
The Proceedings of the 4th Workshop on Mathematical Natural Language Processing (MathNLP 2026), pages 216–239
October 29, 2026 ©2026 Association for Computational Linguistics

Beyond Accuracy: Diagnosing Algebraic Reasoning Failures in LLMs
Across Nine Complexity Dimensions

Parth Shrikant Patil1, Yash Sinha2, Murari Mandal3, Dhruv Kumar2

1Nanyang Technological University (NBS)
2Birla Institute of Technology and Science, Pilani

3Kalinga Institute of Industrial Technology (KIIT), Bhubaneswar
parth010@e.ntu.edu.sg

Abstract
Aggregate mathematical accuracy does not
usually identify the source of a model fail-
ure. In algebraic reasoning, errors may arise
from nesting depth, operator identity, simulta-
neous intermediate values, branch-local compo-
sition, repeated-token counting, sequential de-
pendence, or numeric magnitude. We introduce
a nine-dimension algebraic complexity frame-
work that converts these factors into controlled
diagnostic variables. For each dimension, a
parametric generator increases one target vari-
able while holding the remaining variables at
minimum values. Every retained problem is ver-
ified by a computer algebra system. We evaluate
eight models, including six standard instruction-
tuned models and two reasoning-specialised
models. The results show that standard mod-
els exhibit a scale-limited D4 working-memory
collapse in the 20–40 parallel-branch region.
Notably, Qwen3 235B does not escape the tran-
sition band observed for Llama 3 8B, despite
its much larger parameter scale. Reasoning-
specialised models shift this limit to higher lev-
els, but they do not remove it. D5 branch-local
composition and D7 repeated-token counting
produce distinct failures that are not reducible
to aggregate length or depth.

1 Introduction

Mathematical reasoning is a central evaluation set-
ting for large language models (LLMs). Exist-
ing benchmarks include grade-school word prob-
lems (Cobbe et al., 2021), competition mathemat-
ics (Hendrycks et al., 2021), graduate-level applied
problems (Fan et al., 2024), and symbolic compu-
tation (Lample and Charton, 2020; Saxton et al.,
2019). These benchmarks are valuable for compar-
ing models, but their aggregate scores often conceal
the cause of an incorrect response. A model may
fail because an expression contains deeply nested
subexpressions, an unfamiliar operator, many simul-
taneous intermediate values, repeated terms that

must be counted, or a long chain in which early
errors compound.

This attribution problem becomes more im-
portant as static benchmarks saturate or become
contamination-sensitive. Dynamic variants such
as GSM-Symbolic (Mirzadeh et al., 2025) and
Putnam-AXIOM (Gulati et al., 2025) show that
surface changes can alter performance. Surveys
of mathematical reasoning failures also emphasise
that LLM errors are heterogeneous rather than a sin-
gle capability gap (Song et al., 2026). Prior studies
isolate individual mechanisms. Multiplication can
induce O(n2) cross-token interactions (Dziri et al.,
2023). Nesting depth causes recursive propagation
losses (Saxton et al., 2019). Counting is sensitive
to tokenisation and positional structure (Chang and
Bisk, 2024; Zhang et al., 2024; Yehudai et al., 2024).
Compositional reasoning can also break when sub-
problems are chained (Zhao et al., 2024; Hosseini
et al., 2024). However, existing work does not yet
provide a unified algebraic benchmark in which
these mechanisms are separated, scaled systemati-
cally, and compared across model families.

We address this gap by defining nine algebraic
complexity dimensions. They are syntactic length
(D1), tree depth (D2), operator hardness (D3),
working-memory load (D4), compositional branch-
ing (D5), solution ambiguity (D6), counting load
(D7), sequential chain length (D8), and numeric
magnitude (D9). Each dimension is implemented
as a generator control parameter. Increasing D4,
for example, adds independent single-digit prod-
ucts that must be stored before summation. Increas-
ing D5 leaves the number of branches fixed but
makes each branch internally more compositional.
Increasing D7 repeats an identical operand many
times so that the active burden is enumeration rather
than arithmetic. The appendix provides full defini-
tions, examples at multiple levels, and the structural
coupling analysis (Appendix A (dimension guide);
Appendix A (example items); Appendix D (cou-
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plings)).
Our main empirical result is that standard

instruction-tuned models share a scale-limited D4
working-memory failure. All standard models re-
main strong at small branch counts, but every stan-
dard model in the updated D4 battery reaches at
least one zero-accuracy point by 40 branches. A
235B standard model does not escape the same tran-
sition band as the open 8B/12B baselines, which
suggests that parameter count alone does not create
register-like algebraic state. Reasoning-specialised
models substantially shift D4 and D5 thresholds,
but the extended batteries still locate failure. Qwen
QwQ fails at 500 D4 branches and 50 D5 opera-
tions per branch, while DeepSeek R1 0528 fails
at 3000 D4 branches and 70 D5 operations per
branch. Counting remains especially idiosyncratic:
Claude 3.5 Haiku stays perfect through K = 300,
but DeepSeek R1 0528 fails atK = 300 and several
models show non-monotonic recoveries.

Contributions. We make three contributions.

• A nine-dimension algebraic diagnostic
framework. We operationalise nine struc-
turally distinct algebraic complexity dimen-
sions and connect each one to a documented
LLM failure mechanism.

• Automated, systematically scalable prob-
lem generation. We introduce a parametric
generator-and-verifier pipeline that raises the
difficulty of one dimension at a time. The
pipeline verifies every retained problem with
a computer algebra system, avoiding human
annotation and fixed-corpus ceilings.

• Cross-model diagnostic evaluation. We
evaluate six standard instruction-tuned mod-
els and two reasoning-specialised models un-
der the same controlled batteries, identifying
which failures are shared, which are shifted
by reasoning traces, and which remain model-
specific.

2 Related Work

Mathematical benchmarks and attribution.
GSM8K (Cobbe et al., 2021), MATH (Hendrycks
et al., 2021), HardMath (Fan et al., 2024), and
symbolic-mathematics benchmarks (Lample and
Charton, 2020; Saxton et al., 2019) evaluate broad
mathematical competence. These benchmarks usu-
ally combine several structural pressures inside

each item, which makes failure attribution diffi-
cult. GSM-Symbolic (Mirzadeh et al., 2025) and
Putnam-AXIOM (Gulati et al., 2025) show that
benchmark performance can change under con-
trolled variants. However, they do not decompose
algebra into independently scaled failure dimen-
sions. Our benchmark uses controlled generation
to produce per-dimension failure curves rather than
a single aggregate score.

Automated problem generation. Prior work has
generated algebra variants through syntactic trans-
formation and verification (Singh et al., 2012) and
procedural elementary-math templates (Xu et al.,
2021). Other systems use large-scale LLM-assisted
data generation (Tang et al., 2024; Manem et al.,
2025; Chen et al., 2025). These systems primarily
support practice or training. Our pipeline is diag-
nostic. Each generator is tied to a named complexity
variable, and each level is used to estimate a failure
threshold.

Controlled complexity and reasoning models.
Length-generalisation studies show that models
may solve short algorithmic instances while fail-
ing on longer ones (Anil et al., 2022). CLRS-Text
varies problem size and trace length in algorith-
mic reasoning (Markeeva et al., 2024); seqBench
varies sequential depth and finds collapse as ac-
tion length increases (Ramezanali et al., 2025). Re-
cent trace-aware benchmarks further isolate depth-
scaled sequential decay across task regimes and
intermediate-state execution errors in algorithmic
reasoning (Chapra et al., 2026; Kapoor et al., 2026).
Reasoning-specialised models such as DeepSeek
R1 (DeepSeek-AI, 2025) and Qwen QwQ (Al-
ibaba Cloud, 2025) improve aggregate mathemati-
cal scores through extended reasoning traces. How-
ever, aggregate gains do not reveal which structural
failures are eliminated and which are merely dis-
placed. Controlled puzzle studies similarly find
thresholded collapse even for reasoning models
(Shojaee et al., 2025). We bring this controlled-
complexity view to CAS-verified algebra.

3 Benchmark Design

The benchmark follows two principles. First, each
dimension must describe a distinct algebraic pres-
sure rather than a surface statistic alone. Second,
only one variable should change inside a battery.
The generator fixes all non-target dimensions at
their minimum viable values, then increases the tar-
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get variable across a level schedule chosen to reveal
both gradual degradation and sharp thresholds.

Table 1 summarises the dimensions. The table
is organised around failure mechanisms rather than
surface difficulty labels. The same expression can
be long because it has many repeated terms, a deep
tree, or a long dependent chain. These cases impose
different computational burdens and should not be
collapsed into a single category of difficult algebra.
The benchmark therefore treats each dimension as
a testable hypothesis about why a model might fail.

Length, depth, and sequential dependence. D1
measures syntactic length in prefix notation. It is a
useful stressor, but it is also the most confounded
dimension because many other structures make ex-
pressions longer. D2 measures tree depth, where
a model must resolve deeply nested partial results
and propagate them back to the root. D8 measures
sequential chain length, where only one live state
is carried forward but each step depends on the
previous result. D2 and D8 can both create long
expression spines. Nevertheless, they stress differ-
ent computations: recursive return through a tree
versus repeated state update.

Operators and numeric magnitude. D3 isolates
operator identity by holding depth, branch count,
counting load, and operand size fixed while mov-
ing across an ordered operator ladder. This setup
tests whether an error comes from the symbolic
operation itself rather than from surrounding struc-
ture. D9 fixes the operator to multiplication and
increases digit count, targeting partial-product ac-
cumulation and representation effects. D9 should
therefore not be interpreted simply as a test of large
numbers. It tests large operands under an operator
whose cross-digit interactions grow rapidly.

Parallel memory and branch-local composition.
D4 and D5 are the two most important structural
dimensions to separate. D4 increases the number of
independent products that must coexist before final
summation. The arithmetic inside each branch is
simple, so the intended burden is horizontal storage
of many intermediate values. D5 keeps the num-
ber of branches fixed at three and instead increases
the number of operations inside each branch. The
intended burden is local composition before each
branch resolves. A model can pass one of these
dimensions and fail the other, which is why both
are necessary.

Strategy choice and counting. D6 changes the
algebraic problem type, from canonical equations to
forms with several plausible solution routes. It tests
strategy selection and form familiarity more than
raw computation. D7 repeats an identical operand
K times and asks the model to enumerate the rep-
etitions exactly. This dimension is intentionally
simple arithmetically: the point is to test cardinality
tracking over repeated tokens. D7 is especially im-
portant because its failures are often not predicted
by depth, branch count, or model scale.

This decomposition makes the benchmark diag-
nostic rather than merely difficult. A D4 failure
indicates weakness in simultaneous intermediate-
state management. A D7 failure indicates weakness
in repeated-token cardinality. A D2 or D8 failure
indicates difficulty with recursive or sequential state
tracking. The appendix provides generated exam-
ples at multiple levels for every dimension (Ap-
pendix A (example items)).

4 Isolation, Scaling, and Verification

Each battery is generated under a one-active-
variable protocol with two stages. First, we define
the minimum viable template for the target dimen-
sion. Operands are single-digit when possible, op-
erators are low-hardness unless D3 is active, branch
count is minimal unless D4 is active, and sequential
dependence is avoided unless D8 is active. Second,
after this controlled baseline is fixed, we raise only
the target variable. This design turns the benchmark
into a set of controlled interventions on algebraic
structure, rather than a collection of increasingly
complicated problems.

Isolation examples. In D4, the generator creates
a sum of independent single-digit products. Raising
the level from small branch counts into the extended
hundreds- and thousands-branch regime does not in-
troduce harder operators or larger operands. It only
increases the number of branch outputs that must
be retained before the final sum. This distinction
matters because the results show a standard-model
transition band near moderate branch counts, while
the reasoning-model extensions require much larger
D4 levels before the next collapse appears. In D5,
the generator fixes exactly three branches joined by
two root operators and increases the operations in-
side each branch. In D7, the operand and arithmetic
operation are fixed while the repeated-term countK
grows. In D8, each level adds a dependent update
step while keeping the live state count at one. These
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Dim. Name What Is Varied Failure Mechanism Isolated

D1 Syntactic length Prefix-token count in simple expression chains. Length extrapolation when arithmetic stays easy.
D2 Tree depth Longest root-to-leaf path in a nested expression. Recursive partial-result propagation.
D3 Operator hardness Operator identity from basic arithmetic to powers and

trigonometric forms.
Operator-specific symbolic competence.

D4 Working memory Number of independent products summed after parallel
evaluation.

Simultaneous storage of many intermediate values.

D5 Branch complexity Operations inside each of three fixed branches. Branch-local composition before branch outputs
combine.

D6 Solution ambiguity Algebraic problem type and number of plausible solution
routes.

Strategy selection rather than raw arithmetic.

D7 Counting load Number of identical repeated terms K. Cardinality tracking over repeated tokens.
D8 Sequential chain length Number of strictly dependent update steps. Cascading error along a one-state chain.
D9 Numeric magnitude Digit count in multiplication operands. Cross-digit partial-product accumulation.

Table 1: The nine algebraic complexity dimensions used in the benchmark. Full definitions, examples, level schedules,
and literature grounding are provided in Appendix A (dimension guide) and Appendix A (example items).

choices make a drop in accuracy interpretable.

Systematic scaling. The same generator can raise
a dimension ceiling without redesigning the bench-
mark. D4 is scaled through 2, 4, 8, 12, 20, 25, 30,
40, 50, 60, 75, 100, 150, 200, 500, 1000, and 3000
branches. D5 is scaled from 0 to 100 operations per
branch. D7 is scaled from K = 5 to K = 300 re-
peated terms. D8 is scaled from 1 to 500 dependent
steps. Smaller increments are placed around ex-
pected transition regions, while wider jumps probe
extrapolation after standard models have already
collapsed. The complete schedules are listed in
Appendix A (level schedules).

Problems are represented internally in Polish pre-
fix notation because token count, tree depth, branch-
ing, and chain length are directly measurable from
the sequence. Before prompting, every item is con-
verted to standard ASCII infix notation. Each gen-
erated candidate is submitted to a computer algebra
system (CAS). Candidates are rejected if they vio-
late dimension controls, produce ambiguous solver
output, exceed the CAS timeout, raise a solver ex-
ception, or yield a non-finite answer. This rejection-
sampling loop allows the benchmark to be gener-
ated automatically while retaining deterministic,
finite ground truth. The same automation makes
the benchmark extensible: when a model saturates a
level, the researcher can raise a generator parameter
rather than manually authoring a new test set.

The dimensions are isolated as generator con-
trols, not claimed to be mathematically indepen-
dent in every surface statistic. Some co-movement
is unavoidable: increasing D4 also lengthens the
expression, D5 can increase local depth, and D8
produces both a long chain and a deep expression
spine. We therefore analyse directional couplings
separately in Appendix D (couplings). This lets the
main analysis distinguish a target mechanism from

downstream surfaces such as length.

5 Experimental Setup

We evaluate eight models: GPT-4o Mini, Claude
3.5 Haiku, Qwen3 235B, DeepSeek V3, Gemma 3
12B, Llama 3 8B, DeepSeek R1 0528, and Qwen
QwQ. The first six are standard instruction-tuned
models that span hosted proprietary systems, open
8B/12B models, and large mixture-of-experts mod-
els. The final two are reasoning-specialised models
with extended reasoning traces.

Table 3 summarises the model coverage. The
model set is designed for diagnostic comparison
rather than leaderboard ranking. First, the open
8B/12B models and Qwen3 235B test whether fail-
ure thresholds shift smoothly with published param-
eter scale, while hosted proprietary systems pro-
vide contemporary API baselines without relying
on undisclosed parameter counts. Second, decoder-
only and mixture-of-experts models test whether
architectural family changes the curve shape. Third,
DeepSeek R1 0528 and Qwen QwQ test whether
extended reasoning traces eliminate a failure mode
or instead push it to larger generated levels. For
this reason, the D4 and D5 reasoning extensions
are essential. Without raising the ceiling beyond
standard-model collapse, reasoning models would
appear to solve the dimension.

Each model is evaluated on the same 50 CAS-
verified problems for every evaluated dimension
level, generated with seed 42. This sample size re-
flects a practical constraint rather than a theoretical
optimum. The evaluation becomes costly at high
levels because the prompt size and reasoning burden
grow with the active dimension. For example, large
D4 settings require a model to process hundreds or
thousands of simultaneous products before produc-
ing the final sum, which increases input cost, output
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Dim. Scaling Intervention What Is Held Fixed Interpretation of Failure

D2 Increase nesting depth from shallow
expressions to depth 50 extensions.

Operator family, operand size, and branch width. Failure indicates nested partial-result propagation
limits.

D4 Increase parallel products from
K = 2 to K = 3000.

Each branch remains a trivial single-digit product. Failure indicates inability to retain many
simultaneous intermediate values.

D5 Increase branch-internal operations
from 0 to 100.

Exactly three branches and two root operators. Failure indicates local compositional breakdown
before branch outputs combine.

D7 Increase identical repeated terms
from K = 5 to K = 300.

Repeated operand and final arithmetic form. Failure indicates cardinality/enumeration difficulty
rather than arithmetic difficulty.

D8 Increase dependent chain length
from 1 to 500 steps.

One live state, small operands, and no parallel
branches.

Failure indicates cascading sequential-error
accumulation.

D9 Increase multiplication operands
from 1 to 15 digits.

Multiplication operator and minimal expression
structure.

Failure indicates partial-product and
numeric-representation limits.

Table 2: Representative scaling interventions in the one-active-variable protocol. The full nine-dimension schedule
is reported in Appendix A (level schedules).

Model Scale Type Architecture Diagnostic Role

GPT-4o Mini Undisclosed Standard Undisclosed Hosted small instruction
model.

Claude 3.5 Haiku Undisclosed Standard Undisclosed Hosted small instruction
model with strong D7
behaviour.

Qwen3 235B
235B total
22B active Standard MoE decoder Large standard model for

scale comparison.

DeepSeek V3
671B total
37B active Standard MoE decoder Large MoE standard model.

Gemma 3 12B 12B Standard Decoder-only Mid-size open-weight
model.

Llama 3 8B 8B Standard Decoder-only Small open-weight
baseline.

DeepSeek R1 0528
671B total
37B active Reasoning MoE + CoT Reasoning-specialised

model with extended traces.
Qwen QwQ 32.5B Reasoning Decoder + CoT Reasoning-specialised

model with extended traces.

Table 3: Model coverage in the cross-model evaluation. The selection is designed to compare scale, architecture
family, and reasoning-style inference under the same dimension-controlled batteries. Proprietary hosted model
sizes are not publicly disclosed; for MoE models, total and active denote total parameters and active parameters per
forward pass.

length, and failure-analysis time. We therefore use
a fixed 50-item protocol to keep the comparison
controlled across models while retaining enough
instances to expose threshold behaviour.

Models are queried at temperature zero with
no self-consistency, majority voting, tool use, or
human correction. The prompt asks for step-by-
step reasoning and a final line in the form ANSWER:
value. Correctness is computed against the CAS
answer using the more permissive of ±0.5% rela-
tive error or ±0.05 absolute error. API errors and
CAS-generation errors are tracked separately and
excluded from accuracy denominators. Prompt tem-
plates and example generated items are given in
Appendix B.2 (prompt template) and Appendix A
(example items).

6 Results

Figure 1 summarises the first zero-accuracy point
for D4, D5, and D7. This view makes the main
threshold structure visible without compressing full
heatmaps into the main text. D4 has a tightly clus-
tered standard-model collapse, D5 shows branch-
local degradation even with fixed branch count, and
D7 reveals a different counting profile in which
Claude 3.5 Haiku does not reach a zero-accuracy
point within the evaluated range. Because a first-
zero plot necessarily compresses non-monotonic
recoveries, Table 5 states those recoveries explicitly
and the appendix provides the full heatmaps.

Table 5 complements the threshold plot by re-
porting the exact first-zero levels and the observed
D7 recoveries. D4 thresholds cluster tightly for
standard models even though the models differ sub-
stantially in scale and architecture. D5 thresholds
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Dim. Diagnostic Role Standard-Model Pattern Reasoning-Model Pattern

D2 Vertical nesting. Accuracy remains high through shallow depths
and collapses for most standard models by depths
7–8.

Threshold moves outward; DeepSeek R1 0528
still degrades at extreme depths.

D4 Horizontal working memory. Every standard model reaches at least one
zero-accuracy point by 40 branches, despite
isolated recoveries.

Qwen QwQ fails at 500 branches; DeepSeek R1
0528 fails at 3000.

D5 Branch-local composition. Standard models separate by 3–8 operations per
branch and all reach 0% by 50.

Qwen QwQ fails at 50 operations per branch;
DeepSeek R1 0528 fails at 70.

D7 Repeated-token counting. Highly model-specific: Claude stays perfect,
Llama collapses early, and several models recover
non-monotonically.

DeepSeek R1 0528 stays perfect through
K = 200 but fails at K = 300; Qwen QwQ
fails from K = 60 with a partial recovery at
K = 100.

D8 Sequential dependence. Chains become destructive after the 10-step
region for most standard models.

DeepSeek R1 0528 remains perfect; Qwen QwQ
eventually fails at 300 and 500 steps.

Table 4: Main diagnostic findings for the dimensions that most clearly separate model behaviour. Full heatmaps, all
nine dimensions, and detailed tables are in Appendix C (heatmaps) and Appendix C (full tables).

Figure 1: Failure-threshold summary for the three main diagnostic dimensions. Each dot marks the first zero-accuracy
level observed for a model: D4 uses the number of parallel branches, D5 uses operations per branch, and D7 uses
repeated-term count K. Larger x-axis values indicate a later collapse. The open D7 marker for Claude 3.5 Haiku
indicates that no zero-accuracy point appears through K = 300. Full heatmaps and detailed tables are provided in
Appendix C (heatmaps) and Appendix C (full tables).

are lower for smaller models but remain finite for ev-
ery standard model. D7 follows a different pattern.
The strongest standard model on D7, Claude 3.5
Haiku, is perfect throughout, while several larger
or reasoning-specialised systems fail and partially
recover. The D7 profile therefore motivates treating
counting as a distinct diagnostic axis rather than a
side effect of length.

D4 exposes a scale-limited working-memory bot-
tleneck. D4 is the clearest test of simultaneous
intermediate-state storage. The threshold plot in
Figure 1 shows that the first zero-accuracy D4 point
for every standard model lies between 25 and 40
branches. The full D4 heatmap in Figure C.2 gives
the surrounding curve: all standard models are per-
fect through 8 branches, but by 12 branches Gemma
3 12B and Llama 3 8B have slipped to 75%, and the
shared failure band appears from 20 to 40 branches.
GPT-4o Mini reaches 0% at 25 branches, Qwen3

235B reaches 0% at 40, DeepSeek V3 reaches 0%
at 30, and every standard model has at least one
zero point by 40. Some models later recover at
isolated levels, such as Claude 3.5 Haiku at 40,
Qwen3 235B at 50, and DeepSeek V3 at 40, 50,
60, or 150. However, none sustains high-branch
reliability. The 29× parameter gap between Qwen3
235B and Llama 3 8B therefore does not translate
into a proportionally shifted D4 threshold.

Reasoning-specialised models change the curve
but do not remove the cliff. Qwen QwQ remains
at 100% through 200 branches except for a 75%
point at 40, then falls to 0% at 500, 1000, and
3000 branches. DeepSeek R1 0528 remains per-
fect through 1000 branches and collapses at 3000.
This supports a threshold-shift interpretation: ex-
tended reasoning traces act like an external scratch-
pad, but sufficiently large parallel state still defeats
the model.
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Model D4 First 0% D5 First 0% D7 Counting Pattern

GPT-4o Mini 25 branches 12 ops/branch 0% at K = 60, recovery at K = 100, then 0%
from K = 150.

Claude 3.5 Haiku 25 branches 20 ops/branch No collapse through K = 300; remains 100% at
every D7 level.

Qwen3 235B 40 branches 12 ops/branch 0% at K = 60, partial recovery at K = 100, then
0% from K = 150.

DeepSeek V3 30 branches 20 ops/branch Strong through K = 150, then 0% at K = 200
and K = 300.

Gemma 3 12B 25 branches 12 ops/branch 0% at K = 25, recovery at K = 60, then 0% from
K = 100.

Llama 3 8B 30 branches 8 ops/branch Earliest sustained D7 collapse; 0% from K = 25
onward.

DeepSeek R1 0528 3000 branches 70 ops/branch Perfect through K = 200, then 0% at K = 300.
Qwen QwQ 500 branches 50 ops/branch 0% at K = 60, partial recovery at K = 100, then

0% from K = 150.

Table 5: Selected failure thresholds from the updated D4, D5, and D7 batteries. The table reports the first zero-
accuracy point; non-monotonic recoveries are stated explicitly rather than hidden by a single threshold.

D5 is not reducible to D4. D5 fixes the number
of branches at three and varies only the operations
inside each branch. This construction produces
a failure profile that differs from D4. Llama 3 8B
drops to 17% at 3 operations per branch and reaches
0% at 8. GPT-4o Mini and Claude 3.5 Haiku re-
main perfect through 3 operations but fall sharply
at 5–8. Qwen3 235B and DeepSeek V3 survive
the shallow levels but reach zero once branch-local
composition grows. All standard models are at 0%
by 50 operations per branch. Reasoning models
again shift the ceiling. Qwen QwQ is non-zero
through 30 operations per branch but fails at 50,
70, and 100. DeepSeek R1 0528 remains perfect
through 30, drops to 75% at 50, and fails at 70 and
100.

D7 reveals counting failures that structure alone
misses. D7 is the least predictable dimension
from model size or structural profiles. Claude
3.5 Haiku remains at 100% from K = 5 through
K = 300, while Llama 3 8B is already unstable
by K = 10 and is zero from K = 25 onward.
DeepSeek V3 remains strong through K = 150
but fails at K = 200 and K = 300. DeepSeek
R1 0528 is perfect through K = 200 yet fails at
K = 300, showing that extended reasoning does
not guarantee exact enumeration at long repetition
lengths. Qwen QwQ, GPT-4o Mini, Qwen3 235B,
and Gemma 3 12B show non-monotonic recoveries.
These results are consistent with counting being af-
fected by tokenisation, context position, and output
policy rather than by a smooth arithmetic difficulty
curve.

D2 and D8 separate nested from sequential de-
pendence. D2 and D8 are structurally coupled
because both can create long expression spines, but

they test different computations. D2 requires nested
partial results to be returned through an expression
tree; D8 requires a single live state to be updated
repeatedly. Standard models remain strong on shal-
low D2 and short D8 chains, then degrade sharply
as depth or step count grows. DeepSeek R1 0528
is robust on D8 through 500 steps but still degrades
on extreme D2, indicating that explicit reasoning
traces are more effective for linear state updates
than for deeply nested return structure.

Figure 2 makes the D2/D8 contrast explicit at
the level of scaling curves. In D2, most models
remain at ceiling through shallow depths and then
fall sharply once nested partial-result propagation
becomes difficult. In D8, the x-axis is chain length
rather than tree depth, and the failure pattern is
different: DeepSeek R1 0528 remains at ceiling
through 500 steps, while Qwen QwQ fails only at
the longest levels and several standard models col-
lapse much earlier. This matters because D2 and
D8 can both create long expression spines. Their
different curves show that length alone is not the
mechanism. The overall nine-dimension heatmap
in Figure C.1 is useful for broad model profiling,
but the main analysis relies on per-dimension tra-
jectories and thresholds because aggregate views
can hide abrupt or mechanism-specific failures.

The remaining dimensions are informative but
secondary in the current battery. D1 is mostly a
proxy because long expressions often encode depth,
counting, or sequential dependence. It remains use-
ful for detecting prompt-length extrapolation, but it
rarely identifies a unique algebraic mechanism by
itself. D3 remains near ceiling through the present
twelve operator levels, so future work should ex-
tend it to calculus-level and Diophantine operators.
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Figure 2: Level-wise accuracy curves for D2 tree depth and D8 sequential chain length. The dashed line marks
50% accuracy. DeepSeek R1 0528, Qwen QwQ, Qwen3 235B, and Llama 3 8B are highlighted individually; the
remaining standard models are shown in grey. The curves show that both dimensions degrade with scale, but their
trajectories differ despite related surface length. Full heatmaps, including the overall nine-dimension accuracy
heatmap, are provided in Appendix C (heatmaps).

D6 is non-monotonic: quadratic factoring and cu-
bic roots are difficult, but identity rewriting is easy
despite nominal ambiguity, suggesting that famil-
iar algebraic form matters more than the count of
possible solution strategies. D9 amplifies D3 un-
der multiplication because partial products grow
quadratically with digit count (Dziri et al., 2023;
Yuan et al., 2023); it is most informative when inter-
preted as an operator–magnitude interaction. These
dimensions remain part of the full benchmark be-
cause they test mechanisms that are not captured
by a single aggregate score.

Reasoning traces shift thresholds, not mech-
anisms. The reasoning-specialised models are
strongest on D1, D4, D5, D8, and D9 because ex-
tended traces can externalise intermediate compu-
tations. However, their failures at extended D4 and
D5 levels show that the generator can still identify
the next threshold. This result demonstrates the im-
portance of automatic scaling. If a model reaches
ceiling at a current level, the benchmark does not
need to be replaced. The same dimension definition
can be extended until the failure mode reappears or
is convincingly absent.

7 Conclusion

We presented a nine-dimension algebraic com-
plexity framework and an automated CAS-verified
generator that scales each dimension systemati-
cally. We also reported a cross-model evaluation
over six standard instruction-tuned models and two

reasoning-specialised models. The results show
that aggregate accuracy hides distinct structural
failures. Standard models share a D4 working-
memory collapse in the 20–40 branch region, D5
exposes branch-local composition failure, D7 re-
veals repeated-token counting instability, and D2
and D8 separate nested from sequential dependence.
Reasoning-specialised models substantially shift
several thresholds, but the extended D4, D5, and
D7 batteries show that the underlying limits are
displaced rather than removed.

The three contributions are mutually reinforcing.
The dimensions provide the explanatory vocabu-
lary by specifying which algebraic pressure is be-
ing tested. The automatic generator provides the
scaling mechanism by raising one pressure at a time
while preserving the controls needed for attribution.
The cross-model evaluation shows why both compo-
nents are necessary. Without controlled dimensions,
the shared D4 collapse, the D5/D4 separation, and
the unusual D7 counting patterns would be hidden
inside a single score. Conversely, without the gen-
erator, any observed threshold would be tied to a
fixed dataset and would quickly become obsolete
as models improve.

The broader lesson is that algebraic reasoning
should be evaluated as a structured set of capac-
ities rather than as a monolithic skill. A model
may handle shallow syntax but fail nested propa-
gation. It may solve local branches but fail hori-
zontal storage. It may reason through long chains
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but miscount repeated tokens. A useful benchmark
should make these distinctions visible. The nine-
dimension framework is a step toward that goal. It
turns algebraic reasoning failure into a phenomenon
that can be named, scaled, compared, and tested
again as models change.
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Limitations

The current D3 battery does not include integration,
differentiation, or Diophantine equations, which
are likely necessary to expose a harder operator
cliff. The highest D4, D5, and D7 levels create long
prompts, so future extensions should control con-
text length and output budgets explicitly. The evalu-
ation uses a single generated seed and temperature-
zero decoding; this supports deterministic diagno-
sis but does not estimate variation across generated
problem sets. Non-monotonic points in D4, D5, D7,
and D8 should therefore be re-run with additional
seeds before being interpreted as robust recovery.
Finally, the working-memory interpretation is sup-
ported by controlled curves and prior theory, but
this paper does not directly intervene on model in-
ternals.
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Appendix Roadmap

Section Contents

A. Benchmark Specification Dimension definitions, fixed controls, level schedules, and example
generated items.

B. Evaluation and Reproducibility Models, prompt template, metrics, and evaluation rules.
C. Detailed Results Overall accuracy summary and dimension-specific tables and

heatmaps.
D. Cross-Dimensional Couplings Directional interaction matrix and generator-level explanations.

A Benchmark Specification

The examples below are illustrative infix renderings of the generator families. The actual benchmark
samples 50 CAS-verified instances per level using seed 42. Ellipses indicate repeated generator structure
rather than omitted benchmark evidence.
A.1 D1: Syntactic length
D1 measures the prefix-token count of the generated expression. The active failure mechanism is length
extrapolation: a model may know the local arithmetic pattern but fail when the same pattern is stretched
beyond familiar sequence lengths (Anil et al., 2022; Markeeva et al., 2024). The D1 battery therefore uses
simple right-growing addition chains with single-digit operands, ranging from 5 to 751 tokens.

Active variable Prefix token count
Fixed controls Single-digit operands, addition chains, no branching beyond the chain template.
Level schedule 5, 11, 21, 51, 75, 101, 201, 501, 751 tokens.

Low level 3+2+6
Middle level 5+8+1+7+4+…
High level 2+3+4+9+1+… with hundreds of prefix tokens.

A.2 D2: Tree depth
D2 measures the longest root-to-leaf path in the expression tree. Increasing depth raises the amount
of nested partial-result propagation required before the root can resolve. The isolated battery controls
width, operand size, and operator difficulty so that the active pressure is vertical nesting rather than hard
arithmetic. This follows prior evidence that neural models lose accuracy as nesting depth increases (Saxton
et al., 2019; Dziri et al., 2023).
Active variable Maximum tree depth
Fixed controls Simple operators, small operands, no wide branch accumulation.
Level schedule Depth 1–8 for standard models; extended to 10, 20, and 50 for reasoning models.

Low level 3+2
Middle level 3+7*(6+5)
High level 3+7*(6+5*(2+5*(3+3*4))).

A.3 D3: Operator hardness
D3 measures the identity and intrinsic difficulty of the operator under test. The current battery orders
twelve operator levels from low-hardness arithmetic through roots, exponentials, trigonometric operators,
and powers while holding structural dimensions at minimum values. The present results remain near
ceiling, which suggests that future D3 extensions should include calculus-level and Diophantine operators.

Active variable Operator identity
Fixed controls Depth, branch count, operand size, counting load, and chain length fixed.
Level schedule Twelve ordered levels from negation through pow-hard.

Low level -7
Middle level sqrt(49)
High level pow(7,5) or trigonometric forms.
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A.4 D4: Working-memory load
D4 measures the number of independent intermediate results that must coexist before combination. Each
problem is a sum of K independent single-digit products. The products are arithmetically simple. The
intended challenge is to compute many branch results, retain them, and sum them correctly. This targets
the absence of a register-like working memory in standard self-attention (Gong and Zhang, 2024) and
connects to thresholded reasoning-collapse results (Shojaee et al., 2025).

Active variable Number of parallel branches K
Fixed controls Each branch is a trivial single-digit product.
Level schedule 2, 4, 8, 12, 20, 25, 30, 40, 50, 60, 75, 100, 150, 200, 500, 1000, 3000.

Low level 3*2+6*5
Middle level 3*2+6*5+7*4+…
High level A sum of hundreds or thousands of independent products.

A.5 D5: Compositional branching
D5 measures the number of operations inside each branch before that branch resolves to a scalar. The
generator fixes three branches joined by two root operators, then increases branch-internal operations from
0 to 100. D5 is separated from D4 by construction. D4 varies how many simple branch outputs must be
stored, whereas D5 varies how difficult each branch is before storage (Zhao et al., 2024; Hosseini et al.,
2024).
Active variable Operations per branch
Fixed controls Exactly three branches joined by two root operators.
Level schedule 0, 1, 2, 3, 5, 8, 12, 20, 30, 50, 70, 100.

Low level 3+2+6
Middle level (3+2*4)+(8-1*5)+(6+7)
High level Three fixed branches, each with tens of internal operations.

A.6 D6: Solution ambiguity
D6 measures the number of structurally distinct valid solution strategies. A linear equation such as
3x+6=-9 has a nearly canonical path because isolating x is the dominant procedure. A quadratic such
as x^2-5x+6=0 can be solved by factoring, by applying the quadratic formula, or by testing candidate
roots, and these routes expose different intermediate representations. A rational identity such as (a^2-
b^2)/(a+b) can be approached by expansion, cancellation after recognising a difference of squares,
or substitution-based checking. These examples are not difficult because the final arithmetic is large.
They are difficult because the model must select a useful algebraic form before computation becomes
straightforward.
The D6 battery therefore treats ambiguity as a strategy-selection burden rather than as a count of final
answers. Root-extraction, factoring, rational simplification, and identity-rewrite items can all have compact
solutions, but the compact solution is available only after the expression is represented in the right form.
This connects D6 to symbolic-mathematics settings where search, form recognition, and route selection
interact with model decoding behaviour (Lample and Charton, 2020).

Active variable Problem type
Fixed controls Numeric size and expression structure kept small inside each type.
Level schedule Eight types from linear equations to identity rewrites.

Low level 3x+6=-9
Middle level x^2-5x+6=0
High level (8^2-2^2)/(8+2) or identity-rewrite instances.
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A.7 D7: Counting load
D7 measures the repeated-term count K for identical operands. The repeated value and operation are
intentionally simple, and paired controls remove the counting demand. Failures are therefore attributed to
enumeration and cardinality tracking rather than final arithmetic. This dimension is grounded in work
on counting, tokenisation, positional encodings, and context effects (Chang and Bisk, 2024; Zhang et al.,
2024; Yehudai et al., 2024).
Active variable Repeated-term count K
Fixed controls Repeated operand value and arithmetic operation fixed.
Level schedule K = 5, 7, 10, 12, 18, 25, 60, 100, 150, 200, 300.

Low level 7+7+7+7+7
Middle level 7 repeated 60 times
High level 7 repeated 300 times.

A.8 D8: Sequential chain length
D8 measures the longest strictly dependent step path. Each intermediate value becomes the input to the
next operation, so an early error contaminates all later steps. Unlike D4, only one live state must be carried
forward. This isolates cascading sequential error (Merrill and Sabharwal, 2023; Ramezanali et al., 2025).

Active variable Dependent chain length
Fixed controls One live intermediate value, small operands, no branch accumulation.
Level schedule 1, 3, 5, 10, 20, 30, 50, 100, 150, 200, 300, 500 steps.

Low level start=4; +3
Middle level (((4+3)*2)-5)+…
High level A 500-step dependent update chain.

A.9 D9: Numeric magnitude
D9 measures the maximum digit count in multiplication operands. The generator fixes the operator to
multiplication and increases operand size from 1 to 15 digits. This tests partial-product accumulation:
multiplication creates many cross-digit interactions, unlike addition-like carry propagation (Dziri et al.,
2023; Yuan et al., 2023). Tokenisation can further change arithmetic behaviour for equivalent numeric
values (Singh and Strouse, 2024).

Active variable Operand digit count
Fixed controls Operator fixed to multiplication; minimal depth and branch count.
Level schedule 1, 2, 4, 6, 8, and 15 digits.

Low level 3*2
Middle level 4829*7316
High level A 15-digit by 15-digit multiplication.
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B Evaluation and Reproducibility

B.1 Models

Model Params Type Architecture Role in Evaluation

GPT-4o Mini Undisclosed Standard Undisclosed Frontier small instruction model.
Claude 3.5 Haiku Undisclosed Standard Undisclosed Frontier small instruction model.

Qwen3 235B
235B total
22B active Standard MoE decoder Largest standard model in the

evaluation.

DeepSeek V3
671B total
37B active Standard MoE decoder Large mixture-of-experts standard

model.
Gemma 3 12B 12B Standard Decoder-only Mid-size open-weight instruction

model.
Llama 3 8B 8B Standard Decoder-only Small open-weight baseline.

DeepSeek R1 0528
671B total
37B active Reasoning MoE + CoT Extended reasoning trace model.

Qwen QwQ 32.5B Reasoning Decoder + CoT Extended reasoning trace model.

Table B.1: The eight evaluated models. Proprietary hosted model sizes are not publicly disclosed. For mixture-of-experts models,
total and active denote total parameters and parameters active per forward pass.

B.2 Prompt Template
All models received the same instruction template at temperature zero:

Solve the following algebraic expression or equation step by step. Give the final result on a separate line using exactly
the format ANSWER: value. Do not include any other text after the answer line.

The scorer extracts the final answer line, normalises simple numeric formatting, and compares it to the
CAS result. A response with no parseable final answer is counted as a model failure. No model is given
tool access, self-consistency sampling, majority voting, or human correction.

B.3 Metrics and Error Accounting

Metric Definition

Accuracy Percentage of valid responses within CAS tolerance.
Failure threshold First level below 50%; later recoveries are reported separately.
First zero-accuracy level First evaluated level at 0% accuracy, as reported in Table 5.
Failure pattern Qualitative curve type: collapse, model-discriminating, or non-monotonic.
Error accounting API and CAS errors are excluded from accuracy denominators.

Table B.2: Evaluation metrics and error-accounting rules.
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C Detailed Results

In these heatmaps, rows correspond to models and columns correspond either to dimensions or to increasing
levels within one dimension. Darker green indicates higher accuracy, and red indicates collapse. The
captions identify the interpretation most relevant to the main paper.

C.1 Overall Accuracy

Dim. Dimension GPT-4o Claude Qwen3 DS V3 Gemma Llama R1 QwQ

D1 Syntactic Length 60.78% 58.89% 73.33% 65.22% 35.56% 48.22% 100% 82.22%
D2 Tree Depth 75.00% 68.62% 85.50% 77.12% 66.62% 62.50% 89.50% 85.50%
D3 Operator Score 100.00% 100.00% 97.92% 100.00% 97.92% 95.83% 100.00% 100.00%
D4 Working Memory 27.94% 27.94% 29.88% 42.59% 23.53% 32.35% 94.12% 80.88%
D5 Comp. Branching 42.25% 42.25% 45.00% 46.67% 39.17% 26.33% 81.25% 68.33%
D6 Sol. Ambiguity 71.43% 76.14% 88.00% 78.57% 78.43% 48.00% 81.62% 83.38%
D7 Counting Load 61.82% 100% 56.82% 77.73% 54.55% 21.82% 90.91% 61.36%
D8 Seq. Chain Length 33.33% 47.92% 54.17% 52.08% 45.83% 33.33% 100% 79.17%
D9 Numeric Magnitude 70.83% 79.17% 62.50% 62.33% 41.67% 43.67% 100% 87.50%

Table C.1: Per-dimension mean accuracy summary across all nine dimensions.

Figure C.1: Overall nine-dimension mean-accuracy heatmap. This appendix view is useful for broad model profiling, but it
should be read alongside the per-dimension curves and heatmaps because mean accuracy can hide abrupt threshold failures on
individual dimensions.
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C.2 D4: Working-memory load

Model 12 20 25 30 40 50 200 500 1000 3000 Type

GPT-4o Mini 100% 75% 0% 0% 0% 0% 0% 0% 0% 0% Standard
Claude 3.5 Haiku 100% 50% 0% 0% 25% 0% 0% 0% 0% 0% Standard
Qwen3 235B 100% 25% 25% 25% 0% 33% 0% 0% 0% 0% Standard
DeepSeek V3 100% 100% 75% 0% 50% 33% 0% 0% 0% 0% Standard
Gemma 3 12B 75% 25% 0% 0% 0% 0% 0% 0% 0% 0% Standard
Llama 3 8B 75% 75% 100% 0% 0% 0% 0% 0% 0% 0% Standard

DeepSeek R1 0528 100% 100% 100% 100% 100% 100% 100% 100% 100% 0% Reasoning
Qwen QwQ 100% 100% 100% 100% 75% 100% 100% 0% 0% 0% Reasoning

Table C.2: D4 working-memory accuracy at selected branch counts. Columns denote parallel branches.

Figure C.2: D4, working-memory load. Standard models remain strong at small branch counts but enter a failure band from
roughly 20 to 40 branches; every standard model reaches at least one zero-accuracy point by 40 branches. Qwen QwQ fails at
500, 1000, and 3000 branches, while DeepSeek R1 0528 fails at 3000.
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C.3 D5: Compositional branching

Model 0 1 2 3 5 8 12 20 30 50 70 100

GPT-4o Mini 100% 100% 100% 100% 67% 40% 0% 0% 0% 0% 0% 0%
Claude 3.5 Haiku 100% 100% 100% 100% 67% 20% 20% 0% 0% 0% 0% 0%
Qwen3 235B 100% 100% 100% 100% 100% 20% 0% 0% 20% 0% 0% 0%
DeepSeek V3 100% 100% 100% 100% 100% 40% 20% 0% 0% 0% 0% 0%
Gemma 3 12B 100% 100% 100% 83% 67% 20% 0% 0% 0% 0% 0% 0%
Llama 3 8B 100% 83% 83% 17% 33% 0% 0% 0% 0% 0% 0% 0%

DeepSeek R1 0528 100% 100% 100% 100% 100% 100% 100% 100% 100% 75% 0% 0%
Qwen QwQ 100% 100% 100% 100% 100% 80% 100% 80% 60% 0% 0% 0%

Table C.3: D5 branch-complexity accuracy by operations per branch.

Figure C.3: D5, branch sub-expression complexity. The number of branches is fixed at three; only the operations inside each
branch increase. All standard models reach 0% by 50 operations per branch. Qwen QwQ fails at 50, 70, and 100, while DeepSeek
R1 0528 fails at 70 and 100.
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C.4 D7: Counting load

Model 5 7 10 12 18 25 60 100 150 200 300

GPT-4o Mini 100% 100% 100% 100% 100% 80% 0% 100% 0% 0% 0%
Claude 3.5 Haiku 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%
Qwen3 235B 100% 100% 100% 100% 100% 100% 0% 25% 0% 0% 0%
DeepSeek V3 100% 100% 100% 80% 100% 100% 100% 100% 75% 0% 0%
Gemma 3 12B 100% 100% 100% 100% 100% 0% 100% 0% 0% 0% 0%
Llama 3 8B 80% 100% 20% 20% 20% 0% 0% 0% 0% 0% 0%

DeepSeek R1 0528 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 0%
Qwen QwQ 100% 100% 100% 100% 100% 100% 0% 75% 0% 0% 0%

Table C.4: D7 counting-load accuracy by repeated-term count K.

Figure C.4: D7, counting load. Claude 3.5 Haiku stays at 100% through K = 300. DeepSeek R1 0528 remains perfect through
K = 200 but fails at K = 300. Several other models show non-monotonic recoveries, confirming that counting is not a smooth
function of expression length alone.
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C.5 D8: Sequential chain length

Model 1 5 10 20 30 50 100 500

GPT-4o Mini 100% 100% 100% 0% 0% 0% 0% 0%
Claude 3.5 Haiku 100% 100% 100% 50% 50% 50% 0% 0%
Qwen3 235B 100% 100% 100% 100% 50% 25% 0% 25%
DeepSeek V3 100% 100% 100% 75% 50% 50% 0% 0%
Gemma 3 12B 100% 100% 75% 100% 50% 25% 0% 0%
Llama 3 8B 100% 75% 100% 25% 0% 0% 0% 0%

DeepSeek R1 0528 100% 100% 100% 100% 100% 100% 100% 100%
Qwen QwQ 100% 100% 100% 100% 100% 75% 100% 0%

Table C.5: D8 sequential-chain accuracy at selected step counts.

Figure C.5: D8, sequential chain length. Each added step depends on the previous state, so errors cascade through the chain.
DeepSeek R1 0528 remains at ceiling, while Qwen QwQ eventually fails at the longest levels.
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C.6 D1: Syntactic length

Figure C.6: D1, syntactic length. Long simple chains expose length extrapolation, but D1 is best read as a proxy because long
expressions often arise from depth, counting, or sequential structure.

C.7 D2: Tree depth

Figure C.7: D2, nesting depth. Accuracy is stable at shallow depths, separates around depths 5–6, and collapses for most standard
models by depths 7–8.
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C.8 D3: Operator hardness

Figure C.8: D3, operator score. Most models remain near ceiling through the current operator ladder, indicating that the next
operator cliff likely lies beyond the present battery.

C.9 D6: Solution ambiguity

Figure C.9: D6, solution ambiguity. The pattern is non-monotonic: quadratic factoring and cubic-root forms are difficult, while
identity rewriting is easy for all models.
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C.10 D9: Numeric magnitude

Figure C.10: D9, numeric magnitude. Large operands become difficult mainly under multiplication because the number of partial
products grows quadratically with digit count.
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D Cross-Dimensional Couplings

Generator-level isolation means one control variable is intentionally varied, but it does not imply that
all measured surfaces remain fixed. Table D.1 reports directional co-movement. S means structurally
guaranteed, M means template-induced or high-probability, W means weak finite-sample bleed, and N
means fixed by construction.

Increased ↓ / Affected → D1 D2 D3 D4 D5 D6 D7 D8 D9

D1 Syntactic Length — W N N N N S M N
D2 Tree Depth M — W W N N N S N
D3 Operator Score W N — N N N N N M
D4 Working Memory S S N — N N W N N
D5 Branch Complexity S S N N — N N M N
D6 Solution Ambiguity W N M N N — N N W
D7 Counting Load S M N N N N — W N
D8 Sequential Chain S S W N N N N — N
D9 Numeric Magnitude W N M N N N N N —

Table D.1: Directional cross-dimensional interaction matrix. Entry (i, j) records how increasing Di affects Dj .

D.1 D4 to D1 and D2
The D4 generator constructs a right-nested sum of N independent products of the form * a b. Each branch
contributes three prefix tokens and each joining + contributes one operator, giving 4N − 1 tokens. At
N = 200, the expression has 799 tokens; at N = 3000, it has 11,999 tokens. The right-nested construction
also increases tree depth, so D4-to-D1 and D4-to-D2 couplings are structurally guaranteed.

D.2 D5 to D1, D2, and D8
D5 fixes three branches and increases branch-internal operations. If sub_ops denotes operations per
branch, token count grows approximately as 3(2 · sub_ops+ 1) + 2; at 100 operations per branch, this is
about 605 prefix tokens. The maximum tree depth grows with branch-internal depth, and a right-spine
branch creates a local sequential dependency path, explaining the moderate D5-to-D8 coupling.

D.3 D7 and D8 to Length and Depth
D7 produces a repeated sum with K operands and K− 1 joining operators, so the prefix string has 2K− 1
tokens. When right-nested, it also creates a long expression spine, but the intended mechanism remains
enumeration. D8 appends one operator–operand pair per dependent step, giving 2 · steps+ 1 tokens and
a deep expression spine. For this reason, D2 and D8 should be interpreted jointly without being collapsed
into one dimension.
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