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Abstract

Group Relative Policy Optimization (GRPO)
improves LLM reasoning, but LoRA-based
GRPO can underperform when the initial-
ized adapter subspace is poorly aligned
with reward-induced gradients. =~ We pro-
pose GRAIL, Gradient-Reward Aligned Ini-
tialization for LoRA-based GRPO, which esti-
mates reward-aligned gradients from grouped
rollouts before policy optimization and uses
them to construct LoRA factors. The full
GRAIL configuration includes a reference-
solution fallback only for all-zero-correctness
groups during calibration; after initialization,
all models use the standard GRPO objec-
tive without extra trainable parameters or loss
changes. We also study Degenerate-Group Re-
flection Resampling (DGRR) as an optional
extension that resamples all-zero-correctness
groups after self-reflection without exposing
reference solutions. Across Qwen2.5, Phi-
3.5, and Gemma-2 backbones on GSM8K
and MATH500, GRAIL consistently improves
LoRA-based GRPO, with particularly strong
gains on smaller Qwen and Gemma mod-
els. A verifiable code-generation check fur-
ther improves MBPP and matches LoRA-
GRPO on HumanEval. Analyses attribute
these gains to stronger GRPO-gradient cap-
ture, smaller principal angles, and better han-
dling of correctness-degenerate groups.

1 Introduction

Large language models (LLMs) have made strong
progress in reasoning and generation (Vaswani
etal., 2017; Devlin et al., 2019; Raffel et al., 2020;
Brown et al., 2020; OpenAl, 2023; Touvron et al.,
2023), especially when optimized with reinforce-
ment learning. Group Relative Policy Optimiza-
tion (GRPO) is a practical alternative to PPO-style
training for reasoning tasks because it normalizes
rewards across multiple responses to the same
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prompt and avoids a separate value model (Schul-
man et al., 2017; Shao et al., 2024). Yet GRPO
remains expensive when all model parameters are
updated.

A natural solution is to combine GRPO with
parameter-efficient fine-tuning methods such as
Low-Rank Adaptation (LoRA) (Hu et al., 2022).
LoRA freezes the pretrained model and trains only
low-rank adapter parameters, but direct LoRA-
GRPO can still underperform. In our preliminary
runs, the initialized adapter subspace preserved lit-
tle reward-induced gradient energy, and increasing
rank alone did not consistently close this gap. This
raises a central question: why does an efficient
method that works well in supervised fine-tuning
become less effective under reward-driven policy
optimization?

We argue that the key issue is a mismatch be-
tween the initialized LoRA adapter subspace and
GRPO-induced gradients. Existing LoRA initial-
ization methods optimize for pretrained-weight
structure or supervised gradients, but RL policy
optimization induces fundamentally different gra-
dient geometry. We show that this mismatch sub-
stantially limits LoR A-based GRPO: if the adapter
subspace is poorly aligned with policy gradi-
ents induced by sampled responses, rewards, and
group-relative advantages, early GRPO may miss
important reward-improving directions. Thus, the
bottleneck is not only rank, but whether the initial
adapter subspace is aligned with reward-induced
update directions. Figure 1 illustrates this reward-
specific subspace view.

To address this issue, we propose GRAIL,
Gradient-Reward Aligned Initialization for LoRA-
based GRPO. GRAIL is a reward-aware initial-
ization framework that estimates policy gradi-
ents from grouped GRPO rollouts before train-
ing. Its goal is not continual subspace track-
ing, but one-shot extraction of stable early re-
ward geometry while retaining low-rank regular-

19549

Findings of the Association for Computational Linguistics: EMNLP 2026, pages 19549-19565
October 24-29, 2026 ©2026 Association for Computational Linguistics


mailto:slw24@mails.tsinghua.edu.cn
mailto:zhang_sh@mail.tsinghua.edu.cn

GRAIL Finds Reward-specific Adapter Subspaces
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Figure 1: Conceptual illustration of reward-specific adapter subspaces. Compared with random or supervised-
gradient initialization, GRAIL seeks an adapter subspace that preserves more of the GRPO-induced reward-
gradient direction while remaining distinct from subspaces optimized for supervised adaptation. This figure is
intended as a conceptual illustration of the initialization geometry.

ization. Specifically, GRAIL samples multiple re-
sponses for each prompt, computes rewards and
group-relative advantages, backpropagates the re-
sulting policy-gradient signal to target modules,
and constructs LoRA factors from the estimated
reward-induced gradients. GRAIL also includes
an optional reference-solution fallback for all-
zero-correctness groups (Section 3.2). After ini-
tialization, the model is trained with the standard
GRPO objective and does not require additional
trainable parameters or modifications to the train-
ing loss.

This one-shot use of full-gradient information
separates GRAIL from prolonged full-parameter
policy optimization. Full-parameter GRPO can
expose useful reward-induced directions early in
training, but sustained unconstrained updates may
drift away from the stable subspace useful for
parameter-efficient adaptation. GRAIL instead
uses the early reward geometry as an initialization
signal while preserving the stability and implicit
regularization of low-rank adaptation.

GRAIL targets the starting geometry of LoRA-
based GRPO, while correctness degeneracy can
still occur during subsequent policy optimization.
We therefore treat Degenerate-Group Reflection
Resampling (DGRR) as an optional training-time

extension: when every sampled completion in a
group receives zero correctness reward, DGRR
skips the uninformative group, asks the current
policy to reflect using only binary correctness feed-
back, and resamples before applying the standard
GRPO loss formula. It changes the sampling and
update distribution but adds no trainable parame-
ters, exposes no reference solutions, and does not
alter the per-group loss formula.

We evaluate GRAIL on mathematical reasoning
tasks using Qwen2.5-1.5B-Instruct and Qwen2.5-
3B-Instruct (Yang et al., 2024a), and further in-
clude Phi-3.5-mini-instruct (Abdin et al., 2024)
and Gemma-2-2B-it (Gemma Team, 2024) as non-
Qwen model-family checks. Models are trained
on GSMSK and evaluated on both GSM8K test
and MATHS500 (Lightman et al., 2024). We also
test Qwen2.5-3B-Instruct on verifiable code gen-
eration using execution-based rewards and eval-
uate on MBPP (Austin et al.,, 2021) and Hu-
manEval (Chen et al.,, 2021). Compared with
vanilla LoRA, LoRA-GA (Wang et al., 2024b),
and PiSSA (Meng et al., 2024), GRAIL obtains the
best results in our comparison. Beyond final ac-
curacy, we analyze whether the initialized adapter
subspace captures the reward-gradient directions
used by GRPO. The analysis links GRAIL’s gains
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to projected gradient energy, principal angles, and
layer/module-level behavior.
Our contributions are summarized as follows:

* We show that standard LoRA initialization
can preserve very little GRPO-induced gra-
dient energy, leading to a subspace-gradient
mismatch in LoRA-based GRPO.

* We formulate reward-aware LoRA initializa-
tion as a constrained subspace construction
problem for policy optimization and propose
GRAIL, which estimates GRPO-induced gra-
dients from grouped rollouts and uses the re-
sulting signal to initialize LoRA adapters.

* As an optional extension, we study DGRR for
all-zero-correctness GRPO groups through
reflection-based resampling while keeping
the GRPO loss unchanged and avoiding
reference-solution exposure.

* We demonstrate the effectiveness of GRAIL
on mathematical reasoning and provide a ver-
ifiable code-generation check, together with
mechanistic analyses showing improved pro-
jected gradient capture across layers and
modules.

2 Related Work

Reinforcement learning for reasoning LLMs.
Reinforcement learning from feedback has be-
come a standard way to improve LLM behav-
ior. Early and instruction-following work stud-
ies reward modeling and policy optimization from
human or model preferences (Christiano et al.,
2017; Ziegler et al., 2019; Stiennon et al., 2020;
Ouyang et al., 2022; Bai et al., 2022a), while
later preference-optimization objectives reduce or
replace parts of the RL pipeline (Rafailov et al.,
2023; Ethayarajh et al., 2024). Related web and
constitutional-feedback systems extend the feed-
back source and training protocol (Nakano et al.,
2021; Bai et al., 2022b). These works mainly
study where the reward signal comes from and
how the policy objective is optimized; our focus
is the trainable subspace through which such ob-
jectives update the model.

For mathematical reasoning, prior work
has improved performance through prompting
and sampling strategies such as chain-of-
thought reasoning, zero-shot reasoning, and
self-consistency (Wei et al., 2022; Kojima et al.,

2022; Wang et al.,, 2023); through search or
decomposition methods (Zhou et al., 2023; Yao
et al., 2023); and through self-improvement,
domain-specific training data, or tool-augmented
reasoning (Zelikman et al., 2022; Yu et al., 2024;
Luo et al., 2025; Gou et al., 2024; Yang et al.,
2024b). Process- and outcome-based verifiers
provide automatic reward signals for this set-
ting (Uesato et al., 2022; Wang et al., 2024a;
Lightman et al., 2024). GRPO (Shao et al., 2024)
and recent extensions such as DAPO (Yu et al.,
2025) make reward-driven reasoning training
practical by using group-relative advantages and
scalable sampling strategies. GRAIL is comple-
mentary to these recipes: it studies how the LoRA
adapter should be initialized before GRPO begins.

Parameter-efficient fine-tuning with LoRA.
Parameter-efficient fine-tuning (PEFT) adapts pre-
trained models while updating only a small sub-
set of parameters. Adapter-based methods in-
sert trainable modules into the network (Houlsby
et al., 2019; Pfeiffer et al., 2020), prompt- and
prefix-tuning methods optimize continuous task
prompts (Li and Liang, 2021; Lester et al., 2021;
Liu et al, 2022), and bias-only or intrinsic-
subspace methods restrict adaptation even fur-
ther (Ben Zaken et al., 2022; Aghajanyan et al.,
2021). Unified and compressed PEFT variants
combine these design choices or reduce their pa-
rameter cost (He et al., 2022; Mao et al., 2022; Ma-
habadi et al., 2021). These methods motivate train-
ing in a restricted parameter subspace, but they
are not designed around the geometry of reward-
induced policy gradients.

LoRA (Hu et al., 2022) freezes the pretrained
weights and injects trainable low-rank matrices
into selected linear layers. Subsequent variants
improve LoRA in different ways: QLoRA and
LoftQ focus on quantization-aware low-rank adap-
tation (Dettmers et al., 2023; Li et al., 2024);
AdalLoRA and rsLoRA adjust rank allocation or
scaling (Zhang et al., 2023; Kalajdzievski, 2023);
VeRA and DoRA change the basis or decompo-
sition used for adaptation (Kopiczko et al., 2024;
Liu et al., 2024); and related analyses study the
effect of LoRA initialization and scaling (Hayou
et al., 2024). PiSSA initializes adapters from
the principal singular directions of pretrained
weights (Meng et al., 2024), while LORA-GA uses
supervised full-gradient information to construct
gradient-aware adapters (Wang et al., 2024b).
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GRAIL is related to the broader idea that initial-
ization should preserve useful update directions,
but it targets a different optimization signal: the
group-relative policy gradient induced by GRPO
rewards.

LoRA initialization and subspace alignment.
LoRA initialization can affect both convergence
and final performance because it determines the
update directions available at the start of train-
ing. Standard LoRA keeps the initial model out-
put unchanged by initializing one factor randomly
and the other as zero, but this choice does not en-
code information about the downstream optimiza-
tion signal. Existing initialization methods there-
fore use either pretrained weight geometry, as in
PiSSA, or supervised gradients, as in LoORA-GA.
In contrast, LoORA-based GRPO is driven by sam-
pled responses, rewards, and group-relative ad-
vantages. We therefore formulate initialization
as a reward-conditioned subspace alignment prob-
lem for parameter-efficient reinforcement learning,
rather than as a supervised warm start transferred
unchanged to an RL objective.

3 Method

Figure 2 gives a schematic view of GRAIL as a
one-time initialization stage before LoRA-based
GRPO training. It estimates initialization gradi-
ents from grouped rollouts, constructs LoRA fac-
tors from these gradients, and then trains the ini-
tialized adapters with the standard GRPO objec-
tive.

3.1 Subspace-Gradient Mismatch

LoRA reduces training cost by restricting updates
to the subspace induced by the adapter factors. For
a target weight matrix W), let Ggrpo,¢ denote a
calibration-batch full-gradient proxy of the GRPO
initialization loss with respect to the frozen weight
Wy, obtained by temporarily enabling gradients
on W, while keeping the backbone frozen. Ide-
ally, the LoRA subspace should preserve impor-
tant components of Ggrpo, so that parameter-
efficient updates can follow reward-improving di-
rections. Standard LoRA initialization does not
use this GRPO-gradient geometry, which can cre-
ate a subspace-gradient mismatch.

We quantify this mismatch by projecting
Ggrpo, onto the linearized LoRA update sub-

space Sy and define

Ps,(G 2
n(SéyGGRPO,Z) — || Sé( GRPO,g)HF7 (1)
IGarro,lle

where Ps, is the Frobenius-orthogonal projection.
For initialized factors B, and Ay,

Sy = {ABgAg + BgAAg}.

We compute Ps, using orthonormal bases Up and
V4 for the column space of By and row space of
Ag:

Ps,(G) = UgULG+GVaV,] —UgULGVAV) .

A larger n means that the adapter can preserve
more reward-gradient energy. It also has a first-
order interpretation: for a local reward objective
Jr with gradient gp, the best small update within
a LoRA subspace S satisfies

max

A) = €||P .
AeS,HAng<gR’ ) = €| Psgrl|

Thus, subspace-gradient mismatch is a projection
loss on reward-improving directions. Supervised-
gradient alignment reduces this loss only when
supervised and reward-induced gradients agree,
which need not hold under GRPO. We use 7 in
Section 5 as a layer-wise estimate of reachable
first-order reward-gradient capacity.

3.2 Reward-Induced Gradient Estimation

GRAIL first estimates reward-aligned initializa-
tion gradients before GRPO training. Given a
small calibration set of prompts, we perform
grouped rollouts using the current model. For each
prompt ¢, we sample GG responses, compute their
rewards, and obtain group-relative advantages A;.

We then construct a policy-gradient loss for ini-
tialization:

G |oi]
1 ~
Linit = e E AZTO" § log mg(0iz | q,0i<t)-
i=1 !

t=1

2
The factor 1/|o;| length-normalizes each response-
level log-probability term. If all sampled re-
sponses receive zero correctness reward, the
group has no correctness-based preference sig-
nal. GRAIL then ignores format-only differ-
ences for that group and replaces the degener-
ate correctness-gradient component with a length-
normalized SFT-style gradient on the reference
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Figure 2: Overview of GRAIL. GRAIL first performs grouped GRPO rollouts and computes group-relative ad-
vantages. It then estimates initialization gradients and constructs LoRA factors to initialize the adapter update
AW = BA. The initialized adapters are subsequently trained with the standard GRPO objective.

solution. This fallback is confined to initializa-
tion; we also report a no-fallback variant to isolate
reward-only alignment. We backpropagate the re-
sulting loss once to estimate gradients for selected
target modules:

3)

where Wy is the frozen target weight. Gradients
are averaged over calibration prompts to obtain
each layer-wise initialization signal.

90 = Vi, Linit,

3.3 GRAIL Initialization

GRAIL initializes the LoRA adapter subspace
from the estimated reward-induced directions. We
instantiate the gradient-to-factor mapping with a
reward-aligned SVD operator. For each target
layer, let gy = Vyy, Linis and define

Dy = —ge.
We compute the truncated singular value decom-
position
Dy = U, V,"
and retain the top-r components Uy ,, X ,, and

Vi . The LoRA factors are initialized by symmet-
rically splitting the retained singular values:

2 2
By = piUsi )2, Ac= VSV,
Thus, the initial adapter update is
AW, = B/A; = PeUz,rzz,rV};,

which is a scaled rank-r approximation to the
reward-improving direction. We use a small layer-
wise scale p, to keep the initial adapter update
close to the pretrained model. Full initialization
details are provided in Appendix D.

3.4 Degenerate-Group Reflection
Resampling

GRAIL aligns the adapter subspace before GRPO
begins. During training, however, GRPO can still
encounter correctness-degenerate groups. Let ¢; €
{0, 1} denote the correctness component of the re-
ward for completion o; in a sampled group. If
max; ¢; = 0, all completions are incorrect and
the group contains no correctness-based prefer-
ence contrast. Updating on such a group can waste
optimization steps or amplify noise from format-
only reward differences.

We introduce Degenerate-Group Reflection Re-
sampling (DGRR) as an optional training-time ex-
tension. When max; ¢; = 0, DGRR skips the cur-
rent GRPO update, prompts the policy to reflect on
the original problem and its failed completions us-
ing only binary incorrectness feedback, and sam-
ples a new group. The standard GRPO loss is ap-
plied only if the regenerated group contains cor-
rectness variation, 0 < ZZ ¢; < G; otherwise the
group is skipped.

DGRR complements the initialization-stage
alignment by improving training-time reward vari-
ation. It changes the sampling and update distribu-
tion while retaining the standard per-group GRPO
loss formula, uses no reference answers or reason-
ing, and adds no trainable parameters. The prompt
is in Appendix C.
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4 Experiments

4.1 Experimental Setup

Models and data. We use Qwen2.5-1.5B-
Instruct, Qwen2.5-3B-Instruct,  Phi-3.5-mini-
instruct, and Gemma-2-2B-it (Yang et al., 2024a;
Abdin et al., 2024; Gemma Team, 2024). We train
on GSMS8K (Cobbe et al., 2021) and evaluate
on GSMSK test and MATHS500 (Lightman et al.,
2024). LoRA-based methods freeze the backbone
and train adapters on the target linear layers.

Training recipe and baselines. All
mathematical-reasoning GRPO  experiments
use Swift RLHF with rule-based accuracy and
format rewards, 8 completions per prompt, tem-
perature 0.9, one training epoch, bf16 precision,
and DeepSpeed ZeRO-2 on 8 GPUs; details are
in Appendix A. We compare GRAIL with the
base model, vanilla LoRA-GRPO, LoRA-GA,
and PiSSA under the same target modules, rank,
training data, reward functions, rollout configu-
ration, optimizer, and post-initialization GRPO
schedule unless explicitly varied. We also report
GRAIL+DGRR, which uses the same initialized
adapters as GRAIL but applies reflection-based
resampling only to all-zero-correctness groups
during GRPO. To isolate confounds, we include
an SFT-style warm start with the same calibra-
tion prompts and gradient-extraction pipeline,
a shuffled-reward initialization with the same
rollout token budget and low-rank construction,
and a longer LoRA-GRPO run with matched
extra compute. The code-domain check retains
the optimization and rollout settings but replaces
the training data and correctness reward with a
10,000-problem subset of the verifiable Python
dataset and test-case execution.

Metrics. For trained mathematical-reasoning
methods, we report mean accuracy over three
seeds with sample standard deviation in the main
and control comparisons; the compact hyperpa-
rameter sweep reports seed means without stan-
dard deviations. Base models are evaluated once
with deterministic decoding. The code-domain
check reports pass@1 point estimates without
across-seed dispersion. GSM8K has 1319 test ex-
amples and MATH500 has 500, so single-run ac-
curacies follow the corresponding test-set granu-
larity.

4.2 Main Results

Table 1 shows that vanilla LoRA-GRPO stays
close to the base model, whereas GRAIL im-
proves LoRA-based GRPO across all evaluated
backbones. The reward-only GRAIL variant with-
out fallback already improves both Qwen back-
bones on both benchmarks; the full hybrid vari-
ant adds a smaller gain by rescuing correctness-
degenerate calibration groups. The gains are es-
pecially clear on the smaller Qwen and Gemma
models and also transfer to MATHS00, suggesting
that reward-aware initialization helps the adapter
subspace capture directions that generalize be-
yond the GSMS8K training distribution. Standard
supervised-gradient or weight-SVD initializations
are less consistent: LoRA-GA and PiSSA can
help in some cases, but they often remain near
vanilla LoRA or underperform on the harder trans-
fer benchmark. GRAIL+DGRR usually provides
an additional gain, although its effect is not uni-
formly positive across all model-benchmark pairs.

4.3 Generality to Verifiable Code Generation

We test Qwen2.5-3B-Instruct on a 10,000-problem
subset of the open-rl verifiable-coding-problems-
python dataset, using test-case execution as the
correctness reward. We retain the math experi-
ments’ optimization and rollout settings while re-
placing the task-specific data and reward. We eval-
uate pass@1 on MBPP (Austin et al., 2021) and
HumanEval (Chen et al., 2021). Table 2 shows
that GRAIL obtains the best MBPP score, im-
proving LORA-GRPO by 1.55 points, and matches
LoRA-GRPO on HumanEval. LoRA-GA falls
below the untrained base model on both bench-
marks, showing that supervised-gradient initializa-
tion is not consistently beneficial in this code set-
ting. This single-model verifier-based experiment
supports transfer beyond mathematics, but does
not establish generality to learned or subjective re-
wards.

4.4 Vanilla LoORA-GRPO Hyperparameter
Check

Table 3 sweeps learning rate, LoRA rank, and
KL coefficient for Qwen2.5-1.5B under the same
data, rewards, rollout configuration, optimizer,
and schedule. Vanilla LoRA-GRPO remains close
to the base model, and its best tuned variant still
does not match GRAIL, indicating that GRAIL’s
gain is not due to one unfavorable baseline setting.
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Model Method GSMSK (%) MATHS500 (%)
Qwen2.5-1.5B Base 70.81 52.2
Qwen2.5-1.5B LoRA 70.31 +0.18 51.6 £0.4
Qwen2.5-1.5B LoRA-GA 67.85 £ 0.30 41.8 £ 0.7
Qwen2.5-1.5B PiSSA 72.10 + 0.30 49.0+0.4
Qwen2.5-1.5B GRAIL w/o fallback 72.16 +0.21 54.2 +0.5
Qwen2.5-1.5B GRAIL 72.63 £ 0.27 55.0 £0.6
Qwen2.5-1.5B GRAIL+DGRR 73.09 £ 0.26 55.6 04
Qwen2.5-3B Base 85.14 66.0
Qwen2.5-3B LoRA 85.06 £+ 0.20 65.0 £ 0.5
Qwen2.5-3B LoRA-GA 85.60 £+ 0.26 64.8 £ 0.7
Qwen2.5-3B PiSSA 85.44 + 0.23 64.6 0.4
Qwen2.5-3B GRAIL w/o fallback 87.48 £0.17 67.6 £0.4
Qwen2.5-3B GRAIL 88.02 £ 0.15 68.2 £ 0.2
Qwen2.5-3B GRAIL+DGRR 88.40 £ 0.15 68.8+0.3
Phi-3.5-mini Base 86.50 49.6
Phi-3.5-mini LoRA 86.43 £0.18 49.1+0.4
Phi-3.5-mini LoRA-GA 86.91 £0.22 48.8 £0.5
Phi-3.5-mini PiSSA 86.76 £ 0.20 48.9+0.4
Phi-3.5-mini GRAIL 89.69 £ 0.16 51.24+0.3
Phi-3.5-mini GRAIL+DGRR 89.92+0.14 51.0+0.4
Gemma-2-2B Base 61.49 24.0
Gemma-2-2B LoRA 61.79 £ 0.15 24.4+0.2
Gemma-2-2B LoRA-GA 63.03 £0.16 26.0 £0.2
Gemma-2-2B PiSSA 66.31 £0.19 29.6 £ 0.2
Gemma-2-2B GRAIL 66.94 £+ 0.23 30.2+0.2
Gemma-2-2B GRAIL+DGRR 67.83 +£0.19 31.2+0.2

Table 1: Main GSM8K and MATHS00 results. Trained methods are averaged over three seeds; the base model is
evaluated once. GRAIL w/o fallback uses reward-induced gradients only. Full GRAIL uses an SFT-style fallback
only for all-zero-correctness calibration groups; GRAIL+DGRR additionally applies reflection-based resampling

during GRPO.
Method MBPP HumanEval
Base 39.30 57.93
LoRA-GRPO 39.69 58.54
LoRA-GA 38.52 56.10
GRAIL 41.24 58.54

Table 2: Verifiable code-generation results (pass@]1,
%) with Qwen2.5-3B-Instruct.

Sweep Setting GSMSK (%) MATHS00 (%)

Default Ir=1 x 1076, r = 16, KL=0.05  70.31 51.6
LR 5x 1077 70.74 51.9
LR 2x107° 70.48 51.7
LR 5x 1076 69.80 51.0
LR 1x107° 69.12 50.4
Rank r =8 70.24 51.4
Rank r = 32 71.02 52.0
Rank 7 = 64 70.67 51.8
KL 0 69.72 50.9
KL 0.01 70.85 51.9
KL 0.10 70.55 51.7
KL 0.20 70.03 51.3

Table 3: Small hyperparameter sweep for Qwen2.5-
1.5B vanilla LoRA-GRPO.

4.5 Initialization and Compute Controls

Table 4 reports Qwen2.5-3B controls under
the same protocol. The SFT-style warm
start matches GRAIL’s calibration and factor-
construction pipeline but uses supervised likeli-
hood gradients, showing that supervised calibra-
tion alone is insufficient. Shuffled-reward initial-
ization preserves rollout budget and SVD construc-
tion but removes reward-gradient alignment, while
longer LoORA-GRPO adds compute without clos-
ing the gap.

4.6 Early Reward Geometry in
Full-Parameter GRPO

We further examine full-parameter GRPO on
Qwen2.5-3B under the same reward functions,
rollout configuration, and data source. Figure 6
in Appendix D.3 shows that training reward rises
rapidly from about 0.65 to the mid-0.8 range, in-
dicating early reward-improving directions. How-
ever, Table 11 shows that the best tuned full-
parameter GRPO model obtains only 83.40%
GSMSK and 62.40% MATH500, below both the
base model and GRAIL-LoRA. This suggests a
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Method GSMS8K (%) MATHS500 (%)
SFT-style init 85.65 +0.13 64.33 £ 0.42
Shuffled-reward init ~ 80.34 £ 0.26  58.27 4+ 0.50
Longer LORA-GRPO 85.04 +£0.12 65.07 £ 0.23

GRAIL 88.02+0.15 68.2+0.2

Table 4: Control baselines for Qwen2.5-3B. The SFT-
style control matches GRAIL'’s calibration prompts and
gradient-extraction pipeline but uses supervised like-
lihood gradients; the shuffled-reward control matches
GRAIL’s rollout token budget and low-rank construc-
tion but removes reward-gradient alignment by permut-
ing advantages. Results are averaged over three train-
ing seeds.

Initialization DGRR GSM8K MATH500
LoRA No 70.31+£0.18 51.6+04
LoRA Yes 70.69+0.15 51.8+0.2
GRAIL No 72.63+£0.27 55.0+0.6
GRAIL Yes 73.09+0.26 55.6 +0.4

Table 5: A 2 x 2 ablation of initialization and DGRR
on Qwen2.5-1.5B.

separation between early reward-geometry discov-
ery and sustained unconstrained policy optimiza-
tion: GRAIL uses the signal conservatively by ex-
tracting reward-aligned directions once and then
training a stable low-rank adapter.

4.7 Ablation on the SFT Fallback

The no-fallback rows in Table 1 isolate the reward-
only component: even without reference-solution
gradients, GRAIL remains clearly better than
vanilla LoRA on both Qwen backbones and both
benchmarks. Full GRAIL adds a smaller but con-
sistent gain. Appendix B reports that fallback is
triggered for only 22.7% and 14.8% of calibration
prompts for Qwen2.5-1.5B and Qwen2.5-3B, re-
spectively, and is never used during subsequent
GRPO training.

4.8 GRAIL and DGRR Ablation

Table 5 separates the initialization and sampling
contributions. DGRR gives a modest gain with
vanilla LoRA in this setting, showing that its ef-
fect is not specific to GRAIL. GRAIL provides
the larger improvement without DGRR, and com-
bining them performs best. Appendix C reports
resampling controls and rescue statistics.

4.9 Rank and Calibration Budget Sensitivity

Across the rank and calibration-budget sweep in
Figure 3, GRAIL remains stable from rank 8

3B rank sensitivity
—_

3B calibration budget
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Accuracy (%)
°
g8
Accuracy (%)

&

3
3

——y———=a

8 16 32 64 128 64 128 256 512 1024

LoRA rank r Calibration samples
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Figure 3: Sensitivity of GRAIL to LoRA rank and cal-
ibration samples. GRAIL is stable across ranks and
reaches near-best performance with a modest calibra-
tion budget.

to 128 and reaches near-best performance with
256-512 calibration prompts. This supports the
subspace-alignment account: reward-aligned ini-
tialization quality matters more than simply in-
creasing low-rank capacity.

5 Mechanistic Analysis

We use geometry diagnostics to test whether
GRAIL changes the early GRPO update subspace.
The goal is not a complete causal proof, but to
measure reward-gradient capture and test whether
orientation, rather than only initialization scale, is
associated with final accuracy beyond supervised
warm-start controls. Independent-batch stability is
reported in Appendix D.

5.1 Initial Reward-gradient Capture

Projected GRPO gradient energy across initializations
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Figure 4: Captured GRPO gradient energy across ini-
tializations. Each line follows the same layer-module
pair.

Figure 4 evaluates the projected gradient ratio 7 in
Eq. (1). GRAIL captures more GRPO-gradient en-
ergy than LoORA-GA and PiSSA across most layer-
module pairs, making more reward-induced direc-
tions reachable before GRPO starts.

5.2 Subspace Perturbation Controls

The projected-gradient diagnostic is construction-
aligned with GRAIL, so we further test whether
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the downstream gains come from reward-gradient
directions rather than only from initialization scale
or singular-value spectra. Appendix D reports per-
turbation controls that preserve GRAIL’s norm,
singular-value spectrum, or factors while dis-
rupting reward-aligned orientation or layer place-
ment. These variants remain below GRAIL with-
out fallback: the drops are 1.65-1.85 points for
norm/spectrum-matched random initializations on
Qwen2.5-1.5B and 2.11-2.34 points on Qwen2.5-
3B, while rotation and layer shuffling also degrade
accuracy. Thus, the reward-aligned orientation
and layer-specific placement of the initialized sub-
space both contribute to the downstream improve-
ment.

6 Conclusion

We presented GRAIL, a reward-aware initializa-
tion framework for LoRA-based GRPO. GRAIL
estimates reward-induced gradients from grouped
rollouts and wuses them to initialize LoRA
adapters before standard GRPO training, reduc-
ing subspace-gradient mismatch. We also studied
DGRR, an optional training-time extension that
skips all-zero-correctness groups and resamples
them after self-reflection without exposing refer-
ence solutions. Experiments on Qwen?2.5, Phi-3.5,
and Gemma-2 backbones show improved GSM8K
and MATHS00 accuracy; a code-generation check
improves MBPP and matches LoRA-GRPO on
HumanEval. Diagnostics show stronger projected
GRPO-gradient capture, independent-batch stabil-
ity, and early persistence. Overall, PEFT meth-
ods for reinforcement learning should account for
reward-induced update geometry and correctness-
signal degeneracy rather than reuse supervised-
finetuning initializers unchanged.

Limitations

Our work has several limitations. First, the ev-
idence is strongest for verifier-based tasks with
deterministic correctness signals.  The code-
generation check extends beyond mathematics but
uses one model scale and execution-based re-
wards; noisy, subjective, or learned rewards for
open-ended instruction following remain future
work. Second, we evaluate four compact back-
bones from three model families; larger models
and broader task families are still needed to test
scalability. Third, GRAIL adds a one-time calibra-
tion stage with grouped rollouts and gradient ex-

traction. Although this overhead is small relative
to GRPO training, the calibration-budget trade-off
deserves further study.

Fourth, GRAIL estimates reward-induced gradi-
ents once under the current policy, so later policy
drift may reduce alignment. Appendix E shows
stable captured-energy advantages over accumu-
lated steps, but online or repeated recalibration re-
mains open. Relatedly, projected-gradient capture
is construction-aligned with GRAIL and should be
read as a diagnostic of reachable reward-gradient
directions, not standalone causal proof. DGRR
partly addresses training-time correctness degener-
acy, but it adds extra rollout attempts for all-zero-
correctness groups and may be less useful when
reflection does not recover reward variation.

Finally, the SFT-style fallback assumes refer-
ence solutions during calibration, which is natu-
ral for GSM8K-like verifiable tasks but less so for
open-ended preference optimization. It also makes
full GRAIL not strictly reward-only; therefore, we
report a no-fallback variant to isolate the reward-
gradient component. Without references, GRAIL
can use the no-fallback variant or task-specific ver-
ifiers. Our reward-aligned SVD factorization is
one instantiation, and other mappings from reward
gradients to LoRA factors may be explored.

Potential risks. GRAIL is an optimization com-
ponent, not a safety mechanism. It does not re-
move biases, unsafe behaviors, or other limita-
tions inherited from the base model, and noisy or
learned-reward settings require additional reward
validation and robustness evaluation before user-
facing use.
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A Training and Initialization
Hyperparameters

We include the experimental details needed to
interpret the mathematical-reasoning and code-
generation results. The datasets are described
first, followed by the shared GRPO recipe and the
additional one-shot initialization settings used by
GRAIL.

A.1 Dataset Descriptions

GSMS8K. GSMS8K (Cobbe et al., 2021) con-
tains grade-school math word problems with short
natural-language solutions and numeric final an-
swers. We use GSM8K as the GRPO training
source and also report in-domain test accuracy.

MATH and MATHS500. MATH (Hendrycks
et al., 2021) is a competition-style mathemati-
cal reasoning benchmark covering diverse topics
and difficulty levels. MATHS500 (Lightman et al.,
2024) is a 500-problem subset used for process-
supervision and mathematical reasoning evalua-
tion. We use MATHS500 as an out-of-domain
benchmark to test whether GSM8K-trained poli-
cies transfer to harder math problems.
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Verifiable code generation. For the code-
domain check, we train on a 10,000-problem sub-
set of the public open-rl verifiable Python dataset
using test-case execution as the correctness re-
ward. We evaluate pass@1 on MBPP (Austin
et al., 2021) and HumanEval (Chen et al.,
2021), two standard English-language Python
code-generation benchmarks. This experiment
uses Qwen2.5-3B-Instruct and otherwise follows
the same GRPO comparison protocol.

A.2 Artifacts, Data, and Responsible Use

We use publicly released research artifacts,
including  Qwen2.5-Instruct models,  Phi-
3.5-mini-instruct, Gemma-2-2B-it, GSMS8K,
MATH/MATHS00, a 10,000-problem subset of
the open-rl verifiable coding dataset, MBPP,
HumanEval, Swift RLHF, and DeepSpeed, under
their respective licenses and terms of use. The
Phi-3.5-mini-instruct and Gemma-2-2B-it check-
points are obtained from their public research
releases. These artifacts are used only for research
training, evaluation, and analysis. We use the
mathematical and code datasets for their intended
research evaluation roles and do not redistribute
modified datasets or model weights.

The datasets used in this work consist of
English mathematical reasoning problems and
Python programming tasks. We do not collect new
data from human participants and do not introduce
additional personally identifying information. We
use the public benchmark splits as released and do
not perform data collection requiring anonymiza-
tion.

We use the standard GSMS8K split with
7,473 training examples and 1,319 test examples.
MATHS500 contains 500 evaluation problems. All
rows in the main table use the same evaluation
prompts and deterministic decoding within each
benchmark: GSMS8K is evaluated with 4-shot CoT
prompts and MATHS500 with 0-shot prompts. Un-
der this protocol, the Phi-3.5-mini base model ob-
tains 86.5% on GSM8K and 49.6% on MATHS500,
and Gemma-2-2B obtains 61.49% on GSMSK
and 24.0% on MATHS500. For GRAIL calibra-
tion, the main setting uses 128 GSMS8K train-
ing prompts with 8 rollouts per prompt; sensitiv-
ity experiments vary the calibration budget over
{64,128, 256,512,1024} prompts.

A.3 Compute Budget

All experiments use
Qwen2.5-3B-Instruct, Phi-3.5-mini-instruct,
and Gemma-2-2B-it as base models. GRPO
training is run with bfloat16 precision and Deep-
Speed ZeRO-2 on 8 NVIDIA H20 GPUs. Each
one-epoch mathematical-reasoning GRPO run
takes approximately 2 hours, corresponding
to about 16 H20 GPU-hours per run. Trained
mathematical-reasoning results are averaged
over three independent seeds; the code-domain
check reports point estimates without across-seed
dispersion.  The one-time GRAIL -calibration
stage uses 128 prompts in the main math setting
and is performed before standard GRPO training.
With 8 responses per prompt, this corresponds to
1,024 calibration rollouts and takes approximately
12 minutes on a single H20 GPU, or about 0.2
H20 GPU-hours. Thus, the initialization overhead
is about 1.25% of a one-epoch GRPO run in our
main math setup.

Qwen2.5-1.5B-Instruct,

The full hyperparameter settings are given in Ta-
bles 6 and 7.

Category Setting
RL algorithm GRPO
Implementation Swift RLHF

GSMB8K (math); 10k subset of
open-rl verifiable Python prob-
lems (code)

math accuracy + format; test-
case execution for code
Generations per prompt 8

Sampling temperature 0.9

Training dataset

Reward functions

Max prompt length 1024

Max completion length 1024
Training epochs 1

Learning rate 1x107°
Warmup ratio 0.05
Precision bfloat16
GPUs 8
Distributed training DS ZeRO-2
Per-device train batch 64

size
Per-device eval batch size 16

Gradient accumulation 1

steps

LoRA target modules all linear
LoRA implementation Swift LoRA

Table 6: Training hyperparameters for GRPO experi-
ments.
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Category Setting
Initialization method GRAIL
Initialization stage one-shot, pre-GRPO
Calibration data GSMSK train

Calibration rewards math accuracy + format

Rollouts per prompt 8

Sampling temperature 0.9

Max completion length 1024

Initialization loss reward PG; SFT fallback for
all-zero correctness groups

Gradient target frozen weights, not updated
Main LoRA rank r =16
Main calibration budget 128 prompts

Sensitivity ranks {8, 16, 32,64, 128}

Sensitivity budgets {64,128, 256,512,1024}
prompts

Target modules all linear

Factor construction reward-aligned SVD

Post-init training standard GRPO;  optional
DGRR for all-zero correctness
groups

Table 7: GRAIL initialization hyperparameters.

Model Calibration prompts Fallback prompts Rate
Qwen2.5-1.5B 128 29 22.7%
Qwen2.5-3B 128 19 14.8%

Table 8: Frequency of all-zero-correctness calibration
groups where the SFT-style fallback is triggered during
initialization. The fallback is not used during subse-
quent GRPO training.

B Fallback Trigger Details
C DGRR Reflection Prompt

DGRR uses reflection only to resample
correctness-degenerate groups during GRPO.
The prompt does not include the reference
answer, the reference solution, or any gold rea-
soning. It contains only the original problem, the
model’s failed completions, and binary correct-
ness feedback. In our implementation, at most
one reflection-resampling attempt is used per
degenerate group.

You are solving a math problem. Your previous

answers to this problem were marked incorrect

by an automatic verifier. The correct answer and
reference solution are not provided.

Problem: {problem}

Previous incorrect
{failed_completions}

attempts:

Feedback: Each previous attempt was incorrect.
Review the attempts, identify likely mistakes,
and produce a new solution. Make sure the rea-
soning is concise and the final answer is clearly
stated in the required answer format.

After the policy generates a new group from this
prompt, rewards are recomputed using the same

Training-time variant Qwen2.5-1.5B GSMS8K (%) Qwen2.5-3B GSM8K (%)

72.71 £0.24 88.09 £ 0.17
72.82 £0.21 88.17 £0.16
73.09 +0.26 88.40£0.15

GRAIL + random resampling without reflection
GRAIL + resampling with same token budget
GRAIL + DGRR

Table 9: DGRR resampling controls on GSMS8K. All
rows start from the same full GRAIL initialization and
differ only in how all-zero-correctness groups are han-
dled during GRPO. Random resampling re-queries the
original problem without failed completions or binary
feedback. The token-budget-matched control allows
the same additional rollout budget as DGRR but does
not use the reflection prompt.

accuracy and format verifiers as standard GRPO.
The standard GRPO loss is applied only if the re-
generated group contains both correct and incor-
rect completions, 0 < Zz ¢; < (; otherwise, the
group is skipped. This design changes the sam-
pling and update distribution while retaining the
standard per-group loss formula and adding no su-
pervised target tokens.

Table 9 separates the effect of reflection-
conditioned resampling from extra rollout com-
pute. Simple resampling and token-budget-
matched resampling improve only modestly over
full GRAIL, whereas DGRR gives the largest
gain under the same initialization, suggesting that
the feedback-conditioned reflection prompt con-
tributes beyond additional sampling alone.

Initialization Degenerate Rescued Rate
LoRA+DGRR 797 217 27.20%
GRAIL+DGRR 766 262 34.20%

Table 10: DGRR process statistics on Qwen2.5-1.5B.
A rescued group yields non-degenerate reward varia-
tion after reflection-conditioned resampling.

In the recorded  process  statistics,
GRAIL+DGRR encounters fewer degener-
ate groups and rescues a larger fraction than
LoRA+DGRR, with observed rescue rates of
3420% and 27.20%, respectively. These de-
scriptive counts complement the outcome-level
ablation in Table 5; they are not a separate
significance test.

D Additional Geometry Diagnostics

The main text reports the central geometry results.
The appendix adds checks that vary ranks, cal-
ibration budgets, layers, modules, and accumu-
lated gradient steps, so that the same subspace-
alignment claim is tested under several perturba-
tions.
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D.1 Stability Across Reward Batches

Figure 5: Projected gradient ratio across different
reward batches. GRAIL maintains higher reward-
gradient capture than LoRA-GA and random initializa-
tions across batches, indicating that the aligned sub-
space is not specific to a single calibration estimate.

To test whether alignment is calibration-specific,
we recompute 77 on independent reward batches.
Figure 5 shows that GRAIL maintains higher
reward-gradient capture than LoRA-GA and ran-
dom initialization across batches, ranks, and
calibration budgets, indicating a reward-relevant
rather than memorized subspace.

D.2 Reward-Aligned SVD Initialization

The reward-aligned SVD operator used by GRAIL
is specified below. For each target layer ¢, GRAIL
first estimates the reward-induced initialization
gradient

90 = Vw, Linit-
Since gradient descent follows the negative gradi-

ent direction, we define the reward-improving di-
rection as

Dy = —gy.
We then compute a truncated SVD
D¢ = UEeVy,
and keep the top-r singular components
Dy, = Ué,rzé,'r‘/f—;‘

To convert this rank-r reward-improving direc-
tion into LoR A factors, we split the singular values
symmetrically:

2 2
By = iU S, Av= SV,
This yields
BAy = pKUZ,rzé,r‘/K—; = peDyy.

The scale coefficient py controls the magnitude
of the initial adapter update. We set

[Weollr

=T ;
P TS e + €

where W) o is the frozen pretrained weight, 7 is a
small global scale ratio, and ¢ is used for numerical
stability. This gives

AWl 7 = | BeAdllr = 7[|[Wepollr,
which keeps the initialized adapter close to the

original model while aligning the adapter sub-
space with reward-improving directions.

D.3 Full-Parameter GRPO Reward Curve

Figure 6 shows the training reward trajectory for
the full-parameter GRPO control discussed in the
main text.

train/rewards/MathAccuracy/mean
0.90

0.80

T T T T T T
0 20 40 60 80 100

Figure 6: Training reward curve of full-parameter
GRPO on Qwen2.5-3B. The reward rises rapidly in the
early stage, indicating informative reward-improving
directions, but this training reward improvement does
not necessarily yield stronger downstream reasoning
generalization.

Method GSMB8K (%) MATHS500 (%)
Base 85.14 66.0

Full GRPO 83.40 62.40
GRAIL-LoRA 88.02 68.2

Table 11: Full-parameter GRPO control on Qwen2.5-
3B. Full GRPO uses the same reward functions, rollout
configuration, and data source, but updates all model
parameters. We report the best result among the tuned
full-parameter GRPO settings.

D.4 RL-specific Gradient Geometry

The gradient object used by GRAIL differs from
supervised likelihood gradients in several ways.
GRPO gradients are computed from samples of
the current policy, weight responses by group-
relative advantages, and contain both positive and
negative directions: high-reward completions are
reinforced while low-reward completions are sup-
pressed. Under sparse correctness rewards, some
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groups also provide no correctness contrast, which
motivates the fallback analysis in Section 3.2.
These properties make the reward-gradient sub-
space policy-dependent and contrastive rather than
a fixed reference-imitation direction. The pro-
jected ratio in Eq. (1) is therefore used as a
local measure of how much immediate reward-
improving gradient energy a LoRA subspace can
express, not as a global convergence guarantee.

D.5 Subspace Perturbation Controls

Model Initialization GSMSK (%) Drop
Qwen2.5-1.5B LoRA-GRPO 70.31 +0.18 —1.85
Qwen2.5-1.5B Norm-matched random 70.36 +0.15 —1.80
Qwen2.5-1.5B  Singular-value-matched random 70.51 £0.15 —1.65
Qwen2.5-1.5B Randomly rotated GRAIL 70.89 £ 0.23 —1.27
Qwen2.5-1.5B Layer-shuffled GRAIL 71.424+0.15 —0.74
Qwen2.5-1.5B GRAIL w/o fallback 72.16 + 0.21 -
Qwen2.5-3B  LoRA-GRPO 85.06 + 0.20 —2.42
Qwen2.5-3B Norm-matched random 85.14 £ 0.15 —2.34
Qwen2.5-3B  Singular-value-matched random 85.37 £ 0.15 —2.11
Qwen2.5-3B  Randomly rotated GRAIL 85.70 £ 0.19 —1.78
Qwen2.5-3B Layer-shuffled GRAIL 86.66 + 0.15 —0.82
Qwen2.5-3B GRAIL w/o fallback 87.48 + 0.17 -
Table 12: GSMS8K subspace perturbation controls.

Drop is measured against GRAIL without fallback
within the same model scale. The consistent degrada-
tion of norm-matched, spectrum-matched, rotated, and
layer-shuffled controls indicates that GRAIL’s gains de-
pend on reward-aligned directions rather than only up-
date magnitude or singular-value structure.

D.6 Geometry Dashboard

Figure 7 separates the initialization geometry into
energy, lift, angle, and calibration-budget views.
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Figure 7: Geometry diagnostics at the initialization
point. The top panels compare captured GRPO-
gradient energy and energy lift over random, LoRA-
GA, and PiSSA references; the bottom panels re-
port principal angles and calibration-budget sensitivity.
GRAIL consistently captures more reward-gradient en-
ergy and reduces the angle to the GRPO-gradient sub-
space.

D.7 Principal-Angle Diagnostics

Figure 8 gives a more detailed view of the
subspace-angle behavior. GRAIL shifts the small-
est principal angle toward lower values than
LoRA-GA and random initialization, indicating
that the initialized adapter subspace is closer to the
GRPO-gradient subspace. The rank sweep further
shows that increasing the LoRA rank exposes ad-
ditional aligned directions.

Figure 8: Principal-angle diagnostics at initialization.
The histogram and violin plots show that GRAIL pro-
duces smaller principal angles to the GRPO-gradient
subspace than LoRA-GA and random initialization.
The CDF across ranks shows that larger ranks capture
more aligned directions.

D.8 Rank and Calibration Design

Rank and calibration budget affect different parts
of the initialization. Figure 9 tests whether the
alignment advantage depends on the chosen LoRA
rank or on the number of calibration prompts. In-
creasing rank improves the capacity of all adapter
subspaces, while GRAIL already obtains useful
alignment at small ranks. Increasing the calibra-
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tion budget improves the estimate modestly and
saturates after a moderate number of prompts, con-
sistent with the main sensitivity results.
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Figure 9: Effect of LoRA rank and calibration budget
on subspace alignment. Increasing rank improves the
capacity of all adapter subspaces, but GRAIL remains
above the random, LoRA-GA, and PiSSA references
at matched ranks. The calibration sweep shows that
the reward-gradient estimate stabilizes after a moderate
number of prompts.

E Persistence and Module-level Behavior

The main-text diagnostics use a single initializa-
tion snapshot. Here we check two possible failure
modes: the alignment could disappear after accu-
mulating later GRPO gradients, or it could be con-
centrated in only one module family.

E.1 Temporal Persistence

A single calibration snapshot may overstate align-
ment if later GRPO gradients quickly rotate away
from the initialized subspace. Figure 10 shows
the accumulated-gradient view. For the check-
point diagnostic in Table 13, we compare each
method’s initial adapter subspace with reward gra-
dients measured at the indicated Qwen2.5-1.5B
GRPO training stage. GRAIL’s captured ratio de-
creases over training, which is consistent with pol-
icy drift, while remaining above random LoRA
and LoRA-GA at every reported checkpoint.
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Figure 10: Captured-energy persistence under accumu-
lated GRPO gradients. Across accumulation steps, the
GRAIL-initialized subspace continues to capture more
gradient energy than LoORA-GA and PiSSA, indicating
that the alignment is not restricted to the first calibra-
tion snapshot.

Training stage Random LoRA LoRA-GA GRAIL

Step 1 0.008 0.018 0.117
25% 0.006 0.021 0.095
50% 0.006 0.015 0.081
100% 0.004 0.011 0.068

Table 13: Reward-gradient energy captured by the ini-
tial adapter subspace at different Qwen2.5-1.5B GRPO
training stages.

E.2 Module Signature
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Figure 11: Module-level decomposition of the align-
ment effect.  GRAIL improves captured GRPO-
gradient energy in both attention projections and MLP
projections, showing that the gain is not driven by a sin-
gle module family.

Figure 11 breaks the captured-energy comparison
down by module family. The gains appear in both
attention projections and MLP projections, so the
alignment effect is not explained by a single mod-
ule type dominating the aggregate statistics. This
supports the layer-module interpretation and indi-
cates that the geometric advantage is not driven by
a particular module family.
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