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Abstract

Group Relative Policy Optimization (GRPO)
and its variants are effective for reinforcement
learning with verifiable outcome rewards, but
incorporating intermediate credit remains dif-
ficult. We show that, under practical sampling
budgets, token-level Monte Carlo estimates at
early reasoning positions have high variance;
group-relative normalization turns this noise
into frequent advantage-sign errors and wrong-
direction gradients. Later estimates instead ap-
proach the terminal reward and add little in-
formation. We propose SCRoll, a rollout-side
module that adds randomized single-boundary
segment rewards without changing the down-
stream optimizer. An upstream stream gener-
ates an early-stopped segment s, and a down-
stream stream samples G continuations con-
ditioned on [s, ], placing the segment before
the original problem. The shared downstream
group supplies both terminal outcomes for any
group-relative objective and the upstream seg-
ment’s Monte Carlo reward, avoiding a separate
rollout group; a single-stream objective opti-
mizes the upstream segment. Across Qwen2.5-
Math-7B and Llama-3.2-3B-Instruct, SCRoll
improves most pairings with GRPO, GSPO,
DAPO, and CISPO, with the clearest gains
for CISPO. A decoupled two-process baseline
reaches comparable performance only with sub-
stantially more generated tokens, while SCRoll
performs better under a matched token budget.

1 Introduction

Reinforcement Learning with Verifiable Rewards
(RLVR) (Shao et al., 2024; Hu et al., 2025; Ahma-
dian et al., 2024; Li et al., 2024) has emerged as the
dominant paradigm for enhancing LLM reasoning,
with Group Relative Policy Optimization (GRPO)
and its variants establishing a now-standard roll-
out interface: sample GG responses per prompt and
compute group-relative advantages from outcome
rewards. This interface is stable and inexpensive,

True Token Rewards MC Estimation (K=8)
— 1 —

Reward
b
0
(l
’)

(=]

o 50 100

True Token Advantages
2

MC Advantages

4

Ay N
ﬂﬁhix.dwvw“ﬂ - 0.0f

mmmm —| f

Advantage
o

|
N

o 50 100 ) 50 100
GRPO Sign Accuracy MC Sign Accuracy (K=8)
1 1 I
g WN |
1K 3 MC Estimation
< ] GRPO Sign Acc
o Lmao.33 o HnE=0.439
0 50 100 o 50 100

Token Index Token Index

Figure 1: Monte Carlo estimation of token-level rewards
under a practical sampling budget K = 8. We show
a balanced 4/8-success trial selected deterministically
as the closest to the component-wise median sign ac-
curacy and MAE among 94 balanced trials from seeds
0-999. Top: true rewards and MC estimates; middle:
the corresponding advantages; bottom: sign accuracy
against the true token advantages. Averaged over tokens,
outcome-only GRPO versus MC attains 0.940 versus
0.859 sign accuracy and 0.313 versus 0.439 MAE. Ad-
ditional cases from 0/8 to 8/8 are in Section A.3.

yet it offers no slot for intermediate credit at train-
ing time. Approaches to finer-grained credit alter
this interface in distinct ways: @ optimizer or ad-
vantage redesign, including sequence- or segment-
level PPO value estimation and critic-free oracle-
conditioned recursion (Wang et al., 2026; Gong
et al., 2026; Li et al., 2026); ® reward redesign,
including implicit online rewards from outcome-
labeled rollouts, analytic conversion of outcomes
into process supervision, deterministic process ver-
ification, and learned PRM scores (Cui et al., 2025;
Yao et al., 2026; Pronesti et al., 2026; Ding et al.,
2026; Zou et al., 2025); or ® search-oriented
training, where a dense reward is learned jointly
for RL and search, while max @£ directly aligns the
policy with Best-of-/V sampling (Jin et al., 2025;
Bagirov et al., 2025). These alternatives make dif-
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ferent trade-offs rather than sharing a single reward-
model pipeline. We ask a narrower interface-level
question: can intermediate credit be added on
top of the existing group-relative rollout without
replacing the downstream optimizer or invoking
per-token branching?

The most direct way to add intermediate credit
on top of this interface is token-level Monte Carlo:
from each intermediate position, sample additional
continuations and aggregate their outcome rewards
to estimate a token-level reward (Yue et al., 2025).
Probing this naive route reveals not a uniform fail-
ure but a sharp asymmetry (Figure 1). Even un-
der substantial sampling budgets, MC estimates at
early reasoning positions suffer from high vari-
ance. The downstream effect is more pernicious
than symmetric noise: once these noisy estimates
are normalized into group-relative advantages, fre-
quent sign flips translate the variance into sys-
tematically wrong-direction policy gradients (Sec-
tion A.3). In the balanced regime, this yields lower
sign accuracy and higher MAE than the outcome-
only GRPO baseline. At late positions, by con-
trast, the same MC estimates naturally converge
to the trajectory’s outcome reward, since the re-
maining uncertainty leaves little room for diver-
gent continuations. The implication is structural
rather than budgetary: the early-position regime
is where group-relative MC breaks down, while
the late-position regime is exactly where outcome-
only GRPO already provides a reliable posterior,
pointing at an asymmetric design space the existing
interface has not exploited.

Most fine-grained methods are not designed
around this positional finite-sample asymmetry.
Multi-stage methods structure reasoning into ex-
plicit attempts or stages (Gandhi et al., 2025), while
other approaches change reward, advantage, or ob-
jective construction. Our target is narrower: pre-
serve the downstream group-relative objective and
concentrate extra Monte Carlo sampling at a sin-
gle intermediate boundary. Full token-level Monte
Carlo would require prohibitive sampling to make
early positions reliable. The asymmetry instead
suggests that the early-position failure is localized:
at late positions, MC estimates already coincide
with the outcome reward that group-relative opti-
mizers naturally consume. This invites a design
that exploits the asymmetry directly: route dif-
ferent parts of the trajectory to different opti-
mizers.

Acting on this insight, we propose SCRoll: we

instantiate Monte Carlo sampling at a single inter-
mediate position, namely the boundary between an
upstream reasoning segment and G downstream
continuations, and assign each part to the optimizer
suited to its estimation regime. @ Upstream: the
early-stopped segment s is scored by the Monte
Carlo aggregation of the downstream outcomes
and trained with a sample-efficient single-stream
optimizer (Xu and Ding, 2025), sidestepping group-
relative estimation in the regime where it would
fail. @ Downstream: G continuations are sam-
pled from a skip connection [s,¢| that places
the segment before the original problem. This
differs deliberately from pure continuation from
the prefix (g, s): reintroducing g after s keeps
the upstream segment influential while preserv-
ing access to the original problem, reducing the
homogeneous-continuation regime in which down-
stream outcomes collapse and group-relative ad-
vantages vanish. Two properties follow from this
rollout design. Loss-side compatibility falls
out structurally: the downstream slot is just an ordi-
nary group-relative loss. Sampling reuse also fol-
lows: the same G downstream continuations serve
as both the downstream group and the upstream
MC aggregation, avoiding the per-token branching
cost of full token-level Monte Carlo. ® Efficient
realization requires a custom rollout wrapper on
top of verl: it enforces block-aligned split points,
routes the downstream requests with identical [s, ¢
prompts to VLLM with prefix caching enabled, and
requires no VLLM engine-side modification. Our
contributions are:

* While probing token-level Monte Carlo as a route
to fine-grained credit on group-relative rollouts,
we observe a sharp asymmetry under practical
sampling budgets: at early positions, the unbi-
ased MC reward estimator suffers finite-sample
variance large enough that the resulting advan-
tage signals fail to improve over outcome-only
GRPO (Figure 1); at late positions, MC estimates
already coincide with the outcome reward that
group-relative optimizers naturally use. This em-
pirically observed asymmetry motivates a struc-
tural alternative to simply increasing the sam-
pling budget.

¢ We realize this structural alternative as SCRoll, a
rollout-side module that augments group-relative
policy optimizers with skip-conditioned segment
rewards, via a skip-connected upstream/down-
stream rollout schema and a sample-efficient up-
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stream optimizer that leaves the downstream loss
untouched.

» Experiments across four representative group-
relative optimizers (GRPO, GSPO, DAPO,
CISPO) show that SCRoll improves most
pairings on in-domain mathematics, with the
strongest and most consistent gains on the
stronger optimizers (CISPO, DAPO); on out-of-
domain reasoning and code, CISPO + SCRoll
retains gains across both base models and
DAPO + SCRoll retains them on Qwen2.5-Math-
7B, while adaptation quality varies with the
choice of base optimizer.

2 Related Work

2.1 Group-Based Policy Optimization

Group Relative Policy Optimization (GRPO) has
emerged as a dominant paradigm for reinforcement
learning from verifiable rewards (Shao et al., 2024;
Guo et al., 2025; Yu et al., 2025b; Zheng et al.,
2025; Wu et al., 2025; Yao et al., 2025; Jain et al.,
2025b). By sampling multiple responses within a
group and computing relative advantages, GRPO
eliminates the need for explicit value models while
effectively guiding policy updates. Recent research
has systematically explored and optimized various
components within GRPO (Khatri et al., 2025; He
et al., 2025b).

Variants of GRPO explore different combina-
tions of design choices within the framework.
@ Reward and advantage computation encom-
passes methods that improve sample efficiency
through decoupled reward modeling and modified
advantage computation, while also modeling the
influence of entropy mechanisms and step-level
fine-grained information on training dynamics (Ah-
madian et al., 2024; Liu et al., 2025b; Xiong et al.,
2025; Li et al., 2025a; Jain et al., 2025b; He et al.,
2025c¢,a; Chen et al., 2025¢). @ Policy ratio design
and aggregation includes clipping mechanisms that
enhance training stability through dynamic token-
level bounds and gradient-preserving designs (Yu
et al., 2025b; Yang et al., 2025b), as well as nor-
malization strategies that stabilize policy updates
through ratio normalization and geometric mean ag-
gregation, or reduce sensitivity to outliers through
group expectation sampling (Zhao et al., 2025;
Zhang et al., 2025a; Sheng et al., 2025). @ Alter-
native baseline estimation addresses the limitation
that group-relative baselines require multiple con-
current samples per prompt. SPO (Xu and Ding,

2025) replaces the spatial baseline (group mean
from concurrent rollouts) with a temporal baseline
via per-prompt value trackers, enabling optimiza-
tion when only a single sample is available, which
motivates our adoption of temporal baselines for
upstream optimization where only a single segment
per prompt enters the loss after median-NLL selec-
tion. Among these design choices, we are partic-
ularly interested in the construction of step-level
information.

2.2 Fine-Grained Reward/Advantage

A well-known characteristic of vanilla GRPO is
its uniform credit assignment: the same advan-
tage is distributed equally across all tokens in a
response, which may lead to length bias and in-
efficiency (Liu et al., 2025a). Recent work ob-
tains finer-grained credit through several mecha-
nisms. @ Algorithm-side methods redistribute or
reweight trajectory feedback through Bellman or
likelihood decompositions, entropy signals, reward
redistribution, length control, or selection of high-
entropy and pivotal tokens (Wen et al., 2024; Tan
et al., 2025; Xie et al., 2025; Deng et al., 2025; Li
et al., 2025b; Liu et al., 2025a; Lee and Tong, 2025;
Wang et al., 2025b,a; Yu et al., 2025a). Process sig-
nals themselves also come from different sources:
PRIME updates implicit rewards online from policy
rollouts and outcome labels, SPRO derives them
from the policy, and GRPO can be interpreted as
inducing an implicit PRM under token-overlap as-
sumptions (Cui et al., 2025; Fei et al., 2025; Sul-
livan and Koller, 2025). Explicit learned eval-
uators instead include discriminative token-level
reward models, outcome-gated reasoning-process
RMs such as Posterior-GRPO, and MCTS-trained
step-level reward models (Chen et al., 2025a; Fan
et al., 2025; Ma et al., 2025). @ Sampling-based
methods estimate prefix values from branched con-
tinuations or fit advantages from separately sam-
pled trajectories (Kazemnejad et al., 2024; Brantley
et al., 2025); TEPO instead maps group rewards
to token-level aggregation through Markov likeli-
hood (Lin et al., 2025). These mechanisms trade
modeling and estimation structure against com-
putation, and controlled zero-reward experiments
show that dense-credit baselines can still stall when
no successful rollout is sampled (Prakash and Bu-
vanesh, 2025).
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2.3 Multi-Stage Pipeline Designs

GRPO-based methods also integrate with pipeline
designs to enhance training effectiveness (Yan et al.,
2025; MiniMax, 2025). Beyond single-response
optimization discussed above, multi-stage pipelines
involve multiple responses or attempts to solve a
task. @ Structured decomposition exploits multi-
response generation to improve credit assignment,
organizing multiple rollouts into search trees to
track retrospective credit and identify pivotal nodes,
assigning credit to high-level thought templates
across hierarchical reasoning traces, or extending
Monte Carlo sampling with tree-based trajectory
organization for unbiased value estimation over
multiple attempts (Zhang et al., 2025b; Yang et al.,
2025a; Kazemnejad et al., 2024; Brantley et al.,
2025). @ Internal feedback constructs multi-turn
refinement loops where models learn from their
own previous outputs, employing multi-stage RL
training with reward shaping to prevent behavior
collapse, using layered generation processes where
later layers explicitly correct earlier outputs un-
der implicit process rewards, or introducing verify-
then-revise mechanisms that alternate between pol-
icy and generative verifier roles (Kumar et al., 2025;
Ding et al., 2025; Jiang et al., 2025; Ekbote et al.,
2025; Li et al., 2025c). ® External signals guide
multi-stage reasoning through curriculum or data
generation, utilizing challenger-solver co-evolution
patterns that generate questions at the solver’s ca-
pability frontier, formulating curriculum selection
as non-stationary multi-armed bandits for adaptive
difficulty scheduling, updating model parameters
during inference using pseudo-labels from majority
voting, or enabling self-play through questioner-
responder-verifier role alternation (Huang et al.,
2025; Chen et al., 2025b; Zuo et al., 2025; Yang
et al., 2025c¢).

Our work differs from these approaches in that,
while adopting an upstream-downstream two-stage
generation pipeline during training rollouts, it in-
troduces no external verifier or process reward
model to guide the policy model. Meanwhile,
we still adopt a sampling-based approach to ob-
tain segment-level rewards, but by instantiating
upstream-downstream sampling at a single position
and reusing the same GG downstream continuations
for both downstream group-relative optimization
and upstream Monte Carlo aggregation, we avoid
the per-token branching cost of full token-level
Monte Carlo while achieving stage-wise informa-

tion density.

3 Methodology

Figure 2 illustrates the overall SCRoll module. Sec-
tion 3.1 presents the skip-connected upstream/-
downstream rollout schema; Section 3.2 formal-
izes the asymmetric two-stream optimization in
which the upstream stream is trained with a sample-
efficient single-stream optimizer and the down-
stream stream is left to any group-relative algo-
rithm the user adopts, making SCRoll a loss-side
plug-in.

3.1 Monte Carlo Trajectory Sampling

Ideal Token-Level Reward Estimation for Anal-
ysis. To analyze fine-grained credit for reasoning
step quality, we consider token-level Monte Carlo
reward estimation through trajectory sampling. For
any token position ¢ in a reasoning trajectory o;.r,
we estimate token-level credit by sampling K con-
tinuations from the prefix o;.; and averaging their
outcome rewards:

K
1
T\’,Mc(ot, a) = ? g Rscore(o(k)v a), 1)
k=1

where o%) ~ 7o (-|01:),

and Rscore (0, a) is a simple scoring function based
on outcome correctness. In this idealized formu-
lation, each token receives a distinct reward sig-
nal reflecting how well its prefix facilitates correct
completions. While theoretically appealing for of-
fering token-level feedback at every reasoning step,
this ideal token-level Monte Carlo approach faces
severe practical challenges when combined with
group-relative advantage computation. Comput-
ing group-relative advantages at intermediate po-
sitions requires forming stable comparison groups
through extensive continuation sampling at each to-
ken location. For early reasoning tokens, accurately
estimating advantage signs demands prohibitively
large K values, and insufficient sampling causes
token-level rewards to paradoxically underperform
outcome-level baselines that trade fine-grained dis-
crimination for stability.

Upstream-Downstream Instantiation: A Cost-
Effective Step Beyond. To make intermediate
credit computationally feasible, we instantiate
Monte Carlo sampling at a single segment bound-
ary through an upstream-downstream architecture.
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Figure 2: Overview of SCRoll. Three components: upstream sampling and advantage computation; downstream
sampling and advantage computation; and an engineering-optimization path that reduces two-phase rollout overhead
via block-aligned splits and vLLM’s built-in prefix cache without modifying the vVLLM engine.

In the upstream phase, the policy model g gener-
ates (G parallel early-stopped reasoning segments
{Sj}JG:l from ¢, all terminated at a shared seg-
mentation position ¢, drawn uniformly at random
within a per-prompt response-length window rather
than fixed by formatting rules. Specifically, for
each prompt ¢, we sample ¢, ~ U[0, L], where L,
is the per-prompt average response length tracked
adaptively via the same KL-adaptive mechanism
as the upstream value tracker (see Section 3.2).
For sequences that terminate before ¢, (or have
actual length shorter than ¢,), we use half of the
actual response length as the split position. We
then select one segment s = si+ via median-
NLL ranking: the candidate whose per-token neg-
ative log-likelihood under g sits at the median
of {NLL(s;) ngl’ which avoids both the highest-
likelihood (collapsed) and lowest-likelihood (off-
policy) extremes. The remaining G — 1 candidates
are discarded. We then sample G continuations
from the augmented input [s, ], where the selected
segment is placed before the original problem, to
obtain complete responses {o;}% ; in the down-
stream phase. This skip connection [s, g serves
dual functions: @ it preserves the upstream seg-
ment’s influence, so the downstream outcomes de-
fine a skip-conditioned value for s; @ it restores
direct access to the original problem, avoiding the
homogeneous pure-continuation regime in which
downstream samples are forced along the same
partial trajectory and group-relative advantages col-

lapse toward zero. Formally:

Lo {55, ~ma(-lg),
s = SeleCtmedNLL({Sj }szl)v (2
I: {0}y ~mo(-|[s,q)).

where ¢ € Q denotes the problem, s € S the
selected reasoning segment, and o € O the fi-
nal output. We define reward signals accordingly:
downstream reward Riyi(0,a) = 2 -Ifo = a] — 1
measures final correctness, while upstream reward
Ri(s, a) implements the skip-conditioned Monte
Carlo aggregation:

G
1
Ri(s,a) = el E Rui(os, a), 3)
i1

where {oi}ZG:1 are the downstream samples from
Equation (2). This design achieves a favorable
tradeoff: whereas GRPO uses GG complete re-
sponses per problem with no intermediate feedback,
and full token-level Monte Carlo would require K
continuations for each token across all G responses,
our approach reuses the same GG downstream sam-
ples to provide both the downstream group and one
segment-level reward for the upstream stream.
Engineering Optimization. A naive two-phase
implementation would dispatch the upstream roll-
outs (the GG parallel segments from ¢, each termi-
nated at ?,) and the downstream rollouts (continu-
ations from [s, g]) as two sequential GPU batches;
the dispatch overhead and repeated prefill can
make per-step time substantially larger than a
single-batch group-relative optimizer (Figure 9,
Section B). Our implementation therefore uses a
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custom rollout wrapper on top of verl while leav-
ing the vLLM engine unchanged. Concretely: @ in
the first phase the G parallel rollouts from ¢ share
an identical prompt, so vLLM can reuse the pre-
fix representation of g across upstream sequences;
® we constrain ¢, so that the re-prefilled prefix
[s, q] ends on a KV cache block boundary (block
size B=16 by default), reducing partial-block re-
computation when the prefix is reused in the sec-
ond phase; ® once the median-NLL segment s
is selected, the wrapper dispatches the G down-
stream continuations as standard generate requests
all prompted with the identical [s,g|. Since the
s, q| prefix is shared across these requests, VLLM’s
prefix cache can materialize KV([s, ¢]) once and
reuse it across the continuations, leaving only per-
rollout suffix tokens to be computed when cache
entries are retained. We therefore treat efficiency as
an empirical property of the rollout wrapper rather
than a strict token-count identity; exact wall-clock
behavior depends on prefix-cache hits, scheduling,
cache capacity, and completion lengths, so we re-
port time-per-step measurements in Figure 9.

3.2 Asymmetric Optimization Strategy

Given a dataset D with ground-truth answers a, the
skip-connected optimization objective maximizes
the expected advantages at both stages:

mgax IE(q,a)ND \71(0;%@) + x7II(9;Q737a) ; (4)

where J1 and J11 are the upstream and downstream
policy gradient objectives defined using advantages
computed from rewards Rt and Rp1 respectively.

Given that the upstream response density is mul-
tiplicatively lower than that of the downstream, we
employ an asymmetric two-stream optimization
strategy: a sample-efficient single-stream optimizer
for the upstream signal, and the user’s choice of
group-relative policy optimizer for the downstream
stream, as detailed below.

Downstream Optimization: Plug-in Group-
Relative Optimizer. The downstream stream is
optimized by any group-relative algorithm that
maintains a G-rollout group structure, leaving
SCRoll agnostic to the specific loss form. For
each prompt g,,, let s, denote the median-NLL-
selected segment, distinct from the G — 1 discarded
segments during parallel generation, and define
the augmented input G,, = [s},; ¢mm]. We sample
a downstream group {0, ; }]G:p compute group-
relative advantages A, ; = (Rm; — Rm)/0R,,

from rewards Ri1(0m,j, @m ), and update the policy
through a generic group-relative objective:

T11(0) = E(g, 0D, {0m 119, ~0,yy (1dm)

[ﬁeR(We; {omi}5i1, {Am,j}gc';:l)} ;
&)
where Lgr denotes any group-relative loss func-
tional. The specific instantiations evaluated in our
experiments and their per-algorithm hyperparame-
ters are documented in Section C.

Upstream Optimization: Single-stream Policy
Optimization. Since only one selected segment
per problem participates in upstream optimization
(with the remaining G — 1 segments discarded
after median-NLL selection), group-relative esti-
mation across the upstream candidates is not the
right object to optimize. We adopt SPO (Xu and
Ding, 2025), which replaces the concurrent-group
baseline with a per-prompt temporal return tracker
V (q). The return tracker and the response-length
tracker L, have independent states and discounted
counts C'(Y and C’({“ ; they share only the clipped for-
getting factor p = clip(2’DKL/Tl/2,pmin,pmax).
For x € {V, L}, their updates are

2T (6)

Cy < pCy +1, oL
q

Tgq < Tq+
where zy = Ri(s,a) and zy, is the observed re-
sponse length. Thus, reward observations do not di-
rectly change L, or the split distribution. We initial-
ize V(q) = 0 and L, = 1024, update both track-
ers on the first observation, sample t, ~ U[0, L],
and use half the realized length after early ter-
mination. KV-cache block alignment is then ap-
plied separately to the realized [s, ¢ prefix.! The
advantage A; = Ri(s},a;) — V_l(qi) uses the
pre-update return baseline, and we normalize it
across the batch as A; = (A; — pp)/op. Let
sT = SelectmedNLL ({51, }jc-’;l). Because s is
an order statistic, the upstream loss is a selected-
segment surrogate rather than an unbiased policy-
gradient estimator under the raw segment distribu-
tion. The objective is:

J1(0) = E(%ai)va {50,715~ (las)
. ™

|57

|s5]
Z min (ri,t(O) A;, it Ai) )
t=1

'While the original SPO formulation assumes rewards in
[0, 1], our rewards in [—1, +1] are affinely mapped to [0, 1] for
tracker updates and mapped back when retrieving baselines.
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where 7;,(0) = mo(sj, | 4irs7<i)/Teg(s], |
iy 87 <¢) and 7y = clip(riz, 1 —€,1+¢).

4 Experiments

Training Setup. We train SCRoll on the dapo-
math-17k dataset (Yu et al., 2025b), a curated math-
ematical reasoning dataset containing 17k prob-
lems spanning various difficulty levels. All models
are trained for 500 optimization steps with a batch
size of 128 prompts per step. We set the maxi-
mum prompt length to 1024 tokens and the max-
imum completion length to 3072 tokens for both
training and evaluation. For fair comparison, all
methods using group-relative advantage estimation
adopt G = 8 rollouts per prompt; SCRoll generates
G = 8 upstream segments in parallel, selects one
via median-NLL ranking, and dispatches G down-
stream responses from identical skip-connected
prompts [s, g] with prefix-cache reuse. The skip-
connected rollout is used only during RL training
data construction: all reported benchmark evalua-
tions use the standard evaluation prompt ¢ without
prepending selected upstream segments or running
a two-stage test-time procedure. For SPO which
does not use group-relative estimation, we scale the
batch size by 8 to ensure comparable sample count;
we also omit the warm-up phase in our SPO re-
production to avoid introducing a cost-misaligned
initialization stage. We use Qwen2.5-Math-7B and
Llama-3.2-3B-Instruct as base models. Complete
hyperparameters and implementation details are
provided in Section C.

4.1 Main Results

We evaluate SCRoll as a plug-in across four rep-
resentative group-relative policy optimizers on
In-Domain mathematical reasoning and Out-of-
Domain general/code reasoning. We use MMLU-
Pro (Wang et al., 2024) and LiveCodeBench (Jain
et al., 2025a) for the latter. Evaluations are re-
peated 32 times for AIME24/25 and 3 times for
all other benchmarks. Each row in Table 1 is
the mean evaluation score of a fixed checkpoint
from one training run; repeated decoding measures
evaluation-time variability rather than training-seed
uncertainty. For each optimizer in { GRPO (Shao
etal., 2024), GSPO (Zheng et al., 2025), DAPO (Yu
et al., 2025b), CISPO (MiniMax, 2025)}, we report
performance with and without SCRoll in the down-
stream slot. We also include SPO (Xu and Ding,
2025), PRIME (Cui et al., 2025), and SAPO (Gao

et al., 2025) as non-paired references because they
do not expose the same reusable G-rollout interface.
Complete settings are in Section C.

As shown in Table 1, the clearest gains oc-
cur with CISPO, with smaller positive average
gains for GRPO and DAPO and marginal gains
for GSPO. On MMLU-Pro and LiveCodeBench,
CISPO + SCRoll improves both base models, while
the other pairings transfer less consistently. Com-
pute controls in Table 3 show that the decoupled
two-process baseline reaches a similar score only
when given substantially more generated tokens;
under the matched 0.58B-token budget, SCRoll per-
forms better. In a Qwen sensitivity run, the paired
average gain changes only from +1.9 at G = 8
to +1.8 at G = 16, although broader group-size
scaling remains untested.

4.2 Ablation Studies

We conduct ablation studies to validate the effec-
tiveness of key components in SCRoll. We com-
pare SCRoll against three variants: @ w/o Skip:
The upstream segment s is directly used as a pre-
fix for downstream generation without the skip
connection to the original problem. @& w/o MC
Estimation: The upstream stage receives rewards
from its own complete generation without aggregat-
ing downstream outcomes. ® w/o NLL Selection:
The upstream segment s is picked uniformly at ran-
dom from the G parallel candidates instead of by
median-NLL ranking. The results are summarized
in Table 2.

All three components contribute comparable
margins (Table 2). w/o Skip forces downstream
responses along a constrained continuation path,
raising the probability of homogeneous outcomes
and advantage collapse. w/o MC Estimation dis-
connects the upstream reward from downstream
solving, so the upstream stream cannot learn pat-
terns that specifically facilitate downstream com-
pletions. w/o NLL Selection lets collapsed and
off-policy candidates enter upstream optimization
with equal probability, whereas median-NLL rank-
ing favors on-policy yet non-degenerate segments.

5 Conclusion

We asked whether intermediate credit can be added
on top of the existing G-rollout interface without re-
placing the downstream optimizer. Probing token-
level Monte Carlo revealed a sharp asymmetry
under practical sampling budgets: at early posi-

19716



Table 1: Accuracy (%) on In-Domain math and Out-of-Domain general/code benchmarks for Qwen2.5-Math-7B
and Llama-3.2-3B-Instruct. We report absolute scores in every row. The best and second-best values within each
model are bolded and underlined. Each average is computed over the benchmark columns shown for that model;
Minerva was not part of the retained Llama evaluation suite. Evaluation repetitions are 32 for AIME24/25 and 3 for
all other benchmarks.

Qwen2.5-Math-7B Llama-3.2-3B-Instruct
In-Domain (Math) Out-of-Domain In-Domain (Math) Out-of-Domain
Method AIME24 AIME25 AMC MATH Minerva Olympiad|MMLU LiveCode | Avg. |AIME24 AIME25S AMC MATH Olympiad | MMLU LiveCode | Avg.
Base 121 54 434 581 206 34.1 |18.6 13.8 [25.8| 34 0.4 20.1 36.3 18.1 [29.5 124 |17.2
SPO 28.8 13.6 56.8 65.9 29.2 40.1 |24.1 15.7 |34.3| 5.8 0.4 26.1 39.2 20.3 |29.8 129 |19.2
PRIME 30.1 15.7 63.9 71.3 30.8 43.9 [25.0 189 |37.5| 54 0.8 29.7 34.7 20.8 |30.1 13.2 |19.2
SAPO 32.0 14.2 64.7 76.1 33.8 46.5 [28.7 16.5 |39.1| 79 3.3 38.1 42.0 21.2 |304 126 |22.2
GRPO 22.4 10.1 50.2 63.8 23.5 35.8 [21.3 14.6 |30.2| 4.7 0.3 24.8 39.6 19.8 |30.2 13.1 |18.9
+SCRoll| 26.2 8.9 554 65.2 25.1 37.9 [21.9 155 |32.0/ 7.3 04 29.1 39.2 21.1 |304 129 |20.1
GSPO 31.1 14.8 60.3 74.2 28.1 43.6 [25.2 16.2 |36.7] 6.9 0.5 304 42.1 223 |30.5 13.8 |21.0
+SCRoll| 29.3 16.9 62.1 74.6 28.8 42.7 [25.5 16.8 |37.1| 6.2 0.7 31.6 42.4 233 |304 13.7 |21.2
DAPO 33.5 159 69.2 75.8 30.4 472 |27.1 170 |39.5| 13.8 0.4 36.5 41.1 24.3 |30.2 12.7 |22.7
+SCRoll| 35.6 17.8 70.2 76.6 32.0 49.0 |27.5 17.6 |40.8| 14.8 04 37.1 42.5 25.0 {30.0 12.4 |23.2
CISPO 35.0 174 67.5 785 31.8 486 |27.2 169 |40.4|11.0 0.6 25.0 35.3 23.9 |29.7 119 |19.6
+ SCRoll| 36.2 19.1 70.5 80.0 34.0 504 [28.0 189 (421|152 04 375 44.0 256 |30.6 14.0 |239

Table 2: Ablation study on In-Domain benchmarks com-
paring different structural settings. We report accuracy
(%) for Qwen2.5-Math-7B. The best results are bolded.

AIME24
33.2
34.1
33.5
36.2

AIME25 AMC
15.6 67.4
17.5 68.3
16.4 66.9
19.1 70.5

Setting

w/o Skip

w/o MC Estimation
w/o NLL Selection
Ours

MATH Minerva Olympiad
74.0 29.6 46.1
77.8 32.5 48.6
75.4 30.4 47.1
80.0 34.0 50.4

tions, high MC variance survives group-relative
normalization as sign errors that misdirect gra-
dients below the outcome-only baseline, while
at late positions MC estimates already coincide
with the outcome reward. We exploit this asym-
metry by routing different parts of a rollout to
different optimizers, yielding SCRoll: a rollout-
side module that pairs a sample-efficient single-
stream upstream optimizer with the user’s group-
relative downstream optimizer, joined by a skip
connection [s, g]. Across GRPO, GSPO, DAPO,
and CISPO, SCRoll improves most configurations
on in-domain mathematics, with CISPO + SCRoll
and DAPO + SCRoll achieving the strongest in-
domain results; on out-of-domain reasoning and
code, CISPO + SCRoll retains gains across both
base models while DAPO + SCRoll retains them
on Qwen2.5-Math-7B. Future work can extend the
schema to multi-point upstream evaluation and to
multi-stage RL for agentic tasks.

Limitations

Model scale and architecture. Our experiments
are conducted on Qwen2.5-Math-7B and Llama-
3.2-3B-Instruct, two base models at the 3B-7B

scale that are tractable under our compute budget.
We do not yet have direct evidence that the benefits
of SCRoll transfer to substantially larger models
(e.g., 30B+ or 70B+), to mixture-of-experts archi-
tectures, or to models without strong math pretrain-
ing. The relative gain of the skip-connected struc-
ture may shrink when the base policy is already
capable enough to recover from a poor upstream
segment without an explicit shortcut.

Training data and domain. SCRoll is trained
exclusively on dapo-math-17k, a mathematical rea-
soning corpus with verifiable numerical answers.
Our out-of-domain evaluation on MMLU-Pro and
LiveCodeBench provides preliminary evidence that
the learned hierarchical reasoning pattern can trans-
fer beyond math, but the training signal itself
still relies on a verifiable outcome reward. Al-
though dapo-math-17k is deduplicated before train-
ing, competition-style math corpora can contain
paraphrased or structurally similar problems across
sources; we therefore do not claim that our bench-
mark suite is free of all semantic overlap with the
training distribution. Extending SCRoll to open-
ended tasks such as long-form generation, dialogue,
or instruction following, where reward verification
is noisier or requires a learned reward model, is left
to future work.

Training horizon and seeds. We train each
method for 500 optimization steps, which does
not characterize behavior under much longer runs
where collapse or saturation may appear. Due to
compute constraints, the main results in Table 1
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use a single training run per (method, base model)
configuration; repeated evaluation (32x for AIME,
3x for others) measures decoding variability but
not training-seed uncertainty. Main experiments
use G = 8, and broader group-size scaling remains
untested.

Engineering complexity. The efficient realiza-
tion of upstream and downstream sampling requires
a custom rollout wrapper on top of verl and relies
on VLLM’s built-in prefix caching together with a
block-aligned split point. This does not require
vLLM engine-side modifications, but the wall-
clock benefit depends on prefix-cache hits, schedul-
ing, and cache capacity; the block-alignment con-
straint is currently tied to vLLM’s KV cache layout,
and porting to other rollout engines (e.g., SGLang)
requires verifying that the cache-reuse semantics
are equivalent. Median-NLL selection over the G
parallel upstream segments is one specific choice;
beyond the uniform-random ablation reported in
Section 4.2, we have not exhaustively compared
against further selection rules.

Potential risks. As with other work that im-
proves the reasoning capability of large language
models, more capable reasoners can be misused,
for example to automate the production of harmful
or deceptive content. SCRoll does not introduce
new attack vectors beyond those of the underlying
base models, but we encourage downstream practi-
tioners to pair any capability gains with appropriate
safety evaluation and deployment safeguards.
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A Why Fine-Grained Rewards Fail with
Group-Relative Estimation

Monte Carlo Credit Assignment: Sample Efficiency
How many samples needed £

's. Response Quality Spread
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or reliable token-level gradie:
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Figure 3: Probability of correct advantage signs for
all G = 8 samples across varying group spreads. Re-
liable credit assignment for narrow spreads requires
prohibitive sample counts (K > 512).

As claimed in Section 1, directly integrating fine-
grained Monte Carlo credit signals with group-
relative advantage estimation runs into a high-
variance regime under practical sampling budgets:
although the per-prefix Monte Carlo reward esti-
mator is itself unbiased, its high variance survives
the group-relative normalization (R;—R)/og as
frequent sign errors in the resulting advantages,
producing systematically wrong-direction gradi-
ents that reinforce wrong behaviors or penalize
correct ones. This appendix provides simulation
evidence quantifying this phenomenon. The sever-
ity of this problem explains why existing meth-
ods circumvent rather than solve it. For exam-
ple, PRIME (Cui et al., 2025) aggregates token
rewards to response-level before computing group-
relative advantages, while VSRM (Yue et al., 2025)
abandons group-relative estimation entirely in fa-
vor of PPO. SCRoll takes a different approach:
structurally partitioning the problem so that up-
stream optimization avoids group-relative computa-
tion while downstream optimization has sufficient
samples for stable estimation.
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A.1 Position-Dependent Variance

The effectiveness of group-relative advantage es-
timation varies dramatically with trajectory posi-
tion. For very early tokens (problem restate-
ment and initial setup), the reward is largely de-
termined by the model’s own policy distribution
rather than the specific tokens generated, as the rea-
soning space has not yet been meaningfully pruned.
Trajectory sampling from these positions yields
high variance, but this variance is symmetric across
methods. Intermediate tokens (the decisive rea-
soning steps) are where methods diverge. Quality
differences emerge as some reasoning paths make
productive progress while others take detours or
make errors. However, Monte Carlo estimation at
these positions suffers from prohibitive variance:
distinguishing a 55% success probability prefix
from a 60% one requires hundreds of samples. This
is precisely where SCRoll’s upstream-downstream
structure provides stable optimization signals for in-
termediate segments. For terminal tokens (final
computation and answer extraction), the outcome is
semantically determined; sampling variance is min-
imal and single samples provide reliable gradients,
so all methods perform comparably.

Per-Response Credit Assignment Accuracy Heatmap
Wide Spread Scenario: How sample size affects individual response gradient quality
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(a) Credit assignment accuracy heatmap. Prefixes near
the group mean are most susceptible to sign errors.
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(b) Distribution of advantage estimates for a prefix with
p = 0.55. Even with K = 8, substantial overlap be-
tween positive and negative estimates remains.

Figure 4: Monte Carlo variance analysis. (a) Classifica-
tion accuracy for individual samples. (b) Distribution
shift and sign volatility under sampling noise.

A.2 Simulation Setup and Results

We simulate a group of G = 8 trajectories where
each prefix has a true success probability p;. Ad-

vantages are estimated by sampling K continua-
tions per prefix and applying group-relative nor-
malization. An estimate is considered correct if the
signs of all G advantages match their ground-truth
signs. Simulation results in Figures 3 and 4 demon-
strate that sample efficiency degrades rapidly as
group quality spread narrows. When reasoning
steps provide only incremental improvements, even
K = 512 samples fail to yield 50% probability of
correct sign assignment for the entire group. In-
dividual prefix analysis in Figure 4a confirms that
prefixes near the group mean are most vulnerable
to noise-induced sign flips, which are precisely the
prefixes that represent incremental but genuine rea-
soning progress.

A.3 Correctness Distribution Analysis

To further illustrate the sign inconsistency problem,
we systematically examine how advantage estima-
tion accuracy varies across different correctness
distributions within a group of G = 8 responses.
We sample random trajectories and categorize them
by the number of correct responses (from 0/8 to
8/8), visualizing the true token rewards, advantages,
and estimation accuracy for each distribution type.
All nine cases are shown in Figure 5.

The degenerate 0/8 and 8/8 groups should not be
interpreted as successful credit assignment: their
outcome standard deviation is zero, so outcome-
only GRPO assigns zero advantage to every re-
sponse. Sign agreement with nonzero token-level
advantages is therefore not a meaningful success
criterion at these endpoints. We instead use the bal-
anced regime for a controlled comparison. Across
the 94 balanced trials obtained from fixed seeds
0-999, outcome-only GRPO versus K = 8 MC
attains mean token-level sign accuracy of 0.939 ver-
sus 0.861 and mean MAE of 0.315 versus 0.437;
all 94 trials favor GRPO on both metrics. The
median-representative trial used in Figure 1 fol-
lows a deterministic, outcome-agnostic selection
rule.

The informative mixed cases (1/8 through 7/8)
exhibit persistent sign inconsistency problems:

» Early tokens: Sign accuracy frequently drops
below 50%, meaning random guessing would
perform equally well.

* Trajectory crossings: When reward trajectories
of different-outcome responses cross (common in
early-to-mid reasoning), MC estimation cannot
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Figure 5: Illustrative advantage-estimation trajectories for every correctness count from 0/8 through 8/8. At the
degenerate endpoints, outcome-only GRPO has zero group variance and therefore no meaningful within-group
advantage signal. Mixed groups avoid this degeneracy but exhibit substantial finite- K sign errors, particularly at

early positions.

reliably distinguish which response is on a better
path.

* Late convergence: As the remaining continu-
ation uncertainty vanishes, both estimators ap-
proach the terminal-outcome ordering and their
sign accuracy improves.

However, as shown in Figure 6, MC estimation
eventually surpasses GRPO with sufficient sam-
pling. As K increases from 8 to 8192, token-
averaged sign accuracy rises from 0.859 to 0.996
and MAE falls from 0.439 to 0.028; at K = 8192,
both metrics improve over GRPO’s 0.940 sign accu-
racy and 0.313 MAE. Thus fine-grained MC credit
can recover the token-level signal asymptotically,
but full token-level branching requires an impracti-
cal sampling budget.

This analysis supports a narrower claim: in infor-
mative balanced groups, token-level Monte Carlo

e xe126)

sample wum (2%)

Figure 6: MC estimation accuracy across different sam-
pling budgets (K = 8 to K = 8192). Left: true to-
ken rewards and advantages. Middle: MC estimates at
each K. Right: pointwise non-inferiority rate, variance,
and MAE. By K = 512, MC exceeds GRPO in token-
averaged sign accuracy and has lower advantage MAE,
but this requires up to 1000x the K = 8 sampling bud-

get.
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at practical sampling budgets remains less reliable
than the outcome-only baseline precisely in the
early regime where fine-grained credit would be
most useful.

A.4 How SCRoll Structurally Partitions the
Problem

These findings explain why SCRoll’s architectural
design is effective. In the upstream stage, al-
though G parallel candidate segments are gener-
ated and one is selected via median-NLL ranking,
only this single selected segment enters the up-
stream loss; group-relative normalization across
the GG candidates would still be vulnerable to the
sign-error regime characterized above. SCRoll
therefore uses single-stream policy optimization
(SPO) with a temporal baseline V(g) on this one
selected segment. This removes the fragile same-
batch rank comparison among upstream candidates:
the sign of the upstream advantage is measured
against a prompt-specific historical return that be-
comes more informative as the prompt receives re-
peated observations, while the pre-update baseline
prevents the current reward from being absorbed
into its own reference value. In the downstream
stage, with G rollouts conditioned on the same
s, q] prefix, group-relative estimation becomes re-
liable: downstream responses are closer to terminal
tokens where outcome variance is naturally lower,
and the group size provides sufficient samples for
stable advantage computation. This structural par-
titioning enables SCRoll to optimize segment-level
behavior without relying on group-relative normal-
ization over early upstream candidates.

A.5 Step-by-Step Data Flow Example

The following illustrative trace complements the
pipeline overview in Figure 2. It shows how one
prompt contributes to both objectives without intro-
ducing a second downstream rollout group.

1. Read the prompt state and choose a bound-
ary. For a sampled question g, read its response-
length state L, and discounted count CL, sam-
ple t, ~ U0, Ly, and apply the separate KV-
cache block-alignment constraint.

2. Generate candidate segments. Sample G = 8
early-stopped candidates si,...,ss ~ mp(- |
q) at the shared boundary and compute each
candidate’s per-token NLL.

3. Select one segment. Let s = sy« be the candi-
date with median per-token NLL. Only s enters

the upstream loss; the other seven candidates
are discarded after selection.

4. Construct the skip-conditioned input.
Prepend the selected reasoning segment to the
original question to obtain § = [s, g].

5. Sample one shared downstream group. Draw
01,...,08 ~ mp(- | ) and score their termi-
nal answers. For example, an illustrative re-
ward vector (+1,4+1,—1,+1,—-1,+1,4+1,—1)
has mean R = 0.25.

6. Reuse the same outcomes in two objectives.
The upstream segment receives Ri(s,a) =
R = 0.25 and is compared with the pre-update
return tracker V_1(¢), whose discounted count
is C(Y . The downstream objective instead stan-
dardizes the eight individual rewards into group-
relative advantages. Thus the same eight termi-
nal outcomes supply one segment-level return
and one ordinary group-relative training group;
upstream and downstream token masks ensure
that each loss is evaluated under its generation
context.

The numeric reward vector is a didactic example
rather than a reported experimental observation.

B Training Dynamics Analysis

We analyze the optimization behavior across differ-
ent training configurations, examining convergence
patterns, policy stability indicators, and computa-
tional efficiency metrics throughout the training
process. All training curves presented in this sec-
tion are from experiments on the Qwen2.5-Math-
7B base model. For visual clarity, we select a rep-
resentative subset of methods in each figure rather
than displaying all baselines.

Critique-GRPO baseline. Critique-GRPO is our
self-critique implementation in which the policy
itself generates seven direct rollouts and one self-
reflection rollout per prompt; it does not use an
external stronger model. Because the direct and
self-reflection samples arise from two different roll-
out processes, they are not an exchangeable group
under a single conditioning process and cannot di-
rectly serve as SCRoll’s downstream group. We
include Critique-GRPO only as a training-curve
reference.

B.1 Performance Metrics

Figure 7 shows the mean accuracy (Mean@32)
across training, which reflects the average qual-
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Training Acc Mean@32 Comparison

Figure 7: Mean accuracy at 32 samples across training
steps.

ity across all sampled responses, serving as an
indicator of consistent behavior and sample ef-
ficiency. SCRoll demonstrates superior conver-
gence compared to baseline methods, reaching
higher asymptotic performance while maintaining
stable training trajectories. Furthermore, SCRoll
exhibits faster initial improvement, which we at-
tribute to the segment-level reward signals provided
by averaging downstream outcomes for upstream
segment optimization; traditional outcome-based
methods receive sparse feedback only at trajectory
endpoints, while SCRoll’s segment-level rewards
provide intermediate reward signals that accelerate
policy learning in the critical early training phase.

B.2 Optimization Stability

Training Actor Entropy Comparison

-

w

Entropy
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-

Figure 8: Actor policy entropy throughout training.

Entropy Analysis. Figure 8 shows the actor pol-
icy entropy across training. Most methods ex-
hibit decreasing entropy over the 500-step training
schedule, with DAPO being the exception due to
its explicit entropy regularization. This entropy
reduction is a common behavior as policies con-
verge toward higher-reward solutions. During our
exploration of various algorithmic components, we
also designed and experimented with some entropy-
increasing mechanisms. Unfortunately, we found
no clear correlation between entropy trends and

final performance, suggesting that our method may
not be well-suited for improvements in this direc-
tion.
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Figure 9: Training time per step across different meth-
ods. Despite the two-phase upstream-downstream archi-
tecture, SCRoll remains close to single-phase baselines
in our implementation: a custom verl rollout wrapper
chooses a block-aligned split point and sends the down-
stream batch through VLLM with prefix caching en-
abled, without modifying the vLLM engine.

Training Time. Figure 9 compares the wall-
clock training time per optimization step across
methods. A naive two-batch implementation of
SCRoll would first generate upstream segments
and then dispatch a separate batch for downstream
continuations, incurring substantial overhead from
sequential processing. Our implementation uses
a custom rollout wrapper on top of verl: it con-
strains the split position ¢, so that the reordered
prefix [s, ¢| lands on a VLLM KV cache block
boundary, then dispatches the phase-2 continua-
tions through the unmodified vLLM rollout path
with prefix caching enabled. The realized wall-
clock cost depends on prefix-cache hits, scheduling,
cache capacity, and completion lengths; for this
reason, we report empirical time-per-step rather
than relying on a strict generated-token equivalence
claim.

B.3 Compute Control

Decoupled two-process control. The two-
process baseline trains one shared policy with two
independent rollout groups: an actual-prefix MC
branch samples K = 8 continuations from [g, s]
for the upstream segment return, while a vanilla
branch samples G = 8 complete responses from
q for the downstream CISPO objective. Unlike
SCRoll, neither group is reused for the other objec-
tive. Table 3 reports both the checkpoint matched
to SCRoll’s 0.58B generated-token budget and the
final checkpoint at the same 500 optimization steps.
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At matched generated tokens, SCRoll scores 48.4
versus 46.4; at the same number of steps, the de-
coupled baseline reaches 48.9 but consumes 1.04B
tokens, approximately 1.79x SCRoll’s generation
budget. This comparison supports sample effi-
ciency from rollout reuse, not an inherent advan-
tage over an independently sampled baseline given
additional compute.

C Experimental Setup and
Hyperparameters

This section provides comprehensive details on the
experimental configuration, training procedures,
and evaluation protocols used throughout this work.
All experiments are designed to ensure fair compar-
ison across methods and reproducibility of results.

Dataset. We train all models on a curated mathe-
matical reasoning dataset containing 17,398 prob-
lems after deduplication (dapo-math-17k). The
training data consists of diverse mathematical prob-
lems spanning arithmetic, algebra, geometry, num-
ber theory, and competition mathematics. We
evaluate on standard benchmarks including AIME
2024/2025 (American Invitational Mathematics Ex-
amination), AMC (American Mathematics Com-
petition), MATH, Minerva Math, and Olympiad-
level problems. For out-of-domain evaluation, we
use MMLU-Pro (general reasoning across multi-
ple subjects) and LiveCodeBench (code generation
tasks). Benchmark evaluation is separated from the
SCRoll training rollout: models are prompted with
the original evaluation question ¢ only, without se-
lected upstream segments or two-stage test-time
sampling. All training data is formatted with a
consistent prompt structure, and responses are trun-
cated to fit within maximum length constraints. We
rely on the deduplicated dapo-math-17k release and
do not claim exhaustive removal of paraphrastic
overlap between public competition-style training
problems and evaluation benchmarks.

Model Architectures. We conduct experiments
on two base models: Qwen2.5-Math-7B, a 7-
billion parameter language model specialized
for mathematical reasoning, and Llama-3.2-3B-
Instruct, a 3-billion parameter instruction-tuned
model. Both models use the same tokenizer as their
respective base model families. For SCRoll, the
upstream and downstream phases share the same
model parameters, with only the input condition-
ing (original problem ¢ vs. augmented input [s, g])

differing between phases.

Optimization Hyperparameters. We train all
models for 500 optimization steps with a batch
size of 128 prompts per step. The learning rate is
set to 1 x 10~° with linear warmup over the first 10
steps and no decay thereafter. We use the AdamW
optimizer with weight decay 0.1, 5; = 0.9, and
B2 = 0.999. Gradient norms are clipped at 1.0
to improve training stability. We employ mixed-
precision training (bfloat16) to accelerate computa-
tion and reduce memory usage. The policy gradi-
ent mini-batch size is set to 32 prompts, meaning
each optimization step processes 4 mini-batches
(128/32 = 4). Loss aggregation uses token-mean
normalization, where gradients from all tokens
contribute equally after normalizing by response
length.

SCRoll Configuration. For SCRoll, the up-
stream phase generates (G = 8 parallel candidate
segments {s;}& | from each prompt ¢, all termi-
nated at a shared split position ¢, ~ 1[0, L,]. The
response-length state is initialized to L, = 1024
tokens; maximum segment length is implicitly
bounded by the 3072-token response limit. The
realized split is rounded down so that the reordered
prefix [s,q] ends on a VLLM KV-cache block
boundary (B = 16 tokens), a separate engineer-
ing constraint that does not alter the tracker up-
date. From {s;}$, we select s by median per-
token NLL, discard the other G — 1 candidates,
and issue G = 8 downstream requests with the
identical augmented prompt [s, g|.

The return tracker V(¢) and response-length
tracker L, have independent states and discounted
counts C;/ and CqL; they share only the forgetting
factor

p= Clip <2_DKL/TI/2, Pmin pmax) .

For z € {V, L}, let 2, denote the corresponding
state. After observing zy = Ri(s, a) and response
length 2, the updates are

Zg — Tq

C

T
q

Cy < pCy + 1, Tg < g+
Consequently, reward observations do not directly
update L, or the split distribution. We set pin =
0.875, pmax = 0.96, and T2 = 8.0 steps. The re-
turn baseline is initialized to zero and both trackers
update on their first observation; early-terminated
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Table 3: Compute controls on Qwen2.5-Math-7B with CISPO as the downstream objective and G = K = 8. The
decoupled two-process baseline uses an actual-prefix MC group for the upstream objective and an independent
g-conditioned vanilla group for the downstream objective; neither group is reused. The generated-token-matched
row is selected at 0.58B cumulative generated tokens, while “same steps” is the 500-step checkpoint.

Setting AIME24 AIME25 AMC MATH Minerva Olympiad Avg. Gen. tokens
CISPO (G = 8) 35.0 174 675 78.5 31.8 48.6 46.5 0.47B
Two-process, generated-token-matched 342 17.0  68.0 78.6 32.0 48.5 464 0.58B
Two-process, same steps 36.5 189 712 82.3 33.7 50.9 489 1.04B
CISPO + SCRoll (G = 8) 36.2 19.1 705 80.0 34.0 504 48.4 0.58B

candidates use half their realized response length
as the split.

Upstream (SPO). We enable prioritized sam-
pling with € = 0.05; after median-NLL selection,
the upstream batch contributes 128 prompts x 1
selected segment = 128 samples to the SPO loss.
Downstream. Per-optimizer losses and hyperpa-
rameters for GRPO, GSPO, DAPO, and CISPO are
listed in Table 4; every downstream batch contains
128 prompts x 8 responses = 1024 samples. We
use wyp = Wyown = 0.5, batch-normalize upstream
advantages as A = (A — up)/os, and disable
additional SCRoll-specific KL and entropy terms
(B = 0, aent = 0). Any KL term in Table 4 is
therefore prescribed by the downstream optimizer
itself.

Baseline Configurations. All baselines use the
same training schedule (500 steps), batch size (128
prompts), learning rate (1 x 10~°), and base model
to ensure fair comparison. Since SPO generates
only 1 rollout per prompt, its batch size is scaled
to 1024 prompts to match the total sample count of
other methods with group size 8. Baseline-specific
hyperparameters follow their respective original
papers.

Compute Infrastructure and Budget. All train-
ing and evaluation experiments are conducted on a
single node with 8 x NVIDIA H100 (80 GB) GPUs
interconnected via NVLink, using bfloat16 mixed-
precision training and vLLM (Kwon et al., 2023) as
the rollout engine. A single training run (500 opti-
mization steps for one (method, base model) config-
uration) takes approximately 18 hours of wall-clock
time, corresponding to roughly ~144 GPU-hours
per run. The total compute for the main results in
Table 1, namely two base models (Qwen2.5-Math-
7B and Llama-3.2-3B-Instruct) X nine optimiza-
tion methods (SCRoll and eight baselines), together
with the ablation studies, amounts to approximately

~3,000 GPU-hours in total.?

Licensing of Artifacts. All models, datasets, and
evaluation benchmarks used in this work are pub-
licly released for research use. Qwen2.5-Math-7B
is released under the Apache 2.0 license; Llama-
3.2-3B-Instruct is released under the Llama 3.2
Community License Agreement. The dapo-math-
17k training set is released by Yu et al. (2025b)
for research use, with constituent problems origi-
nating from publicly available mathematical com-
petitions. The evaluation benchmarks (MATH,
AIME 2024/2025, AMC, Minerva Math, Olympiad,
MMLU-Pro, and LiveCodeBench) are publicly
available for academic evaluation. Our use of these
artifacts is consistent with their intended research
purpose. The trained models and the rollout-side
block-aligned split-point selection code produced
in this work will be released under an open-source
license compatible with the upstream artifacts; the
underlying vLLM and verl stacks are used unmodi-
fied.

Rollout Implementation. SCRoll is imple-
mented as a custom rollout wrapper on top of
verl and vLLM. The wrapper first samples block-
aligned upstream candidate segments from the orig-
inal prompt, selects the median-NLL segment, and
then dispatches the downstream requests with iden-
tical augmented prompts [s, g| to the same vVLLM-
backed rollout path with prefix caching enabled.
The vLLM engine itself is not modified; the ad-
ditional logic lives at the rollout/data-construction
layer, where upstream and downstream tokens are
masked separately so that log-probabilities are com-
puted under the context used to generate each stage.

“Numbers are best estimates from per-step wall-clock mea-
surements (cf. Figure 9); exact totals vary by £10% across
methods due to differences in rollout strategy.
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Table 4: Per-optimizer loss formulations and hyperparameters used in the downstream slot of SCRoll and in
the standalone baselines. All +SCRoll variants share the same upstream setup; standalone baselines use the
corresponding downstream optimizer alone. Across paired comparisons, we keep the batch size (128 prompts),
learning rate (1x1075), group size G=8, and dapo-math-17k training data fixed; only the loss form and per-loss
hyperparameters differ. Token-level / sequence-level loss aggregation modes follow the original publications. “IS”

denotes the importance-sampling ratio 7y /7g,,, .

Optimizer Loss form (per original paper) Hyperparameters
GRPO  (Shao | Token-level PPO clip on the IS ratio with group- | €1ow=0.2, €nigh=0.2; loss_agg_mode=token-
et al., 2024) relative advantages Ai:(Ri_R)/UR; symmetric mean; use_k1l_loss=True with ﬂKLZlO?S (IOW-

clipping range [1—¢, 1+¢].

variance KL).

GSPO (Zheng
et al., 2025)

Sequence-level importance sampling: clip the
geometric-mean per-sequence IS ratio rather than
per-token, eliminating per-token noise amplifica-
tion.

Elow=3x10"", enigh=4x10"*, €.=10.0 (dual-
clip); loss_agg_mode=seq-mean-token-mean;
use_kl_loss=False.

DAPO (Yu et al.,
2025b)

Asymmetric clip-higher PPO loss with dynamic
resampling: enlarges the upper clip bound so high-
advantage updates are not throttled; rejects groups
whose reward variance is degenerate; adds an
overlong-response shaping penalty.

€low=0.2, enigh=0.28, £.=10.0 (dual-clip); token-
mean loss aggregation; no KL loss; degenerate-
group filtering enabled; overlong buffer Ly,r=512
tokens with penalty factor 1.0.

CISPO  (Mini-
Max, 2025)

Truncated-IS REINFORCE-style loss:
rather than clipping the gradient via PPO’s
min(rA, clip(r)A), CISPO clips the IS factor
itself (with stop-gradient) and applies it as a
per-token weight on the policy log-prob, retaining
gradient signal at out-of-trust-region tokens.

e1s1ow=10.0 (IS upper cap), enh=0.28;
use_kl_loss=True with Sx=10"" (low-
variance KL); loss_agg_mode=token-mean.
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