
Findings of the Association for Computational Linguistics: EMNLP 2026, pages 14109–14125
October 24-29, 2026 ©2026 Association for Computational Linguistics

STOP: Structured On-Policy Pruning of Long-Form Reasoning in
Low-Data Regimes

Chenjun Xu
University of Washington

Chenjux@uw.edu

Zhennan Zhou
University of Washington

zhouz46@cs.washington.edu

Zhan Su
Halmstad University
zhan.su@hh.se

Bill Howe
University of Washington

billhowe@uw.edu

Lucy Lu Wang
University of Washington

lucylw@uw.edu

Bingbing Wen
University of Washington

bingbw@uw.edu

Abstract

Long chain-of-thought (Long CoT) reasoning
improves performance on multi-step problems,
but it also induces overthinking. This ineffi-
ciency is especially problematic in low-data
fine-tuning regimes, where real applications
adapt reasoning models with limited supervi-
sion and cannot rely on large-scale teacher dis-
tillation or heavy test-time control. To address
this, we propose STOP (Structured On-policy
Pruning), an on-policy algorithm for analyzing
and pruning long-form reasoning traces. STOP
constructs self-distilled traces from the model.
Then it maps each trace into a structured rea-
soning interface through node segmentation,
taxonomy annotation, and reasoning-tree con-
struction. On top of this interface, we introduce
ECN (Earliest Correct Node), which retains the
shortest prefix ending at the earliest node. Ex-
periments on DeepSeek-R1-Distill-Qwen-7B
and DeepSeek-R1-Distill-LLaMA-3-8B across
GSM8K, Math 500, and AIME 2024 show that
STOP reduces generated tokens by 19.4–42.4%
while largely preserving accuracy in low-data
fine-tuning. Beyond efficiency, our analyses
show that STOP induces much smaller distri-
butional shift than teacher-guided pruning, im-
proves the structural efficiency of generated rea-
soning, and reallocates reasoning effort away
from redundant verification and backtracking
toward more productive exploration.1

1 Introduction

Reasoning language models (RLMs) have re-
cently demonstrated strong performance on com-
plex multi-step tasks by generating long chain-of-
thought (Long CoT) traces (Wei et al., 2022; Yao
et al., 2024; Jaech et al., 2024; Guo et al., 2025).
However, longer reasoning does not simply add use-

1Our code is available at: https://github.com/
chenjux/ECN-STOP.

Figure 1: Aggregate accuracy–token trade-off. Using
the Gemini-era results, SD-ECN reaches 72.6% mean
accuracy, 1.0 percentage point above Base (71.6%), to-
gether with a 32.5% mean token reduction relative to
Base. SD-Full has the highest mean accuracy (76.1%)
but a smaller mean token reduction (9.9%). Results are
equally averaged over two backbones and three bench-
marks; token reductions are computed relative to the
corresponding Base before averaging. Dashed lines in-
dicate Base; upper right is better.

ful intermediate steps—models often keep spend-
ing computation after the answer is already avail-
able, a phenomenon known as overthinking (Chen
et al., 2025b; Xu et al., 2025). Such post-solution
reasoning inflates token usage, increases latency,
and raises deployment cost. The issue is especially
acute for distilled reasoning models, where effi-
ciency is often a primary motivation for deploy-
ment, and in low-data fine-tuning settings, where
real applications have limited supervision and can-
not afford large-scale distillation or expensive test-
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time control.
A growing body of work seeks to make long-

form reasoning more efficient (Yang et al., 2025; Yi
and Wang, 2025), but existing approaches involve
important trade-offs. Compression-based meth-
ods (Ma et al., 2025) rewrite or compress CoT into
shorter representations, which can reduce length
but may blur or remove critical intermediate logic.
Pruning-based methods (Zhao et al., 2025) remove
selected reasoning segments, but aggressive dele-
tion can break logical continuity or suppress bene-
ficial self-correction. Token-budget methods (Han
et al., 2025) explicitly constrain reasoning length,
but require manually chosen budgets and may
under-allocate computation on genuinely difficult
problems. Moreover, many efficient-reasoning
methods (Lippmann and Yang, 2025) rely on ex-
ternally rewritten or teacher-generated traces. In
low-data regimes, such supervision can be poorly
matched to the student’s native reasoning style,
leading to substantial distributional shift during
fine-tuning (Chen et al., 2025a).

In this work, we propose STOP (Structured On-
policy Pruning), an on-policy framework for struc-
tured analysis and pruning of long reasoning traces.
STOP has three tightly connected layers. First, it
constructs supervision from self-distilled success-
ful traces generated by the same student model
that will later be fine-tuned. This keeps training
trajectories closer to the student’s native reasoning
distribution. Second, it maps each trace into a struc-
tured reasoning interface through node segmenta-
tion, taxonomy annotation, and reasoning-tree con-
struction. The resulting representation decomposes
a trace into coherent reasoning units, labels their
functional roles (e.g., clarification, exploration, ver-
ification, backtracking, conclusion), and provides a
structural view of how the reasoning unfolds. Third,
built on top of this interface, we introduce ECN
(Earliest Correct Conclusion Node), a node-level
pruning strategy that keeps only the minimal pre-
fix up to the earliest node that already yields the
correct answering conclusion.

Empirically, STOP yields significant effi-
ciency gains across GSM8K, Math 500, and
AIME 2024. Across DeepSeek-R1-Distill-Qwen-
7B and DeepSeek-R1-Distill-LLaMA-3-8B, STOP
reduces generated tokens by 19.9–41.9% while
maintaining competitive accuracy. The results also
reveal three broader patterns. First, self-distilled su-
pervision is significantly more stable than teacher-
guided supervision in the low-data regime, sug-

gesting that on-policy trace construction is critical
for preserving reasoning behavior. Second, node-
level analysis shows that ECN does not merely trun-
cate outputs: it systematically reduces redundant
verification and backtracking while reallocating
more of the reasoning budget toward exploration.
Third, structural analysis of induced reasoning trees
shows that STOP produces more focused and effi-
cient reasoning morphologies, reducing redundant
branching while largely preserving the core solu-
tion path. These findings suggest that effective
pruning should be understood not only as length
reduction, but as reorganization of the structure of
generated reasoning.

In summary, our contributions are:

• We introduce STOP, a unified on-policy frame-
work for long-form reasoning that combines self-
distilled trace construction, a structured reason-
ing interface based on node segmentation / tax-
onomy annotation / tree construction, and node-
level pruning.

• We propose ECN (Earliest Correct Node), a prun-
ing strategy defined on top of the structured node
interface, which retains the minimal prefix up to
the earliest correct answering conclusion while
preserving semantic continuity. ECN consis-
tently outperforms existing baselines.

• We show that the same structured interface can
be used to analyze reasoning behavior before and
after pruning, revealing that our method does not
merely shorten traces but shifts reasoning away
from redundant verification and backtracking
toward more productive exploration and more
structurally efficient reasoning.

• We demonstrate that, in a low-data regime, STOP
achieves large token reductions with competi-
tive accuracy, and that self-distilled supervision
is substantially more stable than teacher-guided
supervision for fine-tuning distilled reasoning
models.

2 Method

We introduce the details of STOP (Structured On-
policy Pruning). As shown in Figure 2. STOP
has three tightly connected components: (i) self-
distilled trace construction; (ii) Structured reason-
ing interface; and (iii) ECN (Earliest Correct Node)
pruning.
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Figure 2: Overview of STOP. The framework first constructs successful self-distilled traces, then maps each
trace into a structured reasoning interface through node segmentation, taxonomy annotation, and reasoning-tree
construction. On top of this interface, it applies ECN pruning and supports analysis of reasoning behavior changes.

2.1 On-Policy Self-Distilled Trace
Construction

The first component of STOP is self-distilled trace
construction. Here, self-distilled means that the
supervision traces are generated by the same stu-
dent model that is later fine-tuned. This keeps the
supervision distribution close to the student’s na-
tive reasoning behavior and reduces the mismatch
introduced by teacher-guided traces (Chen et al.,
2025a).

Models and generation. We use two dis-
tilled reasoning models as students: DeepSeek-
R1-Distill-Qwen-7B and DeepSeek-R1-Distill-
LLaMA-3-8B. For each question in a shared set of
1,000 open-ended reasoning problems, we generate
outputs with temperature 0.7 and sample multiple
random seeds to obtain diverse reasoning traces.
For teacher-guided baselines, we use DeepSeek-
R1-0528 only as the trace generator.

Best-of-K filtering. We apply a Best-of-K
(K = 4) filtering strategy to construct successful
on-policy traces. We keep only candidates whose
final answers match the ground truth under task-
specific normalization. Among correct traces, we
select intermediate-length samples rather than al-
ways taking the shortest or longest outputs. This
avoids trivial short traces and excessively verbose
outliers, yielding a more balanced supervision set.

Why self-distilled. The goal of self-distilled
trace construction is to keep fine-tuning on-policy.

In low-data LoRA fine-tuning, teacher-generated
traces may be stylistically and behaviorally out-
of-distribution for the student model. By contrast,
self-distilled traces are drawn from the student’s
own reasoning distribution, which helps reduce
distributional shift and preserve its native reasoning
behavior during adaptation.

2.2 Structured Reasoning Interface

The second component of STOP is a structured in-
terface over each reasoning trace. This interface is
built in three stages: node segmentation, taxonomy
annotation, and reasoning-tree construction. To-
gether, these steps produce a shared representation
that supports both ECN pruning and before-or-after
analysis of reasoning traces.

Node segmentation. We segment each reason-
ing trace into a node sequence using a deterministic,
rule-based procedure. The goal is to create units:
(i) large enough to preserve local semantic coher-
ence, but (ii) small enough to support annotation,
pruning, and analysis.

Segmentation rules. We detect discourse mark-
ers such as However, But, Alternatively, So, Now
(case-insensitive) and punctuation-based bound-
aries such as sentence endings and line breaks.
When a marker appears at the start of a sentence,
we split the trace so that the full marker-starting
sentence becomes a new node, while the preceding
text remains in the previous node. Because pruning
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is defined only at node boundaries, this segmenta-
tion helps preserve semantic continuity and avoids
producing fractured supervision targets.

Taxonomy annotation. Each node is annotated
with a functional role that captures how it con-
tributes to the reasoning process. We adopt the
following 5-class taxonomy:
• Backtracking: revising earlier steps or assump-

tions to correct errors or resolve conflicts.
• Verification: checking or validating a claim or

result without changing the main plan.
• Exploration: proposing or trying alternative hy-

potheses or solution routes.
• Clarification: restating assumptions, reducing

ambiguity, or organizing problem.
• Conclusion: asserting an intermediate or final

result derived from prior reasoning.
Reasoning tree construction. On top of the

node sequence, we construct an n-ary reasoning
tree that provides a global structural view of the
trace. Each tree node corresponds to one seg-
mented reasoning unit, and a parent–child edge
indicates that one node supports another as ev-
idence, premise, sub-result, or elaboration. Al-
though ECN is defined on the ordered node se-
quence, the tree is useful for analyzing structural
redundancy and comparing reasoning behavior be-
fore and after pruning.

Taxonomy annotation and tree construction
are performed automatically using powerful an-
notation models. We adopt two independent
annotation models: DeepSeek-V4-Flash and
Gemini-2.5-Flash. Both use the same few-shot
prompt, input traces, label schema, and determin-
istic decoding. The annotation model outputs
a label and brief justification for audit. These
two annotation models lead to the consistent find-
ings. Due to space constraints, results in the main
table are from DeepSeek-V4-Flash and results
from Gemini-2.5-Flash are introduced in the Ap-
pendix B.

2.3 Earliest Correct Node Pruning Strategy
Earliest Correct Node (ECN) identification.
Built on top of the structured node sequence, ECN
requires identifying the earliest node that is both (i)
an answering conclusion and (ii) correct. Among
nodes labeled Conclusion, we further distinguish
between intermediate conclusions, which support
later reasoning but do not directly answer the ques-
tion q, and answering conclusions, which are in-
tended to answer q, even if the model later revises

them. Given the ground-truth answer a⋆, we judge
whether an answering-conclusion node entails the
correct final answer. When the node contains an
explicit answer, we extract the value and compare
it with a⋆ under task-specific normalization. When
the node is implicit or ambiguous, we prompt anno-
tation model with (q, a⋆, Ni) to determine whether
Ni constitutes a correct answering conclusion. We
further validate the results with human annotation
in the appendix.

3 Experiment Setup

Models. We use two distilled reasoning mod-
els as students: DeepSeek-R1-Distill-Qwen-7B
and DeepSeek-R1-Distill-LLaMA-3-8B. For self-
distilled variants, the same student model is used
both to generate training traces and to initialize sub-
sequent LoRA fine-tuning. Teacher-guided base-
lines use DeepSeek-R1-0528 to generate the trace.
This design isolates the effect of supervision source
and pruning strategy from changes in model family
or initialization.

Training data. We randomly sample 1000 ques-
tions from PRM-12 and refer to this setting as low-
data fine-tuning. For each question, we generate
candidate reasoning traces, retain successful traces
using Best-of-K filtering, and transform the re-
tained traces with STOP: deterministic node seg-
mentation, taxonomy annotation, reasoning-tree
construction, and ECN pruning. The resulting
traces are used as SFT targets.

Evaluation benchmarks. We evaluate both
problem-solving performance and reasoning effi-
ciency on three benchmarks with different difficulty
levels and reasoning styles: GSM8K, Math 500,
and AIME 2024. Following prior work (Chen
et al., 2025b), we evaluate the performance based
on the following metrics. 1. Answer Accuracy. For
open-ended questions, correctness is determined
by matching the final numerical answer with the
ground truth. 2. Token quantity. We report the
average number of tokens used in the complete
output.

Structured trace interface and annotation.
Our training targets are produced through the
shared structured reasoning interface introduced
in Section 2. We first segment each trace deter-
ministically into semantically coherent reasoning
nodes using discourse and formatting rules. We
then use annotation model to assign taxonomy la-
bels, construct reasoning trees, and, when needed,
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AIME’24 GSM8K Math 500

Model Method Acc ∆ Tok ∆% Acc ∆ Tok ∆% Acc ∆ Tok ∆%

Qwen

Base .367 – 10848 – .901 – 1311 – .878 – 3678 –
NT .233 -.134 2411 -77.8 .873 -.028 192 -85.4 .772 -.106 678 -81.6
TG-Full .067 -.300 14854 +36.9 .535 -.366 2548 +94.4 .278 -.600 6436 +75.0
TG-RP .033 -.334 15344 +41.5 .427 -.474 6153 +369.4 .186 -.692 7319 +99.0
TG-ECN .100 -.267 13574 +25.1 .792 -.109 1168 -10.9 .540 -.338 4512 +22.7
SD-Full .533 +.166 9784 -9.8 .912 +.011 1174 -10.5 .876 -.002 2989 -18.7
SD-Token Skip .133 -.234 13353 +23.1 .645 -.256 3645 +178.0 .342 -.536 6252 +70.0
SD-RP .233 -.134 8069 -25.6 .884 -.017 1003 -23.5 .818 -.060 1992 -45.8
SD-ECN (ours) .467 +.100 7716 -28.9 .911 +.010 946 -27.8 .868 -.010 2118 -42.4

Llama

Base .433 – 11855 – .840 – 1535 – .879 – 3413 –
NT .033 -.400 3988 -66.4 .764 -.076 257 -83.3 .608 -.271 989 -71.0
TG-Full .067 -.366 15332 +29.3 .613 -.227 4138 +169.6 .436 -.443 5710 +67.3
TG-RP .033 -.400 16167 +36.4 .606 -.234 4617 +200.8 .310 -.569 6650 +94.9
TG-ECN .167 -.266 14353 +21.1 .667 -.173 3292 +114.5 .430 -.449 5487 +60.8
SD-Full .600 +.167 9948 -16.1 .822 -.018 1514 -1.4 .822 -.057 3322 -2.7
SD-Token Skip .033 -.400 15735 +32.7 .674 -.166 3248 +111.6 .496 -.383 5418 +58.8
SD-RP .233 -.200 5170 -56.4 .807 -.033 784 -48.9 .740 -.139 1628 -52.3
SD-ECN (ours) .400 -.033 9555 -19.4 .832 -.008 920 -40.1 .877 -.002 2168 -36.5

Table 1: Main results showing the trade-off between reasoning accuracy and token efficiency across models,
benchmarks, and training/pruning strategies. Method abbreviations are: NT = No Thinking; TG = Teacher-Guided;
SD = Self-distilled; RP = Random Prune. Our main method, SD-ECN, is the primary instantiation of STOP. ∆
denotes the accuracy change relative to the corresponding Base model, and ∆% denotes the relative token change.
Best self-distilled results are shown in bold.

judge ambiguous candidate conclusion nodes for
ECN identification. Thus, the same interface is
used both to construct ECN-pruned supervision tar-
gets and to analyze reasoning behavior before and
after pruning. Appendix A provides all prompts,
decoding settings, structured output formats, and
post-processing rules.

Implementation details We apply LoRA-
based (Hu et al., 2022) supervised fine-tuning on
a single NVIDIA A100 (80GB) GPU with a maxi-
mum training sequence length of 8192 tokens. Un-
less otherwise specified, all hyperparameters are
fixed across models and datasets; Full details are
given in Appendix A.

Baselines. We compare the following baselines:

• Base: the original student model without addi-
tional fine-tuning.

• No Thinking: fine-tuning on outputs with all con-
tent inside the <think> tag removed, retaining
only the final answer format.

• Teacher-Guided-Full: fine-tuning on full reason-
ing traces generated by the teacher model.

• Teacher-Guided Random Prune: fine-tuning on
teacher-guided traces truncated at a random node,
controlling for length reduction without a princi-
pled stopping rule.

• Teacher-Guided-ECN: fine-tuning on teacher-
generated traces after ECN pruning.

• Self-distilled-Full: fine-tuning on full reasoning
traces generated by the student itself.

• Self-distilled Token Skip (Xia et al., 2025): a
compression baseline that shortens self-distilled
traces through token-skipping style CoT com-
pression.

• Self-distilled Random Prune: fine-tuning on self-
distilled traces truncated at a random node bound-
ary, controlling for length reduction without a
principled stopping rule.

• Self-distilled-ECN (ours): fine-tuning on self-
distilled traces after ECN pruning.

4 Results

STOP achieves strong efficiency–accuracy trade-
offs across models and task difficulty. Table 1
compares our main method, Self-distilled-ECN,
against the base models and alternative supervi-
sion/pruning strategies on GSM8K, Math 500, and
AIME 2024, spanning easy, medium, and hard rea-
soning settings. On GSM8K, Self-distilled-ECN
improves accuracy while reducing token usage for
both models. For Qwen, it reaches 91.1% accu-
racy versus 90.1% for Base while reducing tokens
by 27.8%. For Llama, it attains 83.2% accuracy
versus 84.0% for Base while reducing tokens by
40.1%. On Math 500, Qwen reaches 86.8% ac-
curacy versus 87.8% for Base with a 42.4% to-
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ken reduction. For Llama, it reduces tokens by
36.5%, while accuracy decreases from 87.9% to
84.4%. On AIME 2024, it improves Qwen ac-
curacy from 36.7% to 46.7% while reducing to-
kens by 28.9%; for Llama, it reduces tokens by
19.4%, though with a modest accuracy drop from
43.3% to 40.0%. Overall, these results show that
STOP consistently mitigates overthinking, while
the efficiency-accuracy trade-off becomes more
pronounced on harder problems.

ECN is consistently stronger than alternative
pruning and compression baselines. Across
both model families, ECN is the most effective
pruning rule among the tested length-reduction
baselines. Compared with Random Pruning and To-
ken Skip, ECN achieves dramatically higher accu-
racy while using fewer tokens on nearly all bench-
marks. For example, on Math 500 with Qwen, Self-
distilled-ECN attains 86.8% accuracy with 2118
tokens, compared with 34.2% and 6252 tokens for
Token Skip, and 81.8% and 1992 tokens for Ran-
dom Pruning. A similar pattern holds for LLaMA,
where Self-distilled-ECN reaches 87.7% accuracy
with 2168 tokens, far outperforming both Token
Skip (49.6%, 5418 tokens) and Random Pruning
(74.0%, 1628 tokens). These comparisons show
that the benefit of ECN does not come from short-
ening traces arbitrarily; it comes from stopping at
a coherent node-level conclusion.

ECN is also effective beyond the self-distilled
setting. When applied to teacher-guided traces,
Teacher-Guided-ECN consistently reduces token
usage relative to Teacher-Guided-Full and of-
ten improves accuracy as well. For Qwen on
GSM8K, Teacher-Guided-ECN improves accuracy
from 53.5% to 79.2% while reducing tokens from
2548 to 1168. On Qwen Math 500, it improves
accuracy from 27.8% to 54.0% while reducing
tokens from 6436 to 4512. Similar gains ap-
pear on AIME 2024 for both Qwen and LLaMA.
This shows that ECN is a robust pruning strategy
across multiple supervision sources, even though
its strongest performance is obtained in the full
self-distilled STOP framework.

Self-distilled supervision is substantially more
effective than teacher-guided supervision in the
low-data regime. A pattern in Table 1 is that self-
distilled supervision outperforms teacher-guided
supervision under both full-trace and ECN train-
ing. For Qwen on AIME 2024, Self-distilled-
Full reaches 46.7% accuracy compared to 6.7%
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Figure 4: Accuracy gains and token savings of self-
distilled models across three supervision budgets (200,
500, and Full) on AIME 2024, GSM8K, and MATH-
500 for Qwen and Llama.

for Teacher-Guided-Full, and Self-distilled-ECN
reaches 50.0% compared to 10.0% for Teacher-
Guided-ECN. The same pattern holds across
GSM8K and Math 500 for both student models:
self-distilled variants are consistently stronger than
their teacher-guided counterparts, often by large
margins. This indicates that in the low-data setting,
staying close to the student’s native reasoning distri-
bution is more important than imitating a stronger
but mismatched teacher.

To examine this effect at the token-distribution
level, Figure 3 measures the forward KL diver-
gence between the base model and models fine-
tuned with self-distilled ECN or teacher-guided
ECN. The teacher-guided model undergoes a larger
distributional shift, with the KL divergence increas-
ing from around 0.1 at 50 training steps to above
0.25 by 300 steps. In contrast, the self-distilled
model remains closer to the base model through-
out training, staying roughly in the 0–0.1 range.
This suggests that self-distilled ECN preserves the
original reasoning behavior of the student model
better than teacher-guided supervision, helping ex-
plain why self-distilled STOP is more stable and
effective in low-data fine-tuning.

To examine how self-distilled supervision be-
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haves under different supervision budgets, Fig-
ure 4 plots performance at 200, 500, and the full
dataset (about 900 examples). The main pattern
is that scaling the budget does not produce a uni-
form monotonic gain across models and bench-
marks. For Qwen, the 200-example setting is al-
ready highly competitive, matching or exceeding
larger budgets on GSM8K and MATH-500, while
AIME 2024 peaks at 500 examples. For Llama,
the 500-example setting gives the best balance on
GSM8K, whereas the full budget is most bene-
ficial on MATH-500. Token usage generally in-
creases with larger supervision budgets, although
some mid-budget settings remain more efficient
than the full setting. Overall, these results suggest
that self-distilled supervision is already effective in
the low-data regime, and that increasing the budget
beyond a few hundred examples does not consis-
tently translate into better efficiency or accuracy.

5 Analysis

Rather than judging STOP solely by token reduc-
tion, we examine whether it changes the struc-
ture of reasoning (Besta et al., 2025). Using
three views of self-distilled Gemini-2.5-Flash
traces—taxonomic motifs (Gandhi et al., 2025),
morphological patterns (Jiang et al., 2025), and
pruning efficiency dynamics (Wei et al., 2025)—we
find that STOP does more than compress outputs:
it reorganizes reasoning into a more focused, stable,
and structurally efficient form.

Taxonomic motifs: STOP reallocates rea-
soning from redundant checking to productive
search. Figure 5 compares the node-type distribu-
tion of the Base Qwen model and the Self-distilled-
ECN Qwen model on Math 500 Level 3. Self-
distilled-ECN substantially increases Exploration

Metric ECN Base ∆

Total tree nodes 11.11 15.20 -4.10
Maximum depth 5.62 6.28 -0.66
Maximum width 3.47 5.23 -1.76
Width-to-depth ratio 0.93 1.15 -0.22
Mean leaf depth 4.29 4.60 -0.31
Leaf depth variance 4.23 2.59 1.65
Mean branching factor 1.69 1.90 -0.21
Maximum branching factor 3.23 4.61 -1.38
Branching variance 1.81 3.43 -1.62
Structural efficiency 0.65 0.53 0.13
Sackin index 16.73 30.91 -14.17
Generalized Colless index 5.11 11.29 -6.17

Table 2: Morphology metrics on Math 500 Level 3. See
details in Appendix D.

from 23.1% to 32.6% (+9.5 points), suggesting that
the model devotes more of its reasoning budget to
core solution search rather than post-hoc deliber-
ation. At the same time, Verification decreases
from 30.9% to 24.0% (-6.9 points) and Backtrack-
ing drops from 7.9% to 4.3% (-3.6 points), con-
sistent with ECN removing late-stage re-checking
and unnecessary revisions after a correct answer-
ing conclusion has already appeared. Importantly,
Conclusion remains nearly unchanged (24.3% to
23.2%), and Clarification slightly increases (13.9%
to 15.8%), indicating that STOP preserves the core
logical scaffolding while changing the semantic
flow of reasoning. Thus, the gain is not mere com-
pression; it is a redistribution of reasoning effort
toward higher-yield cognitive operations.

Morphological patterns: STOP transforms
“bushy” exploration into streamlined, goal-
directed reasoning trees. Table 2 shows that
STOP shifts the Base model from broad, hesitant
branching to a more linear and efficient search strat-
egy. Trees become more compact (15.20 → 11.11
nodes) mainly by reducing lateral expansion: max-
imum width drops sharply (5.23 → 3.47) while
depth remains similar (6.28 → 5.62). As a result,
the width-to-depth ratio falls from 1.15 to 0.93, in-
dicating a move from parallel hypothesis testing
toward more confident deduction, reinforced by
lower mean and maximum branching factors. The
trees are also more balanced and efficient, with
structural efficiency rising from 0.53 to 0.65 and
Sackin and Generalized Colless indices falling sub-
stantially (30.91 → 16.73; 11.29 → 5.11). Overall,
STOP not only shortens reasoning traces but also
concentrates computation on the essential inferen-
tial path.

Pruning efficiency dynamics: STOP short-
ens traces through stable structural adaptation
rather than brittle truncation. Appendix Table 4
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Figure 6: Response-length distribution of the base
Qwen model and the self-distilled ECN-Qwen model
on Math 500 (Level 3).

shows that the Earliest Final-Answer depth changes
little from Base to Self-distilled-ECN (3.029 →
3.181), indicating that STOP does not reduce cost
mainly by making answers appear much earlier. In-
stead, it cuts redundant reasoning after the answer
first emerges: the post-answer source-node gap
drops sharply from 12.143 to 5.762. This pattern
aligns with Figure 6, where normalized reasoning-
length distributions shift left under Self-distilled-
ECN, showing a broad move toward shorter out-
puts rather than a few extreme truncations. To-
gether, these results suggest that STOP changes the
model’s default reasoning policy by preserving sim-
ilar answer-emergence depth while substantially
reducing unnecessary post-answer expansion.

6 Related Work

Overthinking and Reasoning-Length Control
Recent reasoning language models (RLMs) achieve
strong performance on multi-step tasks by gener-
ating long chain-of-thought (CoT) traces (Jaech
et al., 2024; Guo et al., 2025; Liu et al., 2023).
However, extended reasoning often introduces sub-
stantial computational overhead and frequently
contains repetitive or unnecessary steps, a phe-
nomenon widely referred to as overthinking (Sui
et al., 2025). Prior studies analyze this behavior
and its failure modes across modern long-reasoning
systems (Team et al., 2025; Chen et al., 2025b). A
natural direction is to compress verbose natural-
language CoT into shorter representations while
preserving problem-solving ability. For example,
Shen et al. (2025) propose continuous chain-of-
thought via self-distillation, aiming to move from
explicit natural-language reasoning to a more com-
pact internal representation. Another line of work
reduces reasoning cost by pruning particular parts

of the reasoning trace or discouraging specific be-
haviors. Wang et al. (2025) observe that o1-style
models may jump between reasoning paths instead
of fully developing promising ones, suggesting that
a large fraction of tokens can be spent on low-yield
branches. Building on this perspective, Luo et al.
(2025) propose O1-Pruner to reduce reasoning cost.

Teacher-Guided vs. Self-Distilled Supervi-
sion. A common strategy for reasoning adapta-
tion is teacher-guided distillation, where a stronger
teacher model provides high-quality reasoning
traces as supervision for a student model (Li et al.,
2025a). While effective, this setup often introduces
distribution mismatch, since teacher and student
models may differ substantially in capability, style,
verbosity, and intermediate reasoning preferences,
which can lead to unstable optimization or behav-
ioral drift under direct trace imitation (Li et al.,
2025b). In contrast, self-distillation and on-policy
supervision use trajectories that are more consis-
tent with the student’s own distribution, thereby
mitigating such mismatch and providing a more
stable supervision signal (Chen et al., 2025a; Agar-
wal et al., 2024). This distinction is especially
relevant in the low-data fine-tuning regime, where
limited supervision leaves less room to accommo-
date teacher-student mismatch. Our method fol-
lows this intuition by constructing pruning targets
from the student’s own reasoning traces rather than
externally provided teacher trajectories.

7 Conclusion

We introduced STOP, a unified on-policy frame-
work for improving the efficiency of long-form
reasoning in low-data regimes. STOP combines
self-distilled trace construction, a structured rea-
soning interface based on node segmentation, tax-
onomy annotation, and tree construction, and ECN
pruning, a node-level stopping rule that removes
redundant post-solution reasoning while preserv-
ing semantic continuity. Across two distilled rea-
soning models and three reasoning benchmarks,
STOP reduces generated tokens by 19.9–41.9%
while maintaining competitive accuracy. Beyond
efficiency, our analyses show that STOP systemati-
cally reorganizes the model’s reasoning behavior:
it produces more focused reasoning structures, re-
allocates effort away from redundant verification
and backtracking, and preserves greater on-policy
stability than teacher-guided supervision. These
results suggest that efficient reasoning is not just a
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matter of cutting tokens, but of learning when and
how to stop thinking productively.

Limitations

ECN is an oracle training-time stopping rule.
ECN is defined using answer correctness: iden-
tifying the earliest correct answering conclusion
requires access to the ground-truth answer or an ex-
ternal correctness judge. This makes ECN a strong
supervision-construction method, but not a directly
deployable inference-time stopping rule. A practi-
cal deployment version would require confidence
estimation, learned stopping predictors, or verifier-
based approximations.

The structured interface depends partly on ex-
ternal annotation. While node segmentation is
deterministic, taxonomy annotation, tree construc-
tion, and some ambiguous conclusion judgments
rely on annotation models. This introduces depen-
dence on an external model with its own biases,
errors, and cost. Mistakes in labeling or conclusion
judgment can propagate into pruning decisions and
affect the quality of the resulting supervision tar-
gets.
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A Reproducibility Details

A.1 Training Details

We fine-tune DeepSeek-R1-Distill-Qwen-7B
and DeepSeek-R1-Distill-Llama-8B using
LoRA with bfloat16 precision. The maximum
sequence length is 8192, the random seed is 1,
and the per-device train/eval batch size is 1/1 with
gradient_accumulation_steps=16. We use a
learning rate of 1 × 10−4, LoRA rank 8, LoRA
alpha 32, and a warmup ratio of 0.05. Evaluation,
checkpoint saving, and logging are performed
every 100, 100, and 5 steps, respectively.

For the experiments reported in Table 1, we
train self-distilled models for 6 epochs but teacher-
guided models for 2 epochs. This choice is in-
tentional: teacher-guided training showed severe
overfitting at 6 epochs, and using 2 epochs yields a
stronger and fairer teacher-guided baseline. How-
ever, for the supervision-budget comparison in
Figure 4, teacher-guided models are trained for
6 epochs to keep the training schedule consistent
across budget settings.

A.2 Inference Details

At inference time, we set the maximum generation
length to 16384 tokens for AIME 2024 and 8192
tokens for GSM8K and Math 500 to avoid artificial
truncation. We use the same decoding configura-
tion across compared methods for fair evaluation.

A.3 Annotation Model Configuration

Our annotation pipeline is tested on two lan-
guage models, Gemini-2.5-Flash and Deepseek-
V4-Flash, which are used to perform the struc-
tured annotation tasks in our pipeline, including tax-
onomy labeling, reasoning tree construction, and
ECN conclusion correctness judgment.

To improve reproducibility, we use a fixed de-
coding configuration across all annotation stages.

Model. Gemini-2.5-Flash (Google Gemini API);
Deepseek-V4-Flash (Deepseek API).

Decoding configuration. Temperature is set to
0.0, while top-p and top-k sampling are disabled.
We do not impose a strict limit on the maximum
output tokens, and the thinking budget is left unre-
stricted during annotation.

API usage and cost. All annotation calls
are executed through the official Google Gemini
Batch API or DeepSeek Official API. The same
model version and decoding configuration are used
throughout the entire dataset construction pipeline.

The total API cost for processing the 1000 training
examples is less than $20.

A.4 Annotation Prompts

In this section, we provide the prompts used in
our model-assisted annotation pipeline, including
taxonomy labeling, tree construction, and ECN
conclusion judgment.

Taxonomy labeling prompt:
You will be given a list of reasoning segment

nodes, each labeled
(e.g., N1, N2, ...), representing steps in a

reasoning trace.

Your task has to strictly follow three steps:

First, analyze each node:
Carefully read all reasoning nodes and provide a

brief analysis of each
node's function in the reasoning process.

Second, assign reasoning strategies:
Using the taxonomy provided below, identify the

primary reasoning
strategy each node represents. Some longer nodes

may involve multiple
strategies if so, also indicate a secondary

strategy. If no secondary
applies, leave it as "None".

Finally, strictly format your output as JSONL as
below:

{"id": "N1", "taxonomy_primary_type": "
verification", "taxonomy_secondary_type":
null}

{"id": "N2", "taxonomy_primary_type": "
verification", "taxonomy_secondary_type": "
Exploration"}

Reasoning Taxonomy

There are 5 types of reasoning strategies:

Backtracking:
The node revisits and modifies a previous step

or assumption to correct
an error, resolve a conflict, or incorporate a

new insight that alters
the reasoning path.

Verification:
The node tests or confirms the correctness of a

specific claim,
assumption, or result without modifying the

reasoning path.

Exploration:
The node proposes new hypotheses, possibilities,

or approaches to the
problem in an open-ended manner, without

committing to a definitive
solution.

Clarification:
The node rephrases, restates, or defines terms,
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assumptions, or problem
constraints to reduce ambiguity and enhance

understanding.

Conclusion:
The node synthesizes prior reasoning to assert a

final or intermediate
solution, judgment, or result.

Node:
["N1: <think>\nFirst, I recognize that the area

of a circle is given by
the formula \( A = \pi r^2 \). Given that the

area is \( 49\pi \), I can
set up the equation \( 49\pi = \pi r^2 \). To

find the radius, I'll divide
both sides of the equation by \( \pi \), which

simplifies to \( r^2 = 49 \).
Taking the square root of both sides, I get \( r

= \sqrt{49} \), and since
the radius can't be negative, \( r = 7 \).

Therefore, the radius of the
circle is 7 units."]

Tree construction prompt:
You will be given a list of reasoning segment

nodes, each labeled
(e.g., N1, N2, ...), representing steps in a

mathematical reasoning
process.

Your task is to analyze the logical structure
and organize these

segments step by step into an n-ary tree, where:

- Each node corresponds to one or more labels
(e.g., "N1", or "N3, N4" if they share the

same logical role).
- Labels must remain sequential. For example, N5

cannot be placed
before N4.

- The tree reflects the hierarchical and
sequential logic of the reasoning.

- Child nodes represent the logic going to the
next level, such as

supporting arguments, elaborations, or
consequences.

- Sibling nodes represent logic staying at the
same level.

Each time you add a node to the tree, you have
three options:

A. Add as a sibling to one of the ancestor nodes
of the current leaf node.

B. Add as a sibling to the current leaf node.
C. Add as a child of the current leaf node.

Provide your thought process and then give the
tree.

Format the tree output as a structured JSON tree
using only the node

labels do not include the original text.

Example tree format:
{
"id": "1",
"label": "N1",
"children": [
{

"id": "1.1",
"label": "N2",
"children": [
{"id": "1.1.1", "label": "N3"},
{"id": "1.1.2", "label": "N4"}

]
}

]
}

Nodes:
["N1: <think>\nFirst, I recognize that the area

of a circle is given by
the formula \( A = \pi r^2 \). Given that the

area is \( 49\pi \), I can
set up the equation \( 49\pi = \pi r^2 \). To

find the radius, I'll divide
both sides of the equation by \( \pi \), which

simplifies to \( r^2 = 49 \).
Taking the square root of both sides, I get \( r

= \sqrt{49} \), and since
the radius can't be negative, \( r = 7 \).

Therefore, the radius of the
circle is 7 units."]

ECN conclusion judgment prompt:
Task:
You are given a reasoning trace divided into

nodes (e.g., N1, N2, ...).
Each node represents a step in the reasoning

process.

You are also given a list of conclusion nodes:
['N1'] identified by

their serial numbers.

For each conclusion node, do the following step
by step:

1. Determine whether the conclusion node matches
the Correct Answer.

- If the conclusion in the supplied THINK
TRACE for which the trace

already contains a correct, complete, logically
sufficient solution to the QUESTION, mark it
as 1.

- If it does not match, mark it as 0.

2. Determine the type of the conclusion node:
- Intermediate Conclusion: a step that

supports later reasoning but
does not directly answer the question.

- Answering Conclusion: a conclusion contains
a complete, logically sufficient
solution to the QUESTION

3. Include the question and the Correct Answer:
- Question: The area of a circle is \(49\pi\)

square units. What is the
radius of the circle, in units?

- Correct Answer: 7

4. Export the result in JSONL format, including
the node id,

correctness, and type. Example:

{"conclusion_node": "N5", "is_correct": 0, "type
": "Intermediate Conclusion"}

{"conclusion_node": "N10", "is_correct": 1, "
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type": "Answering Conclusion"}
{"conclusion_node": "N12", "is_correct": 1, "

type": "Answering Conclusion"}

Complete Nodes:
["N1: <think>\nFirst, I recognize that the area

of a circle is given by
the formula \( A = \pi r^2 \). Given that the

area is \( 49\pi \), I can
set up the equation \( 49\pi = \pi r^2 \). To

find the radius, I'll divide
both sides of the equation by \( \pi \), which

simplifies to \( r^2 = 49 \).
Taking the square root of both sides, I get \( r

= \sqrt{49} \), and since
the radius can't be negative, \( r = 7 \).

Therefore, the radius of the
circle is 7 units."]
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Figure 7: Accuracy and token usage across MATH-500
difficulty levels. The top row shows accuracy and the
bottom row shows mean output tokens; columns corre-
spond to Qwen and Llama. Self-distilled ECN maintains
competitive accuracy across levels while reducing out-
put length. Error bars denote 95% Wilson confidence
intervals.

B Additional Experimental Results

B.1 Benchmark Results with Gemini
Annotations

In Table 1 and Table 3, we observe that our findings
are consistent across various annotation models.

ECN performance across MATH-500 difficulty
levels. Figure 7 examines whether ECN-based
self-distillation remains effective as MATH-500
problems become more difficult. 1. Accuracy.
Across both Qwen and Llama, Self-distilled ECN
exhibits a gradual decline in accuracy as difficulty
increases from Level 1 to Level 5, following a trend
similar to Base and Self-distilled Full-CoT. ECN
remains competitive throughout this progression,
without an abrupt accuracy drop at higher difficulty
levels. Although its relative advantage varies across
models and levels, its accuracy consistently tracks
or exceeds the baselines as difficulty increases.
These results support the stability of ECN across
difficulty levels, rather than a uniform accuracy im-
provement over the baselines. 2.Token efficiency.
Across both model families and all five difficulty
levels, Self-distilled ECN uses fewer output tokens
than both Base and Self-distilled Full-CoT. The re-
duction is largest on the easiest problems: relative
to Base, ECN reduces output tokens by 49.9% for

Qwen and 54.1% for Llama at Level 1. The reduc-
tion remains substantial, but is smaller, at Level 5
(28.2% for Qwen and 24.7% for Llama). This pat-
tern is consistent with ECN removing redundant
post-solution reasoning that is more prevalent on
easier problems; harder problems require intrinsi-
cally longer solution processes, leaving less redun-
dant reasoning to prune. Thus, ECN-based target
construction reduces reasoning cost across diffi-
culty levels while preserving competitive accuracy
on difficult problems.

B.2 Training Dynamics and Reasoning Trace
Analysis

The training dynamics show that this structural
shift remains stable under self-distilled supervi-
sion. Figure 8 plots token accuracy over training
steps for four supervision variants: Self-distilled-
Full, Self-distilled-ECN, Teacher-Guided-Full, and
Teacher-Guided-ECN. Self-distilled-Full maintains
the highest token accuracy throughout, indicating
strong alignment between the student model and
its own traces. Applying ECN under self-distilled
supervision lowers token accuracy relative to Self-
distilled-Full, but the curve remains stable and grad-
ually improves, showing that pruning changes the
supervision signal without destabilizing optimiza-
tion. In contrast, teacher-guided supervision yields
lower token accuracy, consistent with a larger off-
policy mismatch between teacher traces and the
student model. This interpretation is reinforced by
the token-level KL analysis in Figure 3.

We provide additional visualizations that com-
plement the main results. Figure 6 compares
the response-length distribution of the base Qwen
model and the self-distilled ECN-Qwen model on
Math 500 (Level 3). Figure 8 shows token accuracy
over training steps for different supervision and
pruning strategies. Figure 4 compares self-distilled
and teacher-guided training under different super-
vision budgets.
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AIME’24 GSM8K Math 500

Model Method Acc ∆ Tok ∆% Acc ∆ Tok ∆% Acc ∆ Tok ∆%

Qwen
Base .367 – 10848 – .901 – 1311 – .878 – 3678 –
SD-Full .467 +.100 11038 +1.7 .901 +.000 1478 +12.7 .852 -.026 3321 -9.7
SD-ECN (ours) .500 +.133 8694 -19.9 .916 +.015 900 -31.3 .886 +.008 2138 -41.9

Llama
Base .433 – 11855 – .840 – 1535 – .879 – 3413 –
SD-Full .400 -.033 11557 -2.5 .884 +.044 1587 +3.4 .844 -.035 3447 +1.0
SD-ECN (ours) .533 +.100 8713 -26.5 .893 +.053 933 -39.2 .844 -.035 2256 -33.9

Table 3: Reasoning accuracy and token efficiency of Base, SD-Full, and SD-ECN (ours) on AIME’24, GSM8K,
and Math 500 using DeepSeek-V4-Flash annotation. SD denotes self-distillation. Acc denotes accuracy and Tok
denotes token count. ∆ is the absolute accuracy change relative to the corresponding Base model, and ∆% is the
relative token change. Bold marks the better result between SD-Full and SD-ECN for each model and benchmark:
higher accuracy and accuracy change, and lower token count and relative token change.

Metric SD-ECN Base ∆

Earliest final-answer depth 3.181 3.029 +0.152
Post-answer source-node gap 5.762 12.143 -6.381

Table 4: Gemini Annotation: Answer-emergence timing
and post-answer continuation on 105 Math 500 Level 3
traces. Lower post-answer gap indicates less redundant
continuation.

Statistic Gemini DeepSeek

Retained CoT (%) 56.84 61.79
Mean cut position (chars) 5,656 6,148
Median cut position (chars) 3,902 3,496
Full trace retained (%) 12.83 5.32

Table 5: Cut-position statistics on 865 shared Qwen
Full-CoT traces. Positions are measured as retained
source-prefix characters, not tokens. Retained CoT is
the ratio of aggregate retained to source characters;

Annotation cut positions. We further examine
annotation-selected cut positions on 865 shared
Qwen reasoning traces (Table 5). DeepSeek retains
a larger fraction of the source reasoning than Gem-
ini (61.79% vs. 56.84%), but its retained-prefix
distribution has a lower median and a higher 90th
percentile. Under a common heuristic segmenta-
tion, the two constructions select the same cut node
on 40.35% of traces. These results show that the
annotation procedure changes the distribution of
retained reasoning, rather than simply shifting all
cutoffs to later positions.

C Human Annotation Evaluation

To evaluate the reliability of the model-assisted
annotation pipeline, we conduct a human evalua-
tion comparing LLM-generated annotations with
human annotations for two key tasks: taxonomy
labeling and conclusion correctness judgment.

C.1 Annotation Protocol

To evaluate the reliability of the model-assisted
annotation pipeline, we conduct a human evalua-
tion on a randomly sampled subset of the training
data. Specifically, we randomly sample 20 reason-
ing traces from the PRM-12k training set. After
segmentation, these traces contain a total of 463
reasoning nodes, each associated with a taxonomy
label predicted by the LLM.

One human annotator manually reviews and la-
bels the sampled nodes using the same annota-
tion guidelines described in Appendix A.4. For
each node, the annotator assigns the primary taxon-
omy label (Backtracking, Verification, Exploration,
Clarification, or Conclusion). For nodes identified
as conclusions, the annotator additionally deter-
mines whether the node corresponds to the correct
answer and whether it should be categorized as an
Intermediate Conclusion or an Answering Conclu-
sion.

C.2 Taxonomy Labeling Accuracy

We evaluate taxonomy labeling by measuring the
agreement between the primary taxonomy labels
generated by Gemini-2.5-Flash and the human an-
notations. On the sampled 463 reasoning nodes,
the agreement rate between the LLM annotations
and the human labels is 88.9%, indicating a high
level of consistency.

Most disagreements arise from the heuristic seg-
mentation procedure. In some cases, a single rea-
soning segment may simultaneously exhibit multi-
ple reasoning functions (e.g., Exploration together
with an Intermediate Conclusion). When such
mixed reasoning occurs, the human annotator and
the LLM may assign different primary labels, even
though both labels are reasonable interpretations of
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the segment. Therefore, these cases should not nec-
essarily be interpreted as clear annotation errors.

C.3 Conclusion Judgment Accuracy

We further evaluate the reliability of the ECN con-
clusion judgment step. For this evaluation, we
randomly sample 50 reasoning traces and compare
the LLM predictions with human annotations.

Two aspects are evaluated: (1) correctness de-
tection, which determines whether a predicted con-
clusion matches the correct answer, and (2) first-
conclusion identification, which checks whether
the earliest answering conclusion predicted by the
LLM matches the one identified by the human an-
notator.

On the sampled traces, the correctness detection
accuracy reaches 100%, and the first-conclusion
identification accuracy also reaches 100%. These
results suggest that the LLM-based annotation
pipeline provides reliable signals for identifying
the first correct answering conclusion used in our
pruning method.

D Metric Definitions

This section defines the trace-level metrics used in
our analysis. Each reasoning trace is first repre-
sented as a grouped tree, while the original source
reasoning segments are retained as an ordered se-
quence. We distinguish between metrics computed
on the grouped tree structure and metrics computed
from the source-node order.

D.1 Notation

We model each reasoning trace as a rooted n-ary
tree

T = (V,E),

where V is the set of grouped tree nodes, E is the
set of parent-child edges, and the root has depth 0.
Depth is measured in edges.

For any node v ∈ V , let d(v) denote its depth
and let

b(v) = |child(v)|

denote its branching factor. We define the leaf set
as

L = {ℓ ∈ V : child(ℓ) = ∅},

and the internal-node set as

I = {v ∈ V : |child(v)| > 0}.

Each grouped tree node may contain one or more
original source reasoning segments. Let

S = (N1, N2, . . . , Nm)

be the ordered source-node sequence for a trace.
For each source node Ni, let g(Ni) ∈ V denote the
grouped tree node that contains it.

Unless otherwise specified, variance terms are
computed as population variances. For degenerate
cases, such as a single-node tree with no internal
nodes, the corresponding internal-node metrics are
set to zero.

D.2 Tree-Node Metrics
The metrics in this subsection are computed on the
grouped tree T .

Total Tree Nodes. The total number of grouped
tree nodes is

TotalTreeNodes(T ) = |V |.

Maximum Depth. The maximum root-to-leaf
depth is

MaxDepth(T ) = max
ℓ∈L

d(ℓ).

Maximum Width. For each depth h, let

Wh = |{v ∈ V : d(v) = h}|

be the number of grouped tree nodes at that depth.
The maximum width is

MaxWidth(T ) = max
h

Wh.

Width-to-Depth Ratio. The width-to-depth ra-
tio compares the widest layer of the tree with its
maximum depth:

WDR(T ) =
MaxWidth(T )

MaxDepth(T )
.

For single-node trees, where MaxDepth(T ) = 0,
we set WDR(T ) = 0.

Mean Leaf Depth. The mean depth of leaf nodes
is

MeanLeafDepth(T ) =
1

|L|
∑

ℓ∈L
d(ℓ).

Leaf-Depth Variance. The variance of leaf
depths is

LeafDepthVar(T )

=
1

|L|
∑

ℓ∈L
(d(ℓ)−MeanLeafDepth(T ))2 .
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Mean Branching Factor. The mean branching
factor over internal nodes is

MeanBranching(T ) =
1

|I|
∑

v∈I
b(v).

Maximum Branching Factor. The maximum
branching factor over internal nodes is

MaxBranching(T ) = max
v∈I

b(v).

Branching Variance. The variance of internal-
node branching factors is

BranchingVar(T )

=
1

|I|
∑

v∈I
(b(v)−MeanBranching(T ))2 .

Structural Efficiency. Let

LongestPathNodes(T )

= max
ℓ∈L

|P (r, ℓ)|

denote the maximum root-to-leaf path length
counted in nodes rather than edges, where P (r, ℓ)
is the set of nodes on the path from the root r to
leaf ℓ. We define

StructuralEfficiency(T )

=
LongestPathNodes(T )

TotalTreeNodes(T )
.

This quantity measures the fraction of grouped tree
nodes covered by the longest reasoning path.

Sackin Index. The Sackin index is the sum of
leaf depths:

Sackin(T ) =
∑

ℓ∈L
d(ℓ).

Generalized Colless Index. For any internal
node v, let L(u) be the number of descendant
leaves under child u ∈ child(v). We define the
local imbalance at v as

LocalImbalance(v) =
∑

ui,uj∈child(v)
i<j

|L(ui)−L(uj)|.

The generalized Colless index is then

GenColless(T ) =
∑

v∈I
LocalImbalance(v).

Larger values indicate greater imbalance among
sibling subtrees.

D.3 Source-Node Metrics
The metrics in this subsection are defined from the
ordered source-node sequence S. When depth in-
formation is needed, the corresponding source node
is mapped back to its grouped tree node through
g(·).
Final-Answer Proxy. Let A⋆ be the final-answer
proxy extracted from the latest source node that
contains either a boxed answer or the literal string
Final Answer. If no such proxy is found, the trace
is excluded from the answer-boundary metrics.

Earliest Final-Answer Node. Given A⋆, let

k⋆ = min{i ∈ {1, . . . ,m} : A⋆ appears in Ni}.

The earliest final-answer node is

EarliestFinalAnswerNode(S) = Nk⋆ .

Earliest Final-Answer Depth. After locating
Nk⋆ in source-node order, we map it to the grouped
tree and report its depth:

EarliestFinalAnswerDepth(S, T ) = d(g(Nk⋆)) .

Thus, the answer boundary is detected in source-
node order and then evaluated with respect to the
grouped-tree structure.

Post-answer Source-Node Gap. The remaining
source-node distance after the earliest final-answer
node is

PostAnswerSourceGap(S) = m− k⋆.

Equivalently, this is the number of source nodes
that appear after the earliest occurrence of the final-
answer proxy.
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