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Abstract

Efficient reasoning is critical for large reason-
ing models (LRMs) deployed in agent systems
with strict context constraints. Existing meth-
ods predominantly rely on global length penal-
ties that overlook step-level structure, inadver-
tently compressing critical derivations while
retaining low-value detours. Hence, we argue
for a principled, step-aware alternative that pre-
serves critical steps and compresses low-value
detours. However, it raises three fundamen-
tal challenges: the difficulty of obtaining step-
level supervision, the need for reward signals
that induce differentiated length pressure, and
the requirement to balance training stability
with exploration on complex problems. We
propose SmartThinker, a step-level token allo-
cation framework that learns to selectively pre-
serve or compress individual reasoning steps.
At its core is Step-Level Length Control Policy
Optimization (SCPO), which provides label-
free feedback by online estimation of each
step’s contribution from the change in correct-
answer likelihood after removing it. We further
introduce reasoning density, defined as contri-
bution per token, to relax length pressure on
high-value steps while intensifying it on low-
density ones. Finally, SCPO stabilizes training
through length-bias-corrected advantages and
difficulty-adaptive clipping, achieving superior
accuracy-efficiency trade-offs across nine in-
domain and out-of-domain benchmarks.

1 Introduction

Efficient reasoning is critical for deploying large
reasoning models (LRMs) in agentic frameworks.
Although longer reasoning trajectories can improve
complex problem solving (Guo et al., 2025; Jaech
et al., 2024; Yang et al., 2024; Luo et al., 2024),
they often include redundant verification and repet-
itive reflection (Ye et al., 2025; Kumar et al., 2025;

†Corresponding author.

Q: How many positive integer pairs (a, b) with a ≤ b satisfy 1/a + 1/b = 1/12?

Legend:  ■ key step    ■ redundant reflection    ■ over-compressed / wrong    ① = dropped / pruned

① Restate: positive (a, b), a ≤ b, with 1/a + 1/b = 1/12.  ② Multiply: 12(a + b) = ab; so ab − 12a − 12b = 
0.  ③ Add 144 to factor: (a − 12)(b − 12) = 144.  ④ Let me verify: ab − 12a − 12b + 144 = 144 ✓ …  
⑤ Set m = a − 12, n = b − 12; mn = 144, m ≤ n.  ⑥ Constraint: a > 12 ⇒ m, n > 0 (else 1/b ≤ 0).  ⑦ 
Wait, double-check a = 12: forces 1/b = 0, invalid ✓ …  ⑧ Enumerate positive (m, n): (1, 144), …, (12, 
12) — 8 pairs.  ⑨ Spot-check (24, 24): 1/24 + 1/24 = 1/12 ✓  ⑩ Spot-check (13, 156): 1/13 + 1/156 = 
1/12 ✓  ⑪ Sanity: τ(144) = 15 ⇒ ⌈ 15/2⌉  = 8 ✓ …  ⑫ Final answer: 8.

≈ 750 tokens   ·   

Uncompressed Reasoning

① Need σ-pair count for 1/a + 1/b = 1/12.  ② Multiply: 12(a + b) = ab; ab − 12a − 12b = 0.  ③ Add 
144 to factor: (a − 12)(b − 12) = 144.  ④ Verify factoring ......  ⑤ Set m, n = a − 12, b − 12; mn = 144, 
m ≤ n.  ⑥  ← critical step dropped → ⑧⑨⑪⑫ all wrong  ⑦ a = 12 check: 1/b = 0 ✓  ← kept (short)  ⑧ 
Enumerate ±factor pairs of 144: 8 + 8 = 16 pairs.  ⑨ Symmetry: each positive (m, n) has a negative 
counterpart → 16.  ⑩  ⑪ Sanity: 2 · ⌈ τ(144)/2⌉  = 16 ✓  ⑫ Answer: 16.

≈ 250 tokens   ·   

Global Length Penalty

① σ-pair count for 1/a + 1/b = 1/12.  ② 12(a + b) = ab; rearrange to ab − 12a − 12b = 0.  ③ Add 144 
to factor: (a − 12)(b − 12) = 144.  ④  ⑤ m, n = a − 12, b − 12; mn = 144, m ≤ n.  ⑥ a > 12 ⇒ m, n > 
0.  ⑦  ⑧ Enumerate positive (m, n) of 144 → 8 pairs.  ⑨  ⑩  ⑪  ⑫ Answer: 8.

≈ 120 tokens   ·   

Step-Level Length Control

Drops critical ⑥ → ⑧ ⑨ ⑪ ⑫ cascade wrong; keeps 
redundant ⑦.

Wastes agent context with redundant self-reflection.

Keeps all 5 key steps (② ③ ⑤ ⑥ ⑧); prunes 5 redundant 
reflections → correct.

Figure 1: Comparison of reasoning traces under dif-
ferent length-control settings. Uncompressed reason-
ing wastes context on redundant detours; global length
penalties shorten responses uniformly and can remove
critical derivations; Step-level length control com-
presses low-value steps while preserving critical ones.

Fu et al., 2024; Sui et al., 2025; Qu et al., 2025),
reducing agent throughput and crowding out con-
textual evidence needed for downstream decisions.
Prior works primarily improve reasoning efficiency
through global output shortening, either by im-
posing global length penalties during reinforce-
ment learning (RL) (Aggarwal and Welleck, 2025;
Arora and Zanette, 2025; Hou et al., 2025; Zhang
and Zuo, 2025) or by routing queries to short- or
long-reasoning modes based on estimated difficulty
(Fang et al., 2025; Zhang et al., 2025a; Lou et al.,
2025; Luo et al., 2025a).

Despite their effectiveness, global-level methods
treat all reasoning steps as equally compressible
and ignore step-level differences, which leads to
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compressing critical derivations while preserving
low-value ones. Figure 1 gives an intuitive example.
Without compression, the model spends many to-
kens on redundant reasoning that consumes context.
A global length penalty reduces the overall chain
length, but may remove critical derivations together
with redundant text. In contrast, step-level length
control can preserve the steps that support the final
answer while compressing those with little contri-
bution. However, step-level optimization still faces
three key challenges. First, step-level supervision
is difficult to obtain because human annotations are
expensive and external reward models introduce
additional training cost and bias. Second, even if
a step’s contribution can be estimated, it must be
converted into differentiated length pressure so that
useful steps are protected and redundant ones are
compressed. Third, training must remain stable
while preserving exploration, since hard problems
often require longer verification and correction.

To address these challenges, we propose Smart-
Thinker, a step-level token allocation method that
learns which reasoning steps should be preserved
or compressed. SmartThinker contains two stages.
The first stage uses rejection sampling and super-
vised fine-tuning (SFT) to warm up the model into a
concise reasoning regime, reducing rollout cost and
providing a stable initialization for later RL. The
second stage introduces Step-Level Length Con-
trol Policy Optimization (SCPO), which performs
fine-grained length control over individual reason-
ing steps. To provide label-free process feedback,
SCPO estimates each step’s answer contribution on-
line by measuring how removing that step changes
the likelihood of the correct answer. We further
define reasoning density as answer contribution
per generated token and uses it to guide the model
to impose stronger penalties on low-density steps
while relaxing constraints on high-density ones. To
stabilize optimization, SCPO further applies length-
bias-corrected advantage and difficulty-adaptive
clipping, allowing the model to preserve stable rea-
soning paths on easier questions while maintaining
exploration on harder ones.

We evaluate SmartThinker across nine in-
domain and out-of-domain benchmarks. The re-
sults show that SmartThinker reduces redundant
reasoning while outperforming efficient-reasoning
baselines. In context-budgeted settings, the saved
tokens translate into more useful reasoning oppor-
tunities, supporting the practical value of step-level
token allocation.

In summary, our contributions are as follows:

• We introduce the perspective of reasoning
density, reformulating efficient reasoning as
a step-level token allocation problem and
estimating each step’s answer contribution
through its effect on the probability of the
correct answer.

• We propose SmartThinker, a two-stage frame-
work for learning high-density reasoning
flows, where SCPO enables fine-grained step-
level length control without human process
labels or external reward models.

• We systematically evaluate SmartThinker
across in-domain, context-budgeted, out-of-
domain, and ablation settings, showing that it
reduces redundant reasoning while improving
the accuracy-efficiency trade-off.

2 Related Work

Efficient and Adaptive Reasoning. Long rea-
soning traces can improve the problem-solving abil-
ity of LRMs, but they also introduce substantial
redundancy and serving cost (Ye et al., 2025; Ku-
mar et al., 2025; Fu et al., 2024; Sui et al., 2025;
Qu et al., 2025). Existing work on efficient rea-
soning typically controls this cost at the global
level. One line of work constructs concise reason-
ing data or trains models to write shorter interme-
diate derivations under a target budget (Xia et al.,
2025; Han et al., 2024; Xu et al., 2025; Zhang
et al., 2025b; Yan et al., 2025). Another line incor-
porates global length penalties into RL objectives,
encouraging the model to reduce the total num-
ber of generated tokens (Aggarwal and Welleck,
2025; Arora and Zanette, 2025; Hou et al., 2025;
Zhang and Zuo, 2025; Wu et al., 2025b; Huang
et al., 2025; Liu et al., 2025a; Tu et al., 2025). A
third line learns adaptive short/long reasoning be-
havior, either by selecting a reasoning mode or by
triggering chain-of-thought only when the prob-
lem appears sufficiently difficult (Fang et al., 2025;
Zhang et al., 2025a; Lou et al., 2025; Luo et al.,
2025a). These methods improve efficiency, but
their primary control signal is still defined over
the whole response or the whole reasoning mode.
SmartThinker is complementary: it focuses on how
tokens are allocated within a reasoning trajectory,
so that high-contribution steps can be preserved
while low-contribution steps are selectively com-
pressed.
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Figure 2: Overview of the proposed SmartThinker.

Process Supervision and Credit Assignment.
Process supervision assigns feedback to intermedi-
ate steps rather than only to final answers (Light-
man et al., 2024; Luo et al., 2024), making it closely
related to credit assignment in long-chain reason-
ing. Existing methods often depend on human step
labels, model-generated annotations, or a separate
process reward model. SCPO instead estimates
each step’s answer contribution online by measur-
ing how removing the step changes the probability
of the correct answer. It then converts this estimate
into step-level length-control rewards, linking pro-
cess feedback to token efficiency: a step should be
preserved only when its answer-relevant contribu-
tion justifies its token cost. Concurrent work also
moves control signals below the trajectory level, in-
cluding step-level advantage selection for stabiliz-
ing efficient reasoning (Wang et al., 2026), stepwise
length penalization (Li et al., 2026a), and step-level
credit assignment for RL training (Li et al., 2026b).
SCPO differs in that the step score is an online,
contribution-aware estimate of how much a step
helps the final answer, and it is used to allocate
tokens selectively within a single trajectory rather
than to penalize steps or select steps globally.

Agent Harness and Context-Efficient Learning.
Reasoning models are increasingly deployed in
agentic systems, where they interact with tools,
search procedures, retrieved memories, and envi-
ronment feedback (Wu et al., 2025a; Chen et al.,
2025). In such settings, reasoning tokens com-

pete with observations, intermediate state, conver-
sation history, and candidate plans within the same
context window. Token efficiency is therefore not
only a serving concern; it affects how much useful
state an agent can retain while planning and acting.
SmartThinker addresses this pressure at training
time by encouraging denser reasoning trajectories,
leaving more context budget for later tool calls,
memory updates, and multi-branch search.

3 Method

SmartThinker learns high-density reasoning by
dense process reward signals. As illustrated in
Figure 2, it first uses a short-reasoning warm-
up for stable initialization, and then applies Step-
Level Length Control Policy Optimization (SCPO).
SCPO does not optimize for uniformly shorter out-
puts; it learns to spend tokens on reasoning steps
with high answer contribution per token. Algo-
rithm 1 provides a compact overview of the SCPO
update, and the following subsections unpack its
estimation, reward, credit assignment, and clipping
components.

3.1 Short-Reasoning Warm-up

Direct RL from a long-reasoning model is ineffi-
cient because early rollouts are often lengthy and
low-density. We therefore use rejection sampling
followed by supervised fine-tuning (SFT) as an ini-
tialization step. For each training question, the cur-
rent model generates multiple candidate responses;
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Algorithm 1 Step-Level Length Control Policy Op-
timization
Require: Question q, answer a, policy πθ, old pol-

icy πθold , rollout size G
1: Sample G responses {oi}Gi=1 from πθold
2: Split each oi into steps Si = {si,1, . . . , si,ni}
3: Compute answer correctness and difficulty

ρ(q) = 1−Nc/G
4: for each step si,j do
5: Estimate raw contribution mi,j by remov-

ing si,j
6: Compute density ηi,j and normalized allo-

cation score η̂i,j
7: Compute the step reward ri,j with density-

and difficulty-aware penalties
8: end for
9: Normalize step rewards to obtain r̃i,j

10: Compute AS-GAE
i,j =

∑ni−j
m=0 γ

mr̃i,j+m

11: Assign AS-GAE
i,j to all tokens in step si,j

12: Set adaptive clipping bounds εlow and εhigh
13: Update πθ with the clipped SCPO objective

using bounds [1− εlow, 1 + εhigh]

we retain the shortest correct response and fine-tune
on the resulting synthetic data. Since the data come
from the model itself, the warm-up stays close to
the model distribution while moving the policy into
a concise regime. Fine-grained length control is
learned later by SCPO.

3.2 Online Step Contribution Estimation

For each training pair (q, a), SCPO samples G re-
sponses from the old policy. Each response oi con-
tains a reasoning trajectory and a final predicted
answer:

oi = (Si, ai), Si = {si,1, si,2, . . . , si,ni}, (1)

where si,j is the j-th reasoning step, li,j is its to-
ken length, and ni is the number of steps. SCPO
uses this step structure to preserve useful reasoning
while compressing low-value detours.

The sampled group also provides an online esti-
mate of question difficulty:

ρ(q) = 1− Nc

G
, (2)

where Nc is the number of correct responses. A
larger ρ(q) indicates a harder question for the cur-
rent policy, and is used later to control both step-
count penalty and exploration.

SCPO estimates each step’s contribution online
without human process labels or an external reward
model. For a sampled trajectory Si, let

p1 = Pθ(a | q, Si), (3)

p2 = Pθ(a | q, Si \ {si,j}), (4)

where p1 is the probability of the correct answer
given the full trajectory, and p2 is the probability
after removing step si,j . We define the raw contri-
bution score as

mi,j =




0, if p1 ≤ p2,

p21 − p22
p21

, if p1 > p2.
(5)

The removal-based probability drop estimates the
answer contribution of a step on answer correct-
ness, while the squared difference sharpens the
contrast between critical and ordinary steps. To
account for token cost, we define reasoning density
as contribution per token:

ηi,j =
mi,j

li,j
, (6)

Thus, a step receives relaxed length pressure only
when its contribution is high relative to its length.

We add a lightweight safeguard for reflective
steps on difficult questions. Steps containing tran-
sition markers such as “but” or “however” often
indicate verification or correction. To avoid sup-
pressing such behavior too aggressively, we define

η̃i,j = ηi,j + ρ(q)I(si,j), (7)

where

I(si,j) =

{
maxm ηi,m, if marker present,
0, otherwise.

(8)

This term protects verification behavior only when
the rollout set suggests that the question is difficult.
Finally, we min-max normalize η̃i,j within the same
correctness group:

η̂i,j =
η̃i,j −min(Eyi)

max(Eyi)−min(Eyi) + ϵ
, (9)

where yi = 1[ai = a] and Eyi denotes the set of
density-based scores with the same correctness la-
bel as response i. The resulting η̂i,j is the allocation
score used by the reward.
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3.3 Step-Level Reward as Token Allocation
SCPO rewards correct responses while penalizing
low-density length. The reward for step si,j is

ri,j = 1[ai = a]
(
1− k1σ(l̃i,j)

)

·
(
1− k2σ(ñi)

)
. (10)

Here, σ(·) is the sigmoid function and

k1 = k0(1− η̂i,j), (11)

k2 = k0(1− ρ(q)). (12)

Here, k0 is the base penalty coefficient. The
density-aware coefficient k1 gives low-density
steps stronger length pressure, while the difficulty-
aware coefficient k2 penalizes excessive step counts
more strongly on easier questions.

The normalized length and step-count terms are
computed over correct responses:

l̃i,j =
li,j −mean{i,j:ai=a}(li,j)

std{i,j:ai=a}(li,j)
, (13)

ñi =
ni −mean{i:ai=a}(ni)

std{i:ai=a}(ni)
. (14)

Thus, SCPO avoids rewarding short but wrong tra-
jectories, and converts compression into step-level
token allocation rather than global shortening.

3.4 S-GAE for Step-Level Credit Assignment
Naively accumulating future step rewards gives
longer correct responses larger advantages simply
because they contain more rewarded steps (Shao
et al., 2024). SCPO avoids this length bias with
Step-Level Generalized Advantage Estimation (S-
GAE).

We first normalize step rewards across the sam-
pled group:

r̃i,j =
ri,j −meani,j(ri,j)

stdi,j(ri,j)
. (15)

The S-GAE advantage for step si,j is then

AS-GAE
i,j =

ni−j∑

m=0

γmr̃i,j+m, (16)

where γ ∈ (0, 1] is a discount factor. The result-
ing advantage is assigned to all tokens in the cor-
responding step, providing dense feedback while
keeping the step as the unit of credit assignment.

3.5 Difficulty-Adaptive Clipping as
Exploration Control

Clip-Higher in DAPO (Yu et al., 2025) expands the
upper clipping bound to mitigate entropy collapse
and give low-probability tokens more room for ex-
ploration. This is useful for difficult problems, but
it can be harmful for easy ones: when the model
already follows a reliable reasoning path, allowing
large probability increases for low-probability to-
kens may push it away from the correct solution.
SCPO therefore keeps the clipped policy update but
adapts the clipping range to the online difficulty
estimate:

εlow = ε− δ1(1− ρ(q)), (17)

εhigh = ε+ δ2ρ(q), (18)

where δ1 and δ2 control the adjustment magnitude.
Easy questions receive tighter updates to preserve
known correct paths, while difficult questions re-
ceive a larger upper bound to explore promising
low-probability tokens.

4 Experiments

4.1 Models and Datasets
DeepSeek-R1-Distill-Qwen-1.5B, DeepScaleR-
1.5B-Preview, and DeepSeek-R1-Distill-Qwen-7B
are used as base models. We train these models
on a randomly sampled subset of 3,000 QA pairs
from the DeepScaleR-Preview dataset (Luo et al.,
2025b). For evaluation, we use six in-domain
benchmarks: AIME24, AIME25 (Veeraboina,
2023), AMC23, MATH (Lewkowycz et al.,
2022), MinervaMATH (Hendrycks et al., 2021),
Olympiad-Bench (He et al., 2024) and three
out-of-domain benchmarks: Live-Code-Bench
(Jain et al., 2024), GPQA-Diamond (Rein et al.,
2023), and MuSR-MurderMysteries (MuSR-MM)
(Sprague et al., 2024). Please see Appendix A.2
for more details.

We evaluate performance using three main met-
rics: (i) Pass@k, the probability that at least one
of the top k samples is correct under a given de-
coding strategy, reflecting the upper bound of the
model’s reasoning ability. (ii) Maj@k, the accuracy
obtained through majority voting across k samples,
which measures the stability of the model’s out-
put. (iii) AvgLen, the average length of all sampled
responses, indicating the model’s reasoning effi-
ciency. For AIME24, AIME25, and AMC23, we
set k = 10 due to the small size of their test sets.
For all other datasets, we use k = 5.
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Table 1: Average in-domain accuracy-efficiency trade-
off. Averages are computed over the six in-domain
benchmarks. Red. denotes token reduction relative to
the corresponding original backbone; Dens. denotes
average Pass@k per 1K generated tokens.

Models Pass@k Maj@k AvgLen. Red. Dens.

DeepSeek-R1-1.5B 61.88 51.77 5768 0.0 10.7
Alpha-0.1-1.5B 65.17 53.08 4406 23.6 14.8
Thinkless-1.5B 63.69 51.93 4362 24.4 14.6
SmartThinker-1.5B 65.75 53.69 3651 36.7 18.0

DeepScaleR-1.5B 66.53 57.51 4988 0.0 13.3
L1-Max-1.5B 64.33 53.98 2841 43.0 22.6
SmartThinker-ScaleR 66.65 55.38 2370 52.5 28.1

DeepSeek-R1-7B 71.51 63.08 4987 0.0 14.3
Alpha-0.1-7B 73.83 65.10 4061 18.6 18.2
AdaptThink-7B 73.40 65.04 3833 23.1 19.1
SmartThinker-7B 75.26 66.59 3367 32.5 22.4

Note that we do not use Pass@1 as our primary
evaluation metric, since improvements in Pass@1
mainly reflect better output ranking (Zhu et al.,
2025). In other words, the model becomes more
skilled at placing the correct answer first rather
than solving previously unsolvable problems. In
contrast, Pass@k (for k > 1) allows multiple at-
tempts, allowing the model to explore potentially
correct answers even if the first attempt fails. This
setting better reflects the model’s true reasoning
ability when sufficient exploration is allowed.

4.2 Baselines

The baselines we select can be grouped into two cat-
egories: (i) models based on global length penalty,
including Alpha-0.1 (Arora and Zanette, 2025)
and L1-Max (Aggarwal and Welleck, 2025), and
(ii) models that incorporate both long- and short-
reasoning modes, such as Thinkless (Fang et al.,
2025) and AdaptThink (Zhang et al., 2025a).

4.3 Experiment Settings

The hyperparameters are set to k0 = 0.6, γ = 0.95,
δ1 = 0.03, and δ2 = 0.08. Detailed experimental
settings are provided in Appendix A.4.

4.4 Main Results

In-Domain Reasoning. Table 1 summarizes
the average in-domain trade-off, with full per-
benchmark results reported in Appendix Tables 6
and 7. The central pattern is consistent across
all backbone families: SmartThinker moves the
model toward a better accuracy-efficiency fron-
tier, improving reasoning accuracy while using

Table 2: Context-budgeted AIME24 evaluation. Each
entry reports the average number of correctly solved
problems before the cumulative chat context reaches
budget B.

Models 4K 8K 16K 32K

DeepSeek-R1-7B 0.20 0.80 1.60 4.20
Alpha-0.1-7B 0.20 0.80 3.20 3.60
AdaptThink-7B 0.60 0.80 2.80 3.40
SmartThinker-7B 0.60 0.80 3.40 5.60

Table 3: Out-of-domain Pass@1 accuracy (%). LCB,
GPQA, and MuSR denote Live-Code-Bench, GPQA-
Diamond, and MuSR-MM, respectively.

Models LCB GPQA MuSR Avg.

DeepSeek-R1-1.5B 22.00 16.67 36.80 25.16
Alpha-0.1-1.5B 28.00 21.72 49.60 33.11
Thinkless-1.5B 22.50 16.16 33.20 23.95
SmartThinker-1.5B 32.00 23.74 52.00 35.91

DeepScaleR-1.5B 31.00 22.73 48.40 34.04
L1-Max-1.5B 31.50 34.37 54.00 39.96
SmartThinker-ScaleR 33.00 35.83 55.60 41.48

DeepSeek-R1-7B 45.50 34.34 54.80 44.88
Alpha-0.1-7B 49.00 38.89 57.60 48.50
AdaptThink-7B 50.00 39.90 54.00 47.97
SmartThinker-7B 54.00 44.44 60.80 53.08

substantially fewer tokens. On the DeepSeek-R1-
Distill-Qwen-1.5B family, SmartThinker achieves
the best average Pass@k and Maj@k among the
efficient-reasoning baselines while reducing Av-
gLen by 37%. This gives it higher reasoning den-
sity than both Alpha-0.1 and Thinkless, showing
that the model is not merely learning to truncate
its output, but to remove reasoning segments that
contribute little to the final answer.

The same conclusion holds in the more demand-
ing DeepScaleR setting, where the base model is
already stronger and L1-Max already applies ag-
gressive length control. SmartThinker keeps the
accuracy of the strong base model essentially intact,
slightly improving average Pass@k from 66.53%
to 66.65%, while cutting AvgLen from 4988 to
2370 tokens. It also improves over L1-Max un-
der a smaller token budget, yielding the highest
density. These results indicate that step-level al-
location provides a signal that coarse length con-
trol misses: useful derivations should be protected
even under strong compression, while low-density
continuation can be safely pruned. At 7B scale,
SmartThinker again improves both Pass@k and
Maj@k over the original backbone while reducing
average length by 32.5%. Taken together, the in-
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domain results support the main hypothesis of this
work: efficient reasoning is best achieved by real-
locating tokens within the reasoning trace, rather
than by applying uniform pressure to the whole
response. Section 5.2 further confirms that these
gains cannot be explained by short-context training,
the SFT warm-up initialization, or differences in
the training recipe.

Context-Budgeted Reasoning. Table 2 tests
whether higher-density reasoning translates into
higher effective throughput under a fixed context
budget. We simulate a harness-style setting in
which a model answers a shuffled sequence of
AIME24 problems in one growing chat and stops
when the cumulative context reaches budget B.
The metric is the number of problems solved before
the budget is exhausted. Please see Appendix A.9
for further experimental details.

At very small budgets, all models are bottle-
necked by the first few attempts, so the differences
are limited. Once the budget allows multiple full at-
tempts, the benefit of step-level allocation becomes
clear. At B = 16K, SmartThinker-7B solves 3.40
problems on average, more than DeepSeek-R1-7B
and the efficient-reasoning baselines. At B = 32K,
the gap widens: SmartThinker-7B solves 5.60 prob-
lems, compared with 4.20 for DeepSeek-R1-7B,
3.60 for Alpha-0.1-7B, and 3.40 for AdaptThink-
7B. This pattern shows that SmartThinker uses the
same context window to create more useful rea-
soning opportunities while preserving enough rea-
soning quality for those additional attempts to be-
come correct answers. This is the operational value
of reasoning density in agent harnesses: tokens
saved from low-contribution detours are converted
into additional useful reasoning opportunities, not
merely shorter transcripts.

Out-of-Domain Generalization. Table 3 eval-
uates whether the high-density reasoning policy
learned from mathematical training transfers to
other reasoning domains. The answer is consis-
tently positive: across three OOD benchmarks,
SmartThinker achieves the best average accuracy
within each backbone family. The improvements
are not marginal. SmartThinker-1.5B raises the
average accuracy from 25.16 to 35.91 over the
original DeepSeek-R1 backbone and SmartThinker-
7B reaches 53.08 average accuracy, outperforming
both efficient-reasoning baselines by more than
four points. These results suggest that SCPO does
not simply fit math-specific answer formats or
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Figure 3: Pass@5 accuracy and AvgLen at different
training steps on the MATH dataset.

benchmark-specific shortcuts. Instead, it learns a
more general reasoning behavior: allocating more
tokens to steps that are consequential for the fi-
nal answer while compressing steps that are not.
Because this principle is domain-agnostic, the re-
sulting compact reasoning policy remains useful
when the task shifts from mathematical derivation
to program synthesis, scientific knowledge reason-
ing, and long-context commonsense inference. The
OOD gains therefore strengthen the main claim of
SmartThinker: high-density reasoning improves
not only efficiency, but also the reliability of rea-
soning across domains.

Training Overhead. The step-contribution es-
timator is implemented efficiently: all leave-one-
step-out sequences are constructed in parallel, dy-
namically packed across rollouts into a single batch,
and scored with one batched prefill-only forward
pass using vLLM (Kwon et al., 2023), completely
avoiding autoregressive decoding (implementation
details and full timings are given in Appendix A.8).
One complete contribution evaluation over eight
rollouts of up to 4,096 tokens each takes only 0.60s
on the 1.5B model and 4.06s on the 7B model,
and end-to-end SCPO training adds less than 8%
per-step overhead over plain GRPO. Since the esti-
mator runs only during training and leaves the de-
coding path untouched, SmartThinker incurs zero
inference-time cost: this one-time training over-
head is small and practically acceptable, and is
repaid many times over by the sustained inference-
efficiency gains reported above.

5 Ablation Study

5.1 Module Ablation Analysis

Table 4 isolates the contribution of each Smart-
Thinker component on DeepSeek-R1-Distill-
Qwen-7B. The SFT warm-up primarily shifts the
policy into a shorter-response regime. Although it
substantially improves reasoning density, it does
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Figure 4: Hyperparameter selection.

Table 4: Cumulative module-level ablation on
DeepSeek-R1-Distill-Qwen-7B. Results are averaged
over the six in-domain benchmarks. Each “+” row adds
the corresponding component to the previous setting.
Dens. denotes average Pass@k per 1K generated to-
kens.

Setting Pass@k AvgLen Dens.

DeepSeek-R1-7B 71.51 4987 14.3
+ SFT warm-up 71.13 4001 17.8
+ Step contribution estimator 73.38 3673 20.0
+ Lightweight safeguard 74.92 3861 19.4
+ S-GAE 74.83 3452 21.7
+ Difficulty-adaptive clipping 75.26 3367 22.4

not improve accuracy on its own. Figure 3 further
corroborates this interpretation: with SFT warm-
up, SCPO attains comparable accuracy at a sub-
stantially lower training cost, completing 1,300 RL
steps in 68 hours, as opposed to 1,000 steps in 122
hours without SFT. These findings indicate that the
warm-up is best viewed as an initialization proce-
dure that reduces rollout cost and better prepares
the model for subsequent RL.

The online step contribution estimator produces
the first clear accuracy improvement while further
reducing response length. This result supports the
central design choice of SCPO: reasoning quality
improves only when the reward signal can distin-
guish high-density steps from low-value detours.
The lightweight safeguard then raises accuracy at
the cost of a small length increase, suggesting
that some verification and self-correction steps are
worth preserving, especially on difficult problems.
Appendix A.10 further analyzes this behavior and
shows that the lightweight safeguard prevents use-
ful reflective steps from being removed too aggres-
sively. This supports a more nuanced view of ef-
ficiency: not every verification and reflection step
is redundant; the key question is whether the step

supports answer-changing reasoning.
S-GAE restores a stronger efficiency gain while

maintaining nearly the same accuracy, indicating
that step-level credit assignment helps remove the
length bias introduced by accumulating rewards
over many steps. Finally, difficulty-adaptive clip-
ping yields the best overall trade-off, showing that
exploration should be relaxed on hard questions
but constrained on easier ones. Appendix A.11 fur-
ther supports this interpretation by showing that the
model’s entropy tracks problem difficulty during
training. Taken together, the cumulative ablation
shows that SmartThinker does not work through in-
discriminate shortening. Its advantage comes from
progressively turning length control into step-level
token allocation, which improves both accuracy
and reasoning density.

5.2 Controlled Comparisons under Identical
Warm-up and Recipe

Our gains could in principle come from the warm-
up or the 4K recipe rather than SCPO itself. To
isolate the RL objective, we retrain every base-
line from the same SFT checkpoint with identi-
cal data, context, optimization, and training steps;
only the RL objective differs. Table 5 shows the
pattern: the shortest-answer warm-up compresses
every method, but most baselines trade accuracy
for brevity, whereas SCPO dominates on both axes.
The LAPO pair further shows that adding global
length learning on top of this prior hurts accuracy:
LAPO trails the released LAPO-I (Wu et al., 2025b)
by 2.69 Pass@k points.

Shortest-correct SFT is a strong compression
prior: it reduces redundant unrolling and RL ex-
ploration cost, but it also narrows the set of correct
long-form trajectories. On hard problems that re-
quire search, backtracking, or verification, global
length penalties or fixed-budget objectives can fur-
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Table 5: Controlled comparisons under identical SFT
warm-up, training data, 4K context, and training steps.
Only the RL objective differs across rows; results are
averaged over the six in-domain benchmarks. †LAPO-I
is the publicly released checkpoint trained without our
SFT warm-up.

Models Pass@k AvgLen. Red. Dens.

SFT+Alpha-0.1-1.5B 65.47 3991 30.8 16.4
SFT+Thinkless-1.5B 60.59 3897 32.4 15.6
SmartThinker-1.5B 65.75 3651 36.7 18.0

SFT+GRPO-ScaleR 64.07 3030 39.3 21.1
SFT+L1-Max-1.5B 63.59 2460 50.7 25.8
LAPO-I-ScaleR† 68.94 3710 25.6 18.6
SFT+LAPO-ScaleR 66.25 2896 41.9 22.9
SmartThinker-ScaleR 66.65 2370 52.5 28.1

SFT+GRPO-7B 73.65 3687 26.1 20.0
SmartThinker-7B 75.26 3367 32.5 22.4

ther suppress key derivations. SCPO recovers ac-
curacy by separating redundant from critical steps
with step-level rewards, while its lightweight safe-
guard and Difficulty-Adaptive Clipping preserve
the exploration needed on difficult problems.

5.3 Entropy-Stable Clipping

Following DAPO (Yu et al., 2025), we set δ2 to
0.08 and compare the effects of a larger δ1 with
the smaller value used in this work. As shown in
Figure 4a, a larger δ1 raises entropy but eventually
causes entropy collapse, as excessive exploration
during moderately complex tasks drives the model
off the correct reasoning path. As training contin-
ues, this drift escalates, destabilizing training. In
contrast, a smaller δ1 curbs entropy growth, main-
taining a healthier balance between exploration and
exploitation across problem difficulties.

5.4 S-GAE Reduces Length Bias

As shown in Figure 4b, when γ = 1, the model
tends to generate excessively long sequences. As γ
decreases, the average sequence length also short-
ens. However, setting γ too low greatly reduces
the contribution of later steps to the overall advan-
tage, leading to less accurate advantage estimates
and potentially harming model performance. Bal-
ancing these trade-offs, we set γ = 0.95, which
effectively mitigates length bias while maintaining
stable performance.

5.5 Balanced Length Pressure

Figure 4c studies the effect of the base penalty coef-
ficient k0, which scales both the density-aware co-

efficient k1 and the difficulty-aware coefficient k2
in the SCPO reward. A large k0 produces shorter
responses, but the pressure becomes too aggres-
sive and can remove useful derivations steps along
with redundant self-reflection. A small k0 has the
opposite limitation: because both k1 and k2 are
weakened, the reward has insufficient leverage to
prune low-density steps or discourage excessive
step counts on easy questions. We therefore set
k0 = 0.6, which gives enough pressure to com-
press low-value reasoning while preserving steps
whose contribution justifies their token cost. This
supports the central design of SmartThinker: ef-
ficiency gains should come from selective token
allocation rather than uniform shortening.

6 Conclusion
SmartThinker treats efficient reasoning as allocat-
ing tokens rather than simply using fewer of them:
reasoning density is uneven, with a few steps carry-
ing most of the evidence and many tokens adding
little. Using this signal, SmartThinker compresses
low-value detours while preserving correctness-
critical derivations. This matters especially in agent
harnesses, where reasoning shares a bounded con-
text window with tools, memory, and state. Ef-
ficient reasoning should therefore be judged by
whether the model spends its budget on the steps
that matter.

7 Limitations

Our method assumes that a reasoning trajectory can
be decomposed into discrete steps, which are then
used to estimate contribution scores and assign re-
wards. In this study, we use a fixed delimiter based
on "\n\n" to define these steps. Although this strat-
egy is simple and consistent with the formatting of
many generated reasoning traces, we have not sys-
tematically examined how alternative granularities,
such as sentence level units, semantic chunks, or
fixed token windows, affect training dynamics and
final performance. A more adaptive definition of
reasoning steps may further improve the stability
and generality of step based length control, and we
leave this direction for future work.
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A Experimental Appendix

A.1 Reasoning Density Distribution under
Global-Level and Step-Level Training

Figure 5 compares reasoning-density distributions
under global-level and step-level training. Reason-
ing density measures the estimated answer contribu-
tion of a reasoning step per generated token. Under
global-level length-penalty training, substantial rea-
soning remains allocated to low-density steps, indi-
cating redundant token use. Under SmartThinker’s
step-level training, the distribution shifts toward
higher-density reasoning: low-value detours are
compressed, while answer-relevant derivations re-
ceive more of the reasoning budget. This shows
that SmartThinker learns denser reasoning trajecto-
ries rather than merely shortening outputs.

Regarding the experimental setup shown in Fig-
ure 5, we randomly sample 20 questions from the
DeepScaleR-Preview-Dataset and generate 8 re-
sponses for each question. Problem difficulty is
computed using Eq.2 in the main text: questions
with difficulty scores no greater than 0.5 are cate-
gorized as low-difficulty, while those with scores
greater than 0.5 are categorized as high-difficulty.
We instruct the model to use \n\n to separate rea-
soning steps. For each step si,j , we compute the
correct-answer probability with the full trajectory
and after removing that step, obtain the raw contri-
bution score using Eq.5, and divide it by the step
length according to Eq.6. For visualization, we
apply the same min–max normalization used in
SCPO within each correctness group and aggregate
the resulting density scores by training method and
problem difficulty.
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(b) SmartThinker step-level training.

Figure 5: Reasoning-density distribution under global-
level and step-level training. Higher density indicates
greater answer contribution per generated token. Com-
pared with global-level length-penalty training, Smart-
Thinker step-level training shifts reasoning toward high-
density steps and compresses low-density detours across
both easy and hard questions.

A.2 Benchmark Datasets
In this section, we will describe in detail all the
datasets used in our experiments. These datasets
are divided into in-domain datasets and out-of-
domain datasets.

In-domain datasets are as follows:

• AIME24–25 comprises 30 questions from the
2024 and 2025 American Invitational Mathe-
matics Examination, with 15 fill-in-the-blank
questions per exam. These questions are more
difficult than AMC and span number theory,
combinatorics, geometry, and algebra.

• AMC10/12 consists of 25 multiple-choice
questions each for the AMC10 (up to 10th
grade) and AMC12 (up to 12th grade). Each
competition consists of 25 multiple-choice
questions, totaling 975 questions across 39
tests. Questions progress from basic algebra
and geometry to introductory probability and
counting, covering various tasks for LLM rea-
soning evaluation.

• MinervaMATH comprises 12,500 high-
school–level contest questions. Each includes
detailed solution steps and spans prealgebra
through precalculus.

• MATH is a challenging dataset used to eval-
uate models’ complex multi-step reasoning
abilities in mathematics, featuring problems
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that require precise logical reasoning where a
single error can invalidate an entire solution.
It has automatically checkable answers, allow-
ing for outcome supervision without human
input, and is employed in comparing outcome
and process supervision methods.

• OlympiadBench is an Olympiad-level bilin-
gual multimodal scientific benchmark, fea-
turing 8,476 problems from Olympiad-level
mathematics and physics competitions, includ-
ing the Chinese college entrance exam. Each
problem is detailed with expert-level annota-
tions for step-by-step reasoning. Notably, the
best-performing model, GPT-4V, attains an
average score of 17.97% on OlympiadBench,
with a mere 10.74% in physics, highlighting
the benchmark rigor and the intricacy of phys-
ical reasoning.

Out-of-domain datasets are as follows:

• Live-Code-Bench evaluates code generation
on recent competitive programming problems
collected from platforms such as LeetCode,
AtCoder, and Codeforces. Each instance con-
tains a problem statement, input/output ex-
amples, and hidden test cases, and models
must generate a complete executable solution.
We evaluate 200 sampled problems from the
release-latest split.

• GPQA-Diamond is the highest-quality subset
of GPQA, a graduate-level multiple-choice
benchmark written by domain experts in biol-
ogy, chemistry, and physics. The questions are
designed to be difficult to answer through web
search alone and require expert-level scientific
reasoning. We evaluate the full 198-question
GPQA-Diamond subset.

• MuSR evaluates multistep soft reasoning over
natural-language narratives. We use the
MuSR-MurderMysteries subset, where each
example requires identifying the correct an-
swer from a long story through chained com-
monsense and evidential reasoning. We evalu-
ate 250 examples from this subset.

A.3 Baselines

In this section, we will describe in detail all the
baselines used in our experiment.

• Alpha-0.1 introduces a global length penalty
mechanism into the PPO algorithm to en-
courage the model to produce more concise
reasoning processes. This approach is fully
fine-tuned on both the DeepSeek-R1-Distill-
Qwen-1.5B and DeepSeek-R1-Distill-Qwen-
7B models, achieving a substantial reduc-
tion in redundant reasoning while maintaining
high accuracy.

• L1-Max employs a Length Controlled Policy
Optimization (LCPO) mechanism to precisely
regulate the length of chain-of-thought reason-
ing. The method first trains the DeepScaleR-
1.5B-Preview model with LCPO, enabling it
to follow user-specified token budgets and
yielding the base model L1-Exact. Building
on this foundation, L1-Max is further trained
to generate responses that do not exceed the
target length.

• Thinkless adopts a two-stage training strat-
egy to guide the model in dynamically switch-
ing between short and long reasoning modes
based on problem difficulty. In the first
stage, supervised fine-tuning (SFT) serves as
a warm-up, equipping the model with the abil-
ity to generate both concise and elaborate
reasoning styles. In the second stage, De-
coupled Group Relative Policy Optimization
(DeGRPO) is introduced to reinforce training,
enabling the model to learn when to output
the ⟨short⟩ or ⟨think⟩ control tokens to man-
age reasoning length. Ultimately, Thinkless
is trained on the DeepSeek-R1-Distill-Qwen-
1.5B model.

• AdaptThink leverages RL to encourage the
model to skip the reasoning process when-
ever possible, while incorporating importance
sampling techniques to balance the proportion
of reasoning and non-reasoning samples dur-
ing training. The final AdaptThink model is
trained on DeepSeek-R1-Distill-Qwen-7B.

A.4 Experimental Setting Details
In the first stage, we sample five responses for each
training question and retain only those that are both
correct and the shortest, discarding any samples
exceeding 4096 tokens. This process yields approx-
imately 2,000 samples per model for constructing
the synthetic dataset. Sampling uses a tempera-
ture of 1 and a top-p of 0.95. During supervised
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Table 6: Detailed Pass@k, Maj@k, and AvgLen results for 1.5B model families on the six in-domain reasoning
benchmarks.

Models AIME25 AIME24 AMC23 MinervaMATH MATH Olympiad-Bench Avg.
Pass@k (%)

DeepSeek-R1-1.5B 43.33 50.00 87.50 44.85 91.20 54.37 61.88
Alpha-0.1-1.5B 40.00 63.33 90.00 49.26 92.00 56.44 65.17
Thinkless-1.5B 40.00 50.00 92.50 45.59 92.00 62.07 63.69
SmartThinker-1.5B 43.33 63.33 95.00 45.22 91.00 56.59 65.75
DeepScaleR-1.5B-Preview 43.33 60.00 95.00 48.53 92.60 59.70 66.53
L1-Max-1.5B 43.33 50.00 95.00 47.43 92.60 57.63 64.33
SmartThinker-ScaleR 43.33 66.67 92.50 46.32 91.80 59.26 66.65

Maj@k (%)
DeepSeek-R1-1.5B 33.33 36.67 77.50 32.72 84.60 45.78 51.77
Alpha-0.1-1.5B 30.00 40.00 80.00 35.29 86.80 46.37 53.08
Thinkless-1.5B 30.00 30.00 80.00 35.29 85.20 51.11 51.93
SmartThinker-1.5B 40.00 33.33 82.50 33.46 83.80 49.04 53.69
DeepScaleR-1.5B-Preview 36.67 40.00 85.00 38.60 90.00 54.81 57.51
L1-Max-1.5B 33.33 30.00 85.00 37.50 87.40 50.67 53.98
SmartThinker-ScaleR 30.00 40.00 90.00 33.46 88.60 50.22 55.38

AvgLen
DeepSeek-R1-1.5B 7307 7314 5335 4844 3821 5985 5768
Alpha-0.1-1.5B 6459 6486 3771 2822 2300 4596 4406
Thinkless-1.5B 6475 6565 3888 3062 1930 4249 4362
SmartThinker-1.5B 5653 5310 3105 2495 1643 3700 3651
DeepScaleR-1.5B-Preview 6534 6833 4421 4369 2888 4881 4988
L1-Max-1.5B 3076 3255 2440 3103 2221 2948 2841
SmartThinker-ScaleR 2748 3004 2217 2072 1885 2291 2370

Table 7: Detailed Pass@k, Maj@k, and AvgLen results for 7B models on the six in-domain reasoning benchmarks.

Models AIME25 AIME24 AMC23 MinervaMATH MATH Olympiad-Bench Avg.
Pass@k (%)

DeepSeek-R1-7B 50.00 73.33 95.00 54.04 95.20 61.48 71.51
Alpha-0.1-7B 60.00 73.33 95.00 54.78 95.60 64.30 73.83
AdaptThink-7B 60.00 73.33 95.00 53.31 95.20 63.56 73.40
SmartThinker-7B 66.67 80.00 95.00 50.37 95.40 64.15 75.26

Maj@k (%)
DeepSeek-R1-7B 43.33 56.67 90.00 43.38 91.00 54.07 63.08
Alpha-0.1-7B 43.33 60.00 95.00 44.49 92.40 55.41 65.10
AdaptThink-7B 40.00 70.00 90.00 42.28 91.80 56.15 65.04
SmartThinker-7B 53.33 63.33 92.50 40.81 92.40 57.19 66.59

AvgLen
DeepSeek-R1-7B 6820 6791 4600 3589 2815 5308 4987
Alpha-0.1-7B 6265 6161 3466 2322 1887 4267 4061
AdaptThink-7B 6332 5962 3185 2002 1505 4014 3833
SmartThinker-7B 5296 5416 2777 1667 1570 3475 3367

fine-tuning (SFT), we set the batch size to 1 with a
gradient accumulation step of 8. The learning rate
is 1 × 10−5, following a cosine schedule with a
warm-up ratio of 0.1, and we train for three epochs.

In the second stage, we train the models using
the TRL framework with a batch size of 8, gen-
erating 8 rollouts per question for SCPO reward
computation. We omit the KL penalty, as previ-
ous studies show that it suppresses exploration (Yu
et al., 2025; Liu et al., 2025b). The maximum con-
text length is set to 4096 tokens during training and
extended to 8192 tokens for evaluation. We carry
out training with ZeRO Stage 2 (Rajbhandari et al.,
2020) across two A6000 GPUs. We set the temper-

ature to 1 and top-p to 0.95 during training. For in-
domain evaluation, we use temperature 0.6. For the
OOD evaluation in Table 3, we use EvalScope with
temperature 0.6, top-p 0.95, and a maximum gen-
eration length of 8192 tokens. To maximize data
utilization, we update the policy model two times
per batch. The hyperparameters are configured as
k0 = 0.6, γ = 0.95, δ1 = 0.03, and δ2 = 0.08.
We optimize using the AdamW (Loshchilov and
Hutter, 2017) optimizer, with β1 = 0.9, β2 = 0.95,
and a learning rate of 2× 10−6, following a cosine
schedule.
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A.5 Detailed Results for the 1.5B Models

Table 6 provides the full per-benchmark results for
the 1.5B model families. We report the DeepSeek-
R1-Distill-Qwen and DeepScaleR groups sepa-
rately because they start from different base mod-
els, so the most meaningful comparisons are within
each group. The table includes Pass@k, Maj@k,
and AvgLen, allowing us to examine not only
whether a method improves accuracy, but also
whether it preserves useful reasoning under a
shorter token budget.

For the DeepSeek-R1-Distill-Qwen-1.5B fam-
ily, SmartThinker-1.5B achieves the strongest av-
erage Pass@k and Maj@k among the efficient-
reasoning methods, while also producing the short-
est responses. Compared with Alpha-0.1-1.5B,
it improves the average Pass@k from 65.17% to
65.75% and Maj@k from 53.08% to 53.69%, while
reducing AvgLen by 755 tokens. Compared with
Thinkless-1.5B, SmartThinker gains 2.06 Pass@k
points and 1.76 Maj@k points with 711 fewer to-
kens. These results suggest that the improvement is
not obtained by uniformly truncating reasoning, but
by removing low-contribution steps while preserv-
ing the derivations that support correct answers.

The DeepScaleR group further tests whether
the same idea remains useful when the starting
model is already stronger and when the baseline ap-
plies aggressive length control. DeepScaleR-1.5B-
Preview remains a strong starting point, achiev-
ing 66.53% average Pass@k and the highest aver-
age Maj@k in this group. SmartThinker-ScaleR
slightly raises average Pass@k to 66.65% while
reducing AvgLen from 4988 to 2370 tokens. Com-
pared with L1-Max-1.5B, it also improves average
Pass@k and Maj@k by 2.32 and 1.40 points under
a shorter token budget. This supports the central
motivation of SCPO: effective compression should
depend on step importance rather than a single
global length pressure.

A.6 Detailed Results for the 7B Model

Table 7 reports the detailed 7B results across the six
in-domain reasoning benchmarks. This setting tests
whether the proposed step-level control continues
to scale when the base model already has stronger
reasoning ability.

SmartThinker-7B obtains the best average
Pass@k and Maj@k, improving over DeepSeek-
R1-7B by 3.75 and 3.51 points while reducing
average response length to 68% of the original.

The gains are especially clear on the most diffi-
cult competition-style benchmarks: SmartThinker-
7B improves Pass@k by 16.67 points on AIME25
and 6.67 points on AIME24, indicating that its
shorter traces do not come at the expense of hard-
problem exploration. At the same time, it consis-
tently shortens responses across benchmarks, with
the largest reductions on MinervaMATH, AMC23,
and Olympiad-Bench.

Compared with Alpha-0.1-7B and AdaptThink-
7B, SmartThinker-7B achieves higher average ac-
curacy with fewer tokens. This contrast is informa-
tive: global length penalties can shorten responses
but may compress important reasoning along with
redundant text, while mode-switching methods can
reduce cost without directly optimizing the allo-
cation of reasoning effort inside a chain. Smart-
Thinker instead assigns pressure at the step level,
which keeps high-contribution derivations avail-
able while removing low-value continuation and
verification. The 7B results therefore show that
SCPO improves the accuracy-efficiency trade-off
even when the backbone already has strong reason-
ing capacity.

A.7 Controlled Comparison Details
Table 8 reports the full per-benchmark results be-
hind the controlled comparisons in Section 5.2. All
methods are retrained from the same SFT warm-up
checkpoint of each backbone family, with identi-
cal training data, 4K training context, optimization
configuration, and number of training steps; only
the RL objective differs. The publicly released
LAPO-I checkpoint (trained without our warm-up)
is included as a reference point on the accuracy-
efficiency frontier. The table shows that the addi-
tional accuracy and compression gains of Smart-
Thinker persist under this strictly controlled setting,
so they cannot be attributed to short-context train-
ing, initialization, or recipe differences.

A.8 Training Cost of the Step-Contribution
Estimator

This section gives the implementation details and
full timings behind the training-overhead paragraph
in the main results. Tables 9 and 10 quantify the
training overhead of the online step-contribution
estimator. For each training step, all leave-one-step-
out sequences are constructed in parallel, dynami-
cally packed across rollouts into a single batch, and
scored by one batched prefill-only forward pass
with vLLM (Kwon et al., 2023), so that no autore-
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Table 8: Per-benchmark Pass@k (%) and average response length of the controlled comparisons described in
Section 5.2. Each cell pair reports Pass@k and average token count. †LAPO-I is the publicly released checkpoint
trained without our SFT warm-up and is shown only as a frontier reference.

Models AIME25 AIME24 AMC23 MinervaMATH MATH Olympiad-Bench Avg.

P@k Tok. P@k Tok. P@k Tok. P@k Tok. P@k Tok. P@k Tok. P@k Tok.

DeepSeek-R1-Distill-Qwen-1.5B backbone

SFT+Alpha-0.1-1.5B 43.33 5925 63.33 5964 90.00 3405 47.79 2491 92.20 1987 56.15 4172 65.47 3991
SFT+Thinkless-1.5B 36.67 5948 43.33 6073 87.50 3281 45.22 2541 89.60 1711 61.19 3825 60.59 3897
SmartThinker-1.5B 43.33 5653 63.33 5310 95.00 3105 45.22 2495 91.00 1643 56.59 3700 65.75 3651

DeepScaleR-1.5B-Preview backbone

SFT+GRPO-ScaleR 40.00 3268 53.33 3481 95.00 2553 45.59 3296 92.00 2415 58.52 3164 64.07 3030
SFT+L1-Max-1.5B 40.00 2813 53.33 2976 92.50 2359 47.06 2215 92.20 2001 56.44 2397 63.59 2460
LAPO-I-ScaleR† 50.00 5257 73.33 5474 92.50 3295 44.49 2905 94.20 2165 59.11 3164 68.94 3710
SFT+LAPO-ScaleR 46.67 3769 66.67 3891 90.00 2614 43.38 2458 93.00 1952 57.78 2693 66.25 2896
SmartThinker-ScaleR 43.33 2748 66.67 3004 92.50 2217 46.32 2072 91.80 1885 59.26 2291 66.65 2370

DeepSeek-R1-Distill-Qwen-7B backbone

SFT+GRPO-7B 63.33 6048 73.33 5923 95.00 2987 51.46 1809 95.20 1654 63.56 3701 73.65 3687
SmartThinker-7B 66.67 5296 80.00 5416 95.00 2777 50.37 1667 95.40 1570 64.15 3475 75.26 3366

Table 9: Wall-clock time (seconds) of one online step-
contribution evaluation over 8 rollouts (up to 4,096 to-
kens each), measured over three runs.

Model Run 1 Run 2 Run 3 Avg.

DeepSeek-R1-1.5B 0.62 0.58 0.59 0.60
DeepSeek-R1-7B 4.08 4.06 4.05 4.06

Table 10: Average wall-clock time (seconds) per train-
ing step under identical hardware and configuration.
SCPO adds less than 8% end-to-end overhead over plain
GRPO on both model scales.

Model GRPO SCPO SCPO/GRPO

DeepSeek-R1-1.5B 9.35 9.81 104.92%
DeepSeek-R1-7B 34.92 37.66 107.80%

gressive decoding is involved. Table 9 reports the
wall-clock time of one complete contribution eval-
uation over 8 rollouts of up to 4,096 tokens each,
averaged over three independent runs.

Table 10 further compares the end-to-end per-
step training time of SCPO and plain GRPO under
identical hardware and training configuration. The
removal-based estimation adds less than 8% over-
head on both model scales. Since the estimator
runs only during training and leaves decoding un-
touched, SmartThinker incurs no inference-time
cost, and this one-time training overhead is repaid
by the sustained inference-efficiency gains reported
in the main results.

Table 11: Average number of attempted AIME24 prob-
lems under each context budget. Attempts include cor-
rectly solved, incorrectly answered, and truncated prob-
lems before the run stops.

Models B = 4K B = 8K B = 16K B = 32K

DeepSeek-R1-7B 1.20 1.60 4.20 16.00
Alpha-0.1-7B 1.20 2.00 6.60 5.60
AdaptThink-7B 1.60 2.00 8.40 11.80
SmartThinker-7B 1.60 2.60 12.20 20.80

A.9 Context-Budgeted Evaluation Details

We evaluate context-budgeted reasoning on the 30-
problem AIME24 test set. For each run, we shuffle
the problems with a fixed seed, append them one by
one to a cumulative chat history, and let the model
answer the current problem before moving to the
next one. The run stops when the accumulated
prompt and completion tokens reach the context
budget B, or when all 30 problems have been at-
tempted. The main metric in Table 2 is the number
of correctly solved problems before stopping. We
use budgets B ∈ {4096, 8192, 16384, 32768}. For
each budget, we evaluate five shuffled problem or-
ders and use the same seed set for all models under
that budget. Decoding uses temperature 0.6 and
top-p 0.95. At each turn, the maximum generation
length is set to the remaining context budget after
formatting the current chat prompt. Answers are
extracted with the same answer parser and mathe-
matical equivalence checker used in the main eval-
uation.

Table 11 shows how many AIME24 problems
each model can attempt before exhausting the same
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Figure 6: Effect of lightweight safeguard on reason-
ing behavior and Pass@k performance across different
difficulty levels.

cumulative context budget. This auxiliary met-
ric isolates the throughput side of the context-
budgeted evaluation. At B = 4K, all models can
only make one or two attempts, so the margin is
small. As the budget grows, the difference becomes
much clearer: SmartThinker-7B attempts 12.20
problems at B = 16K, compared with 4.20 for
DeepSeek-R1-7B, 6.60 for Alpha-0.1-7B, and 8.40
for AdaptThink-7B. At B = 32K, SmartThinker-
7B reaches 20.80 attempted problems, exceeding
the strongest baseline by 4.80 attempts.

Crucially, these additional attempts are not ob-
tained by collapsing reasoning quality. When com-
bined with the solved-problem results in Table 2,
Table 11 shows that SmartThinker converts saved
tokens into productive additional opportunities: it
attempts the most problems and also solves the
most problems at larger budgets. This distinguishes
step-level length control from coarse shortening.
Rather than simply forcing every response to be
brief, SmartThinker removes low-contribution rea-
soning segments while preserving enough high-
value derivation for later attempts to remain useful.

A.10 Lightweight Safeguard Preserves Useful
Reflection

Figure 6 examines whether the lightweight safe-
guard preserves useful reflective behavior dur-
ing compression. Without the safeguard, the
model sharply reduces reasoning transition mark-
ers, which weakens its ability to revise or verify in-
termediate conclusions. This failure mode is espe-
cially important because reflection is often sparse:
many reflective steps are short and may not imme-
diately increase the estimated contribution score,
yet they can prevent the model from committing to
an early but fragile solution path.

The safeguard addresses this issue by selectively
protecting reflective steps instead of relaxing length
pressure globally. As a result, the model keeps
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Figure 7: Entropy trends with problem difficulty during
training. Because each sample batch updates the policy
model for four iterations, both entropy and problem
difficulty are averaged over every four steps.

the verification behavior needed for reliable explo-
ration while still compressing low-value continua-
tion. This explains why the safeguard improves the
module-level ablation in Table 4: it does not simply
make responses longer, but preserves a small class
of steps whose value is easy to underestimate with
removal-based scoring alone. Appendix D lists the
transition markers used by this auxiliary signal.

A.11 Difficulty-Adaptive Clipping Tracks
Exploration Need

Figure 7 shows that output entropy rises with prob-
lem difficulty and falls when the sampled questions
become easier. This pattern is desirable: difficult
problems require broader exploration over possi-
ble reasoning paths, whereas easy problems benefit
from exploiting a stable solution pattern. A fixed
clipping range cannot express this distinction and
may either under-explore hard problems or destabi-
lize easy ones.

Difficulty-adaptive clipping provides this control
by tying the update range to the online difficulty
estimate. The resulting entropy trajectory indicates
that SmartThinker does not rely on uniformly high
exploration to improve accuracy. Instead, it allo-
cates exploration where the rollout set suggests un-
certainty and constrains updates where the current
policy is already reliable. This behavior explains
why the final module in Table 4 improves the over-
all accuracy-efficiency trade-off rather than merely
changing response length.

B Case Studies

We conduct case studies on different baseline mod-
els to provide an intuitive demonstration of Smart-
Thinker’s effectiveness. As shown in Fig. 8, for a
question that allows a direct answer, the original
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model generates a lengthy textual reasoning and
continues to elaborate even after arriving at the cor-
rect answer. This unnecessarily complicates simple
problems and results in substantial token redun-
dancy. Although Alpha-0.1 mitigates this redun-
dancy to some extent, it still repeats portions of the
reasoning process when producing the final answer.
Although Thinkless is capable of switching to short-
reasoning modes, its reasoning remains relatively
complex. In contrast, SmartThinker provides the
final answer directly with a single concise line of
reasoning, entirely avoiding such redundancy.

As shown in Fig. 9, when faced with more chal-
lenging questions, the original model often engages
in extensive purely textual reasoning, followed by
multiple rounds of reflection and verification. This
significantly increases computational resources re-
quired for reasoning without contributing mean-
ingfully to producing the final answer. Although
Alpha-0.1 and Thinkless are able to arrive at the
correct answers, they still perform redundant self-
reflection and verification afterward, leading to un-
necessary token consumption. In contrast, Smart-
Thinker relies more on concise and effective state-
ments interwoven with mathematical formulas, out-
putting only the mathematical derivations and es-
sential textual explanations that are genuinely help-
ful for producing the final answer. This enables a
more efficient reasoning process overall.

C Theoretical Analysis

In this section, we provide a theoretical proof that
step-level length control can achieve a better trade-
off between reasoning quality and computational
efficiency compared to global length control.

Typically, the step-level length control algorithm
aims to maximize the following reward:

Rstep = ⊮(correct)−
n∑

i=1

λi
li
T
, (19)

where ⊮(·) denotes the indicator function, λi is the
length penalty coefficient for the i-th step, li is the
length of the i-th step, and T =

∑n
i=1 li denotes

the total length of the response.
The reward for the i-th step can therefore be

defined as:

r
step
i = mi − λi

li
T
, (20)

where mi represents the answer contribution of the
i-th step to the overall correctness of the answer.

In the GRPO algorithm, the advantage for the
i-th step is defined as:

Ai =
ri − r

σr
, (21)

where r and σr denote the mean and standard devi-
ation of the rewards, respectively.

Let the current length of the i-th step be li. Af-
ter an update to the policy gradient, it becomes
l
step
i . For simplicity, we assume that the change in

step length is proportional to the policy gradient in
reinforcement learning, yielding:

∆li ∝ E
[
∇θ

πθ(si | q)
πold(si | q)

Ai

]
. (22)

Considering only the variability introduced by ad-
vantage estimation, we have:

l
step
i = li + η ·Ai. (23)

Substituting Eq.20 and 21 into Eq.23:

l
step
i = li ·

(
1− αλi

T

)
+ α · δi, (24)

where α = η
σr

and δi = mi − r.
If we focus solely on differences in penalty coef-

ficients, the Eq. 24 can be approximated as:

l
step
i ≈ li ·

(
1− αλi

T

)
. (25)

Similarly, for the global length control algorithm,
after one update, the length of the i-th step can be
expressed as:

l
global
i ≈ li ·

(
1− αλ

T

)
. (26)

Let vi denote the contribution density of the i-th
step to producing the correct answer. Then, the
total contribution under step-level length control
is:

Istep =
∑

i

vi · lstep
i (27)

=
∑

i

vili −
α

T

∑

i

viλili. (28)

Similarly, under global length control, the total
contribution is:

Iglobal =
∑

i

vi · lglobal
i (29)

=
∑

i

vili −
αλ

T

∑

i

vili. (30)
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Define S =
∑

i vili. Then:

Istep − Iglobal =
α

T

(
λS −

∑

i

viλili

)
. (31)

Assuming that both methods yield the same total
token budget after the update, we have:

∑

i

l
step
i =

∑

i

l
global
i , (32)

and substitute Eq.25 and 26 into Eq. 32. we can
obtain:

∑

i

λili = λ
∑

i

li. (33)

In the step-level length control algorithm, λi

should be inversely proportional to the contribution
density of the step. Thus, we define λi = 1 − vi,
yielding:

Istep − Iglobal =
∑

i

v2i li −
S2

T
. (34)

By the Cauchy–Schwarz inequality:

(∑

i

v2i li

)
·
(∑

i

li

)
≥
(∑

i

vili

)2

. (35)

Therefore, we finally obtain:

Istep ≥ Iglobal. (36)

This result demonstrates that, under the same
token budget, step-level length control preserves
a higher total contribution toward producing the
correct answer compared to global length penalty
methods.

D Reasoning Transition Words

In this section, we list a curated set of commonly
used reasoning transition words and phrases that
frequently appear in the LLM’s chain-of-thought.
We group them by their reasoning function to make
them easy to read and to use as a keyword set in
our method.

Contrast, Correction, and Turning Points
These markers indicate a change of direction, con-
trast, or self-correction (e.g., catching an error and
revising the reasoning).

but, however, nevertheless, nonetheless, yet, still,
though, although, even though, instead, rather, on

the other hand, on the contrary, by contrast, in
contrast, in reality, in fact, that said, despite this,
despite that, conversely. wait, hold on, that is not
correct I made a mistake, I miscalculated, I misread
the problem, let me correct that, let me fix this, let
me reconsider, let me re-evaluate this.

Checking, Verification, and Self-reflection
These phrases indicate that the model is explic-
itly checking or verifying its previous steps, which
often correspond to important reflective behavior.

let me check, let me check this, let me double-
check, let me verify, let me verify the calculation,
let me make sure, let us check, let us verify, let us
confirm, to verify this, to check this, this does not
make sense, this seems wrong, this seems incorrect,
I now see that, I see a mistake here, there is an
error here, let me try again, let me start over, let me
try a different approach, let me try another method,
let me take a different approach, instead, I will try.

Logical Progression and Deduction These
words and phrases express logical consequence and
progression from one step to the next.

therefore, thus, hence, so, consequently, as a
result, it follows that, this implies that, we deduce
that, we conclude that, from this we get.

Alternative Approaches and Reformulation
These expressions introduce alternative methods or
rephrase the same idea in a different way.

alternatively, another way is to, another ap-
proach is to, a different approach is to, equivalently,
in other words.

Assumptions, Conditions, and Setup These
phrases are used when the model sets up assump-
tions, conditions, or notations, which often struc-
ture the reasoning that follows.

suppose that, assume that, let us suppose, let us
assume, let us consider, given that, note that, we
note that, observe that, we observe that.

Meta-reasoning Cues and Heuristics These ex-
pressions comment on the difficulty, correctness,
or reliability of the current reasoning path.

this looks promising, this approach may work,
this might be wrong, I may have missed something,
I need to be careful

Lightweight Discourse Markers These short
discourse markers are common in free-form chain-
of-thought and often signal local transitions be-
tween micro-steps.
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what is the answer of 2 plus 3?

<think>
First, I need to identify the two numbers to be added, 
which are 2 and 3.

Next, I'll add them together: 2 plus 3 equals 5.

Finally, I'll present the answer in a boxed format.
</think>
**Step 1:**  
...
**Step 2:**  
...
**Step 3:**  
Present the final answer in a boxed format.  
\[\boxed{5}\]
--------------------
(163 tokens)

Original 

<think>
First, add the two numbers: 2 and 3.

2 + 3 = 5
</think>
Let's calculate \(2 + 3\).

\[2 + 3 = 5\]

\[\boxed{5}\]
--------------------
(57 tokens)

Alpha-0.1

<short>
To solve the problem of finding the sum of 2 and 3, we 
can follow these steps:

1. Identify the numbers to be added: 2 and 3.
2. Add the two numbers together: 2 + 3.
3. Perform the addition: 2 + 3 = 5.

So, the final answer is \boxed{5}.
--------------------
(79 tokens)

Thinkless

<think>
First, add 2 and 3 to get 5.
</think>
The answer is \boxed{5}.
--------------------
(26 tokens)

SmartThinker

Figure 8: Examples of model responses to questions with straightforward solutions across different baselines.

Let $\theta$ be an acute angle such that $\sin 5 \theta = \sin^5 \theta$. Compute $\tan 2 \theta.$

<think>
Okay, ......
First, I know that sin 5θ can be expanded using multiple-
angle identities. 
......
"Let me verify that. Yeah, that's the expansion using the 
sine multiple-angle formula." [redundant ①]
......
Substituting and simplifying gives 15 sin⁵θ − 20 sin³θ + 
5 sinθ = 0; factor sinθ ⇒ 15 sin⁴θ − 20 sin²θ + 5 = 0. Let 
x = sin²θ ⇒ 15x² − 20x + 5 = 0 ⇒ x = 1 or x = 1/3.
......
"Wait, let me verify that calculation step by step. 
Numerator: 2·(√2/2) = √2. That's correct. Denominator: 
1 − (√2/2)² = 1 − 1/2 = 1/2. That's also correct. So tan 2θ 
= √2/(1/2) = 2√2." [redundant ②: rewalks the same 
arithmetic]
......
"But wait, let me double-check using another method. 
Alternatively, tan 2θ = 2 sinθ cosθ /(cos²θ − sin²θ)." 
Plugging in: numerator 2·(√3/3)·(√6/3) = 2√2/3; 
denominator 6/9 − 3/9 = 1/3. tan 2θ = (2√2/3)/(1/3) = 
2√2. Same result. [redundant ③: full alternate 
derivation]
......
"Just to make sure, let's also compute 2θ." θ ≈ 
arcsin(0.577) ≈ 35.264°. Then 2θ ≈ 70.528°. tan(70.528°) 
≈ 2.828 ≈ 2√2 (since √2 ≈ 1.414). Checks out 
numerically. [redundant ④: numerical sanity-check]
......
"Therefore, I think my answer is correct." [redundant 
⑤: post-answer self-affirmation]
Final Answer: \boxed{2\sqrt{2}}
--------------------
(3166 tokens)

Original 

<think>
Okay, ......
The formula for sin 5θ is 16 sin⁵θ − 20 sin³θ + 5 sinθ. 
Substituting and simplifying gives 15 sin⁵θ − 20 sin³θ + 
5 sinθ = 0. Factor 5 sinθ: 5 sinθ(3 sin⁴θ − 4 sin²θ + 1) = 0. 
......
"Wait, let me verify that:" rewrites tanθ = (1/√3)·(3/√6) 
= 3/(√3·√6) = 3/√18 = 3/(3√2) = 1/√2 = √2/2. "Okay, 
that's correct." [redundant ①: re-derives tanθ inline 
immediately after deriving it]
......
tan 2θ = 2·(√2/2)/(1 − 1/2) = √2/(1/2) = 2√2. So tan 2θ is 
2√2.
......
"Wait, let me double-check my steps." — then writes a 
10-line numbered recap of the entire solve: [redundant 
②: full recap block]
1. Started with sin 5θ = sin⁵θ.
2. Expanded sin 5θ as 16 sin⁵θ − 20 sin³θ + 5 sinθ.
3. Subtracted sin⁵θ → 15 sin⁵θ − 20 sin³θ + 5 sinθ = 0.
4. Factored 5 sinθ: 5 sinθ(3 sin⁴θ − 4 sin²θ + 1) = 0.
5. Since sinθ ≠ 0, 3 sin⁴θ − 4 sin²θ + 1 = 0.
[6–9. Same x = sin²θ substitution, same quadratic, 
same root rejection ......]
10. tan 2θ = √2/(1/2) = 2√2.
......
"Yes, that seems correct." [redundant ③: post-recap 
self-affirmation]
Final Answer: \boxed{2\sqrt{2}}
--------------------
(2295 tokens)

Alpha-0.1

<think>
Okay, .....
Let x = sin²θ ⇒ 3x² − 4x + 1 = 0 ⇒ x = 1 or 1/3. Reject 
x = 1 (acute). sinθ = 1/√3, cosθ = √(2/3), tanθ = 1/√2.
tan 2θ = 2·(1/√2)/(1 − 1/2) = √2/(1/2) = 2√2.
......
"Wait, let me check that again. Let's compute step by 
step: denominator 1 − (1/√2)² = 1/2. So tan 2θ = (2/√2)·2 
= 4/√2 = 2√2. Yes, that's correct." [redundant ①: re-
derives tan 2θ]
......
"Wait, but let me check if there are any other possible 
solutions. ... For example, maybe θ = 0 or θ = π/2, but 
those aren't acute." [redundant ②: post-answer 
hypothesis sweep]
......
Plug sinθ = 1/√3 back into the identity: sin 5θ = 16/(9√3) 
− 60/(9√3) + 45/(9√3) = 1/(9√3). And sin⁵θ = (1/√3)⁵ = 
1/(9√3). "So sin 5θ = sin⁵θ checks out." [redundant ③: 
full numerical verification of the original equation]
......
"But wait, let me check if there's another possible 
solution. Suppose sin²θ = 1/3, so sinθ = 1/√3, cosθ = 
√(2/3) ... tan 2θ = 2·(1/√2)·2 = 4/√2 = 2√2." [redundant 
④: third re-derivation]
......
Final Answer: \boxed{2\sqrt{2}}
--------------------
(2562 tokens)

Thinkless

<think>
Okay, ......
Simplify: 15 sin⁵θ − 20 sin³θ + 5 sinθ = 0. [high-
contribution: collect like terms]
Factor 5 sinθ: 5 sinθ(3 sin⁴θ − 4 sin²θ + 1) = 0. [high-
contribution: decisive factoring]
......
Since θ is acute, sinθ ≠ 0; the inner quartic must vanish: 
3 sin⁴θ − 4 sin²θ + 1 = 0. [useful reflection ①: applies 
the acuteness constraint to drop sinθ = 0]
Let x = sin²θ: 3x² − 4x + 1 = 0. [high-contribution: 
reduce quartic → quadratic]
Quadratic formula: x = (4 ± √(16 − 12))/6 = (4 ± 2)/6 ⇒ 
x = 1 or x = 1/3. [high-contribution : solve quadratic]
......
x = 1 ⇒ sin²θ = 1 ⇒ sinθ = 1 ⇒ θ = π/2; π/2 is not 
strictly acute, so discard. Keep sin²θ = 1/3. [useful 
reflection ②: edge-case rejection that actually 
changes the answer]
Pythagorean: sinθ = 1/√3, cosθ = √(2/3) = √6/3, tanθ = 
(1/√3)/(√6/3) = 1/√2. [high-contribution: derive tanθ]
......
Apply double-angle formula:
  tan 2θ = 2 tanθ /(1 − tan²θ) = (2·1/√2) /(1 − 1/2) = 
√2/(1/2) = 2√2. [high-contribution: final tangent 
computation]
......
So the answer is \boxed{2\sqrt{2}}
--------------------
(1981 tokens)

SmartThinker

Figure 9: Examples of model responses to challenging questions across different baselines.

okay, alright, well, now, so now, at this point, so
far.
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