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Abstract
Systems that return several valid derivations re-
quire explicit choices about proof identity and
proof-set correspondence. This study examines
both choices on ProofWriter. An application-
aware representation distinguishes grounded
uses of the same source rule through canon-
ical premise derivations. Source-ID projec-
tion collapses distinct reference proofs in 28
of 400 stratified derivable questions (7.0%).
The comparison includes exact proof-set F1,
flattened-atom F1, Optimal Subpattern Assign-
ment with Jaccard distance (Jaccard-OSPA),
and MCT-J. The label MCT-J denotes a bal-
anced optimal-transport distance with Jaccard
distance as the ground metric. On 160 fixed
outputs from 32 derivable questions, source-ID
projection lowers MCT-J distance by 0.0606 on
average. A cluster bootstrap over the underly-
ing ProofWriter worlds gives a 95% interval of
0.0316–0.0955. MCT-J equals Jaccard-OSPA
on all 117 equal-cardinality outputs, while
Jaccard-OSPA has the larger distance on 38 of
43 unequal-cardinality outputs. Of 433 gener-
ated proof members, 430 pass independent rule-
level replay. Excluding the three replay failures
changes the mean representation effect from
0.0606 to 0.0589. Proof identity and proof-
set correspondence therefore change structural
evaluation on fixed outputs.

1 Introduction

Proof-producing systems expose derivations to-
gether with final answers. PRover and ProofWriter
generate proof graphs (Saha et al., 2020; Tafjord
et al., 2021), and multiPRover generates several al-
ternative proofs for one answer (Saha et al., 2021).
Structured evaluation must therefore specify when
two derivations count as the same proof and how
reference and predicted proof sets are compared.

Proof identity matters when one source rule is ap-
plied more than once. Two grounded applications
can cite the same rule statement and depend on dif-
ferent premise derivations. A representation based

on the source identifier (source ID) maps those
applications to the same rule node. This changes
the represented proof before a proof-set distance
is computed. The application-aware representation
keeps the applications distinct through canonical
premise derivations.

Proof-set correspondence matters when several
proofs are present. Exact recovery scores shared
proof members. Optimal Subpattern Assignment
(OSPA) uses graded one-to-one matching with a
cardinality penalty (Schuhmacher et al., 2008). Bal-
anced optimal transport permits normalized proof
mass to divide across several counterparts (Peyré
and Cuturi, 2019). The paper uses the label MCT-J
for the resulting balanced optimal-transport dis-
tance with Jaccard distance as the ground metric.
One-to-one and divisible correspondence agree at
equal cardinality and can separate when cardinali-
ties differ.

ProofWriter offers a controlled setting because
provable examples contain the complete proof set
under the generated Datalog semantics (Tafjord
et al., 2021). Under the open-world assumption
(OWA), the depth-5 test split contains 11,376 deriv-
able questions, including 2,456 with multiple refer-
ence proofs. The stratified reference analysis finds
source-ID proof-set collapse in 28 of 400 derivable
questions. On 160 fixed derivable outputs from
32 questions, the mean MCT-J difference between
application-aware and source-ID scoring is 0.0606.
A cluster bootstrap over the underlying ProofWriter
worlds gives a 95% interval of 0.0316–0.0955.

The paper develops a canonical grounded-
application representation and tests its conse-
quences in a stratified reference analysis that
distinguishes repeated source-rule use from ob-
served proof-set collapse. It then formalizes divis-
ible proof-set correspondence against one-to-one
Jaccard-OSPA and measures the effect by rescor-
ing the same outputs under both representations.
Deterministic rule replay and sensitivity analyses
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test the result across replay filtering and the stated
encoding choices.

2 Related Work

Proof generation and reasoning-chain evalua-
tion. RuleTaker studies reasoning over natural-
language facts and rules (Clark et al., 2020).
PRover adds proof generation (Saha et al., 2020),
ProofWriter supplies generated implications with
proofs (Tafjord et al., 2021), and multiPRover gen-
erates multiple proof graphs (Saha et al., 2021). En-
tailmentBank represents multistep explanations as
entailment trees (Dalvi et al., 2021). Recent studies
evaluate reasoning steps and reasoning-chain veri-
fiers (Prasad et al., 2023; Jacovi et al., 2024). Other
work studies proof-tree generation (Gupta, 2026)
and formal logical reasoning (López-Ponce and
Bel-Enguix, 2025). Adjacent settings include tool-
integrated mathematical reasoning (Obozov et al.,
2025) and autoformalization evaluation (Poiroux
et al., 2025). The present study focuses on evalua-
tion when one answer has several explicit deriva-
tions.

Structured and evidence-set evaluation. Struc-
tured metrics can compare outputs through match-
ing of common substructures (Chen et al., 2023).
Graph evaluation includes many-to-many align-
ment (Opitz et al., 2021). Fact-checking research
also evaluates retrieved evidence and evidence qual-
ity (Thorne et al., 2018; Schlichtkrull et al., 2024;
Akhtar et al., 2026). The evaluated object is a set of
derivation proofs whose internal rule applications
also require an identity convention.

Finite-set assignment and transport. Optimal
Subpattern Assignment compares finite sets by one-
to-one assignment and a cardinality term (Schuh-
macher et al., 2008). Optimal transport compares
discrete measures through marginal-constrained
couplings (Peyré and Cuturi, 2019). Structured
optimal transport extends this framework to struc-
tured data (Alvarez-Melis et al., 2018). Jaccard
distance is fixed as the proof-level ground cost so
that Jaccard-OSPA and MCT-J differ through their
cross-set correspondence.

3 Task and Proof Representation

3.1 Benchmark object
A ProofWriter instance contains natural-language
facts and rules, a question, a truth status in
{true, false, unknown}, and the complete proof set

for each provable answer under its generated Data-
log theory (Tafjord et al., 2021). A proof is a rooted
derivation directed acyclic graph (DAG) whose fact
steps feed rule-application steps and whose root
supports the queried status.

For a derivable question q, let

Gq = {g1, . . . , gm}, Pq = {p1, . . . , pn}

denote the sets of distinct reference and predicted
proofs. Exact duplicate predicted proofs collapse
to one member before proof-set scoring.

3.2 Grounded application identity
Source identity records the rule statement used by
a derivation step. Grounded application identity
incorporates the premise derivations into the step
identity. Canonical identities are defined recur-
sively. A fact step with source fact f receives

σ(fact) = (fact, f). (1)

For an application of source rule r to canonical
premise derivations σ1, . . . , σk,

σ(apply) = (apply, r, sort(σ1, . . . , σk)). (2)

ProofWriter rules use conjunction-style an-
tecedents, so the canonical premise collection is
order-invariant. The paper refers to this construc-
tion as the application-aware representation. Dis-
tinct grounded applications of one source rule re-
ceive distinct identities whenever their canonical
premise derivations differ.

Proposition 1 (Step-name invariance). Renaming
local step identifiers while preserving the rooted
derivation DAG, source IDs, and premise relations
leaves the application-aware canonical proof un-
changed.

Proof. Consider a topological ordering of the DAG.
A fact signature depends only on its source fact.
For a rule-application step, the induction hypoth-
esis fixes every premise signature. Eq. (2) then
depends only on the source rule and the resulting
canonical premise signatures. The root signature
and all structural atoms derived from these signa-
tures remain unchanged.

3.3 Source-ID projection
The source-ID representation identifies facts by
source fact ID and rule applications by source rule
ID. Edges connect these source-level nodes. Re-
peated grounded applications can therefore map to
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Figure 1: Grounded rule-application identity and source-ID projection. The application-aware representation
distinguishes applications of source rule r through their canonical premise derivations σ1 and σ2. Here Ar(σ)
denotes the grounded application identity of source rule r with canonical premise derivation σ. Source-ID projection
maps both application identities to the same source-rule node.

one rule node, as illustrated in Figure 1. Gener-
ation uses the application-aware output structure.
Source-ID projection is applied later when the same
generated DAGs are rescored.

The stratified reference analysis contains direct
many-to-one projection cases. One question has
four distinct application-aware reference proofs
and three distinct source-ID proofs after projec-
tion and deduplication. Section 6.1 reports the
prevalence of this behavior.

4 Comparing Alternative Proof Sets

The application-aware encoding uses node atoms
for canonical step signatures, source-label atoms
for source IDs, directed premise-to-application
edge atoms, and one root atom. The primary
source-ID encoding uses source-ID node atoms, di-
rected edges, and one root atom. This design omits
separate source-label atoms from the source-ID rep-
resentation. Fact identities are already carried by
fact-node identifiers in both encodings. Section 6.5
tests a matched atom inventory by adding source-
label atoms to the source-ID representation. Table 1
summarizes the four structural measures.

4.1 Exact and flattened comparators

Exact proof-set F1 treats G and P as sets of canon-
ical proofs:

F exact
1 (G,P ) =

2|G ∩ P |
|G|+ |P | . (3)

When both proof sets are empty, exact F1 is 1.
When exactly one proof set is empty, exact F1 is
0. Flattened-atom F1 first unions structural atoms
across all proofs and then computes set F1. This
comparator measures structural overlap after proof
grouping has been removed. Exact duplicates col-
lapse under the same set policy before all proof-set
measures are computed.

4.2 Jaccard ground distance and OSPA
For proof atom sets g and p,

dJ(g, p) = 1− |g ∩ p|
|g ∪ p| . (4)

Every represented proof contains a root atom, so
the atom sets used by dJ are nonempty. OSPA is
instantiated with order parameter 1, cutoff c = 1,
and dJ as the ground distance (Schuhmacher et al.,
2008). Since dJ ≤ 1, the cutoff is inactive. For
m ≤ n,

dOSPA(G,P ) =
1

n

[
min

τ∈Im,n

m∑

i=1

dJ
(
gi, pτ(i)

)

+(n−m)] .

(5)

where Im,n is the set of injections from {1, . . . ,m}
into {1, . . . , n}. The case m > n uses the symmet-
ric expression. This study refers to the resulting
instantiation as Jaccard-OSPA.

4.3 Balanced transport over proof sets
For proof sets with at least one member, uniform
empirical measures assign equal mass to each dis-
tinct proof:

µG =
1

m

m∑

i=1

δgi , µP =
1

n

n∑

j=1

δpj . (6)

Let a = (1/m, . . . , 1/m) and b =
(1/n, . . . , 1/n). The balanced transport polytope
is

Π(a,b) =

{
π ∈ Rm×n

+

∣∣∣∣∣
π1n = a,

π⊤1m = b

}
. (7)

The transport distance is

dMCT−J(G,P ) = min
π∈Π(a,b)

m∑

i=1

n∑

j=1

πijdJ(gi, pj).

(8)
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Measure Proof-level
comparison

Cross-set
correspondence

Cardinality treatment Role in the analysis

Exact proof-set F1 Exact canonical proof
identity

Exact member overlap Set sizes enter the F1

denominator
Strict proof-set
recovery

Flattened-atom F1 Exact structural-atom
identity

Union of atoms across
proofs

Proof grouping and
proof-set cardinality
are removed by
flattening

Control for loss of
proof grouping

Jaccard-OSPA Jaccard distance
between proofs

Optimal one-to-one
assignment

Unmatched-member
penalty with order 1,
cutoff 1

Graded finite-set
comparator

MCT-J Jaccard distance
between proofs

Balanced divisible
coupling

Uniform marginal
mass over all
reference and
predicted proofs

Graded comparison
with divisible
matching

Table 1: Structural measures used in the study. Jaccard-OSPA and MCT-J share the same proof-level ground
distance and differ in cross-set correspondence.

The label MCT-J denotes this balanced optimal-
transport distance with Jaccard distance as the
ground metric. It is the standard Wasserstein-1
construction (Peyré and Cuturi, 2019). When both
proof sets are empty, the distance is 0. When ex-
actly one proof set is empty, the distance is 1. Af-
ter duplicate collapse, MCT-J is a metric on finite
represented proof sets. Jaccard distance is a met-
ric on finite atom sets, and Wasserstein-1 inherits
metricity from its ground distance. Duplicate col-
lapse makes the represented proof-set map injec-
tive. Nonempty-set distances are bounded by 1,
so the empty-set extension preserves the triangle
inequality. The resulting distance is permutation-
invariant and bounded in [0, 1]. Uniform weighting
assigns mass 1/m to each reference proof and 1/n
to each predicted proof. Proof-set size therefore en-
ters the transport geometry through the marginals.
ProofWriter leaves proof importance unspecified.
The primary analysis uses uniform proof mass, and
Section 6.5 tests size-weighted mass.

4.4 Relation to one-to-one assignment
The common Jaccard ground distance isolates
the cross-set correspondence difference between
Jaccard-OSPA and MCT-J.

Proposition 2 (Equal-cardinality equivalence). For
|G| = |P | = k > 0 with uniform proof weights,

dMCT−J(G,P ) = dOSPA(G,P ).

Proof. Multiplying every feasible transport entry
by k yields a doubly stochastic matrix. A linear
objective attains an optimum at an extreme point
of this polytope. The Birkhoff–von Neumann the-
orem identifies these extreme points with permu-

tation matrices. Scaling by 1/k yields the mini-
mum average one-to-one Jaccard assignment cost.
Jaccard-OSPA has the same objective at equal car-
dinality because its cardinality term equals zero.

Proposition 3 (Jaccard-OSPA upper bound). For
finite proof sets with at least one member under the
definitions above,

dMCT−J(G,P ) ≤ dOSPA(G,P ).

Proof. Assume m ≤ n. Symmetry gives the corre-
sponding construction for m > n. Take an OSPA-
optimal injection from the m reference proofs to
m predicted proofs and send mass 1/n along ev-
ery assigned pair. Each reference row retains mass
1/m − 1/n, with total residual mass (n −m)/n.
Route this residual mass to the n−m unmatched
prediction columns while satisfying the uniform
marginals. Since dJ ≤ 1, residual transport costs
at most (n − m)/n. Assigned transport costs
(1/n)

∑
i dJ(gi, pτ(i)). Their sum is bounded by

the OSPA objective, and the optimal balanced trans-
port cost is bounded by this feasible plan.

Proposition 3 makes unequal proof-set
cardinality a requirement for a positive
OSPA-minus-MCT-J gap. Some unequal-
cardinality pairs still yield equality. A merge
example illustrates the separation: if G contains k
distinct singleton proof-atom sets and P contains
their union as one proof, then

dMCT−J = 1− 1

k
, dOSPA = 1− 1

k2
.

The difference 1/k − 1/k2 arises from correspon-
dence and cardinality treatment under the same
Jaccard ground distance.
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5 Data and Evaluation

5.1 Reference data and stratified reference
analysis

The study uses the depth-5 test split of ProofWriter
OWA V2020.12.3. The test split contains 20,030
questions: 5,688 true, 5,688 false, and 8,654 un-
known. Among 11,376 derivable questions, 2,456
have at least two reference proofs (21.59%).

Source-ID representation loss is analyzed on 400
stratified derivable test questions: 80 with one ref-
erence proof, 120 with two, 120 with three or four,
and 80 with five to eight. These rates describe the
stratified reference analysis, while full-test counts
provide corpus prevalence.

A high-multiplicity evaluation set extends the
stratified reference analysis beyond eight proofs. It
contains 40 questions with 17–32 reference proofs
and mean proof-set size 21.48. The set is deliber-
ately enriched for questions with large reference
proof sets.

5.2 Generation sample

The generation sample contains 40 questions, with
eight questions from each proof-set-size stratum
0, 1, 2, 3–4, and 5–8. The 400-question stratified
reference sample, the 40-question generation sam-
ple, and the 40-question high-multiplicity set were
selected deterministically before model generation
and are pairwise disjoint. The 32 derivable gen-
eration questions span 30 source worlds, where a
source world is an underlying generated fact-and-
rule theory shared by one or more questions. Five
presentation orders per question produce 200 out-
puts in total, of which 160 correspond to derivable
questions. Each presentation deterministically per-
mutes the supplied facts and rules while preserving
source IDs and natural-language content.

The public input contains the facts and rules, the
question, neutral source IDs, and task instructions.
Reference answers, proof annotations, and canoni-
cal signatures are used only for evaluation. The task
instruction allows at most eight returned deriva-
tions in every generation call. Every derivable ques-
tion in the generation sample has at most eight refer-
ence proofs. Returned proofs use a rooted DAG en-
coded in JavaScript Object Notation (JSON). Gen-
eration was run on 8 August 2026 through OpenAI
using GPT-5.6 Sol (OpenAI, 2026). Requests used
the model identifier gpt-5.6-sol with medium
reasoning effort. A strict JSON schema and an
8,192-token output budget constrained generation.

Exact proof-set recovery is reported as a descrip-
tive comparator. The primary comparison is the
score change produced by applying two represen-
tations and two correspondence rules to the same
fixed outputs.

Generated DAGs are checked for valid source
IDs, step references, roots, cycles, and orphan steps,
meaning steps disconnected from the returned root.
Exact canonical matches identify ProofWriter refer-
ence proofs. Other structurally valid DAGs receive
graded structural distances. A separate determinis-
tic rule-replay procedure executes cited rules from
the literals established by their premise steps and
checks the supported root.

5.3 Paired comparison and uncertainty
Representation effects are paired at the generated-
output level. The primary score difference is the
mean difference between application-aware and
source-ID scoring across 160 derivable outputs.
For uncertainty, the 30 source worlds are sampled
with replacement as clusters. Each sampled world
contributes all associated questions and presenta-
tions, preserving within-world dependence and ob-
served cluster sizes. The paired mean is recom-
puted in 100,000 replicates with seed 20260808,
and percentile 95% intervals are reported. These
intervals summarize variation across source worlds.
Proof-set-size analyses retain the four derivable
strata.

Sensitivity settings. For atom-weighted analy-
ses, weighted Jaccard distance is dJ,w(A,B) =
1−∑

a∈A∩B w(a)/
∑

a∈A∪B w(a). Node and root
weights remain 1, while source-label and edge
weights take the tested values. For proof-mass anal-
yses, each proof receives normalized mass propor-
tional to its atom count raised to α. Proposition 2
applies to the uniform-mass case α = 0.

6 Results

6.1 Stratified reference analysis
Across all 20,030 test questions, 2,928 (14.62%)
contain at least one reference derivation that ap-
plies a source rule more than once. Conditioned
on the 11,376 derivable questions, the same count
is 25.74%. The stratified reference analysis con-
tains 82 of 400 questions (20.5%) with such within-
proof reuse. Source-ID projection reduces the num-
ber of distinct reference proofs in 28 of 400 ques-
tions (7.0%), removing 37 reference proof mem-
bers through deduplication. All 28 collapse cases
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occur within the 82-question subset with repeated
source-rule use. By proof-set-size stratum, col-
lapse occurs in 0 of 80 one-proof questions, 0 of
120 two-proof questions, 16 of 120 questions with
three or four proofs, and 12 of 80 questions with
five to eight proofs. In the separate 17–32-proof
high-multiplicity evaluation set, source-ID projec-
tion collapses distinct reference proofs in 32 of
40 questions and removes 130 of 859 application-
aware reference proofs (15.13%). Table 2 collects
the principal reference-data quantities.

Repeated source-rule use records reuse of one
source rule inside a derivation. Proof-set collapse
records the loss of distinct proof members after
source-ID projection. Their counts therefore an-
swer different questions. Collapse appears only
in the larger proof-set strata of the stratified refer-
ence analysis, which motivates the paired rescoring
analysis by proof-set size.

6.2 Output integrity and proof-set cardinality
Across 200 generated outputs, including the eight
unknown questions under five presentations, truth-
status accuracy and JSON parseability are both
100%. All 433 generated proof members in the 160
derivable outputs pass the structural DAG checks.
Application-aware deduplication retains all 433
members, while source-ID projection merges one
predicted pair in one output. Twelve of the 160
derivable outputs reach the eight-proof output limit.
The mean predicted proof-set size is 2.71 and the
mean reference proof-set size is 3.06. Predicted
and reference cardinalities match for 117 of 160
outputs (73.1%). Predicted proof sets are smaller
in 27 of 160 outputs (16.9%) and larger in 16 of
160 outputs (10.0%).

6.3 Representation effect on fixed outputs
Table 3 reports application-aware and source-
ID scores for the same 160 derivable outputs.
Application-aware MCT-J averages 0.1447 and
source-ID MCT-J averages 0.0842. The paired dif-
ference between application-aware and source-ID
scoring is 0.0606, with a 95% cluster bootstrap in-
terval over the 30 source worlds of 0.0316–0.0955.
Forty-one outputs change, and every changed out-
put receives a lower MCT-J distance under source-
ID projection. Relative to the application-aware
mean, source-ID projection reduces the measured
distance by 41.8% in this paired rescoring analysis.

The five presentation orders have positive mean
MCT-J differences ranging from 0.0413 to 0.0880.

Figure 2: Mean MCT-J difference between application-
aware and source-ID scoring by reference proof-set
size. Positive values correspond to larger distance under
application-aware scoring.

Score changes also extend beyond proof-set col-
lapse. Within the 32-question generation sample,
source-ID projection changes reference proof-set
size for one question and predicted proof-set size
for one generated output. For most of the 41 MCT-J
changes, projection leaves both represented proof-
set sizes unchanged, so the score change comes
from altered grounded-application structure within
proof members.

The mean representation effect rises with ref-
erence proof-set size (Figure 2): 0.0028 for one
proof, 0.0373 for two proofs, 0.0807 for three or
four proofs, and 0.1214 for five to eight proofs.
Across 32 questions, the descriptive Spearman as-
sociation between reference proof-set size and the
item-level mean representation effect is ρ = 0.665.
The association pertains to the paired rescoring
analysis.

Exact proof-set F1 changes on 6/160 out-
puts. Flattened-atom F1 changes on 44/160 out-
puts. Its mean application-aware minus source-
ID difference is −0.0641, with a 95% cluster
bootstrap interval over the 30 source worlds of
[−0.0980,−0.0349]. Source-ID projection there-
fore changes exact proof identity and the atom ge-
ometry seen by graded measures.

6.4 Divisible correspondence and cardinality
mismatch

For the 117 application-aware outputs with equal
predicted and reference proof-set sizes, MCT-J
and Jaccard-OSPA have identical values in ev-
ery case. Among the 43 unequal-cardinality out-
puts, Jaccard-OSPA has the larger distance in 38
cases and the two distances are equal in five. The
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Analysis quantity Count Rate

Multi-proof among derivable test questions 2,456/11,376 21.59%
Repeated source-rule use, all test questions 2,928/20,030 14.62%
Repeated source-rule use, stratified reference analysis 82/400 20.50%
Source-ID proof-set collapse, stratified reference analysis 28/400 7.00%
Reference proof members removed by projection 37 –

Table 2: Reference-data quantities. The 2,928/20,030 rate uses all test questions to report corpus prevalence. The
stratified-reference rates use the sampled derivable strata.

Measure
Application-

aware
Source-

ID ∆ Changed

Exact proof-set F1 ↑ .8657 .8697 -.0041 6/160
Flattened-atom F1 ↑ .8744 .9384 -.0641 44/160
MCT-J ↓ .1447 .0842 +.0606 41/160
Jaccard-OSPA ↓ .1713 .1661 +.0052 8/160

Table 3: Paired rescoring of the same outputs. ∆ denotes
application-aware minus source-ID. Arrows mark the
favorable direction of each measure.

Figure 3: Application-aware MCT-J and Jaccard-OSPA
on 160 outputs. Equal-cardinality outputs lie on the
diagonal. Unequal-cardinality outputs may separate
because balanced transport permits divisible correspon-
dence.

mean OSPA-minus-MCT-J difference over the 43
unequal-cardinality outputs is 0.0988. Figure 3
displays both regimes.

Equal cardinality reproduces the one-to-one op-
timum established in Proposition 2. Reference and
predicted proof-set sizes differ in 43 of 160 gener-
ated derivable outputs (26.9%). The eight outputs
with a Jaccard-OSPA change are a subset of the
41 outputs with a MCT-J change. This leaves 33
outputs where only MCT-J changes, and reference
and predicted proof-set sizes differ in all 33. In
each case the Jaccard-OSPA value equals its car-
dinality penalty because its assigned proof pairs
have zero Jaccard cost. Balanced transport still
redistributes mass across the unequal proof sets,

so MCT-J remains sensitive to the representation
change.

6.5 Rule replay and sensitivity analyses

The rule-replay procedure first reproduces all 2,210
reference proof roots from the stratified reference,
generation, and high-multiplicity evaluation sets.
These roots contain 4,085 fact nodes and 9,659 rule
applications, with zero replay failures. Of 433 gen-
erated proof members, 430 pass independent rule-
level replay (99.31%). All returned proof members
pass replay for 159 of 160 derivable outputs. The
three failures occur in one presentation of one ques-
tion, where the listed premise fails to establish the
cited rule antecedent. Excluding these three proof
members yields application-aware MCT-J 0.1420
and source-ID MCT-J 0.0831. The paired represen-
tation effect is 0.0589 with a 95% cluster bootstrap
interval of 0.0297–0.0940, compared with the pri-
mary 0.0606 [0.0316, 0.0955]. Renaming local
step identifiers and reordering steps and premises
leaves the application-aware atom set unchanged
for all 433 generated proof members.

One sensitivity analysis adds source-label atoms
to the source-ID representation so that both repre-
sentations use the same structural atom types. The
resulting effect is 0.0634 [0.0334, 0.0996], with
the same 41 changed outputs. Recursive signa-
ture depth is evaluated at depth 1, depth 2, and
full recursion. Source-label and edge-atom weights
take values in {0.5, 1, 2}. A one-at-a-time abla-
tion removes each atom type in turn. Proof mass
uses α ∈ {0, 0.5, 1} under the definition in Sec-
tion 5.3. Across these analyses, the effect ranges
from 0.0306 to 0.0723, and every reported point-
wise 95% cluster bootstrap interval remains above
zero.

The adversarial perturbation analysis uses the 24
derivable generation questions with at least two
reference proofs. For each question, one refer-
ence proof is omitted in turn to form an omission-
only predicted family. A different retained proof
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serves as the donor. Deleting each non-root donor
atom once creates the candidate near-duplicates.
Each distinct candidate is added to the predicted
family and scored against the original reference
family. The construction yields 6,032 perturba-
tions and tests whether a structurally redundant
predicted alternative can improve the score. Exe-
cutable derivation status lies outside this structural
diagnostic. Across the perturbations, MCT-J dis-
tance decreases in 2,575 cases, increases in 3,032,
and ties in 425. Using perturbed minus baseline
distance, the mean signed change is −0.000015.
Jaccard-OSPA distance decreases in 5,382 cases
and ties in 650, with mean decrease 0.04017.

7 Discussion

The stratified reference analysis isolates a repre-
sentation effect. Repeated source-rule use is more
frequent than proof-set collapse, yet source-ID pro-
jection removes distinct reference proofs in 28
of 400 stratified questions. On fixed model out-
puts, projection also changes grounded-application
atoms while the projection usually leaves the rep-
resented proof-set sizes unchanged. This explains
why MCT-J changes on 41 outputs even though
projection changes predicted proof-set size once.

Proof-set size localizes the effect. The one-proof
stratum has a mean difference of 0.0028, rising to
0.1214 for five-to-eight-proof questions. Equal-
cardinality proof sets reproduce the same one-
to-one optimum under Jaccard-OSPA and MCT-J.
Unequal cardinality permits divisible transport and
produces the observed gap. Across the same fixed
outputs, source-ID scoring raises both F1 measures
and lowers both distance measures. All four mea-
sures therefore place the source-ID representation
closer to the reference on average.

Rule replay changes the mean representation ef-
fect from 0.0606 to 0.0589 after the three replay
failures are excluded. The sensitivity checks pre-
serve its direction across the tested representation
and weighting choices. Under the structural near-
duplicate perturbation, Jaccard-OSPA decreases in
5,382 of 6,032 cases with mean decrease 0.04017,
while the mean signed MCT-J change is near zero.
The two measures therefore respond differently to
structurally near-duplicate predicted members.

8 Conclusion

Multi-derivation evaluation requires explicit
choices about proof identity and proof-set

correspondence. Grounded application identity
preserves distinctions between repeated grounded
uses of one source rule. Source-ID projection
can collapse those distinctions. In the stratified
reference analysis, source-ID projection collapses
distinct reference proofs in 28 of 400 derivable
questions. On the same 160 generated outputs,
it lowers MCT-J distance by 0.0606 on average.
Rule replay and sensitivity analyses preserve
the direction of this effect. The 17–32-proof
high-multiplicity evaluation set extends the col-
lapse result to larger reference proof sets. MCT-J
equals Jaccard-OSPA at equal cardinality. Under
cardinality mismatch, Jaccard-OSPA has the larger
distance for 38 of 43 outputs. Representation
and correspondence therefore change structural
evaluation on fixed outputs. Explicit specification
of both choices supports reproducible evaluation
of alternative derivations.

Limitations

ProofWriter uses synthetic rule reasoning under
generated Datalog semantics. Transfer to natural
mathematical proofs remains a future empirical
setting. The primary paired rescoring analysis uses
32 derivable questions from GPT-5.6 Sol. The main
experiment evaluates one model, so cross-system
evidence remains limited. The stratified reference
analysis examines 400 derivable questions. The
bootstrap summarizes variation across 30 source
worlds, so interval precision is tied to that cluster
count.

The structural atom types define the Jaccard ge-
ometry. Other structural encodings can produce
different local Jaccard distances. The reported sen-
sitivity analyses cover the tested recursion, atom
types, weighting, and proof-mass choices. Exact
duplicates collapse under set semantics. Struc-
turally distinct near-duplicates retain separate mass.
The adversarial perturbation analysis shows that
some can lower MCT-J. Human proof-quality judg-
ments and robustness to deliberately constructed
near-duplicate proof sets remain separate validation
targets.

The output format allows at most eight predicted
proofs. Every derivable question in the generation
sample has at most eight reference proofs, so its
complete reference set fits within this limit. The 17–
32-proof high-multiplicity evaluation set extends
the analysis of reference proof sets beyond this
range. The eight-proof output limit restricts anal-
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