
Findings of the Association for Computational Linguistics: EMNLP 2026, pages 14369–14393
October 24-29, 2026 ©2026 Association for Computational Linguistics

Atoms and Grammar of the Heart: Geometry-Aligned Discrete
Tokenization for ECG Language Modeling

Zirui Wang*,1,2, Qiuling Yang*,3, Pang Wu1, Peng Wang1

Zhenfeng Li1, Xianxiang Chen1, Lidong Du1, Zhen Fang†,1,2

1Aerospace Information Research Institute, Chinese Academy of Sciences, Beijing, China
2School of Electronic, Electrical and Communication Engineering,

University of Chinese Academy of Sciences, Beijing, China
3Institute of Materia Medica, Chinese Academy of Medical Sciences and

Peking Union Medical College, Beijing, China
wangzirui23@mails.ucas.ac.cn; qlyang@imm.ac.cn; zfang@mail.ie.ac.cn

Abstract

Extending discrete tokenization and autoregres-
sive modeling to signals whose latent states
follow continuous trajectories introduces phase–
morphology ambiguity. Similar local shapes
can occur at distinct trajectory positions, while
the same position can vary across instances.
Standard vector quantization (VQ) may there-
fore merge contextually different patches and
split corresponding ones. We trace this behav-
ior to radial-to-tangential gradient leakage un-
der the straight-through estimator and propose
Geometry Alignment Quantization (GAQ).
GAQ combines a learned Mahalanobis reshap-
ing of the codebook with a Householder back-
ward map. The map exactly cancels the leakage
in the idealized setting, while the numerical sta-
bilization used in practice introduces a bounded
deviation. We instantiate GAQ on ECG as
AtomECG, a tokenizer of sub-waveform atoms
composed by a GPT grammar. Atom sequences
show long-context scaling from perplexity 488
to 24, split-replicated motif enrichment yields
auditable clinical hypotheses, and AtomECG
outperforms eight eSSL baselines on more than
ten diagnostic tasks. A known-phase limit cy-
cle and PPG results further support GAQ on
phase-like signals beyond ECG.

1 Introduction

Discrete tokenization plus autoregressive language
modeling is central to modern NLP. A largely un-
explored question is how well this recipe extends
to physiological signals whose latent state follows
a continuous trajectory, such as heartbeats, gait,
respiration, and neural oscillations. We identify
phase–morphology ambiguity as a failure mode of
off-the-shelf vector quantization on such signals
and develop a geometry-aligned remedy.

*Equal contribution.
†Correspondence: zfang@mail.ie.ac.cn

The ambiguity is twofold. Sub-waveform
patches with similar local shapes can recur at differ-
ent trajectory positions and carry distinct meanings.
Patches at the same position also undergo mor-
phological drift across instances while retaining a
shared role. Standard VQ can merge the first case
into one token and divide the second across many.
We use the electrocardiogram (ECG) (Goldberger
et al., 2023; Schläpfer and Wellens, 2017) as the
primary testbed because its phase trajectory is peri-
odic, dense, and clinically annotated (Mehari and
Strodthoff, 2022). We also evaluate a known-phase
limit cycle and photoplethysmography (PPG). We
call the resulting sub-waveform units atoms, anal-
ogous to subwords, and the autoregressive model
over them the cardiac grammar.

To realize this view we propose AtomECG
(Fig. 1), which uniformly patches the raw signal
into units significantly shorter than a cardiac cy-
cle and quantizes each patch into an atom from a
learned codebook. The technical core is Geometry
Alignment Quantization (GAQ), our resolution
of phase–morphology ambiguity. GAQ couples a
global linear reshaping of the codebook (a learned
Mahalanobis metric) with a per-sample, geometry-
aware Householder backward map that replaces
the straight-through estimator (STE). The result-
ing atoms are simultaneously morphologically con-
sistent and contextually precise. Following the
masked-then-autoregressive recipe of NLP, Atom-
ECG uses masked atom modeling for tokenizer
pre-training (akin to Devlin et al. (2019)) and next-
atom prediction with a GPT-style grammar (akin
to Radford et al. (2018) and Esser et al. (2021)).

Two NLP-native probes test whether Atom-
ECG’s discrete representation supports language-
style analysis. Token-level perplexity de-
creases from 488 to 24 as context lengthens.
Split-replicated χ2 enrichment identifies cohort-
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Figure 1: AtomECG uniformly patches the signal and encodes each patch. At every residual level, GAQ assigns a
code in the space shaped by E, preserves the assigned code in the forward pass, and transports encoder gradients
with Rθ. The summed codes are decoded for reconstruction. Level-0 indices form the atom sequence used by the
GPT grammar.

associated atom motifs whose clinical interpre-
tations remain hypotheses for expert validation.
AtomECG also outperforms eight leading eSSL
baselines under linear probing on more than ten
ECG diagnostic tasks.

Our primary contributions are summarized:

• A geometric failure mode. We connect
phase–morphology ambiguity on phase-like
trajectories to radial-to-tangential gradient
leakage under STE.

• A coupled remedy. GAQ combines Maha-
lanobis metric shaping with Householder gra-
dient transport. It cancels the leakage in the
idealized case and yields a first-order, one-
step phase-drift bound.

• Evidence across phase-like signals. Atom-
ECG supports learned tokenization, autore-
gressive modeling, and linguistic-style probes
on ECG. Controlled ECG experiments, a
known-phase limit cycle, and PPG evaluate
the mechanism and its scope.

2 Related Work

eSSL(ECG Self-Supervised Learning). Exist-
ing eSSL frameworks fall into contrastive and
generative paradigms. Contrastive methods
adapt MoCo (He et al., 2020), SwAV (Caron
et al., 2020) and patient-level invariances such
as CMSC/CMSMLC (Kiyasseh et al., 2021) to
ECG, with extensions exploring adversarial aug-
mentation (Wang et al., 2024) and physiological
priors (Lan et al., 2022). Generative methods build
on Masked Autoencoders: MaeFE (Zhang et al.,

2023) and RLM (Oh et al., 2022) explore tempo-
ral/lead masking, while ST-MEM (Na et al., 2024)
models lead–time patches with lead embeddings.
A separate line incorporates clinical reports (Liu
et al., 2024; Wang et al., 2025) or fine-tunes an
LLM on ECG tokens (Han et al., 2025). None of
these adopts a learned sub-waveform vocabulary.

ECG Language Processing. This paradigm
treats cardiac signals as sequences of tokens, adapt-
ing NLP techniques to learn interpretable repre-
sentations. Early attempts, such as ELP (Mousavi
et al., 2021), pioneer this discretization but lack
self-supervised objectives, limiting the generaliza-
tion of the learned vocabularies. Subsequent gen-
erative frameworks like ECGBERT (Choi et al.,
2023) and HeartLang (Jin et al., 2025) advance the
approach by segmenting ECG into waveform to-
kens and adopting BERT-style masked language
modeling. However, these methods are constrained
by human-defined waveform categories, which lim-
its the model’s ability to discover finer-grained mor-
phological details.

Quantization. Fundamental to discrete rep-
resentation learning (VQ-VAE (van den Oord
et al., 2017)), recent advances prioritize re-
construction fidelity and codebook utilization.
SoundStream (Zeghidour et al., 2022) recursively
quantizes the waveform’s residual, and HiFi-
Codec (Yang et al., 2023) performs grouped quan-
tization. FSQ (Mentzer et al., 2024) simplifies
quantization to uniform hypercube points. Most
relevant to us, SimVQ (Zhu et al., 2025) learns a
linear codebook transformation, and the Rotation
Trick (Fifty et al., 2025) replaces STE with a rota-
tion. We ablate against both as the closest baselines
in Sec. 4.5.
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Algorithm 1 Pre-training of AtomECG.
Require: Input signal x ∈ Rc×l.
Require: h separate codebooks {C(i)}h−1

i=0 , where
C(i) = {c1, . . . , cN}, cn ∈ Rd.
Require: h linear maps {E(i) ∈ Rd×d}h−1

i=0 .
1: f = Encoder(x), f ∈ RM×d, M = c× p
2: r(0) = f , f̂total = 0 ∈ RM×d

3: for i← 0 to h− 1
4: Q(i) ∈ RM×d, f̂ (i) ∈ RM×d

5: for j ← 0 to M − 1

6: n∗j = argmin
n=1,...,N

∥r(i)j −E(i)c
(i)
n ∥

7: Q
(i)
j = c

(i)
n∗
j
, c̄

(i)
j = E(i)Q

(i)
j

8: Rθ,j =
∥c̄(i)j ∥
∥r(i)j ∥

(
I− 2 wwT

wTw+ε

)
,

{w = u − v, u = c̄
(i)
j /∥c̄

(i)
j ∥, v =

r
(i)
j /∥r

(i)
j ∥}

9: f̂
(i)
j = sg[c̄(i)j ]+sg[Rθ,j ]

(
r
(i)
j −sg[r(i)j ]

)

10: end for
11: r(i+1) = r(i) −E(i)Q(i)

12: f̂total = f̂total + f̂ (i)

13: end for
14: x̂c×l = Decoder(Linear

p×d→l
(f̂total))

15: Return x̂

3 Methods

We first describe the patching and encoder–decoder
backbone, then introduce GAQ and its theoretical
analysis. We use atom for a reusable sub-waveform
unit, code cn ∈ Rd for its continuous quantizer
embedding, and token (index) τ(r) ∈ {1, . . . , N}
for its discrete identifier in the grammar model.

3.1 Patching and Encoder–Decoder Backbone

Patch and Mask. Given an ECG signal x ∈ Rc×l
with patch length b and stride s, the number of
resulting patches per lead is p = ⌊ l−bs ⌋+ 1. Under
masked atom modeling, we randomly mask 40%
of the c× p patches.

Encoder and Decoder. AtomECG adopts an
asymmetric encoder–decoder architecture to disen-
tangle high-level semantic abstraction from low-
level signal reconstruction. The Encoder uses
Multi-Head Attention (Vaswani et al., 2017) to
project ECG signals into parallel subspaces, fus-
ing local morphology with global rhythmic context.
Following Lopez Alcaraz and Strodthoff (2023),
which validates S4 (Gu et al., 2022b) for ECG fore-

casting, we adopt S4D (Gu et al., 2022a) as the
decoder backbone (see App. A.3).

Representation extraction and learning. We
use patch length b=16, stride s=8, a six-layer
Transformer encoder with hidden size d=128, and
four residual GAQ levels. Each patch yields one
atom index at each level, and the decoder and down-
stream classifiers receive the sum of the four as-
signed codes. Training has two stages. Stage 1
masks 40% of the patches and pre-trains the tok-
enizer with

Lpre = MSE(x, x̂) + Lvq + Lcommit, (1)

where the VQ and commitment weights are
α=β=0.25. Stage 2 fine-tunes the tokenizer on
the target training split under the same masked ob-
jective, freezes it, and trains a six-layer GPT on
level-0 indices with next-token cross-entropy and
context length 256. No held-out fold enters either
stage. The loss definitions and complete training
protocol are provided in App. A.1.1 and A.6.

3.2 Geometry Alignment Quantization (GAQ)
We require atoms to satisfy two linguistic-style
conditions: phase-coherent (same sub-waveform
across beats→ same atom, like a stable subword)
and context-precise (similar shapes at different
phases → different atoms, like homographs dis-
ambiguated by position). We show below that both
can fail under VQ+STE through one geometric
mechanism. SimVQ (Zhu et al., 2025) changes as-
signment geometry and retains STE. The Rotation
Trick (Fifty et al., 2025) changes gradient transport
and retains the Euclidean assignment metric. These
methods isolate the two ingredients that GAQ cou-
ples around radial-to-tangential leakage. GAQ cou-
ples both ingredients with this leakage as the ex-
plicit target (Algo. 1): (C1) global metric shaping
via a learnable linear map E(i), and (C2) local
geometry-aligned gradient transport via a House-
holder map Rθ,j replacing STE. Full proofs and
implementation notes are in App. A.1.

Composition of GAQ. GAQ has three stages at
each residual level. Assignment searches the E-
transformed codebook, which changes the global
assignment geometry. The forward pass sup-
plies exactly the selected transformed code to the
decoder through the stop-gradient surrogate in
Algo. 2. The backward pass replaces the identity
Jacobian of STE with the per-sample map Rθ. This
separation makes E responsible for assignment
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Algorithm 2 GAQ at one residual level.
Require: Residual r, codebook {cn}Nn=1, map E.

1: n∗ ← argminn ∥r−Ecn∥2, c̄← Ecn∗

2: u← c̄/∥c̄∥2, v← r/∥r∥2, w← u− v
3: Hε ← I− 2wwT /(wTw + ε)
4: Rθ ← (∥c̄∥2/∥r∥2)Hε

5: q̃← sg[c̄] + sg[Rθ](r− sg[r])
6: return n∗, q̃

boundaries and Rθ responsible for encoder-side
gradient transport.

Setup (one residual level). We omit the residual
superscript (i) when the context is clear. Let r ∈
Rd be a residual feature for a patch (e.g. r

(i)
j in

Algo. 1), and let C = {c1, . . . , cN} ⊂ Rd be the
codebook. GAQ performs hard assignment in a
transformed code space:

τ(r) ∈ argmin
n=1,...,N

∥r−Ecn∥2, c̄(r) := Ecτ(r). (2)

Define the pointwise quantization error

e(r) := r− c̄(r). (3)

With the usual VQ and commitment losses, we
have

Lvq + Lcommit = (α+ β) ∥e(r)∥22. (4)

Thus, stabilizing the assignments in (2) and reduc-
ing E∥e∥22 directly improves the quality of the dis-
crete atom space.

(C1) Global metric shaping via E. Learning
E reshapes the Voronoi tessellation used by hard
assignment (2). When features are anisotropic,
plain Euclidean nearest-neighbor quantization over-
emphasizes high-variance directions, producing
phase-inconsistent assignments. A learnable E
adapts the assignment metric to the feature distri-
bution and, being shared across all atoms in a mini-
batch, receives dense updates from batch statistics
even when individual codes are updated sparsely.

Proposition 1 (Metric-shaping view of E). Assume
E is invertible and define G := ETE ≻ 0 and
z := E−1r. Then (2) is equivalent to

τ(r) ∈ argmin
n

∥z− cn∥2G, ∥x∥2G := xTGx.

Hence learning E is equivalent to learning a shared
Mahalanobis geometry that globally reshapes the
assignment boundaries.

Scale control. Because (E, cn) 7→ (sE, cn/s)
leaves Ecn unchanged, we fix the overall scale
by E ←

√
d

∥E∥F E, applied independently at each
residual level.

(C2) Local geometry-aligned gradient transport
via Rθ. Hard assignment (2) is discontinuous.
STE substitutes the Jacobian with identity, ignor-
ing the geometry between r and its assigned code
c̄. GAQ instead uses a per-sample orthogonal
alignment map (a Householder reflection) to trans-
port gradients in a geometry-consistent frame. Let
v := r/∥r∥2, u := c̄/∥c̄∥2 and w := u − v. De-
fine the Householder map

Hε(r, c̄) := I− 2
wwT

wTw + ε
,

and the scaled alignment used in Algo. 1:

Rθ(r, c̄) :=
∥c̄∥2
∥r∥2

Hε(r, c̄). (5)

GAQ uses the exact-forward surrogate in Algo. 2.
Its value is q̃ = c̄, while its Jacobian with respect
to r is Rθ. Encoder gradients therefore become
RT
θ∇q̃L. In the idealized ε=0 case, the alignment

itself also maps r exactly to c̄ (Lemma 3).

An NLP intuition. Tangential motion on the nor-
malized feature sphere can break phase coherence
by sliding a feature along the phase trajectory. Un-
der STE, even a purely radial code-side gradient
can induce this motion at the encoder feature. GAQ
aligns the gradient frames and removes this leakage
in the idealized case.

Proposition 2 (STE tangential leakage and GAQ
cancellation). Let g := ∇q̃L be the upstream gra-
dient at the quantized output. Decompose g into a
tangential part at u and a radial part:

g = gT + au, gT ⊥ u, a = uTg.

Let Πv := I− vvT be the tangent projection at v
and let θ := arccos(uTv). Under STE, the radial
component au generally contributes a tangential
term of magnitude |a| sin θ in Πvg whenever θ ̸= 0.
In contrast, in the ideal case ε = 0, GAQ transports
gradients by the orthogonal part of Rθ, mapping
au to a purely radial direction at v and hence

Πv

(
HT (au)

)
= 0, ∥ΠvH

TgT ∥2 = ∥gT ∥2.

Thus GAQ removes the radial-to-tangential leak-
age channel in the idealized ε=0 case. Lemma 4
bounds the stabilized deviation used in practice.
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A one-step phase drift bound. To connect the
cancellation to phase coherence, we use a minimal
local chart assumption. The chart is an analytical
device that the algorithm never observes, and the
result concerns one first-order update.

Assumption 1 (Local phase chart on the feature
sphere). There exists a C1 curve γ : [0, 1) →
Sd−1 describing the phase trajectory of normal-
ized features and a measurable phase readout ψ
defined on a neighborhoodN of γ([0, 1)) such that
ψ(γ(φ)) = φ and ψ is Lψ-Lipschitz on N .

Theorem 1 (One-step phase drift bound). Under
Assumption 1, let v = r/∥r∥2 ∈ N and consider
one SGD update of the encoder feature r with step
size η. Then the induced phase drift satisfies the
first-order bound

|ψ(v+)− ψ(v)| ≤ Lψ η

∥r∥2
∥∥Πv∆r

∥∥
2
+ O(η2),

where ∆r is the backpropagated gradient step at r.
For STE, ∆r = g, so the bound includes an addi-
tional leakage term proportional to |a| sin θ from
Prop. 2. For GAQ with ε = 0, ∆r = RT

θ g and
the radial component au contributes no tangential
motion, yielding the tighter proxy

|ψ(v+)− ψ(v)| ≲ Lψη

∥r∥2
∥gT ∥2 (GAQ) vs.

≲ Lψη

∥r∥2
(∥gT ∥2 + |a| sin θ) (STE).

Measurable phase-coherence criteria. Assump-
tion 1 motivates evaluating phase coherence di-
rectly. For a relative phase variable φ and the hard
index map τ(·), we define vector-level and token-
level phase coherence:

PC := Eφ E
r,r′i.i.d.∼ Pφ

[
∥c̄(r)− c̄(r′)∥22

]
, (6)

TS := Eφ P
r,r′i.i.d.∼ Pφ

(
τ(r) ̸= τ(r′)

)
. (7)

If the transformed codebook has minimum inter-
code distancem := minn̸=n′ ∥Ecn−Ecn′∥2, then
token instability is controlled by vector instability:

Lemma 1 (Token disagreement is controlled by
PC). TS ≤ PC/m2.

Where GAQ helps downstream tasks. Lower
quantization error E∥e∥22 reduces feature-to-code
distortion and preserves diagnostic separability.
Lower TS makes phase-localized atoms statisti-
cally stable across cycles, enabling motif enrich-
ment. Supporting results and implementation limits

are provided in App. A.1.8–A.1.10. Component C1
reduces distortion, and C2 reduces phase-induced
assignment noise. GAQ itself never observes phase.
The map Hε depends only on (r, c̄), and Assump-
tion 1 is used only to interpret stability.

4 Experiments

4.1 Datasets and Experimental Settings

We use four datasets from PhysioNet(Goldberger
et al., 2000; Pollard et al., 2026) and VitalDB(Lee
et al., 2022). All experiments were conducted on a
NVIDIA H200 GPU equipped with 141GB mem-
ory. Detailed preprocessing and implementation
settings are provided in App. A.4 and A.6.

MIMIC-IV-ECG(Gow et al., 2023). The stan-
dard MIMIC-IV-ECG dataset contains 800,035 12-
lead ECG from 161,352 distinct patients, sampled
at 500 Hz for 10 seconds.

PTB-XL(Wagner et al., 2022). The standard
PTB-XL dataset contains 21,799 12-lead ECG
from 18,869 distinct patients, sampled at 500 Hz
for 10 seconds. It can be used for two classifi-
cation tasks. Multi-label: six sub-datasets (label
counts): all (71), diagnostic (44), sub-diagnostic
(24), super-diagnostic (5), rhythm (19), form (12).
Multi-class: The “all" sub-dataset is employed,
with samples reclassified into: normal, target di-
agnostic or other. Following (Nonaka and Seita,
2021), all results for all tasks are obtained using
five-fold cross-validation.

G12EC(Perez Alday et al., 2022). The standard
G12EC dataset contains 10,344 12-lead ECG from
10,344 patients, sampled at 500 Hz for 10 seconds.
The label count for multi-label is 30. We follow
PTB-XL for result aggregation and reporting.

VitalDB(Lee et al., 2022). The data was ob-
tained from surgery patients. From this cohort,
we select 2-lead ECG recordings (leads II and V5)
from 3,390 cases, with an average duration of about
2 hours and a sampling rate of 500 Hz. For eval-
uation, the dataset is partitioned using five-fold
cross-validation.

4.2 Evaluation on Classification Tasks

We first verify that the learned atoms encode dis-
criminative information by linear-probing down-
stream diagnosis, a standard check that the discrete
vocabulary is informative. We evaluate two set-
tings: multi-label (overall diagnostic coverage) and
multi-class (primary abnormality). All results use
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Model all diag. sub. super. form rhythm G12EC
contrastive self-supervised learning

MoCo v3 0.704±0.01 0.750±0.01 0.763±0.01 0.777±0.01 0.716±0.01 0.734±0.02 0.929±0.005
SwAV 0.712±0.01 0.744±0.01 0.753±0.01 0.754±0.01 0.730±0.01 0.729±0.02 0.931±0.007
CMSC 0.684±0.01 0.732±0.01 0.742±0.01 0.760±0.01 0.723±0.01 0.721±0.02 0.930±0.006
CMSMLC 0.679±0.01 0.721±0.01 0.751±0.01 0.760±0.01 0.727±0.01 0.758±0.03 0.931±0.008

generative self-supervised learning
MTAE 0.599±0.02 0.705±0.01 0.623±0.01 0.652±0.02 0.603±0.01 0.671±0.02 0.849±0.009
MTAE+RLM 0.536±0.02 0.688±0.02 0.621±0.02 0.614±0.02 0.472±0.01 0.579±0.03 0.805±0.011
ST-MEM 0.629±0.01 0.702±0.01 0.643±0.01 0.704±0.01 0.658±0.01 0.756±0.02 0.886±0.004
HeartLang 0.796±0.01 0.821±0.01 0.861±0.01 0.853±0.01 0.786±0.01 0.884±0.02 0.926±0.005
A(SimVQ) † 0.803±0.01 0.816±0.01 0.858±0.01 0.882±0.01 0.800±0.01 0.876±0.02 0.945±0.003

AtomECG 0.812±0.01 0.825±0.01 0.869±0.01 0.886±0.01 0.807±0.01 0.882±0.02 0.950±0.002

Table 1: Macro AUROC of AtomECG and eight eSSL models via linear probing across seven multi-label tasks
on PTB-XL and G12EC. † A(SimVQ) replaces GAQ in AtomECG with SimVQ (Zhu et al., 2025), the closest
quantization baseline that also learns a linear transformation of the codebook.

ResNet-18

SwAV

MoCo v3

CMSC

MTAE

CMSMLC

MTAE+RLM

HeartLang

ST-MEM

AtomECG (ours)

Supervised Baseline

Contrastive SSL Baselines

Generative SSL Baselines

Figure 2: Macro F1 of AtomECG and nine other models under MLP probing across three multi-class tasks on
PTB-XL and G12EC.

MIMIC-IV-ECG pre-training. The classifier input
is the quantized atom sequence.

Multi-label. As summarized in Table 1, Atom-
ECG sets new SOTA on six of seven subsets via
linear probing, without any human-defined aug-
mentation or segmentation. The exception is PTB-
XL rhythm, where HeartLang slightly outperforms
AtomECG (0.884 vs 0.882), likely benefiting from
segmentation-induced inductive bias tailored to
rhythm regularities. Replacing GAQ with SimVQ
(the strongest concurrent baseline with a linear
codebook map) inside the same framework con-
sistently drops Macro AUROC on every subset
(e.g. “all” 0.812→0.803, G12EC 0.950→0.945),
isolating GAQ’s gain beyond a linear codebook
map. Across the seven subsets, a one-sided
sign test gives p=0.0078. Paired Wilcoxon tests
over 15 matched runs are significant on six sub-
sets (p<10−3) and borderline on super-diagnostic
(p=0.054). App. A.7.1 reports confidence intervals
and per-subset values.

Multi-class. We further evaluate AF, I-AVB and

LBBB (arrhythmia and conduction abnormalities)1.
Under a lightweight MLP probing (Linear-ReLU-
Linear), AtomECG attains the highest Macro F1 on
both datasets (Fig. 2), indicating that the discrete
atoms encode diagnostically useful morphology
and context exploitable by simple classifiers.

4.3 Linguistic Probe #1: Motif–Meaning
Correspondence

We adapt the standard χ2 enrichment test from
corpus linguistics. For each cohort label, we test
the occurrence of each atom and candidate subse-
quence, then re-test discovered motifs on an inde-
pendent validation split (App. A.5). Table 2 sum-
marizes motifs with p<0.05 on both splits over 6
major and 12 minor diagnostic classes on PTB-XL.

The learned codebook captures class-enriched
motifs. Each major category is associated with a
distinct atom set (e.g. atoms {347, 494, 813} across
conduction disturbance CD subclasses), and many

1We provide the complete descriptions of all cardiac dis-
ease abbreviations used in this manuscript in App. A.2.
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Subclass Num Atom usage(ratio)
N

O
R

M

NORM 9528

1,24,126,170,269,351,395,
542,696,722,785,822,867,
965,1010.
24-696-722-170(86%) . . .

C
D

RBBB 1660 77,79,346,347,494,497,813.
346-347-77-494(73%) . . .

LBBB 613 80,150,346,347,357,494,813.
346-357-80-813-494(72%) . . .

AVB 827 2,111,333,347,494,813,815.
111-2-813-494(81%) . . .

H
Y

P LVH 2137 52,80,150,357,535,778.
778-357-535(74%) . . .

SEHYP 30 22,52,346,357,535,813.
346-357-535(80%) . . .

M
I

AMI 354 113,334,425,436,479,1021.
436-113-1021(76%) . . .

IMI 2685 52,81,113,279,425,743,905.
113-905-425(84%) . . .

ST
T

C

ISCA 1016 2,112,113,456,921.
113-2-456-921(70%) . . .

STTC 2329
52,112,113,333,660,743,921,
980,999.
113-743-52(79%) . . .

R
hy

th
m AFIB 1514

67,74,162,293,343,586,712,
798,980.
798-712-67-586(95%) . . .

STACH 826 6,28,67,333,586,712,798,980.
798-712-67-28(96%) . . .

Table 2: Atoms and subsequences associated with PTB-
XL diagnostic classes (χ2/Fisher test, p<0.05 on dis-
covery and validation splits). The analysis is exploratory
and the clinical interpretations require expert validation.

subclasses admit compact subsequences with high
coverage (AFIB: 798–712–67–586 at 95%), giving
concise discrete features ready for inspection.

Shared atoms across related cohorts suggest hy-
potheses for clinical review. Atom 357 is enriched
in both CD-LBBB and HYP, a pattern compatible
with the co-occurrence of structural remodeling and
conduction abnormalities. Atom 113 is enriched in
both MI and STTC, which may reflect their shared
ischemic context. The enrichment establishes co-
hort association only. It does not validate these
pathophysiological interpretations.

4.4 Linguistic Probe #2: Autoregressive
Learnability and Long-Context Scaling

We treat next-atom prediction as the ECG ana-
logue of next-token language modeling. We to-
kenize each ECG, train a GPT to predict the next
index, and decode predicted indices to waveforms.

Model MAE RMSE MAE RMSE

Signal prediction 250-length 500-length
TimeGPT 0.168 0.179 0.274 0.299
Autoformer 0.161 0.177 0.256 0.257

Index prediction
Random+GPT 0.814 0.875 0.856 0.894
HeartLang+GPT 0.138 0.149 0.280 0.292
AtomECG+GPT 0.022 0.025 0.054 0.061

Model MAE RMSE MAE RMSE

Signal prediction 1000-length 2000-length
TimeGPT 0.443 0.473 0.605 0.625
Autoformer 0.415 0.434 0.594 0.642

Index prediction
Random+GPT 0.903 0.926 0.905 0.926
HeartLang+GPT 0.482 0.525 0.617 0.655
AtomECG+GPT 0.062 0.069 0.122 0.143

Table 3: Performance of next-atom prediction on PTB-
XL (250/500-signal-length) and VitalDB (1000/2000-
signal-length). MAE/RMSE are signal-domain metrics.

Method FT Tok. Seq. GPU-h

TimeGPT yes – N/A –
Autoformer yes – 12.3 M 5.8
Random+GPT random 0.52 M 20.1 M 9.2
HeartLang+GPT yes 2.10 M 20.1 M 34.0
AtomECG+GPT yes 1.83 M 20.1 M 38.5

Table 4: Adaptation and compute for Table 3.
Tok./Seq. denote tokenizer/sequence-model parame-
ters. TimeGPT has closed weights. GPU-hours use one
H200.

We report MAE/RMSE on PTB-XL (250/500 sam-
ples) and VitalDB (1000/2000 samples), compar-
ing direct signal forecasters (TimeGPT (Garza
et al., 2023), Autoformer (Wu et al., 2021))
and index forecasters with alternative tokenizers
(Random+GPT, HeartLang+GPT). Every trainable
method is adapted on the target training split (Ta-
ble 4). The three index forecasters use the same
six-layer GPT and the same S4D decoder architec-
ture and training recipe. All methods share data
splits and sample counts, and each direct baseline
uses its recommended hyperparameters. The held-
out fold never enters tokenizer adaptation.

As shown in Table 3, AtomECG+GPT yields the
lowest MAE/RMSE across both datasets and all
horizons. Random+GPT performs poorly, ruling
out a pure GPT prior. HeartLang+GPT improves
over random discretization yet remains consistently
worse. The result suggests that AtomECG’s sub-
waveform atoms induce a more regular sequence
structure than coarser human-defined units. The
advantage persists as the horizon grows, indicating
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Figure 3: Visualization of next-atom prediction with
2000-signal-length of lead II on VitalDB.

Pre-train on MIMIC Pre-train on VitalDB
Few-shot MAE RMSE MAE RMSE

% 0.086 0.089 0.099 0.108
1% 0.075 0.076 0.067 0.072
10% 0.056 0.066 0.058 0.064
full 0.049 0.057 0.053 0.058

Table 5: Cross-dataset transfer of next-atom prediction
on PTB-XL (Lead II, 500-signal-length).

that atom sequences preserve longer-range depen-
dencies in an autoregressively tractable form. Fig. 3
shows decoded signals that closely follow the raw
morphology.

Cross-Dataset Generalization. We pre-train
on MIMIC-IV-ECG or VitalDB and evaluate next-
atom prediction on PTB-XL lead II (500-signal-
length) under zero/few-shot adaptation. Both
sources transfer zero-shot and improve monotoni-
cally with target data (Table 5), suggesting shared
morphological primitives across the evaluated co-
horts.

Long-context perplexity scaling. Combined
with the motif probe in Sec. 4.3, the next-atom
results provide two NLP-native tests of the atom–
grammar view. Token-level perplexity drops mono-
tonically from 488 under a unigram model to
24 under a long-context GPT (App. Table 25).
Cohort-aligned χ2 motifs provide a complemen-
tary vocabulary-level probe.

4.5 Diagnostics of GAQ

Gradient geometry and phase coherence.
Sec. 3.2 predicts that GAQ improves phase-
coherent tokenization by suppressing radial-to-
tangential gradient leakage. We test this with
four diagnostics: LEAK90 (tail leakage severity),
TANFRAC (tangential update fraction), TS (within-
phase token switch rate across beats), and ORTH90

(deviation from orthogonality of the alignment map,
defined in App. A.4). Table 6 shows that GAQ
reduces LEAK90 and TANFRAC, consistent with
Prop. 2 and Thm. 1. The token switch rate de-
creases from 0.18 to 0.04, and ORTH90 remains
near zero.

Set Leak90 TanFrac TS Orth90

STE 0.64 0.51±0.05 0.18±0.002 –
EMAVQ 0.50 0.49±0.04 0.16±0.002 –
SimVQ 0.37 0.48±0.05 0.10±0.003 –
RotVQ 0.62 0.34±0.05 0.12±0.002 –
GAQ 0.28 0.22±0.04 0.04±0.001 0.001

Table 6: Gradient-geometry and phase-coherence di-
agnostics on MIMIC-IV-ECG. Lower is better for all
metrics. RotVQ denotes the rotation trick. Residual VQ
denotes multi-level quantization.

Set CPS ↑ WPA ↑ D ↑ cNMI ↑
STE 0.67 0.68 0.35 0.06
VQ+E 0.74 0.79 0.53 0.14
VQ+Rθ 0.75 0.80 0.55 0.16
GAQ 0.91 0.96 0.87 0.43

Table 7: Morphology-controlled cross-phase disam-
biguation on MIMIC-IV-ECG. Among morphology-
matched patches (NCC≥0.95), CPS / WPA mea-
sure cross-phase separation / within-phase agreement,
D=CPS+WPA−1, and cNMI quantifies morphology-
conditioned phase dependence. Higher is better.

Cross-phase disambiguation. The diagnos-
tics above show GAQ stabilizes assignments
within the same phase. The other half of phase–
morphology ambiguity requires that morphology-
similar patches at different phases be separated into
different atoms. After R-peak detection, each patch
gets a within-beat phase φ ∈ [0, 1) discretized
into B=8 bins. Morphology-matched pairs (z-
scored patches with normalized cross-correlation
NCC ≥ 0.95) are evaluated by cross-phase separa-
tion CPS = P(τ(r) ̸= τ(r′) | match, φbin(r) ̸=
φbin(r

′)) and within-phase agreement WPA =
P(τ(r) = τ(r′) | match, φbin(r) = φbin(r

′)). We
combine them intoD=CPS+WPA−1 and also re-
port morphology-conditioned cNMI between token
identity and phase. Table 7 shows GAQ dominates
STE and either-component-only ablations on all
four metrics (D: 0.35→0.87, cNMI: 0.06→0.43),
directly substantiating the context-precise side of
the ambiguity.

4.6 Clinical Robustness

We examine three axes on PTB-XL multi-label clas-
sification: demographic robustness (4 subgroups
stratified by sex and the median age, with 15 paired
runs from 5-fold CV × 3 seeds), calibration via the
cross-validated worst-group Macro ECE (CWM),
and distortion robustness under lead dropout and
additive Gaussian noise (20 dB SNR). On the “all”
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Quantizer Extra GPU-h PTB G12 Leak90 TS

VQ, N=1024 0 27.7 0.767 0.924 0.64 0.18
VQ, N=2048 0.524 M 28.8 0.772 0.925 0.63 0.16
VQ + adapter 0.066 M 29.7 0.781 0.929 0.55 0.14
RotVQ 0 28.4 0.793 0.937 0.62 0.12
SimVQ 0.066 M 29.8 0.803 0.945 0.37 0.10
Sim+Rot 0.066 M 30.2 0.807 0.947 0.33 0.07
GAQ 0.066 M 30.0 0.812 0.950 0.28 0.04

Table 8: Controlled comparison with encoder, decoder,
data, epochs, batch size, seeds, and four residual lev-
els fixed. Extra parameters are relative to VQ with
N=1024.

Setting PTB all super. G12EC TS

HeartLang 0.796 0.853 0.926 0.11
HeartLang+GAQ 0.806 0.861 0.933 0.06
ST-MEM 0.629 0.704 0.886 –
ST-MEM+GAQ 0.659 0.726 0.901 0.06

Table 9: Macro AUROC under linear probing and token
switch rate (TS) after inserting GAQ into other back-
bones.

subset, AtomECG attains mean worst-group AU-
ROC = 0.804 (95% CI [0.801, 0.808]), best–worst
gap 0.014, CWM = 0.028 (≪ 0.05). Perfor-
mance drops by ≤ 0.005 AUROC under single-
lead removal or AWGN and by ≤ 0.05 AUROC
under two-lead removal, consistently across all sub-
groups. Full subgroup tables and additional tasks
are in App. A.7.4.

4.7 Controlled Quantizer Ablation
Table 8 separates the geometric mechanism from
capacity. Doubling the codebook adds eight times
GAQ’s parameter budget and gains 0.005 AUROC
on PTB-XL. A parameter-matched encoder adapter
reaches 0.781, while the parameter-free RotVQ
reaches 0.793. SimVQ+RotVQ also trails GAQ on
both datasets and both geometry diagnostics. GAQ
adds four 128 × 128 matrices, or 65,536 parame-
ters, while Rθ has no parameters and costs O(d)
per patch. Component, patching, codebook, and
grammar ablations remain in App. A.8.

4.8 Cross-Backbone and Cross-Signal
Evaluation

To test whether the gain depends on AtomECG’s
encoder, we replace HeartLang’s VQ layer with
GAQ while preserving its encoder, segmentation,
and training recipe. HeartLang+GAQ improves all
three classification subsets and nearly halves TS
(Table 9), yet remains below AtomECG on PTB-
XL all (0.806 vs. 0.812), suggesting that uniform

sub-cycle patching contributes beyond the quan-
tizer. ST-MEM has no native quantizer. Attaching
the same GAQ quantizer and decoder to its encoder
also yields consistent gains, including +0.030 AU-
ROC on PTB-XL all.

We further isolate signal scope with two non-
ECG evaluations (full tables in App. A.7.3). On
a limit cycle with known phase and repeated lo-
cal shapes, GAQ reduces one-step phase drift from
4.9×10−2 to 1.1×10−2 and TS from 0.18 to 0.05.
On VitalDB PPG, it reduces reconstruction MSE
from 0.0031 to 0.0016, TS from 0.15 to 0.05, and
next-token MAE from 0.041 to 0.024. Together
with Table 9, these results separate the geometry-
aware quantizer from one particular encoder and
support the mechanism on phase-like signals be-
yond ECG.

5 Conclusion

We introduced GAQ, which addresses phase–
morphology ambiguity through coupled Maha-
lanobis metric shaping and Householder gradi-
ent transport. The transport cancels radial-to-
tangential leakage in the idealized case, with a
controlled stabilization error in practice. Atom-
ECG attains strong diagnostic performance, ex-
hibits long-context perplexity scaling, and supports
exploratory motif enrichment over a learned sub-
waveform vocabulary. Controlled comparisons
isolate the gain from model capacity, while the
known-phase limit cycle and PPG experiments pro-
vide evidence beyond ECG. These results establish
an end-to-end learned tokenization, autoregressive
modeling, and linguistic-probing pipeline for phys-
iological signals without treating the motif inter-
pretations as clinical validation.

Limitations

The evidence has four boundaries. First, ECG is the
principal testbed. The synthetic limit cycle isolates
the proposed mechanism and PPG supplies a sec-
ond physiological signal, but these experiments do
not establish performance on arbitrary sequential
modalities.

Second, transfer to highly specialized cohorts re-
mains difficult. Atoms and grammar learned from
general clinical data perform poorly on an out-of-
distribution Norwegian athlete cohort (Singstad,
2022). Full fine-tuning is needed to recover com-
parable performance.

Third, AtomECG is stable under demographic
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shift, single-lead dropout, and mild Gaussian noise
(Sec. 4.6), while two-lead loss and intraoperative
artifacts cause larger degradation.

Fourth, the motif analysis is exploratory. Discov-
ery and validation split replication guards against
unstable findings, but the reported p-values are not
corrected across all candidate motifs. The shared-
atom links are statistical associations. Their clinical
explanations should not be interpreted as validated
mechanisms.

Ethical considerations

This work uses only publicly available, de-
identified ECG datasets released with appropriate
ethical approvals and data use agreements. No ad-
ditional human data collection was performed.
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A Appendix

A.1 Proofs and additional details for GAQ
A.1.1 Standard VQ-VAE quantization and the

straight-through estimator (STE)
We summarize the standard VQ-VAE quantization
mechanism and the STE baseline, using the same
notation as the main text. Consider one residual
level with encoder feature r ∈ Rd and codebook
C = {c1, . . . , cN}.
Hard assignment and quantized value. Stan-
dard VQ uses nearest-neighbor assignment in Eu-
clidean space:

τVQ(r) ∈ argmin
n
∥r− cn∥2, q := cτVQ(r).

In GAQ, the assigned transformed code is c̄(r) =
Ecτ(r) as in (2). In the baseline (no E), one can
simply take c̄ = q.

STE surrogate for backpropagation. Because
τVQ(·) is discontinuous, the Jacobian of q(r) is
not defined. The standard STE choice is: use the
quantized value in the forward pass, but pretend it
equals r in the backward pass. A common imple-
mentation writes the forward variable as

q̃STE := r+ sg[q− r] , (8)

so that q̃STE = q in value, while ∇rq̃STE = I
because the stop-gradient term contributes zero
derivative. Thus for an upstream gradient g =
∇q̃L, STE yields

∇rL = g.

GAQ keeps the same forward value but modifies
the backward map by replacing I with RT

θ .

VQ and commitment losses. Given a reconstruc-
tion objective Lrec, VQ-VAE typically uses

Lvq := α
∥∥sg[r]− q

∥∥2
2
,

Lcommit := β
∥∥r− sg[q]

∥∥2
2
. (9)

Stop-gradient changes gradients but not function
values. In particular, ∥sg[r]−q∥2 = ∥r−q∥2 and
∥r−sg[q]∥2 = ∥r−q∥2, so Lvq+Lcommit = (α+
β)∥r − q∥2 in value, matching (4) (and similarly
for GAQ with q replaced by c̄).

A.1.2 Metric shaping via E
Proof of Proposition 1. Let z = E−1r and xn =
z− cn. Then

∥r−Ecn∥22 = ∥Ez−Ecn∥22 = ∥E(z− cn)∥22
= (z− cn)

T (ETE)(z− cn)

= ∥z− cn∥2G,

where G = ETE ≻ 0. The argmin over n is
therefore identical.

Frozen-assignment least-squares view (optimiza-
tion support). We formalize the “E receives
shared/dense updates” statement via a frozen-
assignment surrogate.

Proposition 3 (Frozen-assignment least-squares
target for E). Fix a minibatch of residual fea-
tures {rj}Mj=1 and their hard assignments τj :=
τ(rj). Let qj := cτj and define matrices R =
[r1, . . . , rM ] ∈ Rd×M and Q = [q1, . . . ,qM ] ∈
Rd×M . Ignoring stop-gradient in values, minimiz-
ing

∑M
j=1 ∥rj − Eqj∥22 = ∥R − EQ∥2F over E

yields the normal equation

EQQT = RQT ,

and if QQT is invertible,

E∗ = RQT (QQT )−1.

Moreover, the gradient is ∇E∥R − EQ∥2F =
2(EQQT −RQT ).

Proof. Expand ∥R−EQ∥2F = Tr((R−EQ)(R−
EQ)T ) and differentiate using standard matrix
calculus: ∇ETr(EQQTET ) = 2EQQT and
∇ETr(−2RQTET ) = −2RQT , yielding the
stated gradient. Setting it to zero gives the nor-
mal equation and (when invertible) the closed
form.
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Interpretation. Prop. 3 does not claim train-
ing solves the closed form (assignments evolve).
Rather, it highlights a concrete mechanism: QQT

aggregates all selected atoms in the minibatch, so E
receives dense updates even when individual codes
are updated sparsely. This is the non-redundant
benefit of keeping E explicit.

A.1.3 Rank of E
Prop. 1 adopts an invertibility view of E. While ex-
act rank is ill-posed under floating-point arithmetic,
we monitor the numerical rank of E ∈ R128×128

throughout training to ensure that E does not col-
lapse to a low-rank map.

Let σ1 ≥ · · · ≥ σ128 ≥ 0 be the singular values
of E. For a relative threshold τrank, we define

rankτ (E) := #{k : σk(E) ≥ τrank · σ1(E)}.

We use τrank = 10−6. In our runs, rankτ (E) stays
near full rank (typically 128, occasionally 127 de-
pending on the threshold), indicating that E does
not degenerate into a low-dimensional projection.

A.1.4 Householder alignment and forward
consistency

We restate the ideal (unregularized) Householder
reflection. For u,v ∈ Sd−1 and w = u− v,

H := I− 2
wwT

wTw
(u ̸= v), H = I(u = v).

Although H is a reflection, it is an orthogonal
map that exactly aligns directions: it sends v to
u and preserves norms, which is what we need for
geometry-consistent gradient transport.

Lemma 2 (Basic properties of the Householder
map). If u,v ∈ Sd−1, then H is symmetric and
orthogonal, HT = H and HTH = I, and it swaps
u and v: Hv = u and Hu = v.

Proof. Symmetry is immediate from the defini-
tion. To show orthogonality, write H = I− 2ppT

where p = w/∥w∥2 has unit norm (when u ̸= v).
Then HTH = (I − 2ppT )2 = I − 4ppT +
4p(pTp)pT = I. For the alignment identity, note
wTv = uTv− 1 and wTw = 2(1− uTv), hence

Hv = v − 2w
wTv

wTw

= v − 2(u− v)
uTv − 1

2(1− uTv)
= u.

Finally, H2 = I implies Hu = v.

Lemma 3 (Forward consistency of GAQ alignment
(ideal case)). Let r ̸= 0 and c̄ ̸= 0 and define
u = c̄/∥c̄∥ and v = r/∥r∥. In the ideal ε = 0

case, with Rθ =
∥c̄∥
∥r∥H, we have Rθr = c̄.

Proof. By Lemma 2, Hv = u. Then Rθr =
∥c̄∥
∥r∥H(∥r∥v) = ∥c̄∥u = c̄.

On the stabilization ε > 0. We use ε > 0 only
for numerical stability when u ≈ v so that wTw
becomes small. Then Hε is no longer exactly or-
thogonal, but remains a rank-1 perturbation of I. In
particular, the deviation from orthogonality can be
quantified as follows.

Lemma 4 (Near-orthogonality of the stabilized
Householder map). Let Hε = I − 2 wwT

wTw+ε
with

ε > 0. Then Hε is symmetric and satisfies

HT
εHε = I− 4ε

wTw + ε
· wwT

wTw + ε
,

and hence
∥∥HT

εHε − I
∥∥
2
≤ 4ε

wTw + ε
.

Therefore, all orthogonality-based identities above
hold up to an error that vanishes as ε → 0, and
are tight whenever wTw≫ ε.

In practice, we choose ε = 10−8 and addition-
ally monitor a direct near-orthogonality diagnos-
tic ∥HT

εHε − I∥ to confirm that the alignment
map remains effectively orthogonal on real training
patches. We observe no measurable degradation in
forward reconstruction.

A.1.5 Tangential leakage cancellation
Proof of Prop. 2. Let Πv = I− vvT .

(1) What STE does. Under STE, ∇rL = g
(App. A.1.1). Decompose g = gT + au with
gT ⊥ u. Then

Πvg = ΠvgT + aΠvu.

The second term is the leakage channel: even if
au is purely radial w.r.t. the code direction u, it is
generally not radial at v when u ̸= v. Indeed,

∥Πvu∥22 = ∥u− (uTv)v∥22
= 1− (uTv)2 = sin2 θ,

so ∥Πv(au)∥2 = |a| sin θ. In general, ΠvgT may
partially cancel Πv(au), but such cancellation is
not systematic. Hence we identify |a| sin θ as a
robust mechanism by which STE injects tangential
motion whenever θ ̸= 0 and a ̸= 0.
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(2) What GAQ does (ideal case). In GAQ with
ε = 0, the orthogonal part is H satisfying Hv = u
and Hu = v (Lemma 2). The backpropagated
gradient at r is HTg = Hg (up to the scalar factor
in Rθ, which does not affect tangential directions).
Transporting the radial term gives

HT (au) = aHu = av,

⇒ Πv

(
HT (au)

)
= Πv(av) = 0.

For the tangential component, vT (HTgT ) =
(Hv)TgT = uTgT = 0, so HTgT is tangent at
v and ∥ΠvH

TgT ∥2 = ∥HTgT ∥2 = ∥gT ∥2 by or-
thogonality. This proves the stated cancellation and
norm preservation.

A.1.6 Phase drift bound

We use a standard first-order expansion of the nor-
malization map on Rd \ {0}.
Lemma 5 (First-order change of a normalized vec-
tor). Let r ̸= 0 and v = r/∥r∥. For an update
r+ = r− η∆r with small η,

v+ − v = − η

∥r∥ Πv∆r + O(η2).

Proof. Consider F (r) = r/∥r∥. A direct differen-
tial calculation gives

DFr[δ] =
1

∥r∥
(
I− vvT

)
δ =

1

∥r∥Πvδ.

Apply first-order Taylor expansion at δ = −η∆r
to obtain the claim.

Proof of Thm. 1. By Assumption 1, ψ is Lψ-
Lipschitz on N , hence |ψ(v+) − ψ(v)| ≤
Lψ∥v+ − v∥2. Lemma 5 yields

|ψ(v+)− ψ(v)| ≤ Lψ η

∥r∥ ∥Πv∆r∥2 +O(η2).

For STE, ∆r = g (App. A.1.1), so the proxy de-
pends on ∥Πvg∥. Decompose g = gT + au as in
Prop. 2. Then ∥Πv(au)∥ = |a| sin θ (App. A.1.5),
explaining the additional leakage contribution. For
GAQ in the ideal case ε = 0, ∆r = RT

θ g and
the orthogonal part transports au to av, hence con-
tributes no tangential term: Πv(H

T (au)) = 0.
Moreover ∥ΠvH

TgT ∥ = ∥gT ∥ by orthogonality
(App. A.1.5). Substituting these into the proxy
completes the bound.

A.1.7 Phase coherence metrics: PC and TS
Proof of Lemma 1. Fix φ and draw r, r′ i.i.d.∼ Pφ.
If τ(r) ̸= τ(r′), then the selected transformed
codes are distinct, hence ∥c̄(r) − c̄(r′)∥2 ≥ m
by definition of m. Therefore

P(τ(r) ̸= τ(r′)) ≤ P
(
∥c̄(r)− c̄(r′)∥22 ≥ m2

)

≤ E∥c̄(r)− c̄(r′)∥22
m2

,

by Markov’s inequality. Taking expectation over φ
yields TS ≤ PC/m2.

A.1.8 Quantization error –> pairwise
distortion –> separation

Proposition 4 (Quantization error controls pair-
wise distortion). Let r, r′ be i.i.d. and let c̄, c̄′ be
their assigned transformed codes. Define e = r−c̄,
e′ = r′−c̄′ andZ = ∥r−r′∥22−∥c̄−c̄′∥22. Assume
∥r− r′∥2 ≤ D almost surely. Then

E[Z2] ≤ 16D2 E∥e∥22 + 32E∥e∥42.

Proof. Let d = r − r′ and δ = e − e′. Then
c̄− c̄′ = (r− e)− (r′ − e′) = d− δ and

Z = ∥d∥2 − ∥d− δ∥2 = 2⟨d, δ⟩ − ∥δ∥2.

Hence |Z| ≤ 2∥d∥∥δ∥+ ∥δ∥2 ≤ 2D∥δ∥+ ∥δ∥2,
so Z2 ≤ 8D2∥δ∥2 + 2∥δ∥4. Now use i.i.d. sym-
metry: E∥δ∥2 = E∥e − e′∥2 ≤ 2E∥e∥2 and the
inequality (a+ b)4 ≤ 8(a4 + b4) to get E∥δ∥4 ≤
16E∥e∥4. Substituting proves the claim.

A.1.9 Motif identifiability (token enrichment)
Separation alone does not imply that a disease cor-
responds to enriched atoms. We therefore state a
mild mechanism assumption: diseases often mani-
fest as phase-localized morphological events.

Assumption 2 (Phase-localized events). Fix a
phase interval I ⊂ [0, 1) with nonzero measure.
There exists a measurable event set U ⊂ Rd (a
local morphological pattern in feature space) such
that, for control and disease cohorts Sctrl, Sdis,
P(r ∈ U | φ ∈ I, Sdis) = P(r ∈ U | φ ∈
I, Sctrl) + ρ for some ρ > 0, and membership
in U is stable across cycles conditional on φ ∈ I .

Let T ⊂ {1, . . . , N} be a token set intended to
represent U in the discrete space. The next propo-
sition formalizes when cohort-level enrichment of
tokens/motifs is guaranteed.
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Proposition 5 (Motif identifiability via phase co-
herence). Assume Assumption 2. Suppose there
exist η, η′ ∈ [0, 1) and a token set T such that

P(τ(r) ∈ T | φ ∈ I, r ∈ U) ≥ 1− η,
P(τ(r) ∈ T | φ ∈ I, r /∈ U) ≤ η′.

Then the cohort-level token-frequency gap in I sat-
isfies

P(τ(r) ∈ T | φ ∈ I, Sdis)
− P(τ(r) ∈ T | φ ∈ I, Sctrl) ≥ ρ (1− η − η′).

Proof of Proposition 5. Let pctrl = P(r ∈ U |
φ ∈ I, Sctrl) and pdis = P(r ∈ U | φ ∈ I, Sdis) =
pctrl + ρ. For cohort S ∈ {Sctrl, Sdis}, apply the
law of total probability conditional on {φ ∈ I}:

P(τ ∈ T |φ ∈ I, S) = P(τ ∈ T | φ ∈ I,U) pS
+ P(τ ∈ T | φ ∈ I,Uc) (1− pS).

The phase-stability clause in Assumption 2 en-
sures the two conditional accuracy bounds are
comparable across cohorts. Using the hypotheses
P(τ ∈ T | φ ∈ I,U) ≥ 1− η and P(τ ∈ T | φ ∈
I,Uc) ≤ η′ gives

P(τ ∈ T | φ ∈ I, S) ≥ (1− η)pS + η′(1− pS).

Subtracting the control expression (pS = pctrl)
from the disease expression (pS = pctrl+ ρ) yields

∆ ≥
(
(1− η)− η′

)
ρ = ρ(1− η − η′),

which proves the claim.

A.1.10 Implementation details relevant to
GAQ

Efficient computation of Rθr. Although (5) is
written as a matrix, Hε is a rank-1 update, and Hεr
can be computed in O(d) time:

Hεr = r− 2w
wT r

wTw + ε
.

This avoids forming any d× d matrices in practice.

Scale fixing for E. We apply E←
√
d

∥E∥F E after
each optimizer step, independently per residual
level. This removes the non-identifiable global
scaling degree of freedom and empirically prevents
E from becoming ill-conditioned.

Abbreviation Full name (description)

AF Atrial fibrillation
I-AVB First-degree atrioventricular (AV) block
LBBB Left bundle branch block
RBBB Right bundle branch block
CD Conduction disturbance
HYP Hypertrophy
LVH Left ventricular hypertrophy
SEHYP Septal hypertrophy
MI Myocardial infarction
AMI Anterior myocardial infarction
IMI Inferior myocardial infarction
STTC ST/T change
ISCA Ischemic in anterior leads
AFIB Atrial fibrillation
STACH Sinus tachycardia

Table 10: Abbreviations of cardiac conditions and their
full names

Phase-free in operation and graceful degrada-
tion. Although our analysis interprets the cancel-
lation as removing motion on a phase manifold,
GAQ itself never observes phase: Hε depends only
on the local pair (r, c̄), and Assumption 1 is used
only to interpret the resulting stability. The algo-
rithm requires no R-peak detection, no segmenta-
tion, and no domain-specific fiducials. In highly
nonstationary regimes, Hε → I smoothly as ε→∞,
so GAQ degrades gracefully to STE.

A.2 Cardiac Disease Abbreviations
A.3 Details of the Decoder
As the primary component of AtomECG decoder,
the computation of S4D(Gu et al., 2022a) is shown
in Algo. 3.

Algorithm 3 S4D in AtomECG Decoder
Require: Feature g ∈ Rc×l.
Require: SSM Parameters (A,C,∆t,D).

1: C̃ = C⊙ (exp(A⊙∆t)− 1)⊘A
2: for i← 0 to l − 1
3: k:,i = Re

(∑
n C̃:,n ⊙ exp(A:,n ⊙∆t · i)

)

4: end for
5: kfft ← RFFT(k, n = 2l)
6: gfft ← RFFT(g, n = 2l)
7: y← iRFFT(gfft ⊙ kfft)[:, : l]
8: x̂c×l = Linear

c→c
(GELU(y + g ⊙D))

9: Return x̂

• (Lines 1-4): A convolutional kernel k of
length l is generated from the SSM param-
eters (A,C,∆t,D), embedding the model’s
dynamics into the kernel.
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• (Lines 5-7): Convolution is performed via
Fast Fourier Transform(FFT), where the in-
put g and kernel k are transformed into the
frequency domain, multiplied element-wise,
and then mapped back to the time domain
with an inverse FFT. RFFT denotes the FFT
for real-valued inputs.

• (Line 8): The result of the convolution is
added to a skip connection controlled by the
parameter D. Finally, the output undergoes a
GELU activation followed by a linear layer.

A.4 Datasets Preprocessing and Metric
Pre-train Preprocessing. The preprocess-
ing pipeline sequentially applies NaN/Inf
value handling, amplitude outlier exclusion
(threshold±11), statistical filtering (mean∈[-1.5,
1.5], variance∈[0.05, 2]), and temporal varia-
tion filtering (threshold 10 units for adjacent
differences).

Metric.

• Macro AUROC: In multi-label classification,
the area under the receiver operating character-
istic curve is computed for each class indepen-
dently by varying the classification threshold,
and the final score is obtained by averaging
the per-class AUCs.

• Macro F1: Computes the harmonic mean of
precision and recall for each class individually,
then averages these F1 scores.

• Perplexity: Quantifies the uniformity of
vector usage within a codebook. Defined

as: Perplexity = exp

(
−

K∑
c=1

p(c) log p(c)

)
.

Here, −
K∑
c=1

p(c) log p(c) represents the en-

tropy of the codebook distribution. Higher per-
plexity indicates greater uncertainty in vector
selection. When vectors are uniformly used
(p(c) = 1/K), perplexity equals the code-
book size K. Conversely, concentrated usage
reduces the perplexity.

GAQ diagnostics: LEAK, TANFRAC, TS, and
ORTH. To empirically validate the gradient-
geometry claims of GAQ, we report four scale-
stable diagnostics computed on MIMIC-IV-ECG
during pre-training. Unless otherwise stated, all
statistics are aggregated over sampled patches from

lead II and are computed on the first residual level
(i=0), which is also the level used for grammar
modeling.

Notation. For a patch residual r ∈ Rd, let
c̄ = Ecτ(r) be the assigned transformed code (with
E = I if E is ablated), u := c̄/∥c̄∥2, v := r/∥r∥2,
and θ := arccos(u⊤v). Let q̃ denote the quan-
tizer output fed to the decoder (Eq. (5) for GAQ
and Eq. (8) for STE), and let g := ∇q̃L be the up-
stream gradient from the reconstruction objective
L. We use a small numerical constant ε = 10−8

when normalizing vectors.
Leak severity and Leak90. Proposition 2 iso-

lates a radial-to-tangential “leakage channel” under
STE whose magnitude scales with |a| sin θ, where
a = u⊤g. We form a scale-invariant proxy by nor-
malizing the upstream gradient ĝ := g/(∥g∥2 + ε)
and defining

LEAK(r) :=
∣∣∣u⊤ĝ

∣∣∣ sin θ, θ = arccos(u⊤v).
(10)

This statistic lies in [0, 1] and summarizes how
strongly a code-direction component can induce
tangential motion at v when θ ̸= 0. We report
Leak90 as the 90th percentile of LEAK over evalu-
ated patches (computed per seed and then averaged
across seeds), emphasizing tail misalignment cases.

Tangential update fraction (TanFrac). To
quantify how much of the encoder-side update lies
in the tangent space of the unit sphere at v, define
the projector Πv := I− vv⊤ and

TANFRAC(r) :=
∥Πv∆r∥2
∥∆r∥2 + ε

, (11)

where ∆r is the backpropagated encoder-side
update direction at r. Under STE, ∆r = g
(App. A.1.1), whereas under GAQ we use ∆r =
R⊤
θ g with Rθ defined in Eq. (5). Lower TanFrac

indicates more radial (less tangential) updates, con-
sistent with reduced one-step phase drift in The-
orem 1. We report TanFrac as mean±std across
random seeds.

Token switch rate (TS) within phase bins. To
quantify token-level phase coherence, we estimate
within-beat phase and measure how often tokens
disagree across beats when the phase is approx-
imately matched. We obtain beat boundaries on
lead II using a standard R-peak detector, define
the within-beat phase φ(t) ∈ [0, 1) by normalizing
time between consecutive R peaks, and assign each
patch the phase of its center timestamp. We dis-
cretize [0, 1) into uniform bins (B = 20 uniform
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phase bins). Within each bin we sample pairs of
patches from different beats and compute the dis-
agreement indicator 1{τ(r) ̸= τ(r′)}. TS is the
empirical average disagreement probability across
bins, matching Eq. (7). We report TS as mean±std
across random seeds.

Near-orthogonality diagnostic (Orth and
Orth90). GAQ uses the stabilized Householder
map

Hε(r, c̄) = I− 2
ww⊤

w⊤w + ε
, w = u− v,

whose deviation from exact orthogonality vanishes
as ε→ 0 (Lemma 4). We quantify numerical non-
orthogonality per patch by the normalized Frobe-
nius deviation (∥I∥F =

√
d)

ORTH(r) :=
1

∥I∥F

∥∥∥Hε(r, c̄)
⊤Hε(r, c̄)− I

∥∥∥
F
.

(12)
We report Orth90 as the 90th percentile of ORTH

over evaluated patches (computed per seed and then
averaged across seeds). For STE (which does not
form Hε), Orth is not defined.

Estimation protocol. For each validation batch,
we sample 256 patches uniformly over time (lead
II), compute LEAK, TANFRAC, TS and ORTH, and
aggregate over batches. Leak90 and Orth90 are
computed per seed and then averaged across seeds.
TanFrac and TS are reported as mean±std across
five random seeds.

A.5 Cohort-enriched atoms and common
subsequences via chi-squared tests

We identify class-associated atom indices and
common subsequences from AtomECG token se-
quences using a χ2 test of independence, and report
significant motifs in Table 2.

Token sequences and motifs. For each indi-
vidual i ∈ {1, . . . , n}, AtomECG yields an in-
dex sequence zi = (zi1, . . . , ziTi), where zit ∈
{1, . . . , N}. We consider two motif types: (i) a sin-
gle atom m = a, and (ii) a common subsequence
m = (a1, . . . , aL) (order-preserving, not necessar-
ily contiguous). We enforce a maximum window
(span) W = 30 tokens: a subsequence m occurs in
zi if there exist indices t1 < · · · < tL such that

zitℓ = aℓ (ℓ = 1, . . . , L), tL−t1+1 ≤W (= 30).
(13)

This captures local, phase-like compositions while
allowing short gaps within the window.

Individual-level occurrence and usage ratio.
We use a binary indicator per individual:

Ii(m) := 1{m occurs in zi under (13)}. (14)

For cohort (subclass) label ℓ, let y(ℓ)i ∈ {0, 1} de-
note membership. We report the usage ratio as

Usage(m, ℓ) = P(I(m) = 1 | y(ℓ) = 1)

=

∑
i 1{y

(ℓ)
i = 1, Ii(m) = 1}

∑
i 1{y

(ℓ)
i = 1}

.

(15)

2 × 2 contingency table and χ2 test. For each
pair (m, ℓ), we form counts nrc =

∑
i 1{y

(ℓ)
i =

r, Ii(m) = c} for r, c ∈ {0, 1}, with total n =∑
r,c nrc and expected counts under independence

erc =
(
∑

c nrc)(
∑

r nrc)
n . We compute the Pearson

statistic

χ2(m, ℓ) =
∑

r∈{0,1}

∑

c∈{0,1}

(nrc − erc)2
erc

, (16)

and obtain a p-value using a χ2 distribution with
1 degree of freedom. When expected counts are
sparse (e.g. minr,c erc < 5), we replace χ2 by
Fisher’s exact test on the same table. We report
motifs with p < 0.05.

Mining candidate common subsequences (span
W=30). Enumerating all subsequences is in-
tractable, so we mine candidates by frequent se-
quential pattern mining with a span constraint. Con-
cretely, we collect subsequences satisfying (13)
and retain only those with sufficient document fre-
quency df(m) =

∑
i Ii(m) (minimum support)

to ensure stable testing. We then run the above
χ2/Fisher procedure for each cohort ℓ and report
significant atoms and subsequences together with
their usage ratios.

Because we test a large number of motifs, we
additionally require that a reported motif is repro-
ducible. Concretely, we perform motif testing on a
discovery split and re-test the same motifs on an in-
dependent validation split. A motif is reported for
cohort ℓ only if it satisfies p < 0.05 on both splits
(using the same χ2/Fisher procedure). In K-fold
settings, we alternatively report motifs that achieve
p < 0.05 in at least K − 1 folds.

A.6 Implementation Details
Pre-training settings. The performance of all base-
lines and eSSL models was evaluated under consis-
tent preprocessing, strictly following their publicly
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available code and training configurations. During
pre-training on MIMIC-IV-ECG, 95% is used for
training and 5% for validation, where the validation
set is used to monitor training and prevent code-
book collapse. For training on VitalDB, we seg-
ment each patient’s data into 1-minute clips, with
a processing window of 1 minute. All other pro-
cedures remain identical to those used for MIMIC-
IV-ECG. The overall architecture of AtomECG
comprises three main components: an encoder, a
quantization module and a decoder. The encoder
architecture draws inspiration from PatchTST (Nie
et al., 2023). The detailed hyperparameters are as
follows:

• Encoder: Number of layers: m = 6

• Encoder: Number of attention heads: 4

• Encoder: Hidden dimension (d_model): 128

• Encoder: Feed-forward network dimension:
512

• Quantization: Residual layer: h = 4

• Decoder: Number of S4D layers: 4

• Decoder: State-space dimension: 64

• Decoder: Dropout rate: 0.1

• Decoder: Minimum and maximum values for
time step: 0.001 and 0.1

• Training on MIMIC-IV-ECG: Epoch-150,
Optimizer-AdamW-1e-4, Batch-128, Mask-
ing rate-40%

• Training on VitalDB: Epoch-100, Optimizer-
AdamW-5e-5, Batch-64, Masking rate-40%

The loss function in pre-training can be written as
L = MSE(x, x̂) + Lvq + Lcommit, where

Lvq =
h−1∑

i=0

(
αi∥sg(r(i))−E(i)Q(i)∥22

)
,

Lcommit =

h−1∑

i=0

(
βi∥r(i) − sg(E(i)Q(i))∥22

)
.

And for simplicity, we set the vq and commitment
weights to α = β = 0.25.

Cross-validation protocol (no test leakage).
For every result that involves tokenizer fine-tuning,
we exclude test-fold data from all stages of repre-
sentation learning. This includes multi-label and

multi-class classification (Table 1 and Fig. 2) and
next-atom prediction (Tables 3 and 5). We first
pre-train the tokenizer on the unlabeled MIMIC-IV-
ECG or VitalDB pool. For each downstream fold,
we then fine-tune the tokenizer with the masked re-
construction objective using only the training split.
Atom indices, downstream classifiers, and the GPT
grammar are trained on the same split and evalu-
ated on the held-out fold. The five folds are run
independently. This nested protocol prevents test
exposure through either the vocabulary or decoder.

Downstream classification. Different classifi-
cation tasks require different learning rates. We
report the choices for multi-label and multi-class
settings under linear and MLP probing.

Task lr

all 1e-4
diag. 1e-4
sub. 1e-4
super. 5e-5
form 1e-5
rhythm 5e-5
G12EC 1e-4

Table 11: The learning rate on multi-label classification
tasks under linear probing.

Class lr on PTB-XL lr on G12EC

AF 4e-5 8e-5
I-AVB 5e-5 6e-5
LBBB 5e-5 6e-5
RBBB 5e-5 6e-5

Table 12: The learning rate on multi-class classification
tasks under MLP probing.

We adopt different probing strategies across the
two tasks for the following reasons. For the multi-
label task, linear probing is sufficient to compare
the representational strength of different eSSL mod-
els. However, according to the supervised results
from ECG baselines (Nonaka and Seita, 2021), no
eSSL model consistently outperforms ResNet-18.
Therefore, in the subsequent multi-class task, we
additionally evaluate nonlinear probing. The re-
sults show that all eSSL models significantly sur-
pass ResNet-18. We attribute this to the diverse
diagnostic labels and their strong inter-label de-
pendencies, where linear probing alone struggles
to achieve accurate discrimination on small-scale
datasets. Hence, we adopt different probing strate-
gies for the two tasks, with the only difference
being that the linear classifier is replaced by an
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Figure 4: Visualization of representative ECG atoms on PTB-XL (lead II) using the AtomECG tokenizer fine-tuned
on PTB-XL (first residual level). For each atom, the left panel summarizes amplitude-normalized patches by the
25–75% quantile band (shaded) with the median curve in bold. The right panel shows the normalized histogram of
within-beat phase ϕ ∈ [0, 1) of patch centers computed between consecutive R peaks, indicating where the atom
tends to occur within the cardiac cycle.

MLP (Linear–ReLU–Linear).
Next-atom prediction. We evaluate whether the

learned atom sequence admits an autoregressive
grammar by training a causal Transformer (GPT) to
predict the next atom index and decoding predicted
indices back to waveform samples.

Let z = (z1, . . . , zT ) be the atom-index se-
quence extracted from an ECG (we use the first
residual-level codebook to define the vocabulary).
The training and evaluation pipeline is:

• Tokenizer fine-tuning. Fine-tune AtomECG
on the target dataset with the masked recon-
struction objective.

• Token extraction. Freeze the tokenizer (en-
coder + codebook) and convert each ECG into
an index sequence z.

• GPT training (context length 256). Train a
causal Transformer on index sequences with
standard next-token cross-entropy. We form
training pairs by sliding a window of length

C=256 over z:

input (zt−C , . . . , zt−1) → target zt,

and optimize
∑

t− log p(zt | zt−C:t−1).

• Autoregressive generation and decoding. At
inference time, given an observed context
of 256 indices, GPT autoregressively gener-
ates future indices. The generated indices are
mapped to code vectors by codebook lookup
and then decoded by the (fine-tuned) Atom-
ECG decoder to produce waveform samples.

The reported horizons {250, 500} on PTB-XL
and {1000, 2000} on VitalDB refer to the num-
ber of waveform samples decoded in the predic-
tion window (i.e. the signal-domain continuation
length). Accordingly, we generate the required
number of future indices (under the fixed patching
configuration) so that decoding yields the desired
number of samples.

GPT hyperparameters. Unless otherwise stated,
we use: layers= 6, heads= 8, hidden size dmodel =
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Figure 5: Macro F1 of AtomECG and nine other models under MLP probing across multi-class of RBBB on
PTB-XL and G12EC.
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Figure 6: Next-atom prediction (lead II) with 250/500-
signal-length on PTB-XL and 1000-signal-length on
VitalDB.

512, optimizer AdamW with learning rate 3×10−4,
batch size 64, and train for 100 epochs.

A.7 Supplementary Experiments

A.7.1 Paired tests and tokenizer-sensitive
metrics

Table 13 reports paired comparisons between GAQ
and SimVQ over 15 matched runs from five folds
and three seeds. GAQ improves all seven subsets.
Six gains are significant under a paired Wilcoxon
signed-rank test, while the super-diagnostic subset
has p=0.054.

Classification is less sensitive to tokenizer ge-
ometry than autoregressive prediction and motif
stability. Table 14 fixes the GPT and decoder and
changes only the tokenizer. GAQ yields the lowest
forecasting error and token-level perplexity, and
the highest split-replicated motif reproducibility.

A.7.2 Forecasting adaptation, capacity, and
compute

All trainable methods in Table 3 use target-domain
adaptation, identical folds, and identical sample
counts. The index forecasters share a six-layer,
eight-head GPT with hidden size 512 and an S4D
decoder of identical architecture and training recipe.

Each tokenizer has its own codebook and therefore
its own decoder parameters, but decoder capacity
and optimization are held fixed. TimeGPT parame-
ter counts are unavailable because its weights are
closed. All GPU-hours below were measured on
one NVIDIA H200.

GAQ adds four 128 × 128 matrices, totaling
65,536 parameters. This is 0.30% of the 21.9
M AtomECG+GPT pipeline. The Householder
transport has no trainable parameters and is imple-
mented as a rank-one update with O(d) cost per
patch. Table 15 shows that target adaptation helps
HeartLang, while doubling its GPT depth and train-
ing budget closes only a small part of the gap. Two
continuous forecasters also remain behind Atom-
ECG+GPT.

A.7.3 Cross-signal evaluation

Cross-backbone results now appear in Table 9 of
the main paper. Here we provide the complete
cross-signal breakdowns.

Known-phase limit cycle. We construct a syn-
thetic limit cycle containing two nearly identical
local morphologies at different phases. Its known
phase permits a direct measurement of the one-step
proxy in Theorem 1. GAQ reduces phase drift by
about 4.5 times relative to STE (Table 16). The
leakage proxy is not monotone for RotVQ because
it changes gradient transport without reshaping the
assignment metric. This separation motivates cou-
pling the two components.

Photoplethysmography. We apply the same
patching, encoder, decoder, and training pipeline
to the VitalDB PLETH channel. PPG supplies
a second physiological signal with a phase-like
trajectory. GAQ improves reconstruction, phase
coherence, and next-token prediction over STE (Ta-
ble 17).

Visualization of representative atoms and
their phase locations. To qualitatively inspect the
learned atom space, we visualize the waveform
morphology and the within-beat phase location
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Subset GAQ SimVQ Paired ∆ 95% CI p

all 0.812 0.803 +0.009 [0.007, 0.011] < 10−3

diag. 0.825 0.816 +0.009 [0.006, 0.012] < 10−3

sub. 0.869 0.858 +0.011 [0.008, 0.014] < 10−3

super. 0.886 0.882 +0.004 [−0.001, 0.009] 0.054
form 0.807 0.800 +0.007 [0.005, 0.009] < 10−3

rhythm 0.882 0.876 +0.006 [0.004, 0.008] < 10−3

G12EC 0.950 0.945 +0.005 [0.004, 0.006] < 10−3

Table 13: Paired GAQ versus SimVQ tests over 15 matched runs. The one-sided sign test across the seven subsets
gives p=0.0078.

Tokenizer MAE250 RMSE250 MAE500 PPL Motif

VQ 0.055 0.063 0.128 102 47%
RotVQ 0.035 0.040 0.083 40 71%
SimVQ 0.043 0.047 0.104 44 73%
GAQ 0.022 0.025 0.054 24 86%

Table 14: Tokenizer-sensitive metrics with the grammar
and decoder fixed. Motif reproducibility is the fraction
of Table 2 motifs with p<0.05 on both splits.

of selected atoms on PTB-XL. Unless otherwise
stated, we use the AtomECG tokenizer fine-tuned
on PTB-XL with the masked reconstruction objec-
tive, and we visualize atoms from the first residual
level.

Patch extraction and preprocessing. We to-
kenize ECGs under the default patching configu-
ration (patch length b=16). The patches used for
visualization are extracted from signals after the
same preprocessing pipeline used during training,
and we further apply amplitude normalization to
each extracted patch. We then assign each patch to
an atom index using hard assignment at level i=0,
i.e. τ(r).

Representative atom selection. We select rep-
resentative atoms based on their frequent occur-
rence in the statistically significant atoms reported
in Table 2, aiming to cover diverse and commonly
observed morphologies.

Morphology summary (left panels). For an
atom n, let {x(m)}Mn

m=1 denote all collected patches
assigned to n, where each patch is a length-b wave-
form segment. For every discrete time position
t ∈ {0, . . . , b− 1}, we compute the empirical 25th,
50th and 75th percentiles across {x(m)

t }Mn
m=1. We

plot the interquartile range (25–75%) as a shaded
band and the median (50%) as a bold curve. With a
500Hz sampling rate, b=16 corresponds to 32 ms.

Phase histogram (right panels). To show
where an atom tends to occur within a cardiac cycle,
we compute a within-beat phase ϕ ∈ [0, 1) from

detected R-peak locations. Let {Rk} be R-peak
timestamps. For a patch centered at time tc with
Rk ≤ tc < Rk+1, we define

ϕ(tc) =
tc −Rk

Rk+1 −Rk
.

We exclude patches whose centers are not brack-
eted by two consecutive R peaks. For each atom,
we plot a histogram of ϕ(tc) over its assigned
patches using uniform bins on [0, 1), while the y-
axis reports normalized frequency.

Multi-class classification. Fig. 5 reports Macro
F1 under MLP probing for multi-class classifi-
cation within the RBBB cohort on PTB-XL and
G12EC. AtomECG consistently achieves the best
performance among supervised, contrastive and
generative SSL baselines. The result supports our
central claim that discrete sub-waveform atoms
capture diagnostically relevant morphologies and
context, enabling strong discrimination even under
a lightweight probe.

Visualization of the next-atom prediction.
Moreover, for next-atom prediction, Fig. 6 shows
visualization on lead II for PTB-XL (250/500-
signal-length) and VitalDB (1000-signal-length).
AtomECG produces continuations that closely fol-
low the raw morphology. These qualitative exam-
ples provide additional evidence that the learned
atoms form reusable building blocks whose compo-
sitions can be modeled as a coherent ECG grammar
across different datasets and horizons.

Epinephrine case study. Fig. 7 compares atom
usage during the 10-second intervals immediately
before and after an epinephrine injection in one
VitalDB case. The post-injection window shows
increased use of atoms associated with sinus tachy-
cardia. This shift is compatible with the known
stimulant effect of epinephrine. The example is
illustrative and does not establish event-detection
performance.
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Method Seq. params GPU-h PTB-XL 500 VitalDB 1000

HeartLang, no FT 20.1 M 25.0 0.341 / 0.358 0.560 / 0.605
HeartLang, target FT 20.1 M 34.0 0.280 / 0.292 0.482 / 0.525
HeartLang, 12L, 2× epochs 39.0 M 61.5 0.264 / 0.279 0.451 / 0.494
PatchTST forecaster 8.9 M 6.4 0.183 / 0.201 0.331 / 0.362
DLinear 0.05 M 1.3 0.229 / 0.248 0.402 / 0.431
AtomECG+GPT 20.1 M 38.5 0.054 / 0.061 0.062 / 0.069

Table 15: Additional adaptation and capacity controls for forecasting. Entries for PTB-XL and VitalDB are MAE /
RMSE.

Quantizer Drift (×10−2) Leak P90 TS

STE 4.9 0.71 0.18
SimVQ 3.2 0.49 0.11
RotVQ 2.3 0.69 0.12
GAQ 1.1 0.31 0.05

Table 16: Known-phase limit-cycle results. Lower is
better for every metric.

Quantizer Rec. MSE TS Next MAE

STE 0.0031 0.15 0.041
GAQ 0.0016 0.05 0.024

Table 17: PPG results on VitalDB PLETH. Lower is
better.

A.7.4 Clinical Robustness: detailed results
This appendix details the demographic robustness,
calibration, and distortion-robustness analyses sum-
marized in Sec. 4.6. All numbers are computed
on PTB-XL multi-label classification under linear
probing, with 15 paired runs from 5-fold cross-
validation combined with 3 random seeds. Within
each fold, the cohort is stratified into four demo-
graphic subgroups by sex and the median age (62):
Male<62, Male≥62, Female<62, Female≥62. We
report mean±std together with two-sided 95%
bootstrap confidence intervals (5000 resamples).

Subgroup performance. Table 18 reports per-
subgroup Macro AUROC on the “all”, “sub.” and
“form” subsets. Across all three tasks the differ-
ences between subgroups remain within ±0.003
AUROC.

Group AUROC (all) AUROC (sub.) AUROC (form)

M<62 0.812±0.012 0.865±0.009 0.806±0.012
M≥62 0.811±0.012 0.870±0.010 0.807±0.012
F<62 0.813±0.012 0.869±0.009 0.807±0.013
F≥62 0.812±0.013 0.873±0.009 0.806±0.013

Table 18: Per-subgroup Macro AUROC of AtomECG
on PTB-XL.
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Figure 7: Atom usage frequency before and after
epinephrine injection from VitalDB.

Overall robustness and calibration. We further
report for each task the mean worst-subgroup AU-
ROC, the best–worst gap, and the cross-validated
worst-group Macro Expected Calibration Error
(CWM), which takes the maximum subgroup ECE
per label (10 confidence bins) and macro-averages
across labels. CWM below 0.05 is typically con-
sidered strong (Table 19).

Task Mean Worst 95% CI (Worst) Mean Gap CWM

all 0.804 [0.801, 0.808] 0.014 0.028
sub. 0.862 [0.861, 0.864] 0.010 0.030
form 0.800 [0.795, 0.804] 0.012 0.027

Table 19: Overall subgroup robustness and worst-group
calibration of AtomECG.

Distortion robustness. Table 20 reports per-
subgroup AUROC on the “all” subset under lead-
removal scenarios (remove Lead I, remove a ran-
dom lead, remove Leads I+V6, remove two random
leads) and additive Gaussian noise at 20 dB SNR.
AtomECG degrades by at most 0.05 AUROC un-
der removal of two leads and stays within 0.005
AUROC under single-lead loss or AWGN. The vari-
ation is consistent across all subgroups.
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Group Base rm Lead I rm 1 random Lead rm Leads I+V6 rm 2 random Leads AWGN (20 dB)

M<62 0.812±0.012 0.808±0.016 0.809±0.018 0.764±0.035 0.783±0.029 0.809±0.014
M≥62 0.811±0.012 0.808±0.017 0.808±0.017 0.761±0.033 0.782±0.031 0.808±0.014
F<62 0.813±0.012 0.810±0.015 0.810±0.016 0.764±0.030 0.786±0.024 0.811±0.013
F≥62 0.812±0.013 0.809±0.016 0.808±0.017 0.763±0.034 0.785±0.026 0.809±0.013

Table 20: Distortion robustness on PTB-XL “all” subset.

Patch Size MSE VQ-loss
stride-8

8 0.00390 5.71e-5
16 0.00217 2.65e-5
24 0.00180 5.17e-4
32 0.00245 2.15e-3

stride-16
16 0.00762 2.01e-3
24 0.00567 1.24e-3
32 0.00564 1.03e-3

stride-32
32 0.01505 1.45e-3

Table 21: Ablation of patch size and stride during pre-
training on MIMIC-IV-ECG.

Atom Size Perplexity VQ-loss
codebook-512

64 125/70/70/65 9.19e-5
128 113/101/85/79 8.75e-5
256 139/91/85/84 2.12e-4

codebook-1024
64 294/203/178/171 6.01e-5

128 317/200/185/187 2.65e-5
256 299/205/184/187 7.79e-5

codebook-2048
64 444/363/250/239 7.47e-5

128 606/300/288/202 7.05e-5
256 585/376/178/164 1.96e-4

Table 22: Ablation of codebook size during pre-training
on MIMIC-IV-ECG.

A.8 Ablation Studies

We perform ablations to clarify how AtomECG’s
core design choices affect (i) pre-training stabil-
ity and reconstruction fidelity, (ii) downstream di-
agnostic transfer, and (iii) the learnability of the
induced discrete grammar. Unless otherwise spec-
ified, all ablations follow the main setting: pre-
training on MIMIC-IV-ECG, linear probing on
PTB-XL and G12EC for multi-label classification,
and GPT-based next-atom prediction on PTB-XL.

Patch size and stride. AtomECG tokenizes
ECGs by uniformly patching the waveform. The
patch length b and stride s control the granularity
and redundancy of morphological units: smaller b

increases atomic resolution but may fragment clin-
ically meaningful micro-structures, while larger
s reduces overlap but risks losing fine temporal
dynamics and harms masked reconstruction. Ta-
ble 21 reports the reconstruction MSE and the quan-
tization objective (VQ-loss) during pre-training on
MIMIC-IV-ECG. Two trends are consistent. First,
increasing stride substantially degrades reconstruc-
tion (e.g. MSE rises from ≈ 10−3 under stride-8
to ≈ 10−2 under stride-32), suggesting that dense
coverage and overlap are crucial to preserve sub-
tle morphologies under masked modeling. Sec-
ond, patch length exhibits a trade-off: very small
patches (e.g. b=8) yield higher MSE than inter-
mediate lengths, while overly large patches (e.g.
b=32) increase VQ-loss, indicating harder assign-
ment and less stable discretization. Overall, we
adopt the b=16 and s=8 configuration as the de-
fault tokenizer granularity.

Codebook size and atom size. We ablate the vo-
cabulary capacity by varying the codebook size N
and the atom embedding dimension d (Table 22).
We report (i) codebook-usage perplexity (entropy-
based) at each residual level, which measures the
effective number of atoms actually used, and (ii)
VQ-loss, which reflects assignment difficulty and
quantization stability. Note that this perplexity is
upper bounded by N and equals N only under per-
fectly uniform usage. In practice, it is governed
by the intrinsic diversity of sub-waveform mor-
phologies and the optimization dynamics under
hard assignment. Therefore, increasing N does not
imply a proportional increase in perplexity: once
N exceeds the effective support of the data distri-
bution, the additional codes tend to remain rarely
used, leading to a sublinear growth (or saturation)
of perplexity.

To compare codebook sizes more fairly, we can
view the utilization ratio ρ := Perplexity/N . We
observe that N=1024 yields the best overall uti-
lization (e.g. 317/1024 at the first residual level)
together with the lowest VQ-loss, indicating a good
balance between expressiveness and stable assign-
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Quantization E Rθ Residual all diag. sub. super. form rhythm G12EC
✓ - - - 0.765 0.764 0.805 0.809 0.750 0.842 0.921
✓ ✓ ✓ - 0.799 0.804 0.848 0.836 0.777 0.856 0.939
✓ - ✓ ✓ 0.782 0.786 0.849 0.821 0.766 0.845 0.932
✓ ✓ - ✓ 0.770 0.779 0.835 0.825 0.765 0.844 0.939
✓ ✓ ✓ ✓ 0.812 0.825 0.869 0.886 0.807 0.882 0.950

Table 23: Ablation of the GAQ on multi-label classification via linear probing on PTB-XL and G12EC

Quantization E Rθ Residual MAE RMSE Perplexity
✓ - - - 0.063 0.075 210
✓ ✓ ✓ - 0.032 0.034 425

✓ - ✓ ✓ 0.029 0.033
(

225/176
145/135

)

✓ ✓ - ✓ 0.045 0.047
(

420/315
213/187

)

✓ ✓ ✓ ✓ 0.022 0.025
(

476/324
202/199

)

Table 24: Ablation of the GAQ on next-atom prediction(250-signal-length on PTB-XL).

ments. In contrast, enlarging the codebook to
N=2048 increases the nominal perplexity, but the
gain is not commensurate with the doubled capac-
ity and is uneven across residual levels, suggesting
redundancy and less consistent usage. Regarding
atom size, increasing d enlarges per-atom expres-
siveness but can also make alignment harder under
VQ, which may raise VQ-loss without improving
utilization. Overall, we adoptN=1024 and d=128
as the default configuration, as it achieves the most
favorable trade-off between utilization and quanti-
zation stability.

Disentangling GAQ components. Geometry
Alignment Quantization (GAQ) contains two mech-
anisms: (i) a learnable global linear transforma-
tion E that reshapes the codebook geometry, and
(ii) a local geometry-aware transport Rθ used in
the backward surrogate to align gradients under
hard assignments. In contrast, residual quantiza-
tion (multi-level codebooks) is another trick that
can be combined with GAQ. Accordingly, we ab-
late three factors: E, Rθ, and residual quantization.
We evaluate their effects on diagnostic transfer and
grammar learnability.

(1) Downstream diagnosis. Table 23 reports
linear probing AUROC on PTB-XL and G12EC.
Starting from a standard VQ baseline (Quantiza-
tion only), adding GAQ yields a consistent and
sizable improvement across all subsets (e.g. PTB-
XL: 0.765 → 0.799, G12EC: 0.921 → 0.939),
supporting that geometry reshaping plus geometry-
consistent gradient alignment produces a more

discriminative and clinically faithful atom space.
Residual quantization alone improves some subsets
but is less consistent, suggesting that additional ca-
pacity does not automatically translate to better
discrete representations when the geometry mis-
match remains unresolved. When combining resid-
ual quantization with GAQ, performance improves
further and achieves the best overall results, indi-
cating that GAQ primarily addresses assignment
quality and stability, while residual levels mainly
contribute representational capacity. The two are
complementary.

(2) Next-atom prediction. Table 24 evaluates
next-atom prediction on PTB-XL. Notably, we only
use the first-level codebook to form the token se-
quence for GPT training and inference. Under this
protocol, one might expect residual quantization to
decrease index-prediction accuracy, since the first-
level indices now represent a coarser approxima-
tion of the signal and discard information carried
by higher residual levels.

Interestingly, we observe the opposite: enabling
residual quantization improves waveform-level
forecasting after decoding (e.g. MAE/RMSE im-
proves from 0.032/0.034 to 0.022/0.025 when
combined with GAQ). We attribute this gain to
a denoising effect induced by the residual decom-
position. Specifically, the first-level codebook is
encouraged to capture the most stable, high-energy
morphological structure, while finer-scale varia-
tions and transient artifacts are pushed into later
residual levels. As a result, the first-level token
sequence becomes a cleaner and more regular ab-

14392



Grammar Model Context Layers dmodel PPL MAE / RMSE

Unigram (freq) – – – 488 0.850 / 0.887
Bigram (Markov-1) 1 – – 378 0.337 / 0.380
Trigram (Markov-2) 2 – – 340 0.294 / 0.326

GPT (small) 64 3 256 58 0.067 / 0.077
GPT (medium) 128 6 512 40 0.058 / 0.069
GPT (deep) 128 12 512 32 0.052 / 0.062
GPT (long context) 256 6 512 24 0.049 / 0.057

Table 25: Ablation of grammar modeling for next-atom prediction on PTB-XL (Lead II, 500-signal-length,
pre-training on MIMIC-IV-ECG). We report token-level predictability as standard language-model perplexity
PPL = exp

(
− 1

N

∑N
t=1 log p(xt|x<t)

)
and waveform-level forecasting error after decoding (MAE/RMSE). Note

this differs from the codebook-usage perplexity (entropy-based) used in the main text.

straction of the ECG, which is easier for an autore-
gressive grammar model to learn and extrapolate.
Under this interpretation, residual quantization fil-
ters fine-scale variability into later levels. The first-
level sequence becomes more regular and easier to
predict over long contexts.

Ablation of grammar modeling. Finally, we ab-
late the grammar model used for autoregressive
next-atom prediction (Table 25). We compare shal-
low Markov baselines (unigram/bigram/trigram)
against GPT variants with increasing context length
and capacity. Here we report token-level language-
model perplexity (PPL) computed from next-token
log-likelihood, which measures how predictable
the atom sequence is under the grammar model.
Note that this PPL is different from the codebook-
usage perplexity reported elsewhere in the paper,
which is an entropy-based statistic over the empiri-
cal distribution of atom indices and quantifies how
uniformly the codebook entries are utilized.

Trigram models reduce PPL relative to unigram,
but remain far from adequate: their decoded fore-
casts have large MAE/RMSE, indicating that short-
range statistics cannot capture the long-horizon
compositional rules of ECG dynamics. In contrast,
GPT dramatically improves token predictability
and signal accuracy, and performance scales with
longer context. The long-context configuration
achieves the best results, highlighting that clinically
meaningful ECG grammar is inherently long-range
and benefits from modeling extended rhythmic and
morphological dependencies.

A.9 Reproducibility Statement

We have made extensive efforts to ensure the re-
producibility of our work. The datasets used in
our experiments are publicly available, and the pre-
processing steps are detailed in App. A.4. The

architecture details, training hyperparameters, and
evaluation protocols are described in App. A.6.
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