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Abstract
Neural Lean provers usually give the model
only the printed text of a proof state, and some
searches reuse it to decide when two states
are the same. Both uses assume that states
printing identically behave identically under
the same tactic. We show that this assump-
tion fails. Searching Mathlib, we find 70 veri-
fied classes of identically printed states; in 68
of them, one tactic succeeds on one member
and fails on another, yielding 103 contradictory
cases verified by Lean. Controlled experiments
trace the difference to elaborated structure that
Lean’s notation hides, and reproduce it on cur-
rent Lean and Mathlib. A compact structural
representation recovers the missing signal for
mechanisms seen in training and fails to trans-
fer to unseen ones. In a constructed benchmark
with a known proof, merging states by identi-
cal text discards that proof in 48.4% of alias
arrivals, while a structural identity prevents ev-
ery loss at 8% runtime overhead. This rate is
conditional on meeting an alias; in blind sam-
pling, confirmed aliases arise at only 0.29% of
search roots. Text written for people is thus not
necessarily a safe identifier for machine state,
and we suggest giving the model that text while
identifying search states by structure.

1 Introduction

Neural Lean provers are given a textual rendering
and asked to select a tactic. A pretty-printer is not
injective, and by itself that is unremarkable: nota-
tion exists to suppress detail. The consequential
question is whether the suppressed detail changes
what a tactic does, because the same text is used
as the policy’s input and, in some systems, as the
identity of a search node. We show that this inter-
face can map action-distinct states to the same text.
Table 1 is one instance: changing only the order
of intro h and simp reaches a common 206-
byte rendering, after which another simp fails on
one state and succeeds on the other. The outcomes
repeat on fresh sessions.

history then simp

s1 intro h; simp fails (×3)
s2 simp; intro h succeeds (×3)

Table 1: Two states in one Mathlib proof
(lintegral_ofReal_le_lintegral_
nnnorm), reached from a common ancestor by
different tactic sequences. Both render to an identical
206-byte string; the same tactic, replayed three
times per state on fresh sessions, deterministically
fails on one and succeeds on the other. The hidden
difference is the dominant coercion mechanism of
§5: the two shallow explicit renderings are 1,167
and 1,183 bytes and carry ENNReal.ofNNReal h
against @WithTop.some.{0} NNReal h in two
positions, with equal environment digests and distinct
structural digests.

Learned tactic generators for interactive theorem
provers now close a substantial share of held-out
library and competition problems (Bansal et al.,
2019; Polu and Sutskever, 2020; Han et al., 2022;
Lample et al., 2022; Yang et al., 2023; Jiang et al.,
2023), on benchmarks such as miniF2F (Zheng
et al., 2022) and PutnamBench (Tsoukalas et al.,
2024). Many share one interface decision: the
policy conditions on a printed rendering of the
proof state, and some best-first search implemen-
tations also use that text as the identity of a search
node (Yang et al., 2023; Lample et al., 2022).
These uses assume that the observation identi-
fies the state’s response to an action, a transition-
preservation condition required by safe state ab-
straction (Givan et al., 2003; Li et al., 2006). It is
also implicit in learning tactic semantics from ob-
served transitions (Samoylov and Vosoughi, 2025;
Lamont et al., 2025). We test that assumption di-
rectly.

The issue also has a supervised-learning formu-
lation. When the state rendering and tactic text
are identical but compiler acceptance differs, an
acceptance predictor given only text receives con-
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root state

s1

s2

⊢ ↑x + ↑y = ↑(x+y)

accepted

rejected

h1

h2

ENNReal.ofNNReal x

@WithTop.some x

one byte-identical rendering: nothing the policy receives distinguishes s1 from s2

same tactic

Figure 1: Observation aliasing. The point of interest lies
in the two resulting states, which are indistinguishable to
the policy; tactic order affecting an outcome is expected
on its own. They differ only in elaborated structure the
printer collapses, so the rendering, and therefore the
entire input supplied to the evaluated state-only gener-
ators, is byte-identical, yet the same tactic is accepted
on one and rejected on the other. The histories serve
only to reach the two states; what matters is the pair of
outcomes at a single observation. The goal shown is the
compact constructed pair of §5, chosen for legibility;
Table 1 is a natural instance of the same mechanism,
whose rendering runs to 206 bytes.

tradictory deterministic labels. The resulting error
cannot be removed by model scale or optimiza-
tion while the observation is fixed. This affects
tactic-effect prediction, reranking, transition mod-
eling, imitation learning, dataset construction, and
evaluation wherever the rendered state serves as a
complete conditioning variable.

The hidden difference in Figure 1
lies in how each coercion is elabo-
rated: ENNReal.ofNNReal x versus
@WithTop.some.{0} NNReal x. They
are definitionally equal and both print as ↑x, but
simp’s syntactic progress test distinguishes them.
We call two such states observation aliases: this
is state, or perceptual, aliasing (Whitehead and
Ballard, 1991; Singh et al., 1994) instantiated in
a deterministic and compiler-checkable setting,
where the compiler verifies both sides of a contra-
dictory label pair. Figure 2 organizes the evidence
by logical implication and keeps incidence and
consequence on their respective denominators.
Its arrows ask distinct questions: whether aliases
exist, whether the hidden difference changes an
action, whether structural information explains
and predicts the change, and whether an unsafe
retention rule can discard a proof. Evidence for
one arrow does not substitute for the denominator
of another.

Over Mathlib (The mathlib Community, 2020)
in Lean 4 (Moura and Ullrich, 2021) through Lean-

Existence: do text aliases occur?
sampled roots → 70 repeat-confirmed classes

Action relevance: do labels differ?
confirmed classes → 103 contradictory action pairs

Cause and learning: can
structure explain the labels?

valid interventions; grouped learned acceptance prediction

Consequence: can retention discard a proof?
admitted pair–orders; one current-
prover case; zero loss with digest

Figure 2: Conceptual evidence spine. Each arrow asks
a separate question and uses the denominator printed
beneath it. Population incidence, contradictory actions,
structural learnability, and conditional search loss are
estimated separately.

Dojo (Yang et al., 2023), we make three contribu-
tions:

1. Impossibility. We give repeat-verified coun-
terexamples to action sufficiency: 68 natural
alias classes contain opposite acceptance la-
bels for the same tactic, yielding 103 contra-
dictory textual inputs (§2–4). This conclusion
is independent of the frequency with which a
current policy encounters an alias.

2. Empirical phenomenon. Controlled inter-
ventions identify hidden elaborated struc-
ture as causal. A small acceptance model
learns to use a compact structural chan-
nel, with theorem-grouped and mechanism-
grouped evaluations separating interpolation
from mechanism transfer (§5–7).

3. Engineering consequence and repair. A
current step-prover and a 96-pair alias-
conditioned stress benchmark demonstrate
proof loss under unsafe retention. A struc-
tural identity key prevents every controlled
loss at modest cost (§8).

Blind incidence, candidate exposure, and broad
paired searches estimate the separate conditions
under which the representational failure affects a
search. Data, harnesses, and per-class outcomes
are released.

2 Problem and scope

Let T (s, a) denote the result of executing tactic a
at Lean tactic state s, and Ψ the observable out-
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come (acceptance with a successor, rejection, or
proof closure). Rejection is what the interaction
API reports as an error, including Lean’s made
no progress, the outcome most of the accep-
tance contradictions below take. A policy con-
sumes φ(s), the printed state; write s1 ∼φ s2 when
φ(s1) = φ(s2).

The observation φ is action-sufficient if s1 ∼φ

s2 implies Ψ(T (s1, a)) = Ψ(T (s2, a)) for all a.
This is a necessary one-step transition-consistency
condition for abstractions such as bisimulation quo-
tients and MDP homomorphisms (Givan et al.,
2003; Li et al., 2006), which impose still stronger
preservation requirements. We test only this one-
step condition; its failure rules the stronger prop-
erties out. We distinguish acceptance, visible
successor, and bounded-continuation equivalence
throughout.

Acceptance ambiguity. For alias class C, some
a has r(si, a) ̸= r(sj , a), where r ∈ {0, 1} is ac-
ceptance. The pair (φ(s), a) then carries contradic-
tory verified labels, and any acceptance predictor
conditioned on it errs on at least min(n0, n1)/(n0+
n1) of members under the empirical member dis-
tribution. This lower bound applies to prediction
of a specified action. The existence of a common
successful tactic is a separate property.

Thus the corpus supplies contradictory supervi-
sion that the compiler certifies: Lean deterministi-
cally validates both labels on restored executable
states, so each contradiction is a reproducible prop-
erty of the data. A model given only the text can
learn the average label distribution for an aliased in-
put, while prediction specific to a member requires
an additional observation channel.

Candidate exposure and a direct test on the
model are reported in §7; the main text then evalu-
ates search consequences.

Implementation scope. The observation claim
is independent of a search implementation. The
search-system claim is narrower: in the evaluated
stack LeanDojo’s TacticState compares and
hashes on the rendering with the executable handle
excluded (compare=False), and the best-first
prover keys nodes on that value, so ∼φ-equivalent
nodes merge. LeanDojo-v2 uses Pantograph state
handles and a history stack in its active prover,
which avoids this particular merge. Its model
prompt still uses the rendered state without the
handle, so the action-sufficiency result continues
to apply to policy conditioning. Appendix C gives

the source and behavioral audits. A merge costs a
proof when the discarded member’s bounded con-
tinuation language contains a proof absent from the
retained member’s language.

3 Related work

Proof-state interfaces. LeanDojo (Yang et al.,
2023) and LLMSTEP (Welleck and Saha, 2023)
exemplify Lean interfaces that send a visible proof
state to a language model. miniCTX (Hu et al.,
2025) shows that file context beyond that state
improves proving across problems. Our within-
theorem members share the file, declaration, state-
ment, and retrievable premises, so that context is
identical. Earlier systems expose richer inputs: Co-
qGym’s ASTactic encodes term trees (Yang and
Deng, 2019), while TacTok combines proof-state
semantics with partial proof-script history (First
et al., 2020). A history-conditioned policy can dis-
tinguish the two arrivals studied here, although a
merged node must still represent both members.
LeanDojo, Pantograph (Aniva et al., 2025), and
LeanTree (Kripner et al., 2025) define model or
search interfaces without testing action sufficiency.

Structural and transition-grounded represen-
tations. Structural encodings include graph rep-
resentations of higher-order logic (Paliwal et al.,
2020) and Graph2Tac for Coq definitions (Blaauw-
broek et al., 2024). Passport improves Coq proof
synthesis with identifier categories, subwords, and
paths (Sanchez-Stern et al., 2023). For Lean
premise selection, Petrovčič et al. (2025) combine
textual state embeddings with dependency graphs.
These approaches enrich syntax, identifiers, or li-
brary context. Our paired members hold library
context fixed and differ in elaborated structure local
to the member. Samoylov and Vosoughi (2025) rep-
resent tactic semantics through induced state trans-
formations, and 3D-Prover (Lamont et al., 2025)
filters candidates by learned transition representa-
tions. Olejniczak et al. (2026) exploit proof-state
symmetries. The present question is whether the
visible state defines the transition being modeled.
Contradictory deterministic transitions show that
it need not. The same counterexample limits any
tactic equivalence metric computed from text, such
as LeanTutor’s (Patel et al., 2025).

Partial observability and search abstraction.
Goal-clone detection identifies alpha-equivalent
Rocq goals to expose proof reuse opportuni-
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blind coerc. struct.

roots replayed 1,025 1,423 3,882
expandable 644 947 2,553
with reconvergence 112 234 667
rendering-identical classes 150 321 893
flagged divergent 11 50 36
repeat-confirmed 3 47 21
new after deduplication 3 47 20
acceptance-ambiguous 3 46 19
contradictory pairs 6 78 19

Table 2: Discovery by sampling regime. Only the blind
column estimates incidence; targeted columns provide
examples for mechanism analysis. One cross-regime
duplicate leaves 70 unique classes.

ties (Ghanbari, 2025). Our operational criterion
asks whether an equality used for policy input or
node merging preserves action outcomes. Obser-
vation aliasing is the classical failure of a policy
over observations to see its transition state (White-
head and Ballard, 1991; Singh et al., 1994; Kael-
bling et al., 1998). Tactic searches deduplicate
states, the proof-search analogue of a transposi-
tion table (Zobrist, 1970); unsafe merging is the
graph-history interaction problem (Kishimoto and
Müller, 2004). Here elaboration creates the path
dependence; game repetition rules are irrelevant.

4 Failure: search-reachable aliases

Method. From a root state we expand with
a fixed tactic pool augmented by goal-derived
rewrites and record, for every rendering, the set
of canonical histories reaching it, where a step
joins a history only if it changes the rendering
(Appendix B). Classes reached by two prefix-free
canonical histories are probed: one live state per
history in a single session, the same battery for
all members, and every flagged class re-verified
on a fresh session with three repetitions per mem-
ber. States are read at five levels of printer explic-
itness by metaprogram probes through the ordi-
nary interaction API (Appendix B); derived digests
separate the elaborated goal (Fcore), the environ-
ment (Fenv), and executable identity. Configura-
tion: Mathlib 29dcec07, Lean 4.10.0-rc1,
LeanDojo 2.0.2. The structural column combines
two targeted sweeps. The second selected 2,400
roots and restored 2,234; expansion counts exclude
failed restorations.

Table 2 separates incidence from discovery. In
the blind sample, 112/644 expandable roots recon-
verge to an identical rendering, but only 3 classes

on 3/1,025 sampled roots are confirmed opera-
tionally divergent: 0.29% (95% CI 0.06–0.85%).
The targeted regimes contribute 67 more unique
classes and support mechanism analysis only. In
total, the 70 classes span 53 theorems, 67 roots,
and 40 files in nine top-level Mathlib directories.
A corpus-wide cross-file census is dominated by
declaration context and is reported separately (Ap-
pendix A).

Human scripts rarely revisit identical renderings;
the aliases studied here arise primarily through
search reconvergence (Appendix A).

Acceptance is contradictory. In 68 of 70 classes
some tactic is accepted on one member and re-
jected on another, stably across three repetitions
on fresh sessions; the remaining two diverge only
in successor states. This yields 103 contradictory
observation–action pairs: identical model input,
identical tactic text, opposite verified acceptance.
Any acceptance predictor conditioned on (φ(s), a)
errs on at least min(n0, n1)/(n0+n1) of members
per pair. Over the 103 pairs the member-weighted
aggregate is 0.40, a conditional inconsistency floor
restricted to these pairs. The phenomenon spans
several elaboration mechanisms, whose distribu-
tions are reported below.

5 Cause: hidden elaborated structure

Reading each class at five levels of printer explicit-
ness localizes the hidden content (Appendix B).
The consumed rendering φstate and its depth-
expanded variant fail to separate any class, and
the environment digest Fenv also fails wherever
the probe completes. This excludes ambient dec-
laration context as the cause. Disabling notation
under pp.all separates 67 of 70, showing that
the notation layer collapses most of the hidden con-
tent (Ullrich and de Moura, 2020); depth elision has
no effect. The hidden content falls into six named
categories plus two opaque classes: ENNReal co-
ercion (56 classes), Fin eta-expansion (4), local-
definition unfolding (4), instance paths (2), Ne ver-
sus Not (Eq ...) (1), and a proof term differ-
ence (1). In the dominant family the same token
pair separates the members every time: a sixteen-
byte difference in 48 of the 53 classes where the
rung is measurable, and a larger one where the
token recurs. The divergence follows from tac-
tic implementation: simp’s progress check com-
pares the resulting term syntactically, so one call
can rewrite one member and report no progress
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one goal
fixed binders and env

show ENNReal.ofNNReal x

show WithTop.some x

valid iff both hold
renderings byte-identical

and digests differ

valid intervention
observation fixed,

hidden structure changed

a valid pair is probed identically on both variants; pairs failing either check are excluded and reported

coercion (pinned) coercion (current) Ne vs Not eta-expansion

0

5

10

15
15

8
10 10

13

8

0 0

11
8

0 0

pa
ir

s constructed

valid

outcome differs

Figure 3: Rendering-preserving interventions. Top: the construction. A single show step replaces the goal with
a definitionally equal term, so only the elaborated representation changes; a pair is used only if it passes both
checks. Bottom: outcomes. The construction succeeds for the coercion family under the pinned stack and, with
acceptance-sensitive probes, on a current Lean and Mathlib, where all 8 pairs are accepted on one variant and
rejected on the other. The other two families yield zero valid pairs because the printer renders their two spellings
differently.

on the other. Its direction depends on the simp
set. A lemma stated for the abbreviation, as in
the interventions below, rewrites only the member
holding it. The default set rewrites the unfolded
form: on the Table 1 witness, simp succeeds on
the unfolded member with a successor that renders
identically, and makes no progress on the member
already holding the abbreviation.

Rendering-preserving interventions. The
classes above are observational. To manipulate
the hidden structure directly we construct pairs
of standalone examples (Figure 3) identical in
every respect except a single show step replacing
the goal with a definitionally equal term carrying
different hidden syntax: same environment,
binders, goal statement, and probe text. show
accepts any term definitionally equal to the goal,
so it alters the elaborated representation without
altering what is proved. Validity is verified per
pair in both directions: the intervention must have
taken effect, so the variants’ structural digests must
differ, and it must have remained hidden, so their
pre-probe renderings must be byte-identical. Pairs
failing either check are excluded and reported.

For the dominant coercion family 13 of 15 pairs
pass both gates, and 11 of 13 change the probe out-
come. The attempted Ne and eta interventions fail
the byte-identity gate because their source spellings
remain visible. The intervention therefore estab-
lishes a causal mechanism for the dominant family;
the other observed families remain observational.

Visibility under continuation. In the original
59-class corpus, a shared continuation makes
18 classes visibly different, including 17 at
contrapose!. A reduced battery that omits this
operation yields near-total confinement. Escape is
therefore a property of both the state and the tactic
distribution (Appendix A).

Current stack. We repeat blind discovery on
Lean v4.33.0-rc1 and contemporaneous Math-
lib. Sixty uniformly sampled compiled files
yield 2,507 states. From 600 fixed-seed roots,
570 restore successfully and 98 rendering-alias
classes are found. Fresh repeated probing con-
firms two classes at one root, with seven con-
tradictory class–action pairs. The resulting root
incidence is 1/570, or 0.18% (Clopper–Pearson
95% CI 0.004–0.97%). Both classes occur in
ModuleCat.disjoint_span_sum; explicit
printing separates terms produced by rw and simp
only. In addition, all eight current coercion in-
terventions pass both validity gates and reproduce
opposite probe acceptance. Historical script replay
reproduces one of eight older witnesses; the re-
maining seven fail after one lemma rename and six
cases of API drift (Appendix C).

6 Learning from a structural channel

The observation aliases establish that the default
rendering omits information relevant to the transi-
tion. We next train a deliberately small model to
predict tactic acceptance from a compact structural
channel local to the member. This test asks whether
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a learned predictor can use information unavailable
in the rendering. Candidate exposure and zero-shot
use by a frozen prover are evaluated separately in
§7.

Representation. For each restored member we
extract a sorted multiset of application-head con-
stant paths from a shallow explicit rendering of the
local context and goal. This structural sketch re-
stricts its features to structural constants. Tactics,
pair identities, histories, theorem names, and out-
come labels are excluded. The sketch compresses
the explicit rendering before it is given to the eval-
uator.

Learned acceptance model. The extractor suc-
ceeds for all 178 members of the 70 confirmed
classes. The acceptance evaluator selects one ac-
cepted and one rejected member for each repeat-
confirmed class–action contradiction, giving 206
examples in 103 pairs from 51 theorems. We fit
logistic regression over explicit sketch features
and action–feature crosses (L2=10−3, 500 gradi-
ent steps). Each split constructs an explicit sparse
vocabulary from its training examples alone. Co-
ordinates first observed in the test split are omitted
and receive zero weight. The theorem-grouped pro-
tocol keeps every example from one theorem in a
single fold. It estimates transfer to unseen theorems
while allowing mechanisms to recur across folds.
The mechanism-grouped protocol defines groups
from the hidden elaborated delta: coercion con-
struction, Fin eta-expansion, instance path, local-
definition unfolding, and the residual printer-blind
classes. Each group is held out in turn. The mecha-
nism macro weights the four audited mechanisms
equally; the all-group macro also includes the resid-
ual group. The Ne-versus-Not and proof-term
classes yield different successful successors with-
out opposite acceptance labels, so they fall outside
this binary evaluation. The paired metric assigns
1 when the accepted member receives the higher
score, 1/2 for a tie, and 0 for a reversal. Confidence
intervals use the theorem as the resampling unit.

Within-mechanism generalization. Under
theorem-grouped evaluation, the shallow sketch
correctly orders 97 pairs, ties 5, and reverses
1, giving a paired rank of .966 (bootstrap over
theorem clusters, 95% CI .927–.995). All 78
coercion pairs are correctly ordered. The default
rendering remains constant within every pair
and therefore scores .500. The structural digest

Representation classes split pair rank accuracy

default rendering 0/70 .500 .500
structural sketch 67/70 .966 .850
structural digest 70/70 n/a n/a

Table 3: Theorem-grouped learned acceptance predic-
tion on 103 contradictory pairs. Pair rank measures
whether the accepting member is scored above the re-
jecting member. The digest is excluded from model
features.

Held-out group classes pairs pair rank

Fin eta 4 10 1.000
instance path 2 7 .857
coercion 56 78 .500
local unfolding 4 4 .625
residual 2 4 .500

mechanism macro .746
all-group macro .696
pair weighted .578

Table 4: Leave-one-group-out transfer with a fold-local
explicit vocabulary. Each row trains on all other groups.
The mechanism macro weights the four audited mech-
anisms equally; the all-group macro adds the residual
group. The pair-weighted score retains the corpus distri-
bution.

separates all classes and serves only as an opaque
identity key.

Mechanism transfer. The recurring coercion
mechanism contributes 56 of 68 evaluated classes
and 78 of 103 pairs. When coercion is held
out, none of its 78 pairs contains a member-
distinguishing coordinate observed in the training
mechanisms; all 78 pairs therefore tie. The held-out
Fin and instance-path groups score 1.000 and .857,
and all 17 pairs contain a distinguishing coordinate
observed during training. Local unfolding scores
.625; three of its four pairs have such a coordinate.
These results localize transfer to mechanisms that
share informative structural coordinates with the
training groups.

The explicit map removes collision and dimen-
sion choices. Across L2 ∈ {10−4, 10−3, 10−2},
theorem-grouped rank ranges from .956 to .966
and the pair-weighted mechanism holdout ranges
from .558 to .578. The mechanism macro ranges
from .621 to .746, chiefly because the four-pair
local unfolding group ranges from .125 to .625.
The theorem-grouped result supports interpolation
across unseen theorems within observed mecha-
nisms. The mechanism-held-out analysis estab-
lishes partial transfer for two small audited mecha-
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Input all coerc. Fin inst. unfold macro

ordinary rendering .500 .500 .500 .500 .500 .500
+ structural sketch .539 .564 .400 .429 .625 .504

Table 5: Frozen-prover paired ranking on 103 confirmed
tactics. Each entry is the fraction for which the accept-
ing member scores above the rejecting member, with
ties assigned one half. The macro weights the four au-
dited groups of hidden deltas equally.

nisms and chance performance for the dominant un-
seen mechanism. Broader generalization requires
training evidence that spans additional hidden struc-
tural deltas.

Across all 178 members, the median sketch is
934 bytes (maximum 2,503), compared with 4,212
bytes (maximum 282,108) for shallow pp.all.
Shallow sketches distinguish 67 of 70 classes and
the digest distinguishes all 70. The learned model
therefore establishes compact identifiability of the
hidden signal within observed mechanisms. The
prototype currently obtains an explicit rendering
before compression, leaving direct extraction as an
engineering problem.

7 Direct evaluation on a frozen prover

The learned evaluator in §6 uses information in
the sketch after training on the task. We next test
whether a current prover can use that channel with-
out adaptation, using the same paired acceptance
task.

Protocol. We freeze BFS-Prover-V2-7B (Xin
et al., 2025) at one immutable snapshot. For each
of the 103 repeat-confirmed class–action contra-
dictions, the model scores the same tactic on one
accepting and one rejecting member. The ordinary
arm uses the model-card prompt {state}:::.
The structural arm places the sketch for that mem-
ber in a Lean comment between the rendering and
the separator. We average the conditional log prob-
abilities of the tactic tokens and count whether the
accepting member receives the higher score; ties
receive one half. The checkpoint, prompt, and
scoring rule remain fixed. No outcome label, the-
orem, class, or mechanism from the alias corpus
enters experiment-side training or calibration. We
report every group of hidden deltas separately and
macro-average the four audited groups. Confidence
intervals resample the 51 theorems.

Result. The structural input obtains .539 paired
accuracy (bootstrap over theorem clusters, 95% CI

k mean |A| member cov. ambiguous headroom

1 1.0 .376 1 .000
2 2.0 .798 2 .000
4 4.0 .882 2 .000
8 7.5 .938 2 .000

16 11.9 .938 2 .000

Table 6: Candidate exposure over nested miniCTX
beam prefixes. “Ambiguous” counts classes with
an acceptance-divergent candidate. Headroom is the
member-aware oracle coverage minus the best shared-
action coverage. All 6,354 compiler calls agree within
each state–candidate unit.

.440–.644), with 53 correct rankings, 5 ties, and
45 reversals. Its macro average across the four au-
dited mechanisms is .504. The ten pairs with equal
augmented-prompt token counts score .550. The
ordinary arm ties exactly on every pair because the
rendering and tactic are byte-identical. Appending
the sketch to this frozen prover provides no reli-
able acceptance-sensitive signal. Together with the
trained model’s .966 theorem-grouped score, this
result decomposes structural-channel utility into
information availability and model adaptation. The
experiment conditions on a confirmed tactic; candi-
date generation and proof rate at the theorem level
remain outside its estimand.

Candidate exposure. One deterministic
miniCTX (Hu et al., 2025) beam-16 list is
generated for each of the 70 class renderings,
with a 16-token tactic cap. Nested prefixes give
k = 1, 2, 4, 8, 16, and every candidate is executed
three times on all 178 members. Table 6 shows
that wider prefixes improve general coverage
through k = 8, while acceptance-divergent
exposure remains confined to two classes. The
member-aware and best shared-action oracles have
identical coverage at every width, giving zero
member-specific headroom. Thus the structural
channel identifies member differences that the
present candidate sets do not convert into a distinct
available proof choice. Fixed beam-8 results on the
original corpus for miniCTX and two additional
generators are reported in Appendix E.

8 Consequence: search and retention

Aliasing matters to search only when a policy
reaches a class and continuation quality differs
across its members. We evaluate conditional loss
after an alias encounter, natural continuation loss,
and broad policy incidence separately.
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budget

Proposal generator 2 4 8 12

pairs proved by the refined arm (of 96)
targeted 96 96 96 96
context bank 36 72 96 96
generic first 96 96 96 96

rendering loss, % of covered pair–orders
targeted 48.4 48.4 48.4 48.4
context bank 50.0 50.0 50.0 48.4
generic first 31.3 31.3 31.3 31.3

Table 7: Exact results under uniform order on 96 ad-
mitted stress pairs. Loss is conditioned on the refined
arm exposing a proof within budget. For the targeted
generator, the pair-clustered 95% bootstrap interval is
46.4–50.0%; the eight-base-template interval is 46.9–
49.5%.

Representative sensitivity. Every member in the
original 59-class corpus is restored and searched
independently under the same budget, model, and
seed. With BFS-Prover-V2-7B (Xin et al., 2025),
the first candidate list is byte-identical in all 59
classes; tactic execution alone then creates differ-
ent trajectories. A proof is found in only two
classes, and in only one do the members’ out-
comes differ. In snormEssSup_add_le, the
intro h; simp member is proved at expan-
sion 14; the simp; intro h member remains
unproved across repetitions and at triple budget.
A rendering-keyed merge can therefore discard
the member proved under this continuation. An
ancestor-rooted control proves through another in-
termediate under either retention order, localizing
the observed loss to the aliased node (Appendix D).

Alias-conditioned stress benchmark. We cross
eight current-stack, rendering-preserving interven-
tion pairs with 12 proposition contexts. Admis-
sion requires Lean to verify byte-identical default
renderings, distinct structural digests, and a fixed
continuation that closes one member and fails on
the other. All 96 pairs pass. After both branches
reach the alias, rendering identity retains the first
arrival; rendering plus digest retains both. We enu-
merate both arrival orders exactly and also run 200
seeded random orders per pair under three proposal
generators and four budgets.

The targeted generator exposes the known con-
tinuation and rfl. The refined arm proves all 96
pairs under both orders. Rendering identity loses
the proof for 93 of 192 pair–order combinations,
giving the exact probability under uniform order

93/(2 · 96) = 48.4%; the randomized estimate at
budget 2 is 48.0%. Table 7 shows that context-bank
and generic-first generators change the conditional
rate. This variation identifies proposal exposure as
part of the estimand. The benchmark establishes
a conditional failure of bounded-search complete-
ness under controlled alias encounters. Its shared
coercion mechanism prevents a population-level
interpretation (Appendix D).

Broad nulls. Paired searches with rendering-only
versus structurally refined identity prove the same
theorem in all 158 runs (36 proved in both; one-
sided 95% upper bound 1.9% for discordance).
Only 4 runs actually merge fingerprint-distinct
states. Probing all 25 such merge pairs found
no operational disagreement (upper bound 11.3%).
Separately, replaying the known remainder of a
Mathlib proof on 113 aliases loses none (upper
bound 2.6%). These results constrain the broad
rate under the tested policies and budgets. The 7B
member search on the original corpus is outcome-
informative in 2 of 59 classes and loses one local
continuation. Policy exposure and candidate set
regret are reported in §7 and Appendix E.

Identity refinement. Model observation and
node identity can differ. A 64-bit hash of the goal
closed over its context and normalized for metavari-
ables separates all 70 classes and prevents every
stress-benchmark loss. In a rotated 24-theorem
cost test, verbose printing raises end-to-end time
by 179%, versus 8% for the digest (Appendices B
and C). The digest is a prototype: it is specific to
one Lean version, can collide in principle, and pro-
vides no proof of operational equivalence. It serves
as an opaque search identity, while the structural
sketch in §6 is a feature for the model.

9 Implications for prover design

Separate interfaces. Pretty printing serves hu-
man communication and policy conditioning.
Deduplication requires an identity with stronger
transition-consistency properties. The results sup-
port separate representations for these functions: a
stable textual observation for the policy and a struc-
turally refined key for the search graph. Version
tagging and collision checks remain necessary for
a production identity scheme.

Structural conditioning. The paired-ranking re-
sult motivates a compact structural channel along-
side the rendering. The sketch is local to the mem-
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ber, generalizes across unseen theorems within ob-
served mechanisms, and is substantially smaller
than shallow pp.all. The trained acceptance
model and the frozen prover intervention together
locate the present bottleneck: the signal is learn-
able under training on the task, while an unadapted
prover gives near-chance action scores. Direct ex-
traction from Lean expressions could remove the
prototype’s explicit-printing stage. The digest re-
mains reserved for opaque search identity.

Candidate generation. Member-specific scor-
ing can affect proof search when the candidate
set contains a corresponding choice. Increasing
miniCTX beam width raises shared-action cover-
age but produces no member-specific oracle head-
room through k = 16. Structurally conditioned
generation or targeted proposal mechanisms are
therefore the next experimental step. Candidate ex-
posure and candidate set regret should accompany
top-k accuracy when evaluating such systems.

10 Conclusion

Hidden elaborated structure produces contradic-
tory deterministic labels for identically rendered
state–tactic inputs, disproving action sufficiency
for the standard textual observation. A compact
structural channel makes the missing signal learn-
able within observed mechanisms, and controlled
retention experiments show that rendering identity
can discard an available proof while a structural
key preserves it at modest cost. Human-readable
rendering and machine-state identity serve distinct
design objectives. Using one in place of the other
fails transition safety; the demonstrated failure is
removed by structurally refined identity.

Limitations

Representation and mechanism. The central
claim concerns action sufficiency, for which one
verified counterexample is decisive. The 70-class
corpus characterizes the phenomenon under the re-
ported search protocol and remains concentrated:
56 classes involve coercion construction, with four
Fin eta, four local-unfolding, two instance-path,
two residual, one Ne-versus-Not, and one proof
term class. Causal identification applies to the dom-
inant family. Theorem-grouped prediction mea-
sures interpolation within observed mechanisms.
Mechanism-held-out transfer depends on shared
training coordinates, and the dominant unseen co-
ercion group ties at chance.

Models and search. The test on the frozen prover
evaluates one prompt and scores confirmed tactics,
and it is underpowered: its interval spans the null,
so it bounds a small zero-shot effect without ex-
cluding one. Its scope is this checkpoint and this
prompt, which deliver no usable signal specific to
a member. Whether another frozen model would
remains untested. The checkpoint may have en-
countered Mathlib during training. Candidate-set
analyses measure exposure within fixed decoded
lists, while proof-rate effects also depend on gener-
ation, search policy, and budget. The stress bench-
mark estimates conditional completeness loss af-
ter an admitted alias encounter with an available
member-separating continuation. Its 96 pairs de-
rive from one mechanism crossed with logical con-
texts. Blind sampling and broad paired searches
estimate encounter frequency under the evaluated
distributions; the single natural loss concerns the
aliased node’s bounded continuation.

Scope beyond this stack. Every measurement
here is confined to Lean 4, Mathlib, and the Lean-
Dojo interface. The two preconditions are general,
namely a printer that suppresses elaborated distinc-
tions and an interface that exposes only its output,
and other assistants and their neural interfaces sat-
isfy them in outline. We have not measured any of
them, so whether comparable aliases arise in Rocq,
Isabelle, or non-LeanDojo Lean interfaces remains
untested.
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A Corpus context and natural occurrence

Cross-file census. Across 168,074 auditable
Mathlib states, 271 observation-collision classes di-
verge operationally, but approximately 99% differ
only in declaration context: the members occupy
different files or positions, so their environments
differ. State-weighted prevalence on elaborated-
goal identity is 0.03%. An intervention control
adding valid declarations while holding the elabo-
rated goal and tactic fixed produced one success-
to-failure transition in 497 trials. Cross-file classes
cannot be merged by a transposition table, since
two theorems never co-occur in one search tree,
which is why the main text measures within-search
aliasing.

Human proof trajectories. Across 60,665
traced Mathlib proofs and 168,074 states, only 10
proofs revisit a byte-identical rendering, yielding
12 position pairs. In all 12 the author applies a
different tactic at the two positions, leaving zero
natural same-tactic pairs for probing. Linear proof
scripts thus rarely create the repeated observation
that search produces through reconvergence.

Visible escape. Escape depth is the first step at
which member renderings or terminal outcomes
differ under a shared continuation, generated by
the policy from the shared observation and applied
to every member in lockstep to depth 8, stopping
at the first divergence, terminal disagreement, or
revisited rendering. Of 59 classes, 19 escape and 18
pass repeat controls. Successor diffs are identical
in form: one member’s goal becomes ∀b, h < b →
. . . while the other’s becomes ¬∃b, · · · ∧ b ≤ h.

B Measurement apparatus and protocol

Fingerprint ladder. One state is read at five lev-
els of printer explicitness by run_tac probes:
the default rendering φstate; φshallow (pp.all,
notation disabled); φdeep (pp.deepTerms);
φproofs; and φfull. Two implementation prop-
erties matter for reproduction: pp.all leaves
pp.deepTerms and proof-term suppression sep-
arately configurable, and module identity must be
excluded from executable digests or every cross-
file pair separates trivially.

Experimental specification. Policies:
leandojo-lean4-tacgen-byt5-small
and ntp-mathlib-st-deepseek-coder-
1.3b, state-only input, inputs truncated at 2,300
tokens, deterministic beam search (8 beams),
k=8; representative sensitivity additionally uses
BFS-Prover-V2-7B (prompt {state}:::,
deterministic beam-8, 24 expansions, 300 s per
member, verification at 72 expansions and 900 s).
Expansion pool: simp, constructor, intro
h, omega, plus per-hypothesis rw [h] and
simp only [h] (≤16 per state), depth 2.
Probe battery: rfl, assumption, omega,
simp, norm_num, constructor, exact?,
trivial, decide, simp_all, tauto,
aesop, plus goal-derived rewrites; the merge-
pair battery adds contrapose!, push_neg,
norm_cast. Per-probe watchdogs 30–120 s;
session timeouts 300–900 s; three repetitions per
member; fixed seeds; shards deduplicated by (file,
theorem, tactic index) and confirmed classes by
(theorem, rendering hash).

For the direct test on the model, the frozen BFS-
Prover-V2 checkpoint scores each confirmed tactic
by mean conditional token log probability. The
structural prompt appends that member’s shallow
sketch in a Lean comment before the model-card
separator. The ordinary and structural arms use
identical tactic tokens. The paired metric assigns
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one, one half, or zero according to whether the
accepting member scores above, ties, or scores
below the rejecting member. The bootstrap over
theorem clusters uses 10,000 resamples.

The width sweep uses miniCTX snapshot
7c00b1175a82e, one deterministic 16-beam de-
code per class, and a 16-token cap. Prefixes of the
single ranked list define each k, ensuring nested
candidate sets. All candidates are executed three
times per member; a failure includes parser, elabo-
ration, and no-progress errors.

Controls against false positives. Three controls
address hazards that produced false positives dur-
ing development. After any watchdog interrupt the
session is discarded, because channel desynchro-
nization can return an earlier probe’s answer. Every
divergence must be self-consistent over three repe-
titions per member in a fresh session; this removed
11 of 13 candidates supported only by nondetermin-
istic aesop (Limperg and From, 2023). Escape
is reported relative to the tactic battery, and canon-
icalization based on the rendering was compared
with a separating fingerprint on 369 paired roots.
The artifact retains exclusions, repeat tables, and
resource failure verdicts.

Structural digest. One 322-byte
run_tac probe: mkForallFVars
(lctx.getFVars) type closes the goal
over its local context, converting free variables
to de Bruijn indices; instantiateMVars
resolves assignments; abstractMVars canon-
ically renumbers remaining expression and
universe metavariables; the resulting term’s
64-bit Expr.hash is returned. Validated with
three repetitions per member on all 59 classes in
the original corpus (59/59 separated, all stable)
and as a search key on 39 theorems. Table 3
extends the separation audit to the full 70-class
corpus, where the digest separates 70/70 classes.
The hash approximates normalized structural
equality: collisions are possible in principle and
the encoding is Lean-version specific.

C Node identity and persistence across
versions

Version persistence. The blind audit on the cur-
rent stack samples 60 of 8,302 compiled files uni-
formly with a fixed seed and traces all 60; they
contain 989 theorems and 2,507 tactic states. Of
the 600 sampled roots, 570 complete restoration

and expansion, while 30 resource or restoration fail-
ures are recorded and excluded from the incidence
denominator. The two confirmed classes have
two- and four-member histories differing through
rw [huv] and simp only [huv]; shallow
pp.all and the structural digest distinguish both.
Seven probes give stable opposite acceptance labels
and no probe is nondeterministic.

Eight representative classes were replayed in
place on Mathlib master 3b3cdbb under Lean
v4.33.0-rc1, splicing each proof back into its
own file so namespace and variable context are
preserved. One reproduces fully, with both histo-
ries elaborating, all four members’ renderings byte-
identical, and the probe’s successors still diverg-
ing. Of the remaining seven, one is a pure rename:
the Table 1 witness persists as lintegral_
ofReal_le_lintegral_enorm with its pre-
fix referencing a renamed lemma, and six are
blocked by tactic-level API drift. Every class that
remained constructible retained the divergence.

Node identity across package versions. In the
evaluated stack (LeanDojo 2.0.2) TacticState
is a frozen dataclass whose printed field partici-
pates in equality and hashing while the executable
handle is excluded with compare=False, and
the shipped best-first prover indexes nodes by that
value. Directly constructed states with one ren-
dering and different handles compare equal, hash
equal, and collide in a dictionary.

We separately audit the published LeanDojo-v2
1.0.9 wheel (SHA-256 635e8f99...) and its
active Pantograph backend at commit f8aee320.
The active BaseProver keeps a history stack and
contains no state-indexed transposition dictionary.
Pantograph GoalState includes state_id;
two constructed states with equal rendered goals
and different identifiers render equally and com-
pare unequally. They are also unhashable because
their goal fields are lists. Thus the active v2 prover
preserves these distinct live handles and avoids the
evaluated rendering-keyed merge.

The v2 wheel also contains a legacy search
tree module whose InternalNode compares
a TacticState, but the wheel omits the in-
teraction state implementation that module im-
ports, so we base the conclusion on the active
Pantograph path, which supplies the model with
str(GoalState). Because that string omits
state_id, equal renderings can remain observa-
tion aliases for the policy. The search loss claim ap-
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Identity nodes peak queue time probe share

rendering 230 135 1.00× 0%
shallow pp.all 233 138 2.79× 64%
structural digest 232 136 1.08× 15%

Table 8: Node-identity cost over 24 rotated-order the-
orem searches. Time is total wall clock relative to the
rendering baseline. All arms prove the same 4 theorems;
node and queue differences occur on 2 of 24.

plies to the evaluated LeanDojo prover; the action
sufficiency claim applies to both textual interfaces.

Cost of a refined identity key. The cost test runs
twenty-four theorems at 12 expansions, rotates arm
order with the theorem index, and adds a baseline
arm that omits the probe. The baseline is needed be-
cause the paired-search harness computes φshallow
in every arm for instrumentation, so its recorded
wall clock cannot isolate the key’s cost. Node and
queue counts appear in Table 8; each refined key
differs from the baseline on 2 of 24 theorems. Ex-
pansion counts are nearly identical (150, 150, 151)
because the budget caps them, so the counts are
uninformative about node overhead. The printing
probe costs 0.47 s per node at the median and con-
sumes 64% of its arm’s search time (paired median
2.55×, maximum 12.1×); the digest costs 0.090 s
and consumes 15% (paired median 1.27×). Gen-
eration and tactic execution are unchanged across
arms and all three arms prove the same 4 theorems.

D Retention protocol and reproducibility

Stress construction and admission. Eight
acceptance-divergent interventions on Mathlib
3b3cdbb/Lean v4.33.0-rc1 are crossed with
12 proposition contexts, including conjunction, dis-
junction, equality with True, double negation, and
duplicated goals. Each context has a logical in-
troduction sequence that exposes the base pair’s
acceptance-sensitive probe as the proof-producing
step. Lean compilation then enforces three admis-
sion conditions: byte-identical default renderings,
distinct structural digests, and closure of the abbre-
viated member with rejection on the unfolded mem-
ber. All 96 candidates pass. The harness compiles
192 capture declarations and a matrix of 17,472
state–action labels. Capture declarations log the
state before an explicit sorry; no state–action
closure label relies on sorry.

Retention and proposal protocol. The compari-
son begins after both branches reach the admitted

alias. Rendering identity retains the first arrival,
while rendering plus digest retains both. The tar-
geted generator emits the pair’s known continua-
tion followed by rfl. The context-bank genera-
tor emits the eight continuations lifted through the
same proposition context, followed by rfl. The
generic-first generator prefixes rfl, simp, and
norm_num to that bank. Budgets are 2, 4, 8, and
12 actions. Both orders are enumerated, and 200
uniformly randomized orders per pair and config-
uration use seed 731991. The primary interval
resamples pairs; a second interval clusters the 12
contexts by their eight base templates. Exact order
enumeration eliminates Monte Carlo error. The
bootstrap intervals measure sensitivity to the con-
structed pair set.

Supplementary controls. The earlier eight-pair
protocol gives five order-dependent losses with the
pair-specific grammar and the same five with one
fixed union grammar over 194 compilations. For
the natural case, injecting both histories from their
common root and continuing with BFS-Prover-V2
proves every retention arm through another inter-
mediate within 2–4 expansions. The observed nat-
ural loss is therefore confined to the aliased node’s
continuation.

Step-prover configuration. Checkpoint
ByteDance-Seed/BFS-Prover-V2-7B,
snapshot 533d59fc6b5e, with its own tok-
enizer; prompt is the state’s rendering followed by
::: per the model card; float16 on Apple MPS.
Decoding is deterministic beam search, 8 beams,
8 return sequences, at most 64 new tokens, early
stopping; the continuation is decoded without
special tokens, text after any re-emitted ::: is
kept, and candidates are deduplicated preserving
the best sequence score. Tactic execution carries
a 60 s watchdog; a watchdog interrupt abandons
the class as channel desynchronization. The search
queue orders by negated cumulative sequence
score with insertion order breaking ties. Per-class
first candidate lists, per-search reached-state
hashes, and proof traces are in the released run
files, together with the three repetition runs and the
triple-budget run for the sensitive class.

E Candidate exposure across policies

Fixed candidate sets. For each of the 146 re-
stored members in the original 59-class corpus,
we execute the BFS-Prover-V2 top-8 list three
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Policy |C| covered ambiguous rank 1 headroom > 0

ReProver 59 55 2 0 0
miniCTX 55 41 2 1 0
BFS-7B 59 56 1 0 0

Table 9: Candidate exposure. “Covered” counts classes
with an accepted candidate for every member; “ambigu-
ous” counts classes containing an acceptance-divergent
candidate.

times, yielding 3,504 compiler calls and 1,168
state–candidate labels. The lists are identical across
members of every alias class, and all repetitions
agree.

Candidate set headroom. For candidate set A
and class C, the member-aware oracle averages
maxa∈A r(si, a) over members. The shared-action
oracle maximizes the mean acceptance of one ac-
tion across members. Their difference measures
member-specific headroom within A and has no
monotonic relationship with the full tactic lan-
guage.

For BFS-Prover-V2, the member-aware and
shared-action oracles both cover 134/146 members.
The corresponding equality holds in every fully
covered class for all three generators. These fixed
candidate sets provide almost no opportunity for a
member-aware score to alter proof availability.

F Artifact

The supplement is available at https://
github.com/edisonly1/mathnlp1. It
contains the harnesses, per-class outcomes, in-
tervention files, policy candidates, search traces,
pinned versions, and seeds. One command repro-
duces each table from the released records, with
live modes for the motivating witness and the cur-
rent intervention.
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