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Abstract
Large language models (LLMs) can now
solve complex problems through long chain-
of-thought (CoT) reasoning, but the trade-off
between performance and token cost remains a
central challenge. To address this issue, super-
vised fine-tuning (SFT) often uses compressed
reasoning data, where CoT traces are short-
ened into compact forms. However, the effect
of such compressed reasoning data on post-
training remains poorly understood. In this pa-
per, we propose a taxonomy of CoT consisting
of Explicit CoT, which outputs all operations
without aggregation, Composed CoT, which
combines multiple operations into a single step,
and Implicit CoT, which omits intermediate op-
erations. As a controlled mechanistic study, we
construct a synthetic compositional reasoning
task that allows controlled variation of diffi-
culty, compression granularity, and data size,
and conducted a comprehensive set of experi-
ments across different model families and sizes.
Notably, we find that (i) coarser CoT requires
more SFT data, (ii) compared with Explicit
CoT, Composed CoT and Implicit CoT benefit
more from data scaling, while Composed CoT
benefits from data repetition and Implicit CoT
tends to lead to memorization, (iii) unlike SFT,
subsequent reinforcement learning (RL) with
verifiable rewards (RLVR) decomposes com-
pressed steps learned during SFT, and (iv) uni-
directional CoT ordering shows stronger gen-
eralization, on longer sequential tasks. Our
findings provide implications for CoT design
under data resource constraints and offer impor-
tant insights into the mechanisms of SFT and
RL in LLM post-training.

1 Introduction

Algorithmic tasks can be formulated as the sequen-
tial composition of simpler subproblems (Bellman,
1957; Newell and Simon, 1972). In large language
models (LLMs), such compositional structure is of-
ten realized through chain-of-thought (CoT) reason-
ing (Wei et al., 2022; Kojima et al., 2022), which

Q. Solve

A.
Explicit CoT

Composed CoT Implicit CoT

Answer: Answer:

Answer:

(d) Decomposition

Compression Granularity = 2

(b) Training Steps

(c) Data 

(a) Taxonomy of CoT 

Compressed CoT

More Steps

Decomposition Task

OOD

OOD

Figure 1: (a) Taxonomy of CoT. Example of an op = 4
task. fi denotes an operation and si denotes a value.
See Figure 2 for task descriptions. (b) CoT Granu-
larity in SFT and Training Steps. Coarser-grained
CoT SFT requires more training steps. (c) Data Scaling
vs. Data Repetition. Compressed CoT benefits sub-
stantially from data scaling. Composed CoT benefits
from data repetition, whereas Implicit CoT is adversely
affected by it. (d) Decomposition of Steps by RLVR.
On-policy exploration in RLVR can decompose com-
pressed reasoning steps. Results in (b), (c), and (d) are
from Qwen2.5-3B.

externalizes intermediate reasoning steps as tokens
before producing the final answer. This capabil-
ity is often enhanced during supervised fine-tuning
(SFT) and reinforcement learning (RL) with verifi-
able rewards (RLVR) at post-training (Jaech et al.,
2024; Guo et al., 2025; Lambert et al., 2025).

Despite the remarkable success of CoT reason-
ing, the widespread deployment of LLM agents
has escalated token costs (Bai et al., 2026), moti-
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vating efforts to compress reasoning traces without
compromising performance.

While prior studies have proposed CoT compres-
sion methods, shortening long CoT into a compact
form, such as SFT or self-distillation (Huang et al.,
2025; Du et al., 2026) on data with filtered (Li et al.,
2026c; Xia et al., 2025) or rewritten tokens (Wu
et al., 2025b), it remains unclear how these struc-
turally achieve compression. For instance, CoT
compression structures and their impacts on the
data volume and training epochs required for SFT
remains largely unexplored.

In parallel, the distinct roles of SFT and RL in
LLMs (Chu et al., 2025; Matsutani et al., 2026)
have received increasing attention. A pessimistic
view holds that RL merely sharpens the distri-
bution without discovering novel solutions (Yue
et al., 2025), whereas an optimistic view suggests
that RL generalizes beyond SFT through unseen
composition—combining skills fi(x) and fj(x)
into fi(fj(x)) (Anderson, 1982; Arora and Goyal,
2023; Yuan et al., 2026; Park et al., 2025; Cheng
et al., 2026). This compositionality is crucial for
understanding RL generalization (Chu et al., 2025;
Shenfeld et al., 2026). However, to achieve this, it
remains unclear whether models can successfully
decompose and reconstruct entangled skill chunks
observed in imitation data.

An important question to ask is then (i) how
CoT compression impacts the learning dynamics of
SFT, and (ii) whether SFT and RL can decompose
compressed steps.

To bridge this gap, we define composition in
reasoning data as the bundling of multiple atomic
operations into a single step, without explicitly de-
composing them or emitting intermediate results.
We first introduce a taxonomy of CoT. Specifically,
we categorize CoT into fully decomposed, Explicit
CoT (detailing every operation and value) and Com-
pressed CoT (aggregating them). The latter is fur-
ther subdivided into Composed CoT, which explic-
itly lists and executes the combined operations at
once, and Implicit CoT, which yields only the final
step of the chunk (Figure 1 (a)). Based on this tax-
onomy, we follow Ye et al. (2025a,b); Zhou et al.
(2025); Zhang et al. (2025) to construct an arith-
metic synthetic task with controllable difficulty,
compression granularity, and CoT types to investi-
gate different CoT data properties.

We employ Qwen2.5 (Yang et al., 2025a) and
Llama-3 (Grattafiori et al., 2024) models (from
0.5B to 14B parameters), and analyze the effect of

data size, and compression granularity, and CoT
types in SFT data on out-of-distribution general-
ization, measured on a test set of longer composi-
tional tasks (Figure 4), and its downstream impact
on RLVR.

We found that SFT on coarsely Compressed CoT
requires supervision on a larger number of data
points. In particular, Compressed CoT benefits
more from data scaling than Explicit CoT. Within
Compressed CoT, Composed CoT benefits from
data repetition, whereas Implicit CoT suffers from
OOD performance degradation. We further ob-
served that SFT cannot decompose compressed
steps, while RLVR can do so via exploration, en-
abling generalization to longer compositional tasks
that require decomposition. Finally, by analyzing
CoT order, we found that unidirectional CoT gen-
eralizes, whereas hierarchically chunked CoT fails
to generalize to longer tasks.

Within this controlled synthetic setting, we hope
these findings will help illuminate the trade-off
between reasoning length and performance and
provide useful principles for data design under
resource constraints. Furthermore, we expect
this work to elucidate the critical role of RL in
LLM post-training, particularly how skill composi-
tion and decomposition drive generalization, ulti-
mately helping post-training discover new solutions
through skill composition.

The paper is organized as follows. In Section 2,
we conceptually categorize CoT compression and
introduce a controlled empirical task. In Sec-
tion 3.1, we study how compression granularity
affects required SFT steps, while in Section 3.2,
we analyze data scaling and repetition across differ-
ent CoT compression. In Section 3.3, we discuss
reasoning chain decomposition alongside the com-
parative roles of SFT and RLVR. In Section 3.4,
we show how CoT ordering in SFT data affects
generalization. We discuss connections to prior
work in Section 4. Detailed related work appears
in Section A. The code is available at kohseim/-
cot_compression.

2 Problem Setup

In this section, we introduce (a) the taxonomy of
CoT for compositional tasks, and (b) the synthetic
tasks for experiments.
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System Prompt: You are an assistant that performs sequential arithmetic tasks, where all calculations must be done modulo 23.

User Prompt: The number of whelks equals 3. The number of celery equals the number of whelks times 4. The number of cats equals the number of celery times 2. The number of harps equals the number of

cats plus 4. The number of chairs equals the number of harps times 3. The number of opals equals 1. The number of needles equals 4. The number of maples equals 2. What is the number of chairs?

Define whelks as JK; so JK = 3.
Define celery as FP; so FP = JK * 4 = 3 * 4 = 12.
Define cats as VK; so VK = FP * 2 = 12 * 2 = 1.
Define harps as RQ; so RQ = VK + 4 = 1 + 4 = 5.
Define chairs as DP; so DP = RQ * 3 = 5 * 3 = 15.
Answer: 15.

Define whelks as JK; so JK = 3.

Define cats as VK; so VK = JK * 4 * 2 = 3 * 4 * 2 = 1.

Define chairs as DP; so DP = (VK + 4) * 3 = (1 + 4) * 3 = 15.
Answer: 15.

Define whelks as JK; so JK = 3.

Define cats as VK; so VK = 12 * 2 = 1.

Define chairs as DP; so DP = 5 * 3 = 15.
Answer: 15.

Explicit CoT Composed CoT Implicit CoT
Compression Granularity

＝

＝

Number of Operations

＝ ＝＝

Figure 2: Synthetic Dataset for Compositional Tasks. Each question consists of natural language descriptions of
inter-parameter relations, including addition, subtraction, and multiplication, with initial parameter values. The task
requires sequentially applying the specified operations modulo 23 to infer the value of a target parameter. We use
a CoT format of the form: “Define [parameter] as [variable]; so [variable] [operation] = [value].” This example
requires 4 operations (op = 4) to solve. For compressed CoT (Composed CoT and Implicit CoT), the compression
granularity is set to 2 (g = 2), so the problem is solved in 2 steps (step = 2).

2.1 Taxonomy of CoT
Compositional, long sequential problems can be
expressed as a chain of atomic operations. We can
write this chain by nesting a transformation fi(·)
i.e., fi(fi−1(. . . (f1(s0))). For example, in math
tasks, this transformation fi corresponds to mathe-
matical operation that maps from values to calcu-
lated results. In knowledge tasks, such as multi-hop
factual reasoning (Ho et al., 2020; Trivedi et al.,
2022; Press et al., 2023), fi corresponds to relation
between two entities (e.g., "’s capital is" maps from
"Japan" to "Tokyo"). In graph tasks (Wang et al.,
2023; Sun et al., 2024), fi corresponds to directed
edge that transits from one node (vertex) to another,
and in discrete state-action environments that can
be described as Markov Decision Process (MDPs),
such as games (e.g., spatial navigation tasks (Nolte
et al., 2025; Dao and Vu, 2025; Li et al., 2026b) and
ARC-AGI (Chollet, 2019)) and robotics tasks, fi
corresponds to an action (e.g., "Up", "Down") that
moves the agent (LLM) from one state to another.
Hereafter, we refer to fi as an operation and si as
a value.

We then formalize the compression of CoT. Prior
works proposed methods to make compressed rea-
soning data by filtering tokens (Li et al., 2026c; Xia
et al., 2025), rewriting reasoning expressions (Wu
et al., 2025b), and self-distillation (Huang et al.,
2025; Du et al., 2026), but these methods remain
heuristic and lack general validity across models
and domains. Accordingly, we categorize CoT into
Explicit CoT, Composed CoT, and Implicit CoT.

Explicit CoT Explicit CoT processes each oper-
ation step by step without aggregating or skipping
them: s1 = f1(s0), s2 = f2(s1), . . ., where si is
an (intermediate) value.

Composed CoT In Composed CoT, multiple
operations are composed within a single reason-
ing step. Thus, the model proceeds as s2 =
f2(f1(s0)), s4 = f4(f3(s2)), . . . Composed CoT
omits intermediate values while explicitly speci-
fying all applied operations. In this case, we call
the compression granularity of CoT is 2 (g = 2),
two functions are composed into one step, and we
control this granularity hereafter. Explicit CoT cor-
responds to g = 1.

Implicit CoT Implicit CoT skips operations, so
the model only outputs s4 = f4(s3), and skips
s1 = f1(s0), s2 = f2(s1), and s3 = f3(s2), where
compressed granularity is 4 (g = 4). While com-
pressed CoT outputs all the operations they ap-
ply and hide the values, Implicit CoT hides and
internally processes both the operations and the
values. Implicit CoT can substantially reduce re-
sponse length, which has motivated methods for in-
ternalizing CoT into continuous states (Deng et al.,
2023, 2024; Hao et al., 2025; Shen et al., 2025;
Wei et al., 2026), but their learning limitations have
been noted (Li et al., 2026a).

2.2 Synthetic Dataset for Compositional Tasks

ID OOD

Figure 4: Train–Test Split by op. Training is per-
formed on tasks with short op sequences, while tasks
with longer op sequences are used for OOD evaluation.

For these compositional reasoning tasks, we con-
struct a testbed that lets us control data size, dif-
ficulty, and compression granularity. We employ

20799



125 1000 4000 16000
Training steps

0

20

40

60

80

100

Pa
ss

@
1 

(%
)

Qwen2.5-0.5B

125 1000 4000 16000
Training steps

Qwen2.5-3B

125 1000 4000 16000
Training steps

Qwen2.5-7B

125 1000 4000 16000
Training steps

Llama-3.1-8B-Instruct

Explicit CoT Composed CoT (g=2) Composed CoT (g=4) Implicit CoT (g=2) Implicit CoT (g=4)

Figure 3: Compression Granularity and Training Steps. The bar chart reports the average performance of
Qwen2.5-0.5B, 3B, 7B, and Llama-3.1-8B-Instruct at steps 125, 1000, 4000, and 16000 after SFT with Explicit
CoT, Composed CoT, and Implicit CoT with g = 2, 4. Models are trained on tasks with op = 8, 16, 24. Evaluation
results are averaged over op = 32, 40, 48, . . . , 96, 104 tasks.

synthetic arithmetic dataset illustrated in Figure 2.
Parameter dependencies are given in the contexts.
Each dependency involves a single operation from
{+,−,×}, and we define the number of such op-
erations as the difficulty, denoted by op. We de-
fine out-of-distribution (OOD) tasks as those with
larger op than in the training set following Zhang
et al. (2025) (Figure 4). This arithmetic task is
formulated as a "chaining" of many atomic oper-
ations with only local dependencies. This dataset
is a variant of those in Ye et al. (2025a,b); Zhou
et al. (2025); Zhang et al. (2025). Our task cor-
responds to the special case where the in-degree
and out-degree of their computational graph are
both 1. In addition, to prevent numerical explosion
as op grows, we restrict the operations to modulo
23 following (Ye et al., 2025a,b). To more closely
approximate a real-world setting, we follow Zhou
et al. (2025) and inject noise parameters into the
context. See Section B for detailed data generation
process.

3 Experiments

The interplays between data points and compressed
granularity are addressed in Section 3.1. Data di-
versity considered in Section 3.2, decomposition
of Compressed CoT is investigated in Section 3.3,
and difference between CoT orders are addressed in
Section 3.4. For details on SFT and RLVR training,
please refer to Section C.

Notations. op denotes the number of operations
required to solve a compositional task. CoT is cat-
egorized into Explicit CoT and Compressed CoT,
where the latter includes Composed CoT and Im-
plicit CoT. For Compressed CoT, g denotes the
number of operations grouped into a single step,
and step denotes the number of steps required to

solve the task. Thus, it holds that op = g× step,
where g = 1 for Explicit CoT.

3.1 Compression Granularity and Training
Steps

We first analyze how compressed reasoning data
affect SFT, particularly on how the compression
granularity influences the number of training steps
required for performance improvement.

We perform SFT on Qwen2.5-0.5B, 1.5B, 3B,
7B, 14B, and Llama-3.2-1B, 3B-Instruct and
Llama-3.1-8B-Instruct using Explicit CoT, Com-
posed CoT with g = 2, 4, and Implicit CoT on
op = 8, 16, 24 tasks. Training is conducted for
one epoch, corresponding to 16,000 steps, on 768k
samples. Since SFT is performed only on op that
are multiples of 8, and multiples of the compres-
sion granularities considered here (2 and 4), the
model can reach the final answer without frac-
tional operations. We evaluate each model on
op = 32, 40, 48, . . . , 104 tasks, where each task
has 336 samples. Throughout the rest of this paper,
evaluation is performed with greedy decoding. The
maximum number of tokens is set by the op range:
4096, 8192, 12288, and 16384 for op = 25-44,
45-64, 65-84, and 85-104, respectively, ensuring
sufficient generation length.

Figure 3 shows performance (Pass@1) averaged
over op = 32, 40, 48, . . . , 96, 104 at each training
step for each model and SFT setting. Across all
model sizes, larger g in Compressed CoT, includ-
ing both Composed CoT and Implicit CoT, requires
more training steps to reach the same level of per-
formance. One can interpret this as evidence that,
to train models to use CoT with higher compression
granularity (coarser reasoning traces), one should
prepare and perform SFT on more data points. See
Section D.1 for detailed results.
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Figure 5: Data Scaling vs Data Repetition. The bar chart reports average performance of Qwen2.5-3B and
Llama-3.2-3B-Instruct after SFT with Composed CoT and Implicit CoT with g = 2. Models are trained with
384k samples for 1 epoch, 6k samples for 64 epochs, and 6k samples for 1 epoch. Evaluation results are averaged
over op = 32, 40, 48, . . . , 96, 104 tasks. Since the computation is performed modulo 23, the chance level ( 1

23 ), is
indicated by the red dashed line.

Math Experiments To bridge it to real-world
tasks, we conduct experiments on math. We rewrite
the reasoning traces in train set of Hendrycks-
MATH (Hendrycks et al., 2021) (level 3-5) into
Composed CoT and Implicit CoT using Qwen3.5-
Flash (Qwen Team, 2026) with the prompts describ-
ing each CoT, perform SFT on Qwen2.5-7B for 2
epochs, and measured pass@1 (%) on GSM8K
(Cobbe et al., 2021), MATH500 (Hendrycks et al.,
2021), and AMC23 with greedy decoding. See
Section D.1 for the detailed settings.
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Figure 6: Compressed Data in Math. The bar chart
reports the average performance of Qwen2.5-7B after
SFT on Explicit CoT (the original reasoning traces)
and on Composed CoT and Implicit CoT rewritten by
Qwen3.5-Flash.

Figure 6 show that Composed CoT and Implicit
CoT requires more training data than Explicit CoT
in a math domain.

Takeaway 1. Coarser-grained Compressed
CoT requires more data.

3.2 Data Scaling vs Data Repetition
Having analyzed how compression granularity af-
fect the number of SFT training steps required,
we next investigate whether data repetition or scal-
ing is more effective for Compressed CoT data.

This analysis is motivated by prior work showing
that, in long CoT SFT, repeating a small amount of
high-quality data can outperform scaling to larger
and more diverse datasets (Ye et al., 2025c; Muen-
nighoff et al., 2025; Kopiczko et al., 2026).

We perform SFT on Qwen2.5-3B and Llama-3.2-
3B-Instruct under three training settings, with 384k
samples for 1 epoch, 6k samples for 64 epochs, and
6k samples for 1 epoch. Note that the settings of
384k samples for one epoch and 6k samples for 64
epochs have the same computational budget. We
evaluate each model on op = 32, 40, 48, . . . , 104
tasks. Comparing 384K samples for 1 epoch with
6K samples for 64 epochs, Composed CoT and Im-
plicit CoT show larger relative accuracy gains from
diverse data scaling than Explicit CoT. This sug-
gests that Compressed CoT requires data scaling
more than Explicit CoT.

Figure 5 shows performance averaged over op =
32, 40, 48, . . . , 96, 104 for each model and SFT set-
ting. Since answers are integers in 0, . . . , 22 for
our modulo 23 arithmetic task, we compare relative
performance.

Takeaway 2. Compared with Explicit CoT,
Composed CoT benefits more from diverse
data than from repeated data under a fixed
computational budget.

Additionally, comparing 6K samples for 64
epochs with 6K samples for 1 epoch shows that
data repetition improves Composed CoT but de-
grades Implicit CoT. Composed CoT explicitly
represents the operation applied at each step as
fi(fi−1(·)). In contrast, Implicit CoT depicts only
the latter component, fi(·). These results suggest
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Figure 7: Decomposition of Composed Steps by RLVR. (a) Dumbbell plot showing changes in the average
evaluation results over op = 25, 27, 29, . . . , 101, 103 before and after RLVR on op = 9, 11, 13, 15 tasks, using
checkpoints obtained by SFT on Qwen2.5-3B and Llama-3.2-3B-Instruct with Composed CoT and Implicit CoT
with g = 2. (b) Training dynamics of the mean reward, mean rollout response length, and mean token entropy at
each steps. Since the computation is performed modulo 23, the chance level ( 1

23 ), is indicated by the red dashed line.

that Implicit CoT may be more prone to memo-
rization or overfitting to a specific length (Dziri
et al., 2023; Pruthi et al., 2026). One can benefit
from SFT with Compressed CoT, which reduces
response length, when diverse data are available. In
contrast, when data are limited, one should apply
data repetition for Composed CoT, whereas such
repetition should be avoided for Implicit CoT. See
Section D.2 for detailed results.

Takeaway 3. SFT on Composed CoT im-
proves performance through data repetition,
whereas Implicit CoT exhibits performance
degradation.

3.3 Decomposition of Reasoning Chains

Answer:

＝

＝

＝

Q. Solve

A. ＝
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fraction

Figure 8: Illustration of Tasks Requiring Decomposi-
tion. For tasks with op = 5 (≡ 1 (mod 2)), applying
CoT with g = 2 produces g = 1 fractions required to
solve the problem.

We investigate (i) whether SFT can decompose
reasoning steps below the compression granular-
ity, and (ii) whether such decomposition can be
induced, particularly through subsequent RLVR.
Prior work has shown that, for atomic operations
(skills) already acquired by LLMs, SFT fails to han-
dle unseen compositions, whereas RL generalizes
to them (Yuan et al., 2026; Park et al., 2025; Cheng
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Figure 9: Decomposition of Composed Steps by
SFT. The bar chart reports the average performance
of Qwen2.5-3B and Llama-3.2-3B-Instruct after SFT
on 384k samples using Composed CoT and Im-
plicit CoT with g = 2, 4, evaluated on op =
25, 26, 27, . . . , 103, 104. Results are averaged over op
values grouped by residue classes modulo 2 (0, 1), and
modulo 4 (0, 1, 2, 3). Since the computation is per-
formed modulo 23, the chance level ( 1

23 ), is indicated
by the red dashed line.

et al., 2026). However, enabling such composition
requires decomposing aggregated operations ob-
served in imitation data and recombining the result-
ing components (Lake and Baroni, 2018; Kim and
Linzen, 2020; Keysers et al., 2020; Hupkes et al.,
2021). To this end, we evaluate it on problems that
require decomposition, as their computation can-
not be represented exactly at the given compression
granularity (Figure 8). Specifically, for Qwen2.5-
3B and Llama-3.2-3B-Instruct, we perform SFT
on CoT traces with g = 2, so that the smallest ob-
served unit is fi(fi−1(·)), while fi itself is never
observed in isolation. We test whether the mod-
els can solve problems that require decomposition
into individual fi steps, and whether subsequent
on-policy RLVR enables this ability without access
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Figure 10: Effect of CoT Order. The bar chart reports the average performance of Qwen2.5-3B and Llama-3.2-3B-
Instruct after SFT on 384k samples using Forward CoT, Backward CoT, and Hierarchical CoT with op = 8, 16,
evaluated on op = 8, 16 (ID) and op = 32, 64, 128 (OOD). Since the computation is performed modulo 23, the
chance level ( 1

23 ), is indicated by the red dashed line.

to offline decomposed CoT traces.
We train the models for one epoch on 384k sam-

ples with op = 8, 16, 24 (≡ 0 (mod 2)), and eval-
uate them on op = 25, 27, 29, . . . , 101, 103 (≡ 1
(mod 2)). We then perform GRPO (Shao et al.,
2024) on op = 9, 11, 13, 15 (≡ 1 (mod 2)) and
evaluate on op = 25, 27, 29, . . . , 101, 103 tasks.

Figure 9 reports evaluation results after SFT on
even and odd op. The results show that, when
trained on compressed CoT traces with g = 2, both
Composed CoT and Implicit CoT solve OOD tasks
with even op but fail on tasks with odd op.

Takeaway 4. SFT cannot decompose reason-
ing steps below the compression granularity
of the training data.

However, applying RLVR to problems with odd
op enables the models to solve tasks that were al-
most unsolved after SFT, where performance re-
mained near chance level. As shown in Figure 7,
the models acquire the ability to solve problems
that require decomposition. This shows that de-
composition can be achieved using only outcome
correctness, without preparing CoT traces as in
SFT. It also suggests that, with subsequent RLVR,
hidden steps learned through compressed SFT data
can be used in new compositions. The response
length dynamics further support this interpretation.
Response length increases sharply when the reward
first starts to rise, and then decreases as training
converges. This phenomenon is not observed when
RLVR is applied to even op tasks (Figure 16). This
may indicate that the model first decomposes the
g = 2 compressed reasoning into explicit CoT
steps, and then converges to a more efficient strat-
egy that uses g = 2 compressed CoT for the main
computation and a single step operation (g = 1)

for the fraction. See Section D.3 for examples of
reasoning outputs.

Moreover, Implicit CoT requires fewer optimiza-
tion steps than Composed CoT before the reward
starts to increase. Composed CoT exhibits higher
average token entropy along trajectories, indicat-
ing that it is more strongly constrained by the SFT
format of emitting the observed fi(fi−1(·)) chunks
under g = 2. See Section D.3 for the RLVR base-
lines and detailed results.

Takeaway 5. RLVR enables decomposition
thanks to its on-policy exploration. Implicit
CoT can be decomposed more efficiently than
Composed CoT with RLVR.

3.4 Effect of CoT Order on Generalization

Forward CoT Backward CoT

Hierarchical CoT

Figure 11: Illustration of Different CoT Orders. For-
ward CoT, Backward CoT, and Hierarchical CoT for
tasks with op = 8.

We have so far examined compressed CoT
mainly for sequential problems such as
f8(f7(f6(f5(f4(f3(f2(f1(s0)))))))), where
op = 8 and CoT follows the forward order
f1 → f2 → f3 → f4 → f5 → f6 → f7 → f8 (we
call this forward CoT.) Other reasoning orders are
also possible. In backward CoT, the model reasons
backward from the desired answer, following
f8 → f7 → f6 → f5 → f4 → f3 → f2 → f1. In
Hierarchical CoT, the problem is split into chunks
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(sets of adjunct functions), intermediate results are
stored as variables, and these results are composed
hierarchically. Intuitively, this corresponds to
solving a mathematical problem by evaluating
useful subexpressions and then combining them to
obtain the final answer. Illustrations of different
CoT orders are highlighted in Figure 11.

To quantify how these CoT orders affect SFT,
we train for one epoch on 6k, 24k, 96k, and 384k
samples with op = 8, 16. We evaluate ID perfor-
mance at op = 8, 16 and OOD performance at
op = 32, 64, 128. For Hierarchical CoT, we set op
to powers of two to ensure a binary-tree structure.

Figure 10 shows the average ID and OOD eval-
uation results for each CoT order. For both mod-
els, Hierarchical CoT fails to generalize to OOD
(longer compositional tasks), whereas Forward
CoT and Backward CoT do generalize. However,
Backward CoT requires more data. This suggests
that sequential reasoning in a unidirectional order
is important for long CoT in Transformer-based
LLMs, and that the larger data requirement of Back-
ward CoT during post-training may be related to
the data distribution used in pre-/mid-training. Intu-
itively, non-unidirectional CoT, such as Hierarchi-
cal CoT, may require more advanced reasoning and
greater working memory, as it must retain interme-
diate values from multiple chunks and use them in
future operations. When constructing a CoT trace
for sequential tasks, one should preferably adopt
a unidirectional design in which a single value is
used in the subsequent operation. See Section D.4
for detailed results.

Takeaway 6. Forward CoT and Backward
CoT are more robust on sequential composi-
tional tasks, compared to Hierarchical CoT.
Backward CoT requires more data than For-
ward CoT.

4 Discussion and Related Works

In this work, we study when and how compressed
reasoning data affect SFT and subsequent RLVR.
We first find that increasing compression granular-
ity requires more training steps and more data to
achieve performance gains. Among the CoT for-
mats, Compressed CoT benefits more from data
scaling, and within Compressed CoT, Composed
CoT benefits from data repetition, whereas Implicit
CoT is harmed by it. We further show that, even
when models are exposed to compressed reason-

ing data during SFT, subsequent RLVR exploration
can decompose reasoning into atomic operations.
Finally, we analyze the ordering of CoT supervi-
sion and show that Hierarchical CoT generalizes
poorly OOD compared with sequential Forward
and Backward CoT, while Backward CoT requires
more data than Forward CoT. Below, we discuss
connections to related literature, practical implica-
tions, and potential directions for future work.

Accuracy and Length Pareto Frontier. As
LLM agents are deployed across a wide range of
use cases, post-training on compressed reasoning
data becomes increasingly important for inference
efficiency and token cost (Bai et al., 2026). Our
results demonstrate that compressed CoT requires
more data points, and that an SFT-then-RL pipeline
is effective (Matsutani et al., 2026; Limozin et al.,
2026).

Synthetic Reasoning Data. Our results also pro-
vide practical guidelines for designing compressed
reasoning data under limited resource constraints.
For example, when training with short CoT data
via SFT but data diversity is limited, it is prefer-
able to train for multiple epochs on Composed CoT,
which explicitly includes all operations at a single
steps, rather than on Implicit CoT. More broadly,
promising directions include designing synthetic
data generation pipelines that produce appropriate
CoTs from problems (Wu et al., 2025b), as well
as rewriting existing reasoning traces (Su et al.,
2025; Fujii et al., 2026) into effective compressed
formats.

Composition in LLMs. We find that SFT on
compressed reasoning data cannot decompose rea-
soning below the granularity observed in super-
vision, whereas subsequent RLVR can recover
atomic operations and generalize to longer com-
positional tasks. Unlike SFT, RLVR does not re-
quire explicitly decomposed CoT traces. For ex-
ample, supervision on only f2(f1(·)) and f3(f2(·))
may suffice to recover the underlying components
f1, f2, and f3, and potentially recombine them to
form f1(f3(·)). In our synthetic task, we consider
only three operations, {+,−,×}. In real-world
domains such as mathematics, code, science, and
logical reasoning, however, the space of effective
operations is much larger, and often semi-infinite.
Because operation combinations grow combinatori-
ally, manually decomposing them during data con-
struction is often impractical, making it important
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for an RL algorithm to discover useful decomposi-
tions from outcome reward supervision alone. This
observation echoes prior findings that SFT strug-
gles with unseen compositions, whereas RL can
generalize to OOD compositions (Yuan et al., 2026;
Park et al., 2025; Cheng et al., 2026). Against re-
cent pessimistic views on RL for LLMs (Yue et al.,
2025), our results suggest that RL can break apart
coarse reasoning chunks learned from compressed
SFT data and recombine them into further composi-
tions, supporting the view that RL can discover new
solutions not present in the base model. We believe
that composition and decomposition through RL
are a promising direction toward LLMs that learn
from experience (Silver and Sutton, 2025) with less
dependence on data coverage (Chen et al., 2026a;
Zhang et al., 2025).

Internal Circuits for Compositional Reasoning.
Prior work has studied internal circuits in multi-
hop reasoning of LLMs (Li et al., 2024b; Yang
et al., 2024; Biran et al., 2024; Yu et al., 2025; Tang
et al., 2025; Hong et al., 2026; Yao et al., 2026).
It would be interesting to study compositional rea-
soning in models trained with Explicit CoT versus
Compressed CoT, via mechanistic interpretability
analyses of internal computation.

Limitations

This study has several limitations. First, our experi-
ments rely on synthetic arithmetic tasks to control
the experimental setting, and we do not perform ex-
tensive experiments on real-world datasets at large
scale. Second, our formulation of CoT reasoning
focuses on compositional tasks with nested oper-
ations. It does not cover tasks with more diverse
structures, such as branching procedures or search.
Third, we define OOD evaluation as generalization
to longer compositional tasks. This notion of OOD
differs from domain shift, where the input distri-
bution changes in content or domain. Finally, our
experiments are conducted with Transformer-based
Qwen2.5 and Llama 3 models. We do not evaluate
whether the findings extend to a broader range of
architectures, such as Mamba (Gu and Dao, 2024),
GatedDeltaNet (Yang et al., 2025b), hybrid models
(Lenz et al., 2025; Hu et al., 2026), and Looped
Transformers (Giannou et al., 2023).
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izes to OOD and mitigates catastrophic forgetting,
which has been interpreted as finding solutions

that minimize distributional divergence (Shenfeld
et al., 2026; Chen et al., 2025). For reasoning SFT,
data diversity and distributional coverage are ar-
gued to drive generalization (Huan et al., 2025; Lin
et al., 2025; Ren et al., 2026), while repeated train-
ing on high-quality data can also be effective (Ye
et al., 2025c; Muennighoff et al., 2025; Kopiczko
et al., 2026). Reasoning trajectories matter beyond
correctness (Gandhi et al., 2024; Chandra et al.,
2025), so does their amenability to RL (Zhang et al.,
2026a).

Long CoT and Reasoning Compression. LLMs
can enhance their reasoning ability by producing
Long CoT (Yeo et al., 2025). Prior work has ana-
lyzed several aspects of Long CoT reasoning, in-
cluding planning (Bachmann and Nagarajan, 2024;
Nagarajan et al., 2025), search (Gandhi et al., 2024,
2025; Saparov et al., 2025), self-correction (Huang
et al., 2024; Tyen et al., 2024), and granularity
(Wang et al., 2026). However, as task complexity
increases, Long CoT can suffer from snowballing
errors (Dziri et al., 2023; Shojaee et al., 2026) and
overthinking (Sui et al., 2025). To address these
issues, recent studies have explored methods for
compressing reasoning traces, such as filtering to-
kens (Li et al., 2026c; Xia et al., 2025), prompting
teacher models (Wu et al., 2025b), to generate com-
pressed CoT traces for SFT, and for self-distillation
(Huang et al., 2025; Du et al., 2026) or on-policy
distillation (Sang et al., 2026). Methods have been
proposed to internalize CoT traces into continuous
states, which are referred to as Latent CoT (Deng
et al., 2023, 2024; Hao et al., 2025; Shen et al.,
2025; Wei et al., 2026). RL approaches have also
been incorporated response length penalties into
the reward (Hou et al., 2026; Huang et al., 2026;
Chen et al., 2026b; Liu et al., 2026, 2025).

Composition in LLMs. Arora and Goyal
(2023) formalized skill compositons in LLMs.
Building on this, previous works studied data
selection (Chen et al., 2023), in-context prompt-
ing (Chen et al., 2024), benchmark (Yu et al.,
2024), SFT (Zhao et al., 2024), especially
by conditioning behaviors (Arora and Goyal,
2025) and targeting skills (He et al., 2025), and
self-distillation (Sprague et al., 2026). Yao et al.
(2026) analyzed compositional generalization
under distribution shift and Lippl et al. (2025)
identified compositional geometry of algorithmic
primitives. Recently, Yuan et al. (2026) and Cheng
et al. (2026) investigated the effect of RL on
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compositional abilities, using synthetic tasks with
nested functions and synthetic biographical data,
respectively, and Park et al. (2025) employed
countdown tasks (Gandhi et al., 2024) to explain
structure-dependent hierarchy of learnability.

B Synthetic Dataset

Data Generation Framework. To control data
size, difficulty, and compression granularity in com-
positional reasoning tasks, we construct a GSM8K-
like (Cobbe et al., 2021) arithmetic task follow-
ing Liu et al. (2023); Li et al. (2024a); Zhou et al.
(2025); Mirzadeh et al. (2025); Zhang et al. (2025).
In data generation, we specify the number of op-
erations required to solve the task, denoted by op,
and choose the CoT type of the reasoning trace
from Explicit CoT, Composed CoT, and Implicit
CoT. For Composed CoT and Implicit CoT, which
we collectively refer to as Compressed CoT, we
additionally specify the compression granularity
g, namely the number of operations processed in
a single reasoning step. We denote the resulting
number of CoT steps by step.

We summarize below the primary sources of
randomness in the data generation process.

• Initial value: The value of the first parameter
is randomly sampled from {1, 2, 3, 4}.

• Operation: The dependency between two ad-
jacent parameters is randomly sampled from
{+,−,×}.

• Parameter name: Parameters are randomly
allocated from 200 populations without dupli-
cation within the same dataset.

• Variable name: Variables are assigned random
two-letter labels (e.g., DL, ML, and AI). There
are 262 = 676 possible combinations.

• Number of distractor parameters: The number
of distractor parameters is randomly sampled
from {1, 2, . . . , op− 1}.

• Distractor parameter value: The value of
each distractor parameter is randomly sam-
pled from {1, 2, 3, 4}.

• Sentence permutation: The problem statement
jointly permutes all op + 1 parameters and
distractor parameters.

In our experiments, data are mixed so that the
number of examples is balanced across the differ-
ent values of op used for training and evaluation.
We also preprocess the data to ensure that there is
no duplication between the training and evaluation
sets. Moreover, owing to the randomness of the
generation process, we can generate a combinato-
rial space of examples that is far larger than the
scale of the SFT data used in this study (up to 768k
examples in a single run).

To prevent numerical values from growing explo-
sively when using long operation sequences with
a large number of operations op over {+,−,×},
we perform all computations modulo 23, following
(Ye et al., 2025a). The system prompt is shown
below.

System Prompt

You are an assistant that performs
sequential arithmetic tasks, where
all calculations must be done modulo
23.

For the CoT data format, following (Ye et al.,
2025a,b; Zhou et al., 2025), we use the template
“Define [parameter] as [variable]; so [variable] [op-
eration] = [value].” Here, fi in Figure 1 corre-
sponds to the operation, and si corresponds to the
value. Below, we show concrete examples of the
CoT templates used in Section 3.

Example of Problem

The number of hats equals 4. The number
of chairs equals the number of harps
minus 1. The number of harps equals
the number of cats times 2. The
number of blocks equals 3. The number
of nautiluses equals 1. The number
of scarves equals the number of
spruces minus 4. The number of celery
equals the number of whelks times 3.
The number of boots equals the
number of chairs times 2. The number
of spruces equals the number of
onions minus 1. The number of whelks
equals 1. The number of batons equals
2. The number of maples equals 1.
The number of onions equals the
number of boots times 3. The number
of opals equals 3. The number of
needles equals 4. The number of cats
equals the number of celery times 4.
What is the number of scarves?

Explicit CoT.
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Example of Explicit CoT

Define whelks as JK; so JK = 1. Define
celery as FP; so FP = JK * 3 = 1 * 3
= 3. Define cats as VK; so VK = FP *
4 = 3 * 4 = 12. Define harps as RQ;
so RQ = VK * 2 = 12 * 2 = 1. Define
chairs as DP; so DP = RQ - 1 = 1 - 1
= 0. Define boots as DE; so DE = DP *
2 = 0 * 2 = 0. Define onions as MP;
so MP = DE * 3 = 0 * 3 = 0. Define
spruces as UA; so UA = MP - 1 = 0 - 1
= 22. Define scarves as TH; so TH =
UA - 4 = 22 - 4 = 18. Answer: 18.

Composed CoT.
Example of Composed CoT (g = 2)

Define whelks as JK; so JK = 1. Define
cats as VK; so VK = JK * 3 * 4 = 1 *
3 * 4 = 12. Define chairs as DP; so
DP = VK * 2 - 1 = 12 * 2 - 1 = 0.
Define onions as MP; so MP = DP * 2 *
3 = 0 * 2 * 3 = 0. Define scarves as
TH; so TH = MP - 1 - 4 = 0 - 1 - 4 =
18. Answer: 18.

Example of Composed CoT (g = 4)

Define whelks as JK; so JK = 1. Define
chairs as DP; so DP = JK * 3 * 4 * 2
- 1 = 1 * 3 * 4 * 2 - 1 = 0. Define
scarves as TH; so TH = DP * 2 * 3 - 1
- 4 = 0 * 2 * 3 - 1 - 4 = 18. Answer
: 18.

Example of Composed CoT (g=8)

Define whelks as JK; so JK = 1. Define
scarves as TH; so TH = (JK * 3 * 4 *
2 - 1) * 2 * 3 - 1 - 4 = (1 * 3 * 4 *
2 - 1) * 2 * 3 - 1 - 4 = 18. Answer:
18.

Implicit CoT.
Example of Implicit CoT (g = 2)

Define whelks as JK; so JK = 1. Define
cats as VK; so VK = 3 * 4 = 12.
Define chairs as DP; so DP = 1 - 1 =
0. Define onions as MP; so MP = 0 * 3
= 0. Define scarves as TH; so TH =
22 - 4 = 18. Answer: 18.

Example of Implicit CoT (g = 4)

Define whelks as JK; so JK = 1. Define
chairs as DP; so DP = 1 - 1 = 0.
Define scarves as TH; so TH = 22 - 4
= 18. Answer: 18.

Example of Implicit CoT (g=8)

Define whelks as JK; so JK = 1. Define
scarves as TH; so TH = 22 - 4 = 18.
Answer: 18.

CoT Order. Backward CoT and Hierarchical
CoT realize CoT by sequentially updating vari-
ables. Although replacing modular arithmetic over
modulo 23 with polynomial expansion complicates
symbolic algebraic manipulation, this difficulty
is specific to the present sequential setting. Fu-
ture work may extend the analysis to settings with
branching structures.

Example of Forward CoT

Define whelks as JK; so JK = 1. Define
celery as FP; so FP = JK * 3 = 1 * 3
= 3. Define cats as VK; so VK = FP *
4 = 3 * 4 = 12. Define harps as RQ;
so RQ = VK * 2 = 12 * 2 = 1. Define
chairs as DP; so DP = RQ - 1 = 1 - 1
= 0. Define boots as DE; so DE = DP *
2 = 0 * 2 = 0. Define onions as MP;
so MP = DE * 3 = 0 * 3 = 0. Define
spruces as UA; so UA = MP - 1 = 0 - 1
= 22. Define scarves as TH; so TH =
UA - 4 = 22 - 4 = 18. Answer: 18.

Example of Backward CoT

Define whelks as PE; so PE = 1. Define
scarves as SU; so SU = LY - 4. Define
spruces as LY; so SU = LY - 4 = (PY
- 1) - 4 = PY - 5. Define onions as
PY; so SU = PY - 5 = (TD * 3) - 5 = 3
TD - 5. Define boots as TD; so SU = 3
TD - 5 = 3(UD * 2) - 5 = 6UD - 5.
Define chairs as UD; so SU = 6UD - 5
= 6(KF - 1) - 5 = 6KF - 11. Define
harps as KF; so SU = 6KF - 11 = 6(BP
* 2) - 11 = 12BP - 11. Define cats as
BP; so SU = 12BP - 11 = 12(QO * 4) -
11 = 2QO - 11. Define celery as QO;
so SU = 2QO - 11 = 2(PE * 3) - 11 = 6
PE - 11 = 6(1) - 11 = 18. Answer: 18.
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Example of Hierarchical CoT

Define whelks as PE; so PE = 1. Define
celery as QO; so QO = 1 * 3 = 3.
Define cats as BP; so BP = QO * 4 = 3
* 4 = 12. Define harps as KF; so KF
= BP * 2 = 2BP. Define chairs as UD;
so UD = KF - 1 = 2BP - 1. Define
boots as TD; so TD = UD * 2 = 2UD.
Define onions as PY; so PY = TD * 3 =
2UD * 3 = 6UD. Define spruces as LY;
so LY = PY - 1. Define scarves as SU
; so SU = LY - 4 = (PY - 1) - 4 = PY
- 5. UD = 2BP - 1 = 2 * 12 - 1 = 0.
SU = PY - 5 = 6UD - 5. SU = 6UD - 5 =
6 * 0 - 5 = 18. Answer: 18.

C Experimental setup

Model We use Qwen2.5 (Yang et al., 2025a) and
Llama 3 (Grattafiori et al., 2024), both of which are
decoder-only dense Transformers. We use these
models in accordance with their respective licenses
and terms of use: Qwen2.5 is released under the
Apache 2.0 license, and Llama 3 is released under
the Llama 3 Community License.

Training Unless noted otherwise, all experi-
ments are conducted on NVIDIA H100 and GH200
GPUs. We use a batch size of 48 for each optimiza-
tion step. SFT is performed using LLaMA-Factory
(Zheng et al., 2024), with the configuration shown
in Table 1. For RLVR, we use GRPO (Shao et al.,
2024) implemented in the verl framework (Sheng
et al., 2024), with hyperparameters listed in Ta-
ble 2.

Table 1: SFT Configuration.

Component Setting

Effective batch size 48
Optimizer AdamW
Learning rate 2.0× 10−5

Weight decay 0.1
Max gradient norm 1.0
Scheduler Cosine
Warmup ratio 0.05
Minimum learning rate 3.0× 10−6

Mixed precision bfloat16

Evaluation. We evaluate each model on op =
32, 40, 48, . . . , 104 tasks, where each task has 336
samples. Evaluation is performed with greedy de-
coding (temperature = 0 and top_p = 1). The

Table 2: RLVR Configuration.

Component Setting

Rollouts 8
Sampling temperature 1.0
Top-p 1.0
Maximum response length 2048
Training batch size 256
Actor learning rate 1.0× 10−6

Weight decay 0.01
Maximum gradient norm 1.0
KL coefficient 0.001

maximum number of new tokens is set according
to the op range: 4096 for op = 25–44, 8192 for
op = 45–64, 12288 for op = 65–84, and 16384 for
op = 85–104, which provide enough generation
budget for correct solutions.

To assess the reliability of our numerical results,
we conduct additional evaluations with stochastic
decoding. Specifically, we report the mean and
standard deviation of pass@1 over five sampling
runs with a temperature of 0.6 and top-p of 0.95.
As shown in Table 3, the standard deviations re-
main small across models, CoT types, and numbers
of ops, indicating that the observed performance
differences are robust to sampling variability. In
particular, the variance remains sufficiently small
even though each op setting contains only 336 eval-
uation samples.

Prompt Template. We use the following prompt
templates for Qwen2.5 models and Llama-3 mod-
els, respectively.

Prompt Template for Qwen2.5 Models

<|im_start|>system
{system}<|im_end|>
<|im_start|>user
{user}<|im_end|>
<|im_start|>assistant
{assistant}<|im_end|>

Prompt Template for Llama3 Models

<|begin_of_text|><|start_header_id|>
system<|end_header_id|>

{system}<|eot_id|><|start_header_id|>user
<|end_header_id|>
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Model CoT Types Number of op

32 64 96

Qwen2.5-3B Explicit 99.82± 0.15 96.61± 0.48 94.46± 0.61
Composed 99.94± 0.12 97.68± 0.22 92.32± 0.48
Implicit 99.94± 0.12 97.62± 0.33 87.56± 0.61

Llama-3.2-3B-Instruct Explicit 100.00± 0.00 99.58± 0.24 79.11± 1.10
Composed 100.00± 0.00 98.15± 0.12 90.54± 0.79
Implicit 98.99± 0.15 96.49± 0.35 81.61± 1.10

Table 3: Reliability of evaluation results under stochastic decoding. Mean and standard deviation of pass@1 (%)
over five sampling runs with temperature 0.6 and top-p 0.95.

{user}<|eot_id|><|start_header_id|>
assistant<|end_header_id|>

{assistant}<|eot_id|>

D Detailed Results

In this section, we report the detailed results for
Section 3.

D.1 SFT Results on Different CoT Datasets

For Qwen2.5-0.5B, 1.5B, 3B, 7B, and 14B, we
use Explicit CoT, Composed CoT with g = 2, 4, 8,
and Implicit CoT with g = 2, 4, 8. For Llama-3.2-
1B-Instruct, Llama-3.2-3B-Instruct, and Llama-3.1-
8B-Instruct, we use Explicit CoT, Composed CoT
with g = 2, 4 , and Implicit CoT with g = 2, 4.
Under each setting, we perform SFT on op =
8, 16, 24 (≡ 0 (mod 8)) tasks, and evaluate on
op = 32, 40, 48, . . . , 96, 104 (≡ 0 (mod 8)) tasks.
Figure 12 and Figure 13 show the evaluation results
at checkpoints obtained after one epoch with 6K,
48K, 192K, and 768K training samples.

Math Experiments We performed full-
parameter SFT of Qwen2.5-7B on 5586 Level 3–5
problems from the Hendrycks-MATH training
set. The reasoning traces were represented using
Explicit, Composed, or Implicit CoT, with the
Composed and Implicit traces generated by
Qwen3.5-Flash. See the prompts of Qwen3.5-
Flash below. Each model was trained for two
epochs with an effective batch size of 64, a learning
rate of 2 × 10−5, a cosine learning rate schedule,
a warmup ratio of 0.03, and BF16 precision.
We evaluated checkpoints after 44, 88, and 176
optimization steps, corresponding to 0.5, 1, and 2
epochs, respectively. Evaluation was conducted on
GSM8K, MATH500, and AMC23 using greedy
decoding with a maximum generation length of

4096 tokens, and performance was reported as
pass@1 (%).

System Prompt for Qwen3.5-Flash

You rewrite correct mathematical
solutions. Preserve the problem facts
, logical validity, notation, and
exact final answer. Never solve a
different problem.

Prompt for Rewriting Solutions into Com-
posed CoT Using Qwen3.5-Flash

Rewrite the Original Solution in Composed
CoT style.

Rewrite rule: Compose adjacent algebraic
or logical steps into larger steps.
Keep the main derivation visible, but
remove routine expansions, repeated
explanations, and minor intermediate
values.

Compression requirement: target
approximately 1/3 to 1/6 of the
Original Solution's length. Prefer
the shortest version that remains
correct and self-contained; do not
merely paraphrase sentence by
sentence.

Correctness requirement: preserve the
reasoning outcome and exact final
answer. Do not introduce a new method
unless needed to achieve the
compression.

Return only the rewritten solution as
plain text. Do not add commentary,
labels, XML/HTML tags, <think> tags,
or markdown fences. Preserve the
final answer, including its LaTeX and
boxed form when present.

Problem:

{problem}
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Original Solution:

{solution}

Prompt for Rewriting Solutions into Im-
plicit CoT Using Qwen3.5-Flash

Rewrite the Original Solution in Implicit
CoT style.

Rewrite rule: Make routine algebra,
arithmetic, and obvious local
deductions implicit. Keep only the
key setup, decisive transitions,
boundary results, and final answer
needed for a mathematically competent
reader to verify the solution.

Compression requirement: target
approximately 1/3 to 1/6 of the
Original Solution's length. Prefer
the shortest version that remains
correct and self-contained; do not
merely paraphrase sentence by
sentence.

Correctness requirement: preserve the
reasoning outcome and exact final
answer. Do not introduce a new method
unless needed to achieve the
compression.

Return only the rewritten solution as
plain text. Do not add commentary,
labels, XML/HTML tags, <think> tags,
or markdown fences. Preserve the
final answer, including its LaTeX and
boxed form when present.

Problem:

{problem}

Original Solution:

{solution}

D.2 SFT Results on Different Number of
Epochs.

For Qwen2.5-3B and Llama-3.2-3B-Instruct, we
consider Explicit CoT, Composed CoT with g =
2, 4, and Implicit CoT with g = 2, 4. We perform
SFT on op = 8, 16, 24 (≡ 0 (mod 8)) tasks under
three training regimes: one epoch on 384K sam-
ples, 64 epochs on 6K samples, and one epoch on
6K samples. Figure 14 shows the evaluation results
on op = 32, 40, 48, . . . , 96, 104 (≡ 0 (mod 8)
tasks).

Figure 15 shows that, under data repetition, per-
formance degrades increasingly as the OOD dis-

tance grows, particularly for Implicit CoT, even
when ID performance remains high. Here, ID
denotes op = 8, 16, 24, Near OOD denotes
op = 32, 40, . . . , 64, and Far OOD denotes op =
72, 80, . . . , 104. This suggests that the model can
fit shorter ID tasks but struggles to generalize to
longer OOD sequences.

D.3 RLVR Results
For Qwen2.5-3B and Llama-3.2-3B-Instruct, we
start from checkpoints obtained by one-epoch SFT
on 24K samples with op = 8, 16, 24, using Explicit
CoT, Composed CoT with g = 2, and Implicit CoT
with g = 2. We then perform RLVR with GRPO on
op = 9, 11, 13, 15 and op = 10, 12, 14 tasks using
the configuration in Table 2. Figure 18 shows the
evaluation results on op = 32, 40, 48, . . . , 96, 104
( op ≡ 0 (mod 8)) tasks.

Figure 16 shows the training dynamics of RLVR.
In terms of response length, op = 10, 12, 14 ex-
hibit nearly constant lengths throughout training.
By contrast, for op = 9, 11, 13, 15, the response
length starts to increase when the reward begins
to improve, and subsequently converges. This in-
dicates that the model first decomposes chunks
obtained from exploration with g = 2 into smaller
chunks with g = 1. Eventually, it performs CoT
with g = 2 while processing fractions with g = 1.

Furthermore, Figure 17 shows RLVR training
dynamics of SFT with Explicit CoT, Composed
CoT, mixed data consisting of equal proportions
of Explicit CoT and Composed CoT (Mixed),
and answer-only data without reasoning traces
(Answer-only). The compression granularity of
all Compressed CoT data are g = 2

This shows that Explicit CoT + RLVR and
Mixed SFT + RLVR improve on the odd tasks, as
they are already exposed to g=1 steps during SFT.
In contrast, Composed CoT + RLVR achieves re-
ward gains on odd tasks that are unseen during SFT.
Moreover, Answer-only SFT + RLVR shows no
reward improvement, indicating that CoT remains
essential even when compressed. These results sug-
gest that scratchpads play a crucial role in enabling
Transformer-based LLMs to solve sequential prob-
lems, and that interaction with the environment
during RLVR allows the model to recover the de-
composition in a compressed scratchpad.

Below are reasoning samples after RLVR under
each setting. When RLVR is applied to checkpoints
after SFT on Composed CoT, the model continues
reasoning with g = 2, Qwen2.5-3B outputs with
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g = 1 at the end, and Llama-3.2-3B-Instruct inserts
a dummy * 1 at the end. When RLVR is applied to
checkpoints after SFT on Implicit CoT, the model
outputs only the operation following g = 2, and
the final step indicates that it is handling a fraction
operation (g = 1).

Qwen2.5-3B, Composed CoT (g = 2)

Define whelks as YH; so YH = 3. Define
cats as YO; so YO = YH + 1 + 4 = 3 +
1 + 4 = 8. Define chairs as ZD; so ZD
= YO * 4 * 2 = 8 * 4 * 2 = 18.
Define onions as YL; so YL = ZD * 3 -
2 = 18 * 3 - 2 = 6. Define scarves
as YP; so YP = YL * 3 * 2 = 6 * 3 * 2
= 13. Define batons as ZQ; so ZQ =
YP + 2 + 2 = 13 + 2 + 2 = 17. Define
hats as ZT; so ZT = ZQ * 3 + 1 = 17 *
3 + 1 = 6. Define maples as YX; so
YX = ZT - 4 + 3 = 6 - 4 + 3 = 5.
Define violets as YO; so YO = YX * 3
* 2 = 5 * 3 * 2 = 7. Define flutes as
YL; so YL = YO * 3 * 2 = 7 * 3 * 2 =
19. Define markers as YH; so YH = YL
* 4 * 3 = 19 * 4 * 3 = 21. Define
aspens as YL; so YL = (YH - 1) * 3 =
(21 - 1) * 3 = 14. Define wolves as
YL; so YL = YL - 2 - 2 = 14 - 2 - 2 =
10. Define YL + 2 = 10 + 2 = 12.
Answer: 12.

Qwen2.5-3B, Implicit CoT (g = 2)

Define whelks as ZD; so ZD = 3. Define
cats as ZF; so ZF = 4 + 4 = 8. Define
chairs as ZU; so ZU = 9 * 2 = 18.
Define onions as ZL; so ZL = 8 - 2 =
6. Define scarves as ZC; so ZC = 18 *
2 = 13. Define batons as ZY; so ZY =
15 + 2 = 17. Define hats as ZN; so
ZN = 5 + 1 = 6. Define maples as ZD;
so ZD = 2 + 3 = 5. Define violets as
ZF; so ZF = 15 * 2 = 7. Define flutes
as ZD; so ZD = 21 * 2 = 19. Define
markers as ZD; so ZD = 7 * 3 = 21.
Define aspens as ZD; so ZD = 20 * 3 =
14. Define wolves as ZD; so ZD = 12
- 2 = 10. Define tokens as ZD; so ZD
= 10 + 2 = 12. Answer: 12.

Llama3.2-3B-Instruct, Composed CoT
(g = 2)

Define whelks as ZD; so ZD = 3. Define
cats as ZT; so ZT = ZD + 1 + 4 = 3 +
1 + 4 = 8. Define chairs as ZQ; so ZQ
= ZT * 4 * 2 = 8 * 4 * 2 = 18.
Define onions as ZD; so ZD = ZQ * 3 -
2 = 18 * 3 - 2 = 6. Define scarves

as ZO; so ZO = ZD * 3 * 2 = 6 * 3 * 2
= 13. Define batons as ZD; so ZD =
ZO + 2 + 2 = 13 + 2 + 2 = 17. Define
hats as ZT; so ZT = ZD * 3 + 1 = 17 *
3 + 1 = 6. Define maples as ZD; so
ZD = ZT - 4 + 3 = 6 - 4 + 3 = 5.
Define violets as ZT; so ZT = ZD * 3
* 2 = 5 * 3 * 2 = 7. Define flutes as
ZD; so ZD = ZT * 3 * 2 = 7 * 3 * 2 =
19. Define markers as ZT; so ZT = ZD
* 4 * 3 = 19 * 4 * 3 = 21. Define
aspens as ZD; so ZD = (ZT - 1) * 3 =
(21 - 1) * 3 = 14. Define wolves as
ZT; so ZT = ZD - 2 - 2 = 14 - 2 - 2 =
10. Define tokens as ZD; so ZD = ZT
* 1 + 2 = 10 * 1 + 2 = 12. Answer:
12.

Llama3.2-3B-Instruct, Implicit CoT (g =
2)

Define whelks as ZD; so ZD = 3. Define
cats as ZC; so ZC = 4 + 4 = 8. Define
chairs as ZK; so ZK = 9 * 2 = 18.
Define onions as ZU; so ZU = 8 - 2 =
6. Define scarves as ZC; so ZC = 18 *
2 = 13. Define batons as ZD; so ZD =
15 + 2 = 17. Define hats as ZU; so
ZU = 5 + 1 = 6. Define maples as ZC;
so ZC = 2 + 3 = 5. Define violets as
ZD; so ZD = 15 * 2 = 7. Define flutes
as ZD; so ZD = 21 * 2 = 19. Define
markers as ZD; so ZD = 7 * 3 = 21.
Define aspens as ZD; so ZD = 20 * 3 =
14. Define wolves as ZD; so ZD = 12
- 2 = 10. Define tokens as ZD; so ZD
= 10 + 2 = 12. Answer: 12.

D.4 SFT Results on Different CoT Orders
For Qwen2.5-3B and Llama-3.2-3B-Instruct, we
consider Forward CoT, Backward CoT, and Hierar-
chical CoT. We perform SFT on op = 8, 16 tasks
(≡ 0 (mod 8)), varying the training dataset size
among 6k, 24k, 96k, and 384k. Figure 19 shows
the evaluation results on op = 32, 64, 128 (≡ 0
(mod 8) tasks.
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Figure 12: Evaluation Results of Qwen2.5 Models. Evaluation results on op = 32, 40, 48, . . . , 96, 104 tasks for
checkpoints after SFT for one epoch with 6k, 48k, 192k, and 768k samples for each CoT type at op = 8, 16, 24
tasks.
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Figure 13: Evaluation Results of Llama-3 Models. Evaluation results on op = 32, 40, 48, . . . , 96, 104 tasks for
checkpoints after SFT for one epoch with 6k, 48k, 192k, and 768k samples for each CoT type at op = 8, 16, 24
tasks.
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Figure 14: Evaluation Results of Different Number of Epochs. Evaluation results on op = 32, 40, 48, . . . , 96, 104
for checkpoints after SFT for one epoch with 384k samples for one epoch, 6k samples for 64 epochs, and 6k samples
for one epoch for each CoT type at op = 8, 16, 24 tasks.
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Figure 15: Sequence-length generalization under scaling and data repetition. Performance (%) of Qwen2.5-
3B and Llama-3.2-3B-Instruct on ID (op = 8, 16, 24), Near OOD (op = 32, 40, . . . , 64), and Far OOD (op =
72, 80, . . . , 104) tasks. Data scaling uses 384k samples for 1 epoch, whereas data repetition uses 6k samples for 64
epochs.

20820



0 20 40 60 80 100
Training Steps

0.0

0.2

0.4

0.6

0.8

1.0

Re
w

ar
d

0 20 40 60 80 100
Training Steps

200

300

400

500

600

Re
sp

on
se

 L
en

gt
h

0 20 40 60 80 100
Training Steps

0.20

0.25

0.30

0.35

0.40

0.45

En
tr

op
y

Qwen2.5-3B Llama-3.2-3B-Instruct Composed CoT (g=2) Implicit CoT (g=2)

(a) Odd op tasks
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(b) Even op tasks

Figure 16: Evaluation results before and after RLVR on odd and even op tasks. Training dynamics of the mean
reward, mean rollout response length, and mean token entropy at each steps. Odd op task are op = 9, 11, 13, 15 and
even op task are op = 10, 12, 14.
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Figure 17: Evaluation results for the RLVR baseline ablations. Training dynamics of the mean reward,
mean rollout response length, and mean token entropy at each steps. Models are trained by odd op tasks where
op = 9, 11, 13, 15.
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Figure 18: Evaluation Results of Before and After RLVR on odd op tasks. Evaluation results on op =
25, 27, 29, . . . , 101, 103 tasks for checkpoints after RLVR on op = 9, 11, 13, 15 tasks for each CoT type.
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Figure 19: Evaluation Results of Different CoT Orders. Evaluation results on op = 8, 16, 32, 64, 128 tasks for
checkpoints after SFT on op = 8, 16 tasks for each CoT order. op = 8, 16 tasks are ID, and op = 32, 64, 128 tasks
are OOD.
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