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Abstract

This study presents a focused case study of
the explicit connective but in informal math-
ematical proofs. We propose an annotation
scheme and analyze 261 occurrences found in
225 proofs from textbooks in logic, set the-
ory, arithmetic, Boolean algebra, and formal
semantics. The P-Label distinguishes proof-
relevant content—material that forms an es-
sential part of the proof—from metatextual
comments on the proof, with contradiction-
completing cases marked separately within
the proof-relevant class. An optional R-Label
records contrast or exception. Of the 261 occur-
rences, 221 (84.7%) were classified as proof-
relevant. Three illustrative case studies with
corresponding Lean formalizations show that
informal transitions may align with formal op-
erations but need not correspond to single proof
lines, clarifying why proof relevance is not de-
fined by line-level correspondence. In grouped
five-fold prediction experiments, GPT-5.6 Terra
attains 58.6% hierarchical accuracy from the
target sentence. In these fixed runs, full-proof
input yielded lower hierarchical accuracy in
all four comparisons, with observed decreases
of 15.3-26.1 points for Qwen3-8B. The study
characterizes one connective rather than the full
inventory of discourse relations in mathematics,
providing a basis for future comparisons with
other explicit connectives and implicit relations
in informal mathematical proofs.

1 Introduction

Informal proofs in mathematical textbooks and re-
search papers are written in a hybrid language that
combines natural language with mathematical no-
tation, exhibiting domain-specific vocabulary and
syntactic structures (Ranta, 1995; Ganesalingam,
2013). Beyond the level of sentences, recognizing
the relationships between them — namely, the dis-
course relations in mathematical reasoning — is
crucial for understanding how arguments are struc-
tured and how theorems are justified. However,

discourse relations specific to mathematical proofs
have received relatively little attention in computa-
tional linguistics or in other related fields.

Mathematical discourse employs logical connec-
tives such as and, or, and if, inferential markers
such as therefore, since, and because, and other
expressions that help readers follow the organiza-
tion of a proof. Among the latter, but is a useful
case for examining how an explicit lexical marker
interacts with mathematical reasoning. While con-
cession has been studied extensively in theoretical
linguistics and discourse analysis (Zufferey and
Degand, 2024), corpus-based research on but in
proof discourse remains limited. Understanding
this structure is not only of linguistic interest but
also crucial for advancing research on automated
proof formalization (Szegedy, 2020; Weng et al.,
2025) and informalization (Kaliszyk et al., 2017;
Asperti et al., 2026), where the goal is to recon-
struct formal proofs from informal mathematical
texts and vice versa.

In this study, we propose an annotation scheme
and a corpus-based analysis of mathematical text-
books, focusing on the connective but in informal
mathematical proofs. The study is deliberately
framed as a case study of this single word form.
We analyze explicit tokens of but/But; we do not
annotate relations expressed by other connectives,
compare connective frequencies, or recover im-
plicit discourse relations without an overt marker.
Through this focused analysis, we aim to character-
ize the functions of but in mathematical reasoning
and establish a basis for comparative studies.

The main findings of this study can be summa-
rized as follows.

First, we construct and annotate a focused cor-
pus of 261 occurrences of but in 225 proofs from
six mathematical textbooks. We introduce a hier-
archical scheme that separates the proof-level con-
tribution of the associated material from optional
contrastive and exceptive uses (Sections 3 and 4.1).
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Second, distributional and qualitative analyses
show that 221 occurrences are proof-relevant and
that 158 of these carry no R-Label, while individual
cases illustrate diverse proof-advancing functions
of but (Sections 4.1 and 4.2).

Third, three illustrative case studies with cor-
responding formalizations in the proof assistant
Lean! illustrate two relatively direct alignments
and one mismatch, clarifying why line-level align-
ment does not define proof relevance (Section 4.3).

Finally, grouped five-fold experiments with a
linear baseline, GPT-5.6 Terra, and the open-weight
Qwen3-8B model provide initial benchmarks for
predicting the hierarchical labels and test whether
a full proof is more useful than the target sentence
alone (Section 5).

2 Discourse Relations and Informal
Mathematical Proofs

2.1 Discourse Relations in Natural Language

Discourse relations have been modeled and anno-
tated in frameworks such as Rhetorical Structure
Theory (RST) (Carlson et al., 2002), Segmented
Discourse Representation Theory (SDRT) (Asher
and Lascarides, 2003), and the Penn Discourse
Treebank (PDTB) (Prasad et al., 2014; Webber
et al., 2019). While RST and SDRT model rhetor-
ical or discourse-semantic structure, PDTB takes
an argument-based approach: it identifies explicit
or implicit relations between two discourse units,
Argl and Arg2, and assigns a relation label.

While the PDTB framework characterizes how
discourse units are related, informal mathematical
proof raises a complementary proof-level question:
whether the material associated with a connective
supplies a step required to complete the proof. A lo-
cal relation alone does not record this contribution
to the derivation as a whole. Example (1), adapted
from Kocurek and Pavese (2022, p. 415), illustrates
this distinction.

(1) Suppose p is the largest prime, and let ¢
be a prime divisor of p! + 1. Then ¢ > p,
since no prime at most p divides p! + 1.
But this contradicts the assumption that p
is the largest prime. Therefore, there is no
largest prime number.

Here the clause introduced by But completes the
contradiction needed to reject the initial assump-
tion, a proof-level contribution not recorded by

"https://lean-lang.org/

a local relation alone. We distinguish an op-
tional relational-use subtype associated with but
(R-Label) from the proof-level contribution of its
associated material (P-Label). Section 3 defines
these two annotation dimensions.

2.2 Mathematical Discourse and
Formalization

Formal and computational studies of mathemati-
cal language have drawn on formal grammar and
formal semantics such as Discourse Representa-
tion Theory to analyze linguistic and discourse
phenomena in mathematical texts (Ranta, 1995;
Ganesalingam, 2013; Matsuzaki et al., 2017). The
Naproche project similarly uses a controlled natu-
ral language and logical representation to support
the verification of natural-language proofs (Cramer
et al., 2009). Together, these approaches demon-
strate the importance of linguistic structure for re-
covering mathematical content from text.

Their use of discourse representations, however,
should be distinguished from annotating the rhetor-
ical organization of an informal proof. These ap-
proaches are not primarily designed to record how
an overt connective guides a reader through the
progression of a proof, or whether its associated
material belongs to the derivation rather than to the
surrounding exposition. This organizational con-
tribution may disappear in formal representation
because a connective such as but need not have a
direct formal counterpart.

The present study addresses this intermediate
layer between discourse-relation annotation and
formal proof representation. It distinguishes the
proof-level contribution of the material associated
with but from any local contrastive or exceptive
meaning. This perspective complements formal-
ization: the connective may signal an inferential
transition even when it does not correspond to a
single line or expression in a formal proof.

3 Annotation Scheme for but

3.1 Label Definition and Examples

This section introduces a hierarchical annotation
scheme for occurrences of the connective but in
proofs. At the primary level, a Proof-Relevance
Label (P-Label) classifies the role of the material
associated with but in the proof. At the optional
second level, a Relation Label (R-Label) records a
relational-use subtype when one is identified. Ev-
ery instance therefore receives a P-Label, but re-
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ceives an R-Label only when it expresses CON-
TRAST or EXCEPTION.

3.1.1 Primary Proof-Relevance Labels

At the primary level, we define Proof-Relevance
Labels (P-Labels, for short): PROOF, PROOF-NEG,
and META. The P-Label concerns the content as-
sociated with but, not the word itself: PROOF and
PROOF-NEG jointly mark proof-advancing tran-
sitions, whereas META marks content that does
not advance the derivation. Beyond distinguish-
ing contradiction-completing transitions as PROOF-
NEG, we do not annotate finer transition types.

The label PROOF is assigned when the content
associated with but forms part of the reasoning
used to establish the conclusion of the proof.

(2) Label: PROOF
[...] we can conclude thata € B. Buta ¢
B\ C, so it follows that a € C'. (Velleman,
2019, p. 111)

The label PROOF-NEG is a more specific proof-
relevant category. It is assigned when the associ-
ated content states or completes a contradiction that
is used to reject an assumption or derive a negated
conclusion.

(3) Label: PROOF-NEG, CONTRAST
Suppose 22 + y = 13 and y # 4. Suppose
x = 3. [...] But this contradicts the fact
that y # 4. Therefore = # 3. (Velleman,
2019, p. 104)

These proofs would become logically incomplete
if the content of the clauses initiated by But were
removed. Note that this deletion test concerns the
clause content, not deletion of the connective alone.
In particular, the latter clause states the contradic-
tion used to derive the negated conclusion. Thus,
(2) is marked with the label PROOF, and (3) has the
label PROOF-NEG.

On the other hand, a proof may contain but that
is used in such contexts as additional remarks, qual-
ifications, caveats, or side comments that are not
essential for its validity. We classify this use with
the label META: after removing the associated com-
ment, the remaining propositions and inference
steps still suffice for the proof. In (4) below, the
but-clause does not contribute a necessary step to
the proof.

(4) Label: META
A function f: w — A for which f(n't) <
f(n) (for all n € w) is sometimes called

a descending chain, but this terminology
should not be confused with other uses
made of the word “chain.” (Enderton, 1977,
Proof of Theorem 7B, p. 173)

Annotators apply these decisions in the order
META, PROOF-NEG, and PROOF; the full decision
procedure is given in Appendix A.

3.1.2 Optional Relational-Use Subtypes

The two representative uses of the connective but
in English are contrast and exception (Huddleston
and Pullum, 2002, p. 1310).

(5) John is tall but Paul is short.  (Contrast)

(6) Everyone but him came. (Exception)

At the optional second level of the hierarchy,
we use two labels for relational-use subtypes as-
sociated with but, namely, CONTRAST and EX-
CEPTION. These Relation Labels (R-Labels, for
short) supplement the primary P-Label rather than
forming an independent classification. The two
levels encode different dimensions and are not mu-
tually exclusive alternatives. The P-Label records
the proof-level status of the material associated
with but, whereas the R-Label optionally records
whether the same occurrence also instantiates CON-
TRAST or EXCEPTION. Thus, an occurrence may
advance the proof and simultaneously express a
contrast, yielding PROOF, CONTRAST.

The term R-Label is used for convenience: the
two subtypes are not homogeneous discourse re-
lations. CONTRAST normally relates two dis-
course arguments, whereas EXCEPTION also in-
cludes phrasal exceptives such as (6), which need
not connect two clauses and therefore fall outside
the usual inventory of PDTB-style explicit dis-
course relations. We include denial-of-expectation
and concessive readings under CONTRAST. Al-
though Contrast and Concession are often distin-
guished (Kehler, 2002; Winterstein, 2012), includ-
ing in PDTB 3.0 (Webber et al., 2019), their bound-
ary is difficult to apply consistently in practice; we
therefore do not annotate Concession separately.
No correction uses, which are most characteristic
of dialogue, were found in the present corpus of
expository mathematical proofs. Descriptions such
as goal shift or inferential continuation concern the
proof-functional dimension represented by the P-
Label; they are not alternatives to CONTRAST or
EXCEPTION and may co-occur with an R-Label.
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The CONTRAST label is assigned when the ma-
terial surrounding but explicitly aligns two alter-
natives and highlights an opposition or difference
between them. Both alternatives must be identifi-
able from the text.

The EXCEPTION label is assigned only when
a generalization or shared frame remains in force
while a particular member, case, parameter, or re-
spect is excluded or replaced. The occurrence must
permit a meaning-preserving paraphrase with ex-
cept or except for, as in “the same proof except for
the choice of parameter.”

(7) Label: PROOF, CONTRAST

If F had an element not in D, the comple-
ment of such an element would be an upper
bound of D but not of E£. (Halmos, 1974,
Proof of Lemma 1, p. 61)

(8) Label: META, EXCEPTION
This is the same as the pigeonhole prin-
ciple, but for an arbitrary finite set A in-

stead of a natural number. (Enderton, 1977,
Proof of Theorem 6C, p. 135)

Example (7) contrasts the upper-bound status of
D and E. In Example (8), but marks the parame-
ter that changes within an otherwise shared proof
pattern and allows an except for paraphrase; we
therefore assign CONTRAST and EXCEPTION, re-
spectively.

In informal mathematical proofs, but is also com-
monly used in a way that does not meet either op-
erational R-Label criterion. Consider the following
example:

(9) Label: PROOF
Suppose —R. Suppose P. Since P and
P — (Q — R), it follows that @ — R.
But then, since =R, we can conclude —().
Thus, P — —Q. Therefore -R — (P —
Q). (Velleman, 2019, p. 110)

This occurrence advances the deduction and there-
fore receives the P-Label PROOF. However, it does
not meet either operational R-Label criterion: ex-
plicit opposing properties P, and P, are difficult to
identify, and but cannot be paraphrased as except.
Hence no R-Label is added. Proof progression is
not an alternative to Contrast: an occurrence that
both advances the deduction and expresses an iden-
tifiable opposition receives PROOF, CONTRAST, as
in Example (7).

3.1.3 Supplementary Annotation

In addition to the labels defined above, each occur-
rence of but was further annotated for its position
and form. Occurrences of capitalized But at the be-
ginning of a sentence were labeled INITIAL, while
lowercase but appearing within a sentence was la-
beled MEDIAL.

Compound expressions with but (e.g., but then,
but since) were recorded separately.

3.2 Corpus Overview

The corpus is based on six textbook sources span-
ning several domains, including logic, set theory,
arithmetic, Boolean algebra, and formal semantics.
Logic, set theory, and arithmetic are represented
in Velleman (2019), Partee et al. (1990), Enderton
(2001), and Enderton (1977); Boolean algebra in
Halmos (1974) and Partee et al. (1990); and formal
semantics in Landman (1991).

To construct the corpus, we identified mathe-
matical statements, including exercise problems, in
searchable electronic versions of the sources and
searched their associated proof passages for the
word forms but and sentence-initial But. The search
covered the full set of target pages in each source.
For each match, the corresponding statement and
complete proof were OCR-transcribed from the
source pages and manually checked against the
originals. Proof length was measured over the 225
unique proofs, rather than the 261 target occur-
rences, using these manually checked OCR tran-
scriptions. We counted Unicode word-like tokens
after whitespace normalization and correction of
OCR line-break hyphenation; punctuation and stan-
dalone mathematical operators were excluded. The
median proof length was 124 tokens (IQR 60-196;
range 14-696).

Across these sources, 225 proofs containing at
least one occurrence of but were identified, total-
ing 261 instances. When multiple occurrences of
but appeared within a single proof, each was in-
dexed according to its order of appearance and
assigned an individual label. Occurrences of but in
statements were excluded from the count, so only
those appearing within proofs were annotated. The
extraction targeted only the word forms but and
sentence-initial But. Other connectives (e.g., and,
however, and although) and discourse relations
without an overt connective were not collected or
annotated. Their exclusion reflects the case-study
design and should not be interpreted as evidence
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P-Label Contrast Exception No R-Label Total
PROOF 41 5 117 163
PROOF-NEG 17 0 41 58
META 11 5 24 40
Total 69 10 182 261

Table 1: Cross-distribution of optional relational-use
subtypes and proof-relevance labels.

that they are absent or unimportant in mathematical
proofs.

Annotation procedure. Six annotators, all
trained in logic, worked in varying pairs, with two
independently labeling each instance after inspect-
ing the complete proof. During this phase, they
could record an uncertain or other response for dif-
ficult cases. All disagreements and flagged cases
were then reviewed by the six annotators, and every
instance received an adjudicated P-Label and a de-
cision on whether an R-Label applied. Agreement
was calculated from the independent responses,
whereas the distributional analyses and prediction
experiments use the adjudicated labels for all 261
instances.

Inter-annotator agreement. Because annotator
pairs varied across instances, we report Fleiss’ x,
based on the pooled category distribution across
the six annotators. In the primary analysis, uncer-
tain and other responses were retained as distinct
annotation outcomes rather than removing difficult
cases. Agreement was 210/261 (80.5%; k = .615)
for the P-Label and 176/261 (67.4%; k = .554) for
the complete hierarchical label, where a case was
represented either by its P-Label alone or by the P-
and R-Labels together.

R-Label reliability was also evaluated separately.
Among the 257 cases with resolved R responses,
agreement was 220/257 (85.6%; k = .661) on
whether to assign any R-Label and 215/257 (83.7%;
Kk = .636) on the exact three-way decision among
CONTRAST, EXCEPTION, and no R-Label. Re-
stricting the latter analysis to the 210 cases with
matching valid P-Labels (209 after excluding one
unresolved R response) yielded 176/209 agreement
(84.2%; k = .643). Appendix A gives sensitivity
analyses, the R-Label confusion matrix, an audit of
the 10 adjudicated EXCEPTION cases, and qualita-
tive disagreement patterns.

4 Annotation Results and Discussion

4.1 Distribution

We report the adjudicated distribution of all 261
instances from the six textbooks.? Table 1 cross-
tabulates the primary P-Labels and optional R-
Labels.

As shown in Table 1, 221 occurrences (84.7%)
were proof-relevant (PROOF or PROOF-NEG) and
thus mark proof-advancing transitions in our
coarse-grained sense; META uses accounted for
15.3%. Within the proof-relevant category, PROOF
cases (163/221; 73.8%) outnumbered PROOF-
NEG cases (58/221; 26.2%), showing that gen-
eral PROOF cases were more common than
contradiction-completing PROOF-NEG cases.

The same table shows the distribution of optional
relational-use subtypes. The CONTRAST R-Label
accounted for 26.4% (69 instances) and EXCEP-
TION for 3.8% (10 instances). Notably, 69.7% of
the instances (182 in total) received no R-Label
and were therefore represented by their P-Label
alone. Of the 221 proof-advancing transitions, 158
(71.5%; 60.5% of all occurrences) were P-only,
carrying neither a CONTRAST nor an EXCEPTION
R-Label.

The No R-Label outcome does not mean that
these occurrences are unclassified; it means only
that neither optional relational-use subtype was
identified. = A finer-grained pragmatic inven-
tory might subdivide some of these cases, but
such distinctions would be orthogonal to the
proof-functional classification and would not al-
ter whether the associated content advances the
proof. The recurring P-only patterns examined
below therefore support the importance of proof-
level discourse functions, although comparison
with non-mathematical expository discourse would
be needed to establish their mathematical speci-
ficity.

Table 2 reports the number and median length of
the unique proofs in each source, together with the
source-level label distribution. Source-level me-
dian proof lengths range from 98 tokens in Land-
man to 161 in Enderton’s set-theory text. Proof-
relevant uses form the majority in every source, but
the balance of R-Labels varies. Except in the seven-
instance Halmos sample, receiving no R-Label is
the most frequent outcome in the R dimension

’Data, annotations, code, and evaluation results
are available at https://github.com/kmineshima/
but-in-mathematical-proofs.
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Corpus P-Label R-Label
Source Proofs Med. length Proof Proof-neg Meta Contrast Exception No R-Label but occ.
Velleman 39 118 36 8 2 7 0 39 46
Enderton (set theory) 65 161 37 19 18 21 5 48 74
Enderton (logic) 46 123 25 8 13 9 2 35 46
Landman 43 98 44 13 4 23 2 36 61
Partee et al. 26 99.5 15 10 2 4 0 23 27
Halmos 6 98.5 6 0 1 5 1 1 7

Total 225 124

40 69 10

Table 2: Corpus size, median proof length, and final-label distribution by source. Length is measured in word-like
tokens. The Proofs and Med. length columns summarize the 225 unique proofs; label columns and but occurrences

use 261 target instances.

for every source; the unusually high proportion
of CONTRAST in Halmos should therefore be inter-
preted cautiously. These source-level differences
are descriptive and do not by themselves establish
effects of mathematical domain or authorial style.

Proof-advancing functions. The PROOF and
PROOF-NEG labels mark proof-advancing func-
tions: in both cases, the material associated with
but contributes to the derivation as a whole. They
may invoke an assumption, definition, or earlier
result; open a case; or state a consequence com-
pleting the current step. We do not annotate finer
transition types, whose correspondence to formal
operations depends on the chosen formalization.
Moreover, but cues this proof-advancing function
but does not itself make the associated content
proof-relevant: the same contribution could be un-
marked or differently marked, and deleting only
but need not make the proof incomplete. The 158
P-only cases show that proof-advancing material
frequently occurs without an identifiable opposi-
tion or exception.

Supplementary analyses of sentence position and
recurring compound expressions are provided in
Appendix B.

4.2 Qualitative Analysis and Discussion

To examine internal variation, we focus on recur-
rent patterns within the PROOF and META labels.

4.2.1 PROOF Label

The PROOF label covers several inferential forms.
The examples below include both P-only cases and
cases that also receive an R-Label. For example,
in (10), but marks the point where the assumption
Va € A(f(a) = g(a)) is applied, separating the
general derivation from the step that invokes the
given premise.

(10) Label: PROOF

Suppose Va € A(f(a) = g(a)), and let
(a,b) be an arbitrary element of f. Then
b = f(a). But by our assumption f(a) =
g(a), so b = g(a) and therefore (a,b) € g.
(Velleman, 2019, Proof of Theorem 5.1.4,
p- 232)

Introducing assumptions. In (11), but contrasts
two possibilities and introduces an alternative as-
sumption that guides the subsequent reasoning.

(11) Label: PROOF, CONTRAST
If nothing at all is in C, we are done, but
suppose some function 1 is in C.
(Enderton, 2001, Proof of Theorem 36J,
p. 260)

This use is equivalent to an implicit otherwise,
marking a branching point where a new assumption
is introduced.

Gap emphasis. Some occurrences of but empha-
size a gap between a stated conclusion and its sup-
porting reasoning.

In (12), x € y is short for z = y or x € y. Thus,
the statement “ac + 6 = B or o + § € [3” appears
before the but-clause, while the equality o+ = 3
is asserted after the clause.

(12) Label: PROOF, CONTRAST
[...] we know from Theorem 8D that there
is a largest § for which &« + § € 5. But
equality must hold, for [...]. (Enderton,
1977, p. 235)

There is a certain contrast between “x € y” and
“r = y”, and the proof gap is filled by the subse-
quent clause beginning with for. This usage can be
regarded as marking a shift to backward reasoning,
in which the conclusion is stated first, followed
by the supporting grounds, rather than proceeding
from premises to conclusion.
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Additional examples of these qualitative patterns
are provided in Appendix C.

4.2.2 META Label

The META label includes expository material that
helps readers follow a proof without contribut-
ing a necessary inference. One recurrent subtype
presents the current proof goal, typically with ex-
pressions such as “we must prove” or “we claim.”

(13) Label: META, CONTRAST
Obviously, at most one of the alternatives
x Cy,x =1y,ory C z can hold, but we
must prove that at least one holds.
(Enderton, 1977, Proof of Theorem SRA,
pp- 113-114)

Here, but contrasts “at most one” with the re-
maining goal of proving “at least one.” Because
stating that goal guides the exposition but is not
itself required for the derivation, the occurrence
is labeled META, CONTRAST. Additional META
examples are provided in Appendix D.

4.3 Illustrative Comparison with Formal
Proof Structure

We present three purposively selected case studies
from Velleman (2019), using corresponding code
provided by Velleman (2023) for the Lean proof
assistant (Avigad and Massot, 2025): two relatively
direct alignments in Appendix E and one mismatch
below. The cases illustrate possible correspondence
patterns rather than their prevalence. Because the
mapping depends on the chosen formalization, they
clarify why the P-Label criterion cannot require
line-level correspondence.

(14) Theorem. Suppose B is a set and F is
a family of sets. If (JF C B then F C
P(B). (Velleman, 2019, p. 125)

Proof. (Velleman, 2019, p. 125)

(L1) Suppose | JF C B.

(L2) Let x be an arbitrary element of F'.

(L3) Let y be an arbitrary element of x.

(L4) Since y € z and = € F, by the definition of
UF.yeUF.

(L5) Butthensince |JF C B,y € B.

(L6) Since y was an arbitrary element of x, we can
conclude that z C B, so z € P(DB).

(L7) But z was an arbitrary element of F', so this
shows that F' C P(B), as required.

The following is the corresponding Lean proof
given by Velleman (2023, pp. 40-43).

theorem Example_3_3_5 (U : Type) (B : Set U)

define

1
2 (F: Set (SetU)) : U FC B —F CPB :=bhy
3 assume h1 : Ug F C B

4 define

5 fix x : Set U

6 assume h2 : x € F

7

8

fixy : U

9 assume h3 :
10 define at hi
11 apply h1 _

12 define

13 apply Exists.intro x _

14 show x € F Ay € x from And.intro h2 h3
15 done

y € x

The informal proof explicitly marks universal-
generalization steps in (L6) and (L7), mainly for
pedagogical reasons, while no single Lean line di-
rectly corresponds to the but-clause in (LS). The
formal proof instead completes the same inferen-
tial work from its goal and local context. Thus,
a but-clause can be proof-relevant even without a
one-to-one formal counterpart: the P-Label is de-
termined by its role in the informal derivation, not
by surface alignment with Lean code.

5 Automatic Label Prediction

5.1 Experimental Setup

We evaluated label prediction using grouped strat-
ified five-fold cross-validation, pooling held-out
predictions across folds. Proofs with the same
normalized statement were assigned to the same
fold, yielding 212 split groups from 225 proof
records (261 instances) and preventing closely re-
lated proofs from crossing the train—test boundary.

Baselines were the training-fold majority and
a class-balanced linear softmax classifier using
sentence-level word unigram and bigram TF-IDF
features. The linear classifier receives the target
sentence with the target occurrence replaced by a
special marker, and a separate classifier is trained
for each task. Through OpenRouter, we also eval-
uated GPT-5.6 Terra and the open-weight Qwen3-
8B (Qwen Team, 2025), comparing marked target-
sentence and full-proof input under zero- and eight-
shot prompting. The eight demonstrations rep-
resented the eight observed combined labels and
were selected deterministically from training-fold
instances; none came from a held-out split group.
Appendix F gives the full settings; data, predic-
tions, and code are available in the public reposi-
tory linked in Section 4.1.

For the P-Label, R-Label, and complete hier-
archical label, we report accuracy and macro-F1,
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P-Label R-Label Hierarchical
Model Input Prompt Acc. F1 Ace. F1 Acc F1
Majority Sentence — 625 256 .697 274 448 .077
TF-IDF linear Sentence — 667 570 797 716 .579 476
Terra Sentence  Zero 751 708 747 569 .586 413
Terra Sentence  8-shot 751 .695 720 700 .556 379
Terra Full proof Zero 759 724 628 .615 498 363
Terra Full proof 8-shot .739 .705 .655 .677 .494 .348
Qwen3-8B Sentence  Zero 460 333 .655 422 .341 137
Qwen3-8B Sentence  8-shot  .682 .574 .602 .559 .456 314
Qwen3-8B Full proof Zero 241 143 318 .200 .080 .029
Qwen3-8B Full proof 8-shot  .670 .499 421 428 .303 217

Table 3: Pooled held-out results over five grouped folds. F1 is macro-F1. Bold indicates the best value in each

metric column.

which gives equal weight to rare labels. For
sentence/full-proof accuracy differences, unad-
justed percentile 95% Cls were obtained from
20,000 paired bootstrap resamples of the 212
groups; we make no dichotomous significance
claims.

5.2 Results and Error Analysis

Table 3 shows that sentence-only zero-shot Terra
achieves the highest hierarchical accuracy (.586),
only 0.7 points above the TF-IDF baseline (.579),
whose macro-F1 is higher (.476 versus .413). Terra
therefore does not consistently outperform the lin-
ear baseline, especially on rare labels. Eight-shot
prompting raises Terra’s sentence-level R-Label
macro-F1 (.569 to .700) but lowers hierarchical
accuracy; for Qwen, it broadens the label set and
raises hierarchical accuracy by 11.5 points with
sentence input and 22.2 points with full proofs.

In the fixed runs, full-proof input yielded
lower hierarchical accuracy in all four com-
parisons. The full-proof-minus-sentence differ-
ences were —8.8 points (95% CI [—-16.0, —1.5])
and —6.1 points ([—12.5,0.4]) for Terra, and
—26.1 points ([—32.4, —19.7]) and —15.3 points
([—21.7,—8.9]) for Qwen in the zero- and eight-
shot conditions, respectively.

Prediction distributions suggest that additional
context introduced competing cues despite explicit
target markers. Terra zero-shot assigns CONTRAST
84 times from sentences but 149 times from full
proofs (69 gold), while Qwen’s zero-shot full-proof
run assigns PROOF-NEG, CONTRAST to 239 of 261
instances. Among the paired Terra zero-shot predic-
tions, 59 instances are correct only with sentence
input, compared with 36 only with full-proof input.
For example, for “But a ¢ B\ C, so it follows that

a € C the gold and sentence-only Terra labels
are PROOF, whereas the full-proof prediction adds
CONTRAST.

Errors also track annotation difficulty: the best
Terra condition reaches .670 hierarchical accuracy
on the 176 instances with identical pre-adjudication
labels, but .412 on the 85 disagreement instances.
Frequent errors add CONTRAST to PROOF or con-
fuse PROOF with PROOF-NEG. Exceptive combi-
nations remain difficult: sentence-only zero-shot
Terra predicts Exception only four times (10 gold)
and never correctly predicts META, EXCEPTION;
this helps explain the low hierarchical macro-F1
despite stronger P-Label accuracy.

6 Summary and Prospects

This study constructed and annotated a focused
corpus of 261 occurrences of but in 225 informal
proofs from six textbooks. Its hierarchical scheme
separates proof-level contribution from optional
contrastive and exceptive uses, treating connective
use as part of mathematical reasoning. Of the 261
occurrences, 221 (84.7%) marked proof-relevant
transitions. Qualitative analysis and three Lean
comparisons further showed that proof relevance
cannot be reduced to line-level correspondence
with formal proofs. Prediction experiments estab-
lished initial benchmarks; in the fixed runs, full-
proof input yielded lower accuracy in all four com-
parisons, with Qwen3-8B decreases of 15.3-26.1
points. Together, the corpus, scheme, and analyses
provide an empirical basis for studying connectives
in informal mathematical language. Future work
should extend the analysis to other connectives and
implicit relations and examine informal—formal cor-
respondence on larger datasets.
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Limitations

The corpus is small and domain-specific: it con-
tains 261 occurrences of but from six textbooks
and excludes other connectives and implicit dis-
course relations. The results should therefore be
read as a case study of explicit but, not as a general
inventory or frequency comparison of discourse re-
lations in mathematical proofs. Comparisons with
non-mathematical expository discourse are needed
before treating the observed P-only patterns as spe-
cific to mathematical proof.

The annotation scheme necessarily involves in-
terpretive judgments, particularly for R-Labels and
the functionally heterogeneous P-only cases. Re-
solved disagreements concentrated at the bound-
ary between PROOF and META, the distinction be-
tween intermediate proof steps and completed con-
tradictions, and the decision whether an explicit
R-Label was warranted. The EXCEPTION subtype
remains provisional: only 10 instances received
this adjudicated label, and both independent anno-
tators selected it in only five of them.

Both supplementary evaluations are exploratory.
The Lean analysis consists of three purposively se-
lected cases—two relatively direct alignments and
one mismatch—and illustrates possible correspon-
dence patterns rather than their prevalence. The
mapping also depends on the chosen formalization.
The prediction benchmark is limited to two LLMs,
one linear baseline, two context windows, and one
fixed zero-shot or eight-shot prompt per condition,
without repeated stochastic runs, prompt optimiza-
tion, or fine-tuning. Label imbalance makes macro-
F1 uncertain. The bootstrap intervals reflect varia-
tion across the sampled proof groups, not repeated
model runs, alternative prompts, or providers; the
observed full-proof differences may therefore de-
pend on prompting.
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A Annotation Guidelines

This appendix consolidates the decision rules used
for the hierarchical annotation. The target of anno-
tation is one overt token of but or But; annotators
inspect the complete proof containing that token,
not only the sentence in which it occurs.

Step 1: assign the P-Label. The P-Label con-
cerns the content associated with but, not whether
the connective itself can be deleted. The two
proof-relevant outcomes, PROOF and PROOF-NEG,
jointly operationalize proof-advancing transitions
at a coarse level; META does not. Except for dis-
tinguishing contradiction-completing transitions as
PROOF-NEG, the annotation does not assign a more
specific transition type. Annotators apply the fol-
lowing decision order.

1. If removing the associated content leaves the
stated propositions and inference steps suf-
ficient for the proof, assign META. Typical
cases are terminological cautions, explanatory
asides, and comments that improve readability
without advancing the derivation.

2. Otherwise, if the content states or completes a
contradiction used to reject an assumption or
derive a negated conclusion, assign PROOF-
NEG.

3. Otherwise, assign PROOF. This includes re-
quired assumptions, applications of defini-
tions or earlier results, case distinctions, and
consequences that complete a proof obliga-
tion.

Because PROOF-NEG is the more specific proof-
relevant label, it takes precedence over PROOF
whenever its contradiction criterion is satisfied.

Two boundary rules are important. First, math-
ematical content alone does not warrant PROOF:
necessity is evaluated relative to the stated proof
obligation, so goal or method announcements and
continuations after that obligation has already been
discharged may be META. Second, occurring
within a reductio argument does not by itself war-
rant PROOF-NEG. The target content must state or
complete the contradiction; an intermediate conse-
quence that merely advances the reductio remains
PROOF.

Step 2: assign an R-Label only if applicable.
R-Labels are evaluated after the P-Label and inde-
pendently of proof relevance; for example, both
PROOF, CONTRAST and META, CONTRAST are
possible. An R-Label is optional and is not an al-
ternative to the P-Label: inferential continuation,
goal presentation, or other proof-level functions do
not preclude an R-Label when an explicit contrast
or exception is also present.
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1. Test EXCEPTION first. Assign it only if a
generalization or shared frame remains appli-
cable except for an explicitly excluded or sub-
stituted member, case, parameter, or respect,
and the passage permits a meaning-preserving
paraphrase with except or except for.

2. If the exceptive test fails, test CONTRAST. As-
sign it when the text explicitly aligns two en-
tities, properties, states, or alternatives and
highlights their opposition or difference. The
aligned pair must be identifiable from the text;
a clause’s inferential importance alone is in-
sufficient. Denial-of-expectation and conces-
sive readings are included under CONTRAST;
no separate Concession label is assigned.

3. If neither test succeeds, assign no R-Label.
Absence of an R-Label is not a third relation
category.

The EXCEPTION label includes phrasal exceptive
uses and therefore should not be interpreted as
a PDTB-style discourse-relation label. Negation,
contradiction, or the general adversative force of
but is not by itself sufficient for CONTRAST; the
aligned entities, properties, states, or alternatives
must be textually identifiable.

Step 3: record the combined label. The P-Label
is written first. A P-only output is written as
PROOF; when an R-Label is assigned, the two
labels are separated by a comma, as in PROOF,
CONTRAST or META, EXCEPTION.

Supplementary fields. Annotators also record
whether the token is sentence-initial or sentence-
medial and note recurring compound expressions
such as but then, but since, and but when. These
fields do not determine the P-Label or R-Label.

Uncertainty and adjudication. Annotators com-
pleted the two label decisions independently and
could record uncertain or other for difficult cases.
These were response options for flagging problems,
not labels in the final scheme. After both annota-
tions were complete, all disagreements and flagged
cases were discussed by the six annotators; every
instance received an adjudicated P-Label and a fi-
nal decision among CONTRAST, EXCEPTION, and
no R-Label. All 261 adjudicated instances were re-
tained in the distributional analyses and prediction
experiments.

Agreement calculation. The primary agreement
analysis retains uncertain and other as distinct re-
sponses, thereby including rather than selectively
removing difficult cases. As a sensitivity analysis,
we also excluded any case in which either anno-
tator used one of these responses. P-Label agree-
ment then increased from 210/261 (80.5%:; Fleiss’
Kk = .615) to 210/254 (82.7%; k = .647), while
complete hierarchical-label agreement increased
from 176/261 (67.4%; x = .554) to 176/253
(69.6%; k = .578). The numerators are unchanged
because all excluded cases were disagreements, and
the overall pattern is stable under the alternative
treatment.

R-Label reliability. We evaluated R decisions
separately after excluding four cases in which
either annotator gave an unresolved R response.
Agreement was 220/257 (85.6%; r = .661) for
the binary decision between no R-Label and an as-
signed R-Label, and 215/257 (83.7%; x = .636)
for the exact three-way decision among CON-
TRAST, EXCEPTION, and no R-Label. The two
annotators gave matching valid P-Labels in 210
cases; after excluding the one case with an unre-
solved R response, exact R agreement was 176/209
(84.2%; k = .643).

R1\ R2 Contrast Exception NoR Total
CONTRAST 50 4 14 68
EXCEPTION 1 5 9 15
No R-Label 14 0 160 174
Total 65 9 183 257

Table 4: Independent R-Label decisions for the 257
cases with resolved R responses.

Because annotator pairs varied across items, the
rows and columns in Table 4 denote annotation
slots rather than fixed individuals. When both an-
notators assigned a subtype, they agreed on CON-
TRAST versus EXCEPTION in 55/60 cases (91.7%;
k = .619); the five remaining cases were direct
subtype confusions.

Adjudicated EXCEPTION cases. The 10 adjudi-
cated EXCEPTION cases show greater uncertainty
than this aggregate rate suggests. Their indepen-
dent R pairs were EXCEPTION / EXCEPTION (5§
cases) and EXCEPTION / no R-Label (5). Thus both
annotators independently selected EXCEPTION in
5/10 cases, exactly one did so in 5/10, and neither
did so in 0/10. Because this subset is defined by
the adjudicated outcome, these counts are treated
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as a descriptive audit rather than as the basis for a
separate .

Disagreement patterns. Among the 44 P-Label
disagreements with resolved responses, PROOF /
META and PROOF / PROOF-NEG each occurred
21 times, while META / PROOF-NEG occurred
twice. Adjudication selected META in 15 of the
21 PROOF / META cases and PROOF-NEG in 17
of the 21 PROOF / PROOF-NEG cases. Eight of
the latter 21 cases contained but then, which often
advances a contradiction argument without deter-
mining whether the target sentence itself completes
the contradiction.

The following paired examples illustrate why
full proof context and mathematical knowledge are
needed at the two most frequent P-Label bound-
aries.

(15) Independent P-Labels: META / PROOF
Adjudicated label: META
Since « is a set, [...] some ordinals do
not belong to «. This proves the theorem,
but we will continue and show that « itself
is the least such ordinal. (Enderton, 1977,
Proof of Hartogs’” Theorem, p. 196)

(16) Independent P-Labels: PROOF / META
Adjudicated label: PROOF

Assume that g o f is not onto. [...] But
g is onto C, and thus there is some y € B
such that g(y) = z. (Partee et al., 1990,

Exercise 6, p. 581)

In (15), the stated theorem has already been es-
tablished, so the following strengthening is META.
In (16), surjectivity supplies a witness required
for the subsequent contradiction, so the target is
PROOF.

(17) Independent P-Labels: PROOF / PROOF-
NEG
Adjudicated label: PROOF
Thus if A is recursive, then f (as a relation)
is recursively enumerable. But then f is a
total recursive function, and so equals [e];
for some e € A. (Enderton, 2001, Proof of
Theorem 36E, p. 254)

Independent P-Labels: PROOF / PROOF-
NEG

Adjudicated label: PROOF-NEG

[...] the only other possibility is x =
b. But then since xzRc we must have
bRc, which contradicts our assumption that

(18)

—bRec. (Velleman, 2019, Solution to Exam-
ple 6.2.1, p. 346)

Example (17) is an intermediate consequence;
the contradiction appears only in the next sentence.
Example (18) explicitly completes the contradic-
tion and is therefore PROOF-NEG.

Table 4 shows that the R-applicability boundary
produced 37 disagreements, compared with five
direct CONTRAST / EXCEPTION confusions. Of
the 37 disagreements over whether to assign any
R-Label, adjudication assigned one in 18 cases
and none in 19, confirming a genuine boundary.
Example (2) illustrates no R-Label: its negative
premise advances the proof without aligning oppos-
ing alternatives. By contrast, Example (19) aligns
properties of the same object, while Example (20)
preserves a proof frame but replaces one operation
with another.

(19) Independent R decisions:
CONTRAST / no R-Label
Adjudicated label: PROOF, CONTRAST
Then there exists some ¢t € A with segt C
B but t ¢ B. (Enderton, 1977, Proof of
Theorem 7C, p. 175)

Independent R decisions:

EXCEPTION / no R-Label

Adjudicated label: PROOF, EXCEPTION

The proof is exactly as in Lemma 5ZB, but
with addition replaced by multiplication.
(Enderton, 1977, Proof of Lemma 5QD,
p- 106)

(20)

B Sentence Position and Compound
Expressions

Sentence position appears to interact systematically
with discourse function. As summarized in Ta-
ble 5, sentence-initial But appeared in 173 out of
261 cases (66.3%), predominantly within proof-
relevant contexts (PROOF=103, PROOF-NEG=50).
In contrast, sentence-medial but occurred mostly
in PROOF contexts, though a smaller proportion
appeared in META clauses.

Table 6 shows that sentence-initial But fre-
quently co-occurred with the absence of an R-Label
(150/173 = 86.7%), whereas sentence-medial but
carried CONTRAST or EXCEPTION in 56 of 88
cases (63.6%). This pattern is consistent with ini-
tial But serving as a discourse-level transition cue
and medial but expressing local contrast or excep-
tion within proof steps.
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Among compound expressions, three combina-
tions were notable: (i) but then appeared most fre-
quently (52 instances), all in proof-relevant con-
texts (PROOF: 33; PROOF-NEG: 19), and received
no R-Label in 47 cases; (ii) but since occurred 16
times (PROOF: 13; PROOF-NEG: 3) and received
no R-Label in 15 cases, usually introducing a step
justified by a stated reason; and (iii) but when was
rare (2 instances), both labeled META with no R-
Label.

Label Initial Medial Total
PROOF 103 60 163
PROOF-NEG 50 8 58
META 20 20 40
Total 173 88 261

Table 5: Proof-relevance label by sentence position.
Initial denotes sentence-initial; medial denotes sentence-
medial.

R-Label Initial Medial Total
CONTRAST 23 46 69
EXCEPTION 0 10 10
No R-Label 150 32 182
Total 173 88 261

Table 6: Optional relational-use subtype by sentence
position. Initial denotes sentence-initial; medial denotes
sentence-medial.

C Additional Qualitative Examples for
the PROOF Label

This appendix supplements the three representative
examples retained in Section 4.2.

Applying an inductive hypothesis. In (21), but
introduces the application of the inductive hypoth-
esis after a step based on the definition of By 1.
It thus cues a shift between adjacent inferential
operations rather than an explicit contrast.

(21) Label: PROOF

Now suppose x € B, ;1. By the definition
of B, 1 this means z € f(B,), so there
is some b € B, such that z = f(b). But
by the inductive hypothesis, B,, C D, so
b € D, and since D is closed under f it
follows that x = f(b) € D. (Velleman,
2019, Proof of Theorem 6.5.1, p. 318)

In (22), but introduces the decisive application
of the one-to-one property of f, moving from

f(a1) = f(az) to a1 = as.

(22) Label: PROOF

Thus, az ¢ Y, so a; € X. This means
that h(az) = f(a2), so from the equation
h(a1) = h(as) we get f(a) = f(ap).
But f is one-to-one, so it follows that
a1 = az. (Velleman, 2019, Proof of Theo-

rem 8.3.2, p. 392)

Introducing assumptions. As in the example re-
tained in the main text, but in (23) marks a branch-
ing point and introduces the alternative assumption
that .S is nonempty.

(23) Label: PROOF, CONTRAST
We hope that .S is empty. But if not, then
there is aleastt € S.
(Enderton, 1977, Proof of Theorem 7D,
p. 183)

Trivial steps. Expressions such as “But this is
clear” may introduce an immediate but logically in-
dispensable step and are therefore assigned PROOF.

(24) Label: PROOF
We must show that card(V,) = Ry. But
this is clear, since V, is the union of ¥
finite sets of increasing size.
(Enderton, 1977, Proof of Theorem 9J,
p. 252)

Gap emphasis. In (25), the but-clause derives
card S > W41 from Ry < (card S) - X, while
leaving the relevant cardinal-arithmetic properties
implicit. The connective draws attention to an in-
ferential step for which further explanation could
be supplied.

(25) Label: PROOF
Therefore [...] we have Ny =
card|J S < (card S)-R,. But this implies
that card S > RN,y1. (Enderton, 1977,
Proof of Theorem 9M, p. 256)

D Subclasses of META Label

This appendix describes subclasses of the META
label. These cases typically involve but appear-
ing in remarks, qualifications, or side comments
within proofs. Although omitting these segments
would not affect the validity of the proof, they con-
tribute to clarity and readability and are therefore
annotated as META.
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Adding remarks. In this subclass, but introduces
a comment or clarification outside the core inferen-
tial steps of the proof.

(26) Label: META, CONTRAST
Clearly f is onto, since by definition all ra-
tional numbers can be written as a fraction,
but note that f is not one-to-one.
(Velleman, 2019, Proof of Theorem 8.1.6,
p. 458)

Label: META

The methods of Sections 3.3 and 3.4 can
be applied to the Gédel numbers of these
formulas to show that p is recursive. But
the details are not particularly attractive,
and we omit them here.

(Enderton, 2001, Proof of Lemma 37E,
p- 273)

27

Interrogative goal presentation. The follow-
ing example illustrates the use of an interrogative
within a proof, used in presenting the goal of the
argument. The presence of such non-declarative
sentences demonstrates the diversity of linguistic
forms that appear in informal proofs.’

(28) Label: META
We must show that ¢(«, y) < v(f,y) for
each y. But what is f? It must be the
function F,, by the above.
(Enderton, 1977, pp. 210-212)

E Detailed Lean Comparisons

This appendix presents the two relatively direct
alignment cases that complement the mismatch
case in Section 4.3. We use the Lean library and
tactics provided by Velleman (2023).

A PROOF-NEG example. Consider the follow-
ing theorem and informal proof.

(29) Theorem. Suppose A, B, and C are sets,
A\ B C C, and z is anything at all. If
x € A\ C then z € B. (Velleman, 2019,
p. 107)

Proof. (Velleman, 2019, p. 107)

(L1) Supposexz € A\ C.
(L2) This means thatx € Aand x & C.
(L3) Suppose = ¢ B.
3For a corpus-based analysis of imperative expressions in

proofs, such as Suppose that and Let, see Tanswell and Inglis
(2024).

(L4) Thenz € A\ B,sosince A\BC C,z € C.
(L5) But this contradicts the fact that x & C.

(L6) Therefore x € B.

(L7) Thus,ifx € A\ Cthenz € B.

The corresponding Lean proof is:

1 theorem Example_3_2_3

2 (U : Type) (ABC : Set U) (x : U)
3 (h: A\NBCC)

4 (h1 : x € ANC) :
5 X € B := by

6 define at hi

7 by_contra h2

8

have h3 : x € A := hl.left
9 have h4 : x € A A x ¢ B := And.intro h3 h2
10 define at h
11 have h5 : x € C := h h4

12 show False from h1.right h5
13 done

The theorem declaration contains the assump-
tions and conclusion, with (L.1) represented by the
hypothesis h1; the next command expands this hy-
pothesis as in (L2). The command by_contra h2
introduces the negated conclusion corresponding to
(L3), after which the proof derives z € A\ B and
then « € C, matching (L4). Finally, show False
from h1.right h5 corresponds to the contradic-
tion stated in the but-clause in (L5); the remaining
informal sentences close the argument.

A PROOF example. The next case also permits
a relatively direct comparison.

(30) Theorem. There is a unique set A such that
for every set B, AU B = B. (Velleman,
2019, p. 157)

Proof. (Velleman, 2019, pp. 157-158)

(L1) Existence: Clearly VB(& U B = B), so &
has the required property.

(L2) Uniqueness: Suppose VB(C U B = B) and
VB(DUB = B).

(L3) Applying the first assumption to D gives C'U
D = D, and applying the second to C' gives
DucC=_C.

(L4) Butclearly CUD =DUC,soC = D.

The corresponding Lean proof is (Velleman, 2023,
pp- 83-87):

theorem Example_3_6_2 (U :
3! (A : Set U), V (B :

1 Type) :
2 Set U), AU B =B := by
3 exists_unique

4 . -- Existence

5 apply Exists.intro )
6

7

8

show V (B : Set U), @ U B =B from empty_union
done
- == Uniqueness

9 fix C : Set U; fix D : Set U

10 assume h1 : V (B : Set U), CUB =8B

11 assume h2 : V (B : Set U), D UB =8B

12 have h3 : CUD =D :=h1D

13 have h4 : DU C=C :=h2 C



14  show C = D from

15 calc C

16 _ =D UC := h4.symm

17 _=CUD :=union_comm D C
18 _=D:=h3

19 done

20  done

The exists_unique tactic divides the proof into
existence and uniqueness: the existence block cor-
responds to (L1), while the assumptions and their
applications in the uniqueness block correspond to
(L2) and (L.3). The final calc block uses commu-
tativity of union to conclude C' = D, matching the
inferential role of the but-clause in (L4).

F Model Evaluation Reproducibility

Models and inference settings. Both LLMs
were queried through the OpenRouter Chat Com-
pletions API with JSON Schema output restricted
to the eight observed combined labels in Table 1.
For Terra, the model identifier was openai/gpt-5.
6-terra; requests were pinned to Azure with
provider fallbacks disabled, reasoning effort set
to low, temperature left at the provider default,
and max_completion_tokens=256. For Qwen3-
8B (Qwen Team, 2025), the identifier was qwen/
gwen3-8b; all response metadata identified the Al-
ibaba FP8 endpoint, thinking was disabled, temper-
ature was 0, and max_tokens=64. Each condition
was run once.

Input construction. The sentence condition sup-
plied only the sentence containing the target token,
whereas the full-proof condition supplied the com-
plete proof but not its statement. In both condi-
tions, the relevant token was enclosed in <TARGET>
and </TARGET> tags. No input truncation was ap-
plied: full proofs and all eight demonstrations were
passed in full. The longest serialized prompt con-
tained 14,137 characters.

The artifact does not redistribute the source state-
ments or complete proof texts because they origi-
nate in copyrighted textbooks; it provides the anno-
tations, split metadata, completed predictions, and
analysis code needed to audit the reported results.

Complete system prompt. The following repro-
duces the static system prompt; only typography
has been normalized for print.

You annotate the discourse function of one

marked occurrence of “but” in an informal mathe-
matical proof.

Apply the hierarchy in this order.
Step 1—P-label:

¢ Meta: removing the associated content
leaves the stated propositions and inference
steps sufficient. Typical cases are termi-
nological cautions, explanatory asides, and
readability comments.

* Proof-neg: the content states or completes
a contradiction used to reject an assumption
or derive a negated conclusion.

¢ Proof: the content is otherwise required for
the derivation, including assumptions, def-
initions, earlier results, case distinctions,
and consequences completing a proof obli-
gation.

Proof-neg takes precedence over Proof when its
criterion holds.

Step 2—optional R-label, independently of the
P-label:

¢ Exception: test first. A generalization or
shared frame remains applicable except for
an explicitly excluded or substituted mem-
ber, case, parameter, or respect; an “except”
or “except for” paraphrase preserves the
meaning.

Contrast: if Exception fails, assign Con-
trast only when the text explicitly aligns
identifiable entities, properties, states, or al-
ternatives and highlights an opposition or
difference.

¢ Otherwise assign no R-label.

The target token is enclosed in <TARGET> and
</TARGET>. Classify the associated content, not
whether the word “but” itself can be deleted.

User-prompt templates. The zero-shot user mes-
sage was “Classify this target: [marked input]. Ap-
ply Step 1 and Step 2, then return the combined
label.” Line breaks separated the introductory text,
marked input, and final instruction. In the eight-
shot condition, the message began ‘“Here are la-
beled examples drawn only from the training por-
tion of this fold:” and then repeated the block
“Example: [marked demonstration]. Label: [com-
bined label]” eight times before the zero-shot target
block. The structured output schema permitted the
following eight labels, in order: PROOF; PROOF,
CONTRAST; PROOF, EXCEPTION; PROOF-NEG;
PROOF-NEG, CONTRAST; META; META, CON-
TRAST; and META, EXCEPTION.

For each fold and combined label, one demon-
stration was selected deterministically from the
training instances using a SHA-256 ordering over
the fold, label, and instance identifier; no demon-
stration belonged to a held-out split group. The
grouped five-fold split was generated determin-
istically and kept fixed across all experimental
conditions, and deterministic per-request seeds
were supplied to OpenRouter. The paired group-
bootstrap analysis used 20,000 resamples and seed
20260730.
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