning. Third, we did not exhaus-
tively tune ϕlow, γ, or δ across model scales and
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domains. More adaptive difficulty estimation and
hyperparameter selection may further improve the
accuracy-efficiency frontier. Fourth, ATC counts
invocations but does not measure heterogeneous
tool latency, generated tokens, wall-clock time, or
monetary cost; practical efficiency claims should
therefore be read as tool-call efficiency rather than
end-to-end system efficiency. Finally, suppressing
tools can be harmful when external computation
or retrieval provides necessary verification. This
risk is especially important in high-stakes or out-
of-distribution settings, where confident internal
reasoning may be unsupported.
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A.1 Implementation Details for Main
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For the reinforcement learning phase, the
difficulty-aware reward and CAS mechanism use
the following key parameters: the difficulty thresh-
old ϕlow is set to 0.8 to trigger efficiency pressure
for low-difficulty tasks; the CAS scale γ is set to
0.9 to regulate efficiency incentives; the advantage
clipping ratio δ is set to 0.99; and the clipping off-
set η is set to 10−4. The remaining training and
evaluation hyperparameters are summarized in Ta-
ble 6.

Hyperparameter Value
Group Size (G) 16
Max Sequence Length 4096
Training batch size 64
PPO mini batch size 16
PPO clip ratio (low / high) 0.2 / 0.28
KL coefficient 0.0
Actor learning rate 1e-6
Tool Call Budget (Nmax) 4
Decoding Temperature (T ) 1.0
Top-p Sampling 0.6

Table 6: Summary of experimental hyperparameters for
main experiments.

A.2 Implementation Details for Comparison
with OTC-style Reward Shaping

For the matched OTC-style comparison in Table 2,
we use the same Qwen2.5-7B-Instruct backbone,
training configuration, benchmarks, and tool-call
limit (Nmax = 4) as the main experiments. This
isolates the effect of uniform tool-use penalization
from AdaTIR’s difficulty-aware penalization. All
other reward and CAS parameters remain consis-
tent with the main experiments.

A.3 Prompts and Templates

For comparability and reproducibility, we follow
the prompt templates and system instructions pro-
vided by ReTool (Feng et al., 2025). The full in-
struction template used during both SFT and RL
phases is presented in Table 13.

Feedback when Exceeding Budget: When the
number of tool calls exceeds the specified budget
Nmax during reasoning, any further tool call at-
tempts will receive the following feedback: "Tool
call budget exceeded; the code was not
executed. Please continue reasoning and
give the final answer." This encourages the
model to transition from external tool invocation to
internal reasoning during the RL phase.

B Generalization Results on Search R1

To test whether AdaTIR transfers to Question An-
swering (QA), we apply it to search-based work-
flows. We choose Search-R1 (Jin et al., 2025)
as the baseline and follow its original experimen-
tal settings. Specifically, we apply GRPO on the
Qwen2.5-3B model, and all hyperparameters in-
troduced by AdaTIR are kept identical to those
described in our main implementation (Section A).
This comparison tests whether the same efficiency
mechanism remains useful in a search-heavy envi-
ronment.

As summarized in Table 7, AdaTIR improves
average EM by 1.3 points while reducing ATC
from 1.00 to 0.95. This result is consistent with the
difficulty-aware policy reducing redundant search
on simpler questions, although the gain is modest
compared with the math setting.

We hypothesize that the smaller efficiency gain
compared with mathematical tasks stems from two
factors. First, following the observation in the
Search-R1 study, models tend to collapse after ap-
proximately 200 training steps (Jin et al., 2025).
Consequently, both Search-R1 and AdaTIR use the
200-step checkpoint for evaluation. At this early
stage of training, the correctness advantage may
remain more dominant than the efficiency penalty.
Second, QA tasks often require external knowl-
edge, which limits the potential for further budget
compression in search-based workflows.

C Additional Generalization Results

We additionally evaluate whether AdaTIR trans-
fers beyond the main Qwen2.5 Python-math set-
ting. These experiments use shorter training runs
and should be interpreted as preliminary evidence
rather than exhaustive scaling results.

D Extended Case Studies

As illustrated in Figure 6, we observe cognitive of-
floading, where the baseline delegates trivial arith-
metic to external tools despite having resolved the
logic internally. This behavior is consistent with
a policy that does not distinguish easy from hard
intermediate steps. AdaTIR reduces this pattern
by encouraging internal reasoning on tasks that the
current policy already solves reliably.

Furthermore, Figure 7 shows how incorrect or
unexpected tool feedback can distract the model.
When a tool returns a wrong or unhelpful result,
the baseline may shift from solving the original
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Table 7: Comparison on Search-R1 generalization tasks using Qwen2.5-3b-Base as the backbone. Each cell reports
EM / ATC, where EM is the Exact Match accuracy and ATC is the Average Tool Calls. Bold indicates the best EM,
and green indicates reduced tool calls.

Method NQ TriviaQA PopQA HotpotQA 2wiki Musique Bamboogle Avg.

Search-R1 0.391 / 1.00 0.582 / 1.00 0.392 / 1.00 0.285 / 1.00 0.267 / 1.01 0.054 / 1.00 0.121 / 1.00 0.300 / 1.00
AdaTIR 0.403 / 0.94 0.597 / 0.92 0.416 / 0.93 0.297 / 0.94 0.260 / 0.98 0.076 / 0.99 0.145 / 0.96 0.313 / 0.95

Model Method Steps AIME24 AIME25 AMC23

Acc ATC Acc ATC Acc ATC

Llama-3.2-3B GRPO 100 8.13 1.26 14.16 1.25 37.96 1.19
Llama-3.2-3B AdaTIR 100 9.58 1.02 15.83 1.02 37.96 1.01

Table 8: Preliminary cross-family results on Llama-
3.2-3B. AdaTIR reduces tool calls while improving or
matching accuracy across the evaluated benchmarks.

Toolset Steps Method AIME24 AIME25 AMC23

Acc ATC Acc ATC Acc ATC

Python+Search+Wolfram+OEIS 100 GRPO 11.25 1.80 16.74 1.73 32.34 1.78
Python+Search+Wolfram+OEIS 100 AdaTIR 11.25 1.00 17.63 1.03 31.09 1.00

Table 9: Preliminary mixed-tool results with Python,
Web Search, Wolfram Alpha, and OEIS. AdaTIR re-
duces tool use and matches or improves accuracy on
two of three benchmarks, with a small accuracy drop on
AMC23.

problem to debugging the tool call. This creates
a logical interruption: the model spends tokens
managing tool output rather than completing the
reasoning chain. AdaTIR reduces this failure mode
in the observed cases by relying more on internal
reasoning before invoking tools.

E Error Analysis

To understand the strategic differences between
the baseline and our model, we categorize failures
into three distinct modes. This analysis focuses on
AIME (hard) and GSM8K (easy) to contrast per-
formance across different complexity levels. We
exclude cases where both models fail due to funda-
mental capacity limits.

• Missing Tool-use: The model relies on inter-
nal reasoning but fails because the calculation
or logic exceeds its current parametric preci-
sion. This is often a sign of over-confidence
in its internal reasoning. Table 12 shows an in-
correct no-tool trajectory together with its ver-
ified correction, making the unverified state-
tracking error explicit.

• Tool-induced Noise: Incorrect or unexpected
tool feedback distracts the model, causing a
logical interruption where it shifts focus to

debugging code instead of the main problem
(see Figure 7 for a detailed case).

• Reasoning Failure: Pure logical errors that
occur independently of whether a tool was
used or how it responded. Table 11 shows how
an incorrect endpoint formalization produces
a wrong answer even though the tool executes
the submitted program correctly, followed by
a verified correction.

Tables 11 and 12 are hand-selected illustrations
of the two failure modes, not representative sam-
ples or evidence for the category frequencies re-
ported below. We show each failed model output
together with a verified answer and a diagnosis of
the error.

Category GSM8K (Easy) AIME (Hard)

Base. Ours Base. Ours

Missing Tool-use 32.8 91.6 8.1 26.5
Tool-induced Noise 9.2 1.1 57.7 38.2
Reasoning Failure 58.0 7.4 34.2 35.3

Table 10: Comparison of failure mode distributions (%)
between the baseline and our model.

As shown in Table 10, there is a clear shift in how
the models fail. On GSM8K, most AdaTIR errors
(91.6%) fall under Missing Tool-use. This suggests
that the model often relies on internal reasoning,
but sometimes overestimates its ability to handle
specific calculations without tools. At the same
time, Tool-induced Noise drops to 1.1%.

On the more difficult AIME tasks, the base-
line has a high share of Tool-induced Noise errors
(57.7%). This supports the observation that fre-
quent tool interactions can distract the model when
tool outputs are wrong or unhelpful. AdaTIR re-
duces this category to 38.2%, but its Missing Tool-
use rate increases to 26.5%. This is a real trade-off:
the model is less often derailed by external feed-
back, but more often fails when internal reasoning
is not enough.
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F Additional Analysis of the Method

F.1 Choice of the Sine-based Reward Function
We choose a sine-based reward instead of a sim-
ple linear one because its non-linear shape gives
stronger pressure against early tool calls. Specifi-
cally, the sine curve is steeper when the number of
tool calls K is small, which places a higher penalty
on the first few calls. This encourages the model to
solve simple tasks through internal reasoning rather
than calling tools by default. The smoothness of
the sine function also avoids the discontinuities of
step-based rewards.

F.2 Understanding the CAS Mechanism
Clipped Advantage Shaping (CAS) is designed to
keep the efficiency term secondary to the correct-
ness term. The formulation in Eq. 10 is:

ACAS
i = Aacc

i + racc,i · γ·
clip(Aeff

i ,−δ|Aacc
i | − η, δ|Aacc

i |+ η)

(12)

where racc,i ∈ {0, 1} is the correctness mask, γ >
0 is the efficiency weight, and δ ∈ [0, 1), η > 0 are
clipping parameters.

Scenario 1: Incorrect Trajectories (racc,i = 0).
For incorrect responses, the mask zeros out the
efficiency term: ACAS

i = Aacc
i . Since Aacc

i is typ-
ically negative for incorrect answers, CAS leaves
the main negative feedback unchanged.

Scenario 2: Correct Trajectories (racc,i = 1).
Here, the effect of the clipped efficiency term de-
pends on the group distribution:

• Case A: Mixed Group (Aacc
i > 0). When

the group contains both correct and incorrect
responses, correct trajectories typically yield
positive accuracy advantages. The worst-case
advantage occurs when the efficiency penalty
is maximal:

ACAS
i ≥ Aacc

i + γ · (−δ|Aacc
i | − η) (13)

= (1− γδ)Aacc
i − γη (14)

Sufficient condition. A positive CAS advan-
tage is obtained when Aacc

i > γη
1−γδ . With

our default settings (γ = 0.9, δ = 0.99, η =
1e-4), the denominator 1 − γδ ≈ 0.109, giv-
ing a threshold of Aacc

i ≈ 8.2e-4. In our runs,
normalized advantages for correct answers in
mixed groups are usually much larger than

this threshold (e.g., > 0.1), so sign rever-
sal is not observed in this regime. This is
a condition-level argument rather than a guar-
antee for all possible group statistics.

• Case B: All-Correct Group (Aacc
i = 0). If all

trajectories in a group are correct, Aacc
i = 0.

In this convergence state, the clipping range
shrinks to [−η, η]:

ACAS
i = 0 + γ · clip(Aeff

i ,−η, η) ≥ −γη
(15)

Here, the negative contribution is bounded by
−γη (approx. −9e-5). This small magnitude
lets efficiency rank correct answers while lim-
iting the size of negative updates.

11957



Case Study: Cognitive Offloading in Simple Tasks

Question: A candle melts by 2 centimeters every hour that it burns. How many centimeters shorter will a candle be after
burning from 1:00 PM to 5:00 PM?

Baseline: Inefficiency via Cognitive Offloading

Thought Trace: Alright, let’s tackle this problem step by step. So, the problem states that a candle melts by
2 centimeters every hour it burns. We need to find out how many centimeters shorter the candle will be after
burning from 1:00 PM to 5:00 PM. [...] So, if per hour it melts 2 cm, then in 4 hours, it would melt 2 cm/hour *
4 hours = 8 cm. Wait, let me verify that. Let’s use code to calculate the total melting.

# Redundant tool call for simple multiplication: 4 * 2
hours = 5 - 1 # From 1:00 PM to 5:00 PM inclusive
melting_per_hour = 2 # cm
total_melting = hours * melting_per_hour
print(total_melting)

Response: 8
The code execution result confirms that the total melting is 8 cm. So, the candle will be 8 centimeters shorter.

Tool Calls: 1 Final Answer: 8 ✔

Ours: Efficiency via Internal Reasoning

Thought Trace: Okay, let me try to solve this problem. Hmm, so a candle melts by 2 centimeters every hour
that it burns. [...] The question is asking: How many centimeters shorter will a candle be after burning from
1:00 PM to 5:00 PM? Hmm, so that’s a 4-hour period, right? From 1:00 PM to 5:00 PM is 4 hours. So if
the candle melts at a rate of 2 centimeters per hour, then over 4 hours, it would melt 2 cm/hour * 4 hours = 8
centimeters. So the candle would be 8 centimeters shorter after 4 hours. Hmm, that seems straightforward. I
don’t think I missed anything here.

Tool Calls: 0 Final Answer: 8 ✔

Figure 6: Comparison of reasoning efficiency under redundant tool use. In this example, our model relies on internal
logic and avoids the unnecessary cognitive offloading observed in the baseline.
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Case Study: Reasoning Impairment under Tool-Induced Noise

Question: Find the number of ways to place a digit in each cell of a 2x3 grid so that the sum of the two numbers formed
by reading left to right is 999, and the sum of the three numbers formed by reading top to bottom is 99. The grid below
is an example of such an arrangement because 8 + 991 = 999 and 9 + 9 + 81 = 99.

Baseline: Logic Erosion via Repeated Tool-Execution Noise

Thought Trace: Alright, let’s tackle this problem step by step. [...] Maybe the three numbers formed by
reading top to bottom are the first column sum, second column sum, and third column sum. Then, their sum is
99. [...] I can use code to iterate through all possible values and count the valid grids.

# First Attempt: Brute -forcing with column sum logic (a+d+b+e+c+f == 99)
count = 0
for a in range(1, 10):
for b in range(0, 10):

for c in range(0, 10):
for d in range(1, 10):

for e in range(0, 10):
for f in range(0, 10):

if (100*a+10*b+c) + (100*d+10*e+f) == 999:
if (a+d) + (b+e) + (c+f) == 99: count += 1

print(count)

Response: 0
Hmm, the code execution result is 0. That suggests there might be an issue with the logic. [...] Let me adjust
the code to print out the valid grids so I can verify.

valid_grids = []
for a, b, c, d, e, f in itertools.product(range (1,10), range (10), ...):
if sum_lr == 999 and col_sum == 99: valid_grids.append ((a,b,c,d,e,f))
print(len(valid_grids))

Response: 0
The code execution result is still 0. [...] Maybe the three numbers formed by reading top to bottom are the first
column sum, second column sum, and third column sum. [...] Wait, maybe I should write code to generate all
possible grids (digits 0-9 for each cell):

# Third Attempt: Repeating the same flawed logic with minor cell range adjustments
count = 0
for a in range(1, 10):
# ... (similar nested loops)

if num1 + num2 == 999 and col_sum == 99: count += 1
print(count)

Response: 0
The code execution result is 0. This means there are no valid grids that satisfy both conditions. Therefore, the
answer is 0.

Tool Calls: 3 Final Answer: 0 ✘

Ours: Precise Formalization for Reliable Reasoning

Thought Trace: [...] Reading top to bottom, the three numbers would be (10a + d), (10b + e), and (10c + f).
Their sum should be 99. [...] This seems manageable. Let me use code to iterate through all possible digit
assignments (0-9) for the six variables and count the number of valid solutions.

import itertools
valid_count = 0
for a, b, c, d, e, f in itertools.product(range (10), repeat =6):
sum_lr = (100 * a + 10 * b + c) + (100 * d + 10 * e + f)
sum_tb = (10 * a + d) + (10 * b + e) + (10 * c + f)
if sum_lr == 999 and sum_tb == 99: valid_count += 1
print(valid_count)

Response: 45
The code returns 45 as the number of valid grids. Therefore, the number of ways is 45.

Tool Calls: 1 Final Answer: 45 ✔

Figure 7: Comparison of reasoning under tool-induced noise. Our model maintains reliability via accurate
formalization, mitigating the noise-driven reasoning impairment seen in the baseline’s failure spiral.
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Illustrative Reasoning Failure with a Verified Correction

Question: Consider the paths of length 16 that follow the lines from the lower left corner to the upper right corner on an
8× 8 grid. Find the number of such paths that change direction exactly four times.

Incorrect model trajectory (abridged). The model treats the upper-right corner as (7, 7), notices that this conflicts with
a length-16 path, and then enumerates all strings in {R,U}16 having four direction changes. The submitted program
returns 2730, which the model accepts as the final answer.

Diagnosis. The external tool executes the submitted enumeration correctly, but the model’s formalization omits the
endpoint constraint. An 8× 8 grid has endpoints (0, 0) and (8, 8), so every valid monotone path must contain exactly
eight R steps and eight U steps. The failure is therefore attributed to reasoning rather than tool-induced noise.

Verified correction. Four direction changes divide a path into five nonempty runs. A path starting with R has three
R-runs and two U -runs, whose positive lengths can be chosen in

(
7
2

)(
7
1

)
= 147 ways. Starting with U gives the

symmetric count. Hence the verified answer is

2

(
7

2

)(
7

1

)
= 294.

Model Tool Calls: 2 Model Answer: 2730 ✘

Verified Answer: 294 ✔

Table 11: A hand-selected Reasoning Failure. The tool correctly executes an incorrectly formalized enumeration;
the verified correction enforces the endpoint constraint. This example is illustrative rather than representative.

Illustrative Missing Tool-use Failure with a Verified Correction

Question: Alice and Bob play the following game. A stack of n tokens lies before them. The players take turns with
Alice going first. On each turn, the player removes either 1 token or 4 tokens from the stack. Whoever removes the last
token wins. Find the number of positive integers n less than or equal to 2024 for which there exists a strategy for Bob
that guarantees that Bob will win the game regardless of Alice’s play.

Incorrect model trajectory (abridged). Without invoking a tool, the model sets f(0) = L, f(1) = W , and f(2) = L,

but then incorrectly labels f(3) = L even though removing one token reaches the losing state f(2). It propagates
this state-tracking error, claims that only multiples of five are losing, and finally reports the number of nonmultiples,
2024− 404 = 1620.

Diagnosis. The model neither checks the recurrence nor verifies the resulting pattern with an available tool. The initial
logical error and the inconsistent final counting step therefore remain undetected, illustrating Missing Tool-use in this
taxonomy.

Verified correction. Let L denote a losing position. The initial states are 0 = L, 1 = W , 2 = L, 3 = W , and 4 = W .
The pattern is periodic: the losing positions are exactly n ≡ 0 or 2 (mod 5). For every positive n ≡ 0 (mod 5), either
legal move reaches residue 4 or 1; from residue 2, either move reaches residue 1 or 3. Conversely, residues 1, 3, and 4
can reach a losing residue in one move. Up to 2024, there are 404 positive multiples of five and 405 numbers congruent
to 2, giving

404 + 405 = 809.

Model Tool Calls: 0 Model Answer: 1620 ✘

Verified Answer: 809 ✔

Table 12: A hand-selected Missing Tool-use failure. The model does not verify a faulty recurrence, while the
verified correction identifies both losing residue classes. This example is illustrative rather than representative.
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Template Prompt for RL Training

Solve the following problem step by step. You now have the ability to selectively write executable
Python code to enhance your reasoning process. The Python code will be executed by an external
sandbox, and the output (wrapped in <interpreter>output_str</interpreter>) can be returned to
aid your reasoning and help you arrive at the final answer. The Python code should be complete
scripts, including necessary imports.

Each code snippet is wrapped with <code>\n```python\ncode snippet\n```\n</code>.
The last part of your response should be in the following format:
<answer>
\boxed{’The final answer goes here.’}
</answer>

*user question:*
{question}

Remember to place the final answer in the last part using the format:
<answer>
\boxed{’The final answer goes here.’}
</answer>

Table 13: The full prompt template following the ReTool protocol (Feng et al., 2025). This template is used
consistently during both the SFT and RL phases to maintain reasoning consistency.
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